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Abstract

This thesis is in two parts. The first part considers a theoretical relationship be-
tween the natural variability of a stochastic model and its response to a small
change in forcing. Over a large enough scale, both the real climate and a climate
model are characterised as stochastic dynamical systems. The dynamics of the
systems are encoded in the probabilities that the systems move from one state
into another. When the systems’ states are discretised and listed, then transition
matrices of all these transition probabilities may be formed. The responses of the
systems to a small change in forcing are expanded in terms of the eigenfunctions
and eigenvalues of the Fokker-Planck equations governing the systems’ transition
densities, which may be estimated from the eigenvalues and eigenvectors of the
transition matrices. Smoothing the data with a Gaussian kernel improves the esti-
mate of the eigenfunctions, but not the eigenvalues. The significance of differences
in two systems’ eigenvalues and eigenfunctions is considered. Three time series from
HadCM3 are compared with corresponding series from ERA-40 and the eigenvalues
derived from the three pairs of series differ significantly.

The second part analyses a model of the coupled climate-economic system,
which suggests that the pace of economic growth needs to be reduced and the
resilience to climate change needs to be increased in order to avoid a collapse
of the human economy. The model condenses the climate-economic system into
just three variables: a measure of human wealth, the associated accumulation of
greenhouse gases, and the consequent level of global warming. Global warming
is assumed to dictate the pace of economic growth. Depending on the sensitivity
of economic growth to global warming, the model climate-economy system either

reaches an equilibrium or oscillates in century-scale booms and busts.
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1.1 This figure shows that two systems can have the same steady proba-
bility density function (pdf), but different steady-state responses to
a change in forcing. The left graph shows time series for two stochas-
tic dynamical systems of the form dX = — (aX —r)dt + v2a dW.
X is the state variable and W is the state of a Wiener process, so
that dWW is gaussian white noise with variance dt over a timescale
dt. Both systems have the same steady pdf (a gaussian with mean
1, variance 1) but have different characteristic timescales [43] equal
to 1/a. Because of the different timescales, the two systems have
different equilibrium responses to a change in forcing. This is shown
in the right plot, where r has been reduced by 0.5 for both systems.
The new blue equilibrium for the slow system is a gaussian with
mean 0.5 and variance 1. But the red system is ten times as fast
as the slow blue system. So, the fast red system’s equilibrium mean
is reduced by one tenth of the reduction to the slow blue system’s
equilibrium mean. If the slow system were a model and the fast
system were reality, then no matter how small a change in forcing,
the slow system would overestimate the real system’s response to

the change in forcing by a factor of 10. . . . . . . . . ... ... ..
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This figure shows the evolution of 2 pdfs under advection and diffu-
sion. The left plot shows advection — there is only drift towards the
origin, so the pdf is compressed towards the origin. The right plot
shows only diffusion, which evens out the highs and lows i.e. the
convexity in the pdf. . . . . . .. ... o
Each graph shows, in solid red, the exact steady pdf when a constant
forcing of r dt is applied to the 1-dimensional Langevin equation
dX = —a X dt + e dW. The forced system evolves according dX =
—a X dt+r dt+e dW. The unforced steady pdf is a Gaussian density
with zero mean and variance €? /2. The forced steady pdf is also a
Gaussian density with variance €?/2« but with mean r/«. The best
possible estimate via eigenfunctions of the forced steady pdf is shown
in solid blue. The exact difference between the unforced and forced
steady pdf is in the red broken line. The blue broken line shows
the difference calculated using eigenfunctions. The differences are
divided by the ratio of the change in mean to the unforced standard
deviation, so that the accuracy of the eigenfunction method can be
compared for different levels of forcing. As the theory predicts, the
eigenfunction method is more accurate for small levels of forcing.
In this case, ‘small’ means in relation to the size of the standard

deviation of the unforced system. . . . . . . . ... ... ... ...
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1.4 FEach graph shows, in solid red, the exact steady pdf when a forc-
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ing of —yYa x dt is applied to the 1-dimensional Langevin equa-
tion dX = —a X dt + € dW. The forced system evolves according
to dX = —a (1+¢)X dt + € dIW. The unforced steady pdf is a
Gaussian density with zero mean and variance €?/2a. The forced
steady pdf is also a Gaussian density with zero mean and variance
€2/2a(1 + 1)). The best possible estimate via eigenfunctions of the
forced steady pdf is shown in solid blue. The exact difference be-
tween the unforced and forced steady pdf is in the red broken line.
The blue broken line shows the difference calculated using eigenfunc-
tions. The differences are divided by ), so that the accuracy of the
eigenfunction method can be compared for different levels of forcing.
As the theory predicts, the eigenfunction method is more accurate
for small levels of forcing (the blue and red broken lines are closest

for small values of ¥). . . . ... ..o L

Estimate of second eigenfunction for the system dX = —Xdt +
v2dW 100 seconds, sampled at 10 Hz split into 130 (blue line) and
10 (red line) equally probable bins. The exact eigenfunction is the

function z weighted by a Gaussian density. . . . . . . . .. ... ..

dX = —Xdt + /2dW; first three eigenfunctions of Fokker-Planck
equation for Langevin model in (3.1). . . . ... ... ... .. ...
dX = - X dt 4+ v/2 dW. Series and sample autocorrelation function
(blue line). The sample autocorrelation fits the theoretical autocor-

relation function (red line) which is e~

The series was generated
with a time step of 0.0001 time units but was sampled only every

0.01 time units i.e. at 100 Hz. . . . . . . . . . . . . ... ... ...
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Unsmoothed eigenfunctions; first three eigenfunctions (going across
the page) of the Fokker-Planck equation for a 1-dimensional Langevin
equation. The time series is a simulation of dX = —Xdt + v2dW,
sampled at 10Hz for a series 100 s long. The smoothing bandwidth
is 107°, which is next to no smoothing. The state space is split into
20, 40, 80, 160 (increasing down the page) equally spaced bins on
[-5,5]. The absolute error between the exact and sampled eigenfunc-
tion is shaded. Both the exact and the sampled eigenfunctions are
normalised to have absolute area of one. . . . . . . .. .. ... ..
Optimally smoothed eigenfunctions; first three eigenfunctions (going
across the page) of the Fokker-Planck equation for a 1-dimensional
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bandwidth is 0.4, which is optimal on average for estimating the
steady pdf. . . . . .o
Oversmoothed eigenfunctions; first three eigenfunctions (going across
the page) of the Fokker-Planck equation for a 1-dimensional Langevin
equation. The time series is a simulation of dX = —Xdt + V24w,

sampled at 10Hz for a series 100 s long. The smoothing bandwidth

is 1, which is about four times the optimal level suggested by (2.34).

sample mean ISE from 2000 runs each of 1001 samples of dX =
—Xdt + v2dW, sampled at 10 Hz. Eigenfunctions normalised to
have absolute area of one. 80 bins on [-5,5]. Transition matrix ob-
tained by Gaussian kernel density with various bandwidths. The
best bandwidth for estimating the dominant eigenfunctions is ap-
proximately 0.4. . . . . . . . ..o
sample mean ISE from 2000 runs each of 10001 samples of dX =
—Xdt + v2dW, sampled at 10 Hz. Eigenfunctions normalised to
have absolute area of one. 80 bins on [-5,5]. The best bandwidth for
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Eigenvalues for the problem (3.1) are overestimated if there are less
than 100 equally likely bins. The graph shows the result of esti-
mating the first non-zero eigenvalue for dX = —1Xdt + v2dW.
100 simulations of the system over 10, 100, 1000 model seconds were
made and sampled at 10 Hz. Transition matrices were calculated us-
ing 10, 25, 50, 100, 200 equally likely bins, and using bin-counting,
with no kernel density smoothing. The theoretical eigenvalue is 1.
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a little if more bins are used. The range also reduces slowly with
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sian kernel smoothing. The graph shows the result of estimating the
first non-zero eigenvalue for dX = —1Xdt + v/2dW. 100 simula-
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10 Hz. Transition densities were estimated via gaussian kernel esti-
mation with bandwidths which were various multiples of the sample
standard deviation of the series. The densities were integrated over
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bandwidth) to the highest sample (plus 3 times the bandwidth).
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Each graph shows the sample variance of the first 4 non-zero eigen-
values of transition matrices based on simulations of dX = —1Xdt+
v2dW. The vertical scale is determined by the timestep At. 200
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