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Abstract

The periods of time-varying turbulence in the atmospheric boundary layer, i.e. the morn-

ing and evening transitions, are often overlooked or highly idealised by dispersion models.

These transitions make up a significant portion of the diurnal cycle and are known to

affect the spread of pollution due to the properties of turbulence in the residual and

stable layers, resulting in phenomena such as lofting, trapping, and fumigation.

Two main simulation techniques are presented for the purpose of modelling the dis-

persion of passive tracers in both convective and evening transitional boundary layers:

Lagrangian stochastic (LS) modelling for 1D, inhomogeneous, non-stationary turbulence;

and large-eddy simulation (LES) with a particle model tracing pollutant paths using a

combination of the resolved flow velocities and a random displacement model to represent

sub-grid scale motions.

In the convective boundary layer, LS models more accurately representing the state of

turbulence, and including the effect of skewness, are shown to produce dispersion results

in closer agreement with LES. By considering individual particle trajectories, a reflective

top boundary in LS models is shown to produce un-physical, sharp changes in velocity

and position. By applying a correction to the vertical velocity variance based on repre-

senting the stable potential temperature gradient above the boundary layer, particles are

contained within the boundary layer in a physically accurate way.

An LS model for predicting dispersion in time-varying, skewed turbulence is developed

and tested for various particle releases in transitional boundary layers with different

rates of decay, showing an improvement in accuracy compared with previous LS models.

Further improvement is made by applying a correction to the vertical velocity variance

to represent the effect of a positive potential temperature gradient developing over the

course of the transition. Finally, a developing stable boundary layer is shown to have a

significant trapping effect on particles released near the surface.
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Chapter 1

Introduction

The dispersion of pollution in our atmosphere occurs over a wide range of temporal

and spatial scales, from the relatively small stream from a single car exhaust or

chimney stack, to massive plumes produced by disasters both natural (such as the

Eyjafjallajökull eruption in 2010) and man-made (for example the nuclear disasters

of Chernobyl 1986 and Fukushima Daiichi 2011). With pollution being harmful to

the surrounding people and environment, the ability to accurately predict its spread

is crucial. As a result, the applications of dispersion models are numerous:

• Increasing population densities around the world drive the development of

new industry and housing. Predicting the dispersion of pollution from indus-

trial sources can assist in urban planning, ensuring industrial pollutants do

not reach residential areas in dangerous concentrations (Mayher, 1999).

• There are significant negative health impacts from living in highly polluted

areas (WHO Regional Publications, 1987). Accurate prediction of dispersion

allows for more precise air quality forecasts and as a result, improved health

warnings.

• Methods of reducing pollutant concentration in the atmosphere are frequently

being developed, such as new chimney stack designs or street canyon layouts

(for example Gupta et al., 2012; Gallagher et al., 2011). Simulating the

effect of such modifications provides a cost-effective way to evaluate their

14



CHAPTER 1. INTRODUCTION 15

performance.

• In large-scale disaster events, dispersion modelling is vital in tracking and

predicting the path of pollution and highlighting areas likely to be exposed

to dangerous concentrations. This information can allow people to be evac-

uated from areas at risk. Recent examples include the Fukushima Daiichi

nuclear disaster, and the use of the UK Met Office dispersion model NAME

(Numerical Atmospheric dispersion Modelling Environment) to predict ash

cloud concentrations during the eruption of the Icelandic volcano Eyjafjal-

lajökull in 2010 (Dacre et al., 2011).

Such is the importance of tracking pollution paths and concentrations that many

of the meteorological offices around the world have developed their own dispersion

models. These models tend to be complex and include as much information about

the pollution and surrounding atmosphere as possible in order to produce the best

predictions. This information includes: meteorological conditions contributing to

transport, mixing and deposition; chemical reactivity of the pollutants and atmo-

sphere; the intensity, spread and initial velocity of the source; and terrain informa-

tion such as surface roughness and orography (Jones et al., 2007, Cimorelli et al.,

2004). Due to the large number of factors affecting dispersion, operational models

are constantly being developed and improved. An important area in atmospheric

dispersion modelling is the boundary layer; the lowest layer of the atmosphere,

adjacent to the Earth’s surface and usually between 100 and 3000 m deep. It un-

dergoes a diurnal cycle, generally evolving slowly during the day and night, but

rapidly in the morning and evening. These periods of rapid change are referred

to as the boundary-layer transitions (Stull, 1988). These transitions, however, are

currently not represented or are highly idealised in operational dispersion models.

In this thesis, I address the problem of how to best represent the state of the at-

mospheric boundary layer in Lagrangian stochastic models to improve dispersion

predictions in the daytime, and in particular during the evening transition.
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1.1 The atmospheric boundary layer

The atmospheric boundary layer (ABL) forms the lowest layer of the Earth’s atmo-

sphere. It can reach up to 3 km in depth depending on solar heating and frictional

drag at the surface, and it responds rapidly to changes in surface forcing (on a

time-scale of an hour or less). Turbulence is characteristic of the ABL, and is

generated as a result of both sensible heat fluxes (thermal forcing) and wind shear

(mechanical forcing). The boundary layer is mainly classified according to the type

of forcing dominating turbulence production. In particular over land, the forcing

undergoes a strong diurnal variation in response to surface heating mainly by solar

radiation in the day, and longwave radiative cooling at night (Stull, 1988).

The daytime heating of the surface leads to the transfer of heat from the surface to

the air adjacent to it. This creates small scale thermals of buoyant air which merge

as they rise, forming large scale columns with more rapid upward motion than

the downward motion of the air surrounding them. These columns also occupy a

smaller area than the downdrafts, leading to a skewness of vertical velocities. In

such conditions where buoyancy dominates the production of turbulence, the ABL

can reach depths of 2-3 km and we refer to it as a convective boundary layer (CBL).

At night when the surface cools through the emission of longwave radiation, the

ABL becomes stably stratified i.e. the potential temperature of the air increases

with height over the depth of the layer. In these conditions, the thermal stratifica-

tion works to inhibit vertical motion, and any turbulence is generated mechanically

through wind shear. This turbulence is much weaker than that of the CBL result-

ing in a much shallower boundary layer, with a depth of only a few hundred metres.

We refer to the ABL in this state as a stable boundary layer (SBL) (Garratt, 1992).

1.1.1 The boundary-layer evening transition

The turbulent kinetic energy (TKE) budget (1.1) describes the physical processes

that generate turbulence. In the CBL, TKE production by buoyancy and shear ap-
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proximately balances dissipation resulting in a small storage term, i.e. the intensity

of the turbulence is changing slowly with time (Stull, 1988).

TKE

storage
=

Advection

of TKE
+

Production/loss

by buoyancy
+

Production/loss

by shear
+

Turbulent

transport
+

Pressure

correlation
− dissipation

(1.1)

In the evening the sensible heat flux driving convection diminishes in response to

the sun’s decreasing elevation. The decrease in buoyant production of TKE results

in loss by dissipation exceeding production, hence turbulence cannot be maintained

against dissipation and the eddies decay. As the decay of turbulence decays, vertical

mixing is significantly reduced and the previously well-mixed layer can be referred

to as a residual layer, with initial mean state and concentration variables the same

as those of the recently decayed well-mixed layer (Stull, 1988). Concurrently near

the surface a shallow SBL develops with surface cooling producing a positive po-

tential temperature gradient where TKE production is dominated by wind shear

(Garratt, 1992). The evening transition represents a period of rapid evolution of

the state of turbulence unlike the typically slow evolution of turbulence in the CBL

or SBL.

1.1.2 Dispersion processes

It is within the ABL that most releases of pollution take place and have the most

significant direct impact on the population. The mixing of pollution in the ABL

is governed by the state of turbulence with different wind speeds and surface heat

fluxes resulting in different plume behaviours. In Bach (1972) plumes were cate-

gorised as one of the following based on the properties of the ABL (see figure 1.1):

Looping - In strong convective conditions, large-scale eddies act on the plume pe-

riodically transporting the particles upwards and downwards through the boundary

layer.

Coning - Is typical of neutral boundary layers where shear driven turbulence dom-

inates. The smaller scale eddies increase the spread of particles within the plume
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but do little to effect the path of the plume as a whole.

Fanning - Occurs in strongly stable conditions where a sub-adiabatic temperature

gradient inhibits vertical motion. Pollutants remain close to their release height in

the vertical but fan out in the horizontal directions.

Lofting - Can be observed when pollutants are released into unstable conditions

aloft while an inversion develops near the ground, leading to particles dispersing

upwards but not down.

Trapping - Takes place when emissions are trapped below a subsidence inversion.

Fumigation - When a growing convective mixed layer (typically during the morn-

ing transition) mixes pollution lying above the nocturnal inversion down to the

surface.

Based on the wide range of plume types expected from different states of turbu-

lence, it can be seen that accurately simulating the ABL is of great importance in

making predictions about pollutant paths. This is likely to be the case in partic-

ular during the evening transition, where the rapid evolution of turbulence could

significantly change the path of pollutants in a short period of time.

An additional consideration in dispersion modelling is understanding the source

type, with point sources such as the chimney stacks of factories, line sources such

as major roads, and area sources such as residential areas. The temperature and

exit velocity of the pollutant in comparison to the air it is released into will have a

significant impact on its early path, with cooler pollution tending to sink and warm

plumes tending to rise. Finally the pollutant itself is an important factor with large

particulate matter tending to rapidly settle out of the atmosphere, photochemical

gases or hydrocarbons reacting in the atmosphere, and other gases mixing into the

air.

For the purpose of this investigation, we restrict our attention to passive tracers

(which may be thought of as marked parcels of air) released over an area in order
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Figure 1.1: Visual representation of different plume behaviours that occur in the ABL,

based on figure 2.4 of Bach (1972).
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to investigate the effect of the turbulence on average rather than the effect of the

individual eddy structures. It is expected that this work will form a basis for ex-

tension to other source types.

1.2 The ABL and turbulent diffusion

Both the turbulent structure and the dispersion of pollution within the atmospheric

boundary layer can be investigated using a variety of different approaches broadly

grouped into observational, experimental, and computational.

1.2.1 Observations

Observations are the basis for much of our knowledge about the ABL. Experi-

mental and modelling approaches are frequently related back to the findings of

observations to ensure they represent true atmospheric conditions. The 1995 and

1996 Flatland boundary-layer experiments (Angevine et al., 1998) had a range of

objectives focussed around characterising the convective boundary layer. Various

instruments were used to investigate the boundary-layer top and entrainment zone

in particular, and results were presented showing boundary-layer depth, winds,

temperature, rainfall and surface fluxes. In the case of the nocturnal boundary

layer, the CASES-99 field program (Poulos et al., 2002) investigated the physical

characteristics of internal gravity waves, heat and momentum fluxes, surface het-

erogeneity along with some information from the evening transition to examine the

initiation of inertial oscillations.

In a landmark study by Grant (1997) observations were applied to understanding

the period of boundary-layer evening transition, motivated by accurately deter-

mining the initial state of the nocturnal boundary-layer. This had applications in

forcasting low level temperatures, the possibility of fog or frost, and importantly
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for this research, the transport of pollution from various source heights. Data was

collected from the Cardington field-site in the UK with flat surroundings and a

representative roughness length of 0.05-0.1 m. On all days the daytime boundary

layer was strongly convective and the wind speed in the mixed layer was approx-

imately 6 ms−1. Measurements showing the evolution of turbulent-flux profiles,

diagnosed boundary-layer depth, temperature profiles and the turbulence struc-

ture were obtained using various instrumentation. Grant (1997) also showed that

once the surface heat-flux becomes negative, a stable layer develops very quickly.

Although investigations into boundary-layer observations cover a vast array of con-

ditions with various stabilities and surfaces, there has been less research in the area

of dispersion observations. Perhaps the most famous data set from observed disper-

sion is that of Project Prairie Grass by Barad (1958), in which a near ground point

source of SO2 was measured at downwind intervals in very stable conditions. More

recently Yassin et al. (2005) used observations of dispersion of sulphur hexaflouride

in an urban environment to evaluate the prediction accuracy of wind-tunnel exper-

iments. Perry et al. (2005) evaluated the performance of the operational dispersion

model AERMOD against 17 field study databases. With the exception of the previ-

ously mentioned Project Prairie Grass, these studies were concerned with buoyant

plumes and highly heterogeneous terrain and as a result, not relevant to this study.

1.2.2 Experimental approaches

There are two main experimental methods for simulating the turbulent behaviour

observed in the atmospheric boundary layer: water tanks, and wind tunnels. Ex-

perimental approaches allow observations of the behaviour and evolution of scaled

down ‘real’ turbulence in reproducible controlled conditions. As a result, various

scalings must be applied to the results in order to compare to observations. A

disadvantage associated with both water tanks and wind tunnels is that they re-

quire a large amount of space and are expensive to install and maintain. Smaller
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apparatus is not preferable since reducing the size may lead to the boundaries and

decreased Reynolds number affecting the flow.

Water tanks

Much of the early water tank experimental data on boundary-layer structure and

turbulent diffusion comes from the work of Willis and Deardorff (1974, 1976). They

used a large water tank (114×122×76 cm) heated from below to simulate a convec-

tive atmospheric boundary layer. Neutrally buoyant droplets of oil were introduced

as tracers and their diffusion was recorded by regular photographs. Using this ap-

proach they were able to investigate the effect of parameters such as particle release

height on plume evolution. A drawback of the set-up used by Willis and Deardorff

is that no mean wind could be introduced. They conceptually consider advection

by a uniform mean wind by replacing the time from particle release t with x/U

for an instantaneous line source. To fully represent the effect of a mean wind,

however, fluid movement across the bottom boundary is required to produce shear

driven turbulence. More recently water tanks including a moving grid plate at the

bottom boundary to generate shear driven turbulence have been used to simulate

dispersion in the CBL. Such apparatus was used by Park et al. (2001) to produce

close agreement of vertical dispersion results with the CONDORS CBL plume dis-

persion field experiment of Eberhard et al. (1993). Despite this approach, water

tanks still treat the effect of wind shear in the CBL rather indirectly (Fedorovich,

2004).

Wind tunnels

Wind tunnels provide a method of reconstructing the behaviour of the atmosphere

in reproducible and controlled conditions. In particular the development of ther-

mally stratified wind tunnels allows for the investigation of a range of turbulence

structures. It appears the first to investigate dispersion using a facility such as this

were Poreh and Cermak (1984) who measured 3D plume statistics in a horizon-

tally evolving CBL. Since then there have been several further dispersion studies in
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thermally stratified wind tunnels, predominantly investigating the effects of wind

shear. Fedorovich et al. (1996) and Fedorovich and Kaiser (1998) used wind tunnel

experiments to show how wind shear can modify turbulence dynamics in the CBL.

1.2.3 Modelling approaches

Numerical models for turbulence and pollution dispersion have been shown to be

valuable tools, with different methods used for both research and operational ap-

plications. Through constructing models based on observations, theory, and ex-

perimental data it is possible to simulate behaviour in the real atmosphere. By

making realistic assumptions about the future it is then possible to use the same

models to predict behaviour at later times or in theoretical situations. While com-

putational modelling allows experimentation under carefully controlled conditions

to simulate a variety of cases, it is possible that results may become removed from

reality without regular verification against observations. There are a number of

different approaches to numerical simulation of dispersion as described below.

Gaussian plume models

A large number of dispersion models used today are based on the statistical Gaus-

sian approach under the assumption that concentrations of pollutants from contin-

uous sources spread out in the vertical (z) and crosswind (y) directions according

to Gaussian distributions (Bach, 1972). The concentration at a given point (y, z)

away from the source is given by the equation

C(y, z, He) =
Q

2πuσyσz

exp− y2

2σ2
y

[
exp−(He − z)2

2σ2
z

+ exp−(He + z)2

2σ2
z

]
(1.2)

where C, Q, u, σy, σz and He are the pollutant concentration, emission rate, mean

wind speed, crosswind and vertical standard deviations of the plume, and effective

stack height respectively. σy, σz are functions of the state of atmospheric turbu-

lence, meaning the predicted plume spread is affected by the amount of mixing

in the boundary layer. Such models may consider plumes released with different
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buoyancy to the surrounding air using the the Briggs (1969) plume rise equations,

which determine the effective plume height using the actual release height and var-

ious parameters such as buoyancy, distance from source, wind speed at the release

height, and atmospheric stability. A diagrammatic summary of Gaussian plume

modelling is shown in figure 1.2.

Figure 1.2: Diagram showing the Gaussian simulation method for buoyant plumes (Bey-

chok, 2005).

Lagrangian stochastic (LS) models

Rather than considering the plume as a whole, Lagrangian dispersion models simu-

late the paths of a large number of individual particles from which plume statistics

can be calculated. The path of each particle is calculated numerically using a set

of Lagrangian stochastic equations comprised of deterministic and random com-

ponents. Such a set of equations to describe dispersion in 1D, inhomogeneous,
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stationary turbulence is given by (1.3), (1.4) and (1.5):

dw = −C0ε

2σ2
w

w dt +
1

2

(
1 +

w2

σ2
w

)
∂σ2

w

∂z
dt + (C0ε)

1/2 dW (t) (1.3)

dz = w dt (1.4)

dx = U(z)dt (1.5)

where w, z, σ2
w, ε, U(z) and t represent vertical velocity, vertical position, vertical

velocity variance, the dissipation of turbulent kinetic energy, the vertical profile of

horizontal wind, and time (Rodean, 1997). dW is the incremental Wiener process

(a continuous, Gaussian, Markov process) and the constant C0 is the dispersion pa-

rameter. By integrating these equations forward in time the path of an individual

particle is determined with equation (1.3) describing the change in vertical velocity,

equation (1.4) the change in height, and equation (1.5) the change in downwind

distance from the source.

By using a Lagrangian approach as opposed to a Gaussian plume model, no as-

sumptions about the distribution of concentration within the plume are required

(Met Office, 2011). The model instead considers several individual particles, for

each of which a trajectory is calculated using a parameterization of the state of

the turbulence through σ2
w and ε (and possibly higher moments of vertical veloc-

ity). The benefit of using the parameterized state of turbulence to simulate the

trajectories of individual particles is that the model can be evaluated based on

the behaviour of individual particles as well as on the behaviour of the plume.

Lagrangian modelling, however, has a much higher computational cost than Gaus-

sian plume models, since the individual paths of several thousand particles must

be simulated to build up a picture of the behaviour of a plume. Figure 1.3 shows

how the path of an individual particle is calculated using a Lagrangian stochastic

method, with dw and dz at each time-step determining the position at the next

time-step.

We assume that at t = 0, a particle has some vertical position z0 and vertical
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velocity w0. The particle position after time-step dt is calculated using equation

(1.4) i.e.

z1 = z0 + w0dt.

The particle velocity is then calculated at the new position using (1.3) i.e.

w1 = w0 −
C0ε

2σ2
w

w0 dt +
1

2

(
1 +

w2
0

σ2
w

)
∂σ2

w

∂z
dt + (C0ε)

1/2 dW (t).

This process is repeated at each time-step to generate a single trajectory, and for

several thousand trajectories to generate plume statistics (Rodean, 1997).

Figure 1.3: Diagram showing the Lagrangian stochastic particle simulation method.

While the basis for constructing a Lagrangian stochastic model can be applied to

three-dimensional turbulence fields, no unique solution exists unlike in the case of

one dimension (Brickman and Smith, 2002). In addition, in the 3D model the tur-

bulence must be specified using all nine terms of the Reynolds stress tensor along

with their gradients. This leads to the full form of the velocity forcing function con-

taining 63 terms for each of the coordinate directions (Weil, 2008). Consequently,

we consider the 3D LS model to be too complicated to use as a simple alternative

to LES.

Large-Eddy Simulation (LES) particle models

As opposed to modelling plume behaviour based on a representation of the turbu-
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lence using vertical profiles of σ2
w and ε or σy and σz , it is possible to model plume

behaviour by simulating the turbulent motions within the boundary layer. Large-

eddy simulation numerically resolves turbulent motions larger than a given grid

scale and parameterizes motions smaller than that scale to calculate the structure

of boundary-layer turbulence over a specified three-dimensional domain (Gray and

Petch, 2001). The velocities calculated over the domain at each time-step may be

used to track the paths of particles through the simulation (Mason, 1992). LES has

the advantage of simulating the structure of individual eddies, and calculating as

opposed to parameterizing σ2
w and ε, hence giving a more realistic representation

of particle paths. It may also be applied to complex terrain such as street canyons

where models such as the Gaussian plume could not be applied (e.g. Cui et al.

(2004)). The main disadvantage of LES is the limitation in either resolution or do-

main size due to the required computing power. A large-eddy simulation resolving

motions on the scale of around 50 m could not currently be used to track particles

over hundreds of kilometres due to the huge number of grid points required. Also,

in the event that we are only interested in particle dispersion, computing time will

be used calculating turbulence in regions where no particles are present.

1.3 Research objectives

We commence this research with the following objectives:

1. Examine the effect of using LES to calculate the turbulence properties driving

LS models, as opposed to describing the turbulence through parameterizations.

2. Investigate and improve the physical representation of individual particle tra-

jectories from LS models by considering flow properties such as the skewness of

vertical velocities, and refining the treatment of the upper boundary.

3. Use LES to determine the effect time-varying turbulence during the evening

transition has on particle dispersion, in particular looking for phenomena such as

stable layer trapping leading to high ground level concentrations.

4. Investigate the extent to which LS models may reproduce the plume behaviour
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exhibited by LES in time-varying turbulence.

5. Analyse the effect variables such as release height, release time and turbulence

decay rate have on particle dispersion. Such information could be used to derive

parameterizations of boundary-layer dispersion during the evening transition for

operational models.

1.4 Thesis outline

To address the objectives put forward in Section 1.3, the thesis will be consist of

the following:

Chapter 2 - Lagrangian stochastic dispersion models

In this chapter the various Lagrangian stochastic models used to simulate dis-

persion will be described. Starting from a model for 1D diffusion in stationary

inhomogeneous turbulence, the equations are extended to incorporate the effects of

time-varying turbulence, skewness of vertical velocities, and a combination of the

two. A ‘well-mixed’ test to determine the validity of the models is introduced, and

various modifications to the initialisation of the particles and boundary conditions

are imposed to produce and maintain the well-mixed condition for the updated

models.

Chapter 3 - Dispersion by large-eddy simulation

In the first half of Chapter 3 the method of large-eddy simulation for numerically

modelling boundary-layer turbulence is introduced. The history and development

of LES is discussed, and in particular its use in investigating turbulence proper-

ties during the evening transition. The governing equations of the resolved and

sub-grid components of the model are laid out, and the numerical implementation

outlined. The second half of the chapter is concerned with the development of a

particle tracking model to run within LES, using the resolved motion along with

a parameterization of sub-grid motions to produce particle paths. Methods of sta-
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tistical analysis for large ensembles of particles are discussed.

Chapter 4 - Investigating skewness in the convective boundary layer

Chapter 4 presents the results of plume simulation in quasi-stationary convective

boundary layers by LES and LS models. Initially LES is driven with constant

surface heating to produce a typical cloud free daytime CBL with results verified

against theory. The LES is then used to generate plume statistics for various re-

leases. These results are used as a comparison for various LS models, starting with

an LS model driven by parameterized profiles of the turbulence properties, and

moving on to use profiles generated using LES. Next the importance of including

vertical velocity skewness in LS models is examined, and finally a modification of

the upper boundary condition is considered.

Chapter 5 - Dispersion in decaying turbulence

In Chapter 5 plume dispersion in non-stationary turbulence is investigated. Initially

previous work on the evening transition is discussed, focussing on how to represent

the decay of surface heat-flux. LES is used to simulate two idealised transitions

of different rates, with results presented showing the evolution of boundary-layer

parameters in each. LS simulations are applied to accurately simulate dispersion

during transitions from convective to neutral conditions, with modifications to rep-

resent the time-varying nature of the turbulence and the development of a positive

temperature gradient in the residual layer.

Chapter 6 - Modelling an observed evening transition

To more closely approximate behaviour in the real atmosphere, Chapter 6 examines

LES simulation of a full evening transition from CBL to SBL driven by observed

surface forcing. Due to the high resolution and domain size required for such a

simulation, a parallel implementation of the LES and particle model is discussed.

Results showing the boundary-layer structure and plume behaviour over the course

of the decay of convective turbulence and the development of the SBL are presented,
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and the LS models developed in the previous chapter are applied to the more real-

istic transition.



Chapter 2

Lagrangian stochastic dispersion

models

2.1 Introduction

Lagrangian stochastic (LS) models provide a method of simulating the diffusion

of tracers in a turbulent flow without detailed knowledge of the individual eddies.

They instead characterise the turbulence through parametrizations of variables such

as the velocity variances in the x, y, and z directions, and dissipation of turbulent

kinetic energy. Generally LS models are used to numerically generate a large num-

ber of particle paths (> 10, 000) to simulate the behaviour of a pollutant plume.

The term ‘Lagrangian stochastic’ covers both Langevin and random displacement

models. We discuss random displacement models later as a method of represent-

ing sub-grid motions in large-eddy particle simulation (Section 3.4) however the

Langevin model is more versatile and hence more often used in LS dispersion sim-

ulations (Rodean, 1997).

LS modelling of pollutants is used by the UK Met Office for the purpose of track-

ing and predicting the spread of hazardous material released into the atmosphere,

and for providing air quality forecasts. The Met Office operational dispersion

model ‘NAME’ (Numerical Atmospheric-dispersion Modelling Environment) uses

31
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the observed and forecast meteorology (predominantly wind velocities) to advect

an ensemble of particles, while a Lagrangian stochastic component is used to rep-

resent the particle motion due to atmospheric turbulence (Jones et al., 2007). The

ability to model the paths of individual particles is advantageous as no assumptions

are required about the concentration profile within the plume, as is the case with

popular Gaussian models.

The aim of this chapter is to present a range of LS models for treating various

turbulence conditions occurring in the boundary layer. Initially we present mod-

els for 1D diffusion in inhomogeneous stationary and non-stationary turbulence as

discussed by Rodean (1997). We move on to consider a model capable of represent-

ing skewed turbulence as is typical of the CBL, derived by Hudson and Thomson

(1994). It appears that no LS model currently exists to simulate dispersion tak-

ing into account both time-varying and skewed turbulence as occurs, for example,

during the early evening transition. In this chapter we develop such a tool based

on pre-existing LS models treating skewness and time-variance of turbulence inde-

pendently.

2.2 Lagrangian modelling studies

The idea of applying Lagrangian particle motion to the problem of turbulent dif-

fusion was first introduced by Taylor (1921) in his seminal paper on “diffusion

by continuous movements”, in which he showed that the standard deviation of a

particle away from its initial position was proportional to time for short times, lat-

terly becoming proportional to the square root of time. Taylor’s work considered

the case of homogeneous and isotropic turbulence, an idealised state not observed

in the atmosphere. This left scope for the development of Lagrangian models for

diffusion applicable to more complex forms of turbulence.

Much of the work on turbulent diffusion has been based around the modification
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and application of the Langevin equation:

du

dt
= −a1u + bζ(t) (2.1)

where u is particle velocity and t is time. a1 is a damping coefficient and b scales the

random function ζ(t). The Langevin equation was published by Langevin (1908) as

a model for Brownian motion, which is the phenomenon of the random movement

of particles suspended in a fluid. This was first observed by Robert Brown around

1827 for the case of pollen grains suspended in water. Despite Taylor’s insight

that Lagrangian motion could be used to model turbulent diffusion, the Langevin

equation was not immediately applied to the problem. Obukhov (1959) suggested

that the Fokker-Planck equation (the Eulerian equivalent to the Langevin equa-

tion) could be used to simulate turbulent diffusion. While few people used the

Fokker-Planck equation as Obukhov had suggested, the Langevin equation was

seen as a powerful tool for future dispersion modelling, and it has since been used

to simulate particle paths in a range of different forms of atmospheric turbulence.

To model turbulent diffusion in the convective boundary layer, a method for repre-

senting inhomogeneous, non-Gaussian turbulence is required. Such turbulence oc-

curs in the atmosphere as a result of skewness of vertical velocities. This skewness

is caused by strong updrafts occupying a smaller horizontal area of the boundary

layer surrounded by weaker downdrafts over a larger area. Baerentsen and Berkow-

icz (1984) aimed to represent this form of turbulence by expressing the probability

density function (PDF) of vertical velocities as a weighted sum of two Gaussian

distributions representing the updraft and downdraft regions. Using this model

they showed very good agreement with the data collected through water tank ex-

periments of Willis and Deardorff (1974, 1976).

Others such as De Baas et al. (1986) and Sawford and Guest (1987) presented

models to describe the skewed turbulence of the CBL, but it was the work of

Thomson (1987) which paved the way for further advances. He was able to show

how an LS model may be designed to meet the well-mixed criterion, stating that
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once particles become well-mixed, they will remain so. He went on to prove that

satisfaction of the well-mixed criterion implies the model is consistent with the

Eulerian statistics of the flow. Using Thomson’s design criteria, both Luhar and

Britter (1989) and Weil (1990) presented models based on Baerentsen and Berkow-

icz’ formulation of the probability density function (PDF) of vertical velocities as

a combination of two Gaussian distributions. While the aforementioned models

are designed to be applied to dispersion in convective conditions only, Hudson and

Thomson (1994) extended the approach to apply to a range of stability conditions.

This was achieved through relaxing the closure conditions used to determine the

PDF of vertical velocities, and using a range of values for the dispersion parameter

C0.

The development of LS models to describe dispersion in stably stratified nocturnal

boundary layers presented a difficult problem due to added complexity caused by

the varying balance of generation of turbulence and damping by stability (Stull,

1988). Wilson et al. (1981) were among the first to consider dispersion in the SBL,

simulating particle trajectories in inhomogeneous turbulence for a range of stability

conditions and comparing their results to the Project Prairie Grass observations.

Ley and Thomson (1983) extended a 2D random walk model for dispersion in neu-

tral surface layers to a range of stability conditions, while Luhar and Rao (1993)

considered the effect of a stable layer in their various simulations of dispersion in a

katabatic flow. Further to this Rao (1998) summarised the formulation of two- and

three-dimensional LS models for predicting dispersion in nocturnal flows. Das and

Durbin (2005) developed an LS model to account for the effect of stratification.

They constructed their stochastic differential equations to have second moment

equal to that of a given second moment closure model. This had the physical effect

of forcing displaced particles back towards their height of neutral buoyancy. More

recently, Weil et al. (2007) used profiles from large-eddy simulation to generate con-

centration statistics from a Lagrangian stochastic model under stable conditions.
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Recent research by Carvalho et al. (2010) focuses on time-varying turbulence of the

boundary-layer evening transition. They used a Lagrangian stochastic model to in-

vestigate how particle release height with respect to evolving stable and decaying

convective layers affects dispersion, transport time to the surface, and particle con-

centration levels throughout the boundary layer. They forced the LS model with

idealised vertical profiles of eddy diffusivity for the stable and convective regimes

containing a discontinuity in eddy diffusivity at the point at which they meet. This

work invites further investigation into dispersion in transitional boundary layers,

using a more realistic forcing for the LS model and comparison with other methods

such as large-eddy simulation. Research into these areas is carried out and pre-

sented in Chapter 5.

2.3 Formulating the LSM

Rodean (1997) presents the following model and derivation to describe vertical

diffusion in non-stationary inhomogeneous turbulence, starting with the Langevin

equation:

dw = a(z, w, t)dt + b(z, w, t)dW (t) (2.2)

dz = wdt (2.3)

where w, z, and t are vertical velocity, vertical position, and time. dW (t) is the

incremental Wiener process. The form of b is found using Kolmogorov’s similarity

theory for locally isotropic turbulence:

〈(∆w)2〉 = C0ε∆t (2.4)

〈(dw)2〉 = b2dt (2.5)

where C0 is a constant dispersion parameter and angular brackets represent an

ensemble average. Equations (2.4) and (2.5) combine to give

b = (C0ε)
1/2. (2.6)
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To find a we require the Fokker-Planck equation for the joint unconditional prob-

ability density (P ) of w and z:

∂P

∂t
+

∂

∂z
(wP ) = − ∂

∂w
(aP ) +

1

2

∂2

∂w2
(b2P ) (2.7)

and from the well-mixed condition of Thomson (1987):

aP =
∂

∂w

(
b2

2
P

)
+ φ (2.8)

∂φ

∂w
= −∂P

∂t
− ∂

∂z
(wP ) (2.9)

φ → 0 as |w| → ∞. (2.10)

In the case of vertical diffusion in inhomogeneous, non-skewed turbulence we as-

sume the probability distribution function P (z, w, t) is Gaussian in w:

P =
1√

2πσw

exp

[
−1

2

(
w

σw

)2
]

(2.11)

where σ2
w is the vertical velocity variance. To find the partial derivatives required

by equations (2.8) and (2.9) it is convenient to take the log of P

ln P = −1

2
ln (2π) − ln (σw) − 1

2

(
w

σw

)2

(2.12)

resulting in:

∂ ln P

∂w
= − w

σ2
w

(2.13)

∂ ln P

∂t
= −∂ lnσw

∂t
− w2

2

∂σ−2
w

∂t
(2.14)

∂ ln P

∂z
= −∂ lnσw

∂z
− w2

2

∂σ−2
w

∂z
. (2.15)

To find a, rearrange (2.8)

a =
b2

2

(
1

P

∂P

∂w

)
+

φ

P

=
b2

2

∂ ln P

∂w
+

φ

P
(2.16)

and substitute equations (2.6) and (2.13)

a = −
(

C0ε

2σ2
w

)
w +

φ

P
= − w

τL

+
φ

P
(2.17)
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where the Lagrangian velocity time-scale τL = 2σ2
w/C0ε can be interpreted as the

time-scale of the linear damping term.

Finding the form of φ requires more manipulation. We proceed with equation (2.9),

dividing everywhere by P .

1

P

∂φ

∂w
= −∂ ln P

∂t
− w

∂ ln P

∂z
, (2.18)

the ∂w/∂z term being equal to zero as w and z are independent. Substituting

equations (2.14) and (2.15) gives

1

P

∂φ

∂w
=

∂ lnσ2
w

∂t
+ w

∂ ln σw

∂z
+

w2

2

∂σ−2
w

∂t
+

w3

2

∂σ−2
w

∂z
. (2.19)

By assuming φ/P is a quadratic in w, we can construct

φ

P
= α + βw + γw2 (2.20)

and differentiate to obtain

1

P

∂φ

∂w
− φ

P 2

∂P

∂w
=

∂

∂w

φ

P
= β + 2γw

⇒ 1

P

∂φ

∂w
=

φ

P

∂ ln P

∂w
+ β + 2γw

⇒ 1

P

∂φ

∂w
= β +

(
2γ − α

σ2
w

)
w − β

σ2
w

w2 − γ

σ2
w

w3. (2.21)

Now by comparing terms in equations (2.19) and (2.21), from either the first term

or third term

β =
∂ ln σw

∂t
, (2.22)

from the last term

γ = −σ2
w

2

∂σ−2
w

∂z

=
∂ ln σw

∂z
(2.23)

and from the second term on the RHS of equations (2.19) and (2.21), and by

substituting in γ

α = σ2
w

∂ ln σw

∂dz
. (2.24)
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Inserting equations (2.22), (2.23), and (2.24) into (2.20) gives

φ

P
= σ2

w

∂ ln σw

∂z
+ w

∂ ln σw

∂t
+ w2∂ ln σw

∂z
(2.25)

and converting ln σw to σ2
w we have

φ

P
=

1

2

∂σ2
w

∂z
+

w

2σ2
w

∂σ2
w

∂t
+

1

2σ2
w

∂σ2
w

∂z
w2. (2.26)

Thus by combining equations (2.2), (2.6), (2.17) and (2.26) we arrive at our La-

grangian stochastic equation for vertical diffusion in non-stationary inhomogeneous

turbulence:

dw = −C0ε

2σ2
w

w dt +
1

2

(
1 +

w2

σ2
w

)
∂σ2

w

∂z
dt +

w

2σ2
w

∂σ2
w

∂t
dt + (C0ε)

1/2 dW (t) (2.27)

along with its companion equation

dz = w dt. (2.28)

We may also include an optional equation for downwind advection:

dx = U(z)dt (2.29)

where U(z) is the 1D (x-direction) wind speed which is assumed to vary only with

height. In the case of statistically stationary or very slowly evolving turbulence,

∂σ2
w

∂t
is negligible hence leaving the equations for particle evolution in stationary

inhomogeneous turbulence:

dw = −C0ε

2σ2
w

w dt +
1

2

(
1 +

w2

σ2
w

)
∂σ2

w

∂z
dt + (C0ε)

1/2 dW (t) (2.30)

dz = w dt. (2.31)

The three remaining terms comprising equation (2.30) have the following physical

interpretation:
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−C0ε
2σ2

w
w dt

Deterministic term representing a ‘fading memory’ of

the particle velocity from earlier time.

1
2

(
1 + w2

σ2
w

)
∂σ2

w

∂z
dt

Deterministic ‘drift correction’ term. Vertical gradient

of σ2
w forces particles away from regions of small σ2

w en-

suring they become well-mixed in the domain over time.

(C0ε)
1/2 dW (t)

Random term representing acceleration increments.

Uses the Wiener process W (t); a continuous, Gaussian,

Markov process model of diffusion.

The solution of equations (2.30) and (2.31) is dependent on the dispersion pa-

rameter C0, and two turbulence parameters, namely the vertical vertical velocity

variance (σ2
w) and either the Lagrangian velocity time-scale (τL) or the dissipation

rate of turbulence kinetic energy (ε), since

τL = 2σ2
w/C0ε

where C0 may vary according to the stability conditions (Hudson and Thomson,

1994). For calculation purposes ε is generally favoured as it can be more easily

determined than τL (Rodean, 1997).

The parameters σ2
w and ε describe the state of the turbulence. These can be sup-

plied to LS models as idealised functions of height based on observations or LES,

or directly as observed or simulated data. Idealised forms of σ2
w and ε are usually

based on a combination of results from observations and simulations to represent

a typical boundary-layer state such as the CBL or SBL. Driving the LS model

with directly observed or simulated data may lead to more accurately representing

plume behaviour in a particular case, but the model being less widely applicable to

changing conditions. Using simulated data directly is beneficial for comparison of

dispersion results between LS and LES. Since the turbulence represented in both

models is the same, any differences in the dispersion must be a result of the mod-

elling technique.
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The LS model is implemented numerically by initialising particles with given height

zt=0 and velocity wt=0, and specifying a fixed time-step (∆t) and vertical profiles of

σ2
w and ε as discussed previously. The position and velocity at all subsequent times

is calculated through repeated application of equations (2.30) and (2.31). Upon

reaching the boundaries at the surface and boundary layer top, a perfect reflection

is applied, i.e. if the particle height zp exceeds the boundaries of the flow given by

zb, then

zp,reflected = zb − (zp − zb) (2.32)

wp,reflected = −wp (2.33)

where wp is particle vertical velocity at zp. Dispersion statistics may be calculated

by carrying out this process for several thousand individual particles.

Plume Statistics

There are various diagnostics available to interpret the large numbers of individual

particle paths generated using LS methods. The plume mean height zp (where an

overbar denotes a mean quantity) may be calculated at each time-step by summing

the height zp of all particles within the domain and dividing by the total number of

particles N (2.34). It is frequently used in LS dispersion studies such as De Baas

et al. (1986) and Weil (1990). While the mean height effectively follows the centre

line of the plume, it offers no information concerning the spread of the particles.

By also calculating the standard deviation of particle heights σz (2.35) and plotting

against time, the rate of particle mixing can be observed.

zp =

(
N∑

i=1

zpi

)
/N (2.34)

σz =

√√√√ 1

N

N∑

i=1

(zpi
− zp)

2 (2.35)

The mean plume height and standard deviation can be quickly and easily calcu-

lated at each time-step. This makes them excellent choices for showing a continuous
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evolution of the plume over time. In using these diagnostics however, some infor-

mation about the vertical distribution of particles is lost. Such information may

be of particular importance in calculating dangerous ground level concentrations

of pollutants, for example. An alternative method of analysing the dispersion is to

consider a vertical concentration profile at a particular time. The vertical concen-

tration profile is calculated by splitting the vertical axis into slices of depth ∆z and

counting the number of particles Nz in each slice. The concentration at each level

is then given by Nz/∆z. This may be normalised by the boundary layer depth zi

over the total number of particles N such that the concentration equals 1 when

the particles are well-mixed. In summary the concentration at a given height Cz is

given by

Cz =
Nzzi

N∆z
. (2.36)

This provides a snapshot of the height distribution of the particles at a given time,

and is used extensively by Carvalho et al. (2010). It has the benefits of providing

particle concentration for any height and hence a more detailed picture of particle

spread, however information on the continuous time evolution of the dispersion is

lost.

Finally in the case of a non-uniform wind profile, or for a continuous point source,

2D contour plots of concentration in the x-z plane may be produced, where x is

the downwind direction. As in the 1D concentration case, the domain is discretised

but this time into rectangles with width ∆x and depth ∆z. At a given time the

number of particles contained within each rectangle is counted, giving the concen-

tration for that rectangle. From the resulting data a contour plot of concentration

may be produced. Carvalho et al. (2010) make use of this method in their paper

on dispersion in the evening transition, giving a snapshot showing the shape of the

plume at any given time. It may, however, be difficult to interpret the effect of

time-varying turbulence using this method (in particular in the case of a continuous

point source) since particles released at a range of times may be present in the plot

simultaneously.
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2.3.1 The well-mixed criterion

The well-mixed criterion states that if particles of a tracer in a turbulent flow are

initially well-mixed (in position and velocity space), then they should remain so.

This condition was suggested by Thomson (1987) to be a requirement for con-

structing LS models of turbulent diffusion. The well-mixed criterion consequently

provides a method of testing LS simulations, since any redistribution of the fluid

within the domain (assuming constant density) or changes in the properties of the

turbulence will not cause the particles to become “unmixed”. Starting with an

initially well-mixed distribution of particles, the concentration can be checked to

remain uniform over the depth of the boundary-layer at all times throughout the

simulation.

To test whether our numerical method is satisfying the well-mixed condition for

vertical 1D diffusion, we begin by generating a large ensemble of particle heights

with a uniform random distribution between the top and bottom of the bound-

ary layer. The vertical concentration profile is calculated as described by equation

(2.36). Figure 2.1a shows the vertical concentration profile calculated for 90,000

particles positioned between z = 0 and 1500 m according to a uniform random

distribution, i.e. all particles have an equal chance of being positioned anywhere

between 0 and 1500 m. We see that Cz ≈ 1 over the depth of the layer and the

particles are initially well-mixed. The small amount of noise present in Cz may

be attributed to the random positioning process. This noise could be reduced by

using a larger ensemble.

The next step is to integrate the model forward in time and observe the evolu-

tion of the vertical concentration profile. For a model satisfying the well-mixed

criterion, Cz should remain uniform and equal to unity for all subsequent times.

For short transport times it is possible that any small systematic drift violating
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Figure 2.1: Vertical profile of normalised concentration of 90,000 particles (a) before

applying the LS dispersion model with positions given using a uniform random distribu-

tion, and (b) after 10,000 time-steps using the LS dispersion model described by equation

(2.30).

well-mixedness will not have influenced the path of the particles enough to show

significant change in the concentration profiles. We therefore consider longer times

from the simulation start. Figure 2.1b shows the vertical concentration profile for

the LS model given by equations (2.30) and (2.31), applied to the particles in figure

2.1a and run for 10,000 time-steps of 1 s. A uniform value of Cz still approximately

equal to 1 between 0 and 1500 m indicates that this model does indeed satisfy the

well mixed condition.

2.4 An LS model including skewness

Turbulence in the boundary layer can be defined more accurately, particularly in

convective conditions, by using the third moment of vertical velocity w3 to describe

the skewness of vertical velocities S equal to w3/σ3
w. Skewness is a typical feature

of convection driven by surface heating as warmed air close to the surface forms

convective columns of relatively fast moving, rising air surrounded by more slowly

descending air. This property is illustrated in figure 2.2 showing a x-z slice of
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vertical velocities in a typical convective boundary layer. The downdrafts in blue

clearly dominate in area but have smaller velocities.

Figure 2.2: x-z cross section of vertical velocities in a large-eddy simulation of a typical

daytime CBL.

While the model presented by Rodean (1997) and given by (2.30) and (2.31) does

not include the effect of skewness, the problem has since been revisited such that

flows containing skewness of vertical velocities may be considered. In work by Baer-

entsen and Berkowicz (1984) the Lagrangian stochastic model was re-derived but

with the probability density fuction of vertical velocities considered to be the sum

of two Gaussian distributions in order to construct a skewed distribution (as shown

in figure 2.3). This work was expanded upon by Hudson and Thomson (1994), who

used a similar approach to constructing a skewed PDF, but formulated it such that

as the skewness tended to zero, the PDF tended to a Gaussian distribution. The

subsequent derivation of the LS model of Hudson and Thomson (1994) is presented

here. Being initially similar to that of Rodean (1997) we begin with defining the

parameters of the PDF.

P =
A√
2πσa

exp

[
−1

2

(
w − wa

σa

)2
]

+
B√
2πσb

exp

[
−1

2

(
w + wb

σb

)2
]

. (2.37)
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Figure 2.3: The skewed distribution P (w, z) (solid) is calculated as the weighted sum of

two Gaussian distributions (dashed) as defined in equation (2.37).

The means, standard deviations, and weighting of the two distributions (wa, wb, σa,

σb, A and B respectively) may be determined by considering the first four moments

of the overall distribution P , along with the additional constraint that wa = ασa

and wb = ασb. Allowing α to vary enables P to tend to a Gaussian distribution

when the skewness is small. This gives rise to the set of equations

A + B = 1 (2.38)

Aσa − Bσb = 0 (2.39)

Aσ2
a + Bσ2

b = w2/ (1 + α) = β (2.40)

Aσ3
a − Bσ3

b = w3/
(
3α + α2

)
= γ. (2.41)

Rearranging equations (2.38) to (2.41) we find

A =σb/ (σa + σb) (2.42)

B =σa/ (σa + σb) (2.43)

σa =σb + γ/β (2.44)

σb =
1

2
{
√

γ2/β2 + 4β − γ/β}, (2.45)
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hence the variables of the probability density function P may be entirely deter-

mined by profiles of w2 and w3 along with a specified value for α. Using the

condition that P must become Gaussian (σa = σb and wa, wb = 0) as the skewness

w3/σ3
w → 0, we may take α = S1/3.

With the parameters of the PDF determined, we let

Pa =
1√

2πσa

exp

[
−1

2

(
w − wa

σa

)2
]

(2.46)

Pb =
1√

2πσb

exp

[
−1

2

(
w + wb

σb

)2
]

, (2.47)

(2.48)

hence we may write

P = APa + BPb. (2.49)

Substituting equation (2.49) into (2.8) gives

aP =
σ2

w

τ

(
A

∂Pa

∂w
+ B

∂Pb

∂w

)
+ φ (2.50)

with

∂Pa

∂w
= − 1√

2πσa

(
w − wa

σ2
a

)
exp

[
−1

2

(
w − wa

σa

)2
]

= −
(

w − wa

σ2
a

)
Pa (2.51)

and similarly
∂Pb

∂w
= −

(
w + wb

σ2
b

)
Pb, (2.52)

giving

a =
1

P

(
−σ2

w

τ
Q + φ

)
(2.53)

where Q is defined as

Q = APa

(
w − wa

σ2
a

)
+ BPb

(
w + wb

σ2
b

)
. (2.54)
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To calculate φ use equations (2.9) and (2.10). Given that P is constant in time,

(2.9) becomes
∂φ

∂w
= −w

∂P

∂z
(2.55)

hence

φ = −
∫ w

−∞
w

∂P

∂z
dw = − ∂

∂z

∫ w

−∞
wP dw. (2.56)

From this point let all integrals be over the limit −∞ to w unless otherwise specified.

Concentrating on the integral only and substituting P gives

∫
wP dw =

A√
2πσa

∫
{(w − wa) + wa} exp

(
−(w − wa)

2

2σ2
a

)
dw

+
B√
2πσb

∫
{(w + wb) − wb} exp

(
−(w + wb)

2

2σ2
b

)
dw (2.57)

Consider the first term on the RHS to be Ia and the second term to be Ib. Inte-

grating each term gives

Ia =
A√
2πσa

[
−σ2

a exp

(
−(w − wa)

2

2σ2
a

)
+ wa

∫
exp

(
−(w − wa)

2

2σ2
a

)
dw

]

= −Aσa√
2π

exp

(
−(w − wa)

2

2σ2
a

)
+

Awa√
2πσa

∫
exp

(
−(w − wa)

2

2σ2
a

)
dw (2.58)

and similarly

Ib =
B√
2πσb

[
−σ2

b exp

(
−(w + wb)

2

2σ2
b

)
− wb

∫
exp

(
−(w + wb)

2

2σ2
b

)
dw

]

= −Bσb√
2π

exp

(
−(w + wb)

2

2σ2
b

)
− Bwb√

2πσb

∫
exp

(
−(w + wb)

2

2σ2
b

)
dw. (2.59)

Now since

φ = − ∂

∂z

∫
wP dw = − ∂

∂z
(Ia + Ib) (2.60)
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we find

∂

∂z
Ia =

1√
2π

exp

(
−(w − wa)

2

2σ2
a

){
− ∂

∂z
(Aσa) − Aσa

(
w − wa

σa

)

·
[

1

σa

∂wa

∂z
+

(
w − wa

σa

)
1

σa

∂σa

∂z

]}

+
1√
2π

{
1

σa

∂

∂z
(Awa)

∫
exp

(
−(w − wa)

2

2σ2
a

)
dw

+
Awa

σa

∂

∂z

∫
exp

(
−(w − wa)

2

2σ2
a

)
dw − Awa

σ2
a

∂σa

∂z

∫
exp

(
−(w − wa)

2

2σ2
a

)
dw

}
.

(2.61)

Now by letting
w − wa√

2σa

= x

we have
∫ w

−∞
exp

(
−(w − wa)

2

2σ2
a

)
dw =

∫ √
2σax+wa

−∞
exp

(
−x2

)√
2σa dx

=
√

2σa

∫ x

−∞
exp

(
−x2

)
dx. (2.62)

Using the property
∫ f2

f1

exp
(
−x2

)
dx =

√
π

2
[erf (f2) − erf (f1)] (2.63)

√
2σa

∫ x

−∞
exp

(
−x2

)
dx =

√
π

2
σa

[
erf

(
w − wa√

2σa

)
− erf (−∞)

]
. (2.64)

Introduce

va =
w − wa

σa

vb =
w + wb

σb

and ∂
∂z

Ia becomes

∂

∂z
Ia =

1

2

(
1 + erf

va√
2

)
∂

∂z
(Awa) + Paσa

{(
− ∂

∂z
(Aσa) −

Awa

σa

∂wa

∂z

)

+

(
−A

∂wa

∂z
− Awa

σa

∂σa

∂z

)
va − A

∂σa

∂z
v2

a

}
. (2.65)

Similarly

∂

∂z
Ib = −1

2

(
1 + erf

vb√
2

)
∂

∂z
(Bwb) + Pbσb

{(
− ∂

∂z
(Bσb) −

Bwb

σb

∂wb

∂z

)

+

(
B

∂wb

∂z
+

Bwb

σb

∂σb

∂z

)
vb − B

∂σb

∂z
v2

b

}
. (2.66)



CHAPTER 2. LAGRANGIAN STOCHASTIC DISPERSION MODELS 49

The equation for vertical velocity in skewed turbulence is therefore given by:

dw = a(z, w, t)dt + b(z, w, t)dW (t) (2.67)

dz = wdt (2.68)

where

a =
1

P

(
−σ2

w

τ
Q + φ

)

b = (C0ε)
1/2

and Q is defined as

Q = APa

(
w − wa

σ2
a

)
+ BPb

(
w + wb

σ2
b

)

and

φ = −1

2

(
1 + erf

va√
2

)
∂

∂z
(Awa) +

1

2

(
1 + erf

vb√
2

)
∂

∂z
(Bwb)

+ Paσa

{(
∂

∂z
(Aσa) +

Awa

σa

∂wa

∂z

)
+

(
A

∂wa

∂z
+

Awa

σa

∂σa

∂z

)
va + A

∂σa

∂z
v2

a

}

+ Pbσb

{(
∂

∂z
(Bσb) +

Bwb

σb

∂wb

∂z

)
−
(

B
∂wb

∂z
+

Bwb

σb

∂σb

∂z

)
vb + B

∂σb

∂z
v2

b

}
(2.69)

as in Hudson and Thomson (1994).

An additional consideration in the case of skewed turbulence is the treatment of

the boundary conditions of the flow. In the case of Gaussian turbulence a simple

“perfect reflection” condition was shown to satisfy the well-mixed criterion (figure

2.1). This proves to be insufficient for skewed turbulence. A study of reflection

boundary conditions for random walk models in skewed turbulence was carried

out by Thomson and Montgomery (1994). They showed through simulation that

the perfect reflection treatment of the boundaries in non-Gaussian velocity distri-

butions can lead to a significant violation of the well-mixed criterion at large times.

Thomson and Montgomery (1994) considered four alternative methods to deter-

mine the velocity with which an incident particle should be reflected in non-

Gaussian velocity distributions. Along with “perfect reflection” as is suitable for
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Gaussian vertical velocities, they investigated other methods proposed by Weil

(1990) and Hurley and Physick (1993). Thomson and Montgomery (1994) found

that these methods also led to accumulations and deficits in particle concentra-

tion near the boundaries and hence violated the well-mixed criterion for turbulent

diffusion models. In the final method, the reflected velocity wr is given by solving

∫ ∞

wr

wP (zb, w)dw +

∫ wi

−∞
wP (zb, w) dw = 0 (2.70)

where wi is the incident velocity, zb is the height of the boundary, and P (z, w) is

the probability density function of vertical velocity at height z. It is noted that

this method will exactly satisfy the well-mixed criterion with time-step ∆t tending

to zero and reflection applied the moment the particle touches the boundary. In

simulations with finite ∆t, however, Thomson and Montgomery (1994) observed

a 2% deviation from uniformity at the boundary. This method shows substantial

improvement from perfect reflection, and a slight improvement over the methods

of Weil (1990) and Hurley and Physick (1993).

The treatment of particle vertical velocity at the boundaries given by equation

(2.70) is included in our implementation of the Hudson and Thomson (1994) model

for skewed turbulence. Numerically, if a particle over-steps the flow boundaries in a

particular time-step the incident velocity wi is that which was used to increment z

past zb. The reflected velocity wr can be calculated from the incident velocity using

equation (2.70). The particle’s distance over the boundary is then calculated and

used to determine at what point in the time-step the particle reached the boundary.

The remainder of the time-step is multiplied by the reflected velocity to calculate

the particle’s position after reflection. This is summarised diagrammatically in fig-

ure 2.4.

The performance of the boundary condition described may be determined using

the well-mixed test discussed in Section 2.3.1. The skewed LS model is used to

simulate the evolution of a large ensemble of initially well-mixed particles, and the

concentration profile is observed over time. Figure 2.5 shows the vertical normalised
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Figure 2.4: Particle has travelled zi − zd past the boundary with velocity wi. If the

particle was reflected when it reached the boundary, it would have travelled approximately

wr
wi

(zi − zd).

concentration profile of 90,000 particles after 10,000 time-steps using the skewed

LS model. The particles were released from an initially well-mixed state over the

depth of the boundary layer. Similarly to the non-skewed LS model, Cz remains

uniform and approximately equal to 1, indicating that the Hudson and Thomson

(1994) model for dispersion in skewed turbulence using the boundary conditions

described previously satisfies the well-mixed criterion.

2.5 Time-varying skewed turbulence

At the end of Section 2.3 we presented a model applicable to time-varying turbu-

lence (equation 2.27) as discussed in the work of Rodean (1997), but went on to

neglect the time derivative term. While this treatment of time-varying turbulence

applies to non-skewed turbulence, no such model appears to exist for the case of

turbulence which is both time-varying and skewed. This gap in the available LS

modelling tools corresponds to the conditions found at the start of the CBL evening

transition, where both skewness from the decaying convective eddies and rapidly
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Figure 2.5: Vertical profile of normalised concentration of 90,000 particles after 10,000

time-steps using the skewed dispersion model described by equation (2.67), and skewed

boundary conditions described by equation (2.70).

time-varying turbulence are expected. To extend the stationary skewed turbulence

model of Hudson and Thomson (1994) to include the possibility of time-varying

turbulence, we consider the skewed probability density function of particle velocity

and position (2.37) to also be a function of time. By again applying the Fokker-

Planck equation, a skew and time-dependent form of a(z, w, t) and b(z, w, t) can

be determined.

Returning to equation (2.9) where we previously assumed t to be constant, now

∂φ

∂w
= −∂P

∂t
− w

∂P

∂z
(2.71)

where w and z are independent variables. This means rather than equation (2.56)

we have

φ = −
∫ w

−∞

∂P

∂t
dw −

∫ w

−∞
w

∂P

∂z
dw

= − ∂

∂t

∫ w

−∞
P dw − ∂

∂z

∫ w

−∞
wP dw (2.72)

which is the same as in the previous section with the addition of a time-varying
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term. To calculate the extra time-dependent term we consider

∫ w

−∞
P dw =

A√
2πσa

∫
exp

(
−(w − wa)

2

2σ2
a

)
dw +

B√
2πσb

∫
exp

(
−(w + wb)

2

2σ2
b

)
dw

(2.73)

where A, B, σa, σb, wa, wb are all dependent on both z and t. If we call the first

term on the right of the equation above Ta and the second Tb then

φ = − ∂

∂t
(Ta + Tb) −

∂

∂z

∫ w

−∞
wP dw. (2.74)

We find that

∂

∂t
Ta =

1√
2π

[
1

σa

∂A

∂t

∫
exp

(
−(w − wa)

2

2σ2
a

)
dw

+
A

σa

∂

∂t

∫
exp

(
−(w − wa)

2

2σ2
a

)
dw − A

σ2
a

∂σa

∂t

∫
exp

(
−(w − wa)

2

2σ2
a

)
dw

]

(2.75)

and hence

∂

∂t
Ta =

1

2

(
erf

va√
2

+ 1

)
∂A

∂t
− Paσa

[
A

σa

∂wa

∂t
+

A

σa

∂σa

∂t
va

]
. (2.76)

Similarly for Tb

∂

∂t
Tb =

1

2

(
erf

vb√
2

+ 1

)
∂B

∂t
+ Pbσb

[
B

σb

∂wb

∂t
− B

σb

∂σb

∂t
vb

]
(2.77)

resulting in the time dependent form of φ being given by

φ = − ∂

∂t
(Ta + Tb) −

∂

∂z
(Ia + Ib) (2.78)

where the components are given in equations (2.65), (2.66), (2.76) and (2.77). As a

result the model for dispersion in skewed, time-varying, inhomogeneous turbulence

is given by

dw = a(z, w, t)dt + b(z, w, t)dW (t) (2.79)

dz = wdt (2.80)

where

a =
1

P

(
−σ2

w

τ
Q + φ

)

b = (C0ε)
1/2
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with Q is defined as

Q = APa

(
w − wa

σ2
a

)
+ BPb

(
w + wb

σ2
b

)

and φ given by equation (2.78). In this formulation, b scales the random term

representing acceleration increments as before, φ
P

is the drift correction term (now

a function of gradients of vertical velocity variance in both time and space), and

−Q
P

σ2
w

τ
is the ‘fading memory’ of the velocity at an earlier time. In order to im-

plement this LS model the state of the turbulence is required, represented through

parameterizations of the vertical velocity variance, skewness, and dissipation of

TKE. These parameterizations are updated at each time-step to give the time-

evolution of the turbulence.

2.6 Summary

In this chapter we have presented a hierarchy of Lagrangian stochastic models

for 1D (vertical) turbulent diffusion. The first two models are given by equations

(2.30) and (2.27), and treat stationary and non-stationary inhomogeneous turbu-

lence respectively. As an extension to these models we have investigated methods

of incorporating a skewed vertical velocity profile as is observed in the CBL. The

work of Hudson and Thomson (1994) provides such a model for stationary turbu-

lence, as given by equation (2.67). Finally we have developed a new LS model to

simulate dispersion in turbulence which is both skewed and time-varying, as oc-

curs during the boundary-layer evening transition. This model for non-stationary

skewed turbulence is given by equation (2.79).



Chapter 3

Dispersion by large-eddy

simulations

3.1 Introduction

The task of simulating turbulent fluid flow in the atmosphere is a challenging one.

In a daytime CBL the largest scales of motion could be of the order of 2 km, with the

turbulent kinetic energy driving these large eddies cascading down driving smaller

and smaller eddies to the smallest scales of molecular diffusion, where the energy

undergoes viscous dissipation (Stull, 1988). A turbulent flow such as this may be

described mathematically through a set of equations comprised of conservation of

mass and momentum, i.e. the continuity and Navier-Stokes equations. While it

is not possible to fully solve these equations analytically, they may be addressed

numerically.

Different modelling techniques may be used depending on the properties of the

turbulent flow. The most accurate of these is Direct Numerical Simulation (DNS)

in which the Navier-Stokes equations are solved explicitly, and all eddies down to

the molecular scale are fully resolved and accurately simulated (Orszag, 1970). The

main drawback of DNS is that it is computationally very expensive, and can only

be used to treat flows over a small domain and time period. Also due to the size

55
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of the smallest eddies decreasing as Reynolds number increases, only flows with

relatively small Reynolds number (Re ∼ 103) can be modelled with DNS. The

Reynolds number is defined as

Re = vclc/ν

where vc and lc are characteristic velocity and length scales, and ν is the kinematic

viscosity. Using typical surface layer scalings of vc = 5 ms−1 and lc = 100 m, along

with ν ≈ 1.5 × 10−5 m2s−1 we find a typical value of Re for the surface layer is

around 3× 107 (Stull, 1988). DNS is therefore not suitable to simulate flow in the

atmospheric boundary layer.

Reynolds-Averaged Navier-Stokes (RANS) modelling lies towards the other end of

the spectrum of simulating turbulent flows. It is constructed such that only mo-

tions on scales bigger than the largest turbulent eddies are resolved, while averaging

over the eddies themselves. The consequence of this is that there is only statistical

information on the turbulent dynamics within the flow, rather than eddy structure

(Sodja, 2007). For this reason RANS is usually used in meteorology for analy-

sis of mesoscale phenomena on a scale of hundreds of kilometres, or in a variety of

engineering applications such as modelling fluid flow through a pipe or over a wing.

Large-eddy simulation (LES) fills the gap between DNS and RANS. By introduc-

ing a filter scale to the governing equations, then resolving all motions larger than

that scale and parametrizing those that are smaller, LES has the ability to perform

simulations on a large scale with high Reynolds number fluids, while still capturing

internal features of the motion of the turbulent flow. In LES the filter scale is

chosen such that the larger eddies (accounting for the majority of turbulent kinetic

energy) are resolved, while the sub-filter scale eddies are parametrized according

to some turbulence closure scheme (Gray et al., 2004). Figure 3.1 shows an ap-

proximation of the energy spectrum found in the CBL, with energy being supplied

at the smallest wavenumbers and cascading down through larger wavenumbers to

the dissipative scales. kc shows the grid scale of LES, with smaller wavenumbers
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resolved and larger wavenumbers parameterized.

Figure 3.1: Diagram showing a typical energy spectrum of the CBL including the grid

scale of LES with eddies larger than the grid scale explicitly resolved and those smaller

parameterized (adapted from Frohlich and von Terzi 2008).

While the qualities of LES make it an invaluable tool in boundary layer modelling,

it is still a computationally expensive approach, and has the potential to become

inaccurate in regions where small scale motions dominate the flow such as near the

ground or the inversion due to the large ratio of sub-grid scale to resolved TKE

(Mason and Thomson, 1992; figure 3.2). This means that before LES is used for a

particular case, it must be verified that it is an appropriate method. In the case

of modelling particle dispersion, the amount of information and detail produced

about the flow are likely to make LES the most suitable choice. In Chapter 4 this

is shown through the comparison of LES generated boundary layer properties and

dispersion statistics to laboratory and field observations.
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Figure 3.2: Plot showing the ratio of sub-grid scale TKE to resolved TKE for a typical

CBL generated using LES. Horizontal grid spacing = 50 m, boundary-layer top at zi ≈
1400 m.

3.2 A brief history of LES

The seminal study of Deardorff (1970) is the first to numerically model three-

dimensional turbulence using large-eddy simulation, although it was not then termed

as such. At the time of Deardorff’s work, the idea of applying an averaging opera-

tor to the governing three-dimensional turbulence equations was well established,

having been suggested by Reynolds in 1895. With assumptions for the sub-grid

stresses, such filtered equations were successfully used in general circulation models.

Deardorff used this method of filtering equations, along with work by Smagorinsky

and Lilly on representing the sub-grid scale Reynolds stresses, to examine the tur-

bulence patterns produced by numerically modelling plane Poiseuille flow driven

by a uniform pressure gradient. Due to the original nature of this approach, Deard-

off was able to simulate structures at high Reynolds number turbulent shear flows

which could not previously have been modelled.
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Deardorff continued to refine his model for three-dimensional turbulence in high

Reynolds number flows to closer approximate observed states of the atmospheric

boundary layer. Utilising a capping inversion rather than a rigid lid to top the

boundary layer, Deardorff (1972) considered convective cases with a positive surface

heat flux. He was able to show that, for particularly unstable cases, the friction

velocity u∗ defined by

u∗ =
[
u′w′2

0 + v′w′2
0

]1/4

where u′w′
0 and v′w′

0 are the vertical fluxes of horizontal momentum at the surface,

was no longer an appropriate scaling velocity. Using this new model capable of

capturing patterns of boundary layer turbulence, he also presented vertical pro-

files of mean wind, potential temperature, momentum flux, eddy coefficients, flux

correlation coefficients, turbulence intensities, temperature variance, and pressure

fluctuations. Even in this early phase of large-eddy modelling, Deardorff (1972)

also considered the effect of stability on Lagrangian particle dispersion by the simu-

lated flow, while Deardorff (1974) modelled the evolution of an observed convective

boundary layer, using the new addition of moist processes to the model.

After the initial efforts of Deardorff, large-eddy simulation continued to be en-

hanced and applied to various turbulent flow problems. These include evaluating

marine boundary layers (Sommeria and LeMone, 1978; Nicholls and Sommeria,

1982), cloud topped boundary layers (Deardorff, 1980; Moeng et al., 1996), and

more recently (due to the increase in available computational power) stable bound-

ary layers (Mason and Derbyshire, 1990; Galmarini et al., 1998; Beare et al., 2006).

Additionally, and pertinent to this project, LES has also been applied to studies

in dispersion and the decay of convective turbulence.

3.2.1 Studies into LES dispersion modelling

As previously demonstrated, the idea of using LES to model the dispersion of pol-

lutants in the atmosphere is almost as old as LES itself, with Deardorff (1972)
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publishing results on the dispersion of particles released instantaneously near the

surface in both convective and neutral simulated boundary layers. Lamb and Dur-

ran (1978) went on to consider a continuous point source of pollution and found

optimal diffusivity to be strongly dependent on source height. Wyngaard and Brost

(1984) modelled the asymmetry between top-down and bottom-up diffusion in the

LES using a passive scalar field as opposed to an ensemble of Lagrangian parti-

cles, showing that the skewness in vertical velocities in a convective layer causes

bottom-up diffusion to be substantially larger.

Using LES to model dispersion has continued to be of interest, with more recent

papers covering a full range of atmospheric stability conditions. Mason (1992) in-

vestigated conditions varying from free convection to neutral static stability with

wind shear. He found that an increase in the mean wind, and consequently an

increase in shear, results in a progressive decrease in the rate of vertical dispersion.

Kemp and Thomson (1996) were the first to consider the dispersive effects of a

stable boundary layer, however while their study showed that LES can be applied

to this case, they were unable to determine whether their results were resolution

or domain size dependent.

3.2.2 LES of a CBL decay

The earliest use of LES specifically for the purpose of investigating boundary-layer

transitions is in the work of Nieuwstadt and Brost (1986), who analysed the de-

cay of convective turbulence for the idealised case of an instantaneous switch-off

of surface heating in a well developed convective boundary layer simulation. They

observed that the decay of both turbulent kinetic energy and temperature vari-

ance scale with dimensionless time tw∗/zi where w∗ is the convective velocity scale

and zi is the pre-transition CBL depth. This work was expanded on by Sorbjan

(1997) who also aimed to investigate the decay of convective turbulence using a

prescribed gradual reduction of surface heating. They were able to show that in
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this case the residual mixed layer is governed by two time scales; the convective

time scale t∗ = zi/w∗, and an external time scale of the surface heat flux forcing

τf .

Extending the problem to simulate a full boundary layer transition from a con-

vective to stable regime, or vice-versa, presents problems due to the separation

of scales of the largest eddies present within the flow. The largest eddies in the

convective flow may be more than 1 km deep while in the shear induced turbulence

of a stable layer the largest eddies exist on the scale of approximately 10 m. This

means that in order to resolve turbulence in the stable layer, the grid spacing must

be of the order of 10 m or less, while maintaining a domain size large enough to ac-

commodate a daytime convective boundary layer. Until recently simulations of this

nature were unachievable due to limitations of computing power, however with the

development of larger and faster computers, the possible resolution and number of

grid points has been increased. This available power has been utilised in work such

as that of Beare et al. (2006), who carried out two simulations of observed evening

transitions. Their paper demonstrates that large-eddy simulation is a valid method

for modelling an evening boundary-layer transition, showing good agreement with

observations.

3.3 Overview of the Large-Eddy Model

3.3.1 Resolved model

Here we use version 2.4 of the Met Office large-eddy model (Gray and Petch, 2001),

set up for use in dry boundary-layer simulations. It solves the following filtered

Navier-Stokes Boussinesq equation set:

∂ui

∂t
+ uj

∂ui

∂xj
= − 1

ρ0

∂

∂xi
p′ + δi3B

′ +
1

ρ0

∂τij

∂xj
+ f0εijkuk (3.1)

∂uj

∂xj

= 0 (3.2)



CHAPTER 3. DISPERSION BY LARGE-EDDY SIMULATIONS 62

χ0 denotes a surface reference state of χ

χ′ denotes a perturbation from the reference state of χ

ui = (u, v, w) is the flow velocity

ρ0 is constant density

p is pressure

θ is potential temperature

δi3 is the Kroneker delta function

B′ = gθ′/θ0 is the buoyancy (g is acceleration due to gravity)

τ is the sub-grid stress

εijk is the alternating psuedo-tensor

f0 is the Coriolis parameter

hθ is the sub-grid scalar flux of θ

Table 3.1: Definition of the variables used in the LEM equation set (3.1), (3.2), and

(3.3).

∂θ

∂t
+ uj

∂θ

∂xj

=
1

ρ0

∂hθ
j

∂xj

(3.3)

comprised of the Navier-Stokes equations (3.1), mass continuity (3.2), and conti-

nuity of potential temperature (3.3), where the variables are defined in table 3.1.

In addition to the reference state variables θ0 and ρ0, p′ is required for the mo-

mentum equation computation. It is found by taking the time derivative of the

continuity equation (3.2) and substituting in the momentum equation (3.1) obtain-

ing a Poisson-like elliptical equation:

∂

∂xi

[
1

ρ0

∂

∂xi

p′
]

=
∂

∂xi

(si) (3.4)

where

si = δi3B
′ − uj

∂ui

∂xj
+

1

ρs

∂τij

∂xj
+ f0εijkuk. (3.5)

This equation is solved using a Fast Fourier Transform (FFT) method, where a

Fourier transform may be applied in the horizontal leaving a ordinary differential
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equation, which can be discretised in the vertical to find

A(k)P̃ k+1
ij + B(k)P̃ k

ij + C(k)P̃ k−1
ij = S̃ij (3.6)

where k is the vertical grid index, i and j are horizontal wavenumbers, S̃ij is the

Fourier transformed right hand side of equation (3.4), and A(k), B(k) and C(k)

are coefficients which can be solved for the Fourier transformed p′ (P̃ij). p′ can

then be determined by a reverse Fourier transform of P̃ij.

3.3.2 Sub-grid model

The sub-grid model of the LES is governed by the sub-grid stress τij and scalar

heat flux hi, which denote the interaction between resolvable and sub-grid scales.

They are defined as

τij = − (uiuj − uiuj) +
1

3

(
u2

k − u2
k

)
δij (3.7)

hi = uiθ − uiθ (3.8)

where an overbar represents the operation of removing sub-grid scale components.

In order to close the set of equations (3.1) - (3.3), (3.7) and (3.8), a closure hy-

pothesis is required. This is achieved by specifying

τij = ρ0νSij (3.9)

hi = −ρ0νh
∂θ

∂xi
(3.10)

where ν is the sub-grid eddy viscosity, νh is the eddy diffusivity, and Sij is the rate

of strain tensor

Sij =
∂ui

∂xj
+

∂uj

∂xi
. (3.11)

The eddy viscosity ν and diffusivity νh are defined as

ν =λ2Sfm (Rip) (3.12)

νh =λ2Sfh (Rip) (3.13)

where λ is the mixing length scale, S is the modulus of Sij, and fm and fh are

functions dependent on the local Richardson number Rip. This is an extension
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to the classical Smagorinsky-Lilly approach in that equations (3.12) and (3.13)

contain functions dependent on Richardson number, and the length scale λ is a

function of the basic mixing length λ0:

1

λ2
=

1

λ2
0

+
1

[k (z + z0)]
2 (3.14)

where z0 is surface roughness and k is the von Kármán constant. This provides a

smooth transition between the mixing length in the flow interior and the mixing

length near the ground. λ0 is defined as cs∆ where cs is the Smagorinsky constant

and ∆ is the grid spacing, defined for anisotropic grids as ∆ = (∆x + ∆y + ∆z) /3.

Gray et al. (2004) suggest a choosing λ0 such that cs ≈ 0.23.

3.3.3 Numerical implementation

The LEM governing equations are solved numerically through discretisation onto

an Arikawa C-grid in the horizontal, and a Lorenz grid in the vertical. Grid stag-

gering is required since applying centred difference schemes where all variables are

held together on one point effectively creates two separate sub-grids, which can

lead to decoupling between the pressure and velocity. The Arakawa C-grid holds

the scalars such as temperature and pressure on the centre point, while the u and

v velocity components are staggered in their respective directions (see figure 3.3).

The C-grid is used because it gives good accuracy for all wavelengths when the

grid size is less than the radius of deformation (Gray et al., 2004), and because flux

divergences and horizontal pressure gradients can be calculated to the same accu-

racy as the other terms in the momentum and continuity equations. The Lorenz

grid carries horizontal velocities and potential temperatures at the same levels that

represent model layers, while vertical mass fluxes are carried at the interfaces of

such layers. Eddy diffusivities and viscosities are held on the same points as w (see

figure 3.3, Gray et al. 2004). With this distribution of the variables, it is easier to

maintain conservation of energy, mean potential temperature and potential tem-

perature variance.
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Figure 3.3: Visualisation of the computational grid used in the LEM: Arikawa-C in the

horizontal and Lorenz in the vertical.

Time stepping is carried out using the second order accurate leap frog method,

with a Robert-Asselin filter applied to eliminate computational modes. Two ad-

vection schemes are available: the linearly and quadratically conserving but not

positive definite, second order accurate Piacsek and Williams (1970) centred differ-

ence scheme; or the Total Variance Diminishing (TVD) linearly but not quadrati-

cally conserving, positive definite, quasi-third order scheme of Leonard et al. (1993),

known as ‘ULTIMATE’. The usual approach for the LEM is to apply the Piacsek

and Williams (1970) scheme to momentum and the TVD scheme to the ther-

modynamic variables, since monotonicity preserving schemes are desirable in the

presence of sharp gradients such as may be present in the potential temperature

at the boundary layer top (Gray et al., 2004).

3.4 LES particle model

In order to analyse the performance of the Lagrangian stochastic dispersion model

for particular ABL conditions, a more accurate set of dispersion data from the same

flow is required. There are two potential sources for this information: experimental

data (field or laboratory observations), and more advanced modelling techniques
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such as LES.

Field observations provide the most realistic plume behaviour, but are restricted

to conditions occurring during the campaign, and the type and placement of in-

strumentation. Laboratory experiments provide more flexibility, but may not accu-

rately replicate the processes in the atmosphere, and it may be difficult to measure

parameters such as the vertical velocity variance and dissipation rate of TKE. LES

may also become inaccurate without regular verification against observations, but

allows for the study of a wide range of atmospheric conditions and easy access to

flow data for any point during the simulation.

While LES also has the possibility of numerical errors in the modelling process,

its ability to generate statistically accurate models of boundary layer turbulence

over extended periods of time, with a high enough resolution to include individual

structures and eddies, make it a valuable and appropriate tool for modelling par-

ticle dispersion.

Three key steps can be identified in the construction of a Lagrangian dispersion

model to operate within an LES:

1. Particle initialisation

In order to construct a model capable of producing robust dispersion statistics, an

ensemble of numerous traced particles must be generated. Hudson and Thomson

(1994) suggest tracking 50,000 particles, more than in their LS model due to the

lack of independence between neighbouring particles in the LEM. Due to the in-

crease of available computing power we can consider 90,000 particles in order to

refine dispersion statistics.

We aim to simulate the trajectories of passive tracer particles, i.e. particles with

no mass and no interaction with other particles. These trajectories therefore rep-
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resent the path of a marked point in the flow. This representation of the particles

is particularly appropriate for relatively non-reactive gaseous pollutants such as

sulphur dioxide (SO2) and carbon monoxide (CO). The idealised particles can be

initialised in the LEM by defining their 3-dimensional position (xp, yp, zp) at a given

time t. Physically, the manner of release of particles into the atmosphere varies

greatly depending on the type of source from which they are being emitted. In the

case of a chimney stack the release would likely be continuous and possibly buoy-

ant dependent on the temperature of the material. Other situations may result in

instantaneous releases, line sources, or pollutants released in a very small area or

over a wide range. Depending on the aim of the dispersion study, instantaneous

sources in the LEM can be set up in two ways:

• An instantaneous point source can be introduced in the same way as in the

LSM, with all particles initialised at the same point in space and time. The

difference however, is that the LEM contains specific flow structure such as

updrafts and downdrafts in the case of a CBL. The particles released into

the LEM use a combination of the simulated velocity fields at their current

position and a stochastic sub-grid model to determine their new position.

Because all particles are released at the same point, they all experience the

same motion due to the resolved velocity fields, with small differences due to

the sub-grid model. Over time the small scale turbulence disperses the par-

ticles more until they become separated enough to be acted on by different

large scale features of the flow. This release type is good for studying plume

behaviour as one might see from a chimney stack, and it would be possible

to identify different characteristic plume patterns. The disadvantage of using

this release type is that it does not represent the average dispersive effect

over the whole boundary layer.

• To get around the problem described above, an instantaneous release at a spe-

cific point in height z but over a range of values of x and y can be introduced.

Spreading out the particles over the domain ensures that the dispersion is rep-
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resentative of the average structure of the boundary layer, however the ability

to determine characteristic plume patterns is lost.

The timing of an instantaneous release must be calculated to coincide with the

dispersive effect being investigated. To model dispersion in a steady state bound-

ary layer, particles should not be released until the LEM has passed the initial

‘spin-up’ phase, and turbulence has become statistically stationary. In the case

of a transitional boundary layer, the time of particle release with respect to the

transition is expected to have a large effect on the dispersion.

If a continuous point source is required, particles must be released at the same point

in space but at regular time intervals. Additionally some mechanism is required for

removing old particles once the required number have been introduced onto the do-

main. If the particle number were to continue to increase with each time-step, the

calculation time for each step would become unmanageably large. The advantage

of using a continuous particle source is that the effect of time varying turbulence

can easily be seen. Particles introduced into the old regime have now moved down-

stream and represent the dispersion at the point in time when they were released,

whereas new particles being released are representing the dispersive effects of the

current form of turbulence. This continuous release does however pose a potential

problem in non-uniform wind conditions, where old and new material may become

mixed and indistinguishable, making interpretation of the effect of time varying

turbulence more difficult.

2. Particle tracking

Once a group of particles have been initialised in the LEM, they are propagated by

the sum of the resolved and sub-grid velocities of the flow at their given position.

The resolved part of each particle’s 3D motion is calculated using a Euler forward

step method using the current model time-step

dx = u · dt
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where the 3D velocity u at the current particle position is determined by linear in-

terpolation of the resolved flow velocity at the surrounding grid points in the LEM.

This process is shown by figure 3.4 and equation (3.15), where uijk represents the

velocity at the 8 grid points surrounding the particle position, and x, y, and z

determine the exact position of the particle within the box. Kemp and Thom-

son (1996) found this method produced accurately reversible trajectories, hence no

higher order schemes were considered necessary.

Figure 3.4: Representation of a cube of grid points in the LEM to show how trilinear

interpolation of flow velocity (3.15) is calculated.

uxyz =u000(1 − x)(1 − y)(1 − z)+

u100x(1 − y)(1 − z)+

u010(1 − x)y(1 − z)+

u001(1 − x)(1 − y)x+

u101x(1 − y)z+

u011(1 − x)yz+

u110xy(1 − z)+

u111xyz (3.15)
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In areas of the flow where the eddy scales are smaller than the scales of the grid

boxes, the resolved flow tends to zero. In regions where this occurs, such as near

the surface, a representation of the sub-grid energy must be included. Random

perturbations are given to the particles in the three coordinate directions at each

model time-step. These random perturbations follow a Gaussian distribution with

standard deviation

σd = (2K∆t)1/2

where K is the interpolated model eddy diffusivity at the particle position, and ∆t

is the model time-step1. The prescription of this random perturbation generates a

mean drift velocity towards regions of small K and this is corrected for by adding

a drift correction velocity ∇K.

In the case of particles propagating past the lateral boundaries, a periodic tiling of

the domain is used. The LEM sets the conditions at the left, right, front, and back

boundaries to be equal throughout the run to ensure continuity of the flow. If, due

to inaccuracy inherent in the numerical scheme, a particle is propagated below the

bottom boundary of the model, perfect reflection conditions are applied. Particles

are naturally contained by the modelled boundary layer with height significantly

less than the domain height hence a upper constraint is not required.

3. Statistical analysis

Various methods exist in order to evaluate the effect of the simulated flow on par-

ticle dispersion. The choice of diagnostic will depend on the aspect of dispersion

under investigation.

The plume mean height may be calculated at each time-step by taking the mean

height of all particles released into the flow. The mean plume height over time

1Gaussian random numbers generated numerically using the Box-Müller transform (Box and

Müller, 1958).



CHAPTER 3. DISPERSION BY LARGE-EDDY SIMULATIONS 71

provides a diagnostic of ensemble particle behaviour which is easy to interpret. It

has been used in several studies including the original LEM particle model of Dear-

dorff (1972) and smooth results can be achieved with a small number of particles.

It does, however, have the obvious disadvantage of not giving any information on

the spread of the particles. This can be rectified by also considering the standard

deviation of particle heights (σz) at each time step. By plotting the standard de-

viation either side of the mean plume height (i.e. zp ± σz) a more physical sense of

the plume structure may be obtained. Alternatively by plotting σz independently

of the mean, the plume spread from different models and cases may be more easily

compared. To make full use of the LEM, these diagnostics can also be calculated

for the mean x and y position and spread.

An alternative method of analysing the simulated dispersion is to consider vertical

concentration profiles at a specific time. By defining a grid over the depth of the

domain, and counting the number of particles between each successive height level

at a given time, a plot of particle concentration against height may be constructed.

This method is often used in boundary layer dispersion modelling (Mason, 1992;

Weil et al., 2004; Carvalho et al., 2010) and allows simple verification that the flow

and sub-grid scheme meet the Thomson (1987) well-mixed criterion by looking for

a uniform concentration with height at long time. It does, however, have the dis-

advantage of requiring more particles to construct robust statistics than the mean

height / standard deviation diagnostics.

In the case of a continuous point source, to create the best physical representa-

tion of the flow it is possible to consider the concentration in 2D. By splitting the

domain up into grid squares in the x and z direction and counting the number of

particles in each box at any given time, a 2D representation of the flow can be

plotted. Although this has been used to describe both experimental and model

flows (Willis and Deardorff, 1976; De Baas et al., 1986) it suffers from the same

disadvantages as 1D concentration profiles in that it requires many more particles
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and can only produce snapshots in time. This makes it particularly unsuitable for

representing dispersion in time-varying turbulence.

3.5 Summary

In this chapter we have introduced LES as a method for simulating the atmospheric

boundary layer. We summarised the history and development of LES, in particular

its application to modelling dispersion and the evening transition. The equation

sets governing the simulation of resolved and sub-grid components were presented,

and the numerical grid discussed. We went on to consider how the velocity fields

generated using LES could be applied to particle tracking. This involved deter-

mining how to initialise the particles based on the source type, calculating particle

velocities given flow velocities defined at grid points, and generating plume statis-

tics.



Chapter 4

Investigating skewness in the

convective boundary layer

Typically over land a convective boundary layer (CBL) is formed as a response to

heating of the Earth’s surface by solar radiation. A portion of this heat is trans-

ferred to the air directly above the surface, causing it to become less dense than

the air higher up. The buoyancy created by this surface heating is the dominant

mechanism driving turbulence in the CBL (Stull, 1988).

A characteristic of convective turbulence in the CBL is skewness of vertical veloc-

ities. This occurs due to plumes of air warmed by the surface combining to form

rapidly rising columns occupying around 40% of the boundary-layer area, while

cool descending air occupies a larger area of the boundary layer but travels more

slowly. This large scale eddy structure causes pollutant plumes to experience a

looping behaviour where particles are repeatedly transported upward and down-

ward through the boundary layer by updrafts and downdrafts (see figure 1.1).

The inclusion of skewness in LS dispersion simulations of the CBL has been in-

vestigated in various studies by Baerentsen and Berkowicz (1984), De Baas et al.

(1986), Hurley and Physick (1993) and Hudson and Thomson (1994). A direct

comparison of LS models representing and not representing the effect of skewness

73
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in the CBL, however, has not previously been considered. In Chapter 2 we pre-

sented two LS models for 1D dispersion in statistically stationary, inhomogeneous

turbulence. The model described by equations (2.30) and (2.31) is driven only

by the vertical velocity variance (σ2
w) and dissipation of TKE (ε), and does not

account for the effects of skewness. The model of Hudson and Thomson (1994),

given by equations (2.67) and (2.68), is more computationally expensive but does

represent the skewness of vertical velocities. Through comparison of these mod-

els against LES and experimental and observational data such as the water tank

experiments of Deardorff and Willis (1975) and Willis and Deardorff (1976 1978,

1981), the importance of representing skewness in LS models of CBL dispersion

can be weighed against the additional computational cost.

With the aim of investigating and improving the accuracy and efficiency of LS

simulations of CBL dispersion, we pose the following questions:

1. How accurately can Lagrangian stochastic models represent par-

ticle dispersion in a statistically stationary convective boundary-

layer?

2. To what extent can LS models be improved through representing

properties of CBL turbulence such as skewness of vertical veloci-

ties?

To answer these questions we begin by using LES to produce results best approxi-

mating behaviour in the real atmosphere. Using this as a point of comparison we

consider the accuracy of LS modelling using parameterized profiles of the vertical

velocity variance (σ2
w) and dissipation rate of TKE (ε). From here we examine how

the representation of turbulence in the CBL affects the results of LS modelling, first

by using LES modelled profiles of σ2
w and ε, then by including an LES modelled

profile of skewness. We end the chapter by investigating individual particle paths,

and how a more physical representation of the upper boundary condition can be

obtained.
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4.1 Dispersion by large-eddy simulation

Field experiments such as “Project Prairie Grass”, carried out by Barad (1958) and

“Project CONDORS” (Kaimal et al., 1986) examine boundary layer dispersion by

the controlled release of a plume into the atmosphere, subsequently measuring its

spread using instruments such as gas samplers, lidar, and radar. Observational data

such as this guides the development of dispersion models, which aim to reproduce

the behaviour of pollutants in the ABL. A strength of modelling over observations

is that specific parameters may be chosen and varied, which allows the study of

atmospheric conditions which are not readily occurring. However, such simulations

can never exactly recreate the atmosphere due to its complexity.

Large-eddy simulation is a well-established technique for simulating turbulent flows

such as the atmospheric boundary layer. Eddies larger than a given filter scale are

resolved while those that are smaller are parameterized. Provided our large-eddy

model is proven to be an accurate representation of the true atmosphere, it will

give us the ability to run repeatable simulations and test sensitivity to individual

processes. Assuming any problems with our model are general, it may be validated

by testing a few cases against experimental data.

For this investigation into dispersion, it is necessary to introduce a ‘control’ case

large-eddy simulation of a typical slowly evolving daytime CBL. This case should

provide a point of comparison for both the overall simulation of the boundary layer,

and its dispersive effects. Two papers by Mason entitled “Large eddy simulation

of the convective atmospheric boundary layer” (1989) and “Large-eddy simulation

of dispersion in convective boundary layers with wind shear” (1992) provide ideal

control cases. In his earlier paper Mason focused on a free convective atmosphere

with a capping inversion, with the aim of refining earlier simulations in the same

area. In the latter he performed a series of large-eddy simulations with various

prescribed surface heat fluxes and geostrophic wind speeds to determine the effect

of wind shear on dispersion. Mason (1992) began by duplicating earlier results
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validated against laboratory and field observations (Willis and Deardorff 1978;

Kaimal et al. 1986) to establish the credibility of his approach and provide a point

of comparison for cases with a mean wind. Mason went on to present dispersion

results against theory derived from the field observations of Kaimal et al. (1986).

In the flow interior particle trajectories were generated using only the resolved

motions of LES, with the small contribution of sub-grid scales assumed to be of little

significance to dispersion. Near the surface however, where sub-grid scale motions

dominate (see figure 3.2), Mason (1992) introduced an extra mixing process. He

imposed a random displacement model to represent sub-grid scale motions in which

a vertical displacement δd was added to the position of particles in the region

z < 100 m at each time-step. The δd had a Gaussian distribution with standard

deviation

σd = (2K∆t)1/2 (4.1)

where ∆t is the time-step, and the eddy diffusivity K was given by

K =





1.5 (cos (πz/100) + 1) m2s−1 for z < 100

0 for z ≥ 100.

(4.2)

This profile of K gave typical near-surface values of diffusivity for the CBL and

with the addition of a drift correction velocity ∂K/∂z was shown to uphold the well-

mixed criterion. Both of these papers treat a simple representation of turbulence in

a typical daytime convective boundary layer. The validation of Mason’s simulations

against field and laboratory experiments make them a good starting point for our

study of dispersion in similar convective conditions. While we use the work of

Mason to inform the set up of the large-eddy model, our simulations should still

be validated against observations. This is shown later, in figure 4.4.

4.1.1 Initialising LES of the CBL

Mason (1992) carried out simulations with a constant surface heat flux of approx-

imately 30 Wm−2 and a range of geostrophic wind speeds up to 20 ms−1. A final

case of zero surface heat flux and 20 ms−1 geostrophic wind was also considered to
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provide the neutral limit. He used a large-eddy model with periodic lateral bound-

ary conditions and an upper boundary of zero stress and heat flux. A domain of

size 3.2×3.2×5 km was employed with grid spacing of 100 m in the horizontal. 60

points of variable spacing were used in the vertical to give increased resolution at

the surface and inversion, and gravity wave damping was applied above z = 3000

m. On running the simulation for 9000 s a statistically steady state was achieved

with a slowly increasing boundary-layer top (zi) starting from approximately 1000

m. Particle statistics were generated over 4000 seconds, which was insufficient for

particles released into a neutrally stable flow to become well-mixed over the depth

of the boundary layer.

The work of Mason (1992) focussed on using large-eddy simulation to describe

dispersion in convective boundary layers with wind shear, validated against obser-

vations inculding those of Willis and Deardorff (1976). As we aim to investigate

dispersion in similar conditions, and also compare to the water tank experiments of

Willis and Deardorff, we develop our large-eddy simulation based on that of Mason

(1992) to produce a typical CBL with wind shear. Due to advances in computing

power, we impose a domain size of 5 × 5× 4 km with a horizontal resolution of 50

m, and 90 points of variable spacing in the vertical. While this resolution is coarse

compared to that which could be achieved through parallel processing, figure 3.2

shows that at 50 m grid spacing in the CBL, only a small ratio of TKE exists on

a scale smaller than that of the grid. The model is initialised with a uniform tem-

perature profile of 283 K to a height of 800 m, above which lies a capping inversion

of strength 0.0025 Km−1. To generate stronger convection than in simulations of

Mason (1992) the value of surface heat flux is increased to 100 Wm−2. We prescribe

a wind profile uniform with height of 5 ms−1 in the x-direction. The first 10800

s (3 hours) of the simulation are considered to be a ‘spin-up’ phase, during which

the convective turbulence is not fully developed. By 10800 s, however, the turbu-

lence has become statistically stationary with the exception of a slowly increasing

boundary layer depth due to entrainment, as observed in the simulations of Mason



CHAPTER 4. INVESTIGATING SKEWNESS IN THE CBL 78

0 2000 4000 6000 8000 10000
1000

1200

1400

1600

1800

2000

time (s)

z 
(m

)

Figure 4.1: Depth of the CBL generated by large-eddy simulation from the time of particle

release. Diagnosed by the height of minimum heat flux.

(1992). This slowly evolving zi is diagnosed using the height of minimum heat flux,

and is shown in figure 4.1. We introduce a new time parameter tr to represent the

time in seconds after the turbulence has reached a statistically stationary state, i.e.

tr = 0 at t = 10800 s.

Figures 4.2a to 4.2d display various diagnostics giving an overview of the structure

of the convective boundary layer produced using the large-eddy simulation as de-

scribed. By comparison with existing literature and theory we will show here that

it represents a typical daytime CBL.

The potential temperature profile, as shown in figure 4.2a, is super-adiabatic in

the surface layer with the air closest to the surface being heated. Heat is initially

transported away from the surface by small-eddy turbulent diffusion. The poten-

tial temperature profile in the mixed layer is approximately uniform as a result

of strong vertical mixing, with heat being transported by large eddies of the scale

of the boundary layer depth zi. Above the top of the mixed layer, the potential

temperature increases with height. This is the inversion layer in which the stable

stratification suppresses vertical motions.
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in the x and y coordinate directions respectively
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Figure 4.2: Vertical profiles of CBL properties calculated using a horizontal area average

(represented by angular brackets) from the large-eddy simulation described in section 4.1.1

at t = 10800 s from model start, i.e. tr = 0 s. Profiles plotted against height non-

dimensionalised by BL depth.
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The heat flux illustrated in figure 4.2b decreases linearly with height, with its max-

imum occurring at the surface and becoming negative near the top of the mixed

layer. The convective boundary layer depth zi is often defined at the height of

minimum heat flux which lies near the middle of the entrainment zone. The nega-

tive value of heat flux is associated with the entrainment of warm air from the free

atmosphere transporting heat downwards into the mixed layer. This entrainment

process leads to the steady growth of the BL depth.

Due to the frictional drag of the surface, the wind speed (figure 4.2c) is zero at

the height of the roughness length z = z0 = 0.1 m. Within the surface layer it

increases with height approximately according to the log wind profile dependent

on the friction velocity u∗ and the surface roughness length z0. The strong verti-

cal mixing maintains an approximately uniform wind speed throughout the mixed

layer, which is sub-geostrophic due to the surface drag.

Finally the vertical velocity variance, as given in figure 4.2d, increases from zero

at the surface to a maximum around z/zi = 0.4 then decreases to near zero at the

boundary layer top and above. The maximum vertical velocity variance occurs just

below the middle of the boundary layer where the difference between velocities of

the updrafts and downdrafts is greatest.

These characteristics are typical of of a daytime convective boundary layer, as de-

tailed in Chapter 11 of Stull (1988), Chapter 6 of Garratt (1992) and in various

BL studies such as Deardorff (1974). As of this point, the large-eddy simulation

described in this section will be referred to as CBL1 for referencing purposes.

4.1.2 LES particle tracking

As described in Chapter 3 the LES represents the motion of all fluid within the

domain both by resolving large-scale motions and parameterizing the small-scale
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ones. As a result of this, the path of a particle (passive tracer) through the simu-

lated flow may be constructed by considering the flow velocity field at the position

of the particle at each time-step (see Section 3.4). In turn, the dispersion of any

number of particles in the flow may be determined by considering the flow velocity

at each of their positions at each time-step.

First we consider the path of a single particle, tracked using LES from time tr = 0 s,

after the initial ‘spin-up’ phase. While most dispersion studies focus solely on en-

semble particle statistics such as mean plume height and ground level concentration

(as we will consider later), taking individual paths into consideration provides more

information on how the internal structure of the CBL drives dispersion. Figure 4.3

shows the path of a particle released near the bottom of the boundary layer at

an arbitrary x and y position within the domain, and traced for 10,000 seconds.

The large scale eddy structure of the CBL can be seen from the path of the par-

ticle, as it is repeatedly swept rapidly upwards by the larger velocity updrafts

and subsequently downwards by the lower velocity downdrafts. This is the loop-

ing behaviour previously shown in figure 1.1. The time taken for the particle to

be transported from near the surface of the BL to the top is approximately 1000

seconds, in keeping with a typical convective time-scale t∗ in the order of 10-20

minutes. The path is restricted to z/zi ≥ 0 by the reflection condition imposed at

the solid bottom boundary. At the upper boundary particles are contained by the

potential temperature inversion. Any particles in thermals overshooting the CBL

top find themselves in warmer air and negatively buoyant, hence sink back down

into the boundary layer.

As discussed in Section 3.4, the initialisation of multiple particles within LES may

be carried out in different ways depending on the desired source type, and whether

we want to investigate dispersion by individual structures within the layer or the

mean dispersive effect of the CBL as a whole. Releasing an ensemble of parti-

cles over a small area results in all particles experiencing similar velocities (if they
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Figure 4.3: The height (non-dimensionalised by BL depth) of an individual particle in

the convective boundary layer tracked over time, generated using the CBL1 large-eddy

simulation.

were all released in the same updraft, for example). Over time, small differences

in velocities disperse the particles enough such that they experience independent

motions. This similarity in the early part of the particle paths would represent the

dispersive effect of individual eddies, rather than the boundary layer as a whole.

In order to investigate the mean dispersive effect of the CBL, we release particles

in a uniform square grid spanning the horizontal domain of the model at a given

height, averaging out the effects of individual structures.

In the water tank dispersion experiments of Deardorff and Willis (1975) and Willis

and Deardorff (1976 1978, 1981), 2D concentration plots and plume mean heights

are calculated for multiple particle initial release heights. The results of Willis

and Deardorff were shown to be an accurate representation of the characteristics

of dispersion in the mixed layer by the wind-tunnel experiments of Briggs (1983)

and the observations of Poreh and Cermak (1984). De Baas et al. (1986) replicated

the results of Willis and Deardorff using a Langevin equation dispersion model

for the CBL, and presented comparisons between the two. In figures 4.4a to 4.4d

we match the release heights of Deardorff and Willis (1975), Willis and Deardorff

(1976 1978, 1981) and De Baas et al. (1986) so that we can compare our results
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Figure 4.4: Mean plume heights (solid) ± 1 standard deviation (dashed) of 90, 000 parti-

cles for a range of release heights. Paths simulated using the CBL1 large-eddy simulation,

with particles introduced at model time tr = 0 s and followed for 5000 s. The circles show

the mean plume height as found in the water tank experiments of Deardorff and Willis

(1975) and Willis and Deardorff (1976 1978, 1981).

to both experimental and modelling data. We also consider a high level particle

release to investigate the behaviour of plumes released from the top of the CBL.

It is important to note that these plots represent the mean and standard devia-

tion of the particle plume height, and do not represent the movement of individual

particles. In contrast to De Baas et al. (1986) who plot the mean and standard

deviation separately, we plot the plume mean height (solid) plus and minus 1 stan-
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dard deviation (dashed) together on the same axes. This method gives a clearer

impression of the vertical distribution of particles.

A comparison of the mean height of plumes simulated using large eddy simulation

(solid line) against the water tank experimental data of Deardorff and Willis (1975)

and Willis and Deardorff (1976, 1978, 1981) shows that the plume characteristics

are accurately captured by the large-eddy method. The simulated plumes from re-

lease heights near the boundaries of the CBL (figures 4.4a and 4.4d) exhibit similar

behaviour to one another, with the mean height initially moving rapidly away from

its start height towards the middle of the BL. In both cases the mean overshoots

z/zi = 0.5 before tending back to it by tr ≈ 3600 s. This effect is also present at

release height z/zi = 0.24 shown in figure 4.4b. In the case of the mid-release in

figure 4.4c the plume mean height initially descends before returning to z/zi = 0.5.

It is apparent from all the plots in figure 4.4 that regardless of release height within

the CBL, after approximately an hour the mean height of the particle plume tends

to a constant z/zi = 0.5, with the spread also becoming constant. The tendency of

the plume mean height towards the middle of the CBL may be attributed to the

strong turbulent mixing, which disperses the particles into a well-mixed state over

the layer. In agreement with the Thomson (1987) well-mixed criterion discussed

in Section 2.3.1, the particles subsequently remain well-mixed. This may be con-

firmed by examining the 1D vertical concentration profiles.

In figure 4.5 we present the vertical concentration from the near ground release

at four different times throughout the simulation. This gives more detail on the

distribution of the particles at the given times. The concentration Cz is calculated

by dividing the domain into vertical slices each with depth ∆z and counting the

number of particles in each level at any given time. The concentration is then

normalised such that, when the particles are well-mixed in the boundary layer, Cz

is equal to 1. This allows for side-by-side comparison of different source strengths
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and boundary layers of different depths. The normalised concentration is calculated

using the equation (2.36), restated here for clarity:

Cz =
Nzzi

N∆z

where Cz is the normalised concentration at level z, Nz is the number of particles

in level z, and N is the total number of particles released.

We see that soon after the particle release (tr = 600 s) the bulk of particles remain

close to the source height, having only had time to disperse a small distance. By

tr = 1200 s the particles have dispersed more with a larger number of particles

being transported higher in the BL resulting in the increasing plume mean height.

By the next specified time of tr = 1800 s, particles have dispersed over the whole

depth of the CBL, and the majority of particles have been transported on up-

drafts to the upper part of the BL, resulting in a mean plume height higher than

z/zi = 0.5. Finally the particles reach a well-mixed state, where the concentration

is approximately uniform over the entire depth of the layer, resulting in a mean

plume height of z/zi = 0.5.

The well-mixed state as shown in figure 4.5 occurs due to the strong mixing of

convective turbulence. According to Thomson (1987), provided the particles are

well-mixed in both position and velocity, they will subsequently remain so. Thom-

son (1986) showed this to be the key criterion in designing Lagrangian stochastic

models to simulate 1D diffusion.

Using LES to model particle dispersion is computationally expensive, as it solves a

complicated equation set to simulate the motion of all fluid in the domain. Using

Lagrangian stochastic models to simulate dispersion is a less computationally ex-

pensive approach, as the equation set is used to model only the paths of individual

particles.
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Figure 4.5: Instantaneous particle concentration over the depth of the boundary layer for

a release height of z/zi = 0.067 at various times after release. Generated using the CBL1

large-eddy simulation.

4.2 Lagrangian stochastic modelling

The form of Lagrangian stochastic model for one-dimensional diffusion in station-

ary inhomogeneous turbulence presented in Chapter 2 (equation 2.30) has been

thoroughly formulated (Thomson, 1987) and applied to convective boundary layer

dispersion problems (Luhar and Britter, 1989; Weil, 1990; Rodean, 1997). We aim

to use this LS model to simulate dispersion in a CBL with slowly increasing depth

due to heating and statistically stationary turbulence, as was achieved in the pre-

vious section using large-eddy simulation.

In addition to later comparison with dispersion results from LES, we identify suit-

able comparative cases for dispersion in the CBL using experimental observations
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published by Willis and Deardorff (1976, 1978, 1981) who carried out dispersion

experiments using small droplets of oil suspended in water, and modelling tech-

niques by De Baas et al. (1986), Weil (1990) and Du and Venkatram (1997), all of

whom tracked particles using one-dimensional Langevin diffusion equation model

similar to our own. In particular De Baas et al. (1986) presented results in the

form of 1D and 2D concentration plots with comparison to observations, as well as

plume mean heights and standard deviations.

Initially the LS model is set up to represent a typical mid-latitude convective

boundary layer with parameterizations of the vertical velocity variance (σ2
w) and

dissipation rate of TKE (ε) based on the aforementioned studies. Since each of

these characterise the state of boundary layer turbulence using similar profiles of

σ2
w and ε we select those presented in Section 4 of Weil (1990):

σ2
w

w2
∗

=

[
u3
∗

w3
∗

(
1.6 − z

zi

)3/2

+ 1.2
z

zi

(
1 − 0.98

z

zi

)3/2
]2/3

(4.3)

εzi

w3
∗

= 1.15 exp

(
−12.5

z

zi

)
− 0.2 exp

[
−50

(
1 − z

zi

)]
+ 0.3 (4.4)

where u∗ and w∗ are the friction and convective velocity scales respectively. Weil

(1990) shows that, with u∗/w∗ = 0.3, these closely approximate the LES results of

Moeng and Wyngaard (1984) (in which u∗/w∗ = 0.3) and AMTEX field observa-

tions (u∗/w∗ = 0.25). The choice is based on our aim to later compare dispersion

by these LES parameterized profiles to dispersion by profiles directly determined

by large-eddy simulation. Figures 4.6a and 4.6b show the shape of σ2
w and ε over

the depth of the boundary layer, with w∗ = 1.69 and u∗ = 0.29 in keeping with the

CBL1 large-eddy simulation. It can be seen that, similarly to LES (figure 4.2d),

the vertical velocity variance is maximum near the middle of the layer where the

difference between the velocities of updrafts and downdrafts is greatest, reducing

to near zero at the top and bottom. The dissipation of turbulent kinetic energy is

maximum near the surface where the eddy scales are smallest, and uniform over

the majority of the mixed layer.
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Figure 4.6: Idealised profiles of (a) vertical velocity variance and (b) dissipation of tur-

bulent kinetic energy as described by equations (4.3) and (4.4) respectively.

To complete the model the dispersion parameter C0 (defined in equation 2.6) must

also be specified. Rodean (1991) reviewed the literature finding C0 to be in the

range of 1.6 to 10. Du and Venkatram (1997) used a value of 3 and Weil (1990)

initially worked with a value of C0 = 2, later finding C0 = 3 to give better agree-

ment in their convective case. Hudson and Thomson (1994) show C0 to have a

clear dependence on stability, finding values of C0 ranging from 2 to 3.5 to give the

best agreement between their skewed dispersion model and the water tank data

of Willis and Deardorff (1976, 1978, 1981) for convective conditions. They also

found higher values of C0 (5 to 6) suppress the overshoot in mean plume height

and enhanced high level concentrations observed in CBL dispersion. Consequently,

we initially choose a value of C0 = 3 in keeping with these prior studies. The for-

mulation of the LS model in De Baas et al. (1986) negates the requirement of a

dispersion parameter by defining the Lagrangian time-scale in terms of the convec-

tive layer depth zi and the convective velocity time-scale w∗. Finally we note that

all the comparative cases except for Du and Venkatram (1997) address the case of

a skewed vertical velocity variance for the convective boundary layer. Our initial

reference case, however, will not include skewness such that its importance may

later be analysed.
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The LS model given by equations (2.30) and (2.31) is numerically implemented

using the parameters C0, σ2
w, and ε as previously described. From here on, this La-

grangian stochastic model with the state of turbulence given by parameterized pro-

files will be referred to as LSM-Param. The vertical velocity w and height z of indi-

vidual particles is calculated using a forward Euler method with time-step ∆t = 1 s.

90,000 particles are released instantaneously at heights of z/zi = 0.067, 0.24 and

0.49 in concordance with De Baas et al. (1986), and Willis and Deardorff (1976,

1978, 1981), along with an additional high-level release at z/zi = 0.92. They are

tracked for 5000 seconds by which point they have become well-mixed over the

depth of the boundary layer. Figures 4.7a to 4.7d show the mean height of the

plume over time with one standard deviation either side for the various different

release heights, along with the water tank mean plume heights of Willis and Dear-

dorff and simulation mean plume heights of De Baas et al. (1986) where available.

It can be seen that, for all release heights, the mean plume height becomes central

in the boundary layer and the spread of particles remains constant after around

an hour. It is expected at this point that the particles have become well-mixed

throughout the layer, as may be shown by calculating vertical concentration profiles

(see figure 4.8). Despite the lack of a representation of skewness in the model the

results show reasonable agreement with the water-tank experiments of Deardorff

and Willis (1975) and Willis and Deardorff (1976, 1978, 1981). There are, however,

clear discrepancies and areas for improvement in the LS model, in particular in the

case of the mid-level release where the initial descent of mean plume height has not

been reproduced.

As in the LES, we observe that for the lower release of pollutants the plume mean

height initially increases and overshoots the centre of the boundary layer, whereas

for the higher release the mean plume height descends initially. This is physically

due to pollutants released near to the surface being drawn into updrafts, whereas

particles released higher up are more likely to descend since downdrafts occupy a
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Figure 4.7: Mean plume heights (solid) ± 1 standard deviation (dashed) of 50, 000 parti-

cles for a range of release heights. Paths simulated using LSM-Param defined by equations

(2.30) and (2.31), driven by parameterized σ2
w and ε (eq. (4.3) and (4.4)). Results com-

pared against water tank data of Willis and Deardorff (1976, 1978, 1981) (circles) and

simulations of De Baas et al. (1986) (red dashed)
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greater portion of the domain than the updrafts (Stull 1988).
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Figure 4.8: Instantaneous particle concentration over the depth of the boundary layer

for a release height of z/zi = 0.067 at various times after release, generated using LSM-

Param.

The shape of the plume with height can be investigated by plotting the the particle

concentration with height against the time since release. As can be seen from figure

4.8, initially at short times after release the main density of particles remains close

to the source height with some being mixed up to higher levels. As time goes on,

more particles are mixed to higher levels. By t = 1800 s the peak concentration of

particles occurs at the top of the boundary layer due to a large proportion having

been pulled into updrafts and transported through the depth of the BL. Perhaps

the most significant result for checking model formulation shown by the concen-

tration plots above is that at large time the distribution of the particles becomes
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well-mixed over the depth of the boundary layer. This is both a physical require-

ment of the dispersion due to the conservation of entropy, and a consequence of

the formulation of the model based on Thomson’s 1987 well-mixed criterion.

In the previous two sections we have attempted to model dispersion in a slowly

evolving CBL with statistically stationary turbulence using both large-eddy sim-

ulation and Lagrangian stochastic modelling. From the results obtained in each

case we may say that, qualitatively, both methods produce a good representation

of the typical behaviour of particle plumes released into such conditions. We have

verified that the large-eddy model closely approximates a typical observed CBL,

and that simulated particle plumes from LES show good agreement with the water

tank experiments of Willis and Deardorff, which themselves have been shown to be

in agreement with wind-tunnel experiments of Poreh and Cermak (1984) and field

observations of Briggs (1983). This leads us to believe that our large-eddy particle

simulation accurately approximates plume behaviour. As a result, the accuracy of

LS modelling may be investigated through comparison to LES.

4.3 Comparison of particle modelling by large-

eddy and LS methods

In Section 4.1.2 and Section 4.2 large-eddy simulation and Lagrangian stochastic

methods were used independently to produce dispersion statistics for particle re-

leases within a convective boundary layer. The results produced by LES represent

our closest approximation to dispersion in the real atmosphere, with the majority

of the eddy structure of the boundary layer being resolved by the model. Previous

CBL dispersion studies such as Mason (1992) have shown that LES reproduces the

expected dispersive effects of convective turbulence. Mason presented dispersion

results for a range of wind speeds, inculding a free convection case, in which ver-

tical concentration profiles showed good agreement with the results of Willis and

Deardorff (1976). For larger wind speeds, he compared his results with analysis of
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the CONDORS field experiment data carried out by Eberhard et al. (1988), find-

ing that increases in mean wind let to progressive decreases in the rate of vertical

dispersion. As well as being set up based on the simulations of Mason (1992), our

LES has been shown to accurately recreate dispersion in a convective boundary

layer by comparison to water tank observations (see figure 4.4). We can therefore

evaluate the accuracy of out Lagrangian stochastic model through comparison to

the results of LES.
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Figure 4.9: A comparison of instantaneous particle concentration over the depth of the

boundary layer for a release height of z/zi = 0.067 at various times after release as

simulated using LES (solid) and LSM-Param (dashed).

Comparing the results of Lagrangian stochastic modelling to those of LES show

that qualitatively, the simpler LS model is able to capture the nature of dispersion

in the CBL. In order to determine how accurately the LS model is able to predict
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dispersion in such conditions, a side-by-side comparison is required. Figure 4.9 pro-

vides such a comparison, showing vertical concentration profiles at various times

after release as generated using LES (see figure 4.5) and LS-Param (see figure 4.8).

It can be seen that the models show good agreement at all times, in particular

early in the simulation when the particles have had little chance to disperse, and

towards the end of the simulation when the particles have become well mixed. At

tr = 1800, however, the LS model overestimates the height of maximum concen-

tration, and at tr = 3600 the concentration reduces to zero more quickly at the top

of the boundary layer than is seen using LES. These differences indicate room for

improving how the LS model simulates dispersion in the CBL.

Before proceeding with this comparison of the Lagrangian stochastic and large-

eddy particle models, it is important to note the differences in their purpose and

formulation. The 1D Lagrangian stochastic model is designed to plot indepen-

dent particle paths based around some parameterization of the average state of

the turbulence. The large-eddy model, however, is designed to produce the best

achievable simulation of the fluid flow itself, and particle trajectories are produced

by following a marked particle through the flow.

The main consequence of the different representation of turbulence between the

two models can be seen by examining two particles released close to one another

in each case. In the Lagrangian stochastic model the particles are completely in-

dependent. This can be seen in figure 4.10a, where both particles loop over the

domain apparently caught in updrafts and downdrafts but independently of one

another. In the large-eddy model the particles get caught in the same large scale

motion until they are sufficiently dispersed by different small scale motions, hence

the paths are initially similar. Figure 4.10b shows them initially being swept up

together by an updraft, and although they become separated over time, they re-

main affected by the same large scale eddies.
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Figure 4.10: A comparison showing (a) the paths of two initially close particles simulated

using LSM-Param, and (b) the paths of two initially close particles modelled using LES.

The outcome of this is that in the case of Lagrangian stochastic modelling, the

mean effect of the boundary layer turbulence on particle dispersion may be de-

termined by considering a large ensemble of particles. In the case of large-eddy

modelling however, an ensemble of particles released from similar initial conditions

would represent the flow due to individual eddies rather than the mean effect. To

obtain the mean effect of the flow for LES, particles may be released over a range of

horizontal positions, effectively sampling the flow over the entire horizontal domain.

Figure 4.10 highlights further differences between the modelling techniquies LSM-

Param and LES. The plume paths generated in (a) appear smoother than those

in (b), indicating that there is more small scale eddy structure represented in LES

than LSM-Param. Also the updrafts and downdrafts resulting in the looping be-

haviour of the particles appears to be more symmetrical in 4.10a than 4.10b. We

expect the vertical velocities in the CBL to be skewed with larger upward veloci-

ties than downward (Section 2.4) as is shown by LES in figure 4.10b. The similar

upward and downward velocities shown by particles simulated by 4.10a shows that

skewness is not represented in LSM-Param, and may be required to produce a more

accurate simulation of CBL dispersion.
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Figure 4.11: A comparison of (a) vertical profiles of vertical velocity variance, and (b)

dissipation rate of TKE as produced from the parametrizations of Weil (1990) (dashed -

eq. (4.3) and (4.4)), and the CBL1 large-eddy simulation at time tr = 0s (solid).

4.3.1 Representing the turbulence

Our initial results concerning the LS model in Section 4.2 were based around bound-

ary layer turbulence defined by parameterizations of the vertical velocity variance

σ2
w and dissipation of turbulent kinetic energy ε designed to represent a typical

convective boundary layer. Although this is useful for obtaining a general idea

of the effect of a typical CBL on dispersion, these parameterized profiles become

cumbersome to use when investigating changes in boundary-layer parameters which

will alter σ2
w and ε. The new state of the turbulence must be determined, and the

equations modified each time. Given a specific CBL modelled by LES, the LS

model may more accurately approximate dispersion if driven with profiles of σ2
w

and ε as generated from the large-eddy simulated flow at any given time. We aim

to determine whether driving the LS model with simulated as opposed to parame-

terized profiles σ2
w and ε improves the prediction of dispersion in relation to LES.

The comparison of the parameterized (dashed) and large-eddy simulated (solid)

turbulence profiles is shown in figures 4.11a and 4.11b. The simulated σ2
w profile

shows increased inhomogeneity relative to the parameterized profile, with the peak
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in variance occurring at a lower height. Also, for z/zi ≥ 1 the value of σ2
w in the

parameterized profile tends to zero at the BL top, while in the simulated profile it

remains non-zero. This residual vertical velocity variance at the top of the large-

eddy simulation is due to weak motions in the stratified layer as opposed to the

stronger CBL turbulence, and will be discussed later. The simulated ε shows re-

duced dissipation above z/zi = 0.5 when compared with the parameterized profile.

In the case of the LS model driven by parameterized profiles, the upper and lower

reflective boundary conditions are required to act on particles overstepping the

boundaries due to the numerical process. Due to the zero vertical velocity variance

either side of the boundaries, with an infinitesimal time-step particles would not

be able to propagate into those regions. In the case of the simulated profiles σ2
w

is non-zero above the top boundary, allowing particles to propagate higher than

z/zi = 1 in the absence of a boundary condition. It follows that in the case of

non-zero σ2
w, a method of containing the particles is required.

To determine the effect of using simulated as opposed to parameterized profiles,

we re-run the LS model driven with profiles from LES, from here on referred to as

LSM-LES. The initialisation of the LS model is determined by the particle release

time in the large-eddy simulation i.e. tr = 0 s. Starting with the profiles of σ2
w

and ε at tr = 0 s, further profiles are produced at 10 minute intervals by LES

and supplied to the LS model. Linear interpolation is used to find the values of

σ2
w and ε at the intervening times. The evolution of the profiles with time in the

CBL is assumed slow enough to be neglected in the formulation of LSM-LES, and

the reflective top boundary in LSM-LES evolves according to the diagnosed CBL

depth from LES (see figure 4.1). Particles are tracked for 6000 s from the low, mid,

and high level release heights as in Sections 4.1.2 and 4.2.

Figures 4.12 (a) , (b) and (c) show the comparison of simulated plume mean height

using LSM-Param and LSM-LES against the results obtained using the large-eddy
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Figure 4.12: Comparison of mean plume heights in the CBL generated by: LS model

driven by idealised profiles of σ2
w and ε (LSM-Param); LS model driven by LES profiles

of σ2
w (LSM-LES); and the CBL1 large-eddy simulation. Results compared against the

water tank plume mean heights of Willis and Deardorff (1976, 1978, 1981) (circles).
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particle model and the Willis and Deardorff water tank data. Although both LSM-

Param and LSM-LES reproduce the general trend of the mean height of the plume

over time, LSM-LES follows the results of large-eddy simulation more closely. In

the high and low releases shown by figures 4.12a and 4.12c, the peak plume height

is more accurately captured by LSM-LES, but with both models tending to over-

shoot. In the mid-level release shown by figure 4.12b LSM-LES comes closer to

capturing the initial descent of the plume mean height, however both models signif-

icantly underestimate this effect in comparison with LES. In the mid and high-level

releases both LS models simulate the overshoot of mean plume height to occur ear-

lier than it is shown to by LES.

Based on the plume mean heights presented in figure 4.12, by more accurately

representing the state of turbulence in the Lagrangian stochastic model, we may

achieve better agreement between the LS model and LES. This improvement to the

LS model shows reasonable agreement with LES for near surface releases, however

does not accurately capture the plume behaviour at the mid-level.

4.3.2 The effect of skewness in the CBL

As discussed in Section 2.4, the vertical velocities of turbulence in the convective

boundary layer may be more accurately described using a skewed probability den-

sity function as opposed to a Gaussian one. This is due to the difference in strength

and occupied cross-sectional area of updrafts and downdrafts. So far, the results

presented using the Lagrangian stochastic model have contained no representation

of skewness. Results such as those shown in figure 4.10 highlight that, in the case

of individual particle trajectories, improved agreement between the LS model and

LES could be obtained through its inclusion. This may be addressed by including

vertical velocity skewness according to the modified equations laid out in Section

2.4.
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To ensure the difference in representing the turbulence through parameterizations

or LES is not a factor in our investigations into the role of skewness, we continue

with the LSM-LES formulation only. In keeping with the formulation of LSM-LES

as discussed in the previous section, we aim to represent the skewness of vertical ve-

locities using a profile calculated directly from large-eddy simulation. Figure 4.13

shows the area averaged profile of the third moment of vertical velocity 〈w3〉 as

generated by our control CBL simulation, at t = 10800 s. As expected, the profile

peaks around the middle of the boundary layer where the difference in velocities

between the updrafts and downdrafts is at its largest, and reduces to zero at the

top and bottom of the layer where the vertical motions tend to zero. As with σ2
w

and ε, the LS model is initially fed with the skewness profile at tr = 0 s in keeping

with the LES particle release time. Further profiles are supplied at 10 minute in-

tervals with the intervening values being calculated by linear interpolation.
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Figure 4.13: Vertical profile of the non-dimensionalised third moment of vertical velocity

calculated using a horizontal area average from the CBL1 large-eddy simulation at model

time tr = 0 s. Compared against aircraft data of Willis and Deardorff (1974) (squares)

and water tank data of Willis and Deardorff (1976, 1978, 1981) (circles).

To determine the effect of skewness on particle dispersion in the CBL, we compare

mean plume heights from three models: the non-skewed, LES driven LS model

(LSM-LES), LSM-LES including skewness, and large-eddy simulation. By instan-
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Figure 4.14: Comparison of mean plume heights in the CBL generated by: LS model

not representing skewness (eq. (2.30)); Hudson and Thomson (1994) LS model including

representation of CBL skewness (eq. (2.69)); and the CBL1 large-eddy simulation.

taneously introducing an ensemble of particles at low, mid, and high release points

through the boundary layer and tracking their paths, we may determine where the

effects of skewness are most significant. The inclusion of skewness will be con-

sidered to have improved the LS model if it shows closer agreement to the mean

heights of the LES over the three release heights. Figures 4.14a to 4.14c show the

comparison of the three models.

In both the low and high particle releases (figures 4.14a and 4.14c), the inclusion

of skewness has a small effect on the evolution of the mean plume height, shifting
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it slightly closer to the mean height by large-eddy simulation. The small effect

on particles released in these regions may be due to the small skewness in vertical

velocities. The most significant effect of including skewness in the LS model can

be observed in the mid height release (figure 4.14b) where the skewed model cap-

tures the large-eddy simulated mean plume height much more accurately than the

non-skewed model. The improved agreement from all three release heights shows

skewness to be an important parameter in the formulation of LS models for the

CBL.

4.3.3 Treatment of the upper boundary

As mentioned earlier and shown in figure 4.11a, the profile of vertical velocity vari-

ance σ2
w calculated from the LES flow is non-zero above the boundary layer top.

Application of the LS model using this profile allows particles to propagate above

the top of the boundary layer in the absence of some upper boundary condition. In

order to contain the particles and in keeping with the literature we initially imposed

a reflection condition accounting for skewness of vertical velocities (Thomson and

Montgomery, 1994). While this leads to good ensemble agreement between dis-

persion in the LS model and LEM, the reflection condition makes the individual

particle paths generated by the LS model appear quite un-physical. This can best

be illustrated by showing the path of one particle simulated by each model.

Considering the paths of individual particles in this way, as opposed to mean trajec-

tories or mean concentration fields, can provide information about the behaviour of

the modelled flow that may otherwise be lost in the averaging process. Figures 4.15a

and 4.15b show the path of a single particle released from height z/zi = 0.067 into

a steady, strongly convective boundary layer, simulated using Lagrangian stochas-

tic modelling and large-eddy simulation respectively. Both methods capture the

distinctive looping behaviour of the particle as the large eddies transport it over

the depth of the layer. The time taken for the particle to be transported from the
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Figure 4.15: Single particle paths in the CBL as generated by (a) the LES driven La-

grangian stochastic model (LSM-LES), and (b) the CBL1 large-eddy simulation. Particles

released at height z/zi = 0.067 and tracked for 10,000 seconds.

surface to the top of the mixed layer is observed to be around 900-1200 seconds

(15-20 minutes), as is typical for the CBL (Stull, 1988).

The most noticeable difference between the paths generated by the two models

is their behaviour at the top of the boundary layer. The path generated using

the LS model (figure 4.15a) shows that particles are able to reach the top of the

boundary layer while still retaining some vertical velocity. The perfect reflection

condition at this point imposes a reversal of the vertical velocity to contain the

particles within the BL, and results in a sharp change in the particle trajectory.

This behaviour would be more appropriate to particles bouncing off a solid surface.

The individual path generated by the LEM shown in figure 4.15b shows that with

a temperature inversion capping the mixed layer, particles are transported to the

top of the boundary layer by large-eddies, but turn and descend smoothly as the

warm air surrounding the particle cools and sinks back down.

In order to achieve a more physically accurate representation of individual particle

paths at the upper boundary using the LS model, an alternative treatment of the

boundary is required. We theorise that by eliminating the non-zero vertical velocity
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variance above the boundary layer top in the σ2
w profile feeding the LS model, we

can prevent particles from being transported into that region. This may be achieved

by considering the vertical velocity variance to be the sum of two components, a

non-turbulent component due to wave-like motions (which we call σ2
wwave

) and a

turbulent component which we wish to extract (σwturb
), i.e.

σ2
w = σ2

w
turb

+ σ2
wwave

.

To calculate the portion of vertical velocity attributed to turbulence, we exploit the

difference in time-scale for vertical motions in turbulence and waves. We expect

wave-like motions to exist on time-scales of

τwave & A/N

where N is the Brunt-Väisälä frequency and A is a parameter to be determined,

while turbulent motions exist on a scale of

τL =
2σ2

w

C0ε
.

Consequently, σwturb
can be determined given that the time-scale of turbulent mo-

tions is less than the time-scale of wave-like motions, i.e.

2σ2
w

C0ε
<

A

N

and therefore

σ2
wturb

<
C0εA

N
.

In terms of calculating this numerically using the full form of σ2
w we have

σ2
w

turb
= min

(
C0εA

N
, σ2

w

)
. (4.5)

This process of reducing σ2
w at the boundary layer top by using the Brunt Väisälä

frequency to approximate at which point the vertical velocity variance can be at-

tributed to waves is shown graphically for the case of a typical CBL in figure 4.16.

The cross-over between turbulent and wave-like motions cannot be exactly deter-

mined. In other words, there is a range of wave-numbers over which motions may
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be turbulent, wave-like, or a mixture of the two. Stuart (1969) makes the point

that “there is probably no really clear cut distinction between waves and turbu-

lence”. A point supported by the work of Jacobitz et al. (2002). As a result we

introduce the parameter A to represent the uncertainty in where the cut-off should

be. By tuning A to match the dispersion results generated using LES, we expect

to have captured the appropriate proportion of vertical motion driving dispersion.

A value of A = 2 was found to sufficiently eliminate variance above the boundary

layer while having little effect within it.
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Figure 4.16: Vertical velocity variance profile as generated by the CBL1 large-eddy sim-

ulation at model time tr = 0s modified according to equation (4.5).

Using this method of modifying σ2
w to eliminate any representation of non-turbulent

motion produces a natural containment condition at the top of the boundary layer

where the vertical velocity variance becomes small. While previously the LSM

required a reflection condition acting to redirect particles reaching the top of the

boundary layer, this method acts more in the way of an inversion, slowing the par-

ticles and turning them more gradually as observed in the LEM. By applying this

modification to the Lagrangian stochastic skewed particle model we obtain a more

natural representation of particle trajectories in closer agreement to the individual

trajectories generated using the LEM. This can be seen through comparison of

figures 4.17a and 4.17b.
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Figure 4.17: Single particle paths in the CBL as generated by (a) LSM-LES including

skewness and using the modified σ2
w profile as shown in figure 4.16, and (b) the CBL1

large-eddy simulation. Particles released at height z/zi = 0.067 and tracked for 10,000

seconds.

Previously in this section we have concentrated on the results concerning an en-

semble of particles however these plots show that in the case of a single particle, the

LSM and LES capture the skewness of vertical velocities shown by more rapid in-

creases in height than decreases. They produce similar convective time-scales, and

are contained by a natural turning at the top of the boundary layer. We include

figure 4.18 to demonstrate that the modification of the vertical velocity profile and

the removal of the upper boundary condition in the LS model has a minimal effect

on the simulated mean height. As a result the modified LS model represents a bet-

ter method of simulating CBL dispersion, more accurately capturing the behaviour

of individual particles while maintaining excellent mean plume height agreement

with LES.
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Figure 4.18: Comparison of mean plume heights in the CBL generated by: LSM-LES

with modified σ2
w profile and skewness; LSM-LES with skewness; and the CBL1 large-

eddy simulation.
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4.4 Summary

In this chapter we have shown that both the large-eddy simulation and the initial

LS model given by equations (2.30) and (2.31) produce dispersion statistics consis-

tent with previous studies. We have investigated the use of simulated as opposed

to parameterized profiles of vertical velocity variance and dissipation of TKE, and

shown that they improve agreement with LES. To better represent the convective

turbulence in the LS model we have utilised a skewed vertical velocity distribution

and shown that further improvements are made to the LS vs. LES agreement, par-

ticularly at the mid-levels.

In the latter part of the chapter, we approached the evaluation of LS models in

a unique way, investigating the physical structure of individual particle trajecto-

ries as well as plume statistics. Using this method it was shown that a perfect

reflection condition in Lagrangian stochastic models does not accurately represent

the behaviour of particles at the top boundary. We went on to develop a method

of containing particles within the boundary layer based on a modification of the

vertical velocity variance driving the LSM. This method was shown to more ac-

curately capture the physical behaviour of particles at the upper boundary, while

maintaining excellent agreement between the plume statistics of LS modelling and

large-eddy simulation.



Chapter 5

Dispersion in decaying turbulence

Typically the atmospheric boundary layer over land experiences a strong diurnal

cycle forced by solar radiation. Surface heating drives convective boundary-layer

(CBL) turbulence in the daytime, and surface cooling leads to a stable bound-

ary layer (SBL) at night. Transitions between the CBL and SBL states of slowly

evolving turbulence occur in the morning and evening corresponding to the rapidly

changing surface temperature as a result of sunrise and sunset.

The evening transition from CBL to SBL presents a challenging problem in pre-

dicting the dispersion of pollution. If the timing of the transition is not modelled

accurately, or is modelled in an overly idealised way, the predicted path of a plume

could vary greatly. For example, the small difference between releasing into a

stable boundary layer or the residual mixed layer could result in particles being

trapped near the surface in high concentrations, or lofted above the SBL and trans-

ported for large distances away from the source before being fumigated down to the

surface by the growing mixed layer of the following morning, as shown in figure 5.1.

Operational dispersion models such as the Met Office model NAME often have

a highly idealised or no representation of the boundary-layer evening transition.

We expect that by better understanding the effect the evening transition has on

dispersion and how this may be simulated, more accurate predictions of pollutant

109
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Figure 5.1: Two plumes released from the same height experiencing significantly differ-

ent spread over time as a result of being released above or below the growing SBL top

(represented by the solid line) during the evening transition.

spread and local concentrations could be made. Consequently our aims are two-

fold:

1. To investigate the effect the decay of convective turbulence has on

particle dispersion using large-eddy simulation (LES).

2. To determine the extent to which Lagrangian stochastic (LS) mod-

els can reproduce the dispersion results of LES, and examine meth-

ods to increase their accuracy.

To achieve these aims, we use LES to consider the sensitivity of plume behaviour

to particle release height and release time relative to the start of the evening tran-

sition, moving on to examine the sensitivity to rate of change of surface heat flux.

We also examine how the predictions of the Lagrangian stochastic models intro-

duced in Chapter 2 compare to those of LES, and investigate what factors are most

important in improving their agreement. We begin by analysing prior studies of

the boundary-layer evening transition.
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5.1 Evening transition LES studies

Simulations of quasi-stationary CBLs and SBLs have been studied extensively, as

discussed in Chapter 4. Investigations into the time-varying turbulence character-

istics of the morning and evening transitions appear to be less numerous as a result

of their greater complexity and the range of scales of turbulent motion requiring

more computational resources. To our knowledge the simulation of dispersion in

transitional boundary-layers is a subject which, with the exception of the work of

Carvalho et al. (2010), has not yet been explored.

In the first LES study to focus solely on modelling the evening period of decay of

convective turbulence, Nieuwstadt and Brost (1986) (NB86) use large-eddy simula-

tion to investigate a boundary layer in which the time-scale of the external forcing

is much shorter than that of the turbulence. They start from a fully developed,

statistically stationary convective boundary layer with constant surface heat flux,

and at a specified time switch the surface heat flux abruptly to zero as demon-

strated by figure 5.2a. They observe the decay process through time-series of the

velocity and temperature variances; examination of vertical temperature and heat

flux profiles; and budget equations for vertical velocity variance, temperature vari-

ance and heat flux. From these results Nieuwstadt and Brost (1986) show that

a de-mixing process, in which warm inversion air pulled into the boundary-layer

by residual large eddies rises to its point of neutral buoyancy, leads to a slightly

positive temperature gradient throughout the residual mixed layer. They also find

that the decay of TKE and temperature fluctuations scale with dimensionless time

tw∗/zi, and are able to describe the decay hierarchy.

Sorbjan (1997) revisits the problem of decaying convective turbulence, expanding

on the work done by Nieuwstadt and Brost (1986) by forcing LES with a gradu-

ally decreasing surface heat flux to represent the sun’s decreasing elevation during

the evening transition. Using a similar LES set-up to that of Nieuwstadt and

Brost (1986) and starting from a point of quasi-stationary convective turbulence,
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Figure 5.2: Surface heat flux over time as imposed by (a) Nieuwstadt and Brost (1986)

and (b) Sorbjan (1997). The dotted line represents the start of the transition.

he imposes the function

Hs(t) = H0 cos

(
πt

2τf

)
(5.1)

to describe the surface heat flux Hs, where H0 is the initial heat flux and t = τf =

5000 s is the point at which Hs equals zero. The heat flux continues to follow

this function to the end of the simulation at about 5250 seconds after the start of

the decay, as shown in figure 5.2b. Results on the volume averaged total TKE are

compared to those of Nieuwstadt and Brost (1986) and vertical profiles of potential

temperature and heat flux are examined for different times throughout the decay.

The convective patterns and velocity variances are considered to give insight into

the structure of turbulence throughout the simulation. Sorbjan (1997) finds that

the decay of convective turbulence is governed by two time-scales, the external

time-scale τf governing the rate at which the surface heat flux is reduced, and the

convective time-scale t∗ = zi/w∗.

More recently there has been increasing interest in the evening transition. Pino

et al. (2006) use large-eddy simulation to study the effect of shear and inversion

strength on decaying convective turbulence. Modelling the transition using the

same instantaneous switch-off of surface heating as Nieuwstadt and Brost (1986),

they find the de-mixing process observed by Nieuwstadt and Brost to be a robust
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feature occurring in all considered cases. Additionally they find the TKE decay

rate to be dependent on the shear contribution. The work of Beare et al. (2006)

uses LES to simulate full transitions from convective to stable conditions. This

extends upon the studies of Nieuwstadt and Brost (1986) and Sorbjan (1997) by

including the development of the stable layer and forcing using surface observations.

They show that LES can produce a close match to observations during the evening

transition. These works, among others, contribute to an increased understanding

of the processes involved in the evening transition. The effect these processes have

on dispersion, however, remains predominantly unexplored.

5.2 Evening transition dispersion modelling

The effect of an evening transition on particle dispersion has recently been con-

sidered by Carvalho et al. (2010) who use a random displacement model to sim-

ulate cross-wind concentration fields and profiles of pollutants in time varying-

turbulence. They describe the transition using a developing stable layer growing

into residual convective turbulence. The growing shear-dominated stable layer and

residual layer of decaying convective turbulence are represented by parameteriza-

tions of vertical eddy diffusivities, as given in equation (5.2):

Kz =





Ck
(1−z/h)3/4u∗

1+3.7

„
z

L(z−z/h)5/4

« for z ≤ h

0.079√
1+2bt1.7

for z > h

(5.2)

where Ck is a constant, L is the Obukhov length, t̂ = tw∗/zi and h evolves accord-

ing to h = 70
√

t (where t is time in hours and h is SBL depth in metres). The

expression for h was obtained from the work of Anfossi et al. (1974), who used

Lidar observations to identify the height of radiative temperature inversion tops at

the Ostiglia site in the Po Valley, Italy.

Separately the diffusivity profiles comprising Kz provide reasonable representations
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Figure 5.3: The diffusivity profile of Carvalho et al. (2010) at t = 1 hour, given by

equation (5.2).

of the stable and residual mixed layers. By switching between the two cases at

z = h, they create a discontinuity and hence an undefined rate of change of diffusion

at that point. This is demonstrated using the same parameters as Carvalho et al.

(2010) in figure 5.3 showing the vertical diffusivity profile at time t = 3600 s (1

hour, h = 70 m). It is likely that this method will produce artificial trapping of

particles in the simulated stable layer. The vertical displacement equation used by

Carvalho et al. (2010) is given by equation (5.3):

dz =
∂Kz

∂z
dt + (2Kz)

1/2 dW (5.3)

where Kz is the vertical eddy diffusivity and dW is a Gaussian random number

with variance dt. If we consider a particle approaching the top of the stable layer

at z = h from above, it may easily cross z = h since the diffusivity in the residual

mixed layer remains large due to the boundary leading to a large random step. If

we consider a particle approaching from below, the negative gradient of K acts to

force the particle away from the boundary, and the magnitude of K tending to zero

makes the random perturbation small and unlikely to step the particle out of the

stable layer. In the limit of ∆t → 0, the random perturbation tends to zero, and

particles cannot be transported from below to above z = h.
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The work of Carvalho et al. (2010) provides an important first approximation of

dispersion in the evening transition, however their modelling techniques may be

improved upon by considering a more realistic representation of the state of turbu-

lence in the boundary layer. We achieve this through LES of a large ensemble of

particle trajectories in decaying convective turbulence, producing plume statistics

based on a simulated evening transition. By modelling different particle release

heights and times, we may determine the effect of the decay throughout the depth

of the boundary layer over the course of the transition.

Field studies have tended to avoid periods of transition in the boundary layer due

to problems such as turbulence intermittency and anisotropy, horizontal hetero-

geneity, and rapid time variations. Recently the BLLAST (Boundary Layer Late

Afternoon and Sunset Turbulence) campaign has collected data with the aim of bet-

ter understanding the physical processes controlling the evening transition (Lothon

et al., 2011). While the data predominantly remains to be analysed, we later use

the early work of Couvreux et al. (2011) to validate the LES potential tempera-

ture profiles for the evening transition against some of the BLLAST observations.

There is, however, a lack of observational data concerning dispersion during the

evening transition. In such conditions LES provides the closest approximation to

the behaviour of the boundary layer. By using the dispersion results of LES as

a basis for comparison, the performance of LS models can be analysed. We con-

sider various formulations of LS models as laid out in Chapter 2 and based on the

findings of Chapter 4. By comparing the plume statistics generated using LES to

those for the same conditions as simulated by LS methods, we identify the most

accurate LS models and investigate means of improving agreement. Such a model

comparison has not previously been carried out for the simulation of dispersion in

the boundary-layer evening transition.
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Parameter NB1986 range Current model

Boundary layer height (m) 1300 - 1400 1380

Convective velocity scale w∗ 0.97 - 2.4 1.69

Friction velocity u∗ 0.23 - 0.26 0.29

Table 5.1: Flow variables of our large-eddy simulation compared to those of Nieuwstadt

and Brost (1986).

5.3 Large-eddy simulation of decaying convective

turbulence

By recreating the decay simulations of Nieuwstadt and Brost (1986) we may begin

to examine the effect of an idealised evening transition on dispersion and from here,

continue to consider more realistic surface forcings. To emulate the simulations of

Nieuwstadt and Brost, the LES is set up as described in Sections 3.3 and 4.1, and

the user governed parameters are matched to those used by Nieuwstadt and Brost

(1986) as closely as possible. The exceptions are the number of grid points (and

hence model resolution), and the value of pre-decay surface heat flux. In 1986

Nieuwstadt and Brost used 403 grid points with 125 m horizontal spacing, and

50 m vertical spacing, resulting in a domain of 5 × 5 × 2 km. We set up the LES

to run at 50 m horizontal resolution to the same domain size, and variable vertical

resolution consisting of 90 grid points up to 4 km. We impose a geostrophic wind

of 5 ms−1 to match that of Nieuwstadt and Brost, and specify a surface heat flux of

100 Wm−2, typical of a strongly convective boundary layer. A comparison of some

significant flow variables are given in table 5.1 for t = 10800 s (by which point the

turbulence is statistically stationary). The boundary layer depth, w∗ and u∗ are

close to the range used by Nieuwstadt and Brost (1986) and considered represen-

tative of a pre-transition CBL.

To simulate the transition, the model is initialised with a prescribed vertical profile

of potential temperature, with a constant value of 283 K up to 800 m with a cap-
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Figure 5.4: Vertical profiles of (a) potential temperature, and (b) heat flux normalised by

surface heat flux at td = 0 s at times as labelled throughout the decay. Profiles generated

using the Decay1 large-eddy simulation based on the decay experiments of Nieuwstadt

and Brost (1986) are shown in blue. Data from the simulations of Nieuwstadt and Brost

(1986) is shown in red for comparison.

ping inversion of strength 0.0025 Km−1 to the domain top at 4 km. It is allowed

to evolve to the point at which convective turbulence has developed and become

statistically stationary (t = 10800 s). At this point the surface heating is set to

zero and the evolution of boundary layer properties observed. This simulation will

from here-on be referred to as the Decay1 LES, and we introduce the time param-

eter td which is the time in seconds since the start of the transition (i.e. td = 0 at

t = 10800 s).

Figures 5.4a and 5.4b show the evolution of the potential temperature profile and

vertical heat flux profile averaged over the horizontal domain of the LES, gener-

ated using conditions outlined previously. Our temperature profiles can be seen

to agree with the findings of Nieuwstadt and Brost (1986) who used the potential

temperature and vertical heat flux to understand the behaviour of the convective

turbulence as it decays. In particular we see that both our simulations and those

of Nieuwstadt and Brost (1986) produce a positive potential temperature gradient

over the course of the transition likely to have a significant effect on dispersion,



CHAPTER 5. DISPERSION IN DECAYING TURBULENCE 118

as observed by Grant (1997). Differences between the current simulation and that

of Nieuwstadt and Brost (1986) may be attributed to the different resolution and

initial surface heating. Looking at 5.4b, before the decay is initialised (td = 0 s)

the heat flux is maximum at the surface where the heating is applied, and approx-

imately linearly decreasing with height. In the top ∼20% of the layer the heat flux

is negative due to heating by entrainment. Such a profile is typical of a clear-sky

CBL. 400 seconds after the start of the transition, the heat flux has a positive

gradient for z/zi . 0.3 and a negative gradient above, indicating a warming of the

top of the BL and cooling at the bottom. In addition, entrainment persists at the

top of the BL warming it further. At subsequent times from td = 800 s onwards,

the heat flux relaxes to approximately zero over the depth of the layer.
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Figure 5.5: Vertical profiles of potential temperature as generated using the Decay1 large-

eddy simulation (blue) compared to the BLLAST field observation data of Couvreux et al.

(2011) (black) at various times.

The effect of the varying heat flux may be observed in figure 5.4a, showing that ini-

tially the heat flux leads to an approximately uniform potential temperature with

height, with an increase at the surface due to warming and a capping inversion

above. By td = 400 s the heat flux is tending to warm the top of the layer without

replacement of heat at the bottom. This leads to the development of a slightly

stable lapse rate, as can be seen in the potential temperature profile at td = 800 s.
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Figure 5.6: Total (resolved+sub-grid) (a) vertical velocity variance, (b) dissipation of

TKE, and (c) third moment of vertical velocity at various times relative to the switch-off

of surface heat flux at td = 0 s. Profiles generated using the Decay1 large-eddy simulation

based on the decay experiments of Nieuwstadt and Brost (1986).

Figure 5.5 shows that the potential temperature profiles as generated by the Decay1

large-eddy simulation compared against the observational data from the BLLAST

field campaign. It can be seen that, qualitatively, the LES is in agreement with the

observations, with the initial pre-decay profile matching the BLLAST data from

14:00, and the profile at td = 800 matching the BLLAST data from 19:00. Another

way to consider the effect of the removal of surface heating may be to considering

the evolution of the turbulence parameters σ2
w, ε and w3.
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(a) (b)

Figure 5.7: Volume average of (a) vertical velocity variance, and (b) horizontal velocity

variance in the direction of geostrophic wind, at non-dimensionalised times. Calculated

using the Decay1 large-eddy simulation (blue) and compared against data from the simu-

lations of Nieuwstadt and Brost (1986) (red).

Figure 5.6 shows the evolution of the vertical profiles of the vertical velocity vari-

ance (σ2
w), dissipation of TKE (ε) and the third moment of vertical velocity (w3)

from the point of switching off the surface heat flux. The profiles in black repre-

sent daytime convective turbulence conditions as previously discussed in Chapter 4.

Once the surface heating is removed, all three profiles decay rapidly. By td = 1200

seconds, the peak vertical velocity variance has approximately halved. Also the

peak has moved upwards, close to the mid-height of the boundary layer indicating

a more symmetrical eddy structure as observed by Nieuwstadt and Brost (1986).

At later times, σ2
w at the mid-point of the boundary layer continues to decay, while

shear driven turbulence maintains some velocity variance near the surface. Above

the original CBL top, the variance does not decay as it does over the rest of the

layer. This shows that the free atmosphere is not rapidly responding to the changes

in surface forcing in the same way as the boundary layer, and suggests that this

velocity variance may be attributed to non-turbulent motions. While w3 rapidly

decays to approximately zero throughout the boundary layer (5.6c), ε is sustained

near the ground as a result of shear driven turbulence (5.6b).
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Time-series of volume averaged σ2
w and σu may be calculated to obtain a quanti-

tative analysis of the decay rate of the turbulence parameters over the depth of

the boundary layer. Figure 5.7a shows the rate of decay of 0.5 times the vertical

velocity variance non-dimensionalised by the pre-decay value of w2
∗ against non-

dimensionalised time plotted on log-log axes. It can be seen that after the start of

the decay at tdw∗/h = 0 the mean vertical energy remains approximately constant

until tdw∗/h = 1 after which it decays proportionally to t−2. The tendency towards

a slower rate of decay of vertical velocity variance at longer times may be a result

of the shear driven turbulence, which is not caused to decay by the switch-off of

surface heat flux. This is in agreement with the results of Nieuwstadt and Brost

(1986), shown in red. The additional vertical velocity variance towards the end

of the transition shown by current model may be attributed to the increased grid

resolution, allowing more of the small scale motions to be represented. The rate

of decay of the horizontal (u-direction) velocity variance is slower than that of the

vertical variance, proportional to t−1 as shown in figure 5.7b indicating that the

turbulence does not relax to an isotropic state.

These results have significant implications for the dispersion of particles through-

out this Nieuwstadt and Brost transition case. Figure 5.7a shows that after the

switch-off of surface heat flux the vertical turbulent energy falls off approximately

proportionally to t−2. From figures 5.4a and 5.4b it can be seen that the boundary-

layer is changing from a convective state in which vertical mixing is strong, to a

slightly stable case in which vertical motions will be suppressed. It is therefore

expected that the vertical dispersion of particles will be reduced the later in the

transition they are released, due to the increased vertical stability and reduction in

vertical turbulent energy in the boundary layer over time. Due to the slower decay

of the horizontal motions compared to vertical motions and hence the turbulence

tending towards a state of anisotropy, particles are also expected to disperse more

in the horizontal than the vertical. This process is known as fanning, as described

in Section 1.1.2.
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(a) (b)

Figure 5.8: Vertical velocity in the x − z plane (a) prior to the switch-off of surface

heat flux, and (b) 3600 s after. Generated by the Decay1 large-eddy simulation, vertical

velocities represented by colour.

The 2D vertical velocity structure of the boundary layer before and 3600 seconds

after the start of the transition is shown in figure 5.8. In 5.8a the updraft and down-

draft structure typical of the CBL is clearly visible, with strong convective columns

(red) surrounded by more slowly descending air (blue). After the surface heating

is removed however, the turbulent structure is lost as can be seen in 5.8b. The

magnitude of vertical velocities is significantly decreased and they occur on a much

smaller scale, no longer extending over the entire vertical domain. This reduction

in vertical turbulent motions is expected to lead to less extensive mixing of parti-

cles. To investigate this, the evolution of a plume released into decaying turbulence

may be simulated using the LEM particle tracking method described in Section 3.4.

5.3.1 Modelling particles with LES in the decaying convec-

tive boundary-layer

Investigations into the effect of the evening transition on dispersion use the same

approach as those for the slowly evolving CBL. Using LES, 90,000 particles are
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released instantaneously at a set height and over a grid in the horizontal, and their

subsequent paths tracked. For a more in-depth explanation of the LES particle

model, please refer to Section 3.4.
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Figure 5.9: Simulated path of a single particle released 1200 seconds before the switch-off

of surface heat flux at td = 0 s, and tracked for 10,000 seconds. Particle released at height

z = 100 m and path produced using the Decay1 large-eddy simulation.

Our hypothesis on the reduction in vertical motions after the switch-off of surface

heating is supported by figure 5.9, in which one particle path is simulated for a re-

lease 1200 seconds prior to the start of the transition. Initially the particle is swept

upwards by a convective updraft, as expected in the CBL regime. The particle

then begins to descend and continues to do so after the time at which the surface

heating is removed, indicated by the dotted line. The particle then experiences one

significantly slower updraft, possibly due to a de-mixing process where warm air

rises to its point of neutral buoyancy. After this point the particle does not exhibit

any large-scale vertical motions, indicating a lack of large-scale turbulence.

The effect of the transition on the plume as a whole may be analysed by consider-

ing the statistics of the ensemble of particles for various release heights and times.

Figure 5.10 shows the mean plume height (solid) plus and minus one standard

deviation (dashed) of releases from three initial heights at different times relative
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Figure 5.10: Mean plume heights (solid) plus and minus 1 standard deviation (dashed) for

low (blue), mid (red), and high (green) releases simulated by the Decay1 LES, representing

the NB86 evening transition conditions. td gives the time of release relative to the switch-

off of surface heat flux.
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to the start of the transition. For releases 1200 seconds before the switch-off of

surface heat flux and from various heights, figure 5.10a shows that the plumes tend

to reach an equal spread and a mean height of approximately zi/2. This behaviour

indicates that the particles have become well-mixed throughout the layer, hence

their horizontally integrated concentration will be unaffected further by the decay

of convective turbulence.

The particles released at the start of the transition shown in figure 5.10b initially

exhibit similar behaviour to those released before the transition, being strongly

mixed by convective turbulence. At later times however, the high release in partic-

ular shows the mean plume height not descending to the middle of the boundary

layer with reduced plume spread in comparison to the earlier release. This may

be a consequence of the reduced vertical velocities as the convective turbulence

decays, or of a positive vertical temperature gradient developing which inhibits

vertical motion.

Finally the particles released 1200 seconds after the start of the transition are

shown in figure 5.10c. Clearly for all release heights the mixing has been signifi-

cantly reduced, effectively trapping particles close to their release height. This is

made apparent by the small spread about the mean and a tendency for the mean

height to vary little over time. From this figure it appears that particles released

from the middle of the boundary layer are more strongly mixed than those at the

top or bottom. In the absence of eddies on the scale of the boundary-layer depth,

the local variances dictate the particle spread. Figure 5.6a supports that the ver-

tical velocity variance is greatest in the middle of the boundary layer 1200 seconds

after the switch-off of surface heat flux.

The trapping of particles close to their release height in a rapid transition such as

this leads to higher concentrations than in cases where the particles are strongly

mixed. This is demonstrated by figures 5.11a and 5.11b showing the distribution
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(a) (b)

Figure 5.11: Particle concentration from a near surface release (a) 1200 seconds before,

and (b) 1200 seconds after the switch-off of surface heat flux. Particles released at height

z = 100 m and paths produced using the Decay1 large-eddy simulation.

of particles over time, with high concentrations denoted by red and low concentra-

tions in blue. In the case of dispersion in the CBL, particles mix over a deep layer

and hence have a lower concentration throughout. In the decay case particles may

not easily disperse away from their release height and remain in a shallow band

and at high concentrations.

5.4 LS modelling of a decaying convective bound-

ary layer

As in the previous chapter, we aim to use LS methods to accurately predict disper-

sion in comparison to the results of LES. In the work of Carvalho et al. (2010), as

mentioned earlier, the diffusion equation limit of the Langevin equation (a random

displacement model) is driven by time-varying vertical profiles of eddy diffusivity

to simulate dispersion in the evening transition. An alternative to the method of

Carvalho et al. (2010) is to use the Lagrangian stochastic models driven by pro-

files of vertical velocity variance, dissipation of TKE, and skewness, as developed
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in Chapter 2. We have shown that this method produces excellent agreement to

results generated by large-eddy simulation in quasi-stationary turbulence. Start-

ing from an LS model for 1D diffusion in stationary inhomogeneous turbulence,

increased agreement with LES was obtained by more accurately representing the

turbulence parameters σ2
w and ε, introducing skewness of vertical velocities S, and

modifying the treatment of particles reaching the top of the boundary layer.

In the case of a rapid evening transition the turbulence may no longer be consid-

ered quasi-stationary. The vertical velocity variance, dissipation and skewness vary

with time as shown in figure 5.6. At the start of a transition such as considered

by Nieuwstadt and Brost (1986), the turbulence is both rapidly varying in time,

and contains skewness of vertical velocities due to residual large-scale eddies of

the CBL. Pre-existing models such as that given by equation (2.30) are appropri-

ate for representing time-varying turbulence, and models such as that of equation

(2.67) represent skewness in quasi-stationary conditions. There was, however, no

such model available to simulate particle dispersion where both time variation and

skewness were present. In order to construct such a model, we re-derived the equa-

tions of Hudson and Thomson (1994) considering the skewed probability density

function of particle velocity and position (2.37) to also be a function of time (see

Section 2.5). This gave rise to the model described by equations (2.79) and (2.80).

In this chapter we explore results from a variety of models to test the importance

of characteristics such as representing time-variation or skewness. A summary of

the range of LS models and their characteristics is given in table 5.2.
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Time- Turb. profiles Top boundary Plot line

Dispersion model Skewness varying (LES/Param.) (reflect on/off.) colour

LSM-LESnon-t-vary+skew Yes No LES On Blue

LSM-LESt-vary+non-skew No Yes LES On Red

LSM-LESt-vary+skew Yes Yes LES On Green

LSM-Paramt-vary+skew Yes Yes Param. Off Blue

LSM-LESt-vary+skew+σ-mod Yes Yes LES Off Magenta

LES N/A N/A N/A N/A Black

Table 5.2: A reference for the properties and plot style of the models employed in Chapter 5. Turb. profiles refers to the source of the profiles

of σ2
w, ε and w3 being either LES or parameterizations (Param.).
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Figure 5.12: Vertical concentration profile of 50,000 particles (a) before, and (b) after

a 10,000 second simulation using the LS model LSM-LESnon-t-vary+skew. Cz = 1 when

particles are well-mixed over the depth of the BL.

To further justify the development of a model for non-stationary skewed turbu-

lence, we may examine the behaviour of the stationary skewed model of Hudson

and Thomson (1994) (LSM-LESnon-t-vary+skew) being driven with rapidly time vary-

ing turbulence parameters. We use σ2
w, ε and w3 as generated by the Decay1

large-eddy simulation of the Nieuwstadt and Brost (1986) transition. Figure 5.12a

shows the initially well mixed vertical concentration profile of 50,000 particles, and

figure 5.12b the concentration profile after 10,000 seconds. It is apparent from

these plots that by not representing the time-variation in the turbulence param-

eters, the well-mixed condition is violated with accumulations of particles at the

top and bottom boundaries. In contrast, the results of the same test applied to

the newly developed model for skewness and time-varying turbulence are shown in

figure 5.13. In this case, it can be seen that the well-mixed condition is satisfied.

Due to the model LSM-LESnon-t-vary+skew not meeting the well-mixed condition

in time-varying turbulence, it is not used to further investigate plume behaviour

over the course of the transition. We restrict our study to the models repre-

senting time-varying turbulence: LSM-LESt-vary+non-skew, and LSM-LESt-vary+skew.

LSM-LESt-vary+non-skew describes the evolution of vertical velocity in non-skewed,
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Figure 5.13: Vertical concentration profile of 50,000 particles (a) before, and (b) after a

10,000 second simulation using the LS model LSM-LESt-vary+skew. Cz = 1 when particles

are well-mixed over the depth of the BL.

time-varying, inhomogeneous turbulence as given by equations (2.27) and (2.28).

LSM-LESt-vary+skew (as developed in Chapter 2) describes the evolution of vertical

velocity in skewed, time-varying, inhomogeneous turbulence as given by equations

(2.79) and (2.80). Comparison of plume statistics generated by these two LS mod-

els and LES will enable us to determine the importance of continuing to represent

skewness in time-evolving turbulence. It will also highlight the extent to which

the LS models presented can accurately recreate the plume dispersion simulated

by LES.

The method of producing particle paths remains unchanged from the slowly evolv-

ing convective case with the exception of the vertical velocity evolution equations.

50,000 particles are released instantaneously from a given initial height and tracked

for 10,000 s. The LS model is supplied with profiles of σ2
w, ε and w3 generated by

LES at 10 minute intervals with linear interpolation for the intervening times. Dis-

persion statistics are generated as described in Section 3.4.

To fully examine the effect of the transition on particle dispersion, and to deter-

mine the accuracy of the various LS models, we choose a spread of particle release
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points in height and time. This sample should contain cases to describe behaviour

throughout the decay. Three release heights are chosen representing near surface,

mid level, and near top releases relative to the pre-transition CBL top zi. A range

of release heights is used to ensure any non-uniform decay with height is repre-

sented and the accuracy of the LSM can be verified throughout the depth of the

boundary layer. Plumes from these release heights are simulated for two release

times relative to the decay. The first is at the time of the switch-off of surface heat

flux to capture the behaviour of particles released into the early phase of the tran-

sition. The second is based on the decay of volume mean vertical velocity variance.

Figure 5.14 shows that releasing particles 1200 seconds after the decay (given by

the dashed line) represents a period of rapid decay of vertical velocity variance. We

do not consider a pre-decay release based on the findings of figure 5.10, showing

that the strong vertical mixing of the CBL causes particles to become well-mixed

before the transition, and hence will remain so throughout.

Figure 5.14: Volume averaged vertical velocity variance over the duration of the boundary-

layer transition non-dimensionalised by w2
∗. The dashed line represents the particle release

time td = 1200 in relation to the decay of σ2
w.

In Chapter 4 we found the plume mean height and standard deviation to give an

excellent representation of the vertical dispersion of the plume over time. Based

on this we compare the mean plume height and standard deviation as generated
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by the LS models LSM-LESt-vary+non-skew and LSM-LESt-vary+skew and large-eddy

simulation, for the array of release points previously suggested.

The various plots comprising figure 5.15 show the mean plume height from the

three different release heights (descending vertically) and the two different release

times (left to right). The line colours correspond to the model used to generate the

results, with red, green and black representing the LSM-LESt-vary+non-skew, LSM-

LESt-vary+skew and LES respectively (summarised in table 5.2). For the low and

mid level releases at td = 0 both LS models accurately capture the mean plume

height and spread simulated by LES. Comparison to figure 4.14 from the previous

chapter indicates that the behaviour of the plume is similar to that expected in

quasi-stationary convective conditions. This may be due to residual convective ed-

dies strongly mixing particles for a short period after the switch-off of surface heat

flux. For the highest particle release, both LS models overestimate the downward

mixing of particles compared to LES. The effect of representing skewness in the

time-varying LS model can be seen for td < 4000 s giving slightly better agreement

to LES, but with both LS models tending to the same mean height and spread in

the long term. The failure of the LS models to capture the plume behaviour at

the top of the boundary layer indicates that the turbulence parameters feeding the

LS models are not fully representing the processes governing particle dispersion for

this release height and time.

For the near surface particle release significantly after the switch-off of surface heat

flux (td = 1200 s) the LSM models significantly over-estimate the mean plume

height, with the difference reaching between 350 and 450 m after 10,000 seconds.

Including time-varying skewness such as in LSM-LESt-vary+skew leads to some im-

provement of the LS model, bringing the mean plume height closer to that of

LES. The plume standard deviation generated from both LS models is approxi-

mately two times larger than that found by LES indicating that the LS models

are over-estimating the particle dispersion. This is similarly true for the high re-
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Figure 5.15: A comparison of mean plume heights in the NB86 evening transition, gen-

erated using LSM-LESt-vary+non-skew (red), LSM-LESt-vary+skew (green), and LES (black)

as detailed in table 5.2. zp gives the release height and td gives the time of release relative

to the switch-off of surface heat flux.
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lease, with both LS models failing to accurately capture the mean plume height by

up to 500 m at 10,000 seconds. LSM-LESt-vary+skew again shows an improvement

over LSM-LESt-vary+non-skew producing a mean height closer to that of LES. The

spread of particles is again overestimated by a factor of two in both LS models. In

the mid-level release, both LSM-LESt-vary+non-skew and LSM-LESt-vary+skew produce

mean heights not deviating from the release height, in agreement with LES. The

spread of particles is also more accurately reproduced, although still overestimated.

The over-dispersion of particles by LS models at times after the switch-off of sur-

face heat flux suggests that the turbulence parameters supplied to the LS models

are not fully describing the state of the boundary layer during this period. We

theorise that some process inhibiting dispersion in the boundary layer during the

transition is not represented in our LS models.

5.4.1 The effect of stability on LS modelling

As we have seen in section 4.2, Lagrangian stochastic simulation of particle trajec-

tories in the decaying CBL frequently fails to accurately predict plume statistics,

even when the model represents both the skewness and time variance of vertical

velocities. To implement the model, we need to provide σ2
w, ε, w3 and C0. Of these,

σ2
w, ε, w3 are regularly defined through the output of LES, whereas in section 4.2

we discussed the value of C0, noting that Hudson and Thomson (1994) show C0 to

have a clear dependence on stability. While varying C0 to improve the accuracy

of the LS model would be an alternative route for investigation, we have a strong

physical basis for modifying the vertical velocity variance. As discussed in Section

5.3, and by Nieuwstadt and Brost (1986) and Pino et al. (2006), the rapid decay

of turbulence caused by the instantaneous switch-off of surface heat flux leads to

the development of a slightly positive potential temperature gradient with height

over the extent of the residual mixed layer. This effect has also been observed in

the evening transition through virtual potential temperature profiles obtained by



CHAPTER 5. DISPERSION IN DECAYING TURBULENCE 135

radiosonde ascents, as discussed by Grant (1997). Such a stably stratified layer

may support the existence of both waves and turbulence, with large scale vertical

motions suppressed by the stability (Stull, 1988). This results in vertically dis-

placed parcels oscillating around their point of neutral buoyancy with time-scale

1/N where N is the Brunt-Väisälä frequency. Turbulence in the stable stratifica-

tion is generated mechanically by wind shear. While the turbulent motions mix

material efficiently, the wave-like motions do not due to their oscillatory nature.

In Chapter 4 we eliminated dispersion above the CBL top by removing the portion

of vertical velocity variance attributed to wave-like motions in the positive temper-

ature gradient in the upper part of the boundary layer and the overlying inversion.

Here we aim to represent the effect of a positive temperature gradient on dispersion

in the same way. Another way to view the argument laid out in Section 4.3.3 is as

follows. Let us assume that for a particular flow supporting the existence of waves

and turbulence, we have some vertical velocity variance σ2
w, dissipation of turbulent

kinetic energy ε and Brunt-Väisälä frequency N . Based on these parameters, we

expect the time-scale of turbulent motions within the flow τL to scale as σ2
w/ε, and

the time-scale of wave-like motions τN to scale as 1/N . While the time-scale of

wave-like motions is larger than that of the turbulent motions, i.e.

1

N
&

σ2
w

ε

then the eddies evolve more rapidly than the gravitational restoring force acts upon

them, and the buoyancy has little effect. On the other hand, if the time-scale of

wave-like motions is smaller than that of the turbulence, i.e.

1

N
.

σ2
w

ε

the gravitational restoring force acts to return perturbed parcels to their point of

neutral buoyancy more quickly than the eddy turn-over time and hence the ed-

dies are strongly affected by buoyancy. Now let us consider a particular flow with

a slightly positive temperature gradient. By examining an idealised spectrum of

vertical velocity variance at different wavenumbers (figure 5.16) we may begin to
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approximate the proportion of variance attributed to turbulent (diffusive) and non-

turbulent (relatively non-diffusive) motions.

Figure 5.16: Idealised energy spectrum of a stably stratified layer supporting the existence

of both turbulent and non-turbulent motions. We expect non-turbulent motions to have

time-scale greater than 1/N .

Consider starting with the smallest eddies (with largest wavenumber) on the right

of the plot where it is expected that the time-scale of the turbulent motions is much

less than that of the wave-like motions, i.e.

1

N
&

σ2
w

ε

and therefore

σ2
w .

ε

N

where σ2
w should be thought of as the total variance by all scales of motion with

wavenumber larger than a given wavenumber. A constraint to determine the tur-

bulent portion of the vertical velocity variance may be obtained by including larger

eddies (decreasing the wavenumber) until such a point as the eddies are affected

by the stratification i.e.

σ2
w ≤ C0εA

N
. (5.4)
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Hence the modified ‘turbulence only’ σ2
w can be represented numerically as

σ2
wmod

= min

(
σ2

w,
Aε

N

)

where N is the Brunt-Väisälä frequency

N2 =
g

θ

dθ

dz

and A is a parameter to be determined. In Section 4.3.3 we found a value of A = 2

to give best agreement to CBL dispersion. Here we find A = 2 to give the best

agreement for releases at td = 0 s while A = 1 (representing a larger proportion

of the variance being attributed to wave-like motions) produces better agreement

for releases at td = 1200 s. This suggests that taking A to be a function of other

boundary-layer parameters, for example u∗ and w∗, may better represent the effect

of stability.

In previous LS simulations, the turbulence parameters have been produced using

LES and supplied to the model at 10 minute intervals with linear interpolation

for the intervening times. Using the vertical profiles of potential temperature and

dissipation generated by LES at the same intervals as the turbulence parameters,

profiles of σ2
wmod

may be calculated. We take A = 2 for releases at td = 0 s and

A = 1 for releases at td = 1200 s. The modified vertical velocity variance is

supplied to the LSM-LESt-vary+skew and results compared against the same model

driven with the original vertical velocity variance, and LES. The release times and

heights are the same as those discussed in Section 5.4.

Figure 5.17 shows the plume mean heights (solid) plus and minus 1 standard de-

viation (dashed) with releases at the start point of the transition td = 0 in the

left hand column of plots, and 1200 seconds after in the right hand column. The

results of the new model LSM-LESt-vary+skew+σ-mod with modified σ2
w profile are

shown in magenta, with LSM-LESt-vary+skew driven by the original σ2
w profiles in

green, and LES in black. In the earlier particle releases shown by 5.17a and 5.17c,

the modified and original variance profiles produce similar mean height and spread
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Figure 5.17: A comparison of mean plume heights in the NB86 evening transition, gen-

erated using LSM-LESt-vary+skew (green), LSM-LESt-vary+skew+σ-mod (magenta), and LES

(black) as detailed in table 5.2. zp gives the release height and td gives the time of release

relative to the switch-off of surface heat flux.
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of particles, capturing the behaviour simulated in LES. LSM-LESt-vary+skew slightly

overestimates the spread of particles in these cases, while LSM-LESt-vary+skew+σ-mod

is in closer agreement. The inaccuracy of LSM-LESt-vary+skew for the td = 0 high

release (figure 5.17e) is not improved upon by LSM-LESt-vary+skew+σ-mod.

As the transition progresses, the positive temperature gradient we expect to sup-

port waves in the residual mixed layer develops and strengthens. This is likely

to lead to a greater proportion of the motions to be affected by the stability, and

hence we expect the modification of the vertical velocity profile to be greater. The

effect the modified variance profile has on dispersion predictions from our LS model

may be observed in figures 5.17b, 5.17d and 5.17f. In the high and low releases,

the original variance profile predicts the mean plume height to move away from the

release height towards the middle of the boundary layer. In LES the mean plume

height remains close to the height of particle release, indicating small mixing. This

behaviour is captured well by the LS model with modified variance profile. In the

mid-level release all three models are in agreement with the mean height since it

does not depart from the middle of the boundary layer. The spread more clearly

highlights the problem with using the original variance profiles. For all release

heights, the spread predicted by the original σ2
w is much greater than that produced

using LES. This indicates that the vertical mixing, determined by the turbulence

parameters driving the LS model, is too large. Using the LS model in which contri-

butions to the variance from non-turbulent motions have been removed, the particle

spread maintains excellent agreement to the results of large-eddy simulation for all

release heights.

5.4.2 LS decay modelling using parameterized profiles

Previous studies of steady state boundary layers have led to the development of

parameterized profiles describing the state of turbulence, fitted to models and ob-

servations and described by height dependent equations. Examples of such profiles
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are given by Weil (1990) in equations (4.3) and (4.4) and are shown in figures 4.6a

and 4.6b, where we used them to model dispersion in the CBL. Weil (1990) also

suggests a profile for the third moment of vertical velocity variance in the CBL

given by equation (5.5):

w3

w3
∗

= 0.84
z

h

(
1 − z

h

)
. (5.5)

Similar equations exist for the stable boundary layer, examples of which my be

found in Rodean (1997) and are shown in equations (5.6) and (5.7):

(
σw

u∗

)2

= 1.96
(
1 − z

h

)3/2

(5.6)

εkh

u3
∗

=
h

z

[
1 + C4

(z

h

)(h

L

)](
1 − C5

z

h

)3/2

(5.7)

for z ≤ h. The profile for σ2
w is fitted to the Cabauw tower data of Nieuwstadt

(1984) and the data of Caughey and Palmer (1979), and the profile for ε is in agree-

ment with flight data of Lenschow et al. (1988) and LES of Mason and Derbyshire

(1990) with C4 = 3.7 and C5 = 0.85.

Equations such as these are fixed in time, representing a steady, mean state of

the turbulence. In Section 5.3 we investigated the time-variation of σ2
w, ε, and w3

using LES, with the evolution of the profiles over time being shown in figure 5.6.

From these plots we were able to observe that the profiles decay at a uniform rate

(to a first approximation) from the ground to zi. To form a simplified view of the

transition, Nieuwstadt and Brost (1986) consider the vertical heat flux vanishing

instantaneously throughout the boundary layer, in which case the area averaged

TKE decays like
d[〈e〉]

dt
= −[〈ε〉]

where square brackets indicate a vertical average over the depth of the initial CBL.

If the dissipation is parameterized by

[〈ε〉] = Cε
[〈e〉]3/2

zi

then it is shown that
[〈e〉]
w2

∗

=

(
Cε

2

tw∗

zi

+
1

C

)−2
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i.e. energy decays proportionally to t−2. Substituting this back into the parame-

terization for dissipation we see that ε decays proportionally to t−3. In keeping

with the work of Nieuwstadt and Brost (1986) the rate of decay of the volume

averaged σ2
w was found to be proportional to t−2 as shown in figure 5.7a. As for

the dissipation, figure 5.18 shows that it does decay proportionally to t−3 in the

limit of no wind, but at different rates for different wind velocities. This indicates

it may be possible to consider the decay rate of dissipation as a function of the

friction velocity u∗. For the purpose of our investigation, we find that a decay rate

proportional to t−1.2 gives best fit to the volume average dissipation calculated by

LES for a 5 ms−1 wind speed (figure 5.18). We carry out the same procedure for

the third moment of vertical velocity, finding the rate of decay to be proportional

to t−5 (figure 5.19). Using this information we aim to construct a time dependent

parameterization for σ2
w, ε and w3 based on the steady state profiles for the CBL

and SBL, and the rate of decay given by LES.
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Figure 5.18: Volume average dissipation for large-eddy simulations using the NB86 sur-

face forcing and different wind speeds as labelled.

We begin by splitting the time-frame into two sections, one representing the state

of turbulence prior to the transition at td = 0, and one for during and after the

transition. In the first section the turbulence is simply described by the param-

eterizations for the CBL. In the second section, the CBL parameterizations are
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multiplied by a function of t to simulate the appropriate rate of decay, i.e.

(a1td + b1)
−2

in the case of the vertical velocity variance,

(a2td + b2)
−1.2

for the dissipation, and

(a3td + b3)
−5

for the third moment of vertical velocity.

Figure 5.19: Volume average third moment of vertical velocity over the duration of a

NB86 transition. Generated using the Decay1 large-eddy simulation.

To determine the extent to which this parameterized CBL decay represents the

decay seen using LES, we first compare the volume averaged vertical velocity vari-

ance, dissipation of TKE, and third moment of vertical velocity variance as shown

in figure 5.20, where the solid red line represents the parameterized decay and the

asterisks the LES decay. As we can see the rate and timing of the decay of σ2
w

in the parameterized LS model closely matches that of LES, but with the decay

starting slightly earlier and more gradually in the LS model. The parameterization

of ε is in close agreement with LES over the first half of the transition. The pa-

rameterized profile of w3 behaves similarly to that of the variance, with the decay
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starting sooner and more gradually than in LES but tending to the correct rate.

Towards the end of the run σ2
w and ε cease decaying in the LES once they reach the

point of zero residual convective turbulence but still maintain energy from shear

driven turbulence. Due to the nature of the parameterizations, the profiles used in

the LS models continue to decay towards the end of the simulation. This could be

counteracted by adding a parameterization of the shear driven turbulence to the

decaying parameterizations of σ2
w and ε.

As we have observed in the previous section, the profiles of σ2
w, ε and w3 do not

account for the stable stratification in the residual mixed layer suppressing vertical

motions. This led to excessive dispersion in the LS models and hence inaccurate

prediction of plume mean height and spread. This was resolved by modifying the

vertical velocity variance using the Brunt Väisälä frequency to separate variance

generated by turbulence from that generated by wave-like motions. Similarly to

the profiles produced using LES, the decaying parameterized profiles do not reflect

the stratification of the layer. By including a representation of the expected tem-

perature gradient, the profile of σ2
w may be modified here in the same way as the

previous section, taking

σ2
wmod

= min

(
σ2

w,
Aε

N

)
.

We represent the developing temperature gradient in the boundary layer by the

function

θ (K) =





283 +
(

td
400

)
0.0002z for 0 ≤ td ≤ 400

283 + 0.0002z for td > 400

such that a temperature gradient of 0.0002 Km−1 develops over the first 400 s of

the transition, in agreement with figure 5.4a.

The results of simulating the plume using parameterizations of σ2
w, ε, w3 and θ are

shown in figure 5.21 compared against LES and LSM-LESt-vary+skew+σ-mod driven by

modified σ2
w profiles. The early releases at the point of switch-off of surface heat flux

are shown by 5.21 (a), (c) and (e). For the low release, LSM-LESt-vary+skew+σ-mod
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(a) (b)

(c)

Figure 5.20: Volume averages of (a) vertical velocity variance, (b) dissipation rate of

TKE, and (c) third moment of vertical velocity over the duration of a NB86 transition.

Generated using the Decay1 large-eddy simulation (stars) and parameterized profiles (red

line).
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Figure 5.21: A comparison of mean plume heights in the NB86 evening transition, gener-

ated using LSM-LESt-vary+skew+σ-mod (magenta), LSM-Paramt-vary+skew (blue), and LES

(black) as detailed in table 5.2. zp gives the release height and td gives the time of release

relative to the switch-off of surface heat flux.
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driven by LES profiles accurately captures the behaviour of the plume simulated

by LES with a slight overestimation of the plume height. The parameterized model

slightly underestimates the plume height at large time but more significantly fails

to capture the initial lift-off of the plume and the overshoot caused by a peak in

concentration aloft. In the case of the mid-level release both LS models capture

the mean plume height and spread fairly accurately. Again at times soon after the

release the parameterized-profiles LS model does not accurately capture the be-

haviour of the mean plume height compared to LSM-LESt-vary+skew+σ-mod and LES,

in that that the mean height initially moves up from the release height as opposed

to down. In the high particle release both LS models fail to accurately capture

initial plume behaviour and tend to over-disperse particles in the long term. The

tendency of the parameterized model not to accurately describe the initial plume

behaviour for these earlier releases may be as a result of the parameterizations of

σ2
w and w3 decaying sooner than is observed in LES, as can be seen in figure 5.20.

The later releases with respect to the transition are shown by 5.21 (b), (d) and (f).

In the low release case we previously achieved excellent agreement between LSM-

LESt-vary+skew+σ-mod and LES as shown in magenta and black. The parameterized

LS model shown in blue also accurately captures the mean height and spread of

the particles over the duration of the simulation. In the mid-level release again ex-

cellent agreement was previously achieved between LSM-LESt-vary+skew+σ-mod and

LES. In this case the parameterized LS model mean plume height initially deviates

upwards away from the release height unlike the other two models. Despite level-

ling out to an approximately constant mean height with time, this initial error is

propagated throughout the simulation. The plume spread produced by the parame-

terized LSM is accurate when compared with LES but offset due to the initial mean

height error. In the case of the highest particle release, the mean plume height is

accurately captured by both LS models, the spread is also captured well, with the

parameterized model showing better agreement than the LSM-LESt-vary+skew+σ-mod.

These results imply that it is possible to accurately estimate plume height and size
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with LS methods using parameterizations of the decay process. To determine how

easily parameterizing the turbulence in this way can be extended to different de-

cay cases, the problem will be revisited in Section 5.5.3 for alternative transition

surface forcings.

5.5 Sensitivity to the rate of decay of surface

heat flux

As discussed in Section 5.2, the instantaneous switch-off of surface heat flux used

by Nieuwstadt and Brost (1986) is not a realistic representation of the typical

behaviour at sunset in the real atmosphere. Sorbjan (1997) applied an idealised,

but more typical, gradual decay of surface heat flux represented by the function

Hs(t) = H0 cos

(
πt

2τf

)

where H0 is the initial surface heat flux and t = τf = 5000 s is the point at which

Hs equals zero. The heat flux continues to follow this function to the end of the

simulation at about 5250 s after the start of the decay. The simulations used by

Sorbjan to investigate the spatial structure of the decaying mixed layer are much

shorter than are required for our dispersion experiments, and as a result we must

prescribe the surface heat flux for additional time. While Sorbjan allowed the heat

flux to become slightly negative for a short period at the end of the simulation

(∼ 250 seconds), we specify that once the heat flux reaches zero, it remains zero

as shown in figure 5.22. This should result in the Nieuwstadt and Brost (1986)

and Sorbjan (1997) simulations tending to the same state of turbulence at large

times. We also allow the same model spin-up time of 10800 s and specify H0 to

be 100 Wm−2 such that the initial state of turbulence is statistically the same for

both decay rates.

The large-eddy simulations of Sorbjan used a time-step of 2.5 s, horizontal grid

resolution of 100 m and vertical resolution of 30 m with the domain consisting of
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Figure 5.22: Prescribed heat flux for the LES based on that of Sorbjan (1997). The dotted

line represents the start of the decay.

32×32×50 grid points. The roughness length z0 was 0.1 m and gravity wave damp-

ing was applied in the top 1000 m of the domain. As in the case of the Nieuwstadt

and Brost (1986) simulations, our LES benefits from an increase in resolution over

that of Sorbjan (1997), with 50 m grid spacing in the horizontal and 90 points of

variable spacing in the vertical over a domain of 5×5×4 km. In order to compare

only the effect of the rate of decay of surface heat flux, we leave all other variables

in the LES unaltered from Section 5.3, i.e. initial uniform wind speed of 5 ms−1,

roughness length 0.1 m, and an initial temperature profile of 283 K up to 800 m

with a capping inversion of strength 0.0025 Km−1. This set-up of the LES will be

referred to as Sorb1.

Figures 5.23a and 5.23b show the evolution of the vertical profiles of potential tem-

perature and heat flux for the case of the Sorbjan (1997) transition. The initial

profile at td = 0 shows the vertical structure of potential temperature typical of

a CBL before the start of the surface heat flux decay. After 1 hour, the surface

heat flux has reached just under half its initial value, however, the reduced sur-

face heating is still driving convection and the potential temperature and heat flux

profiles remain typical of a CBL. During this hour the mean temperature of the

boundary layer has increased due to the surface heating and entrainment, which
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Figure 5.23: Vertical profiles of (a) potential temperature, and (b) heat flux normalised by

surface heat flux at td = 0 s at times as labelled throughout the decay. Profiles generated

using the Sorb1 large-eddy simulation based on the decay experiments of Sorbjan (1997).

The results are compared to those of Sorbjan, which are shown in red.

has led to an increase in boundary layer depth. By td = 10800 s the heat flux

has decayed to approximately zero over the depth of the domain. The potential

temperature profile has tended to a state of slight positive gradient with height due

to a de-mixing process in the residual mixed layer. Pino et al. (2006) found this

positive temperature gradient to be a robust feature of the decay for simulations

with various wind speeds and inversion strengths. Our results show close agree-

ment with the simulations of Sorbjan (1997), verifying that the model accurately

recreates the behaviour observed in his earlier simulations.

In the case of the instantaneous switch-off of surface heat flux we plotted volume

averaged energy against non-dimensionalised time to further explain how the tur-

bulence decays. Figures 5.24a and 5.24b show of the decay of the vertical velocity

variance and dissipation of TKE for the Nieuwstadt and Brost (1986) (stars) and

Sorbjan (1997) (circles) surface heat flux. In both figures we see that the instanta-

neous switch-off of surface heat flux leads to an earlier decay of turbulent energy.

The gradual reduction of heat flux maintains a constant level of turbulent energy

for longer. When the energy does begin to decay in the case of the gradual reduc-
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(a) (b)

Figure 5.24: Volume average of (a) vertical velocity variance, and (b) dissipation of

TKE at non-dimensionalised times for the Sorbjan surface forcing (circles) compared to

the Nieuwstadt and Brost forcing (stars).

tion, it does so more slowly than in the case of instantaneous switch off.

As observed in figure 5.24a, the mean volume averaged vertical velocity variance

remains constant for significantly longer after the start of the transition for the

gradual Sorbjan decay conditions due to the continued surface heating. Because of

this, simulating particle paths at the same time relative to the start of the decay

as in the NB86 case will mean releasing particles while surface heat flux remains

positive and convective eddies are still forming, hence not fully representing the

transition. In order to simulate dispersion during the rapid decay of σ2
w, an ap-

propriate release time may be obtained by examining the volume averaged vertical

velocity variance. As shown in figure 5.25, particles released 5000 seconds after

the start of the decay will be representative of the period of rapidly decaying σ2
w.

This is also the time at which the surface heat flux becomes zero. The underlying

grey points show the volume averaged vertical velocity variance and mid-transition

release time for the Nieuwstadt and Brost (1986) case.

In figure 5.26, the mean plume height (solid) plus and minus one standard devia-

tion (dashed) are shown for three different release heights at three times relative
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Figure 5.25: Volume averaged vertical velocity variance over the duration of the boundary-

layer transition for Sorbjan (1997) forcing (blue) and Nieuwstadt and Brost (1986) forc-

ing (grey) non-dimensionalised by w2
∗. The blue dashed line represents the particle release

time td = 5000 s used in the Sorb1 simulations, and the grey dashed line the particle re-

lease time td = 1200 s used in the Decay1 simulations. Results compared against the

simulations of Sorbjan (1997) (red).

to the start of the evolution of surface heat flux. 5.26a shows results for particles

released at the start of the transition at td = 0. Through comparison to figure 4.4

in Section 4.1.2 it can be seen that the plume behaviour is as would be expected

for a quasi-stationary CBL. Due to the gradual nature of the decay, the reducing

surface heat flux does not have a significant effect on the turbulence until after the

particles have become well-mixed. 1200 seconds after the start of the transition as

shown by figure 5.26b, the plumes still behave very much as would be expected for

daytime convective turbulence, however in comparison to the earlier release, the

high plume appears to be mixed downwards away from the source more vigorously.

Releases 5000 seconds after the start of the transition are shown by figure 5.26c.

By this point the surface heat flux has reached zero, and as shown by figure 5.25

this is in the period of rapid decay of vertical velocity variance. It is clear from

the plume spread and mean height that by this time the vertical mixing is sig-

nificantly reduced. After around 2000 seconds, the plume spread from all release

heights remains approximately constant indicating either the convective turbulence

has decayed completely or vertical stratification is inhibiting further dispersion.
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Figure 5.26: Mean plume heights (solid) plus and minus 1 standard deviation (dashed) for

low, mid, and high releases simulated by the Sorb1 LES, representing the Sorbjan (1997)

evening transition conditions. td gives the time relative to the switch-off of surface heat

flux.

5.5.1 LS modelling of the gradual decay

The Sorbjan (1997) transition conditions are supplied to the LS model in the same

way as the Nieuwstadt and Brost (1986) decay, using profiles of σ2
w, ε and w3 gen-

erated by LES at 10 minute intervals with linear interpolation to find their value at

the intervening times. For the instantaneous decay, we considered particle release

times before, at, and after the switch-off of surface heat flux. Due to the gradual
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decay of the Sorbjan case, particles released near the start of the surface heat flux

decay would still be in a environment with strong surface heating. To determine

the most significant times in the transition relative to dispersion, we considered

the rate of energy decay as shown in figure 5.24b. As a result of this, and in agree-

ment with the previous Sorb1 LES dispersion simulations, releases 1200 and 5000

seconds after the start of the transition are investigated.

Similarly to the Nieuwstadt and Brost (1986) transition in Section 5.4, the plots

of figure 5.27 show the simulated mean plume heights from three different release

heights (descending vertically) and two different release times (left to right). The

line colours correspond to the model used to generate the results, with red, green

and black representing the LSM-LESt-vary+non-skew, LSM-LESt-vary+skew and LES re-

spectively (summarised in table 5.2). In the case of this more gradual transition, it

can be seen that 1200 seconds after the start of the transition for all release heights

both the skew and non-skew models for time-varying turbulence closely recreate

the mean plume height and spread as found by LES. In each case it appears that

LSM-LESt-vary+skew including the effects of skewness (green) reconstructs the plume

statistics of LES slightly more accurately. As in the case of the td = 0 releases in

the more rapid transition, comparison of 5.27 to figure 4.14 shows that the plumes

behave similarly to what would be expected in a quasi-stationary convective layer.

This may be due to the heat flux, though decreasing, remaining positive and sus-

taining convection beyond the time at which the particles become well mixed.

In the case of releases 5000 seconds after the start of the transition at the point

the heat-flux reaches zero, the agreement between the LS models and LES is

greatly reduced. For the near surface release both LSM-LESt-vary+non-skew and

LSM-LESt-vary+skew overestimate the mean plume height after 10,000 seconds by

over 500 m. Unlike in the case of the rapid decay, the inclusion of skewness in the

LS model does not appear to have a significant improvement on predicted mean

plume height. For the mid-level release the mean heights are again overestimated
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Figure 5.27: A comparison of mean plume heights in the Sorbjan (1997) evening tran-

sition, generated using LSM-LESt-vary+non-skew (red), LSM-LESt-vary+skew (green), and

LES (black) as detailed in table 5.2. zp gives the release height and td gives the time of

release relative to the switch-off of surface heat flux.
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by both LS models, while the standard deviation of the plume is approximately

two times larger than that of LES. For this more gradual transition the high par-

ticle release leads to closest agreement between LS models and LES, however the

vertical spread of the plume is still greatly overestimated.

5.5.2 Stability in a gradual transition

As noted in Section 5.5, the more gradual decay still leads to the development

of a positive temperature gradient throughout the residual mixed layer. As a

result vertical motions will be suppressed in the flow however this information is

not taken into account by the LS models, resulting in overestimation of plume

spread at release times further into the transition (figure 5.27). The effect of this

positive temperature gradient may be represented in the same way as for the rapid

transition, using a modified variance profile based on separating turbulent and

wave-like motions. Figure 5.28 shows the result of driving LSM-LESt-vary+skew with

modified variance profile

σ2
wmod

= min

(
σ2

w,
Aε

N

)

compared with the original variance profile and LES.

Similarly to previous sections, figure 5.28 shows the plume mean heights (solid)

plus and minus 1 standard deviation (dashed) with releases 1200 seconds after the

start of the transition in the left hand column of plots, and 5000 seconds after in

the right hand column. The results of the new model with modified σ2
w profile

(LSM-LESt-vary+skew+σ-mod) are shown in magenta, with LSM-LESt-vary+skew driven

by the original σ2
w profiles in green, and LES in black. As was observed in the

more rapid decay, the plumes generated early in the transition by both LS models

closely match those of LES in both mean height and spread for all release heights.

Since the surface heat flux remains positive for a significant time after the release,

convective eddies continue to develop, maintaining the mixed layer. With the po-

tential temperature approximately uniform with height in the boundary layer, the
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Figure 5.28: A comparison of mean plume heights in the Sorbjan (1997) evening transi-

tion, generated using LSM-LESt-vary+skew (green), LSM-LESt-vary+skew+σ-mod (magenta),

and LES (black) as detailed in table 5.2. zp gives the release height and td gives the time

of release relative to the switch-off of surface heat flux.



CHAPTER 5. DISPERSION IN DECAYING TURBULENCE 157

Brunt-Väisälä frequency is either small or not defined, resulting in only a small

modification of σ2
w near the boundary-layer top (figure 4.16). This has the conse-

quence of very similar plume results for the two LS models.

More significant differences are apparent for plume releases later in the transition.

For particles released near the surface (figure 5.28b) we previously noted that the

LS models largely overestimated the mean height and spread of the plume. By rep-

resenting the stable stratification of the flow, LS simulation has generated a mean

plume height within 200 m of that produced by LES improving on the original vari-

ance model by 300 m. The spread of the plume is also reduced, in keeping with the

expected effect of a positive temperature gradient. In the mid-level release (figure

5.28d), the LS model driven with original variance profile again over-estimated the

mean height and spread of the plume, with the modified profile producing a signifi-

cantly more accurate plume when compared to LES. In the case of the high release

(figure 5.28f), the modified variance profile results in a plume mean height further

from the predictions of LES than if the original profile was used. In contrast to the

mean height, the plume spread using the modified variance profile is much more

accurate than that of the original. This suggests that although the plume is ini-

tially deflected away from the expected mean height, the spread of particles about

the mean is reduced using the modified variance profile, as would be expected in a

stably stratified layer.

5.5.3 Modelling a gradual decay using parameterized pro-

files

In Section 5.4.2 we examined the feasibility of using parameterizations of the state

of turbulence over the duration of the transition to drive our LS model. For this

method to be of use, the parameterizations should be easily adjustable to different

turbulence structures and decay rates. To find appropriate prameterizations in this

more gradual decay, we use the same approach as in the rapid decay, comparing
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against volume averaged quantities of σ2
w, ε and w3 generated by LES. From figure

5.24 we see that the turbulence parameters in the gradual decay remain approx-

imately constant until tw∗/h ≈ 3. To reflect this, we initially use σ2
w, ε and w3

for the CBL as defined in Weil (1990), constant in time until the volume averaged

quantities begin to decay. In figure 5.29, the volume averages of σ2
w, ε and w3

from LES are compared to our parameterizations. We have taken t̃ to be zero at

tw∗/h = 3 such that only the time period over which the profiles are decaying

is displayed. Figure 5.29 shows that, despite the decay starting later than in the

rapid NB86 case, the parameterized profiles can be closely approximate LES using

the same decay rates as in the more rapid NB86 decay. That is proportionally to

t−2 for σ2
w, t−1.2 for ε and t−5 for w3. The individual plots (a), (b) and (c) show

that this produces a reasonable approximation to LES, although with the decay

starting slightly earlier in all parameterized cases.

In terms of the turbulence parameters, the main difference between this transition

and that of Nieuwstadt and Brost (1986) is that the decay occurs at a later time

in the run. When the parameters do decay they do so at a similar rate in both

transitions. This indicates that as an extension to this work it may be possible to

develop parameterizations for the evening transition based on the initial and final

state of boundary layer turbulence (i.e. parameterizations for the steady CBL and

SBL), and the time of transition determined by the surface heat flux.

Figure 5.30 shows the results of modelling plumes using the parameterized profiles

in LS models compared with LSM-LESt-vary+skew+σ-mod and LES. The early releases

represented by plots (a), (c) and (e). In the case of the low particle release, the

estimated plume height and spread predicted by both LS models are in good agree-

ment with LES. In the mid-release we see similar behaviour to the rapid decay case,

with the parameterized profiles initially predicting the plume to rise as opposed to

fall as suggested by LES. The long term agreement, however, remains good. In

the high release, again the plume behaviour is accurately captured by both LS
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(a) (b)

(c)

Figure 5.29: Volume averages of (a) vertical velocity variance, dissipation of TKE (b),

and (c) third moment of vertical velocity over the duration of a Sorbjan (1997) gradual

transition. Generated using the Sorb1 large-eddy simulation (stars) and parameterized

profiles (red line).
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Figure 5.30: A comparison of mean plume heights in the Sorbjan (1997) evening transi-

tion, generated using LSM-LESt-vary+skew+σ-mod (magenta), LSM-Paramt-vary+skew (blue),

and LES (black) as detailed in table 5.2. zp gives the release height and td gives the time

of release relative to the switch-off of surface heat flux.
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models when compared with LES. This high level of agreement is likely a result of

the particles dispersing significantly before the convective turbulence decays, hence

representing the simpler case of a quasi-stationary CBL.

The later releases, 5000 seconds after the start of the transition, are given by fig-

ures (b), (d) and (f). For the near surface release, the LEM driven LS model

LSM-LESt-vary+skew+σ-mod qualitatively captured the behaviour of the plume well,

showing the initial overshoot of mean plume height, however it overestimated the

mean height and spread. The LS model driven by parameterized profiles failed to

capture the initial behaviour of the plume, but towards the end of the run pro-

duced excellent agreement with LES. In the mid-release, as for the rapid decay,

the parameterized model shows a rapid initial lift off of particles from their release

height not present in the LES simulations. This initial error in mean height is

propagated throughout the run. Finally for the high release, similarly to the low

release, LSM-LESt-vary+skew+σ-mod more accurately captures the qualitative initial

behaviour of the plume, but the parameterized model gives closer mean height and

spread in the long term.

From these results it appears that parameterizing the turbulence properties of the

boundary-layer to drive an LS model can give good agreement to LES predicted

plume behaviour during the evening transition, in particular at times greater than

two hours from the release.

5.6 Discussion

In this chapter we examined the effect of time-varying turbulence on plume disper-

sion. We initially used large-eddy simulation to consider the decay of convective

turbulence as used by Nieuwstadt and Brost (1986). Starting from a typical day-

time convective boundary layer, the decay of convective turbulence was initiated by

an instantaneous switch-off of surface heat flux. The potential temperature evolved



CHAPTER 5. DISPERSION IN DECAYING TURBULENCE 162

to a state of slightly positive temperature gradient in agreement with Nieuwstadt

and Brost (1986), Pino et al. (2006) and Grant (1997). We also considered the rate

of decay of volume averaged vertical velocity variance and dissipation, and found

them to be in agreement with the results of Nieuwstadt and Brost.

Having shown large-eddy simulation produced the expected evolution of turbulence

throughout the idealised transition, the effect of the state of turbulence on plume

dispersion was considered. Using LES it was shown that as the turbulence decays

and the positive temperature gradient develops, particle mixing is reduced and

plumes become shallower containing higher concentrations, and remain closer to

their height of release.

We moved on to consider how Lagrangian stochastic particle models may be for-

mulated to treat the same decaying turbulence. It was initially found that applying

the skewed model for quasi-stationary turbulence LSM-LESnon-t-vary+skew to turbu-

lence rapidly varying in time led to a violation of the Thomson (1987) well-mixed

criterion. This highlighted the requirement that the time-variation in turbulence

parameters be represented in the formulation of our LS models. Two such models

were used to simulate plumes at various heights and times relative to the transi-

tion: LSM-LESt-vary+non-skew taking into account variations in time but not skew-

ness, and LSM-LESt-vary+skew as developed in Chapter 2 including time variations

and skewness of vertical velocities. The two models were compared with LES with

LSM-LESt-vary+skew producing more accurate plume mean height and spread, par-

ticularly for releases later in the decay. Both models, however, failed to accurately

capture the plume behaviour at these later times.

It was theorised that the positive temperature gradient developing in the residual

mixed layer was inhibiting vertical motions in the LES, but was not represented in

our LS models. To include this temperature gradient, a modified profile of verti-

cal velocity variance was introduced based on separating turbulent and wave-like
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motions using the Brunt Väisälä frequency. By modifying the profile in this way,

the agreement of plumes simulated using our LS model to LES was greatly im-

proved. Finally the rates of decay of σ2
w, ε, and w3 were determined using LES,

and parameterized profiles were used to drive the LS model over the duration of the

transition. This method was shown to produce good agreement with LES at long

times, but less accurately captured the behaviour of the plume soon after particle

release.

In the second half of this chapter, we considered an alternative, more gradual

evening transition forced by surface heating as suggested by Sorbjan (1997). It

was found that this slower rate of decay still supported the development of a

slightly positive temperature gradient later in the transition. Consequently the

results of this decay were similar to those of the more rapid transition. Our LS

models LSM-LESt-vary+non-skew and LSM-LESt-vary+skew performed well for the ear-

lier particle releases but failed to accurately describe the plume at later release

times. Representing the stability in the same way as for the more rapid decay

again improved the agreement for the low and mid releases, however performed

worse than the unmodified variance profile for the highest particle release. Finally

using parameterized profiles again produced good agreement to plumes generated

using LES, in particular at times further from the time of release time.



Chapter 6

Modelling an observed evening

transition

6.1 Driving LES with observed surface heat flux

In the previous chapter we investigated the dispersive effect of an instantaneous

and gradual reduction of surface heat flux representing the decay of convective tur-

bulence in the boundary-layer evening transition. In both cases the surface tended

to a state of zero heat flux and our simulations focused on the decay of convec-

tive turbulence. In the real atmosphere, however, the surface heat flux typically

continues to evolve, with negative heat flux at the surface leading to the develop-

ment of a stable boundary layer (see Section 1.1.1). Such a developing SBL will

have more strongly stable stratification than occurs in the residual mixed layer, as

can be seen from our later simulations (figure 6.4a). This is expected to strongly

inhibit the vertical transport of pollution leading to high concentrations in the SBL.

Accurately modelling this period of the transition is vital since small changes in

particle release time or position could lead to large differences in plume dispersion.

An example was given in figure 5.1, with pollutants released above the developing

SBL likely to be lofted and transported for long distances away from the source,

and pollutants being released into the developing SBL becoming trapped in high

164
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concentrations by the strong stable stratification. It was shown in the previous

chapter that a range of LS models did not accurately capture plume behaviour for

releases in the weakly stratified residual mixed layer, and we developed a modifi-

cation to the vertical velocity variance to represent the effect of this stratification.

This modification led to a significant improvement in dispersion predictions by LS

models when compared to LES.

To extend our findings for decaying convective turbulence to a full evening transi-

tion we consider the following:

1. What is the effect of the developing SBL on dispersion during the

evening transition?

2. Can the σ2
w modification developed in Chapter 5 be applied to the

stable boundary layer?

We aim to answer these questions using the modelling techniques laid out in Chap-

ters 2 and 3. We will consider a higher resolution LES to resolve shear driven

turbulent motion in the developing SBL and investigate particle releases in that

region. The LS models developed throughout Chapter 5 will be applied to releases

in the SBL and the residual mixed layer as well as for different release times relative

to the transition. Results will be compared against LES and the accuracy of using

the modified σ2
w profile for simulating dispersion in the SBL will be reviewed.

6.2 LES of a full evening transition

To examine the effect of a full transition from CBL to SBL, we force the LES

with observations from the Cardington airfield, Bedford, UK (on the evening of

September the 23rd, 2003), including surface heat flux as shown in figure 6.1 and

a geostrophic wind speed of around 7 ms−1.

The difficulty associated with simulating a full evening transition from convective

to stable boundary layer lies in the range of turbulent scales. In the CBL we are
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Figure 6.1: Surface heat flux over time from the Cardington site for the evening of

September the 23rd, 2003.

constrained to a minimum area of horizontal domain such that multiple large-scale

eddies may lie within our simulated range, and the periodic boundary conditions

do not have a significant impact on the overall flow. This minimum domain size

was suggested by Mason (1989) to be x = y = 3.2zi where zi is the CBL depth.

The domain depth must also be sufficient to contain the CBL plus a region in

which the behaviour above zi is represented. In the SBL the grid resolution is con-

strained by the aim to resolve the largest eddies, on the scale of tens of metres. To

simulate an evening transition starting from a convective state boundary layer and

finishing with a stable boundary layer, a domain size of at least 3 km3 is desired

at approximately 10 m resolution. This means carrying out LES on approximately

300×300×90 grid points with a significantly reduced time-step due to the finer res-

olution. To complete such a simulation within a reasonable time frame is currently

beyond the capacity of a single processor, leading to the need for parallelization of

LES and our associated particle model.

The large-eddy model described in Chapter 3 contains the option of running with

MPI parallelization using a large number of processors simultaneously to speed up

simulation for large domain sizes and high resolution runs. Each processor stores

and carries out calculations on a slice of the domain made up of a certain number
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of grid points in the x direction. Message passing and ‘halo’ slices (overlapping

with adjacent slices) are used to ensure the flow is simulated as a whole and is

continuous from one slice to the next (see figure 6.2). A more detailed discussion

of the parallelization of the LEM can be found in Brown et al. (1994).

Figure 6.2: LES domain split onto 4 processors, each working on IIPEP+4 slices in the

x-direction where IIPEP = Nx/Np where Nx is the number of x-direction grid points

and Np is the number of processors. The +4 refers to the shaded overlapping halo slices

(Gray et al., 2001).

To produce boundary-layer diagnostics in a full transition such as this, the LEM is

run in parallel for the surface forcing shown in figure 6.1 and at 10 m horizontal res-

olution and variable vertical resolution over a 256×256×90 grid. This is four times

as many points in each horizontal direction, and approximately a quarter of the

grid spacing as was used in our previous simulations. Since halving the grid spacing

is expected to approximately half the time step, this leads to an expected run time

for serial processing 64 times longer than in our previous simulations. Simulating

one hour of convective boundary-layer turbulence on a 64 × 64 × 90 grid with 50
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(a) (b)

Figure 6.3: Vertical velocity in the x−z plane for (a) large positive surface heat flux, and

(b) negative surface heat flux. Vertical velocities represented by colour (note the different

contour range in the two plots).

m horizontal spacing took approximately 45 minutes on one of four Intel Core2

2.66 GHz processors on a Linux desktop workstation. To simulate the same condi-

tions and duration on a 256× 256 × 90 grid with 10 m horizontal resolution using

64 processors on the Met Office IBM Power6 supercomputer took less than 5 hours.

The high resolution model is initialised with a uniform temperature up to 800 m

with an overlying inversion of strength 0.0025 Km−1 and uniform wind of 7 ms−1

in the x direction. The extension of the surface forcing to include negative heat

flux leads to a visible change in boundary-layer structure and eddy size over the

course of the transition. x − z cross sections of vertical velocity at t = 7200 s and

t = 21600 s through the simulation (where t is measured relative to the start of the

observed surface heat flux) corresponding to strongly positive and negative surface

heat flux are shown in figure 6.3.

Through comparison of the two figures 6.3a and 6.3b, the different structure of the

boundary layer with different surface forcing is apparent. The first difference to

note is the range of vertical velocities, with the largest motions in the convective
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case being around 3 ms−1. In the stable case with vertical motions inhibited by

the temperature gradient, the vertical velocities are much smaller with magnitude

not greater than 0.3 ms−1. The different eddy scales can also be seen from these

plots, with figure 6.3a showing a clear convective column extending over the en-

tire depth of the boundary-layer (around x = −1000 m). In figure 6.3b the small

turbulent eddies generated by wind shear can be seen in the bottom 250 m of the

layer, individually extending over depths of only tens of metres. There appears to

be very little vertical motion in the residual mixed layer between 250 and 1250 m

however there appears to be some larger scale transport processes occurring above

this in the inversion. This behaviour may also be present in the convective case

but is not visible in 6.3a due to the larger range of vertical velocities.

Area averaged boundary-layer properties at selected times throughout the transi-

tion are presented in figure 6.4. These can be compared to similar properties from

the NB86 and Sorbjan transitions in Sections 5.3 and 5.5. 6.4a shows that the

mean potential temperature profile in positive heat flux resembles that of a typical

clear topped CBL. As the heat flux decreases and becomes negative we observe a

shallow layer with strong positive temperature gradient developing, deepening over

time. In the residual mixed layer above the developing stable layer the potential

temperature appears to be approximately uniform, however it has a slight positive

gradient as discussed by Grant (1997) and Pino et al. (2006). The behaviour of the

potential temperature over time can be better understood when accompanied by

the heat flux as shown in 6.4b. Initially in the CBL, heat from the surface is trans-

ported upwards while entrainment at the upper boundary warms the CBL from

the top. As the surface heating decreases but remains positive the profile remains

typical of the CBL. As the surface begins to cool we see the heat flux becoming

negative in the lowest part of the boundary-layer while above in the residual mixed

layer the heat flux tends to zero.

The vertical velocity variance shown in figure 6.4d appears to decay proportionally
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Figure 6.4: Vertical profiles of (a) potential temperature, (b) heat flux, (c) wind speed,

and (d) vertical velocity variance and various times throughout the observed boundary

layer transition.
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over the depth of the CBL as the surface heating is reduced. By t = 32400 s the

variance in the residual mixed layer has decayed to near zero, however a small vari-

ance is maintained near to the surface as a result of the shear generated turbulence.

Finally the wind profile given by figure 6.4c is initially sub-geostrophic in the CBL

conditions with a step change to geostrophic in the free atmosphere. Over time,

as the surface heat flux decreases, the wind velocity increases more gradually from

the surface than in the CBL but reaches a greater value throughout the residual

mixed layer. This behaviour is typical of an inertial oscillation associated with the

evening transition.

6.2.1 Particle dispersion in a full transition using LES

Running the LEM in parallel over several processors presents problems concerning

the tracking of particles within the flow. Because each processor only holds the flow

velocities for the section of the domain allocated to it, either the particles must be

sorted and allocated to the correct processor to determine their movement, or the

flow velocities must be collected onto one processor which will update the position

of all particles.

The modification of our LES particle model to run in parallel must take into ac-

count how to make most efficient use of the available resources. Firstly the workload

allocated to each of the multiple processors should be approximately equal to avoid

processors sitting idle while others complete calculations. Secondly the amount of

information passed between processors should be kept as small as possible since

the time required to run a simulation will be a combination of the time taken to

perform any calculations and the time taken to pass any information. Three pos-

sible approaches are outlined below.

1. All particle calculations are carried out on a single control processor. - The

approach requiring the least modification to our serial particle model would be to
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simulate all particle paths on a single processor by passing the velocity fields from

all other processors to it at each time-step. This method, however, is likely to

be largely inefficient with a bottleneck of information being supplied to a single

processor and an uneven division of workload.

2. A single control processor allocates particles to a specific processor based on

their position. - Like the previous method, the particle positions are held on one

control processor. At each time-step, the control processor uses the 3D position of

each particle to calculate which processor holds the appropriate velocity fields, and

sends the particle’s 3D position to that processor. The position is then updated

on that processor in the way described in Section 3.4, and the new position is sent

back to the control processor. While this method should produce a more balanced

workload, a single control processor still performs more calculations than the others

in sorting the particle positions. The amount of data passed between processors

is also reduced from 256 × 256 × 90 × 4 for the values of velocity and diffusivity

at each grid point, to the 3D position of each particle i.e. 3 × N where N is the

number of particles.

3. Particles remain split between processors, and only statistical information is

passed to a control processor for outputting. - The previous methods could be im-

proved upon if we eliminate the need for a control processor. We may instead begin

with particles assigned to the appropriate processor based on their position. The

particle path is calculated by the given processor until it moves out of that pro-

cessors simulation domain, in which case it is passed to the appropriate adjacent

processor. Diagnostics can be calculated on each individual processor and passed

to a single processor to be reassembled and output. This would lead to even work-

load allocation and minimal message passing provided the particles are well-mixed

over the x-range of the domain. Such a method is suitable for our grid release of

particles, however, would be inefficient for a point source.
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Figure 6.5: Particle release times shown by the dashed lines with respect to the evolution

over time of (a) surface heat flux, and (b) volume averaged vertical velocity variance.

To calculate plume statistics in the full transition, we applied the second approach

discussed above to simulate the paths of 90,000 particles in the LES discussed in

Section 6.2. The third and most efficient approach described above was not used

due to time constraints, but is highlighted as a possibility for future improvement

to the code. Two particle release heights of 50 and 500 m were used, with the

50 m release lying within the strongly positive temperature gradient of the SBL

soon after it began to develop and the 500 m near the middle of the residual mixed

layer. The release times were decided upon through a combination of the surface

heat flux, the volume average vertical velocity variance as used in the previous

chapter, and the temperature profile. The aim was to release the particles before

and during the rapid decay of σ2
w. Figures 6.5a and 6.5b show the chosen release

times of t = 12000 and 20000 s in relation to the surface heat flux and volume

average vertical velocity variance.

In figure 6.6 the volume averaged vertical velocity variance for this observed surface

heat flux transition is compared to that of the rapid and gradual decay presented

in the previous chapter. It can be seen that the gradual transition previously sug-

gested by Sorbjan (1997) (in blue) is a fairly accurate representation of the rate of

decay of vertical velocity variance in the observed surface heat flux case (in red).
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Figure 6.6: Volume averaged vertical velocity variance for the instantaneous switch-off

of surface heat flux (grey), the gradual decay of surface heat flux (blue), and the observed

decay of surface heat flux (red).

Consequently we expect the decaying of convective turbulence to behave similarly

to that which was simulated in Section 5.5, with the main difference in the flow

being the development of the SBL near the ground.

The plume mean heights and standard deviations from LES of the two release

heights and times described above are shown in figures 6.7a to 6.7d. The earlier

near-ground level particle release shown in (a) exhibits the same take-off and ini-

tial overshoot of the mean plume height as observed in our previous studies of

convective turbulence. This indicates that while the surface heat flux is rapidly

diminishing at the point of particle release, the value of around 50 Wm−2 is main-

taining the production of convective eddies. We find the value of u∗/w∗ at this

point to be 0.22, confirming that buoyancy is the dominant source of turbulence

production. If we compare the near-ground to the mid-level release at the same

time (c) we see that the mean plume heights do not tend to the same level as was

the case for the slowly evolving CBL. This may be due to the smaller surface heat-

ing producing weaker updrafts. The mid-level release also shows little deviation

of the mean plume height about the release height, indicating a more symmetric

turbulence structure in the boundary layer.
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Figure 6.7: LES of mean plume height (solid) plus and minus one standard deviation

(dashed) for particle releases in a transition forced by observed surface heat flux.
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The later low-level release (b) is of particular interest since by this point an SBL

has developed with a strong positive temperature gradient at the height of particle

release (see figure 6.4a). The mean plume height can be seen to deviate very little

away from the release height and the spread of the plume remains small for the

duration of the simulation. This behaviour occurs as a result of the strong stratifi-

cation suppressing vertical motions as discussed in Section 6.1 and seen to a lesser

extent for dispersion in the weakly stratified residual mixed layer in Chapter 5.

When compared with figure 6.7a, the large effect of the stable stratification and

reduced turbulent energy can be seen with the plume spread reduced from around

700 m to under 150 m. If we examine the later mid-level release (d) we see that

the spread is reduced compared to the earlier release due to the decay of turbulent

motions in the residual mixed layer, but only by around half without the effect of

the strong positive temperature gradient.

6.3 Particle dispersion in a full transition using

LS Models

In the previous chapter we investigated a range of LS models for simulating disper-

sion in decaying convective turbulence, determining the importance of representing

both skewness and the time variation of turbulence in predicting plume statistics.

We found that the model LSM-LESt-vary+skew gave the closest agreement to the

results of LES, but consistently overestimated the plume spread for releases later

in the transition. It was considered that non-turbulent motions were contribut-

ing to the overall vertical velocity variance in the slightly stably stratified residual

mixed layer generating excess mixing in the LS simulations. To counteract this,

the vertical velocity variance was modified to represent only the variance from tur-

bulent vertical motions, resulting in improved agreement between LES and LSM-

LESt-vary+skew+σ-mod.
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Figure 6.8: Mean plume heights (solid) plus and minus one standard deviation (dashed)

for particle releases in a transition forced by observed surface heat flux, generated by LES

(black), LSM-LESt-vary+skew (blue), and LSM-LESt-vary+skew+σ-mod with modified variance

profile (magenta).

To investigate the scope of modifying σ2
w to treat stably stratified flows, we consider

LSM-LESt-vary+skew (without modified σ2
w profile) and LSM-LESt-vary+skew+σ-mod

(with modified σ2
w profile) applied to the 4 releases used in the previous section.

To review, the modified variance profile is calculated in the following way:

σ2
wmod

= min

(
σ2

w,
Aε

N

)
.

Figure 6.8 shows that in the near ground early release (a) the unmodified LS model

captures the plume behaviour accurately but overestimates the vertical spread, pos-
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sibly due to non-turbulent motions aloft contributing to the variance profile but

not to the dispersion of particles. The modified variance profile leads to a closer

mean height agreement in the long term but eliminates the plume overshoot of

the BL mid-height we expect from convective turbulence. In the case of the later

low-level release (b), LSM-LESt-vary+skew greatly overestimates the vertical spread

of the plume due to the lack of representation of the stable stratification. The mod-

ified variance profile again used in LSM-LESt-vary+skew+σ-mod significantly reduces

the spread of particles, predicting plume statistics much closer to those produced

using LES.

The early mid-level release (c) shows LSM-LESt-vary+skew producing excellent agree-

ment with LES. Modifying the variance profile has the effect of representing less

vertical motion at the top of the boundary layer, leading to the prediction of a

lower plume height, however the plume spread is still captured. Finally for the

later mid-level release (d) LSM-LESt-vary+skew again overestimates the spread of

the plume. As previously mentioned we expect the decay of convective turbulence

using this observed surface heat flux to behave similarly to the gradual decay of the

previous section (see figure 6.6). This includes the development of a slightly stable

residual mixed layer, the result being that the modified variance profile again more

accurately predicts the spread of the plume, particularly at an hour or more after

release.

In these simulations a value of 1 for the parameter A gave reasonable agreement

between LSM-LESt-vary+skew+σ-mod and LES for all release heights and times. If

we re-run the simulations of the mid-level early release and the near surface later

release with A = 0.5, however, figure 6.9 shows that the agreement between LSM-

LESt-vary+skew+σ-mod and LES is improved for the low release but unaffected for the

mid-level release. This suggests that a variable A dependent on local boundary-

layer properties such as temperature gradient could be more applicable to this

method of modifying the variance profile. Further investigations into this area
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Figure 6.9: Mean plume heights (solid) plus and minus one standard deviation (dashed)

for particle releases in a transition forced by observed surface heat flux, generated by LES

(black), LSM-LESt-vary+skew (blue), and LSM-LESt-vary+skew+σ-mod with modified variance

profile (magenta).

may wish to consider how the parameter A could be formulated to give more ac-

curate dispersion predictions in a wider range of boundary layer conditions.

6.4 Summary

In this chapter we have shown that the volume averaged vertical velocity variance

during an evening transition forced by observed surface heat flux decays similarly

to that of the gradual decay suggested by Sorbjan (1997). This suggests that

parameterizing the decaying surface heat flux through a cosine function such as

Sorbjan did can be an accurate way of representing an observed evening transition.

We simulated particle paths for two release heights and two release times. For

both early releases the positive surface heat flux resulted in plumes behaving as

would be expected in convective turbulence. The later mid-level release showed

decreased mixing due to the reduced amount of turbulence, however the low-level

release showed a significantly reduced plume height and spread as a result of the

strong positive temperature gradient in the developing SBL. We simulated releases
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from the same heights and times using the LS model LSM-LESt-vary+skew forced

with turbulence parameters from LES. It was found that, similarly to the previ-

ous chapter, modifying the vertical velocity variance to represent only turbulent

motions led to better agreement between LSM-LESt-vary+skew+σ-mod and LES in the

later releases where a stable temperature gradient had developed.



Chapter 7

Summary and further discussion

In this thesis we have developed and applied models to describe the dispersion of

passive tracers in convective boundary layers and over the duration of the evening

transition. We investigated in particular: the importance of skewness in LS disper-

sion models of the CBL; improving the representation of individal particle trajecto-

ries, especially at the top boundary; the effect decaying convective turbulence and

the development of a stable potential temperature gradient has on dispersion; and

how turbulence may be described through parameterizations during the evening

transition.

Model Development

In Chapter 2 we introduced three Lagrangian stochastic models designed to sim-

ulate dispersion in various states of boundary-layer turbulence. All described 1D

(vertical) diffusion in inhomogeneous turbulence, with equation (2.30) applicable

to stationary non-skewed turbulence, (2.27) to non-stationary non-skewed turbu-

lence, and (2.69) to stationary skewed turbulence. We identified that, the during

the evening transition of the boundary layer, turbulence is likely to be both skewed

and rapidly varying in time and as a result may not be well represented by any of

the available LS models. We therefore derived a fourth model (equation 2.79) to

treat non-stationary skewed turbulence.

181
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It was shown in Chapters 2 and 5 that, when applied to the appropriate state

of turbulence, all models satisfied the well-mixed criterion of Thomson (1987).

It was found, however, that driving a stationary LS model such as (2.69) with

rapidly time-varying turbulence parameters leads to a significant violation of the

well-mixed criterion. As a result we conclude that not representing time-variation

appropriately in LS models during the boundary-layer transitions leads to erro-

neous plume predictions, further supporting our development of an LS model to

treat non-stationary skewed turbulence.

While we have chosen LS models to examine the effects of skewness and time-

varying turbulence on dispersion, there are other formulations we have not con-

sidered here which may be of use for further investigation in the field. Two such

examples are: an LS model for three dimensional turbulent diffusion as discussed

by Thomson (1987); and an LS model for dispersion in stratified turbulence based

on a second-moment closure turbulence model as presented by Das and Durbin

(2005). The horizontal spread information added by using a 3D diffusion model

would be particularly beneficial for local concentration predictions, as a large num-

ber of particles at a given height does not necessarily imply a high concentration

if they are widely spread in the horizontal. Such a model would offer 3D plume

statistics for comparison plumes generated by LES, and processes such as fanning

(where a strongly stable layer causes pollutants to fan out in the horizontal) could

be investigated. The potential benefits of using a model for dispersion in stratified

turbulence such as Das and Durbin (2005) can be seen from our work in Chapter 5,

in which the residual mixed layer developed a positive temperature gradient over

the course of the evening transition. It would be of interest to see the extent to

which using such a model could replicate the results obtained from LES.

In Chapter 3 we discussed the use of LES for the simulation of boundary-layer

turbulence and particle paths. LES is well-established in its use for simulating the
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convective boundary layer and we analysed other studies concerning its application

to the evening transition. To simplify the model and investigate only the dispersive

effect of factors such as the skewness of vertical velocities and the rate of decay of

convective turbulence, LES was introduced and run without simulating the effects

of moisture, and only representing radiation through the transfer of heat from the

surface to the air. As a result, further study in the area could aim to investigate

dispersion in a larger variety of boundary-layer states, for example in a range of

types of cloud cover.

Particle trajectories were generated in LES by taking the resolved velocity plus a

representation of the sub-grid velocity at the particle position, and updating the

position at each time-step. This method was similar to that introduced by Mason

(1992), however, where Mason used a parameterization of the diffusivity in a ran-

dom displacement model to represent the sub-grid motions, we use the diffusivity

as calculated by LES over the entire domain. This has the advantage of including

a representation of the sub-grid motions everywhere as opposed to only near the

surface.

Throughout this research and in particular in the case of the evening transition

we have used the results of LES as a point of comparison for LS models. In the

absence of field studies and observations for dispersion in the evening transition,

LES has provided the best approximation to the behaviour of the real atmosphere.

Ideally, future simulations could be compared against data from field studies or

wind tunnel experiments looking at dispersion in the evening transition.

Dispersion in the CBL

In Chapter 4 we used both LES and LS models to simulate dispersion in the CBL,

aiming to determine the extent to which LS models could recreate plume disper-

sion results and the effect of turbulence properties such as skewness. We began by
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simulating plumes from four different release heights using LES, finding them to be

in agreement with the results of De Baas et al. (1986). We moved on to consider

simulating the same conditions using a LS model for stationary, non-skewed turbu-

lence described by parameterized profiles of σ2
w and ε (LSM-Param). This method

produced qualitatively similar results to LES. As opposed to parameterizing the

turbulence through σ2
w and ε we investigated using profiles as calculated from LES

to drive the LS model (LSM-LES). This ensured the same state of turbulence was

represented in both models and any differences in the results would be due to dif-

ferences in the modelling technique. We found that by representing the turbulence

in LSM-LES through σ2
w and ε taken directly from LES improved agreement to the

plume statistics of LES. From this point we continued with the model LSM-LES

and considered the effect of representing skewness as calculated from LES in our

LS model. We found that including skewness in LSM-LES significantly improved

agreement to LES, in particular for releases in the middle of the boundary-layer

where the skewness is largest.

In the latter part of Chapter 4, we investigated the behaviour of particles simulated

using LES and LS models in a unique way, considering the physical structure of in-

dividual particle trajectories as well as plume statistics. A side-by-side comparison

of trajectories produced using LES and LSM-LES showed that representing the top

of the boundary layer with a reflection condition in LS models was not physically

accurate. While particles simulated using LES turned slowly when approaching the

boundary, the LSM-LES reflective boundary caused sharp, un-physical changes in

particle direction and velocity. We noted that, in the absence of a boundary con-

dition, particles simulated using LSM-LES were able to disperse into the region

above the boundary layer due to a non-zero vertical velocity variance there. We

prevented this by representing the stable stratification of the atmosphere above the

boundary layer, achieved by removing contributions of variance due to wave-like

motions from σ2
w, leaving only the turbulent component. This resulted in smoother,

physically accurate behaviour of particles at the top boundary without the need
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for a reflection condition. We also showed that this model maintains the excellent

level of agreement with LES as previously found with the reflection condition.

Dispersion in decaying turbulence

In Chapter 5 LES was used to simulate dispersion in decaying convective turbu-

lence typical of a boundary-layer evening transition. Two different rates of transi-

tion were applied through prescribed surface heat fluxes: an instantaneous switch

off (Nieuwstadt and Brost, 1986); and a cosine function decrease (Sorbjan, 1997).

We compared the state of turbulence in our own LES to those of Nieuwstadt and

Brost (1986) and Sorbjan (1997) over the duration of the transition, finding the

results to be in agreement. On this basis we proceeded to use the LES transition

to simulate dispersion.

Considering the path of a single particle suggested that large-scale motions persist

for a time after the surface heating is removed. We examined plume statistics for

particles released before, at the point of, and after the start of the transition. It was

shown that, after the start of the transition, the decay of turbulent eddies leads to

significantly less dispersion away from the plume release height, and tighter plumes

containing higher horizontally integrated concentrations. We initially considered

the use of the LS model for stationary skewed turbulence LSM-LESskew to simulate

the evening transition driving it with time-varying profiles of σ2
w, ε and w3, how-

ever, it was shown not to satisfy the well-mixed criterion.

We went on to compare LS simulations forced by skewed and non-skewed time-

varying turbulence. It was shown for various release heights and times that the

model for skewed non-stationary turbulence developed in Chapter 2 more accu-

rately captured plume behaviour. Both of the LS models, however, overestimated

the spread of particles compared to LES. This was attributed to the positive tem-

perature gradient developing during the transition inhibiting vertical motions. To
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account for this, we revisited the correction to the vertical velocity variance profile

developed in Chapter 4, making σ2
w representative of only the turbulent motions.

Using this method, agreement between the LS model and LES was greatly im-

proved for all release heights and times.

In the slowly evolving CBL and SBL, parameterizations of σ2
w, ε and w3 based

on various observations and simulations have been used to describe the state of

turbulence. Parameterizations such as these are useful as they approximate the

turbulence based on a general classification of the boundary-layer, as opposed to

calculating the turbulence through a computationally expensive model such as LES.

There were no such parameterizations, however, to represent turbulence through-

out the evening transition. We therefore aimed to construct them, starting from

suggested parameterizations for the CBL, as given by Weil (1990). We then used

the volume averaged quantities of σ2
w, ε and w3 from LES over the duration of the

transition to calculate their rate of decay.

On driving the LS model with the newly developed parameterized profiles, plume

statistics showed good agreement to LES in the long term but less accurately cap-

tured the plume behaviour at short times. We note that the parameterizations

developed in Section 5.4.2 are not widely applicable due to our matching the de-

cay rate of σ2
w, ε and w3 to a specific large-eddy simulation. We have previously

shown that the decay rate of ε is strongly dependent on wind shear, hence future

work in this area may aim to construct more general parameterizations of σ2
w, ε

and w3 for the evening transition, dependent on the boundary-layer characteristics.

To test the effect the rate of transition has on dispersion we forced the LES with

a more gradual decay of surface heat flux as used by Sorbjan (1997). We found

that this slower transition delayed the decay of σ2
w but did not significantly affect

the rate of decay. This had a knock on effect to the particle paths, with plume

spread decreasing as the convective turbulence decayed, but at later times after
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the start of the transition. In this more gradual transition, the modified variance

profile was less effective at matching the results of LSM-LESt-vary+skew+σ-mod to LES

than in the rapid transition, however, it still performed significantly better than

LSM-LESt-vary+skew.

A higher resolution LES was applied to model dispersion in a full transition in

Chapter 6, with observed surface heat flux leading to the development of a shallow

SBL. It was found that this stable layer strongly inhibited the vertical spread of

particles released near the surface. LS simulations were carried out in the same

way as the previous chapter, and it was again found that not representing the

stratification led to an over-dispersion of particles. Modifying the vertical velocity

variance to account for the atmospheric stability led to better agreement between

LSM-LESt-vary+skew+σ-mod and LES.

7.1 Future work

In this study we have predominantly examined how the state of turbulence in the

boundary layer affects dispersion. In the case of the CBL we focussed on the effect

of skewness of vertical velocities, and in the evening transition we considered plume

behaviour in decaying convective turbulence. To achieve this we removed the pos-

sibility of effects due to particle type by considering passive ‘marked’ parcels of air,

and simplified the transition by not modelling the effects of moisture or radiation

in LES. In various real world situations, however, these factors are likely to play a

significant role and consequently there is a range of further research to be carried

out in this area. A sample of possible points of investigation are discussed below:

Modelling the source

In our simulations passive particles have been released instantaneously into the

boundary-layer, however there are various sources that do not fit this model. A

chimney plume, for example, could be a variable strength, continuous, buoyant
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source of a wide range of gases and particulate matter of various sizes. The effect

of particle size and mass on dispersion or deposition may be of particular interest

in the boundary layer evening transition, with the greater magnitude of vertical

velocities in the CBL likely to be more effective at keeping particulate matter air-

borne than the lower velocities of the SBL. The chemistry of dispersing gases may

also be of interest, with the concentration of certain gases such as sulphur dioxide

reacting with oxygen in the atmosphere leading to acid rain.

Modelling the boundary-layer

We have simulated the daytime CBL and evening transition through LES not con-

sidering the effects of moisture or radiation except for through a specified surface

heat flux. In reality the effects of moisture and radiation can produce a much

wider range of boundary-layer structures and behaviours. The UK Met Office

unified model classifies the boundary-layer into six types including cumulus and

stratocumulus cloud cover (Van der Wal, 1998). Investigating the effect of ad-

ditional boundary-layer classifications on dispersion during the evening transition

could be used to further develop operational dispersion models.

Observations and experimentation

Due to a lack of dispersion observations during the evening transition we have

used LES as a basis of comparison for LS modelling techniques. By comparing

dispersion results of LES to previous studies such as those of De Baas et al. (1986)

and Willis and Deardorff (1976, 1978, 1981) for the CBL, and LES boundary-layer

structure to observations and theory for the evening transition, we have obtained

the closest approximation to behaviour in the real atmosphere. It is hoped that

further research in this area will include dispersion field studies such as Angevine

et al. (1998) and Poulos et al. (2002) but carried out over the evening transition,

and experimental wind tunnel studies like those of Fedorovich et al. (1996) but

forced with decaying surface heat flux to represent the decay of convective tur-

bulence. The combination of such studies with modelling approaches such as our
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own should form a basis for expanding understanding in the field of dispersion by

boundary-layer turbulence throughout the diurnal cycle.
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