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By employing a modified modal matching approach, we obtain explicit analytical expressions relating
frequency to in-plane wave vector for the surface electromagnetic mode confined at the interface between
vacuum and a perfect conductor patterned with a two-dimensional square array of square holes. Our complete
analytical formalism takes into account both multiple order waveguide modes and diffracted evanescent waves,
hence overcoming the a priori assumptions intrinsic to previous descriptions of the dispersion of these surface
waves. We validate our derived dispersion relation through comparison with that recently recorded at micro-
wave frequencies using prism coupling. Finally, we show that diffracted evanescent waves play an important
role in determining the dispersion, so that the electric field associated with “designer” surface modes is much
more weakly confined to the interface than the field associated with surface plasmons on real metal surfaces.
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I. INTRODUCTION

The electromagnetic response of metals at low frequen-
cies is dominated by their large conductivities, making it
difficult to exploit the unique properties of surface plasmons
�SPs� at wavelengths beyond the infrared. However, it has
been known for some decades that perforated and structured
metallic interfaces can guide terahertz1 and microwave
radiation.2 More recently, the exciting realization that one
can design metal-dielectric composites to obtain unique SP-
like properties has opened the field of plasmonics to low-
frequency domains. Pendry and co-workers3,4 were among
the first to speculate about an extension of plasmonics into
these long-wavelength regimes using these new composite
materials. Pendry and co-workers3,4 proposed that even in
the perfectly conducting limit �i.e., using materials with in-
finite conductivity�, a perforated surface of a highly conduct-
ing substrate can support SP-like interface modes, and for-
mulated an analytical dispersion equation for the mode. The
dispersion of the mode asymptotically approaches a cutoff
limit, characteristic of the holes, representing the effective
surface plasma frequency. This result highlighted the possi-
bility of creating “designer” �or “spoof”� SP-like modes with
almost arbitrary dispersion generated through structure rather
than material composition. The existence of these surface
modes has since been confirmed by rigorous numerical
modeling5–8 and experiments at microwave9 and, subse-
quently terahertz frequencies.10

A structure similar to that considered by Pendry and
co-workers3,4 in their analytical approach is depicted in Fig.
1. It consists of a metallic surface �considered to be perfectly
conducting� into which is impressed rectangular holes with
sides a1 and a2 in a rectangular array described by a unit cell
with sides d1 and d2 �note that the authors in Refs. 3 and 4
considered the special case of a square array, i.e., where a
�a1=a2 and d�d1=d2�. This structure is similar to, but
much thicker than, that analyzed by Ulrich and Tacke1 in
their earlier work, with an addition of a lossless dielectric
material described by relative dielectric constant �h and a
relative permeability of unity inside the cavities. This dielec-
tric material plays an important role in determining the prop-

erties of the surface, as it reduces the cutoff frequency for
light propagating in the holes. The holes may be considered
as waveguides having a cutoff frequency below which only
evanescent fields exist on the metal side of the interface. It is
precisely this characteristic that is required for a localized
surface mode to be supported. In order to determine the dis-
persion relation of the SP-like modes on a surface penetrated
by infinitely deep holes, Pendry and co-workers3,4 considered
the field inside and outside the holes to be approximated by
the TEst=TE01 waveguide mode �i.e., the least strongly eva-
nescent for frequencies below cutoff� and the specular reflec-
tion of the surface, respectively. The resulting analytical dis-
persion relations derived in Refs. 3 and 4 by Pendry and
co-workers are therefore considered only in the limit a�d
��0, where �0 is the vacuum wavelength. Moreover, even in
this “long-wavelength” regime, García de Abajo and Sáenz5

pointed out that significant discrepancies from the dispersion
relation first predicted by Pendry and co-workers3,4 may be
expected when higher order waveguide modes are included
in calculations. Indeed, this was substantiated using exact
numerical modeling5 for an array of infinitely deep holes
with dimensions a=0.8d. Further numerical modeling �using
finite element,6 modal expansion,7 and finite time domain8

numerical methods� has shown that hole period and depth
can be particularly critical in determining the precise disper-
sion relation of the surface mode supported by these sub-
strates. It is clear that a universal analytical formalism is
required.
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FIG. 1. Interface between vacuum and a two-dimensional, peri-
odic array of square holes in a perfect conductor. The holes consid-
ered here are of depth h, side a, separated by distance d and filled
by dielectric �h. Unless otherwise stated, we take �h=10.
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Here we employ a modified modal matching method to
take into account multiple order waveguide modes, diffracted
evanescent waves, and finite hole depth. We overcome the a
priori assumptions intrinsic to the analytical formalism in
Refs. 3 and 4, obtaining explicit analytical expressions relat-
ing frequency to in-plane wave vector for the electromag-
netic surface mode at the interface between a vacuum and a
periodically perforated perfect conductor. We validate our
derived dispersion relation through comparison to the re-
cently measured dispersion of a prism-coupled microwave
SP-like surface mode. Finally, we show that diffracted eva-
nescent waves play a very significant role in determining the
dispersion that results in the confinement of designer SPs
being significantly weaker than that of real SPs on flat metal
surfaces.

II. THEORETICAL FORMALISM

Below, we develop the formalism to describe the rectan-
gular grating in Fig. 1, based on the earlier work of McPhe-
dran et al.11 Our starting point is to define expressions for the
electric and magnetic fields in the regions either side of the
interface. For simplicity, note that in the following we omit
the time �t� dependent component to the fields, �exp�i�t�,
where � is the radial frequency. We express the electric field
in the vacuum region as a two-dimensional Fourier-Floquet
expansion of diffracted orders

Ex
vac = �

m,n
Ax

m,n�1�x,y�exp�− ikz
m,nz� , �1a�

Ey
vac = �

m,n
Ay

m,n�1�x,y�exp�− ikz
m,nz� , �1b�

where

�1�x,y� = exp�i�kx +
2m�

d1
�x	exp�i�ky +

2n�

d2
�y	 .

�1c�

The integers m and n denote the diffracted orders from the
bigrating of pitch d1 and d2 in the x and y directions, respec-
tively, and the factors Am,n describe the electric-field ampli-
tude. k is the wave vector associated with a particular dif-
fracted order. In our derivation, since we are interested in the
dispersion of a propagating surface mode, we assume kx and
ky to be real. The z component of the wave vector can be
written as

kz
m,n =
��

c
�2

− �kx +
2m�

d1
�2

− �ky +
2n�

d2
�2

, �2�

where c is the speed of light. Inside the holes, the electric
field is represented by the modes of the cavity,

Ex
cav = �

s,t
�Bx

s,t�2�x,y�exp�iqz
s,tz� + Cx

s,t�2�x,y�exp�− iqz
s,tz�� ,

�3a�

Ey
cav = �

s,t
�By

s,t�3�x,y�exp�iqz
s,tz� + Cy

s,t�3�x,y�exp�− iqz
s,tz�� ,

�3b�

where

�2�x,y� = cos� s�x

a1
�sin� t�y

a2
� , �3c�

�3�x,y� = sin� s�x

a1
�cos� t�y

a2
� . �3d�

The positive integers s and t denote the waveguide mode,
and the factors Bs,t and Cs,t describe the electric-field ampli-
tudes of the decaying wave in the cavity and the reflected
wave from the cavity bottom, respectively. Note that Eqs.
�3c� and �3d� represent both TE and TM polarized modes.
The propagation constant associated with a particular mode
can be written as

qz
s,t =
�h��

c
�2

− � s�

a1
�2

− � t�

a2
�2

. �4�

This quantity is dependent on the dielectric constant of the
material inside the hole. To aid discussion in the following
sections, unless otherwise stated, we choose a value of �h
=10 for this material. By noting that the electric field at the
bottom of a cavity �i.e., at z=h� in a perfect electrical con-
ductor �PEC� must be zero, we can simplify Eqs. �3a� and
�3b�, obtaining

Ex
cav = �

s,t
Bx

s,t�2�x,y�exp�iqz
s,tz� − exp�iqz

s,t�2h − z��� ,

�5a�

Ey
cav = �

s,t
By

s,t�3�x,y�exp�iqz
s,tz� − exp�iqz

s,t�2h − z��� .

�5b�

We can obtain the z components of the electric field inside
and outside the cavity, and subsequently expressions for the
magnetic field H, through the free space Maxwell’s relations
� ·E=0 and �	E=−
0�H /�t. In the vacuum region, the
resulting x and y components of H have the form

Hx
vac = − �

m,n

Ax
m,n�kx +

2m�

d1
��ky +

2n�

d2
� + Ay

m,n��kz
m,n�2 + �ky +

2n�

d2
�2	

i�
0kz
m,n �1�x,y�exp�− ikz

m,nz� , �6a�
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Hy
vac = �

m,n

Ay
m,n�kx +

2m�

d1
��ky +

2n�

d2
� + Ax

m,n��kz
m,n�2 + �kx +

2m�

d1
�2	

i�
0kz
m,n �1�x,y�exp�− ikz

m,nz� , �6b�

while in the cavity

Hx
cav = �

s,t

Bx
s,t �

2st

a1a2
+ By

s,t��qz
s,t�2 + ��t

a2
�2	

i
0�qz
s,t �3�x,y�

	exp�iqz
s,tz� + exp�iqz

s,t�2h − z��� , �7a�

Hy
cav = − �

s,t

By
s,t �

2st

a1a2
+ Bx

s,t��qz
s,t�2 + ��s

a1
�2	

i
0�qz
s,t �2�x,y�

	exp�iqz
s,tz� + exp�iqz

s,t�2h − z��� . �7b�

We now have the x and y components of the electric and
magnetic fields in both regions in terms of the set of un-
knowns Ax

m,n, Ay
m,n, Bx

s,t, and By
s,t. In order to eliminate these

unknowns, we use the fact that both the x and y components
of the electric field must be continuous at the vacuum-
substrate interface �i.e., z=0� over the entire unit cell, while
the magnetic-field components are continuous only at the
hole aperture. Matching Eqs. �1a� and �5a� and Eqs. �1b� and
�5b�, multiplying by �1

��x ,y� and integrating over x and y
from 0 to d1 and 0 to d2, respectively, taking into account the
orthogonality of the eigenmodes of the system, yields

d1d2Ax
m,n = �

s,t
Bx

s,t�1 − exp�i2qz
s,th��R1

s,t,m,n, �8a�

d1d2Ay
m,n = �

s,t
By

s,t�1 − exp�i2qz
s,th��R2

s,t,m,n, �8b�

where

R1
s,t,m,n = �

0

a2 �
0

a1

cos� s�x

a1
�sin� t�y

a2
�

	exp�− i�kx +
2m�

d1
�x	

	exp�− i�ky +
2n�

d2
�y	dxdy , �8c�

R2
s,t,m,n = �

0

a2 �
0

a1

sin� s�x

a1
�cos� t�y

a2
�

	exp�− i�kx +
2m�

d1
�x	

	exp�− i�ky +
2n�

d2
�y	dxdy . �8d�

From Eqs. �8a� and �8b� we see that we have obtained ex-
pressions relating the unknowns Ax

m,n and Ay
m,n in terms of the

unknowns Bx
s,t and By

s,t. We obtain similar expressions by
multiplying equation pairs Eqs. �6a� and �7a� and Eqs. �6b�
and �7b� by �3�x ,y� and �2�x ,y�, respectively, and integrat-
ing from 0 to a1 and 0 to a2 for x and y, respectively,

−
a1a2�1 + ��t��

4

Bx
s,t �

2st

a1a2
+ By

s,t��qz
s,t�2 + ��t

a2
�2	

qz
s,t �1 + exp�i2qz

s,th��

= �
m,n

Ax
m,n�kx +

2m�

d1
��ky +

2n�

d2
� + Ay

m,n��kz
m,n�2 + �ky +

2n�

d2
�2	

kz
m,n R3�m,n,s,t� , �9a�

−
a1a2�1 + ��s��

4

By
s,t �

2st

a1a2
+ Bx

s,t��qz
s,t�2 + ��s

a1
�2	

qz
s,t �1 + exp�i2qz

s,th��

= �
m,n

Ay
m,n�kx +

2m�

d1
��ky +

2n�

d2
� + Ax

m,n��kz
m,n�2 + �kx +

2m�

d1
�2	

kz
m,n R4�m,n,s,t� , �9b�
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where

R3
s,t,m,n = �

0

a2 �
0

a1

sin� s�x

a1
�cos� t�y

a2
�

	exp�i�kx +
2m�

d1
�x	exp�i�ky +

2n�

d2
�y	dxdy ,

�9c�

R4
s,t,m,n = �

0

a2 �
0

a1

cos� s�x

a1
�sin� t�y

a2
�

	exp�i�kx +
2m�

d1
�x	exp�i�ky +

2n�

d2
�y	dxdy ,

�9d�

and where � represents the Kronecker delta function. By

combining Eqs. �8a� and �8b� and Eqs. �9a� and �9b� and
eliminating Ax

m,n and Ay
m,n, we find two sets of coupled linear

equations that contain the unknowns Bx
s,t and By

s,t,

�
s,t

�Q1�s,t,s�,t��Bx
s,t + Q2�s,t,s�,t��By

s,t� = 0,

�
s,t

�Q3�s,t,s�,t��Bx
s,t + Q4�s,t,s�,t��By

s,t� = 0, �10�

where the coefficients Q are given by

Q1 = �
m,n

�R1
m,n,s,tR3

m,n,s�,t��kx +
2m�

d1
��ky +

2n�

d2
�

kz
m,n

1 − exp�i2qz
s,th�

1 + exp�i2qz
s�,t�h�

� + ��t − t����s − s��
a1a2d1d2�1 + ��t���

4qz
s�,t�

�2s�t�

a1a2
,

Q2 = �
m,n

�R2
m,n,s,tR3

m,n,s�,t���kz
m,n�2 + �ky +

2n�

d2
�2	

kz
m,n

1 − exp�i2qz
s,th�

1 + exp�i2qz
s�,t�h�

� + ��t − t����s − s��
a1a2d1d2�1 + ��t���

4qz
s�,t�

	��qz
s�,t��2 + ��t�

a2
�2	 ,

Q3 = �
m,n

�R1
m,n,s,tR4

m,n,s�,t���kz
m,n�2 + �kx +

2m�

d1
�2	

kz
m,n

1 − exp�i2qz
s,th�

1 + exp�i2qz
s�,t�h�

� + ��t − t����s − s��
a1a2d1d2�1 + ��s���

4qz
s�,t�

	��qz
s�,t��2 + ��s�

a1
�2	 ,

Q4 = �
m,n

�R2
m,n,s,tR4

m,n,s�,t��kx +
2m�

d1
��ky +

2n�

d2
�

kz
m,n

1 − exp�i2qz
s,th�

1 + exp�i2qz
s�,t�h�

� + ��t − t����s − s��
a1a2d1d2�1 + ��s���

4qz
s�,t�

�2s�t�

a1a2
. �11�

Note that the dummy variables s� and t� are introduced in
place of s and t in Eqs. �9a� and �9b� before combining with
Eqs. �8a� and �8b� in order to achieve a complete set of
equations in Eq. �10�. This concludes the formalism of the
problem. We solve the coupled Eq. �10� in the normal fash-
ion by finding

Det�M� = 0, �12�

where M is a square matrix with the elements in each col-
umn of M representing the coefficients Q of the unknowns

Bx
s,t and By

s,t, while the coefficients in a particular row are
specified by the positive integer values s� and t�. Equation
�12� then gives a relationship between frequency and wave
vector, i.e., we have found the dispersion relation of the sys-
tem.

III. RESULTS AND DISCUSSION

A. Significance of terms in the dispersion relation

In principle, in solving Eq. �12� we can include any num-
ber of waveguide modes and/or diffracted orders, i.e., our
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solution is complete, without the inherent approximations of
the analytical formalisms presented in Refs. 3 and 4. How-
ever, it is more informative to consider the components of
matrix M that have the largest effect on the dispersion of the
surface mode. Note that higher order diffraction and wave-
guide modes may each be introduced separately. In this sec-
tion, we do this by sequentially introducing higher order
terms into matrix M and finding the resulting dispersion. We
then show that the importance of higher order terms and the
mathematical form of the dispersion relation is very much
dependent on the structural dimensions �i.e., a1, a2, d1, d2,
and h�. For simplicity, we restrict ourselves in the remaining
sections below to the discussion of the symmetric case intro-
duced in Refs. 3–5, given by a�a1=a2 and d�d1=d2.

The simplest solution to consider is for infinitely deep
holes �h→��, taking into account only the specular dif-
fracted beam �i.e., consider only m=n=0 for the coefficients
in Eqs. �10�� and only the TE01 waveguide mode �i.e., con-
sider only the mode defined by �s=0, t=1� in Eqs. �10��.
This results in a simple 2	2 matrix with two solutions for
Eq. �12�. The first of these, being the solution to �qz

0,1�2

+ �� /a�2=0, is trivial, while the second gives the dispersion
relation

− �k0
2 − ky

2�
�S0,0�2

kz
0,0qz

0,1 = 1, �13�

where k0=� /c. In Ref. 4 Sm,n=S0,0 is termed the “overlap
integral” between the TE01 waveguide mode inside the cavity
and the �m=n=0� diffracted order outside the cavity, and is
given by

S0,0 =
 2

a2d2R1
0,0,0,1R4

0,0,0,1 =
4�
2

a2d

sin�akx/2�cos�aky/2�
kx���/a�2 − �ky�2�

.

�14�

We note that Eq. �13� gives precisely the dispersion relation
obtained by Pendry and co-workers3,4 for ky =0, i.e., for dis-
persion in the x direction of the sample. The cutoff frequency
of the holes, given by the root of qx

1,0, is characterized by the
quantization condition that the tangential electric field must
be zero at the walls of the cavity, and amounts to

�a
� =

�c

a
�h

. �15�

For normalization purposes below, it is convenient to also
define the corresponding free space wave vector,

ka
� =

�a
�

c
. �16�

For such infinitely deep holes, the condition in Eq. �15� de-
fines a frequency below which no propagating fields are al-
lowed inside the cavity, and so only evanescent fields exist
on the metal side for frequencies below this limit. It is ex-
actly this evanescent field characteristic that is required for
the support of a localized surface mode. The dispersion of
the mode asymptotically approaches this cutoff frequency,
which represents the effective surface plasma frequency of
the substrate.

For holes of finite depth h formed in a perfect conductor,
the electric field must decay to zero at the bottom of the
cavity �z=h�. This restriction of finite depth places an addi-
tional quantization condition on the waveguide mode in the z
direction, i.e., the hole cutoff is determined by both their
breadth and depth. One can therefore expect this additional
quantization to modify the effective surface plasma fre-
quency of the substrate. We note that an earlier attempt at
finding an analytical solution to the finite depth problem4

was derived in the long-wavelength limit �i.e., d��0�. Here,
we make no such assumptions. Indeed it is straightforward to
extend our consideration above to holes of finite depth h,
obtaining

�k0
2 − ky

2�2 i tan�hqz
0,1��S0,0�2

kz
0,0qz

0,1 = 1, �17�

i.e., the left-hand side of the relation is modified by the finite
depth of the holes giving rise to an i tan�lqz

0,1� term which
accounts for the quantization of electric field in the z direc-
tion. This term modifies the asymptotic frequency of the dis-
persion, given by the root of qx

1,0 cot�hqx
1,0�,

�a =
�c

�h


 1

a2 +
1

4h2 . �18�

Since the electric field should be a maximum at the entrance
and zero at the bottom of the cavity, the lowest energy quan-
tized mode involves a quarter of one wavelength, hence the
factor inside the square root of Eq. �18�.

One of the principal approximations in the derivation
above �and in Refs. 3 and 4� is made by considering only the
TE01 �i.e., s=0, t=1� waveguide mode in describing the field
inside the cavities. García de Abajo and Sáenz5,12 demon-
strated that the inclusion of higher order waveguide modes
generates a dispersion relation for an array of infinitely deep
holes which is very different in the long-wavelength limit
�i.e., a�d��0� from that predicted by Pendry and
co-workers.3,4 However, in the region of interest here, near
the cutoff frequency of the cavities, the dispersion will pre-
dominantly be determined by the near resonant TE01 wave-
guide mode. The higher order waveguide modes with the
correct symmetry �e.g., the TE03� are very strongly evanes-
cent �i.e., in Eq. �4�, qz

s,t is large and imaginary� when com-
pared to the resonant TE01 mode, and will therefore have
little effect on the surface mode dispersion near the cutoff
frequency of the cavities. It can easily be shown by truncat-
ing matrix M at different points and numerically solving Eq.
�12� that the inclusion of higher order waveguide modes in
our formulation does not significantly perturb the dispersion
of the surface mode for the frequencies plotted in Fig. 2. The
effect of including higher order waveguide modes in the
long-wavelength limit has been extensively discussed in
Refs. 5 and 12 and will not be discussed further here.

However, Pendry and co-workers3,4 also made approxi-
mations for the field outside the holes. In Refs. 3 and 4 the
authors consider only the specular field outside the cavity
�i.e., m=n=0�. From Eq. �2�, one can immediately see that
this is a reasonable assumption in the long-wavelength limit,
as for nonzero m and n kz

m,n is large and imaginary in the
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limit �→0. These strongly evanescent, higher order dif-
fracted modes will therefore contribute only very minor per-
turbations to the dominant �and weakly evanescent� m=n
=0 mode. However, evanescent diffracted fields will be more
important in determining dispersion for higher frequencies,
as kz

m,n→0 �at the Brillouin-zone boundaries�. Until this
point we have assumed that the fields in the vacuum region
result entirely from the specular reflection of the sample. It
is, however, straightforward to include higher order diffrac-
tion in our derivation of the dispersion relation, resulting in a
sum over terms which have a form similar to Eq. �17�,

�
m,n

�k0
2 − �ky +

2n�

d
�2	 i tan�hqz

0,1��Sm,n�2

kz
m,nqz

0,1 = 1. �19�

The overlap integral between the TE01 waveguide mode in-
side the cavity and the �m ,n�th diffracted order outside the
cavity is given by

Sm,n =
4�
2

a2d

sin�a�kx/2 + m�/d��cos�a�ky/2 + n�/d��
�kx + 2m�/d����/a�2 − �ky + 2n�/d�2�

.

�20�

The dispersion given by Eq. �19� is valid near the
asymptotic frequency for square arrays of holes of any size
and depth. It should be noted that, in the limit that we con-
sider only the specular diffracted order �i.e., m=n=0�, infi-
nitely deep holes and ky =0 �i.e., dispersion in the x direc-
tion�, Eq. �19� again simplifies to the dispersion relation
found in Refs. 3 and 4.

Including the evanescent diffracted orders in the vacuum
region modifies the curvature of the dispersion in the region
near the cutoff frequency. This effect is highlighted in Fig.
2�a�, where we plot the dispersion relation for a sample de-
fined by d=1.4 /ka

�, h=� and �h=10, with ky =0, by first
including only specular reflection �Eq. �13��, and subse-
quently including both first- and second-order diffraction
�Eq. �19��. Evanescent diffracted orders are evidently impor-
tant even well away from the first Brillouin-zone boundary:
for a surface defined by the dimensions d=1.4 /ka

� and h=�,
the Brillouin-zone boundary occurs at kx /ka

�=� /dka
�=2.24,

well outside the x-axis range of Fig. 2�a�. In practice, an
accurate dispersion relation is obtained by including only
first-order diffraction by summing the terms in Eq. �19� for m
and n from −1 to +1,

�
m=−1

+1

�
n=−1

+1 �k0
2 − �ky +

2n�

d
�2	 i tan�hqz

0,1��Sm,n�2

kz
m,nqz

0,1 = 1.

�21�

As we show below, this simple equation gives a remarkably
accurate dispersion relation without the need for numerical
modeling,6,7 allowing us to simply and straightforwardly op-
timize the system parameters.

The position of the Brillouin-zone boundary is determined
by the periodicity of the holes. In Fig. 2�b� we plot the dis-
persion obtained from Eq. �21� for hole periods defined by
d=1.1 /ka

�, 1.2 /ka
�, and 1.4 /ka

� �i.e., a Brillouin-zone bound-
ary occurring at kx /ka

�=2.86, 2.62, and 2.24, respectively�.
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FIG. 2. �Color online� �a� Real component of the dispersion
relation for a sample defined by d=1.4 /ka

�, h=�, and �h=10, in-
cluding only specular reflection �green dot-dash line, given by Eq.
�13��, and including first- and, subsequently, second-order diffrac-
tions �Eq. �19��. The evanescent diffracted orders are important
even well away from the Brillouin-zone boundary: for a surface
defined by d=1.4 /ka

� and h=�, the Brillouin-zone boundary occurs
at kx /ka

�=� /dka
�=2.24. �b� The dispersion relations for a PEC sur-

face perforated by infinitely deep holes obtained by Pendry and
co-workers �Refs. 3 and 4� �gray solid line� for d=1.5 /ka

� and �h

=10. Also plotted are the dispersion relations obtained from Eq.
�21� in this work �i.e., including first-order diffraction� for hole
periods defined by d=1.1 /ka

�, 1.2 /ka
�, and 1.4 /ka

� �i.e., a Brillouin-
zone boundary occurring at kx /ka

�=2.86, 2.62, and 2.24, respec-
tively� and �h=10. �c� Note that in �a� and �b� the dispersion bend-
ing is not due to the proximity of the Brillouin-zone boundary—the
dashed line shows the dispersion relation obtained from Eq. �21� in
this work for a structure defined by d=3.0 /ka

�, corresponding to a
Brillouin-zone boundary occurring at kx /ka

�=1.05 �marked BZ in
the figure�. As expected, the dispersion is symmetric around the
Brillouin-zone boundary. In �a�, �b�, and �c�, the frequency and
wave vector are normalized using Eqs. �15� and �16�, respectively.
Higher order surface modes, above the asymptotic frequency, have
been left out for clarity.
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For small values of d, the Brillouin-zone boundary lies at
large values of kx, and first-order diffracted waves are
strongly evanescent in the region around ka

� �i.e., kz
m,n from

Eq. �2� is large and imaginary�. Therefore, by simply de-
creasing the pitch of the structure, the effect of evanescent
diffracted orders can be diminished, and the dispersion tends
toward that derived in Refs. 3 and 4. It should be noted that,
for �h=10, a sample defined by period d=1.1 /ka

� corre-
sponds to a hole size a=0.9d. Therefore, for a structure with
holes filled by dielectric with �h=10, any further decrease in
d is ultimately limited by the hole size a. Nevertheless, it is
clear that major discrepancies exist between the dispersion
relation found by Pendry and co-workers3,4 and that from Eq.
�21�, due to the diffracted evanescent fields associated with
the periodicity of the lattice.

The divergences of the dispersion lines from the light line
in Figs. 2�a� and 2�b� are not due to the proximity to the
Brillouin-zone boundary—the dashed line in Fig. 2�c� shows
the dispersion relation obtained from Eq. �21� in this work
for a structure defined by d=3.0 /ka

�, corresponding to a
Brillouin-zone boundary occurring at kx /ka

�=1.05 �marked
BZ in the figure�. As expected, a clear turning point at the
Brillouin-zone boundary is observed. Note that surface
modes near a Brillouin-zone boundary will be lossy due to
scattering. This effect highlights the importance of the di-
electric regions in the structure shown in Fig. 1: this dielec-
tric material reduces the cutoff frequency for light propagat-
ing in the holes, thereby reducing the effects of diffraction
near to the Brillouin-zone boundary which will dominate the
dispersion for similar structures with no dielectric core.1,10

B. Comparison with experiment

In this section, in order to further validate our derived
dispersion relation, we compare it to the dispersion of a
microwave frequency designer surface plasmon. Our 350
	350 mm2 sample comprises a close-packed array of hol-
low, square-ended brass tubes defined by lattice spacing d
=9.53 mm and height h=15 mm, placed on a flat metal
plate. The inner size of the tubes is defined by a=6.96 mm
giving, resulting in a cutoff frequency of 22 GHz when un-
filled. In order to satisfactorily separate dispersion due to the
opening of the photonic band gap at the Brillouin-zone
boundary from the plasmonic dispersion, we first fill the
tubes with wax ��h=2.29� to lower the cutoff frequency to
approximately 14 GHz, and also rotate the plane of incidence
by 45° around the z axis so that it lies along the diagonal of
the unit cell �i.e., ky =kx�.

We experimentally determine the dispersion of the surface
modes using an Otto-type prism-coupling technique �see Fig.
3�a��.13 Briefly, a large wax prism, of refractive index, n
=1.5, is used to couple collimated microwave radiation on to
a surface comprised of an array of holes. For p-polarized
�transverse magnetic� incident radiation and a suitable tunnel
barrier �established by spacing the prism some t millimeters
from the sample� with the microwave beam incident beyond
the critical angle �int�sin−1 1 /n�, the evanescent fields be-
yond the prism will resonantly couple to the SP-like mode on
the surface of the array, and a minimum will be recorded in

the reflected spectrum. By varying the spacing between the
prism and the sample and recording the frequency of the
reflectivity minimum, the in-plane wave vector of the mode
may be extracted. We determine the resonant frequency at
the gap spacing for which coupling to the mode is strongest,
and then repeat the procedure for a number of different
angles, int, allowing for a good approximation of the surface
mode’s dispersion to be derived. In Fig. 3�b� we compare the
experimentally determined dispersion relation to our analyti-
cal dispersion from Eq. �21�. We plot for comparison the
dispersion relations previously published in the literature: the
dispersion relations from Refs. 3 and 5 are derived for infi-
nitely deep holes, while the analytical expression derived in
Ref. 4 includes a small correction to the dispersion relation
of Ref. 3 due to finite hole depth.

It is apparent from Fig. 3�b� that the dispersion relations
from Refs. 3–5 do not reproduce the experimental data near
the asymptotic frequency. As mentioned above, García de
Abajo and Sáenz5,12 demonstrated that the inclusion of
higher order waveguide modes generates a dispersion rela-
tion for an array of infinitely deep holes which, in the long-
wavelength limit �i.e., a�d��0�, lies significantly closer to
the light line �and our experimentally determined dispersion
relation� than that predicted by Pendry and co-workers.3,4

However, the finite length of the holes and evanescent dif-
fracted orders need to be taken into account for the region
near the asymptotic cutoff frequency: the dispersion relation
given in Eq. �21� is a remarkably good fit in this region,
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FIG. 3. �Color online� �a� Schematic of the Otto type prism-
coupling experiment. �b� Real component of the dispersion relation
in the diagonal direction i.e., ky =kx� for a sample defined by a
=6.96 mm, d=9.53 mm, h=15 mm, and �h=2.29. The circles rep-
resent the dispersion measured in a prism-coupling experiment. The
lines represent the dispersion predicted by Pendry et al. �Ref. 3�,
García-Vidal et al. �Ref. 4�, García de Abajo and Sáenz �Ref. 5� and
by Eq. �21� in this work.
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accurately reproducing both the curvature and asymptote
�14.9 GHz�. The inclusion of diffracted orders in our deriva-
tion clearly produces a curvature very different from that in
Refs. 3 and 4.

C. Dispersion of dimpled surfaces with dielectric cavities

Dimpled and grooved metallic surfaces are exhibiting sig-
nificant promise as substrates for confining low-frequency
electromagnetic surface modes.5,7,8,10 We show below that
while for infinitely deep holes the effect of evanescent dif-
fractive orders perturbs the curvature of the surface mode
dispersion, for surfaces perforated with shallow holes eva-
nescent diffracted orders significantly modify both the cur-
vature and the asymptotic frequency of the surface mode
dispersion. In this section we discuss the dispersion and
asymptotic frequencies of electromagnetic modes on these
dimpled surfaces. In order to clearly show the effective cut-
off of the holes rather than diffractive effects near the
Brillouin-zone boundary we again consider a dielectric core
of �h=10.

When higher order diffracted fields play an important role
�i.e., not in the long-wavelength limit�, the asymptotic fre-
quency for the dispersion, �a and corresponding wave vec-
tor, ka, cannot be found using Eq. �18� �i.e., the quarter wave-
length standing-wave condition�. Instead, we must find the
asymptotic frequency by solving the dispersion relation in
Eq. �21�. In Fig. 4�a� we plot the dispersion obtained from
Eq. �21� for a hole period defined by d=1.1 /ka

� �i.e., a
Brillouin-zone boundary occurring at kx /ka

�=2.24�, varying
the depth of the hole, with h=0.5 /ka

�, h=1 /ka
�, 2 /ka

�, and
6 /ka

�. Clearly, for small values of h, the asymptotic fre-
quency of the dispersion is strongly dependent on hole depth.
Similarly, for a given depth of hole, the asymptotic fre-
quency of dispersion is also modified on changing the pitch
�not shown�.

The same dispersion relations are also plotted in Fig. 4�b�,
this time normalized by �a and ka for finite depth holes.14

This normalization allows us to compare the curvature of
dispersion relations with very different asymptotic frequen-
cies. It is clear from Fig. 4�b� that the dispersion of modes on
shallow holed surfaces is more divergent from the light line
for frequencies well below the asymptotic frequency. This is
a highly desirable property, as it is this divergence from the
light line that gives rise to strong confinement of the mode to
the surface �see Sec. III D�. From Figs. 2�b� and 4�a� one
might therefore conclude that the optimum dispersion is ob-
tained by making both d and h small. In practice, one will
always encounter lower limits which will provide optimum
values of d and h. The first of these is trivial: d cannot be
smaller than the hole size a. For a sample with holes filled
with dielectric defined by �h=10, d=1 /ka

� represents the
lower limit for the period. The second of the lower limits is
less trivial: in decreasing h, ka tends toward the Brillouin-
zone boundary. There is therefore a limit to how small h can
be made before diffraction dominates the dispersion. Since
proximity to the Brillouin-zone boundary will result in a
mode with a short propagation distance, one should look to
optimize the divergence of the dispersion relation from the

light line well away from the Brillouin-zone boundary. This
essentially results in an optimum hole depth h for a given
structure.15 It is clear that the limits described above mean
that there are restrictions to the tunability of a designer SP.
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FIG. 4. �Color online� �a� The dispersion obtained from Eq. �21�
for a hole period defined by d=1.1 /ka

� �i.e., a Brillouin-zone bound-
ary occurring at kx /ka

�=2.86� and �h=10, varying the depth of the
hole depth h. The frequency and wave vector are normalized using
�a

� �Eq. �15�� and ka
� �Eq. �16��, respectively. �b� The same disper-

sion relations as in �a� normalized by the asymptotic frequency for
finite depth holes, �a and corresponding wave vector, ka, allowing
us to compare the curvature of dispersion relations with different
asymptotic frequencies. For comparison, the normalized SP disper-
sion at the interface between vacuum and an unstructured metal
surface is shown �thin gray line�. In both �a� and �b�, higher order
surface modes, above the asymptotic frequency, have been left out
for clarity. �c� Scaled evanescent decay length normal to the
vacuum-surface interface, L /�0, for the modes in �a� and �b�.
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Indeed, for a surface defined by �h=10 and d=1.1 /ka
�, the

hole depth h=0.5 /ka
� represents the approximate lower limit

for h, or a “best case,” giving the largest divergence from the
light line for a low loss, nondiffractive mode.15

For comparison, we also plot in Fig. 4�b� the normalized
dispersion characteristics of a SP on a flat, unstructured
metal surface, calculated assuming a lossless Drude model
permittivity.16 The plasma frequency of a typical metal lies
in the UV region of the electromagnetic spectrum, and the
dispersion of a SP mode on a metal diverges from the light
line in the visible spectral range.17 The electromagnetic sur-
face modes described in the previous sections are often re-
ferred to as designer �or spoof� SPs,3 due to the similarity in
dispersion to that of a true SP at the interface between
vacuum and a flat, real metal surface. However, it is clear
from Fig. 4�b� that even our best case designer SP cannot
match the dispersion characteristics of a SP on a real metal
surface.

D. Confinement of surface modes

The capability to confine electromagnetic energy at the
interface of a conductor makes these designer SPs very
promising for applications where efficient guiding of electro-
magnetic radiation on very small length scales is important.
Good subwavelength confinement is therefore encouraging
for the realization of surfaces for applications such as sub-
wavelength microscopy, non-inear optics, photolithography,
and sensing.

Below the asymptotic frequency of the dispersion rela-
tion, the electric-field strength of the surface mode will de-
cay exponentially in the direction normal to the vacuum-
metal interface, with a decay length L given by

1

L2 = kx
2 + ky

2 − ��

c
�2

. �22�

A mode characterized by 
kx
2+ky

2�
�
c will be strongly con-

fined to the surface. In Fig. 4�c� we plot the exponential
decay length L for the modes in Figs. 4�a� and 4�b�. Note that
we normalize L by the vacuum wavelength of light �0
=2�c /�. It is clear from Fig. 4�c� that one can obtain strong
subwavelength confinement for a designer SP mode: for the
best case dispersion described in Sec. III C �i.e., for a surface
defined by d=1.1 /ka

�, h=0.5 /ka
�, and �h=10�, at �=0.95�a

we have L�0.2�0.
We can compare this best case confinement �yellow, dot-

dot-dash line in Fig. 4� to that for a surface defined by a
=75 
m, d=100 
m, h=25 
m, and �h=1, reported re-
cently as L�0.5�0.8,10 Moreover, it should be noted that the
surface considered in Refs. 8 and 10 is highly diffractive

�indeed the reported value of L�0.5�0 corresponds to the
confinement at the Brillouin-zone boundary�. For applica-
tions, one would ideally like to have strong-mode confine-
ment for wave vectors well below the Brillouin-zone bound-
ary and for frequencies well below the asymptotic frequency
in order to limit propagation losses.7 This essentially limits
the range over which one can “tune” the dispersion of the
SP-like mode: stronger confinement may be achieved via a
decrease in d, which is ultimately limited by the hole size a,
while an optimum depth h for a given structure exists which
results in the strongest confinement for a nondiffracting
structure.

For comparison, we also plot in Fig. 4�c� the field con-
finement expected for a SP on a flat, unstructured metal sur-
face, calculated assuming a lossless Drude model dielectric
function.16 It is clear that even our best case designer SP
cannot match the confinement characteristics of a SP on a
real metal surface.

IV. CONCLUSIONS

To conclude: by employing a modal matching method, we
have derived a completely general and full analytical formal-
ism for determining the dispersion of the surface electromag-
netic modes at the interface between vacuum and a substrate
characterized by a square array of holes in a perfect conduc-
tor. Previously, García de Abajo and Sáenz5,12 demonstrated
that the inclusion of higher order waveguide modes for this
structure generates a dispersion relation which, in the long-
wavelength limit, lies significantly closer to the light line
than that predicted earlier by Pendry and co-workers.3,4

While higher order waveguide modes are clearly important
in the long-wavelength limit, we show here that diffracted
evanescent waves in the region above the holes modify con-
siderably the dispersion of surface modes near the
asymptotic cutoff frequency. The simple dispersion relation
derived here, which takes into account these evanescent dif-
fracted orders, shows very good agreement with experimen-
tally measured dispersion curves in the microwave frequency
region. Finally, we compare our analytical dispersion relation
for designer SPs on dimpled surfaces to that of a real SP at a
metal-vacuum interface, and show that designer SPs cannot
match the confinement characteristics of SPs on a real metal
surface.
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