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Abstract

T
HE ABILITY OF periodic surface variations to influence and control the

electromagnetic response of interfaces and structures has been recognised

for many years. Concurrently with these investigations, it has been found

that individual particles and wires support interesting electromagnetic resonances.

It has also long been established that multi-layer structures of planar interfaces

may also result in interesting electromagnetic responses. Multi-layer structures of

alternating dielectrics have been shown to produce periodic transmission resonances,

however, if one of the dielectrics is replaced with a thin metallic film, it has recently

been demonstrated that wide band-pass regions are formed in the electromagnetic

response of the structure.

The work presented in this thesis can be considered to be separated into two

distinct, but related, areas. One of the areas involves the analysis of wire grid

arrays. It is demonstrated that, like the case of deep surface relief perturbations,

the waveguide modes in the slits can be considered as the evolution of surface modes

on shallow surface relief perturbations. The perturbation effects of the slits on the

surface modes and the effect of their excitation on optically thick and thin wires

are also investigated. Finally, a new electromagnetic resonance is presented on both

1-dimensional and 2-dimensional wire grid arrays. It is shown that this is closely

related to the localised surface modes that have been shown to occur on individual

particles and wires. However, the resonance presented is shown to be subtly different

from these modes, which typically result in a transmission and reflection extinction,

because the planar geometry of the wires and the periodicity result in a reflection

enhancement, even when the wires are optically thin.

The second area of this work may be separated into two distinct sub-sections.
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Abstract

The first section examines the electromagnetic response of dielectric/metal multi-

layer stacks. These are confirmed to exhibit a periodic series of broad band-pass

regions, with the spectral location of these regions being dependent only on the unit

cell, not the full extent of the structures. The location of each band-edge of these

regions are then demonstrated to be a result of the matching of boundary conditions

between standing waves in the cavities having either a cos or a sin standing wave

function, and the evanescent fields inside the metal layers having either a sinh or a

cosh field distribution.

The second section examines the electromagnetic response of continuous surface

relief gratings, with a rectangular cross-section, whose ridges are very thin. It is

shown that vertical standing waves form, similar to the cavity waveguide modes,

except with the fields coupled through the wires not across the grooves. These

are then shown to reach a finite limit frequency as the grating height tends to

infinity. Thus, the resonances have evolved into a different mode beyond a certain

grating amplitude. This mode is shown to to be equivalent to the band-pass region

described in multi-layer metal/dielectric stacks. However, scattering and periodicity

considerations require that only the low frequency band-edge can be coupled to at

normal incidence, while only the high frequency band-edge may be coupled to at

grazing incidence.
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stage to reveal embarrassing nicknames and to generally dish the dirt on your fellow

colleagues. However, I am going to disappoint everyone and break that trend, mainly

because I am not witty enough to carry it off particularly well. So, I won’t mention

Mr Justice, nor will I talk about how shockingly behaved Al, Euan and Sharon were

on the conference, while Matt, Rob and myself behaved impeccably, and I most

definitely wont mention any of the numerous scrapes and incidents a certain Mr J.

Asbo has got himself involved in.

I would like to finish my Exeter acknowledgements with a general warning to new

PhD students in our group, or maybe it is more a clarification. Don’t worry about

the various offensive words that you are bound to have directed at you from Matt,

it appears to be a strange sign of affection, perhaps some sort of rite of passage.

The only time you need to worry is when he isn’t calling you all the names under

the sun. Put it this way, I certainly know I didn’t feel like I’d truly made it until I

was subjected to a torrent of abuse while standing atop a mountain in Austria as a

result of a less than salubrious comment on my part!

Thank you all again and good luck to everyone, I will miss both working and

socialising with you.

I must now take a brief moment to make a special mention of an old teacher

from secondary school (old as in years ago, not as in he is old!), who I really ought
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to have gone and thanked in person before now. Nigel Bispham, who taught me

science from my first day in secondary school, through to my final days as an A-

level physics student. I suppose I must have had some natural inclination towards

science, and physics in particular, but there is no doubt in my mind that, without

him spotting this and then using his extraordinary enthusiasm for teaching science

(not to mention his patience in dealing with me!), my love of physics would not have

been nurtured as carefully and attentively as it was. I know I’ll never forget him

explaining exponential growth/decay using the area of his bald spot as a function

of the length of time he had been teaching me! When I started university, realising

how much effort he had put in to me was one of the significant reasons why I finally

pulled my finger out and started trying at, not just enjoying, physics, which was

something I had not always done before! It is a cliche, but teachers like him really

are worth their weight in gold, I certainly would not have reached the level that

brings me to write these acknowledgements without him.

The last section of my acknowledgements must, of course, be devoted to thanking

my family. I cannot ever fully explain how appreciative I am for eveything they

have done for me, both practically and more intangibly, but I hope a few words here

will go some way towards redressing the balance. They have always been hugely

encouraging and supportive of my education, even when I chopped and changed

what I was doing, making sure I understand the importance of bettering yourself,

but importantly, without ever being too pressurising. I have always been free to

make my own decisions without feeling I have to do what is expected – without that

encouragement yet freedom I would not be here now.

Right, that should be everyone I think. If in the unlikely event that an unmen-

tioned person who deserves thanks is reading this then I apologise sincerely that I

have not mentioned you. I hope you realise that the fact I have omitted you does

not mean I do not appreciate your help, it just means I have a terrible memory and

I hope you take consolation in that fact!

Thank you all again.
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Introduction

T
HE EARLY INTENTIONS of this project were to analyse the optical

response of sub-wavelength lamellar gratings, and specifically, to inves-

tigate their use as wire grid polarisers, for possible use in liquid crystal

display devices (LCDs). The motivation being that, if they replaced the first po-

lariser, which to date is plastic based, they would significantly improve the efficiency

of these devices. The justification for this idea is that the metal polariser reflects

the light it does not transmit, whereas the plastic polariser absorbs non-transmitted

light, therefore, this reflected light could be recycled. However, there are two main

reasons why this has not been followed up.

Firstly, during the early part of the project, when an extensive review of the lit-

erature was made, it was found that there was very recently published work that ad-

dressed this exact issue. The earliest work comprehensively examined the polarising

nature of a wire grid polariser comprised of sub-wavelength aluminium wires, which

were manufactured by Moxtek Inc [1]. While the later works re-investigated these

properties, and furthermore, specifically examined the possibility of using these po-

larisers in a LCD configuration, for exactly the above reasons [2,3]. Therefore, there

was little remaining scientific interest in these devices, and furthermore, an unlikely

possibility of being able to obtain a patent had the configuration been developed

here. The second reason was due to fabrication problems. It would be relatively

straightforward to make these structures using advanced techniques such as a fo-

cused ion beam system, for example, however, these type of fabrication techniques
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only allow very small area arrays to be produced. It was desired that a fabrication

scheme be developed that would produce large area arrays that could be directly

applied to the manufacture of LCD devices, which is clearly not practicable using

such a technique. However, as will be discussed in chapter 8, there were significant

fabrication difficulties in manufacturing these structures using the other techniques

available, most noticeably, in that the samples manufactured have significant varia-

tion in the average wire width across their extent (as well as local variations), and in

a lack of reproducibility between samples. These two issues make the manufactur-

ing technique implausible for large scale applications because, firstly, it is desireable

to have very large area polarisers, certainly larger than the ≈ 2cm2 samples fabri-

cated here, and the intersample variation makes this fabrication technique currently

untenable.

Secondly, the irreproducibility is obviously a manufacturing issue as no two sam-

ples can be made identical. Of course, although the local and global variations in

the wire width make quantitative analysis of the structures largely impossible, in

terms of the design of the optical response, these variations could be compensated

for empirically, i.e. by iteratively modifiying the process until the optimal optical re-

sponse is achieved. However, the irreproducibility meant that a seemingly identical

process would not produce identical samples, and thus, not produce identical optical

responses. For these reasons it was not viable to focus the project on this aspect

of metallic gratings, therefore, other interesting aspects of wire grid polarisers, and

related structures, were sought after.

The early chapters of this thesis provide the background information to under-

stand the remaining chapters, which discuss the bulk of the work. Within these

early chapters there are sections discussing new work by the Author and I have

tried to make it clear which sections these are, while chapters 5–8 consist of entirely

new work.

The second chapter introduces the surface plasmon polariton and its nature on

planar metal films, both optically thick and thin, is discussed, with particular at-

tention paid to the implementation of shallow surface relief gratings as a means to
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excite this resonance. The excitation by gratings with a rectangular cross section

is investigated in more detail and it is found that the existence of the higher har-

monic Fourier coefficients of the grating lead to the excitation of SPPs on these

gratings being subtly different than from the well known use of sinusoidal profiles,

something which to the Author’s knowledge, has not been demonstrated before.

Also discussed is the related localised surface plasmon resonance, which occurs on

individual metallic particles.

In the first few sections of chapter 3 some of the most common techniques that

are used to model such structures are highlighted in a non-mathematical manner.

Then, in the remaining sections of this chapter, the theoretical method, from which

a computer algorithm was created, which is used in the modelling throughout this

thesis, is described in extensive detail – the Fourier Modal Method.

Chapter 4 then extends the discussion of the second chapter to examine the na-

ture of plasmon resonances, both surface plasmons and localised plasmons, on arrays

of metallic wires, i.e. gratings with discontinuities in the metal surface. The early

part of this chapter discusses the previous work on such structures, and discusses the

interesting phenomena that have been demonstrated to occur. In the latter part of

this chapter, the perturbing influence of the slits of a grating on the dispersion of the

normal surface plasmon polariton modes found on a planar surface are investigated

in some detail, as well as the effects of optically thin gratings. This is something

that, to the Author’s knowledge, has not been thoroughly investigated before, par-

ticularly in the optical regime. In doing so, the similarities and differences between

continuous and discontinuous rectangular cross-section gratings will be highlighted,

as well as the relation to gratings with different profiles. As a result some unique

aspects of rectangular profile (both continuous and discontinuous) are described.

In the initial testing of the computer algorithm an unexpected reflection enhance-

ment resonance was observed for wire grid polarisers when they are illuminated in

the classical mount by transverse magnetic radiation. This was an interesting effect

where the structure may behave as a standard polariser, except at certain frequen-

cies, where it reflects all polarisations and behaves as a simple mirror. Furthermore,
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this enhancement could occur for polarisers whose wire height was optically thin,

leading to an interesting effect whereby the structure acts as an inverse polariser be-

cause it reflects more transverse magnetic radiation than it transmits, and vice versa

for transverse electric radiation. It is discussed that this resonance has been experi-

mentally observed previously, but not fully explained, nor does that work discuss its

ability to enhance the reflection efficiency because it only examines the correspond-

ing transmission extinction. This resonance, as well as the cavity modes of lamellar

gratings, are discussed in comprehensive detail in chapter 5. This chapter presents

the theoretical investigation, where the new resonance was found to be a resonance

similar to localised plasmon resonances found on individual nano-particles, with the

planar structure of the wires and periodicity leading to the reflection enhancement.

In chapter 4, the cavity modes will be shown to evolve from normal surface plasmon

polariton modes, as the amplitude of the grating is increased. As a result of this

evolution, it has also been shown previously that cavity modes on groove arrays do

not behave identically to the well known TEM waveguide mode of a single groove

because they do not behave as ω ∝ 1/h for small h, where h is the amplitude of the

grating, because of anti-crossing of the surface plasmon polariton dispersion bands.

Previously, the cavity modes on slit arrays have been considered as only the TEM

waveguide mode. In this thesis, the asymmetric behaviour with grating height is

demonstrated, and therefore, the evolution of the cavity mode from normal surface

plasmon polaritons, and hence the subtle differences between these resonances and

the TEM waveguide mode, is proved for slit arrays.

The next two chapters of this thesis arose when trying to consider other related

structures that could prove interesting, both academically and commercially. In

doing so it was wondered what might happen when the wires of a deep continu-

ous rectangular cross-section grating were made very thin. It has been shown in

previous work that similar structures with thick wires support cavity modes, and

that when the ridges are made very narrow, other interesting resonances appear [4].

In that work it was shown that these resonances behave similarly to cavity modes,

which have been shown to arise from the interaction of surface plasmon polari-
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tons propagating along adjacent vertical walls, in that they have a vertical standing

wave character, except that the coupling is through the wires/ridges not across the

grooves/slits. However, in investigating these resonances further, it was observed

that they evolve into a new type of resonance because, unlike cavity modes (both

arrays and a single groove), they do not behave as ω ∝ 1/h for large h because they

tend to a finite limit frequency not ω = 0. Therefore, beyond a given amplitude,

the resonances are independent of further changes in grating height. In attempt-

ing to explain this behaviour, and hence the new type of resonance, a more simple

structure was examined, a multi-layer metal dielectric stack of infinite planar extent

and a finite number of cavities. These structures have been investigated previously

because they demonstrate interesting band-pass properties when the metal layers

are optically thin, even if the total thickness of metal is large, but the prevous work

does not explain the nature of the resonance effectively. During the investigation of

these structures it was realised that the transmission resonances they support were

dependent only on the unit cell of the structure, and not its entire extent, where

increasing the number of layers merely sharpened the edges of the band-pass regions.

It was also realised that the resonances are entirely characterised by the standing

wave distribution of the fields in the cavities and the evanescent distribution of the

fields in the metal, and that the resonances could be fully described by consider-

ation of the boundary conditions between these field distribution on a single unit

cell of the structure. This is discussed in chapter 6, where a set of mathematical

formulae are constructed which fully describe the location of the band edges for all

the band-pass regions of a multi-layer stack with an infinite number of layers, and

allow an accurate analysis of the effect of the various parameters of the system.

In chapter 7, these results were applied back to the new resonance observed

on the continuous rectangular cross-section gratings with very narrow wires. First

the standing wave (across the metal) resonances are shown to occur on these struc-

tures, then it is shown that they evolve into the same resonances that occur on

a multi-layer dielectric/metal stack, albeit with some technical considerations due

to the scattering of the grating as these modes have evolved from surface plasmon
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polaritons. This work demonstrates that it is possible to diffractively couple to a

structure that appears as an infinite multi-layer metal/dielectric stack, and there-

fore, to excite the corresponding band-pass regions of an infinite multi-layer stack,

using grating coupling.

Chapter 8 provides the small amount of experimental results that were achieved.

Specifically, it conclusively, albeit it qualitatively, demonstrates the existence of the

reflection enhancing resonance described in chapter 5. It will be discussed that

this resonance has been observed experimentally in previous work, but that work

did not recognise the full nature of the mode, therefore, it did not realise it was

associated with a reflection enhancement, which is demonstrated experimentally in

this chapter.

Finally, chapter 9 presents the general conclusions of the thesis, along with some

suggestions for possible applications for the structures investigated, and some ideas

for future investigations based on the current work.
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Surface Plasmon Polaritons

2.1 Introduction

I
N THE EARLY part of the last century Wood [5] investigated the optical prop-

erties of metallic surface relief gratings, specifically planar metals with periodic

grooves ruled in their surface. It was shown that the wavelength dependent

reflectivity response displayed a series of high and low intensity bands when the sur-

face was illuminated with a continuous light source. These bands became known as

Wood’s anomalies. Shortly after this discovery Rayleigh [6] demonstrated that the

high intensity bands were caused by pseudo-critical edges occuring at the point of

diffraction – as each diffracted order becomes evanescent, its energy must be redis-

tributed amongst the remaining propagating orders. However, it was subsequently

demonstrated that, while the reflection maximum positions were independent of the

metal that the gratings were composed of, and therefore, purely a geometrical phe-

nomena, the positions of the reflection minima depended upon the metal used [7].

Thus the phenomena that caused the reflection minima must not be a purely geomet-

rical one, unlike the cause of the critical edges. The true nature of these reflection

minima was then described as the evanescent diffracted orders producing a pair of

superficial waves that were bound to the surface of the metal [8].

Meanwhile, the plasma concept in the development of the free electron theory of

metals led to the prediction that a beam of electrons impinging on a metal surface

would cause the emission of radiation at the plasma frequency [9,10]. It was shown
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theoretically that the emitted radiation would have characteristic energies of hωp/2π

and hωp/2π
√

2, where ωp is the plasma frequency. This was later proved experimen-

tally by electron energy loss experiments [11, 12], and later by photons [13]. In the

theory it was demonstrated that ωp/
√

2 arises from the oscillation of electrons at

the metal surface (the interface between the metal and adjacent dielectric), and is

the surface plasmon frequency, where the use of plasmon indicates their quantised

nature. It was realised that these collective oscillations were related to the superfi-

cial waves Fano described [8]. This localised oscillation of the electron density, with

its associated electromagnetic field, is often referred to as surface plasmon polari-

tons (SPPs), in order to emphasise their wave-like nature, as opposed to the purely

oscillatory behaviour of the surface plasmon.

In this chapter the SPP on a planar surface will be introduced, including a brief

description of its properties and dispersion. There will then follow a discussion of

the means by which incident light can excite this mode, paying particular atten-

tion to the use of shallow periodic surface relief perturbations (gratings), both 1-

and 2-dimensional. In doing so an interesting feature of excitation with rectangular

cross-section gratings will be highlighted. This discussion will require the explana-

tion of a resulting phenomena where two propagating SPPs interact to form two

different standing wave states with a corresponding energy band-gap. This chapter

will then discuss the effect of reducing the thickness of the film, upon which the

SPP is excited, until it is optically thin, at which point the resonance splits into two

distinct branches. Finally, a related phenomena known as localised surface plasmons

will be presented, which are essentially the resonant oscillation of the conduction

electrons on the surface of a small metallic particle by the electric field of the incident

radiation. This causes the particle to behave as an electric dipole.

The majority of this chapter is a review of previously published work, however,

section 2.10 examines the efficiency of using a shallow rectangular cross-section grat-

ing to excite the SPP mode. While this has been investigated for sinusoidal profiles,

this has never before been investigated explicitly for rectangular gratings, where the

rectangular profile requires the existence of the harmonic Fourier components of the
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fundamental sinusoidal mode, and therefore, results in interesting subtleties with

respect to the well known sinusoidal profile.

2.2 The Surface Plasmon Polariton

In order to describe the nature of the SPP, the different polarisations of the incident

electromagnetic radiation must first be specified. Consider an interface between a

planar (optically thick) metal film and a dielectric, with the plane of incidence paral-

lel to the surface normal, and both materials being non-magnetic. If the electric field

oscillates in the plane of incidence, such that the magnetic field oscillates perpen-

dicular to this plane, then the radiation is said to be of transverse magnetic (TM)

polarisation, or p-polarised. If the electric field oscillates perpendicular to the plane

of incidence, such that the magnetic field oscillates in the plane, then the radiation

is said to be of transverse electric (TE) polarisation, or s-polarised. Of course there

can be mixed polarisation states where the electric field has components oscillating

in both directions, or elliptical polarisation, however, as will be shown, the SPP on

a flat surface has a purely TM character, and so only the two linearly polarised TE

and TM states are considered.

In the work of Fano, the nature of the superficial waves was examined by the

consideration of an electromagnetic wave propagating by total internal reflection in a

glass layer adjacent to a substrate. It was shown that, when the glass layer thickness

→ 0, there is only one solution to an equation describing the normal and tangential

components of the wave-vector. The solution states that the trapped electromagnetic

wave must be TM polarised, and that the dielectric permittivity, ε, of the substrate

must be negative, i.e. a metal. To understand this solution better it is important to

consider the boundary conditions at the interface between the metal and dielectric.

First, because the materials are non-magnetic, the magnetic field does not see a

discontinuity at the interface, therefore, only the dielectric permittivity of the two

materials influences the incident radiation. Second, it is known from Maxwell’s

Equations that the boundary conditions must specify that the normal component

of the displacement field, D, is continuous across the interface. Therefore, from
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Maxwell’s constitutive relation

D = εE (2.1)

if normal D is continuous across the interface and the permittivity changes sign,

then the electric field E must also change sign across the interface, thus, this electric

field discontinuity forces a large concentration of charges at the surface of the metal.

If the incident polarisation is TE polarised, then this surface charge concentration

cannot occur because there is no component of the electric field perpendicular to

the surface, hence no surface plasmon may be excited. Therefore, an incident TM

electromagnetic wave on a metal surface can induce charge oscillation along the

surface, provided there is a component of the electric field that is normal to the

surface of the metal, and the superfical waves – the surface plasmon polariton – can

be understood as a longitudinal oscillation of surface charges bound at the interface

between a dielectric and a metal. The fields of this bound surface wave then decay

exponentially away from the interface into both bounding media.

In subsequent years much of the behaviour of the surface plasmon polariton has

become well understood, such as its dispersion relation, propagation length, and

the penetration depth of its fields into the adjacent media, along with the various

mechanisms for electromagnetic coupling to the resonance. The findings up until

the late 1980s were summarised in an important book by Heinz Raether [14], and

the relevant details are presented in the following five sections.

2.3 The Surface Plasmon Polariton Dispersion

Relation

Figure 2.1 depicts the incidence of a TM polarised plane wave from a dielectric with

permittivity εd onto an interface defined by the surface of the adjacent metal with

permittivity εm. The plane of incidence is parallel to the surface normal such that

there is no component of the wave-vector in the z direction.
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Figure 2.1: A schematic diagram of radiation, with wavevector kd, incident from a dielectric
medium, with permittivity εd, on a planar metal surface, with permittivity εm.

The electric and magnetic components of a TM polarised propagating electro-

magnetic wave with wave-vector k = (kx, ky, 0) can be described by

E = [Ex, Ey, 0] exp (i [kxx̂+ kyŷ − ωt]) (2.2)

H = [0, 0, Hz] exp (i [kxx̂+ kyŷ − ωt]) (2.3)

where x̂ and ŷ denote unit vectors in the x and y directions, ω denotes the angular

frequency of the electromagnetic wave, and kx and ky represent the tangential and

normal components of its wave-vector. The normal component of the wave-vector

can be specified as

kyσ =
√
εσk2 − k2

x (2.4)

where σ = m, d denotes the material in which the wave is propagating, and k

is the magnitude of the wave-vector in a vacuum. If c is the speed of light then

k = ω/c.
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Letting superscripts i, r and t denote the incident, reflected and transmitted

waves respectively, then by applying Maxwell’s equation

∇×H = ε
∂E

∂t
(2.5)

the following relations may be obtained

Hz =
εωEx
ky

= −εωEy
kx

(2.6)

On a planar surface the SPP is not leaky, that is it is non-radiative, therefore,

only one wave need be defined in each material. Although the SPP mode is non-

radiative, it still has a finite lifetime due to non-radiative losses, such as elastic and

in-elastic scattering of the oscillating electrons and phonon interactions etc, which

are often combined under the umbrella term Joule losses, as they result in heating

of the metal film, and give the absorption power losses of the SPP in the metal, as

macroscopically described by the permittivity of the metal. Thus, in the dielectric,

it is allowed to arbitrarily set the incident or reflected wave to zero. Substituting

equations 2.2 and 2.3 into the relation 2.6, with the incident field set to zero, the

reflected and transmitted fields may then be fully described as

Er
d = Er

xd

[
1,
kx
kyd

, 0

]
exp (i [kxx̂− kydŷ − ωt]) (2.7)

Et
m = Et

xm

[
1,− kx

kym
, 0

]
exp (i [kxx̂+ kymŷ − ωt]) (2.8)

Hr
d = Er

xd

[
0, 0,−ωεd

kyd

]
exp (i [kxx̂− kydŷ − ωt]) (2.9)

Ht
m = Et

xm

[
0, 0,

ωεm
kym

]
exp (i [kxx̂+ kymŷ − ωt]) (2.10)

The tangential electric and magnetic field components must be continuous across

the interface, such that the following boundary conditions must be imposed
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Er
xd = Et

xm (2.11)

Hr
zd = H t

zm → −
ωεdE

r
xd

kyd
=
ωεmE

t
xm

kym
(2.12)

These boundary conditions can be combined to give

εd
kyd

= − εm
kym

(2.13)

By combining equations 2.4 and 2.13 the SPP dispersion relation may be ob-

tained

kx = k

√
εdεm
εd + εm

= kspp (2.14)

Clearly equation 2.14 depends on the relative permittivities of both the metal

and the dielectric, however, the permittivity of the dielectric can be assumed to

be largely independent of frequency, with an insignificant imaginary part, whereas

the permittivity of the metal will be highly sensitive to frequency changes. In fact,

the real part of the permittivity of silver, for example, is negative above a vacuum

wavelength of approximately 350 nm but positive below this value. Therefore, silver

may behave as a dielectric or a metal depending on the frequency of the incident

radiation. Typically the variation of a metal’s permittivity, over a large range, is

often approximated by the familiar Drude model where

εr = 1−
ω2
pτ

2
D

1 + ω2τ 2
D

(2.15)

εi =
ω2
p

ω (1 + ω2τ 2
D)

(2.16)

where τD is the electron relaxation time. Of course the Drude model is only
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Figure 2.2: Schematic diagram of the SPP dispersion curve (solid line) for a planar metal/dielectric
interface. Also shown are the plasma frequency limit ωsp (dotted line) and the light line (dashed
line), the region this bounds (the grey area) defines the range of in-plane momentum accessible to
incident radiation.

valid for frequency ranges for which phenomena such as electronic transitions do

not occur, and better approximations may be determined over smaller ranges using

fits to experimental data. The permittivity of the metal is therefore a complex

quantity with εm = εr,m + iεi,m, and thus so is the SPP wave-vector. The condition

|εr,m| > |εd| must be met for a propagating mode to exist, therefore, assuming

εr,m < 0 and εr,m � εi,m, the SPP wave-vector can now be described by

kspp = kr,spp + iki,spp (2.17)

kr,spp = k

√
εdεr,m
εd + εr,m

(2.18)

ki,spp = k

(
εdεr,m
εd + εr,m

) 3
2 εi,m

2ε2d
(2.19)

The real part of the SPP wave-vector describes the SPP propagation, and the

imaginary part describes the damping it suffers as a result of absorption in the metal

due to non-radiative loss channels.

Figure 2.2 presents a typical SPP dispersion curve (solid line), also shown is the

light line (dashed), which denotes the maximum in-plane momentum a photon of a

given frequency may obtain, i.e. a photon at grazing incidence. For large kx the SPP

dispersion asymptotically approaches a limit, the surface plasma frequency, given
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by ωsp = ωp/
√

1 + εd, which is of course the same limit discussed in the introduction

to this chapter for electrons incident from a vacuum onto a metal surface as, in

that case, εd = 1. This limit is shown as the dotted line. Actually, this limit is

the frequency at which the magnitude of the real part of the permittivity of the

metal (silver here) is equal (but opposite in sign) to the permittivity of the adjacent

dielectric (air/vacuum here), and therefore, from equation 2.1 the electric fields in

each medium are equal and opposite. This can be understood by considering that

for frequencies in the range, ωsp ≤ ω ≤ ωp, kx is purely imaginary and therefore

not propagating (λspp → ∞). Thus, at this point the resonance is essentially a

longitudinal oscillation, and so is a surface plasmon rather than an SPP. While, for

ω > ωp, ky (equation 2.4) is real, therefore, the wave is no longer bound to the

surface.

Until now the plane of incidence has been held in the x-y plane, however, the

planar surface means that there is no physical reason why this should be enforced,

and the same dispersion curve will be valid for a plane at any azimuthal angle (ϕ)

– the dispersion curves are degenerate for any ϕ. Therefore, in order to obtain the

full SPP dispersion relation for wave-vectors with a z component, the dispersion

curve presented in figure 2.2 can be rotated about kx = 0 to obtain a horn shaped

dispersion diagram.

2.4 Surface Plasmon Polariton Penetration

Depth

It was mentioned in section 2.2 that the fields associated with the SPP decay ex-

ponentially into the two bounding media. The standard measure that is used to

quantify this decay is the penetration depth, Lyσ, which is defined as the distance

that the fields penetrate the media before their amplitude has decayed in magnitude

to 1/e of their value at the interface. Assuming the same conditions on the permit-

tivities as discussed previously, the metal is a good metal such that |εr,m| > |εd|,

εr,m < 0 and εr,m � εi,m, then from equations 2.4 and 2.14, the normal component
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of the wave-vector kyσ can now be described by

kyσ = ±k
[
εσ −

(
εmεd
εm + εd

)] 1
2

= ±k
(

ε2σ
εm + εd

) 1
2

(2.20)

= ±k
(
ε2r,σ
εr,m

) 1
2

(2.21)

Therefore, kyσ, is purely complex, and from equations 2.2 and 2.3, it is evident

that the fields must decay exponentially into each medium according to exp(−ki,yσy).

The distance at which the amplitude of the fields falls to 1/e is thus defined as 1/|kyσ|

such that

Lyσ =
1

|kyσ|
=

λ

2π

(
|εr,m|
|ε2r,σ|

) 1
2

(2.22)

For the optical frequencies that will largely be the focus of the work presented

here, the penetration depths into the metal (silver) are Lym ≈ 25 nm ∼ λ/20 and

into the dielectric (vacuum/air) of the order Lyd ≈ 400 nm ∼ λ.

2.5 Surface Plasmon Polariton Propagation

Length

It has been shown that the wave-vector of the SPP has a real component, and

therefore the SPP propagates along the interface. A similar argument to the pre-

vious section may be implemented to quantify a propagation length. However, the

intensity is used as a measure of the propagation length rather than the ampli-

tude. The field intensity is proportional to the square of the field amplitude, and

therefore, from equations 2.2 and 2.3, the intensity decays along the interface as

exp(−2ki,sppx). Thus the distance the SPP propagates along the interface such that

its intensity decays to 1/e of its initial value is defined as 1/|2ki,spp|, and using the

equation 2.19 this gives
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Figure 2.3: Schematic representation of the polarisation surface charge density and associated
electric field distribution for the SPP resonance. The electric field decays exponentially into both
media, but faster into the metal than the dielectric.

Lx =
1

|2ki,spp|
=

λ

2π

(
εd + εr,m
εdεr,m

) 3
2 ε2r,m
εi,m

(2.23)

For the optical frequencies that will largely be the focus of the work presented

here, the propagation length along the interface between the metal (silver) and

dielectric (vacuum/air) is of the order Lx ≈ 40 µm ∼ 100λ.

2.6 Summary of the Surface Plasmon Polariton

on a Planar Interface

The previous sections allow a full picture of the nature of the SPP on a planar metal

surface to be considered, this is shown schematically in Figure 2.3.

The SPP is a longitudinal surface charge oscillation, with its associated electro-

magnetic field distribution. The surface charge oscillation must be associated with

the fields at the interface being parallel to the surface normal, which is what causes

the charges to be bound to the metal surface, with the fields decaying exponen-
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tially into each bounding media and the fields decaying faster into the metal. The

condition that the electric fields at the interface are normal to the surface, along

with the longitudinal charge oscillation, creates field loops in each media. Finally,

at very low frequencies it behaves as a grazing photon, at high frequencies it has a

surface plasmon character, while at the optical frequencies considered here, the SPP

propagates along the interface.

However, an issue that has not been addressed to this point, but that is clear

from figure 2.2 and equations 2.14, is that the in-plane momentum of the SPP is

always greater than the momentum accessible to incident light (the region bounded

by the light line), such that kr,spp > k
√
εd is always true. This implies that the

SPP is non-radiative (as mentioned earlier), and therefore, cannot be excited on a

planar surface by incident radiation without the implementation of some coupling

mechanism, which must enhance the in-plane momentum of the incident photons

such that the two in-plane wave-vectors match.

2.7 Prism Coupling to the Surface Plasmon

Polariton

There are several methods by which this coupling may be achieved, the technique

that will be applied throughout the rest of this work is the use of periodic surface

perturbations, which scatter the incident light, enhancing its in-plane momentum.

This will be discussed in more detail later, but for a fuller discussion, there are two

other common methods which will be briefly described first. These two methods are

very similar and rely on total internal reflection and so are called Attenuated Total

Reflection (ATR) coupling. Note that there are a variety of less common methods,

such as SPP excitation by SNOM probes, but these are not relevant to this thesis.

When radiation is propagating through a medium with refractive index n2 and

encounters an interface with a medium with a lower refractive index n1, then the

wave is totally reflected if the incident angle is greater than the critical angle, given

by
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sin(θc) =
n1

n2

(2.24)

This is because the in-plane momentum of the wave in the higher index medium

(kx2 = n2k sin(θ) for θ > θc) is larger than the maximum available in-plane momen-

tum of the resulting wave in the lower index medium. Therefore, a propagating wave

in the lower index medium cannot be produced and an evanescent wave is created,

which propagates along the interface, and decays exponentially into the lower index

medium. This evanescent wave must have the same in-plane momentum as the in-

cident radiation, which must be higher than any propagating radiation in the lower

index medium. If the lower index medium is air (or vacuum) then it is clear that, if

a metal surface is placed within the exponential decay of the evanescent wave, then

an SPP may be excited by this wave because the evanescent wave has an in-plane

momentum that is greater than the in-plane momentum of propagating radiation in

the lower index medium. This is summarised in figure 2.4, where the SPP can be

coupled to in the region bounded by the light line in air and the (higher momentum)

light line in the higher index medium, in this case silica. The light grey area denotes

the region for which the in-plane momentum of the radiation in the prism is greater

than that in air, and therefore, the region in which total internal reflection occurs,

as described above. In this region, the in-plane momentum of the incident radiation

in the prism is greater than the in-plane momentum of the enclosed section of the

air SPP dispersion curve, and thus, it can be excited.

As alluded to earlier, there are two methods which achieve this coupling mech-

anism. They are summarised schematically in figure 2.5. In figure 2.5(a) the exact

mechanism described above is implemented and is termed the Otto ATR configu-

ration [15]. However, in this configuration, the higher index prism can disturb the

dispersion of the SPP because it alters the exponential decay of the SPP into the

dielectric. Therefore, it is desirable to have the spacing between the metal and prism

as large as possible, but not so great that the coupling efficiency is very weak; typi-

cally this distance is of the order of one wavelength of the incident radiation. It is
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Figure 2.4: Dispersion curve showing the region of reciprocal space where coupling between light
incident at the silica prism-metal interface and the SPP mode propagating at the air-metal interface
can occur (light grey region).

obvious that in the optical regime this is technically challenging, therefore a slightly

different configuration is implemented. This is the Kretschmann-Raether ATR con-

figuration [16], and is shown in figure 2.5(b). This configuration uses a thin metal

film attached (directly or by index matching fluid of a coated glass plate) to the

prism surface. Provided the film is optically thin, then an SPP may be excited, for

the same reasons above, on the metal/air interface. This is clearly much simpler to

implement in the optical regime.

2.8 Grating Coupling to the Surface Plasmon

Polariton

2.8.1 Introduction

It is well known that the in-plane momentum of incident light may be enhanced

by scattering from periodic surface perturbations, i.e. by diffraction. Therefore, as

was discovered in the early part of the last century [5], it is possible to couple to

an SPP by using a diffraction grating. Initially only gratings consisting of small

periodic surface relief perturbations are discussed, this is because they allow SPP

excitation, by their production of diffraction, without significant perturbation of

the propagation of the excited SPPs, and hence their dispersion diagram. How-
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Figure 2.5: Schematic diagram of the two ATR configurations for the excitation of SPPs. (a) the
Otto configuration and (b) the Kretschmann-Raether configuration.

ever, in later chapters, surface relief gratings with large amplitudes and lamellar

(discontinuous) gratings will be considered, both of which will significantly perturb

the propagation, and therefore, dispersion of the SPP. Furthermore, the periodicity

can be in 1-dimensions, such that the gratings are ridges/grooves that are infinite

in the z -direction, or 2-dimensional such that there is periodicity in both x and z

directions.

2.8.2 1-dimensional Grating Coupling

A schematic of a 1-dimensional surface relief grating, with a rectangular cross-

section, is presented in figure 2.6, and only linearly polarised incident radiation

is considered. The structure is separated into three layers, the homogeneous inci-

dent and transmission regions 1 and 3, and the grating region 2. The grating region

consists of a periodic array of ridges/wires with a grating height h, period dx and

mark-to-space ratio, fx. The mark-to-space ratio, fx, is defined as the ratio of the

width of the ridges/wires to the grating period; equal grooves/slits and ridges/wires

are given by fx = 0.5. In fact, as will be discussed in chapter 3, the grating region

can actually consist of any number of separate grating and/or homogeneous layers,
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Figure 2.6: Schematic representation of a 1-dimensional rectangular cross-section grating in the
conical mount. The diagram displays the grating parameters, the angles that define the incidence
of the plane wave and its linear polarisation, and the hypothetical discretisation of the structure
into three different layers.
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although only the three layer structure of figure 2.6 is considered in this thesis. ψ

represents the direction of the electric field vector, such that the wave is pure TE

polarised when ψ = π/2, and pure TM polarised when ψ = 0. If ψ 6= 0, π/2 then the

incident wave has a mixed polarisation. When the plane of incidence is held parallel

to the grating vector, ϕ = 0, the grating is said to be in the classical mount, such

that if the incident radiation is TM polarised, then the incidence is equivalent to

figure 2.1. When the plane of incidence is allowed to rotate about the y-axis, ϕ 6= 0,

then the grating is said to be in the conical mount. Furthermore, the substrate

(region 3) can be either the same metal as that which comprises the ridges, or a

dielectric. In the former case the surface of the grating is continuous and that is

what is considered in the present chapter, with the caveat that the grating is also

shallow, and in chapter 7, where the grating is allowed to be deep. However, in

chapters 4 and 5, the substrate is a dielectric such that the grating is discontinuous

and consists of a periodic array of individual rectangular wires, and the grooves

become slits, in this case the grating is called a lamellar grating.

Typically, the majority of work on grating coupling has considered gratings with

a shallow sinusoidal amplitude variation, such that it can be considered that the

periodicity provides the required diffraction without significantly perturbing the

SPP propagation and hence dispersion curve. As such, much of the work on shallow

sinusoidal gratings applies directly to shallow rectangular profile gratings. However,

there are some subtle differences between the two profiles, which will be highlighted

in section 2.10. Furthermore, this degeneracy does not apply to large amplitude

gratings, such that there can be significant differences between the SPP behaviour

on rectangular gratings and sinusoidal gratings with large amplitudes. This will be

discussed in more detail in chapters 4 and 5.

Diffraction is induced by a periodic surface relief modulation because the incident

photon is scattered by adding or subtracting integer, N , multiples of the grating

vector kg = 2π/d x̂, where d is the period of the modulation. If θi denotes the

incidence angle and θs the angle of the scattered (diffracted) wave, then the in-plane

momenta of the incident and diffracted waves are related by
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kx = k sin(θi) cos(ϕ)±Nkg = k sin(θs) cos(ϕ) (2.25)

kz = k sin(θi) sin(ϕ) = k sin(θs) sin(ϕ) (2.26)

Clearly the in-plane momentum of the diffracted wave can be greater than that

of the incident radiation. When the incident polar angle (θi) and the frequency are

such that the diffracted wave is non-propagating and evanescent, then the diffracted

wave can couple to an SPP, due to its enhanced in-plane momentum, when

k sin(θi) cos(ϕ)±Nkg = k sin(θs) cos(ϕ) = kspp (2.27)

(2.28)

Furthermore, the reverse is true, an SPP can be scattered into a radiative mode

by

k sin(θs) cos(ϕ) = kspp ±Nkg (2.29)

(2.30)

where θs can be equal to the angle of any of the diffracted orders and also of

the undiffracted specularly reflected wave. Finally, an SPP can be scattered into a

higher (or lower) order SPP, k′spp (which could also be directly coupled to by the

incident wave using an appropriate N) by

kspp ±N ′kg = k′spp (2.31)

(2.32)

The excitation of SPPs by grating coupling can be more easily understood by
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Figure 2.7: Schematic representation of the dispersion diagram for a shallow surface relief grating.
The solid lines are the SPP dispersion curves while the dashed lines are the light lines and diffracted
light lines. Scattering from the grating vector kg folds the SPP dispersion curves back inside the
radiative region (grey area) so that excitation can occur.

considering the effect that the grating has upon the SPP dispersion curve. For

simplicity only grating coupling in the classical mount (ϕ = 0) is discussed initially.

From equation 2.25 it is clear that the diffraction of the incident wave, due to

the addition and subtraction of integer values of the grating vector, requires that,

in reciprocal space, the light line, and therefore, the SPP dispersion curve (for both

positive and negative kx) must be repeated for every lattice point. Where each

lattice point in reciprocal space is defined as the integer values of grating vector,

such that the light line and dispersion curve repeat every kx = ±Nkg. This is often

termed band folding because the scattered SPP dispersion curves have been folded

back into the radiative region. It is shown schematically in Figure 2.7, where the

integer values denote the diffraction order e.g. ±1 denotes first order diffraction by

±1kg, ±2 denotes first order diffraction by ±2kg etc.

The shaded area denotes the region of reciprocal space that is accessible to

incident radiation. While the undiffracted SPP dispersion curves lie beyond the

light lines, it is clear that the diffraction has caused the diffracted SPP dispersion

curves to exist inside the region that is accessible to direct radiative coupling. Thus,

by the appropriate choice of grating period, it is possible to diffractively couple to

SPPs at any point of their dispersion curve. This is equivalent to the diffraction

enhancing the in-plane momentum of the incident light by Nkg. Furthermore, SPPs
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scattered by higher N values of the grating vector are equivalent to higher order

SPPs, such that, at a given in-plane momentum, say kx = 0, the 1kg scattered

SPP has a wavelength λspp, while the second order SPP scattered by 2kg, which is

the next SPP found as the frequency is increased, has twice the momentum and

therefore half the wavelength, and so on. Furthermore, at frequencies below the

first order diffraction light lines (±1), the grating is zero-order, which means it is

non-diffractive as there are no propagating diffraction orders that can exist in the

far-field. At this point only non-propagating evanescent diffracted orders can occur.

However, excitation of SPPs is clearly possible because there are SPP dispersion

curves in this region, therefore, it is the evanescent diffracted orders that couple to

SPPs.

For non-zero azimuthal incidence, SPPs may still be coupled by diffraction, pro-

vided the diffraction induces the scattered radiation to have a large enough wave-

vector. However, they may not propagate in a direction that is purely parallel to

the grating vector, as is the case in the classical mount. The full SPP dispersion

curves, for conical incidence, is determined by rotating each diffracted dispersion

curve about each lattice point. Thus the full conical dispersion curve is a periodic

(in x ) series of horn shapes defined by the rotation of the dispersion diagram at each

Nkg – i.e. a repeat at each lattice point of the horn shape dispersion diagram for a

planar surface in the conical mount.

As an illustration of the grating coupling to an SPP in the conical mount, figure

2.8 presents a constant frequency slice of the conical dispersion diagram.

Figure 2.8 is therefore a plot of the kx − kz plane at a specific frequency, and

produces a series of overlapping circles (only the first order diffraction is shown for

clarity). The dotted lines represent the edges of the light cones, with the grey area

defining the region accessible to incident radiation, and the solid lines denote the

edges of the SPP dispersion horns. The arrows represent the radiation incident at

an azimuthal angle ϕ being scattered by kg, such that an SPP can be excited with

a propagation angle δ because the diffracted SPP circle is inside the light cone.

Unlike the case for the classical mount, the SPP propagation is now not at the same
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Figure 2.8: A plane in reciprocal space for a constant value of ω. The dotted lines represent the
light lines (and diffracted light lines) for constant ω as a function of the wavevector components
in the x and z directions. The solid lines represent the SPP modes. The shaded region is the
area of reciprocal space accessible to radiation and is bounded by the zero order light line and the
SPP. The mechanism for grating coupling of light into the SPP mode is shown, with δ giving the
propagation direction of the excited SPP.

azimuthal angle as the incident radiation.

Conical incidence also features another interesting case, which highlights an im-

portant point. For the planar surface in the classical mount, only TM polarisation

may excite a SPP as only this polarisation has a component of the electric field that

can be parallel to the surface normal. This is also true for a grating in the classical

mount. However, if the azimuthal angle is ϕ = 90◦, then it is clear that diffracted

TE radiation can also excite an SPP because diffracted TE radiation can have a

component of its electric field parallel to the surface normal. It has also been shown

that the excitation of an SPP by TM radiation at ϕ = 90◦ is usually very weak [17].

Interestingly, for θi 6= 0, this excites an SPP that is a standing wave in the x direc-

tion, but which propagates along the wires/grooves in the z direction. Clearly then,

for any angles of incidence between the classical mount and ϕ = 90◦, both TE and

TM radiation may have the required electric field component which can excite an

SPP. The maximum coupling strength for TM polarisation is in the classical mount

and reduces monotonically as the azimuthal angle is increased to ϕ = 90◦, while

the opposite is true for TE radiation. This implies that for azimuthal angles in the

range 0 < ϕ < 90◦ any polarisation state, 0 ≤ ψ ≤ 90◦, has the capability to excite
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Figure 2.9: Dispersion curve of SPPs on a grating structure with the plane of incidence at an
azimuthal angle ϕ = 90◦, kx = 0. The SPP curve centred at the origin is always outside the light
line, while a section of the +kg scattered SPP curve lies in the radiative region.

an SPP provided diffraction can enhance its in-plane momentum adequately.

Finally, the kz dispersion diagram (the in-plane momentum for ϕ = 90◦) may

then be determined by taking a slice through the full conical dispersion diagram at

the appropriate value of kx. An example of this is given in figure 2.9, which shows

the kz dispersion at a constant kx = 0. The SPP curve centred at the origin is

always outside the light line, whereas a portion of the +kg scattered SPP curve lies

in the radiative region.

2.8.3 2-dimensional Grating Coupling

When periodicity is also introduced in the z direction, the grating is said to be 2-

dimensional, or a bi-grating. A schematic of this type of structure is shown in figure

2.10. This diagram gives a representation of a bi-grating structure consisting of

an array of ridges/particles defined by the mark-to-space ratio and period in either

periodic direction (x and z ). The inverse structure – a bi-grating consisting of an

array of grooves/holes – may be defined by reversing the two permittivities that

make up the grating region (see figure 3.3 in chapter 3), i.e. by having the mark-

to-space ratio defining the absence of material in a homogenous region of dielectric,

rather than by having it define the presence of material in a vacuum, as is the case

in the diagram.
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Figure 2.10: Schematic representation of a 2-dimensional rectangular cross-section grating in the
conical mount. The diagram displays the grating parameters that define the period and ridge
thicknesses in the two periodic directions. The incident angles are the same as those defined in
figure 2.6 but are not shown for clarity. The complementary structure, an array of grooves may be
constructed by reversing the permittivities in the grating region.

Extending the description of 1-dimensional periodicity to two dimensions, the

grating now has grating vectors kgx = 2π/dx and kgz = 2π/dz, where dx denotes

the modulation period in the x direction and dz the modulation period in the z

direction. The considerations used in creating the conical grating dispersion diagram

from the planar surface geometry, can be extended in a straightforward manner to 2-

dimensions. It is therefore apparent that the dispersion diagram for a 2-dimensional

grating is then a 2-dimensional array of the planar horn shape dispersion curves,

where the array is defined by the lattice points ±Nkgx and ±Mkgz. In other words,

the conical 1-dimensional grating dispersion diagram is repeated in the z direction

according to ±Mkgz. This is shown schematically in figure 2.11, where the kx − kz

plane of the dispersion diagram is plotted for a constant frequency for a shallow

grating. Note that the lattice points in reciprocal space are closer together in the

z direction as a result of the period in this direction being longer than in the x

direction.

It is clear in this geometry that diffraction can now occur in both directions,

such that each diffracted order must be represented by two indices, N for diffraction

in the x direction and M for diffraction in the z direction; for example, the (1,-1)

diffracted order is the scattered wave defined by
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Figure 2.11: A plane in reciprocal space for a constant value of ω. The dotted lines represent the
light lines (and diffracted light lines) for constant ω as a function of the wavevector components in
the x and z directions. The solid lines represent the SPP modes. The shaded region is the area of
reciprocal space accessible to radiation and is bounded by the zero order light line and the SPP.
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kx = k sin(θi) cos(ϕ) + kgx = sin(θs) cos(ϕ) (2.33)

kz = k sin(θi) sin(ϕ)− kgz = sin(θs) sin(ϕ) (2.34)

If the frequency and angle of incidence are such that the momentum of the

scattered field is equal or greater than that of the (1,-1) SPP (a negative first order

SPP in the -z direction and a first order SPP in the x direction), then it can be

excited. Clearly, it is also possible to excite an SPP for any azimuthal angle and any

linear polarisation state, provided that the momentum matching condition is met,

because there will always be a component of the scattered electric field that is in the

required orientation, and furthermore, that SPPs can be excited which propagate in

all directions. For example, in figure 2.11 all of the possible first order diffractively

coupled SPPs, including first order diffractions in two directions simultaneously,

may be excited at this representative frequency because each order has part of its

horn shaped dispersion diagram inside the radiative region. Again, slices of the

full 2-dimensional dispersion curve can be taken at a specific kx (or kz) to give the

dispersion diagram in the required direction, but these will be quite complicated.

2.9 Surface Plasmon Polariton Dispersion

Band-Gaps

It is well known that waves propagating in opposite directions can interact together

to form a standing wave. It is also well understood that these standing wave states

can exhibit energy band-gaps when there are two possible standing wave states,

with different energies, that can occur. For example, standing waves can be induced

in a multi-layer dielectric stack, consisting of alternating layers of two dielectrics

with different refractive indices n1 and n2, if the thicknesses of each layer are chosen

to be ti = λ0/4ni. In such a structure, Bragg scattering of waves travelling in

both the forward and backward directions, at each interface, causes standing waves
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to be produced. Simple symmetry arguments imply that this process results in

two possible standing wave states, one with the electric-field maxima in the lower

refractive index material, and one with the maxima in the higher refractive index

material. Naturally, these two standing wave states have the same wave-vector, but

the different localisation of the fields causes the two states to have different energies,

and thus an energy band-gap is induced at that wave-vector. Photonic band-gaps

were first predicted to prevent the propagation of light through similar structures in

the frequency range of the band-gap [18]. An equivalent phenomena occurs in the

electronic band-gaps that are created in crystals.

Clearly then, the excitation of SPPs by grating coupling, where counter propa-

gating SPPs are induced (±Nkg), ought to also produce SPP energy band-gaps. In

fact, energy band-gaps in the dispersion of grating coupled SPPs were first reported

half a century ago [19], but not fully explained.

The simplest case to examine in more detail is the band-gap resulting from the

counter propagation of SPPs excited by +kg and −kg. These two solutions, as can

be seen in figure 2.7, cross for incident radiation at normal incidence. At the crossing

point the two possible standing wave states must be given by

ψ1 = exp(ikgx) + exp(−ikgx) = 2 cos(kgx) (2.35)

ψ2 = exp(ikgx)− exp(−ikgx) = 2i sin(kgx) (2.36)

If the nodes of each solution are defined as the point at which the normal compo-

nent of the electric-field exits (or enters) the surface of the grating, then, depending

on the choice of x = 0, one of these solutions will have nodes at the peaks of adjacent

ridges of the grating, while the other will have nodes at adjacent troughs. This is

shown schematically in figure 2.12; note that the grating amplitude is not to scale,

for clarity it is drawn significantly larger than it should be.

From figure 2.12 it is evident that the field lines are more concentrated at the

surface for the solution that has its nodes at the troughs of the grating, the lower

plot. This means that the surface charges are more concentrated for this solution,
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Figure 2.12: Electric field and surface charge distributions for the two standing wave solutions of
counter propagating SPPs. The field lines in the lower sketch are more distorted, therefore this is
the higher energy solution.

and that the electric field lines are more compressed, therefore, the energy density is

greater and this is the higher energy solution. Thus, this process opens a band-gap

at the crossing point of the propagating SPPs; this is demonstrated in figure 2.13,

which shows an enlarged schematic view of the band gap associated with the lowest

frequency crossing point at normal incidence, i.e. the band-gap associated with the

standing wave that results from the counter propagation of the ±kg SPPs. This

argument applies for every crossing point in the SPP grating coupled dispersion

curve.

Figure 2.12 also shows an important feature, at normal incidence, the higher

energy solution cannot be coupled to. This is because, the electric field lines are

normal to the surface where they originate, which means they are only ever very near

vertical for this solution, whereas they can be near horizontal for the lower energy

solution. At normal incidence, the incident wave has no electric field component

that is in the vertical direction, it is purely horizontal, and therefore, the higher

energy mode cannot be excited near the band-gap because the overlap integral of

the incident and higher energy SPP field distributions is very small.
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Figure 2.13: Schematic diagram of the band gap associated with the lowest frequency crossing
point at normal incidence, i.e. the band-gap associated with the standing wave that results from
the counter propagation of the ±kg SPPs.

In order to discuss the strength of the coupling together of the two counter

propagating SPPs, and hence the width of the band-gap, it is instructive to consider

sinusoidal gratings manufactured by real holographic techniques. Due to the non-

linear exposure and development of these processes, the profile of these structures

typically contain not just the fundamental sinusoidal profile, but higher harmonics

as well. It is these higher harmonic components that allow band-gaps to be more

frequently observed on these structures, particularly at normal incidence [20]. For

example, if the profile, Y (x), contains only the fundamental and first harmonics,

with amplitudes y1 and y2, then it can be described by

Y (x) = y1 sin(kgx) + y2 sin(2kgx) (2.37)

The second term (2kg) describes the opening of a band-gap at kx = kg/2 due to

the reasons above. The first (longer period) kg term then describes the scattering

of this band-gap inside the light line where it can be coupled to. If there is a factor

of two between the two pitches then the band-gap will occur at normal incidence.

This can also be considered as the first term exciting two SPPs, while the second

term couples them together. As such, it is now possible in principle to couple to
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both higher and lower energy solutions at normal incidence.

As described above, this process is not necessary for the formation of band-

gaps because a band-gap can be formed from two kg scattering events. However,

the dual harmonic process requires only a single scatter from the 2kg component

of the grating profile, whereas the the original band-gap formation requires two kg

scattering events, which is much less probable, and therefore, this coupling of SPPs

is much weaker. Furthermore, if there is a phase difference between the fundamental

and harmonic, then the resulting standing wave field profiles will not be exactly the

same as in figure 2.12, nor will the grating profile be purely sinusoidal. In this case

it may be possible to select which solution is coupled to, or even both, because the

resultant field profiles will have normal electric field components that are different

to those in figure 2.12, and by varying the relative phase it is possible to arrange

the incident and SPP fields to have similar tangential electric field components for

either solutions. This analysis also applies to the higher harmonics that exist on a

rectangular profile grating.

At this point an important qualification must be made regarding profiles with

a rectangular cross-section. The previous discussion can be applied directly from

sinusoidal profiles to rectangular profiles, however, for a rectangular grating with

equal groove and slit widths, the Fourier expansion of this profile tells us that there

are no even, 2Nkg, components. Therefore, in this particular case, band-gaps can

only be weakly formed because they must rely on the two kg scattering process as

the dual harmonic single scattering process cannot apply.

2.10 Efficiency of Grating Coupling

In this section the efficiency of grating coupling on a shallow 1-dimensional grating

with a rectangular cross-section is investigated, something which, to the Author’s

knowledge, has not been examined before. In order to discuss the manifestation of

the excitation of an SPP on the reflectivity response of a shallow 1-dimensional grat-

ing, figure 2.14 presents the reflectivity response of a 1 µm period, 30 nm amplitude

rectangular profile grating, with equal groove and slit widths of 500 nm; thus the
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Figure 2.14: Zero-order TM reflectivity, as a function of frequency, for a 1 µm pitch 30 nm
amplitude rectangular cross-section continuous silver grating for normal incidence in the classical
mount (ϕ = 0◦).

grating has no even 2Nkg components. The metal is silver as described by the Drude

model using the using the parameters ωp = 1.32× 1016 s−1 and τD = 1.45× 10−14 s,

taken from Nash and Sambles [21], and the grating is illuminated by TM incident

radiation in the classical mount (ψ = 0◦, ϕ = 0◦). This plot was calculated using

the Fourier Modal Method, which is described in detail in chapter 3. The frequency

range is 0.2× 1015 Hz ≤ f ≤ 0.6× 1015 Hz such that the plot includes the transi-

tion between the zero order and first order diffracted regions, and the second order

diffracted region.

Before discussing the results of figure 2.14 an important qualification must be

made. One needs to be aware that the permittivities in the case of a thin 2-

dimensional wire may be different from those of an infinite bulk material, particu-

larly for the structures that are studied in later chapters, e.g. tall thin wires and

lamellar gratings, and so a consideration of this modification of the permittivity

must be highlighted. It has been discussed elsewhere that the classical macroscopic

approach of electrical permittivity is adequate for isolated particle dimensions as

small as 2 nm [22]. As a bulk metal is reduced in thickness towards this value, the

mean free path of the electrons decrease as the electron surface scattering becomes

more important, therefore, the dispersion relation will not only depend upon the

fact that there is 2-dimensional confinement, but will vary both with the grating
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height and the wire width. However, it has been shown that, for such silver wires as

studied here, only the imaginary part of the permittivity increases slightly [23]. In

addition the scattering of electrons by phonons and defects will also be significantly

dependent on the crystal structure of the wires, such that a noticeably different

permittivity may be measured for a single crystal metal than for a multiple crys-

tal metal. Thus, it is the Author’s belief that the underlying physics presented

here is sound, even if the exact location and bandwidth of the resonance would not

necessarily agree exactly with experimental data.

There are three features that need to be considered. The first feature at fx =

0.3×1015 Hz is the critical edge associated with the transition of the first diffracted

order from being propagating to being evanescent, and the resultant distribution of

its energy amongst the remaining propagating orders (only the zeroth order). The

reflectivity minimum in the zero order region at fx = 0.295 × 1015 Hz is due to

the excitation of the fundamental SPP supported by the grating by the evanescent

diffracted order by the processes described above. The reason the excitation results

in a minimum in the reflectivity response is as follows. The incident light is first

diffracted into the evanescent diffracted order, which results in a phase change of

90◦ such that the diffracted order is 90◦ out of phase with the incident wave. The

evanescent diffracted wave then excites the SPP, which results in a second 90◦ phase

change (as with the resonant excitation of any forced damped oscillator), therefore,

the SPP is 180◦ out of phase with the incident radiation. Meanwhile, the specularly

reflected wave has undergone a 180◦ phase change with respect to the incident wave

because the electric field is reversed upon reflection from a metal surface. The

SPP may then lose energy through non-radiative loss channels, but it may also lose

energy by the reverse process of its excitation – it is scattered such that it loses

in-plane momentum and re-radiates electromagnetic radiation at the frequency it

was excited with. Thus, the re-radiated light from the SPP undergoes an additional

phase change of 180◦ such that it is in phase with the incident radiation. As stated,

this is 180◦ out of phase with the specularly reflected radiation, and therefore, the

re-radiated light from the SPP and the specularly reflected radiation destructively
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interfere leading to a reflection minimum and absorption peak.

The absorption increase can be understood as follows. When radiation is re-

flected from a planar metal surface, a certain amount is lost to absorption due to

the non-radiative mechanisms discussed above (Joule losses) therefore, the reflection

efficiency is not 100 %. The effect of the above deconstructive interference is that

it reduces the efficiency of the radiative loss channel significantly, i.e. the reflected

radiation, and therefore, more energy must be lost to the non-radiative loss channel,

compared to the planar reflection case, and there is an absorption increase.

The scattering argument can be extended to the final feature, the small reflec-

tivity minimum at fx = 0.57× 1015 Hz which is the excitation of the first harmonic

SPP arising from 2kg. The reflectivity minimum is much weaker because the grating

has an equal groove/ridge width, thus the Fourier expansion of a square wave tells

us that grating has no 2kg component, because only the odd harmonics exist, and

the 2kg SPP cannot be excited directly. Therefore, the first harmonic SPP must

be excited by a two scatter process, for example, 2kg = −kg + 3kg. A two scatter

process has a much lower probability of occuring and so the excitation and resulting

feature is much weaker.

On a pure sinusiodal grating this can only occur from a two scatter process of

kg + kg = 2kg, which causes an extra phase change to occur for the SPP. Therefore,

there is an additional 90◦ phase change involved in the extra scattering event required

to excite the first harmonic SPP and so the total phase change associated with

the SPP excitation is 270◦, with a further 270◦ phase change associated with the

radiative de-excitation. This results in the re-radiated light now being 180◦ out

of phase with the incident radiation, such that it is in phase with the specularly

reflected wave and, thus, they constructively interfere to give a reflection maximum

rather than minimum. The absorption argument above can be re-applied, except in

this case, the constructive interference increases the efficiency of the radiative loss

channel, the reflected radiation, therefore, less energy can be lost to non-radiative

loss channels and there is a decrease in absorption and a reflection increase.

However, in the case of a rectangular grating with equal groove/ridge widths,
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this multi-scatter process can also occur through any combination of the infinite

number of odd coefficients of the Fourier harmonics provided that they sum to

2kg. While some of these will also result in the re-radiated light being in phase

with the specularly reflected beam, others, due to the combination of higher order

and negative scattering events, will result in the re-radiated light once again being

out of phase with the specularly reflected beam. Therefore, the feature may be

a maximum or a minimum depending on the relative strengths of these different

multiple scattering events when they are summed together. In the case of a grating

with equal ridge/groove widths, the summation clearly results in a weak reflection

minimum.

As with any forced damped oscillator, the shape of the SPP resonance is as-

sociated with both the coupling strength (probability) into and out of the SPP

mode, and the total damping of the SPP, which is due to re-radiation of electromag-

netic energy and absorption of energy in the metal by non-radiative mechanisms.

The width of the resonance is largely dictated by the total damping of the mode.

Similarly to the diffraction efficiency, the re-radiation scales as approximately h2,

whereas the absorption damping is largely independent of grating height. There-

fore, for low grating heights, the total damping will be small and the resonance will

be narrow. As the grating height increases, the total damping increases and the

resonance broadens.

The depth of the resonance is largely dominated by the ratio of the radiative

damping, ∆ωrad, to the non-radiative damping (absorption), ∆ωabs. For shallow

gratings ∆ωabs dominates and the resonance is shallow and narrow. As the grating

height increases, the depth of the resonance increases and the resonance broadens

until R = Rmin for ∆ωrad = ∆ωabs. For further increases in grating height, ∆ωrad

begins to dominate and the resonance broadens further and its depth reduces. This

can be seen in figure 2.15, which is a plot of the reflectivity curves for a similar

structure as figure 2.14, except for varying grating heights.

By altering the mark-to-space ratio it is possible to tailor the different Fourier

harmonics, for example, very narrow wires or grooves require the higher harmonics
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Figure 2.15: The dependence of the zeroth-order TM reflectivity of the grating in figure 2.14 as a
function of grating amplitude, h.

to be larger in magnitude, and possibly even larger than the fundamental. Also

note that the even harmonics will exist for any fx 6= 0.5. The existence of higher

harmonics allows the fundamental SPP to be excited by a multiple scattering event.

For example, the lowest order SPP can be excited by the single kg scattering event,

as above, or it could be excited by a +2kg−kg scattering combination. However, this

is much less probable than the single scattering event and so does not usually have

a significant effect on the reflectivity response of the fundamental resonance. This

is only true provided that the +2kg Fourier component is not very large, therefore,

the fundamental response can be affected to a greater extent for certain rectan-

gular profiles e.g. very narrow ridges or grooves. This can be seen because the

fundamental SPP can be excited just as strongly for fx = 0.7 (as for fx = 0.5),

for which the fundamental Fourier coefficienct is not a maximum, therefore, the

multiple higher order scattering events must also be contributing significantly to

its excitation. Furthermore, the higher frequency SPP may be excited to a greater

extent if the profile is chosen such that the 2kg harmonic exists and is large. In this

case the first harmonic SPP can be excited by a single 2kg scattering event, and thus

can be a stronger resonance than the fundamental SPP excitation. This is indeed

possible, as can be seen in figure 2.16, which shows the reflectivity response of the

same structure, as in figure 2.16, for varying fx.
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Figure 2.16: The dependence of the zeroth-order TM reflectivity of the grating in figure 2.14 as a
function of mark-to-space ratio, fx, (a) fundamental SPP, (b) first Harmonic SPP.

In figure 2.16, the grooves of the grating are gradually varied in width away

from fx = 0.5, this has the effect of reducing the magnitude of the fundamental

Fourier harmonic while increasing the magnitude of the higher orders. Clearly, as

these higher harmonics are increased in magnitude, it is possible to excite the first

harmonic SPP very strongly, while the fundamental SPP reduces in strength. For

example, at fx = 0.8 or fx = 0.2 the first harmonic SPP minimum is much deeper

than for the fundamental SPP. This demonstrates that the first harmonic SPP can

be excited strongly for very narrow wires as well as narrow grooves. Also notice that,

unlike for sinusoidal gratings, the higher order SPP always seem to be associated

with a reflection minimum, such that the contributions from all possible scattering

excitations must always sum to result in the re-radiated light being predominantly

out of phase with the specularly reflected radiation.

However, it should be noted that varying fx away from fx = 0.5 can have a

detrimental effect on the diffraction efficiency for very narrow (small fx) wires/ridges.

Therefore, all of the SPPs will be excited weakly regardless of the strength of the

Fourier harmonics and this explains why both of the features weaken at the very

large values of fx, even though the higher Fourier harmonics are still large.

Notice that the spectral location of the resonances, particularly the higher order

SPP, also varies with fx. Figure 2.17 shows the frequency of the reflection minima as
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Figure 2.17: Spectral location of the fundamental (a) and first harmonic (b) TM reflection minima
of the grating in figure 2.14 as a function of mark-to-space ratio, fx.

a function of fx for the fundamental SPP (figure 2.17(a)) and the first harmonic SPP

(figure 2.17(b)). It can be observed that the spectral location of the SPP resonances

undergo an oscillation about a baseline frequency as fx is increased from fx = 0.1 to

fx = 0.9. There are three mechanisms that will all have an effect on the location of

the resonance as the mark-to-space ratio is varied. The first regards the permittivity

of the structure. As was discussed in the early part of this section, the increased

scattering introduced by the ridges of the structure, which will vary with the width

of the ridges, must modify the effective permittivity of the grating and therefore

shift the location of the resonance. This also accords with the fact that the higher

order SPP has a greater degree of shift, this resonance occurs at a higher frequency,

when the magnitude of the permittivity is lower, and therefore, small changes in

the permittivity will have a proportionally greater effect. Secondly, in a manner

similar to the modification of the resonance as a result of grating height, varying

fx will have an effect on the relative values of ∆ωrad and ∆ωabs, and therefore, also

affect both the width, depth and position of the resonance. Finally, the effects of the

higher harmonics of the grating must be considered. It has already been discussed

that a sinusoidal grating with a 2kg component will more strongly induce a band

gap in the optical response, and that the relative phase of the two components will

define which solution may be excited most strongly at a given incidence, with the
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magnitude of the 2kg component influencing the width of the gap. On a rectangular

grating the existence of an infinite number of harmonics will clearly have a more

complicated effect on the band gap. As fx is varied both the magnitude and phase of

the different harmonics will also be altered, each of which will have an implication,

either directly or through multiple scattering events, on which solution of the band

gap may be excited and how wide the band gap will be. The relative phase of the

harmonics is determined by their sign, if two harmonics have the same sign then

they have the same phase, however, if they are of opposite sign, then they are π out

of phase because − sin(θ) = sin(−θ) = sin(θ + π). The different combinations of all

the harmonics then determine how wide the band gap is, and which solution may

be excited.

Consider first the oscillation of the fundamental mode, where the higher har-

monics of the grating have only a minor influence. The oscillation implies that at

fx = 0.5, where no even Fourier components exist, the band gap is not strongly

induced and the resonance occurs at the expected baseline position. For fx > 0.5,

the harmonics sum such that only the higher energy solution is excited and there is

an apparent blue-shift in the resonance. While for fx < 0.5 the harmonics sum such

that only the low energy solution is excited and there is an apparent red-shift. Nat-

urally there is an optimum fx value both above and below fx = 0.5, where the sum

of the harmonics creates the largest band gap because there is a mark-to-space ratio

that results in a largest contribution from the higher harmonics. For the fundamen-

tal SPP, if the value of fx is varied further above or below this value, the location

of the resonance must return to the baseline (no band-gap) position because all the

harmonics tend to zero as fx tends to either fx = 0 or fx = 1 and the film tends to

being planar.

The excitation of the higher order SPP is more complicated because the higher

harmonics have a much stronger influence on the excitation of this mode. This can

be seen because the oscillation of this higher order mode has a shorter period than

the oscillation of the fundamental SPP. As the mark-to-space ratio of the grating

is varied, the higher Fourier harmonics oscillate about zero faster, and therefore,
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the band gap associated with the higher order SPP must also oscillate about the

baseline quicker.

The fact that the fundamental oscillation has a much lower amplitude than the

harmonic oscillation (∼ 4× 1012 Hz compared to ∼ 2× 1013 Hz) also accords with

this discussion because, as the fundamental SPP is almost completely dominated

by the fundamental Fourier component, changes in multiple scattering from higher

Fourier harmonics, as a result of varying fx, will have little effect. The only signifi-

cant effect on the fundamental SPP is a variation in the depth of the minimum as

the diffraction efficiency, ∆ωrad and ∆ωabs change. However, the higher order SPP

is more strongly dependent on the higher harmonics of the grating, and therefore,

the effect on varying fx and modifying the higher order Fourier harmonics has a

greater affect on the higher order SPP. These reasons, combined with the discus-

sion of diffraction efficiency, explain why there is a shift in the position, width and

strength of the resonances as fx is varied.

It is clear then that the excitation of SPPs on rectangular cross-section grations

can be very different to the familiar excitation on pure sinusoidal gratings due to

the existence and variability of the higher order Fourier harmonics of the grating,

particularly the possibility of very strong excitation of the higher order SPPs and

the shifting of the resonant frequency.

2.11 Surface Plasmon Polaritons on Thin

Metallic Films

In the discussion of SPPs so far the geometry that has been considered is that the

metal layer on which they are excited is optically thick, therefore, the exponentially

decaying fields experience only the metal permittivity. However, provided the mo-

mentum matching condition is met, there is no reason why they cannot be excited

on optically thin metal films. In this case the exponentially decaying fields are able

to experience the dielectric permittivity on the far side of the metal. In fact, the

behaviour of SPPs on optically thin metal films was first considered during the early

74



Chapter 2

attempts to understand the surface plasmon polariton as a charge oscillation [24], al-

though it was not until later that the behaviour was fully explained. In this section,

the effect this behaviour has on the SPP dispersion will be discussed. For simplicity,

only TM polarised incidence in the classical mount will be considered, and it will be

assumed that some arbitrary means of momentum matching has already occurred.

When an optically thick metal film is reduced in thickness so that it is optically

thin, the exponentially decaying field of an SPP, excited on the incidence surface

of the film, penetrates sufficiently far so that it is still significantly strong when

it reaches the interface with the second dielectric on the far side of the film (ini-

tially assumed to be an identical dielectric). Evidently, the primary SPP on the

near metal/dielectric interface is then able to excite a secondary SPP at the far

metal/dielectric interface. For silver in the optical region, the maximum thickness

for which this can occur is typically of the order 40 nm. This secondary SPP must

also have exponentially decaying fields, and the metal film is thin so these must be

significant on the near interface. As the bounding dielectric are identical, these two

SPP modes will be degenerate and, the two exponentially decaying fields associated

with the primary and secondary SPP will strongly interact. This results in the

degenerate SPPs coupling together, and in an analogous manner to the standing

SPP modes on a grating, results in the splitting of the degenerate modes into two

resonances with different field profiles. This is seen in the normal SPP dispersion

curve splitting into a higher and lower frequency branch [25, 26]. This is shown

schematically in figure 2.18, with the high frequency branch initially approaching

the plasma frequency, ωp, before converging, with the low frequency branch, to ωsp,

where kp = ωp/c denotes the wave-vector at which the light line coincides with the

plasma frequency.

As the thickness of the film is reduced further, the coupling becomes stronger,

and the splitting occurs to a greater degree, such that the frequency difference

between the two branches increases. This plot can be split into two regions. Where

kx < kp the dispersion of each branch must be determined from
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Figure 2.18: Schematic diagram of the dispersion curves of the high and low frequency coupled
SPPs on an optically thin planar metal film.
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where dm is the metal thickness [25]. For kx � kp, the two branches can be

described by

ω =
ωp√

2
(1± exp [−kdm])

1

2 (2.39)

and the two modes converge to ωsp [9]. The work presented in this thesis will

consider only the region of the dispersion curves for kx < kp.

The low frequency branch is associated with a field profile which displays a zero

in the tangential magnetic field Hz, thus the magnetic field is asymmetric about the

central axis of the metal layer, and this branch is termed the asymmetric coupled

SPP. The high frequency branch is associated with a field profile for which Hz is

symmetric about the central axis of the metal layer, therefore, this branch is termed

the symmetric coupled SPP. These field profiles are summarised in figure 2.19, along

with the corresponding surface charge distributions. It should be noted that some

literature prefers to define the symmetry according to the surface charge distribution,
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Figure 2.19: Schematic representation of the profile of the tangential Hz fields for the low ((a):
asymmetric - SRSPP) and high frequency ((b): symmetric - LRSPP) coupled SPPs on an optically
thin planar metal film. Also shown are the corresponding surface charge distributions.

and in this case, the terminology is reversed.

From figure 2.19 it is clear that there is a larger fraction of the evanescent fields

in the bounding dielectric for the symmetric mode (b) than the asymmetric mode

(a). Assuming that absorption in the metal dominates the dissipation of power,

then it is clear the fraction of the total fields that exist inside the metal is smaller

for the symmetric mode than the asymmetric mode, and therefore, the power losses

associated with the symmetric mode are also smaller. The smaller power losses allow

the symmetric coupled SPP to propagate further than the asymmetric mode. For

this reason, the symmetric mode is often know as the long-range surface plasmon

polariton (LRSPP) and the asymmetric mode is known as the short-range surface

plasmon polariton (SRSPP) [27–29].

For structures where the bounding dielectrics are not identical, according to

equation 2.14, the SPPs on either interface are not going to be degenerate - their

electric field distribution will have a different periodicity and phase relative to each

other. Therefore, the interaction and hence the coupling strength between the two

is going to be weaker. Therefore, for efficient coupling to occur, the film thickness

much be significantly smaller such that the fields of the two SPPs are stronger at

the opposite interface in order to compensate for the reduction in the interaction
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strength.

Finally, SPPs can also couple together across a dielectric layer between two

semi-infinite metallic surfaces [25]. In this case it is straightforward to see that the

coupling will occur for much larger dielectric thicknesses than for the metal film

thicknesses in the discussion above. Furthermore, it is evident from the discussion

of power losses relating to the fraction of fields in the metal, that the long and

short range modes will now be reversed, such that the symmetric coupling across a

dielectric results in smaller propagation distances as the thickness decreases.

2.12 Localised Surface Plasmon Resonances

The optical response of localised surface plasmon polaritons, or particle plasmons,

has been appreciated for centuries due to the interesting colours they can produce,

for example, in some forms of stained glass. The first attempt to understand their

behaviour was carried out by Michael Faraday in the 19th century in experiments on

dispersions of gold nano-particles in liquid. This was followed in the early part of the

last century by the development of Mie Theory, which solves Maxwell’s Equations

for the absorption and scattering of spherical metallic particles in non-absorbing

dielectrics. Since this early work, the electromagnetic response of metallic nano-

particles has become a significant area of research in its own right. The field in-

corporates much work, both experimental and theoretical, into a wide range of

nano-particles, such as many different shapes and sizes, two or more particles cou-

pled by their near fields, periodic arrays, embedding of nano-particles in different

materials and much more. They have found a variety of applications, such as spe-

cific sensing of different chemical species via the binding of analytes onto metallic

nano-particles, known as surface enhanced Raman scattering [30, 31]. The science

of metallic nano-particles is actually very wide ranging and is significantly beyond

the scope of the present work, and so only the basic ideas that are relevant here will

be discussed.

The development of the free electron theory, combined with Mie theory, allowed

the response of a spherical metallic nano-particle, and by extension other shapes, to
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be understood as the coherent oscillation of the conduction electrons of the nano-

particle [30]. Hence the close relation to SPPs, and the terminology localised surface

plasmon resonance (LSPR) as these resonances are localised to the surface of the

particle.

In the quasi-static approximation, where the particle must have radius (a� λ),

it is assumed that the electric field is uniform in magnitude, direction, and phase

across the whole of the particle. This allows the dipole moment of the particle, p,

and the polarisability, α, to be defined as [32]

p = 4πa3 εm − εd
εm + 2εd

εdE (2.40)

α = 4πa3 εm − εd
εm + 2εd

(2.41)

The conduction electrons of the nano-particle therefore respond to the incident

electromagnetic radiation, of period T , according to figure 2.20. Figure 2.20 also

demonstrates that the re-radiation occurs over a range of angles.

When the complex permittivity of the metallic nano-particle is such that the

denominator of the polarisability is minimised, the conduction electrons can be

resonantly oscillated across the particle, such that it responds to the incident elec-

tromagnetic radiation as a forced damped oscillator, with the electric field decaying

exponentially into the surrounding dielectric – again, similar to a normal SPP. If the

imaginary part of the complex permittivity of the nano-particle is negligible, and

the particle is embedded in air/vacuum, then the frequency of the localised surface

plasmon resonance may be determined by [32]

ωlsp =
ωp√

1 + 2εd
=

ωp√
3

(2.42)

The fact that the LSP can be considered as an oscillating electric dipole highlights

an important difference between the optical response of a nano-particle and that

of a normal SPP. For a normal SPP, the momentum matching condition requires
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Figure 2.20: Schematic diagram of the dipolar surface charge distribution generated on a nano-
particle due to an incident electromagnetic wave. Also shown is the re-radiation of light over a
range of angles rather than in only the specular direction.
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that the re-radiated electromagnetic field must have the same propagation direction

as the specularly reflected field. However, the oscillating electric dipole essentially

behaves as an aerial, thus re-radiating in all directions to some extent. Therefore, the

specular transmission response (the transmission efficiency in the direction that the

incident wave would propagate in the absence of the spherical nano-particle) does not

contain all of the resonance information because energy can be re-radiated in other

directions. For this reason the electromagnetic response of nano-particles is usually

defined by their extinction, which is the sum of their scattering and absorption,

which in turn are defined by the scattering and absorption cross-sections.

The band-width of the LSP resonance is determined by its electron dephasing

time, which is dependent on the elastic and in-elastic scattering of the oscillating

conduction electrons. These effects, as well as the effects of surface scattering, as

discussed in section 2.10, will vary with particle size and all have an effect on the

dielectric permittivity of the particle, and hence, on the shape and position of its op-

tical response. There are other size dependent effects that can modify the particles

optical response, these are as follows. For very small particles (10 nm−100 nm in the

optical regime), the quasi-static approximation can be modified to the modified long

wavelength approximation [33], which states that, as the diameter of the particle is

increased, the resonance will undergo a red-shift and broaden because of an increase

in the radiative damping. The additional energy loss process of radiation damping

leads to an increase in the overall damping and a reduction of the dephasing time of

the electron oscillations. Electromagnetic fields produced by the emission of radia-

tion reduce the polarisability of the particle by cancelling the field induced by the

incident wave, resulting in a reduction of the eigenfrequency of the system. In addi-

tion, as the particle diameter is increased, electronic screening effects become more

important as described by the skin or penetration depth of the electric field within

the particle material. A reduced amplitude of the incident field within the particle

results in a reduced polarisation and hence a red-shift in the resonance. Finally,

for larger particle diameters, with respect to wavelength, the particle experiences a

retardation field because the electric field, and hence polarisation of the particle, is
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no longer homogeneous and the quasi-static approximation breaks down. When this

occurs Mie theory must be implemented and it describes the excitation of higher

order LSPs [34]. These higher order modes involve the conduction electrons being

excited in such a way that their distribution contains more than the two poles asso-

ciated with the dipolar resonance, and so, these resonances are termed multi-polar

resonances. Furthermore, the spatial variation leads to an overall depolarisation of

the internal fields and a reduction of the associated restoring force. For a spherical

particle, it is impossible to isolate these separate size effects because an increase in

particle diameter leads to identical size increases in all directions. However, this is

not the case for particles with shapes other than spherical, as can be observed in

chapter 5.

Particles with shapes other than spherical have also been considered, for example

ellipsoids [35]. In this scheme the effects of the shape of the particle are treated as

a modification of the behaviour of the spherical shape. The dipole moment and

polarisability may then be rewritten as

p = V
εm − εd

εm + L(εm − εd)
εdE (2.43)

α = V
εm − εd

εm + L(εm − εd)
(2.44)

where V is the particle volume and L is a geometrical shape factor that modifies

these equations accordingly, for example, for a spherical particle, L = 1/3 [35]. A

reduction in the shape factor relative to the sphere equates to a red-shift of the

associated optical response of the particle while an increase in the shape factor

equates to a blue-shift of the associated response.

If nano-particles are not free standing, but located upon a substrate, then the

dipolar resonance red-shifts linearly with the refractive index of the substrate.

There are three effects that can occur when arrays of nano-particles are illu-

minated. First there is the collective effect, where each of the nano-particles may

influence a nearby particle because the re-radiated field it emits may influence the
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conduction electrons of the nearby particle if it propagates in the appropriate direc-

tion. The second effect occurs when the array is illuminated at non-normal incidence,

in this case there is a phase difference between the excitation of successive particles.

These are both relatively weak effects. The third, and much more significant ef-

fect, occurs when the excited particles are close enough such that the exponentially

decaying near-fields of adjacent particles are able to interact. If the particles are

arranged such that the incident electromagnetic field is parallel to the inter-particle

axis, then reducing the separation results in a red-shift of the dipolar resonance,

whereas, if the particles are arranged such that the incident electromagnetic field

is perpendicular to the inter-particle axis, then reducing the separation results in a

blue-shift of the dipolar resonance [36,37]. This effect has also been observed when

wires with a circular cross-section are brought together [38]. If these are excited by

TM polarisation in the classical mount, then their response is independent of the z

direction, where they are infinite in extent.

2.13 Summary

This chapter has introduced the concept of the surface plasmon polariton as a surface

charge density oscillation, with a mixed longitudinal and transverse character, at the

interface between a dielectric and a metal. The dispersion relation of the resonance

has been derived for a planar interface, where it was shown to propagate along the

interface, with fields decaying exponentially into the bounding media. This leads to

a field distribution that binds the resonance at the interface. It was shown that it is

not possible to directly excite this mode by simple illumination of incident radiation

because the in-plane momentum of the SPP is always greater than the momentum

available to the incident radiation. To overcome this, a variety of mechanisms have

been developed, which have been summarised, with particular attention paid to

the technique of grating excitation; where the grating adds or subtracts integer

values of the grating vector to the in-plane wavevector of incident light, thereby

increasing the in-plane momentum of the incident field such that it can resonantly

couple to the SPP mode. The dispersion diagram of SPPs on shallow surface relief
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gratings has been described, and the formation of energy band-gaps at the crossing

point of differently scattered SPP modes have been shown to arise. It was also

shown that the re-radiated electromagnetic wave is in the same direction as the

specularly reflected wave, but out of phase (for the lowest-order SPP), and therefore

destructively interferes, resulting in the excitation of the SPP being observed as a

reflection minimum.

The excitation of SPPs on a rectangular cross-section grating has been discussed

in detail, something which to the Author’s knowledge has not been examined before.

It has been demonstrated that the excitation of SPPs on rectangular cross-section

gratings can be very different from other grating profiles, particularly the possibility

of very strong excitation of the higher order SPPs, and the oscillation of their spectral

location, as the mark-to-space ratio is varied. This is a result of the existence and

variability of the higher order Fourier harmonics of the grating.

The modification of the dispersion of an SPP has been described, when the metal

film becomes optically thin such that the fields in the metal are still strong at the

second interface, at which point the resonance splits into two distinct branches. The

two branches have been shown to disperse in opposite directions as the thickness of

the film is decreased further and each branch has been shown to have a different

field distribution through the metal layer. These different field distributions lead to a

different amount of non-radiative absorption of the mode, thereby either enhancing

or reducing the SPP propagation length leading to the short-range or long-range

coupled SPPs.

Finally, a related phenomena known as localised surface plasmons has been pre-

sented, which are essentially the resonant oscillation of the conduction electrons on

the surface of a small metallic particle under the influence of the electric field of the

incident radiation. It is shown that this results in the particle acting as a dipole (or

multipole) with the re-radiated electromagnetic wave not necessarily propagating in

the same direction as the specularly reflected/transmitted radiation. Therefore, the

electromagnetic response of these particles are typically described by their scattering

cross-section.
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Rigorous Theory

3.1 Introduction

T
HIS CHAPTER DISCUSSES the most common means by which the

electromagnetic response of periodic structures is calculated. There are

a wide range of different techniques that have been applied, some more

specific than others. For example, models based around the finite element scheme

are quite common, particularly in the commercial sense such as those distributed

by Ansoft, the high frequency structure simulator (HFSS), and Comsol, because

they offer the ability to compute the electromagnetic response of a vast range of

different structures. However, the modelling of the electromagnetic response of

periodic structures tends to be very computationally expensive, and these models,

due to their flexibility, are often not very efficient. Therefore, such flexible models

will not be of interest in the present work, and much more efficient models developed

specifically for the periodic type of grating structures presented here will be focused

upon.

Most of the methods that model periodic structures can be traced back to the

early part of the previous century when Rayleigh first treated the interface of periodic

structures as a perturbation of a planar surface, and thereby, hypothesised that the

reflected (and transmitted) fields could be considered as a superposition of plane

waves, with each plane wave corresponding to each diffracted order. As will be

discussed, this approximation is only valid for shallow surface relief gratings because
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it only accurately describes the fields in the homogeneous regions above and below

the grating, and not the fields within the grating layer.

A wide variety of different schemes have been applied to overcome this funda-

mental restriction, each of which has its advantages and disadvantages, and each

of which models slightly different structures to a superior or inferior extent. The

early sections of this chapter will present a non-mathematical review of the most

successful of these methods, highlighting some of the most relevant details as well

as the most significant advantages and disadvantages. These sections will then be

followed by a more detailed description of the rigorous modelling method that is

used throughout the rest of the present work - the Fourier Modal Method.

3.2 Review of Methods

3.2.1 The Perturbation Methods

The treatment Rayleigh first suggested is now called the Rayleigh hypothesis and

it is clear that the total field must be pseudo-periodic according to the periodicity

of the grating structure. Therefore, the fields may be expanded as a Fourier series,

in fact, as Floquet-Fourier series, which differs from a Fourier series by a factor of

exp(ikα0x), where α0 is defined according to equation 3.23, given in section 3.3.2.1

below.

As will also be described in later sections, in the homogeneous regions, Maxwell’s

equations reduce down to a Helmholtz equation, which defines the boundary con-

ditions for the problem. Projecting this equation onto the basis defined above,

i.e. expanding the Helmholtz equation according to the series representation of the

fields, an analytical expression for the different field components (diffracted orders)

is obtained. Applying the appropriate boundary condition between each layer then

allows the calculation of the electromagnetic response of the system.

The fundamental issue with the perturbation method is that it assumes that the

expression for the field components is equally valid within the grating regions. This

is not precisely true because the Helmholtz equation is only exact for homogeneous
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regions, it is not specified on the grating surface, unless it is modified according to the

grating profile - as will be discussed later. However, comparison with experiments

has shown it to be an accurate approximation for very shallow grating profiles.

Variations on this method generally use different field matching conditions, e.g. a

point matching method, but they tend to offer only minor improvements. Therefore,

although it can be used to treat a variety of grating profiles and materials, its

breakdown for all but the shallowest grating structures severely limits its use.

3.2.2 The Integral Methods

Like all the subsequent methods, the integral methods aim to remove the Rayleigh

assumption within the grating regions by treating the fields at the interface between

the grating and the homogenous regions explicitly. For this reason they are rigorous

and the electromagnetic response of the method should be accurate for any depth

of grating.

A set of unknown functions P are defined at the surface of the grating, these

functions represent physical properties, and thus, must be chosen carefully so that

they can fully define the fields. The fields at any point in space are defined in terms

of a set of integrals, determined from Maxwell’s equations, which contain these P

functions. The solution of these P functions then describes the electromagnetic

response of the system. The fields may then be obtained from the P functions by

using the integral expressions of the fields to express the limit of the fields, and

its normal derivative, on both sides of the interface. Finally, the electromagnetic

response can be determined from these fields.

Several mathematical functions have been implemented as the P functions, such

as, Green’s functions [39,40], the functions included in distribution theory [41], and

potentials [42].

Typically, these methods are complicated for metallic gratings, furthermore, the

definition of the P functions at the interface requires an extremely complicated

formalism for multi-layed systems, therefore, the calculations are often highly com-

putationally expensive. However, they are very flexible and stable and have been
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used for several different structures [43].

3.2.3 The Differential Methods

The differential methods are a wide ranging set of methods that directly solve

Maxwell’s equations in order to calculate the fields of the grating.

Early iterations of these methods performed this technique in Cartesian co-

ordinates, thereby obtaining a set of coupled partial differential equations. These

have then been solved, for example, using a point matching method [44] to obtain

the electromagnetic response. Although simple, like the perturbation methods, these

early iterations are inherently unstable for deep gratings.

These instabilites were overcome by making a curvilinear co-ordinate transforma-

tion that maps the profile of the grating surface onto a flat plane [45]. This results in

far simpler boundary conditions, although the solutions to Maxwell’s equations are

more complex as a set of ordinary differential equations are formulated. The fields

can then be matched at each interface, applying appropriate boundary conditions,

to calculate the electromagnetic response of the system. A subtle variation of this

method is the Chandezon method [46], which was later extended to treat multi-layer

structures [47].

Another differential method projects the propagation equations of the system

onto an appropriate basis function, defined by the periodicity, and yields a series of

coupled ordinary differential equations, which can be solved numerically [48].

The differential methods have been used to model a wide variety of grating sys-

tems, both metallic and dielectric, for both the classical and conical mounts [49],

as well as 2-dimensional bi-gratings [50]. However, while the co-ordinate trans-

form methods can be used to treat most grating profiles that display a continuous

variation, the transformation means that the methods are often not able to treat

discontinuous profiles, such as the lamellar gratings discussed in the present work.
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3.2.4 Modal Methods

The modal methods are essentially a sub-division of the differential methods because

they also involve the solution of the differential form of Maxwell’s equations, leading

to an infinite set of differential equations to solve, although some often consider them

as a distinct sub-set of rigorous theories. There are two main branches of modal

methods, the Exact Modal Method and the Fourier Modal Method (FMM), which

differ only in the manner in which they treat the permittivity profile in the grating

layers. The nature of standard differential theories, for example the coordinate

transform method that maps the surface perturbation onto a flat plane, means that

they are often only able to treat surface relief profiles with a continuous permittivity

function, e.g. a sinusoidal amplitude variation. The benefit of the modal methods

is that they are easily able to treat permittivity profiles with discontinuities, e.g.

lamellar gratings, as well as continuous profiles.

3.2.4.1 The Exact Modal Method

The exact modal method, or classical modal method, was first introduced in its

current form in three papers, in 1981, by Botten et. al., which described the modal

analysis of dielectric [51], finitely conducting [52], and highly conducting [53] lamellar

gratings.

As with all the differential methods, the fields in the homogeneous regions are

expanded as a Rayleigh expansion of the diffracted eigenmodes. In the exact modal

method, the permittivity profile is treated explicitly by the analytical formulation

of a transcendental (or characteristic) equation. The eigenvalues and eigenfunctions

of the transcendental equation may then be found numerically, and a full solution of

the field amplitudes is determined by applying appropriate boundary conditions at

the vertical surfaces of the walls of the grating, leading to the formation of the modal

constants. Finally, the total fields are obtained by summing over all the modes of

the system, and the coefficients of the modal expansion are determined by applying

appropriate boundary conditions between each layer of the system.

Subsequent work made small improvements in certain numerical aspects and it
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was fully extended to lamellar gratings in conical mountings [54] by decomposing

the electromagnetic field, in the corrugated region, into two orthogonal components.

Significant numerical improvements were made for highly conducting gratings by

imposition of a surface impedance approximation on the surfaces of the wires. In

this formalism the surface impedance boundary condition [55] (SIBC) was applied

to the fields along the metal interfaces and resulted in substantial improvements in

the numerical convergence of the method [56]. This technique may also be applied to

the other differential theories, including the FMM, however, it is only approximate.

Furthermore, it is only valid for structures whose dimensions are larger than the

skin depth of the fields incident upon them, or more specifically, of the decay length

of any resonant fields that may be excited, which is not always easy to determine

a priori. The structures that will be modelled here often have dimensions smaller

than for which the SIBC approximation is valid for, and so it is not implemented

here.

The exact modal method is typically more involved to implement than the FMM,

and furthermore, the analytical formation of the transcendental equation means that

it is limited to the permittivity profiles that it may describe, to date it has only

been applied to permittivity profiles with a single groove/slit per period, or to a

sinusoidal variation. For the reasons of flexibility and simplicity, the FMM was the

chosen method by which the modelling of the electromagnetic response of lamellar

gratings was achieved.

3.2.4.2 The Fourier Modal Method

The essential difference between the FMM and the exact modal method is that the

permittivity profile is expanded as a Fourier series, rather than treated analytically.

This will be discussed in detail below, but the essential paradigm is that the fields, as

before, are described by Rayleigh expansions in the homogeneous regions, however,

in the grating regions, each of these fields is then expanded as a Fourier series

according to the periodicity of the grating profile. The Helmholtz equation can

then be expanded according to this two-fold Fourier series representation, leading to
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an infinite set of second-order coupled differential equations, which can be reduced

further to two infinite sets of first-order differential equations. The eigenvalues and

eigenvectors of these equations may then be calculated, and the field coefficients

determined by applying the appropriate boundary conditions to the eigenvectors, at

each interface, while the eigenvalues describe the phase change through each layer.

This has the advantage that any profile whose permittivity may be described by a

Fourier series may be modelled, such as compound gratings with more than one slit

per period.

The use of a Fourier series to describe the permittivity profile can be traced back

to the work of Burkhardt [57] on sinusoidal surface relief gratings, whose technique

was later applied to lamellar gratings in the the work of Knop [58]. The Fourier

Modal Method, or Rigorous Coupled-Wave Analysis (RCWA), was first introduced

in its current incarnation by Moharam and Gaylord [59], who later improved nu-

merical aspects [60, 61], as well as extending it to grating materials of an arbitrary

refractive index [62] conical incidence [63] and 2-dimensional gratings [64,65]. Subse-

quent work has extended the FMM to a variety of systems, such as gratings made of

anisotropic materials [66,67], slanted lamellar gratings [68], and for gratings with an

arbitrary cross-section by implementing a multi-level staircase approximation using

the same technique as for the exact modal method [69].

Early on in the development of the FMM it was noticed that the method suffered

from very poor convergence for TM incident radiation in the classical mount [70],

that is radiation whose plane of incidence is parallel to the grating vector and whose

electric field is also parallel to the two. Furthermore, this poor convergence also

manifested itself for gratings in the conical mount, where nearly all incidences have

some fraction of their fields in this polarisation state. It was subsequently shown

that the convergence could be dramatically improved by reformulating the algebraic

eigenvalue problem [71, 72]. Specifically, it uses an alternative formulation of the

matrices describing the permittivity, and therefore, in the formulation of the Fourier

Series of the permittivity profile. However, the improved convergence was only found

empirically and it was not until Li [73] showed that the Fourier Factorisation of
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discontinuous functions was causing the poor convergence, that it was rigorously

shown how to avoid the problem. He formed three Fourier Factorisation Theorems,

by which it was possible to avoid the convergence issues, which have subsequently

been incredibly useful in many aspects of rigorous diffraction theory, not just in

the FMM, in fact in any problem that requires the product of two discontinuous

Fourier series. This will be discussed more formally below. A third technique has

been presented where the permittivity profile is expanded as either Chebyshev or

Legendre polynomials [74], this technique suffers from no TM incidence convergence

issues, however, since these issues were removed from the FMM shortly after this

technique was published, this method has been largely ignored.

Further smaller convergence improvements have been made to the FMM using a

variety of techniques, such as the SIBC approximation discussed in Section 3.2.4.1,

but none have obtained such a significant improvement as the use of the correct

Fourier factorisation rules. A small but noticeable improvement was made using

adaptive spatial resolution [75], which increases the spatial resolution of the Fourier

series near the discontinuities by a coordinate transform in the periodic direction(s).

The matching of the boundary conditions at the interface of each layer has been

implemented in a variety of ways, which, although there may be subtle differences

and differing nomenclature, are essentially split into two main partitions, both of

which have been applied in various guises to all the rigorous methods. The first

technique used was the transfer matrix formalism [59], which matches the up and

down travelling waves (transmitted and reflected) across each boundary and then

applies a phase factor, calculated from the appropriate eigenvalues and eigenfunc-

tions, to describe the propagation of the waves through each layer. The problem

with this method is that it inherently requires an exponentially growing and dimin-

ishing function to be applied concurrently, one describing up waves and the other

down waves, which becomes numerically unstable for large layer thicknesses; al-

though this method has been made more stable [60]. The second technique that

was applied was a set of closely related methods. The essential difference being that

the order of the down travelling waves was reversed, in other words the down waves
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were described as travelling backwards. This meant that now only two exponentially

growing (or diminishing) phase functions were required in the calculation, and nu-

merical stability was guaranteed for all layer thicknesses. First the Bremmer series

algorithm was introduced [76], followed by the R-matrix propagation algorithm [77]

and finally the S-matrix (for scattering matrix ) algorithm [78]. Later Li showed that

under certain conditions the Bremmer and S-matrix algorithms are degenerate [79],

and then compared the R-matrix and S-matrix algorithms [80]. Li showed that the

S-matrix algorithm, which deals with reflections and transmissions, is slightly more

efficient than the R-matrix algorithm, which deals with impedance and admittance.

Li later re-analysed the S-matrix method, making further significant improvements

in efficiency by using the boundary conditions directly, rather than the creation of

intervening matrices, and further by exploiting certain common symmetries [81].

The following sections will now describe the FMM in more detail, this discussion

is a distillation of the relevant parts of the previously published work that has been

referenced so far in this section. Section 3.3.1 gives the general form of Maxwell’s

Equations that will be applied to all cases, with significant simplifications for spe-

cific situations such as illumination in the classical mount. Following that section

will be a detailed discussion of the FMM for the specific case of TM incident ra-

diation in the classical mount, this will include discussions of the specifics of the

FMM, including the description of the fields in the homogeneous and grating re-

gions, the formation of the boundary-value eigenfunction problem, the correct use

of Li’s Fourier factorisation rules, and the implementation of the Scattering Matrix.

The subsequent sections will then discuss how the FMM is generalised to the other

possible geometries, TE illumination in the classical mount, full conical incidence,

and 2-dimensional gratings.
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3.3 The Fourier Modal Method in Detail

3.3.1 The Differential Form of Maxwell’s Equations

Assume a time harmonic electromagnetic field of frequency ω, characterised by elec-

tric and magnetic field vectors of the form

E(r, t) = <{E(r) exp(−iωt)} (3.1)

H(r, t) = <{E(r) exp(−iωt)} (3.2)

where r = (x, y, z) and < denotes the real part. It is straightforward to show

that the differential form of Maxwell’s Equations,

∇× E(r) = −∂B(r)

∂t
(3.3)

∇×H(r) = J(r) +
∂D(r)

∂t
(3.4)

where J(r) = σ(r)E(r), D(r) = ε(r)E(r), and B(r) = µ(r)H(r), for non-

magnetic materials and zero free current density, give the following
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where the relative permittivity εr is defined from the permittivity ε, the impedance

of free space is given by Z0 =
√
µ0ε0, and the electrical conductivity σ, in each layer,

as
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εr =
ε

ε0
+

iσ

ωε0
(3.9)

The relative permittivity may be homogeneous εr = constant as in the incident

and transmission layers, or have a functional form if it is in the grating layers; where

εr = εr(x) if the grating is periodic only in x (a lamellar grating), or εr = εr(x, z) if

the grating is periodic in x and z such that the grating is 2-dimensional.

3.3.2 Transverse Magnetic Incidence in the Classical

Mount

This is the geometry defined by figure 2.6 in chapter 2 when only the polar angle θ

is allowed to vary and the other angles are fixed at ψ = 0◦ and ϕ = 0◦.

3.3.2.1 Representation of the Fields in Each Layer

In this simplified geometry, where εr = εr(x) according to figure 2.6 in chapter 2,

Hx, Hy = 0, Ez = 0, and
∂

∂z
= 0, Maxwell’s Equations (3.6 and 3.7) reduce down

to the much simpler equations

Z0
∂

∂y
Hz = −ikεrEx (3.10)
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Clearly the orthogonal components of the H-field and the E-field are coupled

together. Therefore, if these equations were to be solved as a matrix eigenvalue

problem then the problem would have the following form

 Z0
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∂y
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Ex

 =

 0 L1

L2 0


 Hz

Ex

 (3.12)
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where L1, L2 are the operators as defined in equations 3.10 and 3.11. Early on

it was realised that this eigenvalue problem could be reduced into a small eigen-

value problem by decoupling the orthogonal components of the H-fields and the

E-fields [59]. This was achieved by first differentiating the right hand side of equa-

tion 3.10 with respect to y and substituting the result into 3.11, to form the following

Helmholtz equation

∂2Hz

∂y2
= −

(
k2εr + εr

∂

∂x

1

εr

∂

∂x

)
Hz (3.13)

Once a suitable way of representing the grating profile, defined by εr = εr(x),

has been determined, as is discussed below, then this Helmholtz equation, unlike the

equation formed in the perturbation method, will have been modified according to

the grating profile such that it rigorously describes the fields in the grating region.

This equation then reduces the eigenvalue problem in equation 3.12 to

(
∂2Hz

∂y2

)
= (L3) (Hz) (3.14)

Notice that the new operator formed by this process is simply the product of

the two old operators, L3 = L1 × L2. The corresponding E-fields may be directly

deduced from the H-fields, which are calculated from the above eigenvalue problem,

without the need for a second eigenvalue problem, using equation 3.10.

Following the procedure for all the differential methods, the fields in each region

are split into upward and downward travelling waves, each of which is then described

as superposition of eigenmodes. The H-field in each region l, where l ∈ {1, 2, 3...L}

denotes each distinct layer of the system, may then be described by

Hlz =
∑
p

(
A+
lp exp(ikγlpy) + A−lp exp(−ikγlpy)

)
ϕlp(x) (3.15)
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where ± denotes upward and downward travelling waves respectively and A±lp

are constant modal-field amplitudes. All of the subsequent discussion considers

only isotropic materials, if the materials to be modelled are not isotropic then γ+
lp 6=

−γ−lp, and separate up and down eigenvalues must be calculated. Substituting this

equation into equation 3.14 gives the eigenvalue equation

(
γ2
lp

) (
−k2Hlz

)
= (L3) (Hlz) (3.16)

Therefore, γlp and ϕlp(x) are modal eigenvalues and eigenfunctions of the differ-

ential operator L3.

ϕlp(x) must be pseudo-periodic according to the periodicity of the grating layer

with a period dx such that

ϕlp(x+ dx) = exp(−ikdx)ϕlp(x) (3.17)

At this point a suitable representation of the permittivity profile must be deter-

mined. The permittivity profile in the grating regions satisfies the Dirichlet condi-

tions, and therefore, can be expressed as a Fourier-Floquet series, that is, each of

the eigenmodes of ϕlp(x) is expanded as a Fourier series in the periodic direction x.

Thus, the relative permittivity and its reciprocal are described by

εr,l(x) =
∑
m

εr,lm exp

(
−2πi

m

dx

)
(3.18)

1

εr,l(x)
=
∑
m

ε̃r,lm exp

(
−2πi

m

dx

)
(3.19)

(3.20)

where εr,lm and ε̃r,lm are the Fourier coefficients of the Fourier series expansion of

the permittivity and its reciprocal. Therefore, the eigenfunction must be expressed
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as

ϕlp(x) =
∑
m

ϕlmp exp (−ikαmx) (3.21)

where, for radiation incident in a material with refractive index n0,

αm = α0 +m
λ

dx
(3.22)

α0 = n0 sin(θ) (3.23)

The coefficients of the Fourier series expansion of the permittivity can then be

found from

εr,lm =
1

dx

∫ dx
2

− dx
2

εr,l(x) exp

(
2πi

m

dx

)
dx (3.24)

The permittivity profile in the grating region, and hence the integral, of the unit

cell can be separated into different regions of homogeneous permittivity, as defined

in figure 3.1, with the shaded area defining the metal wires/ridges, of thickness fxdx,

and the dashed lines outlining the grooves/slits, of thickness (1−fx)dx. The unit cell

is positioned symmetrically about x = 0 to simplify the calculation of the Fourier

coefficients, this can be summarised mathematically as

εr,l(x) = εa,l −
fxdx

2
≤ x ≤ fxdx

2
(3.25)

εr,l(x) = εb,l elsewhere (3.26)

where εa,l is the relative permittivity of the ridges/wires, and εb,l is the relative

permittivity of the grooves/slits. Applying this definition and making use of the

additive nature of Fourier series, and series in general,
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Figure 3.1: Schematic representation of the definition of one unit cell of a periodic layer. The
shaded area defines the width of the wires/ridges (fxdx), which are centred about x = 0, while the
dashed lines denote the slits/grooves of width dx(1 − fx) (half either side of the wire/ridge as a
result of the symmetry.

∑
fn = F,

∑
gn = G (3.27)

⇒
∑

(fn + gn) = F +G (3.28)

then equation 3.24 becomes

εr,lm =
1

dx

[∫ −fxdx
2

− dx
2

εb,l(x) exp

(
2πi

m

dx

)
dx+

∫ fxdx
2

− fxdx
2

εa,l(x) exp

(
2πi

m

dx

)
dx

]

+
1

dx

[∫ dx
2

fxdx
2

εb,l(x) exp

(
2πi

m

dx

)
dx

]
(3.29)

Of course, the same process can be repeated for the inverse permittivity by

simply replacing the permittivity with its reciprocal, and the resulting permittivity

and inverse permittivity coefficients are then defined by

εr,lm = (εa,l − εb,l)
sin(mπfx)

mπ
(3.30)

εr,l0 = εb,l(1− fx) + fxεa,l (3.31)

ε̃r,lm = (ε̃a,l − ε̃b,l)
sin(mπfx)

mπ
(3.32)

ε̃r,l0 = ε̃b,l(1− fx) + fxε̃a,l (3.33)
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The permittivity in the homogeneous regions is specificed only by εa,l because

fx = 1, with only the zeroth-order Fourier coefficient being non-zero.

Now that the permittivity profile has been suitably represented, the method can

continue by projecting equation 3.16 onto this basis (substituting equation 3.15 into

3.16 and performing the differentiations), and making use of Laurent’s Rule, to give

an infinite second-order differential equation – the coupled-wave equations

(
γ2
lp

) (
−k2Hlzp

)
= −

(∑
p

εr,m−p

)(
k2δmp −

∑
p

αm

(
1

εr

)
m−p

αp

)
(Hlzp) (3.34)

which in matrix form are written as

k2 [Hlzmp]
[
γ2
lp

]
= [εr,l] [[I]− [α] [ε̃r,l] [α]] [Hlzmp] = [T ] [Hlzmp] (3.35)

where [I] is the Identity matrix, [α] is a diagonal matrix with diagonal elements

αm, and [εr,l] and [ε̃r,l] are matrices with their mth, pth element equal to εr,l(m−p) and

ε̃r,l(m−p) respectively, as defined in equations 3.18 and 3.19.

The H-field in each region may then be fully expressed as

Hlz =
∑
m,p

Hlzmp

(
A+
lp exp(ikγlpy) + A−lp exp(−ikγlpy)

)
exp (−ikαmx) (3.36)

where Hlzmp are the mth components of the pth eigenvector of the matrix associ-

ated with the differential operator L3, i.e. [T ]. The H-fields in every region may then

be completely defined by solving the eigenvalue equation 3.35, i.e. by finding the

eigenvalues
[
γ2
ip

]
and eigenvectors [Hlzmp] of the matrix [T ]. γlp is then the square

root of these eiqenvalues with the sign convention

<(γlp) + =(γlp) > 0 (3.37)
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The matrix [Elxmp] is found from the matrix [Hlzmp] using equation 3.10 such

that the E-field in each region may expressed as

Elx =
∑
m,p

Elxmp
(
A+
lp exp(ikγlpy)− A−lp exp(−ikγlpy)

)
exp (−ikαmx) (3.38)

with

[Elxmp] = [ε̃r,l] [Hlzmp] [γlp] (3.39)

where [γlp] is a diagonal matrix with diagonal elements γlp.

In practice the infinite sums in equation 3.36 cannot be computed, therefore, the

sums are truncated to the truncation order, M , such that m, p ∈ {−M..M} and all

matrices are of size (n × n) where n = 2M + 1. Thus, the eigenvalue equation to

be solved ([T ]) must be an (n× n) matrix. This shows that the reduction achieved

in deriving equation 3.14 from equation 3.12 has reduced the size of the eigenvalue

computation from an (n×n) problem to a (2n× 2n) problem, giving a reduction in

the computation time of a factor of 8.

In the homogeneous regions Elxmp = Hlzmp = 0 for all m 6= p and Elxmp =

Hlzmp = 1 for m = p. Therefore, expressing the above procedure less formally

the fields are simply pseudo-periodic Rayleigh expansions, with a period the same

as the grating period in either orthogonal direction, where each of the eigenmodes

p is a different diffracted order. In other words, each of the terms of the Fourier

series of the Rayleigh expansion is associated with a different diffracted order of

the system. In the grating regions, each of these diffracted orders is then expanded

in a second Fourier series according to the periodicity of the permittivity profile in

the appropriate direction, i.e. the Rayleigh expansion with index p, which relates

to the eigenmodes diffracted in the x direction, is expanded in x according to the

Fourier-Floquet expansion of the permittivity, with index m.

In formulating equations 3.34 and 3.35 it is necessary to make use of Laurent’s
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Rule, which states that the Fourier coefficients of any function h(x) = f(x)g(x) can

be obtained from the Fourier coefficients of f(x) and g(x) by

hn =
∑
m

fn−mgm (3.40)

The Fourier factorisation of h(x) is then given by

h(x) =
∑
n

hn exp(inx) (3.41)

=
∑
n,m

fn−mgm exp(inx) (3.42)

It was alluded to in Section 3.2.4.2 that the representation of the permittivity

matrices, [εr,l] and [ε̃r,l], has a significant effect on the convergence of the technique

whenever there is a TM component to the fields; this can be seen by examining

Laurent’s rule. Laurent’s rule can be better understood in the following sense

h(x) = lim
N→∞

N∑
n=−N

(
lim
M→∞

M∑
m=−M

fn−mgm

)
exp(inx) (3.43)

The first important point to understand is that the two limits are taken indepen-

dently of each other, with the inner limit taken first. The second point is that the

bounds of the summation should tend to ∞ simultaneously. In the practical repre-

sentation of this sum the truncation is square, that is, both sums are truncated to

the same value M , as described above. In this case equations 3.40 and 3.41 become

102



Chapter 3

h(M)
n =

M∑
m=−M

fn−mgm (3.44)

h(M)(x) =
M∑

n=−M

h(M)
n exp(inx) (3.45)

hM(x) =
M∑

n=−M

hn exp(inx) (3.46)

These equations can be understood as follows: equation 3.44 gives the approx-

imate Fourier coefficients h
(M)
n obtained from the exact Fourier coefficients of f(x)

and g(x) using the finite Laurent rule, equation 3.45 is then the finite sum for h(x)

calculated using these coefficients, and equation 3.46 is simply the finite sum for

h(x) using the exact Fourier coefficients hn – the truncated version of equation 3.41.

Naturally, hM(x) converges to h(x) as M → ∞ (i.e. as both sums tend to ∞

simultaneously), it is expected that h(M)(x) converges also such that

h(∞)(x) = h∞(x) = h(x) (3.47)

However, Li [73] showed that this is only true depending on the form (whether

they have concurrent discontinuities) of f(x) and g(x). He formulated three theo-

rems, the Fourier factorisation rules, which are as follows:

1. If f(x) and g(x) have no concurrent discontinuities and the Fourier coefficients

of h(x) are calculated from equation 3.44 (hn = h
(M)
n ) then equation 3.47 is

true.

2. If f(x) and g(x) have concurrent discontinuities then the difference between

the two finite sums does not vanish everywhere, at the location of the discon-

tinuities h(M)(x) will not converge to hM(x).

3. If f(x) and g(x) have concurrent yet complementary discontinuities (disconti-

nuities that cancel) then equation 3.47 is not true because h(M)(x)−hM(x) 6= 0
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as M → ∞. However, equation 3.47 is true if, instead of Laurent’s rule, the

Inverse Laurent rule is applied

h(M)
n =

M∑
m=−M

(
1

f

)−1

n−m
gm (3.48)

Applying this to the FMM means that, if the permittivity and the appropriate

field component, for which a product is being calculated, have no concurrent dis-

continuities, then Laurent’s rule can be used and the permittivity matrix may be

represented by [εr,l]. If the two have concurrent complementary discontinuities then

the inverse Laurent rule must be applied and the permittivity matrix must be repre-

sented by

[
1

εr,l

]−1

. Fortunately, there are no such cases where the second theorem is

relevant. To implement these rules to the current geometry, equations 3.10 and 3.11

must be re-analysed. It is physically obvious that the product εrEx is continuous in

x, but that both εr and Ex have discontinuities at x = ±dx/2, which must therefore

be complementary, and the third Fourier factorisation rule applies. Likewise, the

product

(
1

εr

)(
∂Hz

∂x

)
must also be relevant to the third Fourier factorisation rule.

Therefore, both of the permittivities in equation 3.13 should be expanded according

to the inverse Laurent rule, and thus, when transforming equations 3.10 and 3.11

into equation 3.13, which has been shown to be equivalent to multiplying together

the two associated operators, it is more rigorous to keep the multiplying permittivity

separate so that equation 3.13 is now

∂2Hz

∂y2
= −εr

(
k2 +

∂

∂x

1

εr

∂

∂x

)
Hz (3.49)

Following the process for calculating the coupled-wave equations, as described

above, but remembering to use the inverse Laurent’s rule when treating the permit-

tivities, gives
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(
γ2
lp

) (
k2Hlzp

)
=

(∑
p

(
1

εr

)−1

m−p

)(
k2δmp −

∑
p

αm (εr)
−1
m−p αp

)
(Hlzp) (3.50)

and the correctly factorised matrix eigenvalue problem to solve for the eigenvalues[
γ2
ip

]
and eigenvectors [Hlzmp] is now

k2 [Hlzmp]
[
γ2
lp

]
= [ε̃r,l]

−1 [[I]− [α] [εr,l]
−1 [α]

]
[Hlzmp] = [T ] [Hlzmp] (3.51)

Equation 3.39 remains unchanged as the product
1

εr

∂Hz

∂y
has no concurrent jump

discontinuities, and therefore, is relevant to the first factorisation rule.

3.3.2.2 Application of the Boundary Conditions

Now that the electric and magnetic fields have been fully defined in each region,

the full solution may be found by applying the boundary conditions at each inter-

face between adjacent layers. This is achieved here using the S-matrix propagation

algorithm [78,82].

For the purpose of iteratively calculating the boundary conditions between each

layer, a multi-layer grating structure can be represented in an abstract manner by

figure 3.2, where the incident and transmission layers (Layer 0 and Layer l + 1)

are homogeneous, but any intermediary layer may be either a homogeneous or a

periodic grating layer. This reiterates that the grating layer shown in figure 2.6 in

chapter 2 can actually be several layers, either periodic or homogeneous, allowing

more complex structures to be modelled than simple single layer gratings.

If interface (l) is defined as the interface between the layers (l) and (l+ 1) then,

from equations 3.36 and 3.38, it is clear that the boundary conditions along interface

(l) are
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Figure 3.2: Abstract layered grating structure, where the horizontal lines represent the interfaces
between the regions defined in figure 2.6 in chapter 2.

 H(l+1)zmp H(l+1)zmp

E(l+1)xmp −E(l+1)xmp


 A+

(l+1)p(y(l) + 0)

A−(l+1)p(y(l) + 0)


=

 H(l)zmp H(l)zmp

E(l)xmp −E(l)xmp


 A+

(l)p(y(l) − 0)

A−(l)p(y(l) − 0)


(3.52)

which can be summarised by

 W11,(l+1) W12,(l+1)

W21,(l+1) W22,(l+1)


 A+

(l+1)p(y(l) + 0)

A−(l+1)p(y(l) + 0)


=

 W11,(l) W12,(l)

W21,(l) W22,(l)


 A+

(l)p(y(l) − 0)

A−(l)p(y(l) − 0)


(3.53)

or further
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[
W(l+1)

]  A+
(l+1)p(y(l) + 0)

A−(l+1)p(y(l) + 0)

 =
[
W(l)

]  A+
(l)p(y(l) − 0)

A−(l)p(y(l) − 0)

 (3.54)

The modal expansion of the fields allows the field propagation across each layer

l to be defined as

 A+
(l)p(y(l) − 0)

A−(l)p(y(l) − 0)

 =
[
ϕ(l)

]  A+
(l)p(y(l−1) + 0)

A−(l)p(y(l−1) + 0)

 (3.55)

where

[
ϕ(l)

]
=

 exp(ikγ+
(l)ph(l)) 0

0 exp(ikγ−(l)ph(l))

 (3.56)

and the exponential functions denote diagonal matrices with the elements

exp(ikγ±(l)ph(l)) (3.57)

Therefore,
[
ϕ(l)

]
describes the propagation of the fields through each layer of

thickness h(l). Combining equations 3.54 and 3.55, the recursive relation for the

modal field amplitudes may be determined

 A+
(l+1)p(y(l) + 0)

A−(l+1)p(y(l) + 0)

 =
[
t̃(l)
]  A+

(l)p(y(l−1) + 0)

A−(l)p(y(l−1) + 0)

 (3.58)

where
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[
t̃(l)
]

=
[
t(l)
] [
ϕ(l)

]
(3.59)

is defined as the layer transfer matrix, and

[
t(l)
]

=
[
W(l+1)

]−1 [
W(l)

]
(3.60)

such that
[
t(l)
]

describes the reflection and transmission across each interface –

the interface transfer matrix.

This is essentially the recursion relation that is used in the transfer matrix for-

malism. Remembering that γ+
(l)p = −γ−(l)p, it can immediately be seen that numerical

instability will occur for large h(l) due to the opposite sign exponential functions in

the matrix
[
ϕ(l)

]
, which means that there will be both exponentially growing and

diminishing terms in the calculation. However, the scattering matrix propagation

algorithm makes a subtle but significant modification – the A−(l)p(y(l−1) + 0) and

A−(l+1)p(y(l) + 0) terms are interchanged such that the downward propagating waves

are treated as though they are travelling backwards, thus the negative exponential

function becomes exp(−ikγ−(l)ph(l)) = exp(ikγ+
(l)ph(l)) = exp(ikγ(l)ph(l)), and there

are now only exponentially growing (or diminishing depending on the arbitrary def-

inition of propagation direction), which removes the numerical instabilities. Each

layer scattering matrix is then defined as

 A+
(l+1)p(y(l) + 0)

A−(l)p(y(l−1) − 0)

 =
[
s̃(l)

]  A+
(l)p(y(l−1) − 0)

A−(l+1)p(y(l) + 0)

 (3.61)

where
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[
s̃(l)

]
=

 1 0

0 exp(ikγ(l)ph(l))

 [s(l)

]  exp(ikγ(l)ph(l)) 0

0 1

 (3.62)

with the interface scattering matrix
[
s(l)

]
derived from the interface transfer

matrix
[
t(l)
]

by

[
s(l)

]
=

 t11,(l) − t12,(l)t
−1
22,(l)t21,(l) t12,(l)t

−1
22,(l)

−t−1
22,(l)t21,(l) t−1

22,(l)

 (3.63)

The global scattering matrix
[
S(l)

]
is defined as

 A+
(l+1)p(y(l) + 0)

A−(0)p(y(0) − 0)

 =
[
S(l)

]  A+
(0)p(y(0) − 0)

A−(l+1)p(y(l) + 0)

 (3.64)

where

[
S(l)

]
=

 Tuu,(l) Rud,(l)

Rdu,(l) Tdd,(l)

 (3.65)

so that the four block matrices which make up the scattering matrix, for example

Tuu,(l) and Rud,(l), can be understood as giving the upward wave amplitudes in layer

(l + 1) resulting from the transmission of upward waves incident in medium 0 and

downward waves incident in medium (l + 1) respectively. Thus, in the present

geometry, A+
(0)p(y(l−1) + 0) denotes the incident radiation, A−(0)p(y(l−1) + 0) denotes

the reflected waves in the incident medium, and A+
(l+1)p(y(l) + 0) represents the

transmitted waves. A−(l+1)p(y(l) + 0) = 0 because there are no incident waves from

the transmission medium.

A set of well known recursion formulae can be used to calculate the block matrices

that comprise the global scattering matrix, these formulae require the formation of
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the layer transfer matrix before being applied. However, Li [81] formulated a set

of recursion formulae that work directly from the boundary condition matrices W(l)

without having to first form the layer transfer matrices. If ϕ̃(l) is defined as the

diagonal matrix with elements exp(ikγ(l)ph(l)), then these recursion formulae are as

follows

R̃ud,(l−1) = ϕ̃(l)Rud,(l−1)ϕ̃(l) (3.66)

T̃dd,(l−1) = Tdd,(l−1)ϕ̃(l) (3.67)

T̃uu,(l−1) = ϕ̃(l)Tuu,(l−1) (3.68)

X(l) =

 W11,(l)T̃uu,(l−1) −W12,(l+1)

W21,(l)T̃uu,(l−1) −W22,(l+1)

 =
[
X(l),1, X(l),2

]
(3.69)

Z(l) =

 W11,(l+1) −W11,(l)R̃ud,(l−1) −W12,(l)

W21,(l+1) −W21,(l)R̃ud,(l−1) −W22,(l)

 (3.70)

Rud,(l) = (Z−1X2)1 (3.71)

Tdd,(l) = T̃dd,(l)(Z
−1X2)2 (3.72)

Tuu,(l) = (Z−1X1)1 (3.73)

Rdu,(l) = Rdu,(l−1) + T̃dd,(l−1)(Z
−1X1)2 (3.74)

where the subscripts attached to the parentheses denote the upper and lower

blocks of the matrix product, and in equation 3.69 refer to the left and right blocks

of X.

These equations can be simplified further, such that the computational cost is

significantly reduced, when the following symmetry is taken into account

W =

 W1 W1

W2 −W2

 (3.75)

which, as can be seen from equation 3.52, is true for the present geometry. In
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fact, this symmetry is true for all the geometries presented in this thesis. Therefore,

the matrix Z, defined in equation 3.70, can be redefined as

Z(l) =

 W1,(l+1) 0

0 W2,(l)


 1 −F(l)

1 G(l)

 (3.76)

(3.77)

where

F(l) = Q1,(l)

[
1 + R̃ud,(l−1)

]
(3.78)

G(l) = Q2,(l)

[
1− R̃ud,(l−1)

]
(3.79)

Q(l),ν = W−1
(l+1),νW(l),ν , ν = 1, 2 (3.80)

This simplification gives the reformulated recursion formulae as

Rud,(l) = 1− 2G(l)τ(l) (3.81)

Tdd,(l) = 2T̃dd,(l−1)τ(l) (3.82)

Tuu,(l) =
[
F(l)τ(l)Q2,(l) +G(l)τ(l)Q1,(l)

]
T̃uu,(l−1) (3.83)

Rdu,(l) = Rdu,(l−1) + T̃dd,(l−1)τ(l)
[
Q2,(l) −Q1,(l)

]
T̃uu,(l−1) (3.84)

τ(l) =
[
F(l) +G(l)

]−1
(3.85)

The S-matrix recursion is initiated by setting

[
S(−1)

]
=

 1 0

0 1

 (3.86)

which is equivalent to placing an imaginary interface in the medium l = 0 that
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is infinitesimally close to the first real interface.

Once the global scattering matrix has been calculated from these formulae, the

required field amplitudes may be determined. In the present geometry, A+
(0)p(y(0)−0)

represents the tangential Hz-field amplitude, which is independent of the angle of

incidence θ. Therefore, an incident plane wave is represented by setting A+
(0)p(y(0)−

0) = 1 for p = 0 – the zeroth order component of the Rayleigh expansion of the

plane wave in the homogeneous incident medium – and A+
(0)p(y(0)−0) = 0 for p 6= 0 –

the diffracted orders. The reflected and transmitted field amplitudes (A−(0)p(y(0)− 0)

and A+
(l+1)p(y(l) + 0) respectively) are calculated from equation 3.65. The reflection

and transmission efficiencies associated with each diffracted order p may then be

calculated from [83]

Rp =
ρ(0),p

ρ(0),0

|A−(0)p(y(0) − 0)|2 (3.87)

Tp =
εr,0
εr,l+1

ρ(l+1),p

ρ(0),0

|A+
(l+1)p(y(l) + 0)|2 (3.88)

where

ρ(l),p =
√
εr,l − αp (3.89)

3.3.2.3 Calculating the Dispersion of the Resonances of the System

The location of the resonances is not exactly defined by the location of any reflection

or transmission maxima or minima, because coupling issues can shift these features

of the electromagnetic response away from the true resonance location, or it may

not even be possible to couple to the modes at all. However, the global scattering

matrix contains all the information regarding the electromagnetic resonances of the

system, irrespective of coupling issues. Therefore, by inspecting for poles in the

global scattering matrix directly, it is possible to map out the exact dispersion of

all of the modes of the system. One useful example is that it is possible to directly
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insert the value of αm into the calculation, rather than defining it from θ, such that

the response of the system can be calculated for values of ω and kx which are not

available to incident radiation, i.e. to investigate beyond the light line.

The scattering matrix is investigated by summing over each element of each

of the submatrices (Tuu etc) for each point and a peak will be observed when an

electromagnetic resonance of the system is excited. By plotting these peaks it is

possible to map out the dispersion of the modes of the system.

3.3.2.4 Field Calculation

It is straightforward to calculate the fields in each region from equations 3.36 and

3.38 using the layer S-matrices to determine the modal field amplitudes in each

layer. However, it is numerically stable, for large layer thicknesses, to use the modal

field amplitudes A+
(l)p(y(l) + 0) and A−(l)p(y(l+1) − 0) rather than A+

(l)p(y(l) + 0) and

A−(l)p(y(l) + 0). For example, equation 3.36, for the H-field, becomes

Hlz =
∑
m,p

Hlzmp

(
A+
lp exp(ikγipy) + A−lp exp(−ikγip(y − h))

)
exp (−ikαmx) (3.90)

3.3.3 Transverse Electric Incidence in the Classical Mount

This is the geometry defined by figure 2.6 in chapter 2 when only the polar angle θ

is allowed to vary and the other angles are fixed at ψ = 90◦ and ϕ = 0◦.

The calculation for TE incident radiation in the classical mount is largely iden-

tical to the previous section, therefore only the key differences will be highlighted.

In this geometry, Ex, Ey = 0, Hz = 0, and
∂

∂z
= 0, then Maxwell’s Equations (3.5

and 3.8) reduce down to

Z0
∂

∂y
Hx =

(
i

k

∂2

∂x2
+ ikεr

)
Ez (3.91)

1

Z0

∂

∂y
Ez = ikHx (3.92)
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Similarly to the simplification of equations 3.10 and 3.11 to equation 3.13 in the

TM geometry, these equations can be further simplified to

∂2Ez
∂y2

= −
(
∂2

∂x2
+ k2εr

)
Ez (3.93)

Describing the tangential E-field in a manner equivalent to the tangential H-field

in equation 3.15, treating the permittivity in an identical way, and projecting onto

the same basis, gives the coupled-wave equations, which in matrix form are

k2 [Elzmp]
[
γ2
lp

]
=
[
[α]2 − [εr,l]

]
[Elzmp] (3.94)

where [α] and [εr,l] have the same definitions as in the previous section.

The E-fields in every region may then be completely defined by solving this

eigenvalue equation to give the eigenvalues
[
γ2
ip

]
and eigenvectors [Elzmp]. γlp has

the same sign convention as in equation 3.37. The E-field is then

Elz =
∑
m,p

Elzmp
(
A+
lp exp(ikγlpy) + A−lp exp(−ikγlpy)

)
exp (−ikαmx) (3.95)

where the different terms are defined as in the previous section.

The matrix [Hlxmp] is found from the matrix [Elzmp] using equation 3.92 such

that the H-field in each region may expressed as

Hlx =
∑
m,p

Hlxmp

(
A+
lp exp(ikγlpy)− A−lp exp(−ikγlpy)

)
exp (−ikαmx) (3.96)

[Hlxmp] = [Elzmp] [γlp] (3.97)

The global scattering matrix may be found in an identical manner, remembering

that the boundary conditions are reversed such that equation 3.52 is now
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 E(l+1)zmp E(l+1)zmp

H(l+1)xmp −H(l+1)xmp


 A+

(l+1)p(y(l) + 0)

A−(l+1)p(y(l) + 0)


=

 E(l)zmp E(l)zmp

H(l)xmp −H(l)xmp


 A+

(l)p(y(l) − 0)

A−(l)p(y(l) − 0)


(3.98)

Finally, the reflection and transmission efficiencies may be found using

Rp =
ρ(0),p

ρ(0),0

|A−(0)p(y(0) − 0)|2 (3.99)

Tp =
ρ(l+1),p

ρ(0),0

|A+
(l+1)p(y(l) + 0)|2 (3.100)

3.3.4 Conical Incidence

This is the geometry defined by figure 2.6 in chapter 2 when all of the angles are

allowed to vary, therefore, generalising the method to completely describe all possible

incidences of all possible linear polarisation states.

Both x and z orthogonal components of both the electric and magnetic fields

exist for conical incidence geometry, therefore, no simplifications to equations 3.5

– 3.8 can be made, and they must be used directly. However, the electric and

magnetic fields may still be decoupled from each other, similarly to both the previ-

ous geometries, by differentiating equations 3.5 and 3.6 and substituting them into

equations 3.7 and 3.8, and vice-versa. This is a little laborious so it is remembered

that this decoupling process is equivalent to multiplying the two associated differ-

ential operators together (L3 = L1L2 and L4 = L2L1). Therefore, the paradigm will

be slightly different to the previous geometries, where the Helmholtz equation was

first found, and the coupled-wave equations associated with this eigenvalue problem

were then formulated, followed by the matrix representation. In the present case,

the coupled-wave equations associated with the, still coupled, first order differential

equations 3.5 – 3.8 are formulated first, followed by the corresponding matrix equa-
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tions. These can then be used to determine the matrix eigenvalue problem for the

decoupled Helmholtz equations by simple multiplication of the differential matrix

operators.

First the electric field must be defined, because the x and y components both

exist, they must be treated concurrently, while the definition of the permittivity

remains the same, therefore equation 3.95 becomes

Elσ =
∑
m,p

Elσmp
(
A+
lpσ exp(ikγlpy) + A−lpσ exp(−ikγlpy)

)
exp (−ik [αmx+ β0z])

(3.101)

where σ = x, y, and the new Floquet conditions are

αm = α0 +m
λ

dx
(3.102)

α0 = n1 sin(θ) cos(ϕ) (3.103)

β0 = n1 sin(θ) sin(ϕ) (3.104)

Remembering the Fourier factorisation rules, this gives the first order coupled-

wave equations from 3.5 – 3.8, in matrix form, as

[
1

i

∂Hlzmp

∂y

]
= − [α] β0 [Elzmp] +

[
β2

0 − [ε̃r,l]
−1] [Elxmp] (3.105)[

1

i

∂Hlxmp

∂y

]
=
[
[εr,l]− β2

0

]
[Elzmp] + [α] β0 [Elxmp] (3.106)[

1

i

∂Elzmp
∂y

]
= β0 [εr,l]

−1 [α] [Hlzmp] +
[
[I]− β2

0 [εr,l]
−1] [Hlxmp] (3.107)[

1

i

∂Elxmp
∂y

]
=
[
[α] [εr,l]

−1 [α]− [I]
]

[Hlzmp]− β0 [εr,l]
−1 [α] [Hlxmp] (3.108)

which can be rewritten as
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1

i

∂Hlzmp

∂y
1

i

∂Hlxmp

∂y
1

i

∂Elzmp
∂y

1

i

∂Elxmp
∂y


=

 0 G

F 0




Hlzmp

Hlxmp

Elzmp

Elxmp


(3.109)

if [F ] and [G] are defined as

[F ] =

 β0 [εr,l]
−1 [α] [I]− β2

0 [εr,l]
−1

[α] [εr,l]
−1 [α]− [I] −β0 [α] [εr,l]

−1

 (3.110)

[G] =

 − [α] β0 β2
0 − [ε̃r,l]

−1

[εr,l]− [α2] [α] β0

 (3.111)

Therefore,

 k2Hlzmp

k2Hlxmp

 = − [G] [F ]

 Hlzmp

Hlxmp

 (3.112)

 k2Elzmp

k2Elxmp

 = − [F ] [G]

 Elzmp

Elxmp

 (3.113)

Equation 3.113 is then the eigenvalue problem to be solved, with the square root

of the eigenvalues of the product [F ] [G] being [γlp], with the same sign convention

as in equation 3.37, and the eigenvectors being

 Elzmp

Elxmp

 (3.114)

The magnetic field may then be found from equation 3.109 by either of the

following two equations
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 Hlzmp

Hlxmp

 = [F ]

 Elzmp

Elxmp

 [γlp]
−1 (3.115)

 Hlzmp

Hlxmp

 = [G]

 Elzmp

Elxmp

 [γlp] (3.116)

Therefore, the magnetic field is defined as

Hlσ =
∑
m,p

Hlσmp

(
A+
lpσ exp(ikγlpy)− A−lpσ exp(−ikγlpy)

)
exp (−ik [αmx+ β0z])

(3.117)

As stated earlier, it is clear that the eigenvectors must consist of both x and z

components in the conical case, which must be solved simultaneously. Therefore,

the eigenvalue problem is now a (2n × 2n) calculation, rather than the (n × n)

calculation in the previous sections, where n = 2M + 1. It should be noted that

the (2, 2) components of the products [F ] [G] and [G] [F ] will be zero due to the

absence of periodicity in the z direction. Therefore, it is possible to reduce the

eigenvalue problem to two (n × n) calculations, one for [Elxmp] and the other for

[Hlxmp]. The other tangential field components may then be found from Maxwell’s

Equations. However, the computational gain achieved in reducing the eigenvalue

problem, at least for the truncation orders used in all the modelling presented here,

was outweighed by the extra computational cost of the many matrix operations

required to calculate the remaining tangential field components.

Having determined the fields in each layer, the scattering matrix propagation

algorithm can be applied in exactly the same way as in the two previous geometries,

except that each boundary condition Wlp is now a (2n × 2n) matrix due to the

inclusion of x and z field components. Therefore, A+
(l)p is now a 2n vector, with the

upper half, A+
(l)px, representing the x component of the electric field and the lower

half, A+
(l)pz, the z component. If the incident wave is normalised such that
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1

ρ(0),0

[(εr,0 − β2
0)|A+

(0)0x|
2 + (εr,0 − α2

0)|A+
(0)0z|

2

+α0β0

(
A+

(0)0xĀ
+
(0)0z + A+

(0)0zĀ
+
(0)0x

)
] = 1

(3.118)

A+
(0)0z = cos(ψ) cos(θ) sin(ϕ) + sin(ψ) cos(ϕ) (3.119)

A+
(0)0x = cos(ψ) cos(θ) cos(ϕ)− sin(ψ) sin(ϕ) (3.120)

ρ(l),p =
√
εr,l − α2

p − β0 (3.121)

where the bar denotes the complex conjugate, then the diffraction efficiencies are

given by

Rp =
1

ρ(0),p

[(εr,0 − β2
0)|A−(0)px|

2 + (εr,0 − α2
p)|A−(0)pz|

2

+αpβ0

(
A−(0)pxĀ

−
(0)pz + A−(0)pzĀ

−
(0)px

)
]

(3.122)

Tp =
1

ρ(l+1),p

[(εr,l+1 − β2
0)|A+

(l+1)px|
2 + (εr,l+1 − α2

p)|A+
(l+1)pz|

2

+αpβ0

(
A+

(l+1)pxĀ
+
(l+1)pz + A+

(l+1)pzĀ
+
(l+1)px

)
]

(3.123)

3.3.5 2-dimensional Periodicity

The incidence geometry for a 2-dimensional grating is defined in figure 2.10 in chap-

ter 2, with all angles allowed to vary as in the conical mount. Of course, an array of

rectangular holes can be modelled just as easily by swapping the values of εa,l and

εb,l.

The FMM method for 2-dimensional gratings is almost identical to the solution

for a 1-dimensional grating in a conical mount, except the important difference

that the periodicity is two-fold. The introduction of a second degree of periodicity

requires that the modal expansion of the fields must now also be in 2-dimensions,

therefore, the modal electric field is now described by
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Elσ =
∑
p,q

(
A+
lpq exp(ikγlpqy) + A−lp exp(−ikγlpqy)

)
ϕlpq(x, z) (3.124)

where the new index, q, denotes the modal field due to the periodicity in the z

direction with period dz. ϕlpq(x, z) must now be pseudo-periodic according to

ϕlpq(x+ dx, z + dz) = exp (−i [kxdx + kzdz])ϕlp(x, z) (3.125)

and the permittivity is now described by

εr,l(x, z) =
∑
m,n

εr,lmn exp

(
−2πi

[
m

dx
+
n

dz

])
(3.126)

1

εr,l(x, z)
=
∑
m,n

ε̃r,lmn exp

(
−2πi

[
m

dx
+
n

dz

])
(3.127)

(3.128)

The calculation of the coefficients of these Fourier series expansions are a little

more complex than for the 1-dimensional geometry. The 2-dimensional unit cell can

be represented as depicted in figure 3.3.

With the mathematical description of the permittivity of the unit cell being

defined as

εr,l(x, z) = εa,l −
fxdx

2
≤ x ≤ fxdx

2
& − fzdz

2
≤ x ≤ fzdz

2
(3.129)

εr,l(x, z) = εb,l elsewhere (3.130)

The paradigm for the calculation of the Fourier coefficients could proceed exactly,

albeit in 2-dimensions, as the previous calculation – to separate the unit cell into

discrete areas of homogeneous permittivity and then sum the resultant Fourier series
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Figure 3.3: Schematic representation of the definition of one unit cell of a periodic layer for 2-
dimensional periodicity. The shaded area defines the width of the wires/ridges (fxdx, fzdz), which
are centred about x = 0, while the dashed lines denote the slits/grooves of width (1− fx)dx, (1−
fz)dz. An array of grooves/holes rather than ridges/particles can be created by reversing the
permittivities εa,l and εb,l.

together. Of course, this is quite a complicated calculation as the Fourier coefficients

of at least five different regions would have to be calculated. However, I find that

the additive nature of Fourier series can be utilised in a subtly different way to make

the calculation much simpler.

Calculating the Fourier coefficients of the unit cell as if it were completely ho-

mogeneous with permittivity εb,l is immediately obvious as

εr,lmn = 0 (3.131)

εr,lm0 = 0 (3.132)

εr,l0n = 0 (3.133)

εr,l00 = εb,l (3.134)

The final unit cell can then be described as this homogeneous permittivity having

itself subtracted in the region of the ridge, to leave a vacuum, and then the per-

mittivity of the ridge added in. This process is schematically represented in figure

3.4.

The Fourier coefficients of the two central regions, corresponding to the two
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Figure 3.4: Abstract representation of the simplified calculation of the Fourier coefficients of a
2-dimensional grating.
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different permittivities, are thus identical except using the appropriate permittivities

εr,lmn = (εa,l, εb,l)
sin(mπfx)

mπ

sin(nπfz)

nπ
(3.135)

εr,lm0 = (εa,l, εb,l)
sin(mπfx)

mπ
(3.136)

εr,l0n = (εa,l, εb,l)
sin(nπfz)

nπ
(3.137)

εr,l00 = (εa,l, εb,l)fxfz (3.138)

which were derived from

εr,lmn =
1

dxdz

[∫ fzdz
2

− fzdz
2

∫ fxdx
2

− fxdx
2

εr,l(x) exp

(
2πi

[
m

dx
+
n

dz

])
dxdz

]
(3.139)

Following figure 3.4, the final Fourier coefficients of the entire unit cell must then

be

εr,lmn = (εa,l − εb,l)
sin(mπfx)

mπ

sin(nπfz)

nπ
(3.140)

εr,lm0 = (εa,l − εb,l)
sin(mπfx)

mπ
(3.141)

εr,l0n = (εa,l − εb,l)
sin(nπfz)

nπ
(3.142)

εr,l00 = εb,l + (εa,l − εb,l)fxfz (3.143)

Again, the inverse permittivity coefficients are found by replacing the permittiv-

ities with their reciprocals. Clearly, this is a much simpler calculation as only three

different Fourier coefficient formulae need be calculated, one of which is simply a

single value that is immediately obvious, and the other two being identical except

for interchanging permittivities.

Following this permittivity description, the modal eigenfunction becomes
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ϕlpq(x, z) =
∑
m,n

ϕlmnpq exp (−ik [αmx+ βnz]) (3.144)

where

αm = α0 +m
λ

dx
(3.145)

α0 = n0 sin(θ) cos(ϕ) (3.146)

βn = β0 + n
λ

dz
(3.147)

β0 = n0 sin(θ) sin(ϕ) (3.148)

The electric field in each region will therefore have the form

Elσ =
∑
m,p,n,q

Elσmpnq
(
A+
lpqσ exp(ikγlpqy) + A−lpqσ exp(−ikγlpqy)

)
× exp (−ik [αmx+ βnz])

(3.149)

It is now important to consider the Fourier factorisation rules when constructing

the final eigenvalue problem to be solved. To illustrate the discussion, the coupled-

wave equations associated with a 2-dimensional grating, formed from Maxwell’s

Equations 3.5 and 3.8, are shown below (the other coupled-wave equations are omit-

ted for the sake of brevity).

k
∂Hlmnz

∂y
= iβn [αmElmnz − βnElmnx] + ik2

∑
p,q

(εr,l)m−p,n−qElpqx (3.150)

k
∂Elmnx
∂y

= ik2Hlmnz − iαm
∑
p,q

(
1

εr,l

)
m−p,n−q

[αpHlpqz − βqHlpqx] (3.151)

Equation 3.151 can be simply factorised because all products relate to the third

Fourier factorisation rule, therefore, the permittivity matrices for this operator can
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be defined in the usual manner, taking into account 2-dimensional periodicity, as

[[εl,r]]mp,nq = εr,l(m−p,n−q) (3.152)

[[ε̃l,r]]mp,nq = ε̃r,l(m−p,n−q) (3.153)

These can be understood better as the following

[[εl,r]]mp,nq =



[ε0] [ε−1] · · · [ε−2M ]

[ε1] [ε0] · · · [ε−2M+1]

...
...

. . .
...

[ε2M ] [ε2M−1] · · · [ε0]


(3.154)

where

[εk] =



εl(k,0) εr,(k,−1) · · · εr,(k,−2M

εr,(k,1) εr,(k,0) · · · εr,(k,−2M+1)

...
...

. . .
...

εr,(k,2M) εr,(k,2M−1) · · · εr,(k,0)


(3.155)

Therefore, where the previous permittivity matrices comprise of elements accord-

ing to equations 3.18 and 3.19, the 2-dimensional matrices comprise of sub-matrices.

This is obvious because each element of the 1-dimensional matrices must then be

expanded according to the new periodicity, and therefore becomes a matrix. Of

course this mean that the new matrices, and therefore the eigenvalue problem, is

now a (2n2×2n2) calculation and so is significantly more computationally expensive.

Equation 3.150 is not correctly factorised, indeed it is not as simple a task as

using either the Laurent rule or the inverse Laurent rule for the entire sum. This can

be seen from equations 3.154 and 3.155 because the expansion according to the m, p

indices describes the periodicity in the x direction, whereas the expansion according

to the n, q indices describes the periodicity in the z direction. Therefore, the product
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on the right hand side of equation 3.150 may be either a product relating to the

first Fourier factorisation rule (the periodicity in the z direction and Elmnx have

no concurrent discontinuities), or it may be a product relevant to the third Fourier

factorisation rule (the periodicity in the x direction and Elmnx have concurrent yet

complementary discontinuities). Equation 3.6 also yields a coupled-wave equation

with a mixed product character. These two products require the formulation of two

additional matrices in order to be correctly factorised

dε̃r,lemp =
1

dx

∫ dx
2

− dx
2

1

εr,l(x, z)
exp[−2πi(m− p)x]dx (3.156)

bε̃r,lcnq =
1

dz

∫ dz
2

− dz
2

1

εr,l(x, z)
exp[−2πi(n− q)z]dz (3.157)

These two equations describe the Fourier coefficients of the permittivity in the

x and z directions respectively. In order to cerrectly Fourier factorise the mixed

character products, matrices are formulated using these coefficient. These matrices

are then inverted, and each element is expanded in the remaining direction, as follows

bdεr,lecmp,nq = b
{
dε̃r,le−1

}
mp
cnq =

1

dy

∫ dy
2

− dy
2

{
dε̃r,le−1

}
mp

exp[−2πi(n− q)y]dy

(3.158)

dbεr,lcemp,nq = d
{
bε̃r,lc−1

}
nq
emp =

1

dx

∫ dx
2

− dx
2

{
bε̃r,lc−1

}
nq

exp[−2πi(m− p)x]dx

(3.159)

Equation 3.158 correctly factorises the product of the permittivity with Elmnx

because the permittivity periodicity in the x direction (which has concurrent com-

pltementary discontinuities with Elmnx) is first factorised according to the third

Fourier factorisation rule, each of the resulting matrix elements is then expanded

according to the permittivity in the z direction (which has no concurrent disconti-

nuities with Elmnx) according to the first Fourier factorisation rule. Equation 3.159

treats the orthogonal directions in the opposite order to achieve the correct factori-
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sation with Elmnz.

In less formal language, the permittivity in each direction is treated indepen-

dently as a 1-dimensional Fourier series and the coefficients are calculated in the

same way as the previous sections, resulting in two matrices. Then, depending on

whether equation 3.158 or 3.159 is being calculated, one of these matrices is inverted.

Finally, the uninverted matrix expands each of the elements of the inverted matrix,

i.e. each of the inverted matrix elements acts as a scalar multipler to the whole of

the uninverted matrix; thus the required (2n2× 2n2) permittivity matrix is formed,

which satisfies the different factorisation rules required for the different directions.

Now that the Fourier factorisation has been correctly implemented for all the

relevant products that the coupled-wave equations contain, these equations may

then be expressed in matrix form. These are essentially the same as equations

3.110 and 3.111, except with the permittivity matrices replaced with the correctly

factorised matrices as described above

[F ] =

 [β] [[εr,l]]
−1 [α] [I]− [β] [[εr,l]]

−1 [β]

[α] [[εr,l]]
−1 [α]− [I] − [α] [[εr,l]]

−1 [β]

 (3.160)

[G] =

 − [α] [β] [β]2 − dbεr,lce

bdεr,lec − [α]2 [β] [α]

 (3.161)

where

[α]mp,nq = αmδmpδnq (3.162)

[β]mp,nq = βnδmpδnq (3.163)

As for the conical mount, the final eigenvalue to be solved is then
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 k2Elzmpnq

k2Elxmpnq

 = [F ] [G]

 Elzmpnq

Elxmpnq

 (3.164)

except with the larger matrices representing 2-dimensional periodicty. The square

root of the eigenvalues of the product [F ] [G] being [γlpq], with the usual sign con-

vention, and the eigenvectors being

 Elzmpnq

Elxmpnq

 (3.165)

The magnetic field amplitudes are then given by

 Hlzmpnq

Hlxmpnq

 = [F ]

 Elzmpnq

Elxmpnq

 [γlpnq]
−1 (3.166)

such that the magnetic field may be defined as

Hlσ =
∑
m,p,n,q

Hlσmpnq

(
A+
lpqσ exp(ikγlpqy)− A−lpqσ exp(−ikγlpqy)

)
× exp (−ik [αmx+ βnz])

(3.167)

Finally, having determined the fields in each layer, the scattering matrix propa-

gation algorithm can be applied in exactly the same way as for the conical geometry

case, but taking into account there can be diffraction in both directions, such that

each boundary condition Wlpq is now a (2n2 × 2n2) matrix due to the inclusion of

both x and z periodicity. Therefore, A+
(l)pq is now a 2n2 vector, with the upper half,

A+
(l)pqx, representing the x component of the electric field and the lower half, A+

(l)pqz,

the z component. Then, if the incident wave is normalised such that
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1

ρ(0),00

[(εr,0 − β2
00)|A+

(0)00x|
2 + (εr,0 − α2

00)|A+
(0)00z|

2

+α00β00

(
A+

(0)00xĀ
+
(0)00z + A+

(0)00zĀ
+
(0)00x

)
] = 1

(3.168)

A+
(0)00z = cos(ψ) cos(θ) sin(ϕ) + sin(ψ) cos(ϕ) (3.169)

A+
(0)00x = cos(ψ) cos(θ) cos(ϕ)− sin(ψ) sin(ϕ) (3.170)

ρ(l),pq =
√
εr,l − α2

p − βq (3.171)

the reflection and transmission efficiencies are given by

Rpq =
1

ρ(0),pq

[(εr,0 − β2
q )|A−(0)pqx|

2 + (εr,0 − α2
p)|A−(0)pqz|

2

+αpβq

(
A−(0)pqxĀ

−
(0)pqz + A−(0)pqzĀ

−
(0)pqx

)
]

(3.172)

Tpq =
1

ρ(l+1),pq

[(εr,l+1 − β2
q )|A+

(l+1)pqx|
2 + (εr,l+1 − α2

p)|A+
(l+1)pqz|

2

+αpβq

(
A+

(l+1)pqxĀ
+
(l+1)pqz + A+

(l+1)pqzĀ
+
(l+1)pqx

)
]

(3.173)

3.3.6 Testing of the Codes

Computer algorithms were constructed based on each of these different geometries,

these were then tested by comparing the resulting reflection and transmission effi-

ciencies against previously published results. These comparisons are summarised in

the present section. It should be noted that there are no results in the present work

that utilise the TE in a classical mount code, and therefore, it will not be discussed

any further.

The first algorithm that was generated was naturally the simplest system of TM

incident radiation in a classical mount (ϕ = 0◦). The accuracy and convergence of

the algorithm was compared with a previously published value in two of the papers

demonstrating the improved convergence of the method when the correct Fourier

factorisation was implemented [70,71]. The system modelled was a continuous rect-

angular grating, that is, a grating whose substrate is made of the same material as

the ridges. The grating parameters were, h = 1 µm, dx = 1 µm, fx = 0.5, and the
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Figure 3.5: The convergence of the zeroth (a) and negative first diffracted (b) orders for increasing
truncation order of a gold grating, with h = 1 µm, dx = 1 µm, fx = 0.5, illuminated by TM
radiation of wavelength λ = 1 µm at θ = 30◦ in the classical mount (ϕ = 0◦). The solid line
denotes the correct Fourier factorisation, the dashed lines the old incorrect factorisation and the
dotted line is the exact value.

radiation was incident in vacuum at a polar angle of θ = 30◦ with a wavelength of

λ = 1 µm. The permittivity of the grating was set as εr = (0.22+6.71i)2 (gold). The

reflection efficiencies for the zeroth (a) and negative first diffracted order (b) were

calculated for a gradually increasing truncation order M , and the results are pro-

vided in figure 3.5. The solid line represents the correct factorisation and the dashed

line representing the old incorrectly factorised formalism, the horizontal dotted lines

represent the theoretical exact values, calculated using the exact modal method, of

R0 = 0.8477 and R−1 = 0.1024.

As expected, there is a dramatic improvement in the convergence of the technique

when the correct factorisation rules are applied, in fact, if the convergence value is

set to be when the efficiency is within 1 % of the exact value then the algorithm has

converged by M & 20, whereas the old algorithm is not converged until M & 140.

The correctly factorised algorithm converges identically with the published data,

which is therefore not shown, albeit with minor unimportant differences at very low

M where the algorithm is nowhere near convergence.

The conical algorithm was tested using an identical structure as above, except

that the grating was illuminated in the conical mount with the following incidence,
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Figure 3.6: The convergence of the zeroth (a) and negative first diffracted (b) orders for increasing
truncation order of a gold grating, with h = 1 µm, dx = 1 µm, fx = 0.5, illuminated by radiation
with its electric vector at an angle ψ = 45◦ to the plane of incidence, with wavelength λ = 1 µm,
polar angle θ = 30◦, and an azimuthal angle of (ϕ = 30◦). The solid line denotes the correct
Fourier factorisation, the dashed lines the old incorrect factorisation and the dotted line is the
exact value.

θ = 30◦, ϕ = 30◦, and the electric field polarisation was defined as ψ = 45◦ [72]. The

zeroth- and negative first-order reflection efficiencies were examined for increasing

M , and the resultant plot is given in figure 3.6.

Again, the correct use of the Fourier factorisation rules yields a dramatic im-

provement in the convergence of the algorithm, with the algorithm converging to

the correct exact value, in this case obtained at very high M [72].

The testing of the 2-dimensional code utilised a structure with the following

parameters [84], λ = 1, h = 0.2λ, dx = dy = 0.5λ, fx = fy = 0.6. This was

illuminated from a vacuum at normal incidence, with the polarisation angle ψ = 90◦

(TE) and an azimuthal angle ϕ = 0◦. The permittivity of the ridges was defined as

εr = (3.18 + 4.41i)2. The convergence of the 2-dimensional algorithm was examined

in this test by observing the convergence of the absorption, which for a zeroth-order

structure, is defined as A = 1−R0− T0. This is shown in figure 3.7, again both the

convergence of the correct and incorrect implementation of the Fourier factorisation

rules are plotted.

Of course, it is by now not surprising that the correct Factorisation results in a

significant improvement in convergence. However, the published work from which
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Figure 3.7: The convergence of the zeroth order absorption for increasing truncation order of a
2-dimensional metallic grating, with h = 0.2λ, dx = dy = 0.5λ, fx = fy = 0.6, illuminated by TE
radiation, with wavelength λ = 1, polar angle θ = 0◦, and an azimuthal angle of (ϕ = 0◦). The
solid line denotes the correct Fourier factorisation, the dashed lines the old incorrect factorisation
and the dotted line is the exact value.

this structure was taken, applied an empirical use of factorisation before Li had

derived the rules, and was in fact, slightly incorrect. This data is presented in the

figure as the dashed line, and clearly does not converge as quickly as when the full

correct use of the factorisation rules is implemented.

The algorithm was also tested by comparing the modelling of various resonances

with a selection of entirely different, yet rigorous schemes, such as the finite element

model, and the finite difference time domain (FDTD) method. Two examples are

given in figure 3.8, where the reflection enhancing resonance, discussed in chapter 5,

is modelled with both the FMM and the HFSS FEM software and a cavity resonance,

as discussed in chapters 4 and 5, is modelled by both the FMM and an FDTD based

model.

As can be observed, the FMM algorithm exactly matched these results, and

because these other models utilise inherently different formalisms, this proved that

there were no inaccuracies introduced by the specific choice of method. From these

results it has been confirmed that the algorithms constructed here, which are used

to calculate all the modelled data, are rigorous and accurate.
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(b) FMM and FDTD

Figure 3.8: A comparison between the FMM and alternative models for two different resonances.
(a) the reflection enhancing resonance discussed in chapter 5 is modelled with the following pa-
rameters: fxdx = 64.8 nm, dx = 144 nm and λ = 550 nm by the FMM and FEM models, (b)
a weak cavity resonance, as discussed in chapters 4 and 5, is modelled by the FMM and FDTD
models. In both plots, the lines represent the FMM, with the solid lines denoting reflection and the
dashed lines transmission, while the points represent the alternative model, with circles denoting
reflection and squares transmission. All calculations were for normal incidence.

3.3.7 Convergence

Now that it has been demonstrated that the codes based on the FMM algorithm are

behaving correctly, it is instructive to consider how the convergence of a given plot

is ensured – if a high enough truncation order has been implemented. First we need

to consider what we actually mean when we say that we have used a sufficiently high

truncation order. Mathematically the convergence of the code can be expressed as

|δ − δ∗| ∝ C

M r
(3.174)

where δ is the approximation to the exact value δ∗ for a truncation order M ,

and C and r > 0 are constants describing the convergence rate [65].

According to this definition then, mathematically speaking, a method is con-

verging faster for increasing values of r. However, practically speaking, the rate of

convergence is secondary to the absolute difference between the approximate and

exact values. The value of C may compensate for a small r value and give a smaller
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absolute difference between the approximate and exact values, for a lower M , even

though the method may not be converging quickly. Clearly then, in the present case

we are more interested by the absolute difference between the exact and approximate

values, thus the code is determined to have converged once the difference between

the values obtained for M and M + 1 are lower than an arbitrary value, chosen as

|δM+1 − δM |
|δM+1|

< 0.001 (3.175)

In theory, the difference between the exact and approximate values will be differ-

ent for every single point of a given plot because it will be dependent not only on the

geometry of the structure, but also the permittivity and wavelength. For example,

sharply varying fields require the inclusion of the higher tuncation orders to suffi-

ciently describe their behaviour, therefore, structures with either very narrow wires

or very narrow slits, or large imaginary permittivities, will require the inclusion of

high truncation orders. Evidently then, a different truncation order investigation

will be required for every point to ensure convergence has been achieved.

Of course, it would be very inefficient, not to mention time consuming, to estab-

lish this criteria for every single point of every single plot. The compromise, for the

sake of practicability, is to implement a low resolution plot over the parameter space

of interest, at a moderate truncation order, which will reveal the approximate loca-

tion of the resonance(s) of interest. Then, the convergence criteria is determined,

according to equation 3.175, for the maxima or minima of the resonance(s). Finally,

the full resolution plot is calculated for the parameter space using a truncation or-

der at least as high as the minimum that is required according to the previously

determined convergence criteria. This process was implemented for every plot given

in this thesis, and typically resulted in truncation orders M ≥ 80.
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3.4 Summary

In this chapter the most common methods used to calculate the electromagnetic re-

sponse of periodic gratings have been reviewed. The majority of these methods have

been discussed only non-mathematically such that the reader is aware of the modus

operandi of the methods, and hence, the elementary differences between them. The

relative advantages and disadvantages were discussed, by which, a justification was

made for the use of the specific algorithm that was used to model all the data in

the present work.

The selected method was the FMM, and this method was discussed in full detail

for the cases of both linear polarisation states in the classical mount, full conical in-

cidence, and finally for 2-dimensionally periodic structures. In doing so the formula-

tion of the coupled-wave equations from Maxwell’s equations and the representation

of the permittivity and hence the fields was described. It was shown that the correct

use of the Fourier factorisation rules in the formulation of the coupled-wave equa-

tions, and hence the matrix operators, was crucial in ensuring good convergence of

the method. The implementation of the numerically stable scattering matrix tech-

nique to match the appropriate boundary condition at the interface between each

layer was also demonstrated. It was then briefly shown how the fields and the dis-

persion of the electromagnetic resonances of the structure could be deduced from

the calculations.

Finally, the algorithms based on this method, which were used throughout the

present work, were tested by comparing them with previously published data. In

doing so, the accuracy and convergence rate of the constructed algorithms was

demonstrated to be as good as, or indeed better than, the previous work. The

algorithms based on this model were also compared with models using completely

different paradigms, and matched exactly, demonstrating no inherent inaccuracies

in the model. The use of these algorithms to model the electromagnetic response,

of the structures discussed here, was thereby justified.
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Surface Plasmon Polaritons on Lamellar

Gratings

4.1 Introduction

I
N CHAPTER 2 THE behaviour of SPPs on planar films and films with shal-

low modulations was introduced, and it was discussed how these resonances

may be excited by electromagnetic radiation using a shallow periodic surface

perturbation. In this discussion it was specified that the surface modulation must

be shallow such that, apart from the desired band folding, the grating excitation

does not perturb the normal propagation and dispersion curve of the SPP signifi-

cantly. Lamellar gratings are defined as the rectangular cross-section grating region

(see figure 2.6) being situated on top of a dielectric substrate, rather than a sub-

strate comprised of the same metal as the grating ridges, such that the grooves are

now slits, and the grating is discontinuous. In the case of lamellar gratings, or any

discontinuous grating, the slits of the grating are clearly going to perturb the SPP

propagation unless the slits are of negligible thickness. Therefore, unlike shallow

surface relief continuous gratings, the lamellar grating is going to modify the SPP

dispersion curve significantly, even for low grating thicknesses, such that the SPP is

not going to occur at the expected frequencies, if at all. Furthermore, if the lamellar

grating has a small thickness then an SPP excited on the upper surface will be able

to experience the dielectric on the transmission interface, and may result in coupled

SPPs, which will also modify the normal SPP dispersion curve.
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In some published work to date, particularly those on more complicated struc-

tures than pure lamellar gratings, where SPPs are not directly investigated but are

expected to have some role, SPPs have been assumed to occur on lamellar gratings

at the same frequencies as those on continuous shallow surface relief gratings, even

for very large slits. Following on from the brief discussion above, this is clearly not

going to be the case for large slits and/or narrow films. Therefore, the intention

of this chapter is two-fold. The first intention is to review some of the phenomena

that have already been shown to occur on lamellar gratings. The second intention

is to examine in detail the perturbation effects that a lamellar grating can have on

the normal SPP dispersion curve, and in particular, to demonstrate the effect of

varying the thickness and slit width of lamellar gratings on the dispersion curves of

SPPs in the optical region of interest. This is discussed in section 4.6 and, to the

Author’s knowledge, has not been investigated in detail before. Finally, there will

be a discussion of localised electromagnetic resonances on individual metallic wires.

All of the discussion regards TM polarisation unless stated otherwise.

Examples of work on SPPs on simple lamellar gratings to date have typically been

in parts of the electromagnetic spectrum at longer wavelengths than optical, these

include early work on SPPs on gold wire gratings in the infra-red region [85–87]. In

this work it was shown that SPPs can occur on lamellar gratings and that they occur

at the expected frequencies. However, their dispersion is not quite as expected, from

work on sinusoidal continuous surface relief gratings, because only the low energy

branch of the SPP band-gap disperses from the Rayleigh anomaly. In later work [88],

also in the infra-red regime, thin lamellar gratings were investigated. It was again

shown that SPPs may exist on such gratings, furthermore, because the gratings were

thin, it was demonstrated that coupled SPPs (long- and short-range) could exist on

such structures. This work also presented the expected (shallow continuous grating)

dispersion of the band-gap, and the previous discrepancy was attributed to the fact

that the wire widths were typically only half the period, whereas, in the later work,

the wire widths were 90% of the period.

It should be noted that the effect of different slit widths cannot be simply scaled
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for the different electromagnetic regimes, for example, a lamellar grating with a

period 500 nm, and with 10 nm slits, will not have the same effect on the dispersion

curve of the SPP excited by this grating as another lamellar grating, in a longer

wavelength regime, will have on the dispersion curve of the SPP that it excites if

the geometry of the structure is simply scaled up in size. This can be understood

by considering the full normal SPP dispersion curve, see figure 2.2. In the long

wavelength regime, for example microwaves, it has been shown that the SPP behaves

very much like a grazing photon with its dispersion curve lying very close to the light

line. It is evident then that the width of the slits is going to have a small effect on

the dispersion curve of the SPP in this region. However, in the optical regime, where

the SPP is more surface plasmon-like, the effect of the slits on the SPP dispersion

curve is likely to be much more significant. Therefore, a grating in the microwave

regime is likely to excite an SPP at the expected frequency for slits that take up

a significant fraction of the total period of the grating. By contrast, in the optical

regime, the more surface plasmon-like mode will be affected by the slits to a larger

degree, and so, the slits must take up a smaller fraction of the total period in order

to not perturb the SPP dispersion curve, and thus, to excite it at the expected

frequency.

Before the specifics of the effect on SPPs of lamellar gratings in the optical regime

are discussed, it is important to highlight the work that has already been presented

in the literature. In doing so several different phenomena will be discussed, the

first of which closely relates to results obtained on 2-dimensional gratings consist-

ing of arrays of circular holes. This phenomenon is termed enhanced transmission

or extraordinary optical transmission because the arrays transmit more light than

standard aperture theory predicts [89], furthermore, the enhanced transmission can

occur at wavelengths up to ten times the hole diameter and the efficiency can exceed

100% when normalised to the hole area [90,91].

At this point two important caveats must be made. Firstly, these terms, partic-

ularly enhanced transmission, are often synonymous with this specific phenomena,

however, there are other mechanisms that can enhance the transmission on lamellar
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gratings, therefore, it is important to be aware of the difference, when using the

phrase, to describe either the specific phenomenon or the effect of some other reso-

nance. I endeavour to make it clear which of the two cases is meant when the phrase

is used.

Secondly, this enhanced transmission phenomenon will be first discussed on 2-

dimensional hole arrays, where it was discovered, and then shown to apply to lamel-

lar gratings. However, there has been some controvesy in the past as to whether

SPPs are involved in the process. As such, other authors have presented alternative

mechanisms that do not require the role of SPPs in the mediation of this effect.

Some of these alternative mechanisms have been presented on lamellar gratings,

with the expectation that they can be directly applied to the 2-dimensional case,

while this should not be an issue for some of the alternative mechanisms, this is

where the second caveat must be highlighted: the two geometries are considerably

different, and the physics of a phenomena that occurs on a 2-dimensional grating

does not necessarily apply to 1-dimensional lamellar gratings, and vice-versa. Three

reasons for this are that, firstly, the slits of a grating are absolute in the restriction

of the propagation of electrons in the oscillation of the SPP resonance. That is,

electrons that meet the edges of the wires of the gratings can in no way propagate

beyond this boundary. Therefore, for more plasmon-like SPP modes, unless the slits

are very small (usually at least two orders of magnitude relative to the incident

wavelength) then the perturbation on the SPP mode will be significant. In the case

of a 2-dimensional array of holes, however, the restriction of the electron movement

is not necessarily absolute for two reasons. Firstly, if the diffraction order is such

that the scattered wave is, for example, along a diagonal direction then the SPP may

be a standing wave in a direction where the surface of the arrays contains no holes

in a distance longer than the incident wavelength; on a square array of holes with

the electric field orientated along the diagonal of the lattice this will be a distance
√

2dx. Secondly, the oscillating electrons may be able to funnel around the holes,

such that the electrons, unlike for the case of the slits of lamellar gratings, may be

able to propagate past the boundary of the discontinuity. Clearly then, the holes of
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a 2-dimensional grating may have a much less significant effect on the propagation

and dispersion curve of an SPP excited on its surface, than for an SPP excited on a

lamellar grating. Therefore, the holes on a 2-dimensional grating can have a diam-

eter that is a fraction of the incident wavelength which is much larger, than for the

slits on a lamellar grating, before a significant effect on the normal SPP dispersion

curve is observed.

The second physical reason why 2-dimensional arrays and lamellar gratings can

be inherently different are that slits with a width less than λ/2 can support propa-

gating modes, whereas holes with diameters less than λ/2 cannot.

Finally, the holes of the array may also support localised modes around the hole,

which are complementary to the localised modes that occur on an array of discrete

particles [92]. Thus localised modes and 2-dimensional surface plasmon polaritons

may exist at the same time on these structures.

For these reasons, it is evident that the physics of hole arrays and lamellar grat-

ings are not necessarily an extension or reduction of the other. Therefore, care

must be taken when conclusions based on the physics of one type of grat-

ing is applied to the behaviour of the other type of grating; unfortunately

this has not always been the case in the literature.

4.2 The Enhanced Transmission Phenomenon

The enhanced transmission phenomenon observed in the transmittance of a 2-

dimensional array of sub-wavelength holes, separated by a super-wavelength period,

in a thin (but still optically thick) metal film was first reported in 1998 [90]. The

optical response of such a structure was shown to exhibit a series of well defined

maxima and minima in the transmittance. It was then shown that the minima in

the transmission response were associated with Rayleigh anomalies, while analysis

of the dispersion of the transmission maxmima showed that they occured at fre-

quencies for which SPPs were expected to occur on the incident and transmission

surfaces of the structure [91].

A similar transmission enhancement effect had been shown to arise on continu-
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Figure 4.1: Schematic representation of the transmission enhancing mechanisms: (a) no SPP
excitation, (b) SPP is excited on one interface, (c) SPP excited on both interfaces.

ous, optically thin films, using prism coupling at either interface. This was shown

to result from the evanescent field of the SPP on the incidence interface, exciting

a secondary SPP on the transmission interface through the metal, which is then

able to re-radiate into the far-field due to the reverse prism coupling on the second

interface [93]. However, the mechanism by which the SPPs couple together in the

hole array case could not be the same because the films were optically thick.

Later, theoretical [94, 95] and experimental [96] work demonstrated that the

enhanced transmission phenomenon was indeed mediated by SPPs on the incident

and transmission interfaces. In fact, this work showed that there are essentially three

subtly different mechanisms by which enhanced transmission can occur. These are

as follows and the different mechanisms are summarised schematically in figure 4.1.

The simplest mechanism (figure 4.1(a)) involves the conventional tunnel trans-

mission of light occurring when no SPPs are excited on either interface. The trans-

mission efficiency is proportional to exp(−k|εr|
1
2h), which must be very weak for all

but the thinnest of films. If an SPP is excited on either interface of the film then the

transmission can be significantly enhanced because the SPP has a longer lifetime

than the non-resonant photon-electron interaction and thus allows the probability of

energy tunnelling from one interface to the other to increase. This is shown in figure
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4.1(b), where the SPP is excited on the incidence surface, although the SPP could be

excited on the transmission surface instead. If SPPs are excited on both interfaces

of the structure (figure 4.1(c)) then there are now two increased lifetime resonances

and the tunnelling probability, and hence transmission efficiency, increases further

still. In the case of the transmission enhancement mechanism that occurs on a

grating with a large thickness, the process is sequential because first incident radia-

tion is coupled into an SPP mode on the incident surface, then the photon tunnels

through the structure to couple into an SPP on the transmission interface, and then

is re-radiated into the far-field. When the grating height is reduced the optimal tun-

nelling probability, and hence the maximum transmission enhancement can occur.

This mechanism occurs for gratings with low thicknesses, which are still optically

thick, and is not a sequential process. Here, the evanescent photon oscillates inside

the hole of the grating several times such that it builds up coherent constructive

interference, therefore, the SPPs on either interface couple directly together, rather

than by sequential photon tunnelling, to form an SP molecule. Naturally, this again

increases significantly the probability of a photon tunnelling between either SPP,

and the transmission enhancement reaches its maximum.

What this discussion also implies is that the holes are not a necessity for these

mechanisms to occur, all that is required is periodic modulations on either inter-

face in order to excite the SPPs appropriately [95], as expected from earlier prism

coupled work [93]. However, the holes do aid the mechanism because the fields of

the SPP mode concentrate around the hole, such that their evanescent tails are

strongest inside the cavity, which naturally improves the probability of the differ-

ent mechanisms occuring. This funneling effect also explains why the transmission

enhancement can be higher than that expected from aperture theory.

Further work has shown that these mechanisms can occur for a single hole in

a metal film, by the excitement of localised surface plasmons [97, 98] rather than

grating coupled SPPs. These localised SPs around the hole are complementary

to the equivalent particle plasmon resonance on an isolated particle of the same

geometry [92]. Variations on single aperture investigations have been presented
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where a circular aperture is surrounded by concentric grooves that aim to induce

grating plasmons in the vicinity of the aperture in order to funnel more radiation

into the aperture to further enhance transmission, and also on the transmission

interface to result in the re-radiated light being directional [99–101], although there

is no additional transmission enhancement for the latter case. Other work has

investigated the effect of aperture shape on the enhanced transmission and found

that there is a strong influence, particularly that rectangular holes can shown a

further order of magnitude in the enhancement [102].

Although the present author holds the opinion that the enhanced transmission

phenomenon on 2-dimensional arrays is indeed mediated by SPPs, for the sake of

objectivity, some alternative mechanisms for the enhanced transmission, which have

been presented, will be discussed. These alternative mechanisms have partly been

formulated because hole arrays also seem to demonstrate transmission suppression in

the vicinity of SPP excitation [91], which may imply that SPPs play a negative role in

the transmission enhancement. Mechanisms to explain this transmission suppression

include, the coupling of the SPPs to leaky (radiative) diffraction orders, as well as

coupling to each other in the transmission enhancement process [103,104], and SPPs

simply coupling to background radiation in analogy with Fano resonances [105].

However, these explanations are only phenomenological and subsequent alternative

mechanisms to the SPP mediation have been developed, which aim to also explain

this transmission inhibition.

For example, it has been suggested that dynamical diffraction is the cause of the

transmission enhancement [106]. In this approach, which has proved successful in

predicting similar anomalous transmission resonances in the scattering of electrons

and x-rays by crystals, it is shown that the relative excitation of diffracted propa-

gating Bloch waves determine whether transmission enhancement can occur. If the

Bloch waves peak in amplitude in the metal then there is strong absorption, whereas,

if they peak in the holes there is weak absorption and enhanced transmission. This

is not strictly a different mechanism to the SPP mediated approach because SPPs

are associated with the evanescent modes of the diffracted field and thus are inher-
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ently included. What is argued is that, the SPP models imply that the SPPs play

some independent causal role in the transmission enhancement such that they are

active in the process, whereas, in the dynamical diffraction approach, although the

SPPs must inherently play some part in the phenomenon due to their relation to the

diffracted field, the role must be passive and not causal [107]. This work was carried

out on lamellar gratings, which as described earlier, does not necessarily apply to

2-dimensional arrays, however, the author recognises this fact and states that the

physical implications should not change under extension to 2-dimensional arrays.

A second explanation has been proposed that is closely related to the dynamical

diffraction theory because it is essentially a first-order analytical approximation to

that theory, however, it is applied to both lamellar gratings and 2-dimensional hole

arrays. It is useful, because the simplification can more easily highlight important

physics as higher-order scatterings are ignored, which it is shown appears not to be

of significant importance [108]. In this approach the complete diffracted field of a

single sub-wavelength feature is considered as the superposition of evanescent waves,

launched by the feature, with a large distribution of in-plane wave-vectors, only one

of which matches the SPP mode. This superposition forms the composite diffracted

evanescent wave (CDEW) which propagates with a well defined wavevector, whose

amplitude decays with distance, and which has a finite phase shift with respect to

the source. The model is shown to accurately predict the enhanced transmission

phenomenon. Although the composite wave is clearly distinct from the SP mode, as

stated, the model also inherently includes the SPP mode as one of its components.

However, it is shown that this component is unimportant in the production of en-

hanced transmission because similar enhanced transmission is shown to occur on

non-metallic arrays of holes, which cannot support the SP component. Therefore,

this work goes further than the dynamical diffraction model by concluding that the

SPP is not only passive in the enhanced transmission phenomenon, but that it is

not required for the process, and that the phenomenon is purely a result of the loss

channels associated with the diffracted evanescent waves.

Until this point the enhanced transmission phenomenon has only been discussed
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Figure 4.2: Schematic representation of the electric field distribution for the fundamental (a) and
first harmonic (b) cavity resonances for a slit and a groove. Notice the different boundary condition
at the base of the groove require it to be half the height of the slit for the fundamental mode and
three quarters the height for the first harmonic.

on 2-dimensional arrays of holes, and it has also been mentioned that this does

not mean that the phenomenon necessarily occurs on the distinctly different 1-

dimensional lamellar grating, however, there has been further theoretical work on

1-dimensional structures [109]. This work did not model exact lamellar gratings

because the side walls of each wire were sloping rather than vertical, however, there

were discontinuities between each wire such that the gratings were not continuous

surface relief gratings. Although the discontinuities were only 3% of the period of the

structure, the largest transmission maxima was in excess of 25%. It was shown that

this enhanced transmission coincided with the excitation of SPP modes, and was

therefore due to the same mechanism as the enhanced transmission phenomenon

on 2-dimensional arrays of holes, provided it is accepted that SPPs are involved

in this mechanism on a 2-dimensional array. However, the enhanced transmission

phenomenon on 1-dimensional lamellar gratings is much more controversial than on

2-dimensional gratings, as will be discussed in section 4.4.
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4.3 Cavity Resonances on Lamellar Gratings

In the microwave regime it has been shown that a single semi-infinite (in z ) slit

in a metal film can support waveguide modes, which form standing waves along

the y direction of the cavity due to the impedance mismatch at the entrance and

exit [110, 111]. This is, of course, ostensibly the same mode as the well known

TEM waveguide mode, propagating between two semi-infinite (in x and in z ) metal

plates, and forming a standing wave if the plates have a finite depth (in y). This

results in the electromagnetic response of the structure displaying a periodic series

of transmission enhancement resonances, which are quantised in energy, and whose

resonant frequency is inversely proportional to the depth of the cavity (grating

height), ω ∝ 1/h. This is clearly a similar response to that of a Fabry-Perot etalon,

therefore, these cavity modes have also been called open-ended Fabry-Perot resonant

cavity modes, and are analogous to organ pipe resonances if the pipes have both

ends open. Indeed, it has been discussed in detail, for a single slit in the microwave

regime, that these resonances are equivalent to Fabry-Perot resonances [112]. Figure

4.2 presents a schematic representation of the electric field distribution within the slit

that is associated with the fundamental (a) and first harmonic (b) cavity resonances.

Also shown are the equivalent cavity resonances that occur on a groove rather than

a slit, which is analogous to an organ pipe mode with only one open end (the

other being closed). Notice that, for a given incident wavelength and slit width,

the different boundary condition at the base of the groove, which results in the

resonant electric field being zero, requires that the groove height must be half that

of the corresponding slit for the fundamental resonance to occur and three quarters

the height for the first harmonic. In other words, for a given frequency, the cavity

resonances of a slit occur at integer values of height (nh), while the cavity resonances

of a groove occur for half-integer values of height ((n+ 1/2)h).

These reports show that, for large slit widths, the resonant frequency decreases

away from the ideal Fabry-Perot position (for perfect conductors) with increasing

slit width due to the end effects at the entrance and exit of the cavity modifying

the boundary conditions in this region. In addition, for small slit widths, there is
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a turnover and the resonant frequency decreases away from the ideal Fabry-Perot

location with decreasing slit width due to the finite conductivity of the metal in-

ducing a curvature in the field profile within the cavity: For a perfect conductor

the decay of the fields is infinitely slow into the dielectric and infinitely fast into the

metal, therefore, the field profile in the cavity is planar. However, for a metal with

finite conductivity, the field decay is long into the dielectric and fast in the metal,

but crucially finite, such that, the condition of continuous tangential electric field at

the boundary between the cavity and the bounding metal wall induces a curvature

in the field profile in the cavity, leading to an imaginary in-plane momentum and a

reducion of the resonant frequency.

It has been demonstrated that periodic arrays of slits also display this Fabry-

Perot-like transmission enhancement behaviour [103]. Because the electromagnetic

response of these slits/arrays is so similar to a Fabry-Perot etalon, later work devel-

oped an effective index treatment of the fundamental resonance, where the effective

index is the equivalent index that the cavity of a Fabry-Perot etalon would re-

quire to give its fundamental, normal incidence, resonance at the same frequency

as for the slit array. Naturally, this effective medium treatment only applies for

sub-wavelength arrays. It is shown that the effective index strongly depends on

both the permittivity of the metal bounding the slits and the slit width [113]. It

was also suggested that, due to the periodic nature of the structure, surface waves

can have an effect on the coupling of incident light and the cavity modes. This was

also implied by work demonstrating that the coupling of light and the waveguide

resonances can be significantly improved by implementing an ATR configuration to

excite the resonance using an evanescent wave, which increases the localisation of

light in the cavities [114].

Concurrently with this work on slit arrays, there has been a body of work in-

vestigating cavity modes on large amplitude gratings with a continuous profile, i.e.

closed bottom cavities [115, 116], analogous to organ pipe resonances with one end

closed. This work has shown that cavity modes on arrays of cavities behave subtly

different to cavity modes on a single cavity. For example, the resonance position of
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a single cavity behaves as 1/h for all h and all frequencies, as expected from the

understanding of the simple TEM waveguide resonance. This is not the case for

arrays of cavities. This has been explained in work on gratings with a Gaussian

groove profile, which has demonstrated that these cavity resonances evolve from the

normal grating coupled SPP [117].

In that work it was shown that, for shallow perturbations on a Gaussian groove

profile, the dispersion diagram is as expected from the knowledge of the grating

excitation of SPPs. However, as the depth of the grating is increased, SPPs on

either shoulder of the ridges surrounding a groove become pulled down into the

cavity and start to interact across the dielectric in the groove. The interaction

of the SPPs across the cavity causes the band-gap, associated with the shallow

perturbation dispersion diagram, to widen. Further increases in grating depth pulls

the SPPs further into the groove and increases their interaction until they become

strongly coupled. This causes an even larger increase in the band-gap width such

that the lower energy branch has red-shifted significantly, and the branch has also

formed into a flat band. The branch is flat banded because the coupling of the SPPs

on adjacent walls of the cavity has formed into a cavity resonance, which is therefore

a localised mode and does not disperse with increasing in-plane momentum. This

process concurrently occurs for higher order SPPs such that the harmonics of the

fundamental resonance are formed by the same interaction across the slits, but of

the higher order SPPs. The entire process is summarised in figures 4.3 and 4.4

(courtesy of I. R. Hooper), which shows the SPP dispersion diagram for a Gaussian

groove profile (dx = 200 nm, 50 nm wide) as the depth of the grating is increased.

In figure 4.3 (a) (h = 10 nm) the normal SPP dispersion diagram can be observed.

As the depth of the groove is increased, SPPs on either edge of the groove start

to interact together, this results in a red-shifting of the low energy band-edge of

successive SPP orders. Further increases in groove depth cause this interaction to

strengthen until finally the SPPs form strongly coupled pairs and have evolved into

cavity resonances.

Therefore, it is clear that the fields of cavity resonances on Gaussian groove
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Figure 4.3: Dispersion curves for 200 nm pitch, 50 nm wide, Gaussian-grooved silver gratings
in the classical mount illuminated by TM radiation, with (a) h = 10 nm, (b) h = 25 nm, (c)
h = 50 nm, and (d) h = 75 nm.
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Figure 4.4: Dispersion curves for 200 nm pitch, 50 nm wide, Gaussian-grooved silver gratings in
the classical mount illuminated by TM radiation, with (a) h = 100 nm, (b) h = 150 nm, and (c)
h = 300 nm.
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profiles can be considered as the evolution of the normal grating coupled SPP mode

due to SPPs on adjacent walls of the groove coupling together across the dielectric.

This also aids the understanding of why the cavity modes on arrays of slits do not

depend on the grating height as 1/h for all grating heights and frequencies. Figure

4.5 (courtesy of I. R. Hooper) presents the dependence of the SPP modes as a

function of grating height. Clearly, for large grating heights and low frequencies,

the SPP modes have evolved into cavity resonances and the resonance frequency

varies as 1/h as expected, however, unlike the single cavity case, this dependence

is not valid for all h and all frequencies. This is because the high energy branch

of the band gap cannot increase in frequency beyond its corresponding diffracted

light line, whereas the low energy branch is free to reduce in frequency. Therefore,

the high energy branches, of lower order band-gaps, anti-cross with low energy

branches of higher order band-gaps. This explains the subtle difference between the

h dependence of an array of cavities and that of a single cavity, and why cavity

resonances on arrays of slits must be considered as SPPs on the vertical walls of the

grooves/slits, coupled across the cavity, rather than simply as the TEM waveguide

mode. Because the cavity resonances are evolution of normal SPP modes, this also

suggests why the previous work implies that the excitation of surface waves affects

the transmission efficiency of cavity resonances. The suggestion that surface waves

may further enhance the transmission efficiency of cavity resonances suggests that

this further enhancement may be due to the coupling of SPP modes, and/or simple

surface currents, with the cavity resonances. This has been an area of considerable

interest in recent years and will be discussed in more detail in the next section.

Other work has shown that cavity resonances can occur for single slits [118] and

slit arrays [119, 120] illuminated with TE radiation, which cannot be the result of

coupled SPPs, and that these show a frequency cut-off whereas cavity resonance in

TM illumination do not. In addition, it has been demonstrated that, by creating

shallow secondary cavities (grooves) near a slit supporting a cavity resonance, for

example several periodic shallow grooves surrounding a single slit [121] or, for lamel-

lar gratings, by forming shallow grooves on the wires between slits [122], then the
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Figure 4.5: Cavity mode frequency as a function of grating depth for 200 nm pitch, 50 nm wide,
Gaussian-grooved gratings for 2kx/kg = 0.1. Dotted lines are light lines.

incident energy can be concentrated in the vicinity of the slit, such that the groove

cavity resonances channel energy into the slit cavity mode, and further enhance the

transmission of the Fabry-Perot cavity resonances of the slits. This is shown in

figure 4.6, which is a reproduction of figure 9 in Ref. [122], clearly the existence of

the sub-grooves channels yet more energy into the slit and further enhances trans-

mission. The cavity resonance of the grooves can be tailored to coincide with that

of the slit cavity resonance by adjusting the width of the grooves which shifts the

resonance in frequency for the finite conductivity reasons discussed above.

Finally, compound slit arrays have been examined, which consist of doubly-

periodic slit arrays, that is gratings with a long and a short period, the short period

creating two or more closely spaced slits, separated by the long period, such that

the gratings have more than one slit per period. These generally broaden the single

slit per period transmission resonance, as well as, generating phase resonances that

appear as sharp dips in the transmission response [123,124].

4.4 Coupling between Cavity Resonances and

Surface Modes

In the previous sections two types of SPP resonance have been discussed. The

first is the normal grating excited SPP modes, which exist on the incidence and/or

transmission horizontal interfaces of the structure, and have been shown to lead to

152



Chapter 4

Figure 4.6: Top: The magnetic field profile for a TM polarized, 0.84 eV normal incidence plane
wave. The geometry of the sub-grooves create cavity modes that concentrates the energy of the
incident beam within the sub-grooves. Bottom: The Poynting vector shows that energy is being
channeled from the subgroove CMs to and through the main groove.
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the enhanced transmission phenomenon under appropriate conditions. The second

are SPPs, which have been shown to evolve from the normal grating SPP mode,

that exist on the vertical surfaces of the wire walls. For this reason the two types

of SPP resonance are also been termed horizontal and vertical SPP resonances

respectively [125].

It has been confirmed, by a slightly different examination of the complex band

structure of lamellar gratings, that the vertical SPP resonances do indeed evolve

from the horizontal SPP resonances, and that, by following along a dispersion curve

under certain conditions, it is possible to observe the transition between the two

different resonances [125]. In that work it is also demonstrated that non-radiative

losses are much lower for vertical resonances than for horizontal ones, such that

they typically have higher quality factors, and furthermore that, the lifetimes of

both resonances increase with decreasing slit width.

As discussed in section 4.2, the enhanced transmission phenomenon has been

demonstrated to occur on 1-dimensional slit arrays as the result of an identical

mechanism as that which occurs on 2-dimensional hole arrays. However, there is

a subtle variation on this phenomenon that has been demonstrated on lamellar

gratings, this variation involves the coupling of horizontal SPPs on either interface

being mediated by vertical SPPs (cavity modes) rather than the direct coupling of

their evanescent fields in the holes, which occurs in the formation of molecular SPs on

2-dimensional hole arrays. This coupling of horizontal SPPs, via cavity resonances,

cannot occur on sub-wavelength hole arrays due to the λ/2 waveguide cut-off, which

does not exist for slit arrays, and therefore, is a phenomenon purely associated

with lamellar gratings [126]. In fact, there are actually two distinct variations of the

coupling between horizontal SPPs and cavity resonances, as will be discussed below.

The first variation of the SPP and cavity mode coupling mechanism has been

shown to occur on continuous rectangular profile metallic gratings [127] and lamellar

gratings [128] in the infra-red regime. In these structures the geometry can be

specificed such a flat banded cavity resonance can be engineered to occur inside

the band-gap of an SPP crossing. For example, this can be seen in figure 2 of
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(a) h = 0.6 µm (b) h = 3 µm

Figure 4.7: Photonic band structure (black dots) of the SPP bands responsible for coupled SPP-
cavity mode transmission resonances for two different grating heights, (a) h = 0.6 µm and (b)
h = 3 µm. In (b) the coupling occurs when the cavity resonance (flat banded mode) occurs in the
band gap region of an SPP anti-crossing, as at kx = 0 and E = 0.17 eV . The blue dots represent
the frequency of the SPP bands for the limit of infinitesimal amplitude (and no SPP coupling).

Ref. [128], which is reproduced here in figure 4.7, and figure 4 of Ref. [127]. In

figure 4.7(a) (h = 0.6 µm), the grating amplitude is sufficiently low such that the

horizontal SPPs have not been significantly perturbed (have not started to form into

cavity modes) and their dispersion curve lies near the dispersion curve in the limit of

infinitesimal amplitude (assuming no coupling of SPPs on either side of the grating),

the blue dots. In figure 4.7(b) (h = 3 µm), the grating amplitude has begun to

cause the formation of cavity modes, as can be seen by the flat banded resonance at

approximately E = 0.17, while the higher order SPPs have been brought down into

a similar location as the unperturbed modes on the thin film in figure 4.7(a). The

coupling between these horizontal SPPs and cavity modes, and hence the enhanced

transmission, occurs when the cavity resonance lies in the band gap region of a

SPP anti-crossing, as at kx = 0 and E = 0.34 eV . In this case the two resonances

(horizontal and vertical) have been shown to couple together strongly to result in a

deep (≈ 0), broad, reflection minimum for the continuous grating case, or a strong

transmission maximum for the lamellar case. Both of these responses are of a greater

magnitude than that expected for the cavity resonance alone.

The second variation of the SPP and cavity mode coupling mechanism has been

shown to occur on thin (but still optically thick) lamellar gratings with narrow

slits (fx = 6/7), in the infra-red regime, when the incident wavelength is near the
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period of the grating (d = 3.5 µm) [128]. The geometry of these structures does not

support normal cavity modes because they are too shallow, given the thickness of

the slits, for the broadening of the band-gaps to occur to such an extent as to form

flat banded cavity resonances. Furthermore, the slits are narrow enough, so that

the grating closely resembles a planar film, and the SPP dispersion curve is largely

unperturbed. In this mechanism, the excitation of horizontal SPPs induces large

electric fields to exist at the opening of the slits, this in turn induces a propagating

mode, with a field distribution similar to a cavity resonance, to exist in the slits

of the structure, which then couples out to a horizontal SPP on the transmission

interface, which re-radiates into the far-field. The propagating mode in the slits

has a field profile very similar to the normal cavity mode resonance, but it occurs

at a frequency for which cavity modes are not normally excited, according to the

dispersion diagram. It is the field enhancement at the opening of the slits, due to

the presence of the horizontal SPPs, that induces a resonance with a cavity-like field

distribution in the slits of the structure where they should not normally be formed.

This enhanced transmission mechanism is very similar to the phenomenon on 2-

dimensional hole arrays, except that the coupling between the horizontal SPPs on

either interface is mediated by a propagating mode, induced by the horizontal SPPs,

rather than the evanescent fields of the SPPs. This has been explained above as a

result of the absence of a cavity resonance cut-off in the slits of a lamellar grating,

which is present for 2-dimensional holes. In addition, the coupling mediated by a

propagating mode, without a cut-off, means that the mechanism can occur for any h

lamellar grating, whereas, the reliance on evanescent fields to form molecular SPs in

the 2-dimensional case, sets an upper limit on h for the transmission enhancement

to occur. The enhanced transmission, as a result of the inducement of a cavity

mode by a horizontal SPP, is demonstrated by observing the corresponding electric

field distibution, as shown in figure 4(a) of Ref. [128], which is reproduced here in

figure 4.8. Clearly the electric fields of the SPP in the vicinity of the slits induces

a field distribution within the slits that is similar to the field distribution of the

fundamental cavity resonance as shown in figure 4.2(a).
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Figure 4.8: The E-field over two periods of transmission metal gratings (dx = 3.5 µm, fxdx =
0.5 µm) of thickness, h = 0.6 µm, in vacuum. The wavelength of the normal incident TM radiation
is λ = 3.6 µm.

The inducement of cavity resonances, by horizontal SPPs, in slits has also been

shown to occur for a single slit surrounded by periodic grooves on its incidence

interface [100]. When no grooves are present, the transmission response is naturally

that expected for a single slit – a periodic series of transmission resonances. However,

when the grooves are introduced, a new transmission resonance occurs, which is

attributed to the inducement of a propagative cavity resonance, at a frequency for

which it would not normally exist, by the horizontal SPPs excited by the periodic

grooves. Furthermore, it is shown that creating similar periodic grooves on the

transmission interface has no effect on the transmission enhancement, only on the

directionality of the emitted radiation, implying further that the cavity resonance

is induced by the field enhancement in the slit vicinity as a result of the excitation

of horizontal SPPs on the incidence surface.

Clearly the two coupled horizontal-vertical enhancement mechanisms are subtly

different, the first relies on resonances which both exist regardless of the existence

of the other, and couple together, while the second is the inducement of the cavity

resonance by the horizontal resonance, which then couple together. Furthermore,

both mechanisms are subtly different to the enhanced transmission on 2-dimensional

hole arrays, which can also occur on 1-dimensional slit arrays. Therefore, there are

157



Chapter 4

three distinct mechanisms that can enhance the transmission efficiency of lamellar

gratings.

Similarly to the enhanced transmission phenomenon on 2-dimensional hole ar-

rays, there is evidence of SPPs inhibiting transmission, and there exist some con-

troversy as to whether the mechanisms proposed above are valid. As discussed

earlier, the dynamical diffraction mechanism was reported for the case of lamellar

gratings. It states that horizontal SPPs are inherently involved in enhanced trans-

mission mechanisms, but they do not play an active role, as has been suggested.

The CDEW model has also been applied to lamellar gratings, and results in the

same conclusions that horizontal SPPs are not involved in the mediation of various

enhanced transmission mechanisms.

There are other results which suggest that horizontal SPPs are not involved

in enhanced transmission mechanisms. These include two theoretical models that

prevent the excitation of horizontal SPPs on lamellar gratings. These are shown

schematically in figure 4.9. The first (a) replaces each wire with a more complex

structure, which consists of three different vertical regions, such that the original

single material wires are split into three different wires sandwiched together in the x

direction. The two external vertical regions, either side of the centre region, consist

of the same material of which the original wires were composed, these are chosen to

be optically thick and make up the walls of each cavity, therefore the cavity modes

should be unaffected by the replacement. The centre region of each wire is now com-

posed of a dielectric material, therefore the horizontal SPPs cannot be excited [129].

The second model (b) is very similar except that the only the upper and lower sec-

tions of the centre region are replaced with dielectric, such that the metal sections

of the wires are now H shaped [122]. Thus, both of these models leave the cavity

modes unaffected while either preventing horizontal SPP excitation or shifting it

to a very different frequency, and the resulting electromagnetic response remains

largely unchanged in the area of interest, implying that horizontal SPPs play no

role in the mediation of enhanced transmission. The former work [129] shows that

the transmission efficiency is nearly zero for frequencies corresponding to horizontal
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Figure 4.9: Schematic diagram of the two models that allow the excitation of cavity modes but
prevent the existence of horizontal SPPs.

SPP excitation, and, like the two alternative mechanisms based on diffraction ar-

guments, explains the enhanced transmission as a combination of waveguide modes

and diffraction. The latter work [122] examines the field profiles associated with dif-

ferent horizontal SPP modes and states that horizontal SPPs can be associated with

an inhibition or an enhancement in transmission depending on whether the fields

establish vortices that inhibit or enhance the flow of energy through the centre of

the grooves.

More recent work has shown that horizontal SPPs are associated with transmis-

sion suppression when they are isolated resonances, but when they become coupled

to cavity resonances, can enhance transmission [130] and result in a red- or blue-

shifted transmission peak.

Other work suggests that it is the phase of the horizontal SPP at the location of

the slit that determines if there is transmission enhancement or suppression [131].

In this work it is demonstrated that a horizontal SPP is launched by a slit that is

in antiphase with the incident magnetic field, independently of the slit width (pro-

vided the slit is sub-wavelength), the thickness of grating, and the metallic material

of which the wires are composed. For a double slit structure, if the slits are placed a

distance apart such that the horizontal SPPs, launched by each slit, destructively in-

terfere, then little energy is captured at the metal surface and there is a transmission

enhancement because the energy must channel to the cavity resonance. If the slits

are placed a distance apart such that the horizontal SPPs constructively interfere,

then large amounts of energy is bound to the metal surface and lost through absorp-

tion, thereby suppressing transmission. This can also be thought of as the phase of
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the horizontal SPPs at the slit either constructively or destructively interfering with

the incident field, and therefore, either enhancing or inhibiting energy flow into the

cavity mode. For the case of multiple slits, it is shown that the transmission effect

has saturated for two or three slits, such that, in the case of an infinite number of

slits in a lamellar grating, there is negligible further transmission enhancement due

to horizontal SPPs. However, the destructive interference effect can still be signifi-

cant for infinite arrays, therefore, this work also implies horizontal SPPs only play

a negative role in enhanced transmission on lamellar arrays.

Finally, recent work has returned to the complex band structure of the dispersion

diagrams and, by tracing the evolution of horizontal SPPs to cavity resonances,

similarly to that discussed above, it is shown that these hybrid coupled horizontal

SPP-cavity resonance modes can have a purely horizontal character or a purely

cavity resonance character depending on the position along the disperson curve [132].

In the vicinity of the dispersion curve crossing point, which is the point at which

two dispersion curves meet (usually near the point at which the light lines cross,

as in the case of a small band gap on a shallow surface relief grating), then the

two dispersion curves interact and an anti-crossing occurs. This can be seen in

figures 4.3 and 4.4 where the normally flat banded cavity modes turn up or down

in frequency near the crossing point. It has been shown that [132], in the vicinity

of the crossing point, the cavity resonance has a normal horizontal SPP character,

while away from the crossing point, the dispersion curve is flat banded and the mode

has a cavity mode character. This, therefore, argues that the controversy between

horizontal transmission enhancement or suppression is merely due to confusion in the

understanding of where on the dispersion curve the coupled mode is being examined.

4.5 Localised Resonances on Metallic Wires

The electromagnetic response of individual wires of different shapes has also been

analysed in recent years. These naturally display localised electromagnetic reso-

nances, however, there appears to be two main different ways in which they are

being treated.
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The first scheme, which analyses only rectangular cross-section wires, considers

the resonances as evolutions of the normal (coupled) SPP mode on a thin film [133].

On a planar film it has been discussed that SPPs on either side of the metal film

may couple together due to the interaction of their evanescent fields inside the metal,

and that this coupling results in the long- and short-range coupled SPPs. For the

rectangular wire geometry, there is an additional confinement due to the vertical

walls of the wire; therefore, the nature of the coupling is much more complicated.

In fact, there are now six ways that surface plasmon polaritons may interact. Simi-

larly to before, surface plasmon polaritons on the incident and transmission surfaces

may interact through the metal (if the metal is sufficiently thin), furthermore, sur-

face plasmon polaritons excited along the vertical surfaces of the wire may interact

through the metal in the x -direction. Additionally, where two of the four surfaces of

each of the wires of the grating meet (at the vertex of each wire), surface plasmon

polaritons associated with the two different surfaces may interact. When the dis-

persion diagram of the wire resonance is examined, for wires whose height is much

less than its width, it still displays the two main high and low frequency branches,

associated with the different coupled modes, however, each of these branches is sub-

divided into several other, closely spaced, branches, corresponding to resonances

associated with the different coupling mechanisms.

What makes the wire coupled resonances markedly different from the planar ones

is that, as the height of the wire is reduced, the coupled modes associated with one

of the main branches can spontaneously switch to the other branch. For example,

at large grating heights (but still optically thin) a sub-branch of the main high

frequency branch may follow the evolution of this main high frequency branch, until

at some grating height, it rapidly shifts to join the main low frequency branch, and

then follows the dispersion of that branch as the grating height is reduced further.

In other words, the long- and short-range coupled modes may switch in character as

the height of the grating is varied. This is shown in figure 4.10 (a reproduction of

figure 2(b) of Ref. [134], where the normalised attenuation constant, which is defined

as
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Figure 4.10: Normalised propagation constant as a function of grating height (thickness) showing
two main branches corresponding to the long (upper) and short (lower) range modes. The mode
labelled ss0b switches between the two main branches as the thickness reduces.

α

β
= −=

{√
εr,mεr,d
εr,m + εr,d

}
(4.1)

is plotted as a function of h (denoted thickness) for a single silver wire, with

εr,m = −19 + 0.53i and fxdx = 1 µm, embedded in a dielectric, with εr,d = 4,

that is illuminated at normal incidence by radiation of a wavelength λ = 0.633 µm.

Two main branches can be observed, corresponding to the long- (upper) and short-

range (lower) coupled mode, with a series of sub branches that correspond to the

additional interactions. Notice that the branch labelled ss0
b switches between the

two main branches, and hence switches character from a long-range to a short-range

coupled SPP, as the grating height reduces. Furthermore, whether the wires are

bounded by identical [134] or different [135] dielectrics can affect the dispersion

diagrams significantly, particularly causing more switching to occur.

In chapter 2 it was discussed that localised SP resonances may be excited on

sub-wavelength metallic particles, which, due to the oscillation of their conduction

electrons, behave like electromagnetic aerials. The second treatment of localised wire
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resonances evolves from this idea. In this scheme, the wires are generally illuminated

by TM incident radiation in the classical mount. Clearly, in this configuration, a

circular cross-section wire and a spherical particle are going to behave in a similar

manner because the wire is essentially the infinite extension of the spherical particle

in the z direction, which is invariant in this illumination geometry. The electromag-

netic response of such wires is then treated in a similar manner as that of particles

(see figure 2.20 in chapter 2); the wires are considered as antennas, which do not

re-radiate in purely a specular direction, and the response is characterised by the

electromagnetic extinction [136]. Furthermore, the behaviour of two closely spaced

wires shows the same frequency shift as for closely spaced particles, in the classical

TM mount this results in a red-shift [38]. Wires of a variety of cross-sections [22,23]

have also been investigated, where equivalent shape and size effects, to those dis-

cussed in chapter 2, are observed.

4.6 The Perturbation Effect of Lamellar

Gratings

In the previous sections of this chapter the main work that has been carried out

on lamellar gratings has been summarised, however, while investigating interesting

effects, such as enhanced transmission and cavity resonances, none of this work has

fully examined the perturbation effect that a lamellar grating has on the normal

SPP dispersion; indeed, as stated, the vast majority of the work utilises very narrow

slits such that it can be assumed that the SPPs will be excited at the same frequency

as those on a shallow surface relief grating. As stated in the introduction to this

chapter, this will not be true for larger slits because the effect of a lamellar grating

on the normal SPP dispersion curve is clearly going to be significant, particularly

in the optical regime, and the severity of this effect will be dependent on the width

of the slits. Therefore, in this section, it is intended to give a discussion of the

perturbation effects of lamellar gratings on the dispersion of SPPs in the optical

regime, such that there is a full examination of this effect and it can be conclusively
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shown under what conditions SPPs may be excited, and where they may be expected

to occur when taking into account the perturbation effects of the slits and the grating

height. The grating height will be important for two reasons, large grating heights

will support cavity resonances, while low grating heights will allow coupled SPPs

to be excited. To the Author’s knowledge, these effects have not been investigated

in detail, particularly in the optical regime, for either continuous rectangular or

lamellar gratings before. All of the remaining figures have been calculated using the

computer algorithms described in chapter 3.

The effect of deep gratings on continuous Gaussian profile gratings has been

discussed, it has been shown that the cavity resonances can be considered as the

evolution of the normal SPP mode as a result of the perturbation of the normal SPP

resonance due to the large amplitude profile. However, although cavity resonances

have been investigated on rectangular slit/groove arrays, this evolution has not been

clarified to date.

The behaviour of the coupling efficiency and SPP dispersion of a shallow rect-

angular profile grating, as a function of the mark-to-space ratio was discussed in

2, 2.10, and it was shown that the rectangular surface relief grating behaves simi-

larly to the well known sinusoidal surface relief grating. In figure 4.5 it was shown

that there is a very specific behaviour of the cavity modes with grating height that

demonstrates their characteristics due to the evolution from normal shallow surface

relief SPP resonances. Therefore, it is expected that it is possible to demonstrate

the same evolution of cavity resonances from normal SPPs as the amplitude of a

rectangular (continuous) cross-section profile grating is increased. Indeed this can

be shown in exactly the same way, and to summarise this result, figure 4.11 presents

a similar investigation shown in figure 4.5, except it shows the reflection efficiency

for a silver grating with a rectangular cross-section and the following parameters:

dx = 450 nm, (1 − fx)dx = 225 nm, fxdx = 225 nm illuminated by TM radia-

tion in the classical mount (ϕ = 0◦, ψ = 0◦) at normal incidence (θ = 0◦), with

the permittivity approximated by the Drude model with the same parameters as

previously.

164



Chapter 4

h (nm)
ωω

    ((
10

15
    r

ad
.s

−−1
))    

((λλ
    ((

n
m

))))

2.22

((850))

2.84

((665))

3.45

((545))

625 817.5 1010

0.0

0.5

1.0

Figure 4.11: Reflection efficiency response of a continuous rectangular cross-section grating as a
function of both the incident frequency and grating height showing the anti-crossing of cavity
modes as a result of their evolution from normal SPP modes. The fixed grating parameters are
dx = 450 nm, fx = 0.5. The wavelength range is 545 nm ≤ λ ≤ 850 nm, which equates to a
frequency range of 2.22 × 1015 rad.s−1 ≤ ω ≤ 3.45 × 1015 rad.s−1. The grating height is in the
range 625 nm ≤ h ≤ 1010 nm.

The same characteristic asymmetric 1/h behaviour, as a result of SPP band anti-

crossing, can be seen in figure 4.11, which demonstrates that the cavity resonances

on a rectangular profile grating must also have evolved from normal SPP modes. A

similar investigation into the evolution of cavity resonances on lamellar gratings may

be invoked, and again, the same evolution is witnessed with the same characteristic

behaviour when the dependence on grating height is examined, this is shown in

figure 5.2 in chapter 5.

Varying the mark-to-space ratio of a rectangular continuous grating with a large

grating height is clearly going to have a more important effect than for a shallow

continuous rectangular grating. For example, as discussed above, it is expected, at

optical frequencies, that there will be a reduction in frequency of the cavity modes

as the slit width is decreased, i.e. as the mark-to-space ratio is increased. Figure

4.12 presents a series of dispersion plots for a rectangular continuous grating with

the following parameters: h = 500 nm and dx = 500 nm. Each dispersion plot is for

an increasing mark-to-space ratio, hence decreasing the slit width from a slit width

of 32 nm to just 1 nm. The calculation of the dispersion plots, as was discussed in

chapter 3, are essentially the poles of the global scattering matrix S. The poles of the

scattering matrix are determined by summing over all of the global scattering matrix,
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(a) (1− fx)dx = 32 nm
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(b) (1− fx)dx = 16 nm
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(c) (1− fx)dx = 4 nm
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(d) (1− fx)dx = 1 nm

Figure 4.12: Poles of the S matrix of a continuous silver rectangular grating as a function of
both the incident frequency and in-plane momentum for decreasing slit width ((1 − fx)dx). The
fixed grating parameters are dx = 500 nm and h = 500 nm. The frequency is in the range
0 < ω ≤ 6.28 × 1015 rad.s−1, giving a wavelength range of 300 nm ≤ λ < ∞, and the in-plane
momentum is in the range 0 ≤ 2kx/kg ≤ 1. The dotted line indicates the light and diffracted lines.

S. This technique leads to very sharp and large peaks, thus for ease of visualisation,

in each plot the poles are normalised to the maximum value obtained in the given

plot, (
∑
|S|)max, giving a range 0 ≤

∑
|S| / (

∑
|S|)max ≤ 1, and the grey-scale set

between 0 and 0.5. The dotted lines indicate the location of the light line (and

the diffracted lines). Note that some of the geometrical parameters presented in

this investigation may not be possible to manufacture using current technologies,

particularly those where the slit width is less than approximately 10 − 20 nm, but

are included to give a full discussion of the related physics.

In figure 4.12(a), where the mark-to-space ratio (fx = 0.936) gives a wire width

of fxdx = 468 nm, it can be seen that the normal SPPs have been perturbed by the
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large amplitude grating, where SPPs on adjacent walls of the slit couple together

strongly and induce the opening of large band gaps, such that their dispersion curves

have formed into the flat cavity resonance bands, as described above. In figure

4.12(a), it can be seen that, at lower frequencies, the anti-crossing of the cavity

modes occurs near the light line, while, as the frequency is increased, the crossing

point of the cavity modes occurs further away from the light line. In fact, the

anti-crossing between cavity modes appears to occur at the frequency for which the

dispersion curves of unperturbed horizontal SPPs would be expected to occur, as can

be seen in figure 4.12(b). This can be understood as follows: it has been discussed

above, that, for a lamellar grating, the distance of the dispersion curve of the cavity

mode from the crossing point defines whether the mode has a cavity resonance or a

horizontal SPP character, with the latter being true near the crossing point. Thus,

near the crossing point, the cavity resonances must have a horizontal character, and

therefore, this can only occur when the crossing point is at or near the location

of the dispersion diagram where the unperturbed horizontal SPP dispersion curve

would be. This can also be understood by considering what happens at the crossing

point of two cavity modes; the anti-crossing occurs between the dispersion curves

of adjacent harmonics of the cavity resonance. In other words, the dispersion curve

on one side of the anti-crossing represents an nth harmonic cavity mode, while the

dispersion curve on the other side represents the n+1 harmonic cavity mode. It was

discussed above that the cavity modes occur due to the perturbation of horizontal

SPPs, by the large amplitude grating, such that the horizontal SPPs are pulled

down into the slit/groove and become self-coupled across the cavity, leading to a

localisation, and hence, the formation of cavity modes and the flattening of the

dispersion curve. Therefore, at the anti-crossing of the different harmonics of the

cavity resonance, a horizontal SPP must be either pulled into the cavity or released

from the cavity. Thus, the anti-crossing can only occur near the dispersion curve of

the unperturbed horizontal SPPs as these are the only locations in the dispersion

diagram for which horizontal SPPs can exist.

This requirement that the anti-crossing of cavity modes occurs near the location
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of the unperturbed horizontal SPP dispersion curve highlights another subtle dif-

ference between a TEM cavity mode and a periodic array of slits. As the slits are

narrowed, as expected, there is a red-shift in the frequency of the cavity resonances,

and more resonances are brought down into view, each of whose crossing point is

at the location of the unperturbed horizontal SPP dispersion curve. Clearly, when

the slits are very thin and there is a large concentration of cavity modes in a given

frequency range, as in figures 4.12(c) and (d), then the strong anti-crossing of cavity

modes, at the location of the unperturbed horizontal SPP dispersion curve, results in

a good approximation to the original unperturbed horizontal SPP dispersion curve,

such that, it appears to have been reformed by the cavity modes in the location

where they must have a horizontal SPP character.

The reduction in frequency of the dispersion of the normal surface plasmon

polariton modes, as the grating is made deeper, can also be understood through

previous work on spoof plasmons [98, 137–139]. This red-shift can be considered

as the structure of the metal inducing plasmonic-like behaviour well away from

the true plasma frequency of silver. In the referenced work, the spoof plasmon

modes occur where the light line experiences anti-crossings with the non-dispersive

cavity resonances (which have formed as a result of the self-coupling of SPPs in the

grooves of the structure [117]). This behaviour can clearly be seen in figure 4.12.

The formation of a spoof plasmon is due to an anti-crossing that always takes place

between the real surface plasmon polariton and a resonance of the system (the cavity

mode). Of course at low frequencies, the SPP is really a grazing photon (ie. the

light line) and the anti-crossing occurs at the light line, but at higher frequencies

(close to the true surface plasma frequency), the SPP is further away from the light

line, and hence the anti-crossing move as well. In other words, first the SPP mode

is bought down in frequency due to self-coupling in the grooves of the structure to

form cavity resonances, then the anti-crossing of these cavity resonances, which must

occur where the resonances can have a horizontal character, forms spoof plasmons,

and finally, these spoof plasmons reform the entire original SPP dispersion curve

when they have a sufficiently high concentration.
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It is not unexpected that SPPs can exist on a structure with very narrow grooves

because the upper interface of the structure very closely resembles a planar surface,

with the slits providing the diffraction necessary for SPP excitation, but not per-

turbing the SPP propagation and hence dispersion curve significantly. However, it

has not been shown before that it is the interaction of the cavity resonances with the

light line that form into the normal SPP mode. This is not quite the same evolution

as the formation of the cavity resonances from the normal SPP mode because, in

that case, one SPP mode forms into one cavity resonance. Whereas it is clear in

the formation of SPPs, from cavity modes on rectangular continuous gratings, that

many cavity modes are required to form one SPP resonance.

From figure 4.12, it can be observed that the higher order diffracted SPP modes

are able to form for larger slit widths than the first order SPP, this is not unexpected

because the higher order SPPs have a shorter wavelength, and therefore, the width of

each wire does not need to be as large for it to approximate a planar film, i.e. for the

perturbation effect of the slits to be negligible. Also note that, as the concentration

of cavity modes is not high at very low frequencies, even for such a narrow slit width,

the lowest order undiffracted SPP is only very weakly reformed by the cavity modes,

and is difficult to observe as it is directly next to the light line, however, as this is

in the non-radiative region, it could not be excited anyway. Now that it has been

shown that it is the interaction of the cavity modes with the light line that reforms

the normal SPP mode on gratings with a large amplitude, this can alternatively be

understood by considering the concentration of cavity modes. It has been discussed

that the slits of a lamellar grating behave much like a Fabry-Perot cavity. The free

spectral range of a Fabry-Perot cavity is given by

∆λ =
λ2

0

2nh cos(θ) + λ0

≈ λ2
0

2nh cos(θ)
(4.2)

and shows that the concentration of cavity resonances, for a Fabry-Perot cavity

and hence for a slit array, increases as the frequency of incident radiation increases.

It was discussed above that the anti-crossing of cavity modes, in the vicinity of
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Figure 4.13: Reflection efficiency response of a continuous rectangular cross-section grating as a
function of both the incident frequency and in-plane momentum for (1− fx)dx = 4 nm. The fixed
grating parameters are dx = 500 nm, fx = 0.992, and h = 500 nm. The frequency, wavelength,
and in-plane momentum ranges are the same as in figure 4.12.

the unperturbed horizontal SPP dispersion curve, can reform the normal horizontal

SPP when they have a sufficient concentration such that the anti-crossing makes a

good approximation to the mode. Clearly, a higher concentration of cavity modes

results in a better approximation to the normal SPP mode, therefore, the higher

order unperturbed horizontal SPP modes can be formed through this approximation

earlier (i.e. for larger slits) than the lower order SPP modes because there is a higher

concentration of cavity modes at these higher frequencies. This can be seen in figure

4.12.

Note that the coupling efficiency to the SPP mode cannot be as strong as for

a shallow surface relief grating with a near equal wire-groove ratio, for the reasons

discussed in chapter 2, and so the reflection minima will be weaker than for shallow

gratings. This is shown in figure 4.13, where the reflection efficiency of the grating

with a slit width of 4 nm (figure 4.12(c)) is reproduced and the reflection minima

associated with the unperturbed horizontal SPP mode are very weak, and much

weaker than the flat banded cavity modes, even though the corresponding poles of

the horizontal SPP are as strong or stronger than for the cavity modes.

It has been demonstrated that normal SPPs can exist on a rectangular continu-

ous grating with a large amplitude, provided that the grooves of the grating are very

narrow, and that the normal SPP mode can be shown to have evolved from the anti-
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crossing of many cavity resonances with the light line – from a high concentration of

spoof plasmons. This is one of the unique behaviours of rectangular profile gratings,

no other simple profile grating allows the excitation of normal SPP modes when

they have a large amplitude, and furthermore, may support normal SPP modes and

cavity resonances simultaneously. Naturally, the same arguments apply equally well

for large amplitude lamellar grating profiles, and the normal SPP can also be excited

on these structures and considered as the evolution of cavity modes anti-crossing

with the light line. This highlights a second unique behaviour regarding rectangular

profile gratings: the degeneracy of the argument that the upper surface of a con-

tinuous and discontinuous rectangular grating may support a mode that is identical

to an unperturbed horizontal SPP, provided the slits are narrow, that has been re-

formed by the interaction of the cavity modes / spoof plasmons discussed above,

means that a large amplitude continuous rectangular grating and a large amplitude

lamellar grating are able to support exactly the same resonances, regardless of the

discontinuity introduced in the lamellar structure. Of course, the different boundary

conditions (due to the ground plane) for the cavity resonances means than those on

the continuous grating will be at lower frequencies than for the lamellar grating, but

the principle is the same. No other simple profile structure allows the excitation of

qualitatively (and quantitatively for the horizontal SPP mode) identical resonances

for both gratings with and without discontinuities. This is confirmed in figure 4.14,

which shows the dispersion diagram for the same structure as in figure 4.12(d), ex-

cept that it is a lamellar structure, with a vacuum substrate for simplicity, rather

than a continuous one. As expected, the spacing between the cavity resonances is

different, due to the different boundary conditions, but they still form the normal

SPP resonances, which are in the correct position. Also note that the poles of the

cavity modes are much weaker than for the continuous grating. This is because

there is a significant increase in the total losses of the cavity modes as a result of

the introduction of radiative transmission losses, thereby, increasing the damping of

the cavity resonances and reducing the strength of the poles due to broadening of

the mode.
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Figure 4.14: Poles of the S matrix of a silver lamellar grating as a function of both the incident
frequency and in-plane momentum for (1 − fx)dx = 1 nm. The fixed grating parameters are
dx = 500 nm and h = 500 nm, and the substrate is vacuum.The frequency, wavelength, and
in-plane momentum ranges are the same as in figure 4.12.

Of course, as the grating height is reduced, for continuous gratings, the disper-

sion bands of the cavity mode eventually return to the normal SPP mode, thereby,

the unperturbed SPP mode is reformed regardless of the absence of cavity modes.

Therefore, these arguments only apply to gratings with a large amplitude, because,

if the grating has a small amplitude, then the cavity resonances cannot be formed,

so the perturbation of the normal SPP mode must be considered directly. It has also

been shown that a similar evolution occurs for lamellar gratings except, in this case,

when the grating amplitude is reduced coupled SPP modes begin to form as the

grating becomes optically thin. In order to demonstrate the excitation of horizontal

SPPs on a thin lamellar grating a more complex system is modelled. The system

is identical to a lamellar grating in a vacuum, as has been modelled above, except

that a new layer is introduced between the grating and the transmission (substrate)

layers. This is a homogeneous silver layer of thickness t, such that when this layer is

optically thick, the structure resembles a continuous surface relief grating, and when

this layer has zero thickness, the structure is identical to a discontinuous structure.

Therefore, the variation of the thickness of this layer allows the examination of the

evolution of the resonances as the structure tends from a continuous to a discontin-

uous one. A schematic diagram of this more complicated structure, which is shown

in the classical mount under TM illumination, is given in figure 4.15.
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Figure 4.15: Schematic diagram of the more complicated structure used to model the transition of
a continuous grating, when t is optically thick, to a lamellar grating, when t = 0.

As described in chapter 2, for homogeneous films, if the height of the film is

reduced below the decay length of the evanescent fields of the surface plasmons in

the metal, then the evanescent fields associated with the surface plasmon on the

upper surface will be able to excite surface plasmons on the bottom surface. The

upper and lower surface plasmons then become coupled, resulting in a splitting of the

normal surface plasmon mode into the long range and short range coupled surface

plasmon resonance, which disperse in frequency in opposite directions with further

decreases in grating height. This will also be true for thin discontinuous gratings

with very narrow slits. Figure 4.16 demonstrates the evolution of normal surface

plasmon modes to coupled normal surface plasmon modes, on a grating with narrow

slits, as the grating tends from a continuous one to a discontinuous one by starting

with a large t and reducing it to zero. They show the dispersion of the modes as

the height of the metal substrate layer is reduced from t = 64 nm (almost optically

thick so that the grating is almost continuous) to t = 0 nm, where the grating is

fully discontinuous. To simplify matters, the grating parameters are: h = 10 nm,

dx = 500 nm, fxdx = 480 nm, and the substrate is vacuum so that surface plasmons

on either interface will be degenerate.

The dispersion plot shown in Figure 4.16(a) shows that the homogeneous silver

layer is not quite optically thick at 64 nm as the normal surface plasmon mode

has already started to split into the low and high frequency branches. The zeroth

order SPP mode does exist, although it is difficult to see as it is very weak and
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(a) t = 64 nm
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(b) t = 8 nm
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(c) t = 2 nm
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(d) t = 0 nm

Figure 4.16: Poles of the S matrix of a silver rectangular grating as a function of both the incident
frequency and in-plane momentum for decreasing t. The fixed grating parameters are dx = 500 nm,
fxdx = 480 nm, h = 10 nm and the substrate is vacuum. The frequency, wavelength, and in-plane
momentum ranges are the same as in figure 4.12.
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overlaid by the light line. The weakness is a result of the fact that a lamellar

grating with very narrow slits is described by a Fourier expansion with very small

(in magnitude) lower order Fourier harmonics, therefore, the lower order SPPs are

excited only weakly. At t = 8 nm, as in figure 4.16(b), the modes have split

significantly, with the low frequency mode redshifting in frequency while the high

frequency mode has blueshifted to near the diffracted light line. There are also higher

order (2kg, 3kg . . . qkg) low frequency modes that have been brought down into view

and the high frequency branch appears to have weakened in strength significantly.

By t = 2 nm, as in figure 4.16(c), the low frequency modes have redshifted further,

and the lowest order low frequency mode has weakened significantly. The high

frequency branch does not appear to have moved significantly since t = 8 nm but

has weakened further. When the grating is finally discontinuous (t = 0 nm), as in

figure 4.16(d), many low frequency modes have come down into view. However, note

that the high frequency mode appears to have diminished greatly, not by blueshifting

as there was no noticeable blueshift below t = 8 nm, but by weakening until it has

very nearly vanished. Also note, from (c) and (d) of figure 4.16, that the lowest

order low frequency mode has also weakened and vanished, and that what looks

like the lowest order coupled surface plasmon mode is in fact a higher order mode

that has been brought down in frequency. Therefore, this structure will support

normal coupled surface plasmon modes, however, it only appears to support the

low frequency branch of the coupled surface plasmon modes. Furthermore, it does

not support the lowest order coupled surface plasmon mode, and that there is a

noticeable band gap between modes at kx = 0, 1. This is because the slit, even at

only 20 nm, is large enough to cause significant perturbation to the normal surface

plasmon modes and to prevent the lowest order mode existing.

At first it may be surprising to find that the high frequency coupled SPP mode

cannot exist on lamellar gratings, this is because it must have a shorter wavelength

than the low frequency mode, and therefore, it would be expected that each wire

would appear more like a planar film to the high frequency mode. This can be

understood because, as the mode becomes pushed up against the light line, it effec-
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tively becomes a grazing photon not a true resonance. Of course, this effect can be

reduced by increasing the grating height, while still keeping it sufficiently low that

coupling can occur, thereby moving the mode down in frequency away from the light

line. However, in the optical regime, increasing the grating height over the required

range for a sufficienct reduction in coupling to occur also has the effect of modifying

the SPP mode because it has started to form into flat banded cavity resonances, as

can be seen in figure 4.3, therefore, it is still not possible for the structure to support

an unperturbed high frequency coupled mode even if the grating height is increased.

For the same reason, neither can an unperturbed uncoupled SPP exist on lamellar

gratings in the optical regime.

Notice that the high frequency mode is able to exist on the individual wire

whose normalised propagation constant is shown in figure 4.10. At first this seems

to contradict the above discussion, however, this is because the structure is not

periodic and so the mode cannot be a normal SPP. In this geometry, the resonance

is a localised non-dispersive plasmon resonance, not a dispersive propagating SPP.

Furthermore, the wire height is investigated for greater values than that investigated

here (except when the intermediate metallic region t is included, and in this case, the

high frequency modes are supported) implying that the coupling is not as strong,

and therefore, had the structure been periodic, to mode would not have been as

close to the light line. This also highlights why the modes cannot be the same as

the SPPs discussed here, if they were then, at the wire heights investigated in that

work, they would have started to form into cavity modes, displaying modifications to

figure 4.10, which of course they cannot do as only an individual wire is considered.

In order to investigate the perturbation effect on the normal surface plasmon

modes that the slits introduce, figure 4.17 shows the dispersion plots for a similar

discontinuous grating as in figure 4.16, but the slits of the grating are varied in

width.

Figure 4.17(a) gives the dispersion plot of a similar grating when the slit width

is only 1 nm. Although, even at this incredibly small slit width, the mode is still

noticeably red-shifted from its normal position (see figure 4.16(a)) because it is the
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(d) (1− fx)dx = 256 nm

Figure 4.17: Poles of the S matrix of a silver lamellar grating as a function of both the incident
frequency and in-plane momentum for increasing slit widths (1− fx)dx = 1 nm. The fixed grating
parameters are dx = 500 nm, h = 10 nm and the substrate is vacuum. The frequency and in-plane
momentum ranges are the same as in Figure 4.12.
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long-range coupled mode not the normal uncoupled SPP, however, its dispersion

curve indicates that it has a largely normal character. As for the previous investi-

gation, only the low frequency coupled surface plasmon modes appear to exist on a

discontinuous grating, and these have been significantly redshifted from the uncou-

pled normal surface plasmon frequency due to the low grating height causing the

formation of coupled SPPs. As this is such a small slit width, it appears that only

low frequency coupled order modes may exist on a discontinuous grating, regardless

of the slit width.

There are also no noticeable bandgaps in the structure, so the very small slits

must not be perturbing the surface plasmon propagation along each interface signif-

icantly such that there is little interaction between the different propagating SPP

modes. It should be noted that, unlike in figure 4.16(d), the lowest frequency mode

in this dispersion plot is indeed the lowest frequency coupled surface plasmon mode,

again, because the very narrow slit causes little perturbation to the coupled surface

plasmon mode. As the slits are widened to 32 nm, as in figure 4.17(b), the per-

turbation, and hence SPP interaction, becomes significant, therefore, band gaps are

opened at kx = 0, 1.

Further increases in slit width to 128 nm (figure 4.17(c)) results in the family

of modes redshifting and flattening more significantly. At the same time the lower

order modes also weaken, until finally, at a slit width of 256 nm (figure 4.17(d)),

they vanish altogether. Then only the very high order modes can exist, because

they have an effective wavelength that is short enough such that they are not as

strongly perturbed by the slits. It might be expected that these higher order low

frequency coupled SPPs would not be able to exist on a lamellar grating for the

reasons discussed above that they must occur at high frequencies and so are more

surface plasma-like. However, they are able to exist because these are the higher

orders of the low frequency coupled modes that have been red-shifted into view,

and therefore, although they occur at high frequencies, they are not very surface

plasma-like because the nature of their coupling means that the associated fields

have a larger fraction in the dielectric than the metal, and are thus perturbed by
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the slits less than expected.

Notice here that the slits have to be incredibly narrow for the normal SPP mode

to be excited, typically in the optical regime they must be . λ/100. Furthermore,

the normal SPP can only be formed by the approximation of the cavity resonances

at large grating heights. This is because, at small grating heights (before the cavity

modes have begun to form from the perturbation of the normal SPP mode), the

decay length of the SPP means that only coupled SPPs may be supported. If the

grating height is increased to uncouple the modes, the height must be such that

the cavity modes begin to form before the long- and short-range modes become

the uncoupled normal SPP, and therefore, their dispersion curves are perturbed

before the normal uncoupled SPP forms. However, as discussed above, much of

the previous work has been undertaken at longer wavelengths, particularly in the

infra-red and microwave regime. In the infra-red regime, it has been shown that

the normal SPP modes can be excited at the expected frequencies for much larger

slits, typically ∼ λ/10. Also note that the decay length of the SPP into the metal is

proportionally smaller in the lower frequency regimes than the optical. Therefore, as

can be seen in figure 4.7, uncoupled normal SPPs can be excited for relatively small

grating heights, where cavity modes have not yet formed, and therefore, the normal

uncoupled SPP may be supported without the requirement of the cavity resonance

approximation. This agrees with the statement made earlier that it is not a simple

case of scaling the geometry for the different electromagnetic regimes – the infra-red

slits can be a much larger fraction of the wavelength at which the SPP is expected

to occur than for the optical regime because the SPP mode is more like a grazing

photon in the infra-red regime than the optical, and so the resonances supported,

and their nature, can be markedly different in the different regimes.

It has, therefore, been shown that the normal surface plasmon modes can exist

on discontinuous rectangular gratings in the optical regime, with the caveat that

the slits in the grating must be very narrow, otherwise significant perturbation of

the SPP mode prevents its existence in the normal sense. However, even at this

narrow slit width, the mode will still be significantly perturbed from its normal
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location because the grating must be shallow enough, such that cavity modes have

not begun to form, and the SPP must be a coupled mode. The normal uncoupled

SPP mode may be excited on thick gratings via the approximation of the cavity

modes as a result of the anti-crossing of the flat bands near the unperturbed SPP

dispersion curve. Furthermore, only the low frequency (long-range) coupled SPPs

may be excited, and these are red-shifted from the uncoupled frequency. These

facts must be taken into account when horizontal SPPs are considered on lamellar

gratings in the optical regime.

4.7 Summary

The early sections of this chapter have discussed the previous work that has been

carried out on lamellar gratings. It has been discussed that normal SPP modes

may be excited by such a structure, provided that the slits of the grating are very

narrow, and that the grating is optically thick. If the grating is optically thin, the

formation of coupled SPPs has been demonstrated. A novel phenomena has been

shown to occur on 2-dimensional hole arrays, where the fields of the SPP are able to

efficiently tunnel to the other interface, thereby enhancing the transmission of the

structure significantly. It has been discussed that this phenomena can also occur

on 1-dimensional lamellar gratings, although in both cases, the exact mechanism

by which this occurs is not without controversy. These SPP modes, on lamellar

gratings, exist on the upper (and lower) interfaces of the wire and are therefore

often termed horizontal SPPs.

A second resonance has been shown to occur on deep continuous narrow grooved

gratings, which has been shown to evolve from the normal SPP mode due to the

perturbation of the normal SPP dispersion by the large amplitude ridges. This

results in strong self coupling between SPPs across the dielectric in the groove,

resulting in large band-gaps being opened and flat localised cavity bands forming.

It has also been shown that this evolution occurs on lamellar gratings, and that,

although the mode on a single slit is essentially the TEM waveguide mode, the

periodicity of the structure results in subtle differences in its behaviour, such that
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the dependence of the cavity modes on grating height does not exhibit an ω ∝ 1/h

dependence for all h. These SPP modes exist on the walls of the slits/grooves of the

grating and are therefore often termed vertical SPPs.

It was then discussed that, on lamellar gratings, the horizontal SPP resonance

can induce a propagating resonance in the slits, similar to a cavity mode, leading

to a further enhancement in the transmission efficiency. Furthermore, mapping the

complex band structure of these gratings shows that cavity modes and normal SPP

resonances can interact, and in addition, that the modes can show either a cavity

mode or horizontal SPP character along a single dispersion band.

The electromagnetic resonances that occur on individual wires with a variety

of cross-sections where then discussed, and it was shown that these resonances are

analogous to the localised particle plasmons described in chapter 2. Thus, these are

essentially electric dipoles that re-radiate in many directions, rather than just the

specular directions, and are best characterised by their extinction.

In the final section, a more detailed analysis of the perturbation effects that

both the grating height and slit width have on the dispersion of the normal SPP

mode, in the optical regime, is discussed, which to the Author’s knowledge, has

not been presented previously. It is shown that the slits of the grating have a very

significant perturbation effect on the normal SPP mode, with only the narrowest

(. λ/100) having no significant perturbation effect on the normal SPP, and that

this uncoupled mode may only be formed by the cavity resonance approximation,

whereas only coupled SPPs may be supported for low grating heights, before cavity

modes have begun to form. This is compared to the typical slits widths that do

not perturb SPP propagation in the lower frequency regimes, e.g. in the infra-red

(. λ/10), with the discrepancy explained by the more grazing photon-like nature

of the SPP in these regions, and the relatively reduced decay length allowing the

normal uncoupled SPP to be supported directly before cavity modes have begun to

form.

For low grating heights, the expected coupling of SPPs occurs, however, the high

frequency branch does not appear to exist for even the smallest slit widths. This is
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explained as a combination of the coupled SPP being more surface plasma-like, the

fact that the fields of this mode have a larger fraction existing inside the metal than

for the low frequency mode, considerably enhancing the perturbation effect of the

slits, and the associated increase in absorption losses at the low values of h required

to avoid cavity mode formation.

Finally, a unique aspect of rectangular cross-section gratings is highlighted. Nor-

mal SPP modes can be excited on deep rectangular gratings, both continuous and

lamellar, because, when the slits/grooves are narrow, the upper interface closely

resembles a planar interface, and that the normal SPP mode is effectively an amal-

gamation of highly concentrated spoof plasmons. Therefore, on these gratings both

normal SPPs and cavity modes can be excited on the same structure, with the anti-

crossing of the cavity modes bands occuring in the vicinity of the unperturbed SPP

dispersion curve such that the anti-crossing cavity modes can reform the normal

SPP resonance. This also shows a secondary unique behaviour of these structures,

when the amplitude is large, both continuous and discontinuous gratings support

the same resonances, taking into account the slightly different boundary conditions.

182



Chapter 5

Optical Resonances on Sub-wavelength

Silver Lamellar Gratings

5.1 Introduction

I
N THE PREVIOUS chapter, the behaviour of normal surface plasmons on

lamellar gratings was investigated, in this chapter the optical response of sub-

wavelength silver lamellar gratings, which will not support normal SPPs is

modelled. Two distinct types of resonance are predicted for incident radiation with

E-field perpendicular to the long axis of the wires. The first resonance has been

identified as a cavity mode resonance that is associated with transmission enhance-

ment and was introduced in chapter 4. The second resonance has been identified

as an entirely new horizontal plasmon resonance on the incident (and transmission)

surfaces of the wires of the grating. By repeating the process first demonstrated

in chapter 4, where an intermediary layer between the grating and transmisssion

medium is gradually thinned, it is shown that the new horizontal plasmon mode is

in no way related to the well known diffractively coupled surface plasmon. An ex-

amination of its dispersion and dependence on geometrical parameters demonstrates

that it has a particle plasmon-like nature. It is therefore termed a horizontal particle

plasmon, and may be either an uncoupled horizontal particle plasmon resonance (a

1-dimensional particle plasmon) or a coupled horizontal particle plasmon resonance

(a 2-dimensional particle plasmon) depending on the height of the grating. Finally,

the particle-like nature of the mode is emphasised by demonstrating its appearance
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on a 2-dimensional lamellar grating.

As discussed in chapter 4, with a small numbers of exceptions [122,129], previous

studies have associated horizontal surface plasmon resonances on diffractive grat-

ings with an increase in transmission. However, because a new horizontal plasmon

resonance is presented here, which is associated only with an increase in reflection,

there is a chance that readers may assume that the present work is joining one of the

previous pieces of work commenting for or against enhanced transmission by normal

diffractively coupled horizontal surface plasmons. It is emphasised that the hori-

zontal resonance discussed is an entirely new horizontal resonance, and that is in

no way related to the normal diffractively excited horizontal surface plasmon. Fur-

thermore, as the new horizontal resonance presented may occur in the non-diffactive

regime, while the well known diffractively excited horizontal surface plasmon reso-

nance cannot, the work largely discusses non-diffractive structures in order to avoid

any confusion between the two.

For thick gratings the new horizontal resonance causes the grating to behave as

a frequency and polarisation selective mirror, while the cavity resonance causes it

to behave as a frequency and polarisation sensitive filter. For very thin gratings,

it is shown that it is possible for this new resonance to cause strong reflection of

radiation polarised perpendicular to the wires, where it would normally be expected

that a homogeneous film, of the same thickness, would be optically thin. This leads

to the structures reflecting more TM radiation than they transmit, and vice versa

for TE, such that the structures behave as inverse wire grid polarisers [140]. It

is believed that this new resonance has only once been observed experimentally to

date [141] but not fully explained.

5.2 Theoretical Model

The modelling used in this chapter utilises the FMM, as described in chapter 3,

with the majority considering the classical mount under TM illumination, with

some calculations of a 2-dimensional grating. The gratings are lamellar, that is, the

substrate region is dielectric (glass unless stated otherwise, with n = 1.52) such that
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Figure 5.1: Reflection efficiency as a function of grating height, h, for the parameters dx = 144 nm,
fx = 0.45, λ = 550 nm. The inset gives an enlarged view of the region 0 nm ≤ h ≤ 5 nm. The
solid line gives the response to radiation with E-field parallel to the grating vector (TM), while the
dashed line gives the response to radiation with E-field perpendicular to the grating vector (TE).

the grating is discontinuous.

Again the permittivity of silver is specified by the Drude model, using the param-

eters ωp = 1.32×1016 s−1 and τD = 1.45×10−14 s, taken from Nash and Sambles [21].

The justification for using these values is that they were determined experimentally

for a thin infinite film using SPPs in a Kretschmann-Raether configuration, and so

are likely to be more appropriate for the structures studied here, particularly the

lamellar structures, than for previous published data for thick films. However, the

discussion in chapter 2 regarding the effect on the permittivity of surface scattering

needs to be kept in mind.

5.3 Initial Results

Figure 5.1 gives the predictions of the specularly reflected efficiency as a function of

grating height of an incident (in air) plane wave, of wavelength, λ = 550 nm, upon

a grating of period dx = 144 nm, with fx = 0.45 and θ = 0◦. There are clearly two

types of resonances for the TM incidence (solid line). One type of broad resonance

is associated with zeros in reflection and appears to be periodic with grating height.

The other, sharper type of resonance (h = 9 nm)), gives reflection enhancement and

only appears at very small values of the grating height. There is a weaker higher
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Figure 5.2: Reflection efficiency response of the grating as a function of both the incident frequency
and grating height. The fixed grating parameters are dx = 144 nm, fx = 0.45. The wavelength
range is 370 nm ≤ λ ≤ 850 nm, which equates to a frequency range of 2.22× 1015 rad.s−1 ≤ ω ≤
5.1× 1015 rad.s−1. The grating height is in the range 20 nm ≤ h ≤ 240 nm.

order mode at h = 2 nm (see inset of figure 5.1). Also presented (dashed line) is the

reflection efficiency of radiation with its E-field parallel to the long axis of the wires

(TE). At small grating thicknesses the grating reflects more radiation with E-field

perpendicular to the wires than that with E-field parallel, and hence is acting in

the opposite sense to that which is expected. All remaining calculations regard TM

polarisation only.

5.4 Resonance Dependence

5.4.1 Dependence of Modes with Grating Height

Figure 5.2 is a plot illustrating how the resonances depend spectrally on the height of

the grating h. Figure 5.1 equates to the horizontal section of figure 5.2 at a frequency

of ω = 2πc/λ = 3.42× 1015 rad.s−1. It should be noted that in all subsequent plots,

showing the dependence of the resonances of the structure on different parameters,

it is assumed that the max/minima of the reflection curves are very close to the

resonant frequency, which is given by the poles of the scattering matrix, S.

In figure 5.2 it can be seen that the two resonances behave very differently with

increasing h. Although they cross, there does not appear to be any interaction

between the two, as they do not show anti-crossing behaviour, and the resulting
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Figure 5.3: Reflection efficiency response of the grating as a function of both the incident frequency
and grating height. The fixed grating parameters are dx = 144 nm, fx = 0.45. The frequency
range is 2.22 × 1015 rad.s−1 ≤ ω ≤ 4.7 × 1015 rad.s−1, which equates to a wavelength range of
400 nm ≤ λ ≤ 850 nm. The grating height is in the range 5 nm ≤ h ≤ 40 nm.

reflection efficiency is between the values of the two responses.

We first examine the behaviour of the sharp resonance associated with reflection

enhancement, as a function of grating height. Figure 5.3 gives an enlarged view of

the response in the region 5 nm ≤ h ≤ 40 nm. This resonance blueshifts as the

grating height is increased from approximately h = 5 nm to h = 40 nm, at which

point the resonance then becomes independent of further increases of h. We note

that the decay length of an SPP at 420 nm in silver is approximately 25 nm, and yet

the reflection efficiency associated with this resonance may be in excess of 0.8 when

the grating height is below this value; where one would expect a continuous film to

start becoming transparent. This leads to the interesting effect that the grating acts

as an inverse polariser because the grating is becoming optically thin with regards

to TE polarisation, but highly reflective for TM polarisation (see figure 5.1). Also

note that an alternative device with an interesting response is possible for wires that

are not optically thin, at this point the structure behaves as a standard polariser,

except at certain frequencies, where it reflects all polarisations and behaves as a

simple mirror.

The magnitude of the |Hz|-field, for one unit cell, is plotted for the reflection

peak (h = 9 nm) in figure 5.4(a). The black line outlines the location of one

of the silver grating wires. It can be seen that the grating is sufficiently thin to
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Figure 5.4: The |Hz| fields for the two reflection peaks at low grating thickness in figure 5.1, with
dx = 144 nm, fx = 0.45, λ = 550 nm.

allow the evanescent fields of horizontal plasmons that are excited on the upper face

of the array to excite and couple to a secondary horizontal plasmon on the lower

surface, through the metal. The different field strengths of the upper and lower

horizontal plasmons are due to the fact that this is an asymmetric structure because

the refractive indices of the incident and transmission media are not the same. Also

note that the fields are well localised to each wire in the x -direction, with little

field strength penetrating beyond approximately 15 nm into the dielectric in the

slit. Figure 5.4(b) shows the equivalent field plot for the higher order resonance at

h = 2 nm, note the different scales such that the field enhancement is much less

than for the fundamental mode.

It can be observed in figure 5.4(a) that the magnitude of the |Hz|-field exhibits

a zero inside the metal for the predominant reflection peak at h = 9 nm, while the

higher order mode shown in figure 5.4(b) does not. If the structure is considered

as a homogeneous film then this would imply that the fundamental mode is an

asymmetric coupled surface plasmon polariton resonance, while the higher order

mode is not a higher order mode of this resonance, but a higher order mode of the

alternative symmetric resonance. If this were the case then it would be expected that

two families of coupled mode would be obtained, one asymmetric and one symmetric,

which disperse in opposite directions with grating height. Clearly this is not the case

as the first order asymmetric resonance can be seen (fundamental mode), as can a
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higher order symmetric resonance, but the corresponding higher order asymmetric

and fundamental symmetric resonances do not appear. It should be noted that,

unlike the excitation of the two solutions of an SPP band gap (as discussed in chapter

2, this is not a geometry/coupling issue because the corresponding higher order

asymmetric and fundamental symmetric resonances do not appear for any angle of

incidence. However, it has previously been shown for coupled horizontal surface

plasmons on a single wire that, when 2-dimensional confinement is introduced, they

are able to switch in nature from asymmetric-like to symmetric-like as the wire

height is reduced [133]. Therefore, the higher order symmetric mode is of the same

family as the fundamental asymmetric mode, there has just been a switch in nature

between the two.

This is rather complicated, however, a much simpler explanation is to consider

that the very thin wire is acting like a particle plasmon [30,31]. In this interpretation,

the fundamental resonance is equivalent to a dipolar resonance, while the higher

order mode is a multi-polar resonance [141]. Therefore, the suggestion is that this

resonance is essentially the same as the resonance found previously on individual

wires with different cross-sections [22, 23, 38, 136]. In this scheme, the red-shift

as the wire height becomes less than the decay length of the incident field can

be understood as a reduction of the incident field inside the wires as a result of

electronic screening, as can be seen by the zero in the |Hz| fields in figure 5.4(a),

which results in a reduction in the polarisability of the wires and hence a red-shift,

as discussed in chapter 2. The shape of the wires (rectangular rather than circular)

allow this effect of varying the wire size/shape to be isolated, which cannot occur for

a spherical particle as the other effects must be considered concurrently. However,

what makes this resonance subtly distinct, from the particle plasmon resonances

described in previous work (where light is re-radiated in a variety of directions),

is that the periodicity of the wires causes the re-radiated light to propagate in

the same direction, and with the same phase, as the specularly reflected radiation

(by Huygens-Fresnel principle). Therefore, a reflection enhancement occurs and

the response can be fully described by the transmission, reflection, and absorption,
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Figure 5.5: Reflection efficiency as a function of grating height for two high fx values. The grating
parameters are dx = 144 nm, fx = 0.9 and fx = 0.98, λ = 550 nm.

rather than by the scattering cross-section. It is this effect that allows the grating

to behave as an inverse wire grid polariser, which may be useful for optical devices.

Field plots of the horizontal plasmon resonance in the flat banded region are al-

most identical to those in figure 5.4(a), except that the field enhancement is slightly

weaker. Therefore, the coupling that occurs for low grating heights causes an en-

hancement in the field strengths of the resonance as well as a redshift. We call the

low grating thickness resonance, a coupled horizontal particle plasmon and the reso-

nance at large grating thickness an uncoupled horizontal particle plasmon. The high

and low thickness regimes are defined respectively as above or below approximately

two decay lengths (h ∼ 50 nm) because the field enhancement occurs on the top and

bottom of the wire. Thus, the coupled resonance is dependent on both the width

and height of the wires, while the uncoupled mode is dependent on only the width.

We now consider the two reflection minima in figure 5.1 at h ≈ 160 nm and

h ≈ 375 nm, which are associated with cavity mode resonances in the slits between

the wires [112]. By increasing the mark-to-space ratio f (the fraction of a period

that is metal, and hence narrow the slits), it is possible to sharpen these resonances,

as shown in figure 5.5.

In fact, figure 5.5 illustrates that, as the slits of the grating are narrowed, the

resonance not only sharpens, but it redshifts considerably. This is the same effect
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Figure 5.6: The |Hz| fields for the two reflection minima of figure 5.5, with dx = 144 nm, fx = 0.9,
λ = 550 nm.

due to the finite conductivity of the wires as discussed in chapter 4. As the slits

becomes very thin (fx = 0.9→ (1− fx)dx = 14.4 nm), it is possible to fit a 550 nm

incident wavelength into a 91 nm wide slit and still achieve ≈ 0 reflection efficiency.

Decreasing the slit beyond this causes the modes to redshift to a greater extent,

however, there is significant increase in reflection (and hence loss of transmission).

Figure 5.6(a) gives the magnitude of the |Hz|-field, for one unit cell, for the case

of very narrow slits where dx = 144 nm, fx = 0.9, λ = 550 nm, note the increase

in the maximum field enhancement from ∼ 3 in figure 5.4 to ∼ 7 in figure 5.6.

The fundamental resonance at h = 91 nm is shown in figure 5.6(a), as is the first

harmonic resonance at h = 215 nm in figure 5.6(b). From these field plots it is clear

that the periodic reflection extinctions, observed in figures 5.2 and 5.5, are due to the

excitation of cavity modes in the slits of the grating, analogous to those discussed

in Hooper and Sambles [117], except with the different boundary conditions of a slit

compared to a deep groove.

Figure 5.2 illustrates that the frequency dependence of the cavity modes does

not vary as 1/h for all frequencies (and grating heights). It can be observed in figure

5.2 that, for longer wavelengths, the cavity modes are free to decrease in frequency

approximately as 1/h as one would expect. However, figure 5.2 also demonstrates

that the high frequency cavity modes are not able to increase in frequency lin-

early with decreasing grating height. Each mode may not increase in frequency
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beyond its associated light line and we observe an anti-crossing between a low-order

high energy branch and a high-order low energy branch [117,128] at approximately

λ = 400 nm, ω = 4.7 × 1015 rad.s−1. To date, the cavity modes on slit arrays

have only been considered as the TEM waveguide mode, however, the present work

demonstrates that these cavity modes are actually subtly distinct from the familiar

TEM cavity mode in a single slit, which would increase in frequency linearly with

decreasing grating height for all heights/frequencies (this is only strictly true for a

perfect conductor [111]). It was discussed in chapter 4, that this behaviour is char-

acteristic of the evolution of cavity modes from normal SPP resonances. Therefore,

this behaviour confirms the same evolution of these cavity modes on lamellar grat-

ings as well as continuous gratings, and conclusively demonstrates that the cavity

resonances on slit arrays are subtly distinct from the well known TEM waveguide

resonance.

In order to confirm the nature of these two resonances, the horizontal particle

plasmon resonances and cavity modes, the latter of which may also be thought of as

vertical surface plasmon resonances coupled across the slit, it is instructive to also

observe how they depend on wire and slit width and on the in-plane momentum of

the incident radiation.

5.4.2 Dependence of Cavity Resonance on Slit Width and

In-plane Momentum

We briefly confirm that the reflection minima are associated with cavity modes

by observing that they behave with varying slit width and in-plane momentum as

expected. In figure 5.7 we give the dependence of the cavity mode (h = 91 nm)

on the slit spacing from 10 nm to 100 nm with a constant wire width of 129.6 nm.

As the slit width is increased from very thin values the resonance blueshifts. This

thin slit width behaviour has been observed previously for the response of a single

slit in the microwave regime and has been attributed to the finite penetration depth

of the evanescent fields in the metal. At large slit widths the standing wave may

be considered as having approximately plane wave-fronts, whereas, when the slit
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Figure 5.7: Reflection efficiency response of the cavity mode resonance as a function of both the
incident frequency and slit width, for a constant wire width of 64.8 nm. The grating height is
h = 91 nm. The frequency is in the same range as in Figure 5.3 and the slit width is in the range
10 nm ≤ (1− fx)dx ≤ 100 nm.
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Figure 5.8: Reflection efficiency response of the cavity mode resonance as a function of both the
incident frequency and in-plane momentum. The grating parameters are h = 91 nm, dx = 144 nm
and fx = 0.9. The frequency is in the same range as in Figure 5.3 and the in-plane momentum is
in the range 0 ≤ 2kx/kg ≤ 1.
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width is reduced, the finite penetration depth in the metal induces an increase in

the imaginary kx, which in turn increases the curvature of the wave-front [111]. For

increases in slit width one would expect a down turn in the resonant frequency as

this effect decreases and changes in the boundary conditions due to end effects start

to dominate [110]. However, beyond a slit width of approximately 50 nm the cavity

mode is very weak and fades quickly with increasing slit width, therefore, it is not

possible to observe this effect at large slit width in the optical regime.

The dependence of the cavity mode on the in-plane momentum, shown in figure

5.8, behaves similarly to those previously observed, both in continuous surface relief

gratings [117] and lamellar gratings [118–120, 122, 125, 127–129]. In narrow slits

the strong coupling of the vertical SPPs across the slits induces the opening of

very large bands gaps, which results in a flat banded dispersion curve. These flat

bands interact with the free radiation, whose density of states becomes divergent

at grazing incidence [117], and the flat bands strongly anti-cross with the light line

at large angles of incidence. This interaction of the flat SPP bands with the light

line highlights another subtle difference between a TEM cavity mode and a periodic

array of slits.

There is a slight decrease in the magnitude of the reflection extinction at the

higher angles of incidence. The total reflection efficiency is a superposition of the di-

rectly reflected radiation and that which is reradiated by the surface plasmon/cavity

modes. In an analogy with the Brewster Angle at a dielectric interface, at grazing

angles on a dielectric metal interface, the directly reflected radiation is of a different

phase to that reflected near normal incidence [32]. Therefore the slight reduction in

reflection extinction at large kx is due to the reradiated radiation from the cavity

mode not having the same phase difference to the directly reflected radiation at

grazing angles as it does near normal incidence.
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Figure 5.9: Reflection efficiency response of the coupled horizontal particle plasmon resonance as a
function of both the incident frequency and slit width, for a constant wire width of 64.8 nm. The
grating height is h = 9 nm. The frequency is in the same range as in figure 5.3. The slit width is
in the range 0.2 nm ≤ (1− fx)dx ≤ 100.2 nm.

5.4.3 Dependence of Horizontal Plasmon Resonance on

Wire Width, Slit Width and In-plane Momentum

In order to show that the horizontal particle plasmon resonances are new resonances,

and not, for example, a combination of normal diffractively excited surface plasmons

and the observed cavity modes, we continue to use sub-wavelength structures, so

that normal surface plasmons are not diffractively excited. In addition we focus on

the coupled horizontal particle plasmon mode because it only occurs on very thin

structures, where cavity modes cannot exist.

Figure 5.9 is a plot demonstrating the spectral dependence of the coupled hori-

zontal particle plasmon resonance (h = 9 nm) for a constant wire width of 64.8 nm

and varying slit width from 0.2 nm to 100.2 nm. The resonance is independent of

the slit width above 30 nm, whereas below this slit width, the resonance rapidly

decreases in frequency and broadens. This is interpreted as the localised horizontal

particle plasmons being able to interact across the narrow slits, in a manner similar

to how the resonances of particle plasmons shift when individual particles become

close enough to interact. Further support of this interpretation is evident when

one considers the fact that, in the x -direction, figure 5.4(a) shows that the fields

penetrate into the dielectric for approximately 15 nm. The large grating height

(uncoupled) horizontal particle plasmon resonance depends similarly on wire width.
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Figure 5.10: Reflection efficiency response of the coupled horizontal particle plasmon resonance as
a function of both the incident frequency and wire width, for a constant slit width of 79.2 nm.
The grating height is h = 9 nm. The frequency is in the same range as in figure 5.3. The wire
width is in the range 40 nm ≤ fxdx ≤ 184 nm.

Figure 5.10 gives the spectral dependence of the same resonance, this time for a

fixed slit width of 79.2 nm while varying the wire width from 40 nm to 184 nm. The

resonance frequency depends as 1/fxdx as the width of the wires (fxdx) is increased.

This behaviour accords with the suggestion that the mode is localised to the wires

of the structure. The secondary, weaker, resonance toward the upper right corner is

of the same nature as shown in figure 5.4(b), illustrating that it is possible to obtain

the higher order mode at a more practicable thickness.

Figure 5.11 gives a slight variation on these two investigations, here the period of

the grating is held constant at 144 nm while the mark-to-space ratio is varied from

0.2 to 0.8. This results in both the wire width and slit width changing concurrently,

however, the slit width is always kept above 30 nm and so, from figure 5.9, we expect

this to have no effect on the response. Again, we see a 1/fxdx dependence of the

resonance with wire width. In this case the period is held constant, yet the resonance

depends on wire width, whereas, in figure 5.9 the resonance is independent of slit

width (for constant wire width) and hence changing period. Therefore we conclude

that the coupled horizontal particle plasmon resonance on lamellar gratings is not the

same as the well known diffractively excited surface plasmon resonance that arises

on continuous surface relief gratings, which obeys equation 5.1, and is dependent on

the period of the grating, through
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Figure 5.11: Reflection efficiency response of the coupled horizontal particle plasmon resonance as
a function of both the incident frequency and mark-to-space ratio, for a constant grating period of
144nm. The grating height is h = 9 nm. The frequency is in the same range as in figure 5.3. The
mark-to-space ratio is in the range 0.2 ≤ fx ≤ 0.8, giving a slit width that is always ≥ 28.8 nm.

ksp = k0sin(θ)± qkg (5.1)

where ksp is the surface plasmon momentum, k0 is the incident radiation mo-

mentum, kg is the grating vector, and q is any integer.

Figure 5.12 is a plot showing how the fundamental coupled horizontal particle

plasmon resonance (dx = 144 nm, fx = 0.45, h = 9 nm) depends spectrally on

the in-plane momentum kx. This result is another example of how the localised

horizontal particle plasmons presented here behave differently to the well known

normal surface plasmon polaritons that are excited by diffractive continuous surface

relief gratings (normal SPPs are no longer confined to each of the grating wires by

the slits and may propagate between surface perturbations). In the latter case it

is well known that the dispersion of the mode with kx follows the dispersion of a

surface plasmon polariton on a flat surface that has been band folded by the periodic

translational variance of the grating. Here we show that, in the case of the localised

horizontal particle plasmons that may be formed on a discontinuous grating, there

is no dependence of the spectral position of the resonance on the angle of incidence.

This independence of the resonance with kx has been observed previously for particle

plasmons as well as other localised modes.
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Figure 5.12: Reflection efficiency response of the coupled horizontal particle plasmon resonance as
a function of both the incident frequency and in-plane momentum. The grating parameters are
dx = 144 nm, fx = 0.45 and h = 9 nm. The frequency is in the same range as in figure 5.3 and
the in-plane momentum is in the range 0 ≤ 2kx/kg ≤ 1.

Field plots show that the nature of the resonance does not significantly alter with

the angle of incidence. This can be seen in figure 5.13, where the same plot as figure

5.4(a) is presented, except for three increasing angles of incidence, θ = 45◦, 70◦, 88◦.

The same mode is clearly evident with only a slight modification to the field profile

due to the non-zero kx of the incident radiation. Also notice that the maximum field

enhancement reduces with increasing θ, according with the slight reduction in the

reflection enhancement of the mode.

Similarly to the case of the cavity modes, the reduction of the reflection efficiency,

to the point where the grating becomes almost transmissive at grazing angles is

attributed to a pseudo-Brewster angle. This can also be seen in figure 5.13(c) because

the nature of the mode does not fundamentally change at grazing angles.

As with the results of the dependence on wire and slit width, this result confirms

the localisation of the resonance to the surface of the wires, rather than being able

to propagate freely between perturbations, as is the case on a continuous grating,

and hence its distinctness from the latter.

Similar investigations into the uncoupled horizontal particle plasmon resonance

(the large h high reflection resonance) illustrate that this resonance depends on wire

width, slit width, period, and in-plane momentum in the same way as the small h

coupled resonance.
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Figure 5.13: The |Hz| fields for the fundamental reflection peak (h = 9 nm) for varying angles of
incidence, (a) θ = 45◦, (b) θ = 70◦ and (c) θ = 88◦, with dx = 144 nm, fx = 0.45, λ = 550 nm.
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5.5 The origin of the particle plasmon mode

Chapter 4 and the current chapter have demonstrated that the localised cavity

modes on lamellar gratings can be considered as the evolution of normal SPP modes,

specifically, as the amplitude of a lamellar grating is increased, the unperturbed res-

onances may be scattered such that they self-interact to form localised modes within

the deep grooves of the structure which behave as cavity modes. Therefore, it is

possible that the localised horizontal particle plasmon modes formed on discontin-

uous gratings may also be the result of an evolution of normal surface plasmons as

the confinement of a discontinuous grating is introduced.

The evolution of the particle plasmon-like resonance can be investigated using

the same continuous-discontinuous technique implemented in chapter 4 to examine

the perturbation effect of the slits on the normal SPP mode. In fact, some interesting

observations can be made by examining the corresponding reflection efficiencies of

figure 4.17 from that chapter.

Figure 5.14 shows the corresponding reflection efficiency plots for the pole plots

of figure 4.17. For the narrowest slit width of 1 nm (figure 5.14(a), it can be seen

that the normal, although still slightly perturbed, surface plasmon polariton modes

may be excited, but as expected, only very weakly. As the slits are broadened, the

high reflection horizontal particle plasmon resonance (P ) can be seen to appear from

very low frequencies, it sharpens and blueshifts in frequency (as expected from figure

5.9), until figure 5.14(c) where the high reflection horizontal particle plasmon mode

can clearly be seen. Thus the resonance can easily occur for diffractive structures as

well as non-diffractive ones. At no point is the resonance affected by the diffraction

edge, apart from an expected decrease in reflection efficiency when diffracted orders

are present, and so does not appear to be a resonance associated with diffractive

coupling. Therefore, figures 5.14 and 4.17 show that the horizontal particle plasmon

mode appears not to evolve from the normal surface plasmon modes, nor does it

appear to be related to the periodicity of the structure. However, there also appears

to be no pole relating to the horizontal particle plasmon mode.

In order to investigate the evolution of the horizontal particle plasmon mode
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(c) (1− fx)dx = 128 nm
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Figure 5.14: Reflection efficiency response of a silver lamellar grating as a function of both the
incident frequency and in-plane momentum for the same increasing slit widths as figure 4.17 in
chapter 4. The fixed grating parameters are dx = 500 nm, h = 10 nm and the substrate is
vacuum. The frequency is in the range 0 < ω ≤ 6.28 × 1015 rad.s−1, giving a wavelength range
of 300 nm ≤ λ < ∞, and the in-plane momentum is in the range 0 ≤ 2kx/kg ≤ 1. The dotted
line indicates the light and diffracted lines and P denotes the location of the horizontal particle
plasmon.
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(a) Poles of S matrix
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Figure 5.15: Poles of the S matrix and reflection efficiency response of a silver lamellar grating as
a function of both the incident frequency and in-plane momentum. The fixed grating parameters
are dx = 140 nm, fx = 0.5, h = 10 nm and the substrate is vacuum. The frequency and in-plane
momentum ranges are the same as in Figure 5.14.

further, and why there appears to be no associated pole, the investigation of figure

4.16 is repeated for a grating where the resonance is stronger and sharper; this

requires a shift back to the non-diffractive structures investigated earlier in this

chapter.

First, in figure 5.15 we show the poles of the scattering matrix (a) along with

the resulting reflection efficiences (b) for a system where t = 0 nm, a purely discon-

tinuous structure, with a period 140 nm, wire and slit width 70 nm, height 10 nm,

and with a substrate that is vacuum.

There is a clear pole beyond the light line that appears to meet the light line at

the correct frequency for the reflection peak (the localised coupled horizontal particle

plasmon), however, there appears to be no pole in the radiative region. Figure 5.16

gives an enlarged line plot of the poles of the scattering matrix when kx = 0 - normal

incidence. In fact, as figure 5.16 shows, there is a very weak pole that can be observed

at the correct frequency of the resonance. The reason for the weakness of this pole is

the spectral broadness of the resonance, this is caused by a high amount of damping

that is occuring due to radiative damping and the enhancement and high localisation

of the fields around the wires - another similarity with particle plasmons. The pole

becomes much sharper to the right of the light line because the radiative damping

is removed and hence the resonance and pole become significantly sharper. The
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Figure 5.16: Poles of the S matrix of a silver lamellar grating as a function of the incident frequency.
The fixed grating parameters are dx = 140 nm, fx = 0.5, h = 10 nm and the substrate is vacuum.
The frequency range is the same as in figure 5.14 and the in-plane momentum is kx = 0.

localisation of continuous interface surface plasmons decreases in the non-radiative

regime because there is an increase of the field penetration into the dielectric. It is

expected that a similar reduction in localisation occurs for the resonance presented

here and hence there is a dispersion of the mode with kx beyond the light line.

The switch back to non-diffractive structures allows easier analysis of why there

does not appear to be a pole associated with the particle plasmon mode because

these yield simpler dispersion diagrams. Furthermore, when this investigation is

carried out for diffractive gratings with narrow slits, such that it would be expected

that normal (coupled) surface plasmons and the horizontal particle plasmon may

exist on the same structure, the horizontal particle resonance, as shown in figures

5.9, 4.17(a) and 5.14(a), would become drastically redshifted away from its normal

position. In addition, it would be significantly broadened, and therefore, the associ-

ated pole would become even less visible. Thus, a similar investigation on diffractive

gratings with very narrow slits, where both normal (coupled) surface plasmons and

the horizontal particle plasmon modes both exist for t = 0 nm, is impracticable.

Figure 5.17 presents the dispersion of the poles for t = 64, 4, 2, 1 nm. Naturally

the plot for t = 64 nm, (5.17(a)) is almost blank before the light line due to the

sub-wavelength nature of the structure. At very high frequencies, near the light

line, there are some poles that can be seen, this is because, at 64 nm the structure
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(b) t = 4 nm
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(c) t = 2 nm
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(d) t = 1 nm

Figure 5.17: Poles of the S matrix of a silver rectangular grating as a function of both the incident
frequency and in-plane momentum for decreasing t. The fixed grating parameters are dx = 140 nm,
fx = 0.5, h = 10 nm and the substrate is vacuum. The frequency and in-plane momentum ranges
are the same as in Figure 5.14.
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is not quite optically thick. Therefore, the evanescent fields of the normal surface

plasmon modes, expected at λ = 280 nm for kx = kg/2, penetrate far enough into

the homogeneous region to be able to form coupled surface plasmon modes. Thus,

the lower frequency mode of the split kg-scattered pole has started to come into

view. This can also be seen beyond the light line, where the unscattered pole has

clearly decreased significantly from its expected location.

The plot for t = 4 nm (5.17(b)) shows that this split pole has reduced further in

frequency, furthermore, there are clearly the 2kg, 3kg . . . qkg poles that have also split

and the low frequency pole has been brought down into view, with the same band

flattening as expected from the results of chapter 4 (figure 4.16). The remaining

pole plots, t = 2, 1 nm (5.17(c) and (d) respectively) show the same behaviour as

many more poles come down in frequency as the coupling becomes more extreme.

At the same time the poles weaken in strength until for t = 0 nm, as in figures 5.15

and 4.17(d), they disappear completely. Here, not even the higher order normal

surface plasmon modes may be seen because the wire width is so small that only

very high order modes may exist and they are at far too high a frequency to be

observed. In fact, they are beyond the frequencies when silver becomes a dielectric

and so no normal surface plasmon modes may exist at all in this case.

Beyond the light line there is a pole that, while also reducing in frequency as t

is reduced, is reducing much more slowly, and the poles associated with the normal

surface plasmon modes pass freely through it without any interaction. Clearly then,

the pole does not evolve from normal surface plasmon modes and is in no way

related to the normal surface plasmon modes. As discussed previously, this pole

is associated with a very weak pole in the radiative zone that defines the broad

high reflection resonance we call a coupled horizontal particle plasmon polariton. A

similar investigation can be produced for the uncoupled resonance. Therefore, this

result confirms that the horizontal particle plasmon resonance does not evolve from

normal surface plasmon modes.

Figure 5.18 shows the reflection and transmission efficiencies for the system where

t = 2 nm. The high reflection resonance associated with the coupled horizontal par-
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(a) Reflection Efficiency
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Figure 5.18: Reflection and transmission efficiency responses of a silver rectangular grating as a
function of both the incident frequency and in-plane momentum. The fixed grating parameters
are dx = 140 nm, fx = 0.5, h = 10 nm and the substrate is vacuum. The frequency and in-plane
momentum ranges are the same as in figure 5.14, and t = 2 nm.

ticle plasmon resonance can clearly be seen at a frequency matching the pole beyond

the light line, which are both slightly blueshifted by the non-zero t. There is also a

series of reflection minima (transmission maxima), one of which coincides with the

broad reflection peak, which are associated with the other family of poles. These

are the coupled normal surface plasmons and this plot is only shown in order to

illustrate that the normal surface plasmon modes are indeed associated with trans-

mission enhancement and, furthermore, when they coincide with the high reflection

horizontal particle plasmon resonance, they do not interact in any way and the re-

sultant efficiencies are merely the average of the two resonances - similarly to when

the horizontal particle plasmon resonance coincides, but does not interact, with a

cavity resonance.

The resonance can be excited in the non-radiative region by implementing an

Otto ATR configuration, with the optimum coupling distance between the prism,

through which illumination occurs, and the upper surface of the grating being found

to be 200 nm. The resulting reflection efficiency, as a function of the in-plane

momentum, is presented in figure 5.19. The dotted line gives the air light line while

the dashed line gives the silica light line.

It is clear that excitation of the particle plasmon-like resonance is possible be-

yond the air light line using an Otto configuration, in this region, the response is
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Figure 5.19: Repeat of the reflection efficiency investigation of figure 5.15(b), except illuminated
in an Otto configuration using a silica prism spaced 200 nm from the grating to allow observation
of the resonance in the non-radiative region. The dotted line is the air light line while the dashed
line is the light line in silica.

observed as a reflection minimum. This can be understood because there is an extra

phase change associated with the total internal reflection of the specularly reflected

radiation, therefore, the re-radiated light from the plasmon mode is now out of phase

with the specularly reflected radiation and they destructively interfere.

Finally, the particle plasmon-like nature of the resonance can be emphasised by

examining its presence on a 2-dimensional lamellar grating, with the wire widths

and period being equal in both directions. The drastic increase in the complexity of

the calculation required for a 2-dimensional grating meant that a full investigation

of the resonance as a function of azimuthal angle could not be completed. Therefore,

the reflection efficiency, as a function of the azimuthal angle is presented for three

azimuthal angles of ϕ = 0◦, 45◦, 90◦, in figure 5.20, for a 2-dimensional grating

with equal wire widths and periods in either orthogonal direction (fxdx = fydy =

64.8 nm) such that each particle is a square. The results are calculated for both

polarisation states TE, ψ = 90◦, and TM, ψ = 0◦.

The reflection enhancing resonance clearly occurs even on a 2-dimensional array

of squares, although the resonance has a smaller maximum reflection enhancement

due to a large reduction in metal occupancy of the 2-dimensional array compared

to the 1-dimensional grating. However, two interesting features are apparent. First,

when the electric field is parallel to either the x or the z axis the resonance has
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Figure 5.20: Frequency dependent TM reflection efficiency of a 2-dimensional array of squares
defined by dx = dy = 144 nm, fxdx = fydy = 64.8 nm, h = 9 nm on a glass (n = 1.52) substrate.
TE radiation is incident at three angles of incidence, ϕ = 0◦, 45◦, 90◦, but the resulting optical
responses are degenerate.

red-shifted noticeably from ω ≈ 3.45 × 1015 rad.s−1 in the 1-dimensional case, to

ω ≈ 3.0 × 1015 rad.s−1 for the 2-dimensional structure. It might be expected that

the resonance would occur at the same frequency in these cases because the elec-

tric field only experiences the periodicity in either direction. Furthermore, only one

curve can be observed because, when the electric field is applied along a direction

that is 45◦ between the two axes, i.e. along the diagonal of the squares, the response

is unchanged. Again, this is not expected as in this case the particle should appear

wider due to the field experiencing the diagonal of the square structure so the res-

onance would be expected to red-shift. However, both these facts can be explained

by considering the size of the particle relative to λ. The maximum dimension of the

square particles is 64.8 ×
√

2 = 91.6 nm, which, for the optical regime, is within

the region of very small as defined in chapter 2. In this region the electric field is

homogeneous across the whole particle such that the size of the particle is defined by

an effective diameter, and therefore, whole changes in shape may affect this effective

diameter, but the specific shapes themselves have little effect on the optical response.

In other words, two particles with quite different shapes will have a similar optical

response if their effective diameters are similar, regardless of the differences in their

geometry. Of course this is only true for particles that have similar aspect ratios
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such as squares, circles, however, particles with extreme aspect ratios, such as long

thin rods, cannot be considered in this manner. The 2-dimensional structure can

now be considered as an array of isolated particles of (limited) indiscriminate shape,

and thus the response is independent of the orientation of the electric field. This

lack of a specific geometry to the particles also explains why the response is blue-

shifted from its expected value if the absolute width of the particles is considered,

this is because the particles are defined by an effective diameter that will not be the

same as their actual width in either direction. As this investigation is repeated for

larger particles, eventually their shape will become important, and thus, so will the

orientation of the electric field.

Note that the minor feature in the curves at ω ≈ 3.5 × 1015 rad.s−1 is the

result of a slightly smaller than ideal truncation order being implemented due to

the large computational cost of the model and the computers available. The small

reflection enhancing feature at ω ≈ 4.2×1015 rad.s−1 is the corresponding multipolar

resonance, showing that this too can be excited on a 2-dimensional array. However,

although these minor features arise as the model is not perfectly converged for every

point, the model is converged enough such that the major features are trustworthy.

Although the computation was too expensive to allow a full investigation of the

dependence on grating height of the resonance on a 2-dimensional grating, in a

manner similar to the investigation for the 1-dimensional case (as in figures 5.2 and

5.3), it was possible to locate the peaks of the reflection enhancement, for a selection

of grating heights, in order to determine this dependence. This is shown in figure

5.21, where the frequency of the reflection peak associated with the resonance is

plotted against the grating height.

The relation of the reflection enhancing resonance on a 2-dimensional grating, to

the resonance on a 1-dimensional grating, is confirmed further because the resonance

on a 2-dimensional grating clearly has a qualitatively identical dependence on the

grating height as that on the 1-dimensional grating. This allows the conclusion that

the resonance on a 2-dimensional grating is an extension of that on a 1-dimensional

grating, such that, at large grating height, the resonance depends only on the width
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Figure 5.21: Spectral location of the reflection peak of the reflection enhancing mode on the 2-
dimensional grating modelled in figure 5.20 as a function of grating height.

of the particles in each direction, whereas at low grating heights, the resonance

also depends on the grating height. The same arguments as above, regarding its

dependence on angles of illumination and particle geometry, can then be applied

directly to the resonance on a 2-dimensional grating.

This behaviour clearly reinforces the particle plasmon-like nature of the mode,

while still demonstrating that the planar geometry of the particles and periodic-

ity results in a reflection enhancement rather than a reflection and transmission

extinction.

It is now possible to conclusively confirm that the horizontal resonance pre-

sented is indeed of a particle plasmon-like nature. Figures 5.4, 5.9, 5.10, 5.11, 5.12

and 5.20 show that the resonance is highly localised to the wires of the grating and

independent of the periodicity of the structure, such that the optical response is a

superposition of non-interacting wire resonances. This behaviour is analogous to

that of an array of independent particle plasmons, and contradictory to the nature

of normal diffractively excited surface plasmons. When h is large, the horizontal

particle plasmon may only exist on the incidence surface of the wires and the res-

onance is independent of h because its evanescent decay length is smaller than the

height of the grating - the uncoupled horizontal particle plasmon polariton. As

the grating height is reduced, the evanescent field of the upper horizontal particle
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plasmon resonance is able to excite a secondary plasmon on the bottom surface of

each wire through the metal. As the grating height is reduced further the secondary

horizontal particle plasmon is excited more efficiently, and hence the coupling ef-

ficiency increases, until eventually, the two resonances become a strongly coupled

pair. This results in field enhancement and a redshift of the resonance - the coupled

horizontal particle plasmon polariton. At this point the grating is also acting as an

inverse polariser as it is reflecting more TM radiation than it transmits, and vice

versa for TE radiation. For the case of the 2-dimensional grating, this analysis is

identical, except that, the large grating height resonance depends on the particle

width in both directions, and for low grating heights, the resonance is dependent on

the width of the particle in both directions and its height.

It is also concluded that the new horizontal particle plasmon modes presented

here (coupled and uncoupled) do not evolve from diffractive surface plasmon modes

in the same way as localised cavity modes have been shown to. Therefore, they

are in no way related to normal surface plasmon modes, in an analogous way to

the fact that an array of independent particle plasmons are in no way related to

the normal surface plasmon modes that occur on a diffractive array of holes (or

other perturbations) in a metal surface. It is a particle-like resonance that is only

ever associated with a significant reflection enhancement. The reflection enhance-

ment also makes this resonance subtly distinct from the particle plasmon resonances

previously demonstrated on individual circular (and irregular) cross-section wires.

5.6 Comparison with Experiment

The coupled horizontal particle plasmon resonance has been previously observed

experimentally [141], but not fully explained. This is shown as circles in figure 5.22

(from figure 8(c) of [141]), where the Extinction= log (T0/T ) is plotted as a function

of incident wavelength, our modelling is the continuous line. Note that, in this

case, illumination is from the substrate side of the sample so that, in the schematic

representation used here (e.g. figure 2.6), region 1 is now substrate and region 3 is

vacuum.
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Figure 5.22: Experimental data published in figure 8(c) of Schider et. al. (points), with theoretical
calculations using the present model (line). Experimental parameters are given as dx = 350 nm,
h = 25 nm, fx = 0.43; theoretical parameters are dx = 356 nm, h = 27 nm, fx = 0.43.

It can clearly be seen that the transmission extinction feature, although broader

experimentally, may be modelled. The broadening is expected as a result of the

increase of the imaginary part of the permittivity through the 2-dimensional con-

finement of electrons in the wire, as discussed previously, and also the non-ideal

geometry of the wires.

It is instructive to plot the reflection efficiency against grating height for the

same parameters as figure 5.22, at a wavelength of 601 nm, so that the feature may

be presented in a similar manner to figure 5.1; this is done in figure 5.23. The feature

is clearly of the same nature as that in figure 5.1, including the higher order peaks

at even smaller grating height. Furthermore, the feature is located at the correct

grating height for the experimental data. This indicates that the horizontal particle

plasmon resonance predicted here, giving high reflection enhancement, is the same

resonance that has been observed experimentally by Schider et. al. [141].

Field plots for this response are of the same nature as those in figure 5.4(a).

This can be seen in figure 5.24, where the |Hz| fields are plotted for the fundamental

reflection enhancement peak of figure 5.23 at h = 27 nm. Taking into account that

the illumination is through the substrate (i.e. the upper half of the plot is substrate)

such that the fields are even more asymmetric between the top and bottom interface,

then the field plot is essentially the same as that in figure 5.4(a) and the reflection
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Figure 5.23: Reflection efficiency as a function of grating height, for the parameters dx = 356 nm,
fx = 0.43, λ = 601 nm. The height is in the range 0 nm ≤ h ≤ 5 nm, while the inset gives an
enlarged view of the region 0 nm ≤ h ≤ 400 nm.
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Figure 5.24: The |Hz| fields for the fundamental reflection peak (h = 27 nm) observed in figure
5.23, with dx = 356 nm, fx = 0.43, λ = 601 nm.

enhancement is clearly due to the same resonance.

Note that, although this work had experimentally demonstrated the existence

of the particle plasmon-like mode, its nature was not fully explained. Furthermore,

although it was hypothesised, but not proved, that this mode may have a dipolar

character, it was not realised that the transmission extinction was not a result of

scattering, but due to an enhancement in reflection, and therefore, the mode was

subtly different to a typical particle plasmon resonance.
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5.7 Conclusions

We have presented models of the response of sub-wavelength lamellar gratings illumi-

nated by radiation whose electric field lies in a plane orthogonal to the grating wires.

It has been observed that it is possible to excite two distinct types of resonance.

The first resonance is the excitation of a horizontal particle plasmon resonance that

is associated with a high reflection efficiency. Beyond approximately h = 40 nm,

this resonance is independent of the grating height. At this point the resonance is

only dependent on the width of the wires. At this point the grating behaves as a

frequency and polarisation sensitive mirror, with the normal polarisation effect only

occuring away from the location of this resonance. Below this height, the evanes-

cent field of the resonance is able to penetrate the metal of the grating and couple

with a secondary horizontal particle plasmon resonance on the bottom surface of the

wires. As the height is reduced further, these resonances become strongly coupled

and the response sharpens and redshifts significantly. At this point the resonance

is dependent on both the width and height of the wires. In addition, this resonance

still gives a high reflection efficiency below grating heights where a continuous film

would start becoming transparent, and indeed does so for radiation with E-field

parallel to the wires. Therefore, this resonance allows very thin gratings to respond

to different polarisations of incident light in the opposite sense to that which is pre-

dicted by the standard wire-grid theory of the restricted motion of electrons and

it behaves as an inverse wire grid polariser. Furthermore, both the coupled and

uncoupled modes are highly localised resonances, which may not propagate between

wires, and are independent of the grating period (for a constant wire width). The

behaviour of normal surface plasmon modes on discontinuous gratings has also been

investigated, and how these relate to the normal surface plasmon modes that occur

on continuous gratings with a shallow perturbation. It has been shown that the

horizontal particle plasmon resonance presented here does not evolve from normal

surface plasmon polaritons and is only particle-like in nature. Furthermore, it is

also demonstrated that the resonance is subtly different to the well known particle

plasmon mode because the planar structure and periodicity of the resonance causes
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the re-radiated light to propagate in the same direction as, and is in phase with,

the specularly reflected light. This leads to a reflection enhancement not observed

before from a particle plasmon resonance. It is also shown that this resonance has

been previously observed experimentally by Schider et. al. [141].

For the case of the 2-dimensional grating, the particle plasmon-like resonance is

also observed, including the corresponding reflection enhancement, and the analysis

is identical, except that, the large grating height resonance is dependent on the

particle width in both directions, and for low grating heights, the resonance becomes

dependent both on these widths and the grating height. Furthermore, the particles

are so small that the specific shape of the particles is indeterminate, and therefore,

the structure is insensitive to the orientation of the electric field.

The second resonance is the excitation of vertical SPPs along the wire surface

that bounds each slit. It has been shown that, when the slits are thin enough,

these vertical SPPs may couple together significantly across the slit and it is possi-

ble to efficiently excite standing waves along the slit - essentially just the classical

TEM cavity mode with some subtle differences due to the periodicity of the struc-

ture. These standing waves are associated with reflection extinction (transmission

enhancement). Similar cavity modes have been modelled previously for both deep

continuous surface relief gratings [117] and lamellar gratings in the infra-red [128]

and microwave [112] regimes. We show that the cavity modes, excited in the visible

spectrum here, behave with changing parameters as is expected from the results of

these previous investigations. We also show that, in the extreme case of very nar-

row slits, the finite conductivity in the optical regime allows incident radiation to be

squeezed into slits whose lengths are considerably less (≤ λ/5) than the wavelength

of the radiation in free space. In this case the grating can behave as a frequency

and polarisation sensitive filter.

Finally, as discussed in detail in chapter 4, it has been suggested that normal

horizontal surface plasmon resonances and cavity modes are able to couple together

and result in further enhancements in the transmission efficiency [128], however, this

has only been mentioned for the case when λ ≤ dx. This suggestion has also been
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disagreed with [122,129]. Certainly, in the case of the sub-wavelength discontinuous

gratings investigated here, the new horizontal resonance presented, which has been

shown to be distinctly different from the normal surface plasmon resonance observed

on continuous diffraction gratings as it has a particle-like character, appears to

be purely associated with a reduction in transmission, and when the resonance

overlaps with a cavity mode (or indeed a normal surface plasmons), there is no

transmission enhancement and the resultant transmission efficiency is an average of

the two resonances. This implies that when the two resonances coincide there is no

interaction between the two, or at least if they do interact, there is a reduction in

the transmission efficiency (not an enhancement) compared to that just away from

coincidence.
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Electromagnetic Resonances of

Multi-layer Metal/Dielectric Stacks

6.1 Introduction

T
HIS CHAPTER INVESTIGATES the electromagnetic resonances of multi-

layer metal/dielectric stacks. These structures support periodic band

pass regions, whose band edges may be predicted by considering the

character of the fields inside the different layers. It is shown that the response of

the structure is largely independent of its overall length, and that, surprisingly, only

the geometry of the unit cell is important. In the metal layers, the fields may have

either a cosh or a sinh distribution function and match to standing waves inside the

adjacent dielectric cavities at the metal/dielectric interface. It is shown that the dif-

ferent boundary conditions, imposed by the evanescent fields, result in the dielectric

layers having a different effective length for the two modes. The sinh fields result

in an effective length being very close to that of the physical length, and adjacent

cavities oscillating out of phase, while the cosh fields may result in a significantly

larger effective dielectric length and adjacent cavities oscillating in phase. A band

pass region is opened, with its high frequency edge always being near the dielectric

Fabry-Perot limit, while the low frequency band edge is significantly red-shifted.

It was discussed in chapter 4 that the propagation of electromagnetic radiation

through metal films containing sub-wavelength apertures has been the subject of

considerable research in the years since the discovery of surface plasmon-enhanced
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transmission by Ebbesen et. al. [90] and Ghaemi et. al. [91]. Concurrently, there has

been a body of work into multi-layered metal/dielectric stacks, where the transmis-

sion coefficient through such stacks may also be several orders of magnitude larger

than that through a single layer of the metal film [142,143].

The spectral response of such a structure comprises of a series of photonic band

gaps (PBGs), where the reflectivity is high, separated by a series of band pass regions

where the transmissivity may be high. It has been demonstrated that near either

band edge there is a large enhancement of the field intensity due to localisation

effects [144]. Near the high frequency band edge of the lowest frequency band pass

region, the electromagnetic field is predominantly confined to the dielectric in a

manner similar to a Fabry-Perot cavity, while at the low frequency band edge, it has

been suggested that the fields are more concentrated in the metal regions [145,146].

Such metal/dielectric stacks are being investigated, both experimentally and the-

oretically, for a wide range of potential applications including, their demonstration

of negative refractive index behaviour [147] and the possibility of imaging tech-

niques associated with this property [148, 149], antennas embedded in windshields,

electrodes on flat panel displays, electromagnetic shielding [143], and non-linear

applications [145].

While there has been significant theoretical investigation into these structures,

much of this work has focused on the density of states in the band pass [144, 150]

regions and the behaviour within these regions. In this work we present an analysis

of the nature of the resonant fields at each band pass edge, and use this knowledge

to demonstrate a simple yet accurate way of locating the band pass edges of such

multi-layer structures. Our analysis also allows a simple physical interpretation of

the behaviour of metal/dielectric multi-layer structures.

It should be noted that these structures also support surface plasmon polaritons

when illuminated in an attenuated total reflection configuration. While this can

lead to other interesting optical effects [151, 152], it is important to stress that all

of the work presented here is for normal incidence and therefore no surface plasmon

effects are observed.
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Figure 6.1: Reflection efficiency response of the multi-layer structure comprising of five 6.5 nm
silver layers separated by four 166 nm air layers. The incident and transmission materials are also
air and the structure is illuminated at normal incidence. The permittivity of the silver layers are
approximated by the Drude Model with the parameters as defined in the main text. The frequency
range is 0 × 1015 rad.s−1 < ω ≤ 37.7 × 1015 rad.s−1. The inset is a schematic representation of
one unit cell of such a multi-layer stack.

6.2 Initial Results

In figure 6.1 we present a typical reflectivity response of a multilayer structure con-

sisting of five 6.5 nm silver layers separated by four 166 nm air layers. The incident

and transmission materials are also air and the structure is illuminated at normal in-

cidence. The permittivity of the silver layers are approximated by the Drude Model

with ωp = 1.32 × 1016 s−1 and τD = 1.45 × 1014 s. All reflectivity responses are

modelled using a multi-layer Fresnel calculation, which was implemented by simply

setting the truncation order of the FMM to be M = 0, thereby modelling homoge-

neous layers with permittivity εa,l, and increasing the number of layers in region 2

of figure 2.6.

Figure 6.1 shows a periodic series of band pass regions, separated by a back-

ground region (band gap region) of high reflection. As discussed in the introduc-

tion, there has been significant work analysing the behaviour of the stack within the

band pass region. However, the goals of the present work are to develop a better

understanding of how the band pass region itself is formed, and therefore, how its

location can be predicted. In order to achieve these goals it is important to first

look at how the band pass region disperses with a selection of parameters.
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Figure 6.2: Reflection efficiency response of the multi-layer structure comprising of ten 6.5 nm silver
layers separated by nine 166 nm air layers (solid line) and twenty 6.5 nm silver layers separated
by nineteen 166 nm air layers (dashed line). The incident and transmission materials are also
air and the structure is illuminated at normal incidence. The permittivity of the silver layers are
approximated by the Drude Model with the parameters as defined in the main text. The frequency
range is 0× 1015 rad.s−1 < ω ≤ 6.28× 1015 rad.s−1.

The obvious parameter to change first is the number of layers of metal (silver in

this case). The reflectivity response of two structures, one with ten layers of silver,

the other with twenty layers, are presented in Figure 6.2; we show only the lowest

frequency band pass region for clarity.

It is evident from figure 6.2 that doubling the number of metal layers in the

structure sharpens the edges of the band pass region. The extra layers of metal also

slightly increases the overall absorption of the structure, and, of course, introduces

correspondingly more sub-resonances in the band pass region. However, the band

width of the resonance is independent of the overall length of the structure, and

therefore, depends only on the unit cell of each layer.

It has been shown previously that resonant tunneling associated with strong

transmission may give strong fields inside the metal rather than the dielectric [145].

Other work has shown how this resonant tunneling may give propagating fields

through the metal dielectric stack [146]. To establish that the imaginary part of

the metal permittivity has no important role, we present in figure 6.3 a comparison

between a stack comprising of silver, with its permittivity approximated by the

Drude model as before, but with the imaginary part of its permittivity removed.
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Figure 6.3: Reflection efficiency response of the multi-layer structure comprising of ten 6.5 nm
silver layers separated by nine 166 nm air layers. The incident and transmission materials are also
air and the structure is illuminated at normal incidence. The permittivity of the silver layers are
approximated by the Drude Model with the parameters as defined in the main text (solid line)
and by the Drude model with the imaginary part of the permittivity removed (dashed line). The
frequency range is 0× 1015 rad.s−1 < ω ≤ 6.28× 1015 rad.s−1.

Removing the imaginary part of the permittivity from the calculation, leaving only

a negative real part, makes the fields inside the metal purely evanescent because the

refractive index becomes purely imaginary.

In figure 6.3, it is clear, apart from the obvious effects of removing the absorption

of the structure, that removing the imaginary part of the permittivity and

hence making the fields inside the metal purely evanescent, causes no

other effect on the band pass resonance and its spectral position. There-

fore, it is the evanescent character of the fields inside the metal layers that plays the

significant role in resonant tunneling.

The conclusions that the band pass regions depend only on the unit cell of the

structure, and that only the evanescent fields within the metal are important allows

a simple mathematical analysis to be formulated.

6.3 Theoretical Analysis

A generic multilayer structure may be divided into a set of unit cells, as shown

in the inset of figure 6.1, which is a schematic representation of one unit cell of a

multilayer stack comprising of two different materials of thickness a and b. The
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refractive index of the dielectric of thickness a is n1, and the refractive index of the

metal of thickness b is given by n2 =
√
εr = ik2. We have omitted the imaginary

part of the permittivity so that the fields inside the metal are purely evanescent, as

justified by the result in figure 6.3.

The possible resonances of the structure occur when standing waves exist in the

dielectric layers, these standing waves must then be matched with the evanescent

fields inside the metal layers. The amplitude of the tangential E field and its deriva-

tive with respect to x must be continuous across each boundary. From symmetry

arguments, a cos or a sin wavefunction is expected, as the limit solutions, about

either x = 0 and/or x = a/2+b/2 respectively. Therefore, there are four expressions

that describe the possible wave functions that may specify the band edges

ψn1 = A cos (n1k0x) (6.1)

ψn1 = A sin (n1k0x) (6.2)

ψk2 = B cosh

(
k2k0

[
x−

(
a

2
+
b

2

)])
(6.3)

ψk2 = −B sinh

(
k2k0

[
x−

(
a

2
+
b

2

)])
(6.4)

where ψn1 and ψk2 represent the wave functions, and A and B are the amplitude

coefficients of the wave functions, in adjacent layers of the stack with refractive

indices n1 and k2 respectively. k0 = ω/c is the wavevector, ω is the angular frequency

and c is the speed of light in the incidence medium, assumed to be vacuum. The

derivatives of 6.1 - 6.4 with respect to x are thus
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∂ψn1

∂x
= −n1k0A sin (n1k0x) (6.5)

∂ψn1

∂x
= n1k0A cos (n1k0x) (6.6)

∂ψk2
∂x

= k2k0B sinh

(
k2k0

[
x−

(
a

2
+
b

2

)])
(6.7)

∂ψk2
∂x

= −k2k0B cosh

(
k2k0

[
x−

(
a

2
+
b

2

)])
(6.8)

Supposing the wavefunctions in the media are of a cos and cosh form, then 6.1

and 6.3, and 6.5 and 6.7 must be equated

A cos
(
n1k0

a

2

)
= B cosh

(
k2k0

[
− b

2

])
(6.9)

−n1k0A sin
(
n1k0

a

2

)
= k2k0B sinh

(
k2k0

[
− b

2

])
(6.10)

Dividing 6.10 by 6.9 eliminates the unknown coefficients A and B, giving a single

equation

n1 tan
(
n1k0

a

2

)
= k2 tanh

(
k2k0

b

2

)
(6.11)

This process may be repeated for all the possible wave functions in the adjacent
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layers, yielding three more equations

n1 tan
(
n1k0

a

2

)
= k2 coth

(
k2k0

b

2

)
(6.12)

n1 cot
(
n1k0

a

2

)
= −k2 tanh

(
k2k0

b

2

)
(6.13)

n1 cot
(
n1k0

a

2

)
= −k2 coth

(
k2k0

b

2

)
(6.14)

The solutions to these equations (6.11, 6.12, 6.13 and 6.14) then define the

location of the band edge resonances of the infinite multi-layer structure.

6.4 Further Results

Figure 6.4 is a plot of the E fields for a finite structure with the same parameters

as in figure 6.3, except the metal thickness is b = 20 nm and the air thickness is

a = 150 nm for clarity. The fields are plotted at two frequencies, the lowest and

highest frequency reflection minima, and the dashed boxes outline the location of the

metal layers. The field plots confirm the localisation of the fields in the dielectric

and the strong fields within the metal for the low frequency band edge. This is

evidence of an important feature of the band pass region at either edge: at the high

frequency band edge, the field in each dielectric cavity oscillates out of phase with

its adjacent cavities, whereas, at the low frequency band edge, the fields in adjacent

cavities oscillate in phase.

By comparing figure 6.4 with equations 6.11, 6.12, 6.13 and 6.14, the nature of

the distribution function of the fields in both the metal and the dielectric layers

may be determined. At the high frequency band edge, where adjacent cavities

oscillate out of phase, there is only a small (but not negligible) amount of the
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Figure 6.4: E-fields for a multi-layer structure, comprising of ten 20 nm silver layers separated by
nine 150 nm air layers. The incident and transmission materials are also air and the structure is
illuminated at normal incidence and the permittivity of the silver layers are approximated by the
Drude Model with parameters as defined in the main text (including the imaginary part). The
fields are plotted at two frequencies corresponding to the highest and lowest frequency reflection
minima of the first band pass region. The dashed lines indicate the location of the metal layers.

fields of each oscillation within the metal. The high frequency edge is described

by 6.12, which originates from a cos oscillation in the dielectric layers and a sinh

distribution function in the metal layers, it corresponds to a sequential series of

coupled Fabry-Perot cavities. However, it occurs at a slightly lower frequency than

the simple dielectric thickness Fabry-Perot limit due to the finite conductivity of the

metal [112].

At the low frequency band edge, where adjacent cavities oscillate in phase, a

significant proportion of the fields of each oscillation is within each of the metal

regions, thereby increasing the effective length of each unit cell and resulting in a

red shift in the band edge. This may be described by 6.11, which originates from a

cos oscillation in the dielectric layers and a cosh distribution function in the metal

layers.

Equations 6.11 and 6.12 may be used to plot the field profiles of two adjacent

unit cells for an infinite multi-layer structure, to confirm the pairing of the equations

with the field plots of figure 6.4. Figure 6.5 is plotted by using equations 6.1 and

6.3 in conjunction with the solutions determined from equations 6.11 and 6.12. The

metal thickness is b = 20 nm and the air thickness is a = 150 nm.

Comparing figures 6.4 and 6.5 clearly shows that the two plots agree qualitatively.
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Figure 6.5: E-fields for an infinite multi-layer structure, comprising of 20 nm silver layers separated
by 150 nm air layers. The incident and transmission materials are also air and the structure is
illuminated at normal incidence. The permittivity of the silver layers are approximated by the
Drude Model, using the parameters defined in the main text, with the imaginary part removed.
The fields are plotted using 6.1 and 6.3 and the solution to 6.12 (a), and using 6.1 and 6.3 and
the solution to 6.11 (b), which correspond to the band edges of figure 6.4. The solid lines are the
cos standing waves in the dielectric, the dashed lines are the sinh (a) and cosh (b) waves in the
metal, and the dotted lines show where the dielectric standing waves would continue if no metal
was present. The bold and narrow lines are π out of phase and the vertical dot-dash lines indicate
the effective cavity length.

The plots relating to the low frequency band edge (6.4(b) and 6.5(b)) both show

that the fields in the cavities oscillate in phase, and that the form of the fields inside

the metal layers have a cosh profile. Both of the plots corresponding to the high

frequency edge (6.4(a) and 6.5(a)) illustrate that adjacent cavities oscillate out of

phase, and that the field profile in the metal has a sinh form. The only differences

between the two plots arise from the fact that the five layer structure is not able

to form exact cos, cosh and sinh waves due to its finite number of cavities. This

confirms that the equations formulated, for the description of the fields inside the

metal regions as being evanescent standing fields, are valid.

Note that in figure 6.5, and all subsequent infinite structure field plots (figures

6.7 and 6.8), a fixed cavity resonance amplitude coefficient, A = 1, is implemented

for simplicity so that any parameter changes are manifested in only the gradients of

the cavity resonances and evanescent field amplitudes at the interface.

One further interesting observation can be made from these field plots. It was

stated previously that the Fabry-Perot like high frequency band edge has adjacent

cavities that oscillate out of phase, while the low frequency band edge has adjacent
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Figure 6.6: Reflection efficiency response of the multi-layer structure, comprising of ten 6.5 nm
silver layers separated by nine 166 nm air layers, as a function of the real part of the dielectric
permittivity. The black squares are the limit solutions to 6.11 and 6.12 for the same permittivities.
The incident and transmission materials are also air and the structure is illuminated at normal
incidence. The frequency range is 0× 1015 rad.s−1 < ω ≤ 6.28× 1015 rad.s−1 (∞ > λ ≥ 300 nm),
and the permittivity is defined as −101 ≤ εr ≤ −1.

cavities that oscillate in phase. This results in the fields inside the metal, for the

low frequency band edge, never going through zero and the resonance is a d.c.-like

resonance throughout the entire structure.

Figure 6.6 presents the dispersion of a similar bandpass region, as shown in

figure 6.3, as a function of the real part of the permittivity of the metal layers.

Naturally, the high frequency band edge, where the fields in the metal are weak and

the cavities are Fabry-Perot-like, is largely independent of εr of the metal layers,

whereas the low frequency band edge, where the fields are stronger in the metal, is

highly sensitive to εr. There is a small dependence of the high frequency edge on

εr, due to the finite conductivity, however, once εr is very large, the resonance blue

shifts to exactly the Fabry-Perot resonance. It has already been stated that the high

frequency band edge relates to the solution to 6.12 and the solutions to this equation

are shown in figure 6.6 as the upper series of black squares. Clearly, the solution

to the equation accurately predicts the spectral location of the high frequency band

edge, and therefore, the description of the evanescent fields, emanating from either

boundary, interacting in the metal to form a sinh distribution function is valid.

The low frequency edge relates to the solution of 6.11. Again, the solution

(lower series of black squares) accurately predicts the spectral location of the low
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Figure 6.7: E-fields for the high frequency band edge of an infinite multi-layer structure, comprising
of 20 nm silver layers separated by 150 nm air layers. The incident and transmission materials
are also air and the structure is illuminated at normal incidence and the permittivity of the silver
layers are fixed at either εr = −40 (a) or εr = −11.5 (b). The fields are plotted using 6.1 and 6.3
and the solutions to 6.12. The solid lines are the cos standing waves in the dielectric, the dashed
lines are the sinh waves in the metal, and the dotted lines show where the dielectric standing
waves would continue if no metal was present. The bold and narrow lines are π out of phase and
the vertical dot-dash lines indicate the effective cavity length.

frequency band edge, validating the description of the fields in the metal as standing

evanescent fields with a cosh distribution function. The slight deviation from the

solution, which occurs at low εr, is due to the modelled metal/dielectric structure

being finite, therefore, the standing waves in the cavities and fields in the metal

layers are not able to form standing fields with exactly cos(h) or sin(h) distribution

functions.

Relating figure 6.6 back to equations 6.11 and 6.12, it is possible to give a rigorous

interpretation of the effect of varying εr. The high frequency band edge, given by

equation 6.12, does not significantly change in frequency as k2 is reduced from high

values (k2
2 = |εr|). This is essentially because, for small values of k2 (k2k0

b
2
� 1),

coth→∞, and thus, n1k0
a
2
' π

2
, or λ0 is, as expected, ' 2an1. For large values of k2

(k2k0
b
2
� 1), coth→ 1, and thus, tan

(
n1k0

a
2

)
= k2

n1
. As k2 � n1 we again arrive at

n1k0
a
2
' π

2
, and λ0 is still ' 2an1. Therefore, for all values of k2, k2 coth

(
k2k0

b
2

)
> 1

and thus, n1k0
a
2
' π

2
. Any change there is in the high frequency edge will be a very

small decrease with decreasing k2 because k2 coth
(
k2k0

b
2

)
does not →∞ as quickly

for small k2 as it does for large k2. The exact solution is, therefore, significantly

dependent on n1 and a and also slightly dependent on the relative values of k2 and
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b.

The low frequency edge, given by equation 6.11, does change markedly in fre-

quency as k2 is reduced. This is because, in contrast to coth, for small k2 (k2k0
b
2
�

1), tanh
(
k2k0

b
2

)
→ k2k0

b
2
, and thus, there is a cut-off εr value given by n2

1k0
a
2
'

k2
2k0

b
2

or εr ' n2
1
a
b

= −25.5, as indicated in figure 6.6. While, for large k2 (k2k0
b
2
�

1), tanh
(
k2k0

b
2

)
→ 1 and we arrive at the same solution for the high frequency band

edge, λ0 ' 2an1. Thus, when k2k0
b
2
� 1, the band width of the band pass region

has been reduced significantly such that it approaches a single resonance. Clearly,

the low frequency band edge is much more sensitive to changes in k2k0
b
2

than the

high frequency band edge. Therefore, provided k2k0
b
2

≯ 1, the exact solution is

significantly dependent on the relative values of k2 and b as well as n1 and a.

This behaviour may also be thought of as the sensitivity of the effective cavity

length, resulting from the cosh and sinh evanescent fields, to εr and is shown in

figures 6.5, 6.7 and 6.8. They show that, for small k2 (k2k0
b
2
� 1), the gradient

of the sinh fields at the interface → A
√
εrk0, while the gradient of the cosh fields

→ Aεrk
2
0
b
2
. Therefore, for a given A in this regime, the gradient of the sinh fields

at the interface are always larger and less sensitive to changes in εr than the cosh

fields.

Furthermore, the gradient of the sinh fields, at the interface, are always similar

to the largest values that the cavity resonance may obtain, regardless of k2k0
b
2
. The

gradient of the cavity resonance could be increased by increasing A, but this would

inherently increase the amplitude coefficient of the sinh fields and so their gradient

in turn. Therefore, the sinh evanescent fields may only match to the part of the

cavity resonance with a relatively large gradient. This results in the majority of the

cavity standing wave being excluded from the metal regions, causing the effective

cavity length to be approximately equal to the physical cavity length, therefore the

high frequency band edge occurs at almost exactly the Fabry-Perot limit. This can

be seen in figure 6.5 (a) and both plots in figure 6.7, where the dotted lines illustrate

how the fields of the cavity resonances would continue were no metal present, the

vertical dot-dash lines denoting the effective cavity length. As expected, the high
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frequency band edge tends to exactly the Fabry-Perot limit as |εr| → ∞.

In contrast, in the regime k2k0
b
2
� 1, the gradient of the cosh evanescent standing

fields, at the interface, may have a gradient similar to the lower values the cavity

resonance may obtain. Again, A could be reduced to reduce the gradient of the

cavity resonance, but this would in turn reduce the amplitude coefficient and hence

the gradient of the cosh fields. Thus the cosh fields match to a part of the adjacent

standing wave with a relatively small gradient, effectively removing a significant

proportion of the cavity standing waves. This results in the effective cavity length

being significantly larger than the physical cavity length, shown in figures 6.5 (b)

and 6.8 (a), and a redshift in the low frequency band edge occurs.

Finally, for large k2 (k2k0
b
2
� 1), the gradients of the sinh and cosh fields at the

interface → ∞ at the same rate. Therefore the gradients of both these fields are

similar to the largest values the cavity resonance may obtain and the effective cavity

length is always approximately the dielectric thickness and largely independent of k2

for both field distributions, as is shown in figures 6.7 (a) and 6.8 (a). Therefore, the

band pass region narrows as the two solutions (to equations 6.11 and 6.12) converge.

Thus, it is the different boundary conditions imposed at the interface between

the metal and dielectric layers by the evanescent fields inside the metal, with either a

cosh or a sinh distribution function, which determines the effective dielectric cavity

length and thus the resonant frequency.

Inside the band pass region the fields are more complicated. However, from equa-

tions 6.11 and 6.12, it is straightforward to see that moving from the low frequency

band edge, through the band pass region, to the high frequency band edge results

in the evanescent standing fields inside the metal layers morphing from a cosh to a

sinh distribution function, and adjacent cavities going from in phase to out of phase

oscillations.

The limit solutions for the case when k2k0
b
2
� 1 demonstrates an important

conclusion. In this regime both band edges are almost exactly at the dielectric

Fabry-Perot limit. Therefore, the band pass region approaches a single Fabry-Perot

resonance and is independent of both the thickness of the metal layers and their
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Figure 6.8: E-fields for the low frequency band edge of an infinite multi-layer structure, comprising
of 20 nm silver layers separated by 150 nm air layers. The incident and transmission materials
are also air and the structure is illuminated at normal incidence and the permittivity of the silver
layers are fixed at either εr = −40 (a) or εr = −11.5 (b). The fields are plotted using 6.1 and 6.3
and the solutions to 6.11. The solid lines are the cos standing waves in the dielectric, the dashed
lines are the cosh waves in the metal, and the dotted lines show where the dielectric standing waves
would continue if no metal was present. The bold and narrow lines are π out of phase and the
vertical dot-dash lines indicate the effective cavity length.

permittivites.

The results of figure 6.2 show the interesting fact that the band pass regions of

the structures, at all frequencies, only depend on the unit cell and are completely

independent of the number of cavities, and therefore the total extent of the struc-

ture. The only difference introduced by including more cavities is the effect of extra

absorption, and a sharpening of the band pass regions as the structure tends to the

idealised infinite structure.

We now extend the frequency range of the investigation in figure 6.6 to observe

the solutions to the other equations, 6.13 and 6.14.

Figure 6.9 shows the several band pass regions observed in figure 6.1. The two

lowest band pass regions are the regions bounded by the solutions to 6.11 and 6.12,

and 6.13 and 6.14, the higher frequency band pass regions are then the higher orders

of each of these bounded regions. The mathematical analysis can be repeated for

the behaviour of each band pass region to obtain information on the distribution

function of the standing fields in the layers. The first band pass region was explained

above, but for example, the second band pass region yields a similar discussion,

except in this case, the standing wave in the dielectric has a sin rather than a cos
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Figure 6.9: Reflection efficiency response of the multi-layer structure, comprising of ten 6.5 nm
silver layers separated by nine 166 nm air layers, as a function of the real part of the dielectric
permittivity. The black squares are the limit solutions to 6.11, 6.12, 6.13, and 6.14 (and their
harmonic solutions) for the same permittivities. The incident and transmission materials are also
air and the structure is illuminated at normal incidence. The frequency range is 0×1015 rad.s−1 <
ω ≤ 18.84× 1015 rad.s−1 (∞ > λ ≥ 100 nm), and the permittivity is defined as −101 ≤ εr ≤ −1.

wave function. It should be noted that the higher order solutions are only higher

harmonics of the cos and sin standing waves in the cavities because the evanescent

waves in the metal, which interact to form cosh and sinh distribution functions,

cannot form higher orders.

6.5 Generalisation

It is straightforward to generalise the theoretical analysis to real materials. Equa-

tions 6.11 - 6.14 must be modified such that the metal layers may have a complex

permittivity, k2 → n2 = n+ ik, the resulting equations are

n1 tan
(
n1k0

a

2

)
= −n2 tan

(
n2k0

b

2

)
(6.15)

n1 tan
(
n1k0

a

2

)
= n2 cot

(
n2k0

b

2

)
(6.16)

232



Chapter 6

n1 cot
(
n1k0

a

2

)
= n2 tan

(
n2k0

b

2

)
(6.17)

n1 cot
(
n1k0

a

2

)
= −n2 cot

(
n2k0

b

2

)
(6.18)

However, the solutions ω will be complex and the absolute magnitude must be

taken.

As an example, figure 6.10 presents the results of varying the thickness of the

metal in a real silver/dielectric stack, the thickness range being 1 nm ≤ b ≤ 50 nm.

From figure 6.10 it is clear that the solutions to the generalised equations (black

squares) accurately predict the locations of the band edges for real metals with

complex permittivities. Similar boundary condition arguments as those discussed

for figure 6.6 explain the dispersion of the modes for varying metal thickness. For

example, the solution to 6.11 (the bottom solution), can be understood because

increasing the width of the metal layers b has a similar effect to increasing k2 =
√
εr.

6.6 Conclusions

The reflectivity response of metal/dielectric stacks has been investigated. It has

been demonstrated that these structures may exhibit a wide band pass region in

their response, and that the spectral location of this region is independent of the

number of layers in the structure, implying that only the unit cell need be considered

in a theoretical analysis. The results of previous work, such as the localisation of

the fields at either edge of the observed band pass regions has been confirmed.

A series of equations have been formulated that describe the possible field dis-

tribution functions that may exist inside the metal and dielectric layers. These

equations have been idealised for metals with only real permittivities so that the

fields inside the metal are then purely evanescent. The solutions to these equations
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Figure 6.10: Reflection efficiency response of the multi-layer structure, comprising of ten silver
layers of thickness 1 nm ≤ b ≤ 50 nm separated by nine 166 nm air layers, as a function of the
thickness of the silver layers. The black squares are the limit solutions to 6.15, 6.16, 6.17, and
6.18 (and their harmonic solutions). The incident and transmission materials are also air and the
structure is illuminated at normal incidence. The frequency range is 0 × 1015 rad.s−1 < ω ≤
18.84× 1015 rad.s−1 (∞ > λ ≥ 100 nm), and the permittivity is defined by the Drude model with
parameters as defined in the main text.

have been shown to accurately predict all of the possible band pass regions that the

structure may support. In doing so it has been shown that the resonant tunneling

that is allowed in the band pass regions is due only to the evanescent character of

the fields in the metal layers coupling to cavity resonances in the dielectric. The

evanescent fields, associated with both boundaries of the metal layers, interact to

form evanescent standing fields with either a cosh or a sinh distribution function.

For the limit solutions, the evanescent standing fields at the boundaries must match

to the standing cos or sin waves oscillating in the adjacent cavities. For a given

cavity resonance amplitude coefficient, the gradient of the sinh or cosh evanescent

standing fields may have either a relatively large or a small gradient at the bound-

ary. Therefore, they may match to either a large gradient or a lower gradient part

of the adjacent oscillation respectively. This results in the sinh field exluding the

majority of the cavity oscillation from the metal, and adjacent cavities oscillating

out of phase, so that the effective cavity length is very close to the physical cav-

ity length and the structure behaves as a series of Fabry-Perot cavities. The cosh

field removes a significant proportion of the cavity oscillation, with adjacent cavities

oscillating in phase. This allows a longer wavelength oscillation to exist inside the

cavity, increasing the effective cavity length and leading to a red shift in the reso-
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nance away from the Fabry-Perot limit. It is the boundary conditions imposed by

the evanescent fields that determine the effective cavity length of the structure, and

hence the frequency of the resonances. Furthermore, the cosh evanescent fields are

significantly more sensitive to changes in the parameters of the structure than the

sinh fields.

It has also been shown that, at all frequencies, the band pass regions of the

structures are independent of the total number of cavities, therefore the overall

extent of the structures, and only depend upon the geometry of the unit cell. An

expression for the high frequency limit of the low frequency band edge has been

obtained analytically, provided the limit is in the regime where k2 � n1. Combining

this with the independence of the total number of cavities, demonstrates that the

electromagnetic response of thin metal layer/dielectric multi-layer structures in this

regime is largely independent of the metal thickness (provided b� λ0), permittivity,

and number of layers.

The analysis presented here applies to any system where evanescent waves must

match to propagating waves. For example, non-diffracting hole arrays below the

hole cut-off frequency. This presents the interesting idea where, by perforating a

metal film with sub-wavelength and non-resonanting holes (or indeed adding sub-

wavelength non-resonating particles to a dielectric layer), such that the film can be

treated by effective medium theory, then the permittivity can be chosen to control

the location of the band-pass regions.

Finally, the solutions have been generalised to real materials with complex re-

fractive indices, and successfully predict all of the observed resonances even when

the waves inside the metal are no longer purely evanescent.
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Surface plasmon polaritons on deep

narrow ridged rectangular gratings

7.1 Introduction

I
N THIS CHAPTER the dispersion diagrams of surface plasmon polaritons

have been calculated for rectangular gratings, with very narrow wires, of vary-

ing depths. Similar gratings, except with a gaussian ridge cross-section, have

been shown to support interesting resonances that appear to be standing waves that

are coupled through the metal rather than across the grooves [4, 153]. For grat-

ings with a moderate height a family of vertical standing wave resonances may be

excited, which consist of surface plasmons, oscillating on either vertical surface, cou-

pling together through the metal wires. These modes evolve similarly to the manner

in which shallow grating surface plasmons dispersion curves evolve into cavity modes

in the grooves of the structure. However, on further increase in grating height these

vertical standing waves evolve into a second resonant feature, which is independent

of yet further increases in height. At this point the mode is equivalent to the res-

onances that have been shown to exist on the infinite multi-layer metal/dielectric

structures that were discussed in chapter 6.

In chapter 6 it was explained that the formation of the band pass regions is a

result of the matching of the tangential electric and magnetic fields associated with

standing cavity modes in the dielectric, which may have either a cos or a sin wave

character, and evanescent standing modes in the metal, which may have either a
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cosh or a sinh distribution function [154].

It was shown that the low frequency band edge of the lowest frequency band

pass region is formed by the matching of cosh fields in the metal layers and cos

standing waves in the cavities, with adjacent cavities oscillating in phase. The high

frequency edge is then formed by the matching of sinh fields in the metal layers

with cos standing waves in the dielectric layers, with adjacent cavities oscillating

out of phase - much like a series of Fabry-Perot cavities. The boundary conditions

imposed by the evanescent standing modes may significantly modify the effective

cavity length that the standing waves in the cavities experience. The sinh fields

result in an effective cavity length that is very similar to the physical cavity length,

such that the stack behaves as a series of Fabry-Perot cavities. The cosh standing

waves are able to give a much larger effective cavity length than the physical cavity

thickness, this significantly redshifts the low frequency edge of the normal single

cavity Fabry-Perot resonance, thereby opening up a large band pass region.

The next band pass region is formed in the same way except that the fields inside

the cavities have a sin wave function. Subsequent band pass region are then the

result of cavity harmonics matching to either cosh or sinh fields in the metal layers.

Of course, this is only exactly true for structures with an infinite number of

layers, as it is only then that the fields inside the metal and dielectric layers can

form profiles with exactly cosh or sinh, and cos or sin functions respectively.

7.2 Results

The modelling used in this chapter utilises the FMM, as described in chapter 3,

with all calculations occuring for the classical mount under TM illumination. The

grating structures are continuous, that is the substrate comprises of the same metal

as the wires. As usual, the permittivity of silver is specified by the Drude model,

using the parameters ωp = 1.32×1016 s−1 and τD = 1.45×10−14 s, taken from Nash

and Sambles [21].

In order to examine the optical response of a rectangular grating with a large

amplitude and very narrow wires, it is sensible to begin with a grating with thick
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Figure 7.1: Reflection efficiency response of the grating as a function of both the incident frequency
and fx. The fixed grating parameters are dx = 200 nm, h = 350 nm and θ = 4.89◦. The wavelength
range is 370 nm ≤ λ ≤ 850 nm, which equates to a frequency range of 2.22× 1015 rad.s−1 ≤ ω ≤
5.1× 1015 rad.s−1. f is in the range 0.05 ≤ fx ≤ 0.95.

wires, which supports cavity modes, and then to vary the width of the wires. This

evolution is shown in figure 7.1, where the reflection efficiency of a grating of height

h = 350 nm and period dx = 200 nm, that is illuminated at θ = 4.89◦, is pre-

sented, while the mark-to-space ratio is varied in the range 0.05 ≤ fx ≤ 0.95. The

wavelength range is 370 nm ≤ λ ≤ 850 nm, which equates to a frequency range of

2.22× 1015 rad.s−1 ≤ ω ≤ 5.1× 1015 rad.s−1.

At the high fx values of figure 7.1 there is a family of modes, each of which

increases in frequency as fx reduces, that is as the wires narrow and the grooves

broaden. This family of modes exists even for optically thick wires, therefore, they

cannot be a family of surface plasmons coupled across the wires. For cavity modes

in a single groove in a perfect conductor, it has been shown that end effects lead

to a decrease in frequency as the groove is broadened [110]. However, it has been

discussed elsewhere [111] that, for very narrow grooves in a finite conductor, as the

groove is broadened there is an increase in frequency of the cavity mode due to the

finite conductivity, and that in the optical regime, this effect dominates [155]. It is

therefore expected that cavity modes, on the structure presented here, will increase

in frequency as the grooves are broadened, and furthermore, that the resonance will

broaden and diminish. This is clearly the case for the family of modes at high fx

values, identifying these as a family of cavity modes.

238



Chapter 7

x (nm)

y 
(n

m
)

−226

0

226

−100 0 100

0

3.6

7.3

(a) ω = 3.77× 1015 rad.s−1

x (nm)

y 
(n

m
)

−226

0

226

−100 0 100

0

5.3

10.6

(b) ω = 2.90× 1015 rad.s−1

Figure 7.2: The |Hz| fields for the two lowest frequency reflection minima in figure 7.1 for fx = 0.93.
The black line indicates the location of the surface of the grating.

To confirm this hypothesis, the |Hz|-fields associated with the two lowest fre-

quency resonances observable at fx = 0.93 are presented in figure 7.2.

Figure 7.2(a) gives the |Hz|-fields for the higher frequency reflection minimum in

Figure 7.1 at fx = 0.93 and ω = 3.77×1015 rad.s−1, figure 7.2(b) gives the |Hz|-fields

for the lowest reflection minimum at fx = 0.93 and ω = 2.90 × 1015 rad.s−1. The

black line indicates the location of the surface of the grating. Note that the scales

are different and the lower order mode has a larger maximum field enhancement.

Clearly, the two reflection minima are adjacent harmonics of the fundamental

cavity mode resonance that exists in the grooves of the structure, when the wires are

optically thick and the grooves are narrow. Furthermore, examining the dependence

of this family of modes on the grating height, and their dispersion diagrams as the

height is varied, shows that they evolve from normal surface plasmon modes and

subsequently behave in exactly the same way as the cavity modes discussed in a

similar investigation into surface relief gratings with a gaussian cross-section [117].

Returning to figure 7.1, we now consider the family of resonances that occur for

low values of fx and which decrease in frequency as the wires are narrowed (and

the grooves are broadened). Figure 7.3 presents similar modelling to that given in

figure 7.1, except that the period is allowed to vary such that the groove width is

held constant, at (1 − fx)dx = 166 nm, as the wire width is varied in the range

1 nm ≤ fxdx ≤ 50 nm.

239



Chapter 7

fxdx    ((nm))
ωω

    ((
10

15
    r

ad
.s

−−1
))    

((λλ
    ((

n
m

))))

2.22

((850))

3.66

((515))

5.1

((370))

1 25.5 50

0.0

0.5

1.0

Figure 7.3: Reflection efficiency response of the grating as a function of both the incident frequency
and wire width, fxdx. The fixed grating parameters are (1 − fx)dx = 166 nm, h = 350 nm and
θ = 4.89◦. The frequency range is the same as in figure 7.1. The wire width is in the range
1 nm ≤ fxdx ≤ 50 nm.

When the wire width is varied for a constant groove width, the family of reso-

nances behaves in an almost identical way to when the groove width is allowed to

vary. This indicates that the groove width has little or no influence on the resonance,

and hence, the resonance is not a cavity mode.

In order to examine the nature of the thin wire resonances, figure 7.4(a) gives the

Hz-fields for the higher frequency reflection minimum in figure 7.1 at fx = 0.17 and

ω = 4.71 × 1015 rad.s−1, Figure 7.4(b) gives the Hz-fields for the lowest reflection

minimum at fx = 0.17 and ω = 4.24 × 1015 rad.s−1. The black line indicates

the location of the surface of the grating. If the phase of the incident radiation is

assumed to be ϕ = 0, these instantaneous fields are plotted at a phase of ϕ = π/2.

Figure 7.4 indicates that the two resonances are also harmonics of a vertical

standing wave resonance. However, the resonance is not a standing wave associated

with the cavities of the structure, but with the wires. That is, surface plasmons

on the walls of the wires are now coupled together through the wires rather than

across the grooves. It is noted that the penetration depth of the fields into silver

(the value at which their magnitude falls to 1/e) in the frequency range of figure 7.1

is approximately 25 nm. This correlates with the fact that the highest value of f

at which these resonances occur is seen to be f ' 0.3, which gives a wire width of

49.8 nm - approximately twice the decay length, which is expected as the resonances
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Figure 7.4: The |Hz| fields for the two lowset frequency reflection minima in figure 7.1 for fx = 0.17.
Both fields are plotted at a phase of ϕ = π/2 relative to the incident radiation at a phase ϕ = 0.
The black line indicates the location of the surface of the grating.

occur on either side of the wire.

These resonances are similar to the resonances found previously on thin Gaussian

ridges [4,153]. The instantaneous fields also show that the coupling across the wires

is asymmetric, that is, Hz goes through a zero inside the metal. This explains

why these modes cannot be excited at normal incidence. The symmetry of the

H-fields requires that the E-field on opposite sides of the groove point in opposite

directions, therefore, this mode cannot be coupled to at normal incidence because,

at any instant in time, it is impossible for the incident E-field to match this field

distribution. Away from normal incidence this symmetry is broken and the incident

E-field can match components of the resonant E-field distribution, and thus excite

the mode.

The reduction in frequency as the wires become thinner is expected from the

behaviour of coupled surface plasmons on a thin semi-infinite film. On such a film,

the evanescent field of the normal surface plasmon excited on one interface is able

to excite a second surface plasmon on the opposite interface. These two modes are

degenerate if the adjacent dielectrics are the same. As they become more strongly

coupled, the normal surface plasmon dispersion curve undergoes a splitting into a

high and low frequency branch, which increase and decrease in frequency, respec-

tively, as the film is made thinner [25]. The high frequency branch is associated
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with a symmetric distribution of Hz across the film, while the low frequency branch

has an asymmetric distribution [28]. The fraction of the fields of the symmetric

mode that exist inside the metal, where absorption dominates, reduces as the film is

made thinner, therefore, absorption losses decreases and the resonances propagation

length increases - the long range coupled surface plasmon polariton. The opposite

is true for the asymmetric resonance - the short range coupled surface plasmon po-

lariton [27]. Therefore, as the coupling across the wires is asymmetric, it is expected

that the resonance will redshift in frequency as the wire becomes thinner.

This analysis also corroborates the discussed increase in frequency of the cavity

mode resonance as the groove is widened. Surface plasmons coupled across a di-

electric between two metals behave in the opposite sense to the situation described

above. It is well known for cavity modes that the coupling is symmetric across

the gap, therefore, because the symmetric/asymmetric modes behave in the oppo-

site sense, it is expected that the mode will increase in frequency as the groove is

broadened.

The nature of the low fx standing waves may now be investigated further. We

first examine the spectral dependence of these modes on grating height to ascertain if

they have the 1/h frequency response that would be expected for vertical standing

waves, while taking into account the possibility of dispersion curve anti-crossing

that has been discussed previously. We then proceed with a similar investigation as

carried out by Hooper and Sambles [117], observing the dispersion diagrams of the

structure as the grating height is varied, in order to examine the evolution of these

modes from normal surface plasmon polaritons.

Figure 7.5 gives the dependence of the standing waves on the grating height in

the range 10 nm ≤ h ≤ 1000 nm. The first feature that can be observed is that the

standing waves do not have a true 1/h dependence. At low grating heights there

is an approximate 1/h dependence, however, this dependence does not continue to

zero frequency, as h→∞, because there appears to be a finite limit frequency that

all of the modes tend towards, with the higher frequency modes tending to this limit

more slowly at increasingly larger values of grating height. The field plots of figure
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Figure 7.5: Reflection efficiency response of the grating as a function of both the incident frequency
and grating height, h. The fixed grating parameters are (1 − fx)dx = 225 nm, fxdx = 10 nm
and θ = 4.89◦. The frequency range is the same as in figure 7.1. The height is in the range
10 nm ≤ h ≤ 1000 nm.

7.4 show that, in the vertical direction, there is definite harmonic behaviour between

adjacent resonances, indicating that they have a vertical standing wave character.

This fact, combined with their approximate 1/h dependence for small values of h

(figure 7.5), shows that the resonances behave as vertical standing waves at low

grating height. However, they cannot be true standing waves for all grating heights

because they do not tend to zero frequency as the height tends to infinity.

To address this question it is now important to look at the evolution of the

standing waves from normal surface plasmon modes. To achieve this aim figure 7.6

gives the dispersion diagrams of a grating with wires 6.5 nm wide, grooves 166 nm

wide and varying in heights of h = 40, 80, 160, 320 nm respectively. The dispersion

diagram is calculated by determining the poles of the global scattering matrix, S,

by summing over all its elements.

In Figure 7.6(a) there are two flat banded modes that exist before the light line. If

the wires were thick and very shallow, it would be expected that the surface plasmon

dispersion would not be significantly perturbed. Therefore, the surface plasmon

modes would be expected at very high frequencies - the first band gap would be

expected at λ = 345 nm. However, because the wires are very thin, and at 40 nm

not very shallow, they are causing significant perturbation to the surface plasmon

propagation, and hence their dispersion curves. This is a result of a combination
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Figure 7.6: Poles of the scattering matrix of a silver rectangular grating as a function of both the
incident frequency and in-plane momentum for increasing h. The fixed grating parameters are
dx = 172.5 nm, fxdx = 6.5 nm. The frequency is in the range 0 < ω ≤ 6.28× 1015 rad.s−1, giving
a wavelength range∞ > λ ≥ 300 nm, and the in-plane momentum is in the range 0 ≤ 2kx/kg ≤ 1.
The dotted lines indicates the light line and the first order diffracted line.
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of the wire amplitude no longer being negligible, and hence perturbing the surface

plamon polariton propagation, and then these perturbed modes interacting through

the thin metal wires and result in the opening of large and flat band gaps. Thus,

the kg, 2kg . . . qkg scattered surface plasmon modes have been brought significantly

down in frequency, and have also flattened. This can also be observed in the non-

radiative region where the unscattered mode has been brought down in frequency

by a large amount. Figure 7.6 shows that this modification of the surface plasmon

modes continues to a greater extent, as the grating height is increased further, so

that many flat modes may be observed when h = 320 nm (figure 7.6(d)). This

evolution is almost identical to the evolution of normal surface plasmon modes into

cavity modes on gratings with broad wires [117]. Therefore, this evolution together

with previous field plots (figure 7.4) and the dependence on grating height (figure

7.5), confirms that, at low grating heights, the modes act as vertical standing waves,

which are coupled across the thin wires and thus are localised to each wire, as seen by

the flat banded behaviour. However, as shown in the previous work on gratings with

thick wires, if true cavity modes are formed then this evolution continues such that

the flat bands are displaced down in frequency continuously, as the grating height is

increased, and they tend to zero frequency. This is not the case for standing waves

coupled across the wires as there is a clear finite frequency limit to which all of the

modes tend. Beyond approximately h = 300 nm the lowest frequency mode has

reached this limit, and has formed into a new type of mode, which is no longer flat

banded, and appears to increase in frequency, toward a different limit, as 2kx/kg →

1. In figure 7.6(d) this is the s shaped mode that starts at ω ≈ 2.35× 1015 rad.s−1

when 2kx/kg = 0, and increases in frequency to 4.96×1015 rad.s−1 when 2kx/kg = 1.

As the grating height increases further, the higher order scattered modes shift down

in frequency and also tend to this new mode. This behaviour shows that, at low

grating heights, the normal surface plasmon modes evolve into vertical standing

modes that are coupled across the wires of the grating. However, as the grating

height is increased further, the standing modes then evolve into a new type of

resonance.
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Of course, recalling the discussion in chapter 4, the reduction in frequency of

the dispersion of the normal surface plasmon polariton modes, as the grating is

made deeper, can also be understood through previous work on spoof plasmons

[137–139,156]. This red-shift can be considered as the structure of the metal inducing

plasmonic-like behaviour well away from the true plasma frequency of silver. In the

referenced work, the spoof plasmon modes occur where the light line experiences

anti-crossings with the non-dispersive cavity resonances (which have formed as a

result of the self-coupling of SPPs in the grooves of the structure [117]). In other

words, the red-shift of the SPP occurs due to the self-coupling of SPPs in the grooves

forming cavity resonances, and where these non-dispersive modes anti-cross with the

light line, spoof plasmons are formed. Similar behaviour can be seen in figures 7.6(a)

and 7.6(b), however, the subtle difference in the present work is that the presence

of spoof plasmons is due to the anti-crossing of the light line with non-dispersive

standing wave resonances in the wire, not in the cavities. For the larger gratings

heights, where the new mode has evolved, as can be seen in figures 7.6(c) and 7.6(d),

the anti-crossing is clearly much more complicated.

This new resonance is independent of further increases in grating height, this

implies that, beyond a certain height (h & 300 nm in the present case), the structure

is effectively acting as a multi-layer metal/dielectric structure with each layer being

(effectively) infinitely wide, at least to the lowest order standing wave. The grating

height must be increased further to act this way for the higher order standing waves.

It is possible to investigate whether the grating is indeed behaving as an infinite

multi-layer structure, to the lowest order mode, by comparing the response of this

mode to the theory which has recently been presented describing the behaviour of

truly infinite multi-layer stacks [154].

Figure 7.7 is a plot showing the dependence of the reflection efficiency response

of a multi-layer structure comprising of ten silver layers of thickness, b, in the range

1 nm ≤ b ≤ 50 nm, separated by nine 166 nm air layers. In ref. [154], it was shown

that only the (negative) real part of the permittivity of the silver is important in

the formation of the band pass regions, therefore, the refractive index of the silver
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Figure 7.7: Reflection efficiency response of the multi-layer structure, comprising of ten silver layers
of thickness 1 nm ≤ b ≤ 50 nm separated by nine 166 nm air layers. The black squares are the
limit solutions to equations 7.1 and 7.2. The incident and transmission materials are also air and
the structure is illuminated at normal incidence. The frequency range is the same as in figure 7.6.

layers can be described by n2 =
√
εr = ik2. The refractive index of the air layers is

described by n1, and these layers have a thickness denoted by a. The black squares

are the limit solutions to equations 11 and 12 of ref. [154], which respectively describe

a cosh and a sinh field function in the metal layers matching to a cos standing wave

function in the dielectric layers.

n1 tan
(
n1k
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2

)
= k2 tanh
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k2k

b

2

)
(7.1)

n1 tan
(
n1k

a

2

)
= k2 coth

(
k2k

b

2

)
(7.2)

The incident and transmission materials are also air, and the structure is il-

luminated at normal incidence. The frequency range is 0 × 1015 rad.s−1 < ω ≤

6.28× 1015 rad.s−1 (∞ > λ ≥ 300 nm). The reflectivity response is modelled using

a multi-layer Fresnel calculation.

If the ground plane of the grating being considered is ignored, and the wires

are assumed to be infinitely high, as justified for the lowest order mode when h >

300 nm, then it has the same parameters as the multi-layer metal/dielectric stack,
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Figure 7.8: Poles of the scattering matrix of a silver rectangular grating as a function of both
the incident frequency and wire width for the two extreme values of 2kx/kg. The fixed grating
parameters are (1 − fx)dx = 166 nm and h = 320 nm. The frequency and wire width ranges are
the same as in figure 7.7. The black squares are the limit solutions to equations 7.1 and 7.2.

albeit rotated by 90◦. However, the grating is an infinite structure in the x -direction,

whereas the metal/dielectric stack only consists of ten metal layers because it is not

possible to model an infinite number of layers using a Fresnel calculation. For the

multi-layer stack, the slight deviation of the band edges of the reflectivity response

from the exact solutions (black squares), which occurs at low b, is due to the modelled

metal/dielectric structure being finite, therefore, the standing waves in the cavities

and fields in the metal layers are not able to form standing fields with exactly cos(h)

or sin(h) distribution functions.

From figure 7.6(d) it can be seen that the low frequency limit at 2kx/kg = 0

occurs at ω ≈ 2.35 and the higher frequency limit at 2kx/kg = 1 occurs at ω ≈ 4.96.

These two limits are very close to the limit solutions for the multi-layer stack, shown

in figure 7.7, which, at b(= fxdx) = 6.5 nm, are ω = 2.36 × 1015 rad.s−1 and

ω = 5.46× 1015 rad.s−1. It is hypothesised, therefore, that the two limits observed

in figure 7.6(d), for a rectangular grating with a large amplitude, are equivalent to

the two band edges observed in figure 7.7, for a multi-layer stack. To confirm this

hypothesis figures 7.8(a) and (b) present the equivalent investigation as figure 7.7

(varying the width of the metal layers - wires in this case) at the appropriate values

of in plane momentum, 2kx/kg = 0, 1, respectively.

In figure 7.8(a) the lowest pole represents the behaviour of the new, large grating
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height, mode. The black squares are the solution to equation 7.1. Clearly, the

dependence of the pole on the width of the wires behaves in the same way as the

low frequency band edge of a metal/dielectric stack depends on the thickness of the

metal layers. In figure 7.8(b) it is clear which pole relates to the higher frequency

limit as the other poles all behave in a different manner because the grating height

is not large enough for these higher order standing waves to have evolved into the

new mode. Similarly to the low frequency limit, this pole responds to varying wire

width in the same way as the high frequency band edge of a multi-layer stack.

However, neither the low nor the high frequency limits seen in the grating struc-

ture match the solutions from equations 6.1 and 6.2 exactly. The discrepancy be-

tween the high frequency solution for the multilayer stack and that seen from the

grating structure (figure 7.8(b)) can be understood simply as a result of the fact

that the solution is occuring in the non-radiative region (2kx/kg = 1). This fact

informs us that the wavevector must have an imaginary vertical component such

that ky = iky. As k2
0 = k2

x + k2
y, the imaginary wavevector results in a negative k2

y,

and the frequency of the resonance is lower than expected.

The discrepancy between the low frequency solution and that seen from the

grating structure (figure 7.8(a)) can be understood in a similar manner to the dis-

crepancy of the high frequency solution, in that it is also the result of an imaginary

vertical component of the wavevector. However, the solution occurs in the radiative

region and so the cause of the imaginary wavevector is due to a finite evanescent de-

cay of the incident fields in the vertical direction. It is a highly complex calculation

to determine the vertical component of the wavevector in the cavities of this struc-

ture due to the finite conductivity of the metal, and the narrow wires, leading to

highly coupled cavities. However, the hypothesis can be proven much more simply

in an empirical manner. In figure 7.5, it was shown that a series of modes, which at

low grating heights appear to be standing waves coupled across the grating ridges,

tend to a finite frequency limit as the grating height is increased. At this point

the modes have evolved into the multi-layer modes as described by the solutions to

equations 6.1 and 6.2. Of course this limit frequency, and the grating height at which
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the modes have reached the limit (and hence evolved into the multi-layer modes),

depends on the widths of the ridges and cavities. The height at which the standing

wave modes have evolved into the multi-layer modes gives information about the de-

cay length of the fields in the vertical direction. For example, if figure 7.5 is repeated

for the structure in figure 7.8(a), with the ridge width set at fd = 50 nm, then the

lowest frequency mode has converged to the limit frequency at a grating height of

approximately hlim = 225 nm. Setting this as an approximation for the decay length

of the fields allows an estimation of the magnitude of the vertical wavevector (the

inverse of the decay length) as iky = 1/hlim = i4.44 × 106 m−1. Modifying the

solution of equation 6.1 by iky (as above) gives a value for the expected frequency of

the mode, taking into account an exponential decay of the fields within the cavities,

as ω = 3.99 × 1015 rad.s−1. The actual frequency, as taken from figure 7.8(a), is

ω = 3.98× 1015 rad.s−1. This process can be repeated for any value of fd and the

correct behaviour is observed – the exact and modified solutions converge as fd→ 0

– because the decay length of the fields tends to∞ (the grating height at which the

modes have reached their frequency limit increases), hence iky → 0.

Clearly then, the low and high frequency limits of the new mode presented are

indeed equivalent to the low and high frequency band edges that occur in a multi-

layer metal/dielectric stack. The final question is why does only the low frequency

band edge occur at 2kx/kg = 0, whereas only the high frequency band edge occurs

at 2kx/kg = 1? Figure 6.5 in chapter 6, reproduced here in figure 7.9 for simplicity,

answers this question.

In figure 7.9(a), the field distribution for the high frequency band edge, the fields

in adjacent cavities oscillate out of phase, while in figure 7.9(b), the field distribution

for the low frequency band edge, the fields in adjacent cavities oscillate in phase.

Therefore, the periodicity of the fields that are associated with the high frequency

band edge is half the periodicity of the structure, that is kx = kg/2, while the

periodicity of the fields associated with the low frequency band edge is the same as

the periodicity of the structure, that is kx = kg. Therefore, only the high frequency

edge may exist at 2kx/kg = 1 and may only occur for grazing incidence as expected,
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Figure 7.9: E-fields for an infinite multi-layer structure, comprising of 20 nm silver layers separated
by 150 nm air layers. The incident and transmission materials are also air and the structure is
illuminated at normal incidence. The permittivity of the silver layers are approximated by the
Drude Model, using the parameters defined in the main text, with the imaginary part removed.
The fields are plotted using the solutions to 6.2 (a) and to 6.1 (b), corresponding to the band-edges
of the band-pass region. The solid lines are the cos standing waves in the dielectric, the dashed
lines are the sinh (a) cosh (b) waves in the metal, and the dotted lines show where the dielectric
standing waves would continue if no metal was present. The bold and narrow lines are π out of
phase and the vertical dot-dash lines indicate the effective cavity length.

while the low frequency band edge occurs for kx/kg = 1 and thus can only occur at

2kx/kg = 0 as a result of a kg scattering.

7.3 Conclusions

The electromagnetic response of silver rectangular surface relief gratings with a large

amplitude and narrow wires has been explored. By analysing the dispersion curves

of the system for varying grating heights it has been shown that at moderate grating

heights a family of resonances exist that have much the same character as vertical

standing waves in the grooves of the structure - cavity modes. These well known

cavity resonances have been shown to form from the deformation of the surface

plasmon dispersion curve as the grating height is increased, due to self-coupling of

surface plasmons on either vertical surface across the dielectric in the groove. It has

been shown that the new family of modes presented here, which occur when the wires

are narrow, evolve in a very similar manner, except that they are standing waves

formed by the coupling of surface plasmons, oscillating along the vertical surfaces,

through the metal wires. However, these new vertical standing waves cannot be true
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standing waves as they do not show 1/h behaviour for all large h because they tend

to a finite low frequency limit as h→∞.

It is shown that for very large h a second new mode is formed, which is inde-

pendent of h, by further evolution of the vertical standing waves. By comparing the

behaviour of this new mode with that of infinite multi-layer metal/dielectric struc-

tures, it is shown that this second new mode is equivalent to the resonant states

that may exist on such a multi-layer structure. The severe modification of the sur-

face plasmon dispersion curves, due to large grating heights and very thin wires,

results in the diffractive coupling to the same resonances which occur on multi-layer

structures illuminated at normal incidence. This allows the possibility of diffractive

coupling to these multi-layer resonances when there is an effectively infinite number

of layers - something not possible in either theory or practice using planar multi-layer

structures.

This equivalence is not surprising because the theory of multi-layer stacks states

that it is the matching of evanescent fields inside the metal layers, with standing

waves in the dielectic layers, which determine the resonances the structure can sup-

port. It was mentioned in the Introduction that previous work has also observed

similar band pass regions on multi-layer structures illuminated in an ATR configu-

ration, thereby exciting surface plasmons on the first interface that couple through

the structure [151, 152]. The equivalence presented here, between the resonances

formed by simple illumination of multi-layer stacks and the surface plasmon reso-

nances on narrow wire (and large height) gratings, shows that the resonances formed

on multi-layer stacks illuminated in the ATR configuration, are also equivalent to

the resonances formed by simple illumination of such multi-layer stacks.
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Experimental Verification of the

Particle-Plasmon Mode

8.1 Introduction

I
N CHAPTER 5 THE modelling showed a new type of horizontal resonance on

lamellar gratings. It was also discussed that there has only been one previous

piece of experimental work on this resonance, which did not fully explain the

resonance, and furthermore, did not demonstrate that the resonance exhibits a large

reflection enhancement because that work only analysed the transmission extinction.

The aim of this chapter is to experimentally verify the existence of this mode more

completely, and to demonstrate its reflection enhancement, and therefore, its ability

to act as an inverse wire grid polariser.

8.2 Sample Fabrication

There are three main techniques that have been attempted in the manufacture of

sub-wavelength lamellar gratings in the optical regime, however, only one of which

has been successful. The two unsuccessful techniques will be briefly described later.

The successful technique was a multi-step technique, the first stage was the gener-

ation of a deep continuous grating in a photoresist layer using photo-interference

lithography. The second stage was to evaporate a thin layer of metal, chrome, at

a high angle and parallel to the plane containing the grating vector, such that ad-
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Figure 8.1: Schematic representation of the fabrication method applied in the manufacture of the
lamellar gratings studied experimentally.

jacent peaks shadowed each other, and metal was only deposited on the peaks of

the grating. This process required the photoresist grating to be deep, otherwise

the shadowing effect was not significant enough (and/or could not be achieved at a

steep enough angle) to prevent metal being deposited in the troughs of the structure.

The third stage utilised reactive ion etching, with O2, of the uncovered photoresist

regions, while the metal caps acted as a protective layer for the peaks of the grating,

such that the troughs of the grating were fully etched away to leave channels of bare

substrate, with these channels defining the location of the wires of the final lamellar

grating. A second metal, aluminium, was then evaporated at normal incidence into

these channels, and onto the peaks as well, and finally, the unwanted materials, the

aluminium and chrome on top of the remaining photoresist peaks, was washed away

using a series of solvents to leave only the metal deposited in the channels - the

lamellar grating. This process is summarised schematically in figure 8.1.
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8.2.1 The Photoresist Grating

The first stage in the manufacture of the lamellar gratings was to create a deep

continuous grating in a photoresist layer. This process itself was divided into two

stages, the cleaning of substrates and deposition of the photoresist layer, followed

by the exposure and development of the grating structure using a photo-interference

lithography technique.

8.2.1.1 Substrate Cleaning and Photoresist Spinning

The first stage in the generation of the photoresist grating was to ensure the sub-

strates were as clean as possible. This is because the photoresist was applied using

a spin coating technique, which will only provide a smooth photoresist layer in the

absence of any dust particles or imperfections in the surface of the substrate, if these

are present then gross defects in the quality of the film would be present.

The substrates on which the grating was to be generated were fused-silica (SiO2).

The substrates were cleaned of gross adherent materials by immersing them in nitric

acid in an ultrasonic bath, the agitation aiding material removal, for one hour, before

being rinsed and then carefully cleaned using cotton buds soaked in first acetone

and then isopropanol. One of the sides of the substrate was then painted with a

black paint, for reasons that will be explained in the discussion of the interferometry.

After the paint was allowed to dry, the unpainted surface, on which the photoresist

would be applied, was then drag cleaned using a lens tissues soaked in acetone and

then isopropanol in order to remove any final streaks or dust on the surface.

The spin coating was undertaken in a clean room. The photoresist that was used

was Shipley SPR700, which is sensitive to radiation in the approximate wavelength

range 300 nm ≤ λ ≤ 450 nm, where the interferometry was achieved using a

λ = 325 nm laser. This is a positive photoresist, portions of the photoresist that

are exposed to light become soluble in alkali solutions while unexposed portions are

insoluble, the opposite is true for negative photoresists. It should be noted that the

terms soluble and insoluble are not meant in the absolute sense, the photoresist is

actually always soluble in alkali, it is just that the exposed portions become more
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soluble, such that there is a differential in the dissolving rates, allowing selective

dissolution.

The exact thickness of the spun film is determined by a wide variety of factors, the

most dominant of which are the viscosity of the photoresist and the spin rate at which

it is applied. Factors such as temperature can affect the viscosity of the photoresist,

therefore, the temperature also needs to be controlled. If the photoresist was spun

at 4000 rpm with an undiluted photoresist then the thickness of the resultant film

would be approximately 1.2 µm. This thickness is much greater than that required,

approximately 300 − 400 nm since this is the limit of grating depth that could be

achieved using the interferometry technique. The required thickness of the resulting

film was achieved by diluting the photoresist, with a solvent provided by the same

manufacturer, to a solvent/photoresist ratio of 60/40, and after the required amount

was applied to the substrate surface (following blowing of the substrate with an inert

gas jet), spinning at 4000 rpm for 50 s. The spin time only has to be greater than the

time required for the excess photoresist to be spun from the sample at that specific

viscosity and spin rate, any further time spent has little effect on the resulting film

thickness.

After the application and spinning of the photoresist was complete, the substrates

were kept in a light proof box to prevent unwanted exposure to light. Often, in the

electronics industry where shallow gratings are manufactured, the photoresist is soft-

baked for a short period of time at moderate temperatures ( 50◦C) to evaporate the

remaining photoresist solvent in the film. However, this also reduces the sensitivity

of the photoresist films, which prevents the manufacture of very deep gratings,

therefore, this procedure could not be implemented and the solvent had to be allowed

to evaporate naturally overnight before the interferometry stage.

8.2.1.2 Photo-interference Lithography

In order to create a grating in the photoresist film, the photoresist must be exposed to

periodically spaced light. This has been achieved for many years using two beams of

incident radiation, with equal wavelengths, to create a periodic interference pattern
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Figure 8.2: Schematic diagram of the interferometer system utilised in the photo-lithography of
photoresist gratings.

that is incident on the photoresist [157]. Figure 8.2 shows a schematic representation

of the implemented photo-interference system.

A 325 nm wavelength line from a HeCd laser was used as the incident light.

This was first directed through a sequence of mirrors to achieve a long path length,

which are not shown in the diagram. After travelling through the series of mirrors,

the laser was expanded and then re-collimated, using a short focal length lens (L1)

followed by a longer focal length lens (L2), which are positioned such that their focal

points coincide, allowing the beam diameter to be increased, while still remaining

collimated, to approximately 1 cm2.

Typically, industrial interferometer systems are situated in clean rooms, to pre-

vent dust being present, because dust particles can cause severe non-uniformity in

the photoresist grating due to the diffraction rings they can create. However, an

alternative scheme can be implemented, using two diffusers, so that the system can

be located in a standard optical laboratory. Additionally, the two diffusers create

a more uniform distribution of light over a given area, allowing the grating area

to be increased to approximately 2 cm2. The two diffusers were manufacted by

sand-blasting silica plates and then etching with hydrofluoric acid. This creates a

random pattern of micro-lenses that randomly diffuse the incident beam, the lenses

must be smaller than the expected dust particles otherwise they cannot diffuse the

diffraction pattern generated by the particle.
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The first diffuser (D1) was placed shortly before the mutual focal point between

the two lenses. The first diffuser broke the spatial coherence of any light incident

upon it. For example, if the diffraction rings of a dust particle were present in

the incident beam, the diffuser randomly distributed this pattern over the whole of

the transmitted beam such that the effects of the diffraction rings were averaged

throughout the beam, and therefore, did not appear in the final grating. Thus the

breaking of spatial coherence prevented interference patterns being generated in the

beam, once it has passed the first diffuser, by dust particles anywhere in the system.

This gave a uniform distribution of light over the whole transmitted beam, even in

the presence of dust particles, however, the transmitted beam did contain a random

speckle pattern due to this diffuser.

To remove this speckle pattern, a second diffuser (D2) was placed at the mutual

focal point of the two lenses. This diffuser was then rotated, which created a time

variation in intensity of the speckle pattern (its own and that of the first diffuser).

Therefore, provided the exposure time was sufficiently long, the speckle pattern was

time averaged out of the beam and the beam had a uniform distribution of light

intensity, as required, therefore the grating was also uniform.

Once the beam had passed through the two diffusers, it was split into two sepa-

rate beams, of equal intensity, using a 50 : 50 cube beam splitter manufactured by

Newport Spectra, which consisted of two 45◦ prisms with a dielectric stack designed

to work at specifically 325 nm sandwiched between the two hypotenuses. The sep-

arate beams, which must be split such that they travel at an equal and unvarying

height, were then reflected through a mirror arrangement, as shown in figure 8.2,

and brought back together at the surface of the sample.

The alignment of the beams was crucial in the generation of a uniform inter-

ference pattern. Perfect alignment was when the angle of the sample and mirrors

were such that the separate beams were incident on the sample at exactly equal and

opposite angles from the surface normal of the sample. Thus, each beam, if it were

reflected by the sample, would travel exactly back down the path of the other beam,

recombine at the beam splitter, and travel in the reverse direction back through the
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system to the laser. This could be ensured by temporarily replacing the sample with

a mirror during the alignment, and then replacing the sample afterwards. The long

path length through the series of unshown mirrors can be understood because, the

location of the reflected beam at the laser was used to ensure optimal alignment.

In an optimal set-up, the reflected beam should travel back down the exit aperture

of the laser, and therefore, a longer total optical path length ensured better alig-

ment because smaller inaccuracies in alignment were tolerated before the reflected

beam did not achieve this feat. The two path lengths between the beam splitter

and the sample surface were engineered to be as close as possible because of the

limited coherence length of the HeCd laser. After careful alignment of the system

such that the two beams are incident from, as close as possible to, exactly opposite

directions on the sample, the period of the interference pattern, λg, on the surface

of the sample was defined from the incident angle, θ, by

2λg sin(θ) = λ0 (8.1)

where λ0 = 325 nm is the wavelength of the incident light. Therefore, the min-

imum theoretical period, obtained at grazing incidence, is 162.5 nm, however, this

is not possible in practice and the minimum periods achieved were approximately

170 nm.

Subsequent to careful alignment, the sampled was placed back in position, with

the photoresist side facing the incident beams. The black paint can now be under-

stood to prevent reflections from the rear surface of the substrate, which can cause

standing waves in the direction of the surface normal that can affect the formation

of the desired interference pattern.

The depth of the grating is then determined by two factors. First the amount

of energy that the exposed sections of the photoresist absorbs; the more energy

absorbed, the quicker the dissolution in the developer. Secondly, the concentration of

the developer solution; the more concentrated the solution the faster the dissolution

rate - for both the unexposed and exposed areas. To create deep gratings, a very high
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differential between the etch rates of the unexposed and exposed areas is desireable,

therefore, long exposure times, to give large amounts of absorbed energy, and weak

developer concentrations are required. However, both the exposure and development

processes are highly non-linear, therefore, it is not as straightforward as linearly

increasing the exposure time and diluting the developer. Furthermore, the exposure

time is also dependent on the required period of the grating. This can be understood

for two reasons, both relating to the large angles of incidence required, see equation

8.1. Firstly, at oblique angles of incidence, a smaller proportion of the beam is

incident on the surface of the sample, effectively the centre of the beam is spread over

the whole sample, as opposed to the whole beam illuminating the sample, therefore,

there is a smaller energy density at the sample surface. Secondly, the reflection

coefficient of the surface of the sample is larger at more oblique angles of incidence.

Both of these factors contribute to the energy density on the surface of the sample,

the exposure energy per unit time, being less than at shallow angles of incidence, i.e.

for large grating periods. Therefore, shorter period gratings require longer exposure

times to absorb the required amount of energy. The exposure times and developer

concentrations were determined iteratively, with typical exposure times for short

period gratings (λg . 200 nm) being 1 hr.

The developer that was used was simply a dilute concentration of NaOH, Shipley

provide their own developer, but it was found to work no better. The concentration

used was 0.7−1.0 % w/v, and typical development times were 2 s, with the immer-

sion done by hand. After development, the samples were washed in de-ionised water

to quench the development reaction and wash away the developer solution, followed

by drying with an inert gas jet. Typical depths achieved for gratings with periods

170 nm− 250 nm were of the order 150 nm−200 nm. This technique has typically

been used to create shallow gratings with a sinusoidal profile, although the non-

linearity of the development process required to achieve deep gratings meant that

the profile was not sinusoidal. The profile shape was unimportant in the fabrication

process as the peaks were only being used to provide shadowing during angled evap-

orations, however, as will be discussed in more detail later, the high non-linearity
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Figure 8.3: Schematic diagram of the vacuum deposition equipment used to deposit the chrome,
and later the aluminium, onto the sample. The angle of evaporation is denoted by θevap, and the
thickness of metal deposited is denoted hevap, given by the quartz crystal thickness monitor.

of the process meant that the macroscopic uniformity of the gratings were poor, for

example, in scanning electron microscope (SEM) images of the gratings, the peaks

of the grating varied visibly in both height and width [158].

8.2.2 Angled Evaporation of Chrome

The deposition of metal onto only the peaks of the grating, which would then act as

a mask for the reaction ion etching (RIE), was achieved using thermal evaporation

at a large angle of incidence. A schematic of the evaporation chamber is shown in

figure 8.3. The angle of evaporation is defined by θevap and the thickness of metal

deposited is denoted hevap, given by the quartz crystal thickness monitor.

A metal was chosen as the RIE mask because it is straightforward to find a gas

chemistry that will etch photoresist and not metal. The metal to be used as a mask

was chosen to be chrome because the nucleation kinetics of this material are known

to be such that the deposited metal is relatively stationary, whereas other metals, e.g.

silver, are know to be more mobile upon contact with the surface of the photoresist,

and so the shadowing effect of adjacent peaks would not be as effective. Furthermore,
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chrome does not oxidise too readily, a fact that is important for the RIE. The chrome

was placed in the molybdenum boat, which had a large current passed through it

causing it to increase to very high temperatures and melt the chrome. The chrome

then evaporated isotropically. The sample was orientated such that the plane that

contained the evaporation direction, shown in figure 8.3, also contained the grating

vector. In other words, the evaporation occurred perpendicularly across the long

axis of the ridges of the grating, in order to allow shadowing to occur. The rate of

deposition was controlled by the current passed through the boat, and measured,

along with the deposited film thickness, by the quartz crystal. Before a current

was passed through the boat and evaporation could take place, the chamber was

reduced in pressure to 5× 10−7 mtorr. The vacuum was achieved using a two-stage

pumping system. First a rotary pump reduced the pressure to 1× 10−3 mtorr, this

then allowed a turbo-pump to be switched on that reduced the pressure to the final

value. Only a small amount of chrome was placed inside the boat so that the melted

chrome was a small volume and could be assumed to be a point source that emitted

chrome atoms isotropically in the upwards directions. The sample mount was then

placed as far as possible from the boat such that the isotropically emitted chrome

atoms approximated a plane wave and variation in the thickness of the film across

the sample was minimised.

The sample mount was able to rotate about an axis (in and out of the page),

such that the angle of evaporation could be varied. By varying the angle of incidence

the fraction of the peaks that would be shadowed could be varied, the larger the

angle of incidence the thinner the metal wires that were deposited on the peaks of

the grating. The wires masked the RIE, and therefore, allowed the creation of the

channels in which the final deposition of the wires of the lamellar grating occurred.

These wires thus defined the slits of the resulting lamellar grating. Larger angles

of incidence created narrower wire masks, and hence slits, and resulted in a larger

mark-to-space ratio of the final lamellar grating.

In theory, the width of the mask, and hence resulting mark-to-space ratio, could

also be determined by the thickness of metal deposited; a larger amount deposited
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Figure 8.4: Schematic diagram of the Reactive Ion Etching system.

results in a wider mask, and in turn, thinner wires in the final grating. However,

this was not a very practicable technique because, if not enough metal was deposited

then the mask would be porous, whereas, if too much was deposited, the mask would

not be stable. The angle of incidence and mask thickness were also determined

iteratively, with the grating period having to be taken into account.

8.2.3 Reactive Ion Etching

Once the metal strips across the top of each peak of the grating structure, which

were to act as etch masks for the RIE, had been deposited, the next stage was to

etch the unmasked areas of photoresist. A schematic of the RIE system is shown in

figure 8.4.

Reactive ion etching is closely related to ion bombardment (sputtering). In

ion bombardment a vacuum is first created inside the vacuum chamber, then a

gas is slowly introduced to the chamber, while keeping the pressure relatively low

( 100 mtorr) (using a rotary pump) so that the atmosphere in the chamber consists

of only a pure gas, or an exact mixture if more than one gas species is to be used.
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Once the appropriate gas is being flowed into the chamber, and the pressure has

equalised at the desired value, the electrodes are used to apply RF radiation to

the gas inside the chamber. This RF radiation ionises the gas molecules to create a

plasma. A d.c. bias is applied to the electrodes such that the negatively charged ions

are attracted down to the anode, upon which the sample is placed. In a sputtering

system, these ions then etch the sample by knocking atoms or molecules from its

surface due to the transfer of kinetic energy from the ions.

A RIE system goes a step further, by choosing a gas species that, when ionised,

will react with the substance to be etched. Provided all of the products are gaseous

at the system pressure and temperature so that they will be removed by the vacuum

system, then the sample can be chemically etched. Clearly then a RIE process is

actually a combination of sputtering and chemical etching. The relative effect of each

process can be tailored by varying the RF power and the gas pressure. Increasing the

power (for constant d.c. bias) increases the number of ions produced and so increases

the etch rate of both processes, while the potential difference across the chamber

could also be increased, thereby increasing sputtering because the ions are imparted

with more kinetic energy. Decreasing the pressure also increases the sputtering

etch rate because the ions have a larger mean free path and so retain more kinetic

energy at the sample. This might suggest that the sputtering etch rate is going

dominate, however, this is not the case because the probability of an ion knocking

an atom/molecule from the sample is generally much less than the probability of

the chemical reaction occurring. Therefore, for all but the very lowest pressures, or

inert gas species, the chemical etch rate is much greater. This is advantageous as it

allows more selective etching, furthermore, the displacement of solid molecules by

sputtering can cause re-deposition in unwanted areas, whereas the gas products of

the chemical etch are completely removed. The advantage of RIE over simple wet

etching is apparent, the directionality induced in the ions produces an anisotropic

etch, in the vertical direction, rather than an isotropic etch as for wet etching, which

is clearly important when trying to produce structures with vertical walls.

In the present fabrication process it was desired to use a chemical species that
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would react with the organic compounds that comprise the photoresist, but not

with the chrome metal being used as an etch mask. The lack of chrome oxidation,

and the fact that organic compounds are highly reactive with oxygen ions meant

that oxygen was a suitable, and easily available, etch gas. The parameters used in

the etch process, determined iteratively, were: pressure, p = 90 mtorr, RF power,

P = 100 W , DC bias on the RF, V = −500 V , and an oxygen flow rate of fl =

2 cc.min−1. This gave an etch rate of approximately r = 100 nm.min−1. Therefore,

as it was only required that channels were etched by the complete removal of the

photoresist where the troughs of the grating were located, which could not be any

higher than 400 nm, an etch time of 4− 5 min was implemented.

8.2.4 Final Evaporation and Removal of Unwanted

Materials

Subsequent to the RIE stage, the structure for which the wires of the lamellar grating

were to be evaporated into had been fully fabricated. A second evaporation then

took place, this time at normal incidence (θevap = 0◦), and the metal that was to

comprise the final lamellar grating was evaporated into these channels. Ideally it

was desired to manufacture a lamellar grating consisting of silver wires because, due

to its permittivity, this metal gave the sharpest reflection enhancement resonance.

Unfortunately, the adhesion between silver and the substrate was not very strong,

therefore, the process required to wash away the remaining photoresist and unwanted

metal caps also washed away the evaporated silver. A variety of techniques were

attempted to overcome this. First, a thin chrome layer was evaporated into the

channels before the silver wires, because chrome is known to aid this adhesion.

However, because the silver wires were also to be very thin such that the chrome

layer was a large fraction of the total height of the wires, the chrome had a significant

detrimental effect on the resonance, making this an unsuitable technique. A second

method was to use a thiol compound (dithiodipropionic acid), which, due to the

application process, had to be applied prior to the photoresist spinning. However,

this meant that it was subjected to the RIE, and because this compound was organic,
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was also etched away by the RIE and therefore, none remained to aid the silver

adhesion. For these reasons, silver could not be used as the wires of the lamellar

grating, and therefore, the next best metal (in terms of its permittivity giving a

sharp resonance) aluminium was used. This had no problems with adhesion to the

silica substrate.

Once the aluminium had been evaporated, the unwanted materials were washed

away. This was achieved by simple dissolution of the photoresist since all unwanted

material was on top of this, so, removing this removed all that was unwanted.

However, the removal of the photoresist regions also proved troublesome. Initially it

was attempted to use the photoresist solvent and acetone to remove the photoresist

regions. However, this had no effect on the photoresist because, in the process of

the evaporations and RIE, the samples had been exposed to very high temperatures,

therefore, the photoresist had become hard baked. Hard baked photoresist can be

notoriously difficult to remove, whereas soft baked, or unbaked, photoresist is easily

dissolved by acetone. In order to dissolve the hard baked photoresist a series of

solvents had to be implemented. First the samples were placed in acetone for several

hours, at a temperature of 50◦C (just below its boiling point) and agitated in an

ultrasonic bath to maximise the solution rate. Then the process was repeated with a

compound called N-Methylpyrrolidone (NMP), which is the base of most photoresist

solvents. Finally, the process was repeated again with acetone. The samples were

then washed with de-ionised water and dried with inert gas jets. After these three

dissolution techniques the hard baked photoresist had been removed, along with the

unwanted regions of metal, to leave only the aluminium wires which comprised the

lamellar grating.

8.3 Measurement of the Optical Response of the

Structures

The optical response of the resulting structures was measured using a monochro-

mator and rotating table system. The output beam from the monochromator had
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Figure 8.5: Schematic diagram of the system used to measure the wavelength dependent reflection
and transmission of the samples. The polariser allows selection of the incident polarisation.

a spectral width of approximately 0.5 nm and encompassed a wavelength range of

350 nm ≤ λ ≤ 850 nm. Typically the white light source provided a very low inten-

sity of wavelengths below 400 nm and the measurements avoid this portion of the

wavelength range because it, therefore, had a very high noise content. A schematic

of the entire system is provided in figure 8.5, which shows that the measurement

photo-multiplier detector can be placed to record either reflected or transmitted

light.

After leaving the monochromator, the light passed though a small, but non-

diffracting, aperture in order to remove any scatter by spatially filtering the beam.

The beam then passed through a rotating chopper operating at approximately

1.3 kHz. The resultant modulated signal was recovered from the two photode-

tectors using phase sensitive detectors.

The light then passed through a polariser to allow the selection of different polar-

isation states. In the investigations presented here only pure TE or TM is utilised.

A second aperture was then placed after the polariser to remove any scattering due

to the polariser and edges of the rotating chopper. After this the light beam was

then split by a beam splitter with some of the beam being reflected to the reference

detector, while the remaining light was transmitted to the sample. The detectors

were highly sensitive photomultiplier tubes.

The sample was placed on a rotating table and was carefully aligned so that the

surface normal was exactly parallel to the incident beam, and the axis of rotation of

the table was in the plane of the surface of the sample. This allowed the variation of
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Figure 8.6: SEM image of a lamellar aluminium grating fabricated by the manufacturing process
described in the present chapter.

the incident polar angle θ with the location of the beam on the sample being constant

as the table rotated. The specularly reflected beam (or transmitted depending on

detector position) was then measured by the second detector. Careful alignment

of the system such that maximum signal intensities were achieved allowed a good

signal-to-noise ratio, typically random fluctuations due to noise were of the order of

1− 5 %.

Systematic fluctuations in intensity, for example due to uncontrollable varia-

tions in the current passing through the light source, were accounted for by di-

viding the measured signal by the reference signal. Further, the absolute reflec-

tion/transmission efficiencies were obtained by normalising the response of the struc-

ture to that of a measurement taken when no sample was present. This enabled the

determination of the optical response of the structure as a function of both the

incident polar angle and the incident wavelength.

8.4 Results and Discussions

In figure 8.6 an SEM image of a lamellar grating, fabricated using the process

described above, is presented.

The most obvious feature of the lamellar grating is that the widths of the wires

is rather variable. Furthermore, the period of the grating is also rather variable as
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a result of this, although variations in the wire width are more significant. There

are also variations in the slit widths, but these are less significant. The average

“straightness” of the wires is quite good over large distances.

It was discussed previously that this fabrication technique required the devel-

opment of deep photoresist gratings, and that the manufacturing process required

to develop such deep gratings was highly non-linear, leading to variations in the

width and height of the peaks of the grating. However, these variation were signifi-

cantly smaller than the variations of wire width and period apparent in the lamellar

grating. In addition, the period of the photoresist grating was very consistent, re-

gardless of local variations in peak height and width. The variations in the wire and

slit widths, and the period, is a result of the shadowing technique. When each peak

is used to shadow the evaporation onto the adjacent peak, then small variations in

the height of the peak, when transformed into the plane defined by the apexes of

the peaks of the grating, will result in much larger variations in the width of the

metal that is deposited across the top of the adjacent peak. This then results in the

RIE mask having a large variation in width, so the channels that are etched have a

large variation in width, and therefore, the wires of the lamellar grating, which are

evaporated into these channels, also have a large variation in width. Furthermore,

variations in the height of the peak being evaporated on to will also affect the width

of the metal evaporated onto it, therefore, the combination of these two effects leads

to variation of both the wire/slit width and the period, even though the distance

between adjacent peaks does not vary. It is this amplification of the variations of the

photoresist grating due to non-linearity, during the angled evaporation process, that

is the cause of the significant variations in the wire and slit widths and period of the

resulting lamellar grating. Of course, there must also have been some mobility of

the chrome atoms on the surface of the grating before they condensed, which must

also have affected the width of the chrome layers. However, it was assumed that this

is very small (relative to the wire width variations), due to the known nucleation

kinetics of chrome, but more importantly, that this will be largely uniform across

the sample, and can therefore not have caused the local variations.
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This amplification effect also limited the angles that could be used for the shad-

owing evaporation. Of course, the depth of the photoresist grating placed a limit

on the angled evaporation, with shallower gratings requiring steeper angles to give

a specific mark-to-space ratio for a given period. If a section of one peak happens

to have been etched slightly less by the developer solution, such that it is a little

higher than it should be, then this results in a narrower part of the adjacent peak

having metal evaporated onto it. If the increase in height is sufficient then metal

will not be deposited at all on the adjacent peak and no RIE mask will be present.

This will result in channels being etched that link together, thus in this section of

the wire, the resulting lamellar grating will have a wire width that is 100 % of the

period of the grating such that adjacent wires are connected. The opposite is true

if the peak is too low and metal is deposited in the troughs as well, the resultant

lamellar grating will have an absence of wire at this point. These defects would be

extremely detrimental to the behaviour of the lamellar grating, in particular, to the

reflection resonances observed, which are highly sensitive to wire width. Therefore,

the variations in photoresist grating height reduces the range of angles that the

shadowing process can utilise, and thus, the resulting mark-to-space ratio that is

possible to fabricate is significantly limited.

The non-linearity of the development stage also caused issues with the repro-

ducibility of samples. The short period of time over which the development had to

occur (∼ 2 s), and the manual nature of the process, meant that small, unavoidable,

differences in the amount of time that each sample was immersed in the development

resulted in a slightly different level of development for each sample. Therefore, the

profile of the photoresist grating did not only have small local variations throughout

each sample, but the profile of separate samples, that were exposed and developed

in a nominally identical manner, also had gross differences between them. Clearly,

in addition to the local variations of a given sample, these gross differences in grat-

ing profile between samples caused gross differences in the shadowing effect of the

angled evaporation, and therefore, in the average wire and slit width of the resulting

lamellar grating. For this reason, two samples that were fabricated in a supposedly
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identical manner would usually not result in identical lamellar gratings. Therefore,

it was not possible to empirically formulate an exact fabrication scheme, where a

given set of fabrication parameters would result in a lamellar grating with a given

set of geometrical parameters, because it was almost impossible to predetermine the

exact parameters of the final lamellar grating.

8.4.1 Alternative Fabrication Techniques

In order to try to eliminate the variation in wire width apparent in the SEM image,

alternative fabrication techniques were attempted.

The first was to simply evaporate a thin layer of the desired metal onto a sub-

strate, spin photoresist and develop a grating on top of this metal film. Then care-

fully RIE the grating to expose the metal below where the troughs were located,

but not etch away the peaks. This was then followed by wet chemical etching of

the exposed metal regions, and washing away of the photoresist to leave a lamellar

grating. Unfortunately this process was not viable because the surface tension of

the chemical used to etch the metal (usually acids because alkalis also etched the

photoresist) was too great to allow etching of such small features.

The second alternative method was a more complicated variation of the successful

technique. First a thick layer of organic material (photoresist was convenient) was

spun on to a substrate, followed by the deposition of a thin barrier layer. Then

a further layer of photoresist was spun on top of this structure and a photoresist

grating was developed. The structure was then placed in the RIE, and by careful

selection of the gas species used in the etching, first the photoresist layer could

be etched to expose the barrier layer at the troughs, then the barrier layer was

etched, finally the underlying photoresist layer was etched, while being masked by

the barrier layer to create the desired channels. The process then followed the above

paradigm – the evaporation of metal into the channels and dissolution of unwanted

materials. A schematic diagram of this alternative fabrication technique is given in

figure 8.7, the parentheses give the most viable barrier layer found (silicon) along

with the required gas chemistry for the reactive ion etch.
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Figure 8.7: Schematic representation of the alternative fabrication method attempted in the man-
ufacture of lamellar gratings.

It was thought that the non-linearity associated with the grating development

would not be as significant using this technique for two reasons. First, the absence of

the shadowed evaporation stage meant that the grating did not need to be as deep,

thereby reducing the effects of non-linearity that are apparent in the development

of deep gratings. Secondly, only variations in the thickness of the grating at the

barrier layer would have an effect, whereas, the shadowing technique amplified the

non-linearity variations due to the sensitivity to grating height and width, and the

steep angles required.

Unfortunately a suitable barrier layer could not be found. Metals could not be

used as no gas chemistry could be found that would selectively etch a thin metal

layer while not etching the photoresist. This was because, even if the chemical etch

of the metal should not have affected the photoresist, the etch rate was always very

slow, and so the photoresist layer was etched to too great an extent through ion

bombardment, and removed from the structure before the barrier layer was etched

through. Dielectrics were then attempted, the most successful of which was silicon

(as shown in figure 8.7), where a careful combination of CHF3 and O2 gases could

etch both the thin barrier layer and photoresist at an approximately equal rate such

that, provided the barrier layer was thin enough, the underlying photoresist could be
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exposed without etching away the overlying photoresist and barrier layer completely.

However, the deposition of silicon, which was achieved using thermal evaporation,

meant that the surface of the silicon barrier layer was always slightly rough, this in

turn meant that it was not possible to spin a smooth photoresist layer on top of it,

and therefore, a suitable grating could not be developed on top of the structure.

8.4.2 Experimental Results

In the manufacture of the gratings used for study, several factors needed to be

considered when deciding upon the geometrical parameters. As was discussed in

chapter 5, the particle plasmon-like resonance red-shifts with increasing wire width

and decreasing grating height. However, it was also mentioned above that the

resonance, for a given grating geometry, is at a higher frequency for aluminium than

for silver. Therefore, as aluminium must be used, it was preferable to have very

wide and shallow wires in order to be able to ensure that the resonance occurred

within measurable frequencies. The nucleation kinetics of thermally evaporated

aluminium are such that isolated islands are initially formed, and as more metal is

deposited, these islands gradually expand until they meet and a continuous film is

formed. This effect can be minimised by evaporating very slowly, however, there was

a practical limit as to how slow the evaporation could occur. Further, the grating

cannot be made too thin or the film will not be continuous since these islands will not

have completely connected. With this in mind, a grating height of approximately

h = 15 nm was chosen.

It was straightforward to make very wide wires, simply by increasing the period

of the photoresist grating. However, by utilising a long period, diffraction affects

the results, which, particularly if it occurs near the reflection resonance, can make

interpretation difficult. This could be reduced to minimal levels by using a very long

period such that, although diffraction would be present, the diffraction efficiencies

would be small provided the wires were relatively narrow. However, this then makes

the wires either too wide such that the resonance is below the lowest frequency

measurable, or, if a small mark-to-space ratio is used, the reflection enhancement is

273



Chapter 8

quite small and broad. The best structure had as long as period as possible, while

still being non-diffractive, with as wide a wires as possible, provided, from chapter 5,

the slits were not too narrow or adjacent wires would interact. If the lamellar grating

was free standing, then at normal incidence (this is the only incidence required

because the resonance is non-dispersive, and larger angles of incidence may introduce

diffraction), a period of 400 nm would fit the requirements. However, the lamellar

grating had to be fabricated on the silica substrates, which have a refractive index

of ns = 1.46 in the optical regime [159]. Then, with a 400 nm grating, this results

in diffraction in the substrate. To avoid this, the period had to be reduced to d ≤

400 nm/1.46 = 274 nm. Although diffraction would only occur in the transmited

beam, this effect would still be apparent in the specularly reflected beam due to the

extra loss channel as energy is redistributed into the diffracted order. Therefore,

the gratings were fabricated with a period as close to this value as possible, without

exceeding it, and with a slit width as small as possible, but never lower than 30 nm.

From the discussion above, this was not possible to engineer accurately due to the

variations in the wire width, therefore, the angle of evaporation was such that the

wires were as wide as possible, without the possibility of the minimum slit width

dropping below this value due to these variations. The optimum parameters for the

angled evaporation were determined to be θevap = 85◦ and hevap = 40 nm.

Figure 8.8 presents the TM (a) and TE (b) transmission and reflection efficiences

for the lamellar grating shown in figure 8.6. There is a broad reflection enhancement

(transmission inhibition) resonance, in the TM data, at approximately λ = 450 nm,

where, from simple effective medium arguments, it is expected that the reflection

efficiency should be decreasing (similarly to the TE data) due to the aluminium

becoming less absorbing at higher frequencies. The measurements were made at a

shallow angle of incidence (θ = 5◦) such that the reflection measurement could be

made. From chapter 5, for a silver grating with similar parameters, the reflection

resonance is expected to be sharper, due to the lower absorption of silver, and at

longer wavelengths than for aluminium. This is indeed the case for the results pre-

sented here given the approximate geometrical parameters. In order to conclusively
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Figure 8.8: Wavelength dependent reflection and transmission efficiencies of the lamellar grating
shown in figure 8.6 in the classical mount and with an incidence angle of θ = 5◦, for (a) TE
polarisation and (b) TM polarisation.

demonstrate that this reflection enhancement is in fact due to the particle plasmon-

like resonance discussed in chapter 5, the optical response of this structure need be

theoretically modelled. However, this raises some significant issues.

8.4.3 Theoretical Modelling of Lamellar Gratings

When browsing through many of the references highlighted in chapter 4, it becomes

abundantly clear that the theoretical modelling of the electromagnetic response of

real lamellar grating structures often provides a poor comparison with experimental

results. Although these discrepancies tend to be minimal for the longer wavelength

regimes, particularly microwave, they become more significant at higher frequencies,

such as infra-red, and indeed, these discrepancies become even more apparent when

lamellar gratings are fabricated and analysed in the optical regime [1,2,160]. There

are many factors presented as explanations for these discrepancies. The major ar-

guments are as follows. First, many structures, such as those presented here, are

manufactured using complicated techniques that do not give particularly straight

wires with constant mark-to-space ratios. This variability will naturally introduce

discrepancies between experimental results and theoretical modelling, which assumes

infinitely long and straight wires with an exactly rectangular cross-section. With
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Figure 8.9: SEM image of a thick silver lamellar grating fabricated using a focused ion beam
system.

the advent of better manufacturing techniques, such as focused ion beam techniques,

structures that are much closer to the geometrical ideal may be fabricated, although

only over small areas.

As an example, a silver lamellar grating manufactured using a FIB system is

presented in figure 8.9. Note the much smaller variations in the wire width than

the grating fabricated using the paradigm discussed previously, however, there are

cross links present due to temporal variations in the ion beam intensity and the

upper surface of the wires are quite rounded. Furthermore, this sample was only

approximately 1 mm2 yet took over 35 hours to produce. The monochromator beam

spot was typically slightly bigger than 1 mm2, which meant that measurements made

on this structure would not correspond to an infinite array because homogeneous

parts of the surrounding film were also sampled. Therefore, what has been gained

in wire straightness is lost in both the increased roundness of the wires, the cross-

linking, and the small array size.

The discussion of focused ion beam fabrication techniques has highlighted an-

other aspect of real lamellar structures that produces discrepancies with theoretical

modelling – the wires do not have an exactly rectangular cross-section due to the

roundness of their upper surface. However, this could be approximated in the mod-

elling using several grating layers, each with a slightly smaller wire width, in a

manner analogous to the use of modal methods to approximate continuous profile
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gratings discussed in chapter 3. A more problematic reason for the discrepancies

is that the metal is often deposited by thermal evaporation, as is the case in the

structures presented here, and due to the nucleation kinetics described above, the

surface of the wires cannot be assumed to be perfectly planar, unless the wires are

very thick. This is not easy to approximate in a theoretical model.

Another cause of the discrepancies between modelling and data is that the val-

ues for the permittivity of the metal wires that is used in the modelling may be

inappropriate. It was discussed in chapter 5 that the permittivity of a bulk metal,

particularly its imaginary part, is modified significantly when a surface is present,

due to the reduction of the mean free path of the electrons as a result of surface

scattering, as in the case of thin metal films. In lamellar grating structures, this

effect is going to be even more important as a result of the extra surfaces introduced

on the walls of the metal wires. Furthermore, the permittivity of the metal is go-

ing to vary as the height and the width of the wires are modified because changes

in these parameters will change the amount of surface scattering. Therefore, it is

very difficult to accurately quantify the permittivity of the metal of any particular

lamellar grating. In addition, the variation in wire width of the present structures

mean that the permittivity will not only change for each different structure, but also

throughout each individual sample.

All of these factors can have a significant effect on the optical response of a

structure in relation to the idealised structures that are modelled theoretically. Some

of these factors cannot be approximated at all, while the others would require a large

number of variables to be considered in any quantitative fitting algorithm. This

makes it is almost impossible to accurately fit experimental data with theoretical

modelling.

As an example of the poor comparison between experimental and modelled data,

figure 8.10 shows the TM reflectivity results of the same investigation as in figure

8.8, except for the structure fabricated using the FIB system shown in figure 8.9.

Although the comparison between modelled and experimental data is superior

to the comparison between the modelled data and experimental results of the large
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Figure 8.10: Wavelength dependent TM reflection efficiency of the lamellar grating shown in figure
8.9 in the classical mount and with an incidence angle of θ = 5◦.

area lamellar grating produced using the fabrication paradigm presented above (see

figures 8.13 and 8.14 below), the comparison is still not particularly good, and not

good enough to make good quantitative conclusions from. The fact that the FIB

produced samples would not lead to good quantitative conclusions, therefore its

use would only lead to slightly better results, and not allow the transition from

qualitative to quantitative conclusions, and because the technique that was utilised

created considerably larger array sizes ( 2 cm2), bearing in mind the desire to de-

velop commercially useful techniques, the FIB system was not utilised further as a

manufacturing technique.

For these reasons, although effort will be made to compensate for the discrepan-

cies between the real samples and idealised stuctures, the modelling will largely look

to qualitatively prove the nature of the observed reflection enhancement response,

rather than to make a quantitative analysis of the structure and its optical response.

8.4.4 Analysis of Results

Assuming no systematic errors, and negligible random errors, in the evaporation of

the metal wires, then the height of the grating can be fixed at the value given by the

quartz crystal thickness monitor. This sets the height of the grating shown in figure

8.6 at h = 15.0 nm. Of course, as described above, the upper surface of the wires
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Figure 8.11: The modification of the SEM image of the lamellar grating (figure 8.6 such that the
white regions denote areas of metal and the black regions the slits.

may not be perfectly smooth. Furthermore, the height of the grating is probably not

going to be exactly 15 nm throughout the sample, local and/or global variations of

the order of 1− 2 nm would not be unexpected, therefore, the average height may

also vary by up to this much. This height variation leads to both geometric errors

in the model used as well as permittivity inaccuracies.

The quantification of the widths of the wires and slits, and hence period, is not so

straightforward. For the SEM image these vary considerably, therefore, some average

values need to be estimated. This was achieved using some statistical analysis on

the SEM image itself. First the image was rotated carefully until the wires were

as close to vertical as possible. Then a threshold filter was applied to transform

the image from a greyscale plot into a black and white one, with the white pixels

representing areas of metal. The threshold value was chosen by carefully varying

this value until the width of the wires (the white areas) matched the thickness of

the wires in the SEM image as accurately as possible. Any remaining noise, in the

form of small speckles of colour in incorrect places, for example, small black spots in

the white regions, and vice-versa, was then removed by hand. This process resulted

in the black and white picture presented in figure 8.11.

The resulting image was then saved as a text image, that is, a matrix of numbers,

where each number represented a greyscale value for the pixel in that location.
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Of course, the numbers were either 0 or 255 in this case (the image was an 8-

bit greyscale) because they were either white or black. A short algorithm was

then written to analyse the wire and slit width for each horizontal line in this

image. This essentially worked by counting the pixels in each continuous portion

of colour, thereby producing the number of pixels that comprised each slit and

wire in the horizontal direction. Once all these values were recorded, a calibration

factor was calculated from the calibration bar shown in the SEM image. This

represents 1 µm, and covers 213 pixels, therefore, each pixel represents a distance

of p = 1 µm/213, such that, the thickness of each wire and slit measurement could

be found by multiplying the number of pixels by the calibration factor p. Finally,

statistical analysis on these measurements could be implemented to try and quantify

the wire and slit widths. Figure 8.12 presents a normalised histogram for the full

set of measurements for both the wire (a) and the slit (b) widths. These histograms

were calculated such that the number of divisions was the same as the number of

distinct pixel measurements, i.e. if the results varied from 25 pixels to 35 pixels, then

11 divisions were used, this removed any undesired averaging which would occur if

several distinct measurements were placed in one division. The histograms were

calculated using the hist function of R: A Language and Environment for Statistical

Computing [161].

The mean slit and wire widths can also be calculated from these results, and are

found to be fxdx = p× 39.6474 = 186 nm and (1− fx)dx = p× 13.33648 = 64 nm,

giving a period of dx = 250 nm, just below the maximum desired value, with

a mark-to-space ratio of fx = 0.744. Using these parameters, the experimental

results could be modelled. The resulting TM reflection and transmission efficiency

plots are shown in figure 8.13, along with the experimental results for comparison.

As usual the permittivity of the silver is approximated by the Drude Model with

ωp = 1.32 × 1016 s−1 and τD = 1.45 × 1014 s. However, as discussed above, the

periodicity of the structure would also have affected the permittivity because of

extra surface scattering, and therefore, it is not expected that the permittivity used

was exactly correct.
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Figure 8.12: Normalised histograms of the wire (a) and slit (b) widths of the sample shown in
figure 8.6 utilising the intermediary image shown in figure 8.11.
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Figure 8.13: Wavelength dependent TM reflection and transmission efficiencies of the lamellar
grating shown in figure 8.6 in the classical mount and with an incidence angle of θ = 5◦. The black
lines are experimental data while the blue lines are modelled.
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Comparing the plots of the experimental results with the theoretical modelling

it is clear that, as expected, they do not agree terribly well from a quantitative point

of view. This is going to be a result of the reasons discussed in previous section.

However, it may be possible to try to model the variability in the wire and slit

widths. The histograms of the wire and slit widths are crucial to this treatment.

To model the variation in just the wire width, for a given slit width, is quite

simple. First, a model must be calculated for each of the different wire widths given

by the histogram, then each resulting data set can be normalised by multiplying each

data set by its corresponding probability density value, as given by the normalised

histogram. Then, by summing all the data sets together, a plot can be produced

which fully takes into account the variations in the wire width. Of course, this

assumes that the histogram calculated from the SEM image is representative for

variations in wire width across the whole sample, or at least in the vicinity from

which the experimental data is measured.

However, to fully treat the slit variations concurrently with the fluctuations in

wire width, each of the data sets representing a different wire width would have to be

expanded by the variations in slit width. In other words, each different wire width

would have to first have the same normalisation and summing procedure carried out

for the different slit widths, before the final result can be summed together.

This full treatment would be very computationally expensive, therefore, it was

not implemented, and only the variations in wire width were analysed. As discussed

in chapter 5, variations in slit width, provided the slit width is not too small (.

30 nm), which can be seen is just about true for the present case, have almost no

effect on the resonance. There is no shift in spectral location, and only a slight

sharpening of the resonance as the slit width is increased to 100 nm. Furthermore,

as can be observed from figure 8.12, the slit width does not vary across such a large

range, in fact, its standard deviation (11 nm) is less than half that of the variations

in wire width (23 nm). These reasons justify why it was expected that the variations

in slit width would have a negligible effect, because they would result in differences

smaller than the maximum accuracy of the monochromator, and therefore, it was
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Figure 8.14: Wavelength dependent TM reflection and transmission efficiencies of the lamellar
grating shown in figure 8.6 in the classical mount and with an incidence angle of θ = 5◦. The black
lines are experimental data while the blue lines are the modelled data including the statistical
analysis of the variations in wire width.

not necessary to analyse these fluctuations. The plot that results from the statistical

analysis of the wire width variations is presented in figure 8.14.

There is very little improvement in the comparison between this second theo-

retical model, and the experimental data, than for the theoretical model calculated

using simple wire width averaging. Certainly the difference is not good enough to

allow any full fitting algorithms to quantitatively calculate the geometry and permit-

tivity of the structure. Therefore, although the effects of the wire width variations

have been compensated for, the other effects discussed above are clearly dominant,

e.g. the permittivity modifications as a result of a changes in wire width are more

significant than the purely geometrical modifications, and prevent any quantitative

analysis. For these reasons, only the average wire width is used from now on in the

analysis of the structure, and only qualitative analysis on the nature of the mode is

made.

Although the data cannot be fitted quantitatively, it is quite clear that the

theoretical model exhibits the same reflection enhancement resonance as is evident

in the experimental data, albeit at a slightly incorrect frequency. A straightforward

way to demonstrate the nature of the reflection enhancement resonance is to use

the theoretical model to analyse the optical response of this structure as a function
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Figure 8.15: Grating height dependent TM reflection and transmission efficiencies of the lamellar
grating shown in figure 8.6 in the classical mount and with an incidence angle of θ = 5◦ and an
illuminating wavelength of λ = 513 nm.

of grating height, for the wavelength at which the reflection enhancement occurs

(λ = 513 nm), in the same manner as figure 5.1 in chapter 5. The resulting plot is

shown in figure 8.15.

Although the resonances are not quite as sharp as those presented in chapter 5,

due to the permittivity of the aluminium meaning it is more absorbing, it is clear

that the structure behaves in a similar manner. That is, at large grating heights,

there are a family of periodic reflection minima, which were shown to correspond

to cavity modes in the slit of the grating. At low grating height, there is a reflec-

tion maximum, which clearly corresponds to the particle-like resonance that was

presented in chapter 5, albeit it is much broader and asymmetric in shape. The

resonance presented here is part of this broad feature, the particle plasmon-like

resonance. Note that the maximum reflection enhancement, for this wavelength, ac-

tually occurs at a slightly larger grating height (h = 27 nm) than that of the grating

experimentally analysed. This fact implies, from figure 5.2, that the resonance is

being investigated in the intermediary regime between where the resonance can be

considered as either completely coupled (1-dimensional particle-like) or completely

uncoupled (2-dimensional particle-like). In other words, in the range between where

the wire height is too large for the fields on the upper surface to experience the

lower interface, and where the grating height is small enough such that this occurs
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Figure 8.16: The |Hz| fields calculated for the modelled reflection maximum in figure 8.13 at
λ = 513 nm. The black line denotes the location of the wire.

strongly. This also explains why the resonance is not as sharp as in chapter 5 and

also why it is quite asymmetric in shape.

The nature of this resonance, the fact that it is the same as the particle-like

resonance, can also be confirmed by plotting the fields for the structure for the

appropriate parameters. This is shown in figure 8.16, where the fields associated

with the resonance are clearly of the same nature as those shown in figure 5.4 in

chapter 5, including a comparable field enhancement.

It is clear that this theoretical analysis of the experimental results shows qual-

itatively that the reflection enhancement resonance observed in the experimental

data is indeed associated with the particle plasmon-like mode that was theoreti-

cally predicted in chapter 5. This resonance has been demonstrated previously else-

where [141], although it was not then fully explained, therefore, the present work

has addressed this issue. Further, in that work it was not realised that, not only is

this mode associated with a transmission extinction, it is also associated with a cor-

responding reflection enhancement, unlike normal particle plasmons. It thus gives

the possibility of the structure behaving as an inverse wire grid polariser. Indeed,

from figure 8.8, this can be seen to be the case. Above an incident wavelength of ap-

proximately ∼ 650 nm, there is more TE light reflected than transmitted, and more

TM light transmitted than reflected. Thus the grating is behaving in the expected

manner. However, below λ ∼ 650 nm, the structure starts to become optically thin
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such that the amount of TE light transmitted is more than the amount reflected,

while the particle plasmon-like resonance causes the reflection of TM radiation to be

enhanced, such that, there is more TM light reflected than transmitted. Therefore,

below this wavelength, the particle plasmon-like resonance is causing the structure

to behave as an inverse wire grid polariser.

It was intended to also demonstrate the dependence on grating height of this

mode, as discussed in chapter 5, where the resonance blue-shifts as the grating height

is increased, until the penetration depth of the fields has been exceeded, at which

point the resonance is independent of grating height. However, due to the issues of

reproducibility of fabrication discussed above, this was not possible because it was

not possible to constrain the mean wire width between different samples, therefore,

the effect of grating height could not be isolated.

8.5 Summary

In this chapter a scheme for the fabrication of large area (& mm2) lamellar gratings

has been presented. The lamellar gratings that have been manufactured using this

method have been used to investigate the existence of the reflection enhancing par-

ticle plasmon-like resonance that was introduced in chapter 5. This resonance has

been shown to occur on lamellar gratings, including its related reflection enhance-

ment allowing the grating to behave as an inverse wire grid polariser.

However, there are significant problems with the manufacturing process of the

lamellar gratings, most noteably there were both local and global variations in the

wire and slit width throughtout each sample. Furthermore, the reproducibility of

the process is low such that, using the technique with a specific set of parameters

will not consistently produce identical gratings. This meant that it was almost

impossible to quantitatively analyse the optical response of the gratings and that

the reflection enhancing resonance was shown only qualitatively.
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Conclusions

9.1 Summary and Possible Applications

T
HIS THESIS PRESENTS original work on the electromagnetic response

of several periodic structures. There are three main structures exam-

ined, lamellar gratings, dielectic/metal multi-layer stacks, and rectan-

gular cross-section continuous surface relief gratings. The work on each of these

structures has presented interesting results, each of which advances the understand-

ing of the responses and resonances of each structure.

The second chapter was largely introductory to the concept of the SPP, paying

particular attention to the use of rectangular cross-section gratings as an excitation

mechanism, as well as the splitting into high and low frequency coupled SPPs on

thin metal films, and also, the related localised plasmon resonances. However, an

interesting behaviour was observed on these gratings, which is not always fully ap-

preciated. Namely, it was demonstrated that the excitation of SPPs on rectangular

cross-section gratings can be very different from other grating profiles, particularly

the possibility of very strong excitation of the higher order SPPs. This is a result of

the existence and variability of the higher order Fourier harmonics of the grating.

The third chapter introduced the most common techniques that have been used

throughout this thesis to theoretically model the type of structures that were in-

vestigated. In doing so it was justified why the Fourier Modal Method was chosen

to be implemented in the modelling in the present work, and this was described in
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detail. Four modelling codes based on this method were generated, the first two in-

volved the modelling of rectangular cross-section gratings in the classical mount for

the cases of TM and TE incidence, although only the TM model was used. These

models were then extended to incorporate any plane of incidence and any linear

polarisation state in the conical model. Finally, this model was then extended to

allow the modelling of rectangular gratings with 2-dimensional periodicity – arrays

of rectangular ridges/particles or grooves/holes. These models were compared to

previously published methods, both using the FMM and other schemes, to verify

their accuracy.

The work on lamellar gratings (chapters 4 and 5) has been two fold. Firstly, the

perturbation effects of lamellar gratings on the normal SPP resonance has been in-

vestigated (chapter 4). Specifically, the perturbation effects that the discontinuities,

the slits, have on the propagation, and hence dispersion diagram, of the normal SPP

has been presented. It has been shown that the allowed width of the slits, which do

not perturb the SPP mode, depends on the frequency regime at which the SPP is

being excited, with larger slits (relative to the wavelength of the incident radiation)

being allowed for lower frequencies as a result of the SPP having a more grazing

photon-like character because its dispersion is very near the light line. Whereas,

for the higher frequency regime, smaller slits are required as the SPP has a more

surface plasma-like character. The perturbation due to the slits has the effect of

red-shifting and broadening the SPP mode, until it eventually vanishes. The effect

of decreasing the thickness of the metal film has also been observed, and it has been

demonstrated that the coupling, which occurs on optically thin planar metal films,

can also occur and causes a splitting in the SPP dispersion. However, it has been

shown that the high frequency branch cannot exist as a result of its fields being more

concentrated inside the metal, thus amplifying the perturbation effects of the slits

significantly, and the associated increase in damping due to the absorption losses at

the low values of h required to avoid cavity mode formation. This also demonstrates

that the uncoupled unperturbed SPP cannot be supported in the optical regime be-

cause the cavity modes begin to form from the perturbation of the coupled modes

288



Chapter 9

before they become completely uncoupled. Like the cavity modes on continuous

gratings, the formation of cavity modes on lamellar gratings has been confirmed to

arise from the coupling of SPPs, on the walls of the grating, across the slits/grooves

leading to a perturbation of the normal SPP modes until they become flat banded.

The behaviour of the cavity modes on slit arrays is different to that of individual

slits as a result of their evolution from normal SPP modes, specifically due to the

anti-crossing of different SPP bands. Thereby, these cavity modes are subtly distinct

from the TEM waveguide resonances, a point not fully appreciated before for slit ar-

rays. These deep gratings have then been shown to have two interesting and unique

features. First, the planar nature of their upper interface will allow normal SPPs

to exist, even on deep gratings where the normal SPP mode has been significantly

modified, as a result of the interaction of the anti-crossing of the flat bands of the

cavity modes in the vicinity of the the location of the unperturbed SPP dispersion

curve. Secondly, both discontinuous and continuous rectangular gratings can sup-

port qualitatively identical resonances, taking into account the different boundary

conditions for the cavity modes. For very narrow slits, these cavity modes have also

been shown to allow radiation to be squeezed into grating heights typically ≈ λ/5

without a reduction in transmission efficiency, and furthermore, with a small band-

width and a negligible transmission away from the resonance. This could lead to

an interesting application whereby the grating acts as a selective filter for certain

wavelengths and only for TM polarisation states.

The second aspect of lamellar gratings investigated is the observation of a new

resonance, which occurs on lamellar grating with large slits (chapter 5). These have

typically not been investigated before because no resonances were expected for large

slits due to the absence of normal SPPs. However, a resonance does occur for these

structures, and this resonance results in an enhancement of the specular reflection

efficiency of TM radiation, even for optically thin wires. In fact, the reflection can

be in excess of R = 0.8 even when the width of the wires occupies only 45 % of the

grating layer and the wire height is less than half the skin depth of the incident radia-

tion. While this resonance had been previously observed, and its dipolar-like nature
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hypothesised, it had not been comprehensively explained. Furthermore, it was not

realised that the resonance did not only result in transmission extinction, but also

in this reflection enhancement. Within this thesis, the nature of this resonance has

been placed on sounder footing, by analysing its evolution as a continuous grating is

made lamellar, where it is shown to be analogous to a dipolar resonance on a cylin-

drical wire. In addition, the effects of geometrical parameters on the resonance,

particularly the dependence on grating height, have been explored. Furthemore,

higher order multi-polar resonances have been demonstrated. The resonance is sub-

tly distinct from the well known particle resonances, on either an isolated particle

or wire, because its re-radiated light is not in many directions, but only in the same

direction as the specularly reflected radiation, which it is also in phase with. This

is attributed to the periodicity of the wires and results in the significant reflection

enhancement, which has also been demonstrated experimentally. The particle-like

nature of the resonance has also been demonstrated by observing its presence on a

2-dimensional lamellar grating, while still achieving a reflection enhancement, and

has been shown that when the particles are very small, the specific geometry of

the particles is indeterminate, and therefore, the structure is insensitive to the ori-

entation of the electric field. This resonance can lead to interesting applications,

its reflection enhancement for optically thin gratings allows it to act as an inverse

wire grid polariser at certain frequencies, reflecting more TM radiation than TE.

While, for large grating heights, it behaves as a polarisation and frequency sensitive

mirror, where it reflects all polarisations at one frequency, and only TE at other fre-

quencies. A 2-dimensional array could be used in similar applications such that the

grating would act as a frequency sensitive mirror but not be polarisation sensitive,

but also more complicated applications can be envisaged. By implementing parti-

cles with different shapes, most simply, a rectangular particle with different widths

in the x and z directions, the symmetry can be broken and the structure would

exhibit reflection enhancement at different frequencies for different orientations of

the electric-field vector.

The existence of this resonance has been demonstrated experimentally (chapter

290



Chapter 9

8). Unfortunately, problems with the manufacturing process of lamellar gratings

meant that no quantitative fitting could be implemented and the demonstration was

merely qualitative. In the experimental demonstration of the resonance, it was also

confirmed that the resonance does indeed result in a large reflection enhancement,

and the sample displayed the inverse polarisation effect.

Other possible applications for rectangular gratings (both continuous and dis-

continuous) could include sensing devices, which are already being proved possible

through SPP excitation. The localisation of the fields in both the cavity modes

and particle-like resonance could provide interesting alternatives, for example, if the

molecules of interest fit inside the cavities, as the large field enhancements could

increase sensitivity.

The work concerning dielectric/multi-layer stacks has also lead to interesting

results, where they exhibit band-pass transmission regions (chapter 6). First it has

been shown that the full extent of the structure is unimportant in the location of the

band-pass region, and only the unit cell defines this position. It was demonstrated

that the resonances are entirely characterised by the standing wave distribution of

the fields in the cavities and the evanescent distribution of the fields in the metal.

The fields in the dielectric may have either a cos or a sin wave function, while the

fields in the metal layer have either a cosh or a sinh evanescent field distribution.

Therefore, the resonances could be fully described by consideration of the boundary

conditions between these field distributions on a single unit cell of the structure. A

set of mathematical formulae were constructed which fully describe the location of

the band edges for all the band-pass regions of a multi-layer stack with an infinite

number of layers. Indeed, increasing the number of layers merely aids the sharpening

of the edges of the band-pass region, by improving the distribution of the fields

such that they better approximate the idealised fields described by the solutions

for an infinite number of layers. Apart from the obvious applications of a band-

pass structure, these solutions also demonstrate that, by modifying the permittivity

of the metal layers, for example by perforating a film or adding metal particles

to a dielectric layer, then provided no resonances are present and the film can be
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treated by effective medium theory, the permittivity of the layer can be modified,

and thereby, this permittivity modification allows the arbitrary tailoring of the band-

pass region, which could prove useful in device applications.

Finally, in chapter 7, it has been shown that continuous deep gratings with very

narrow wires can support, at comparatively low grating heights, standing waves

that arise from SPPs interacting through the metal wires. When the grating height

is very large, these standing waves evolve into a second resonance which occurs

at some finite frequency, regardless of further increases in grating height. It has

been shown that this resonance is equivalent to the band-pass region that occurs on

dielectric/metal multi-layer stacks. However, it is also demonstrated that the band-

edges of this resonance do not both occur at all values of kx, and that it is the field

distribution along the x direction that defines at what incidence they occur. The

lower band-edge corresponds to fields with a periodicity equal to that of the grating,

and is found at normal incidence from a single ±kg scattering event. The high

band-edge corresponds to fields with a periodicity equal to half that of the grating,

and these occur for grazing incidence with no scattering. Other than frequency

selective absorbers, it is not apparent what applications this structure may have,

firstly because the electromagnetic response is very complex, and secondly because,

particularly in the optical regime, fabrication of very narrow and very deep wires is

incredibly challenging.

9.2 Future Work

Naturally, the most obvious area where future work lies is in the improvement of

the fabrication technique, or more likely in the finding of altogether different meth-

ods. This would allow a much more qualitative analysis of the structures for both

the new resonances presented here, and to allow a thorough study of their use as

wire grid polarisers. Although completely unrelated fabrication processes may be

more viable, the most likely candidate derived from this work will be the multi-etch

technique described in chapter 8, which makes use of an intermediary barrier layer.

If a suitable barrier layer could be found, or if the deposition of the silicon layer
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could be improved somehow so as to make it smooth enough to spin photoresist on

its surface, then the technique may prove very useful. It would still exhibit some

of the variations due to the non-linearity of the photoresist grating development,

however, these would be smaller as they would not have been amplified by the an-

gled evaporation stage. Furthermore, this technique would potentially allow the

fabrication of 2-dimensional arrays. This could be achieved by a double exposure

of the photoresisit in the interferometry stage, with the sample rotated through

90◦ between the two exposures. This is a well known technique [157] and produces

a bi-grating such that the peaks of the grating are now a 2-dimensional array of

cones. By etching only the troughs between the cones through the barrier layer,

and then the photoresist below, followed by metal evaporation at normal incidence,

and solvent removal of remaining structures, this would produce a 2-dimensional

array of approximately circular metallic particles. This would allow experimental

confirmation of the particle-like resonance on a 2-dimensional array, albeit circular

particles, as well as being a useful, large area, 2-dimensional array fabrication tech-

nique for other investigations. Or if a negative photoresist is implemented, then a

large area array of circular holes could be fabricated. Furthermore, if the rotation

of the sample is through some intermediary angle, then the rectangular symmetry

of the structure can be broken, leading to shapes other than circles and these, in

turn, in a parallelogram array. This could lead to very interesting samples, which

could also be modelled using the 2-dimensional algorithm presented here, using a

very simple extension [65]. There is a wide range of other avenues along which the

work on lamellar gratings could be taken. for example, other work could involve

more complex multi-layer structures. It has been shown that interesting reonances

occur when a lamellar grating is placed near a dielectric or metal surface and hybrid

SPP-waveguide modes have been shown to form (the waveguide being the cavity

between the grating and the dielectric/metal) [162, 163]. Then there is the grat-

ing itself, compound structures (more the one slit per period) have already been

mentioned, and other even more complex combinations of slits and grooves can be

envisaged.
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Future work relating to the multi-layer stacks is most obviously going to in-

volve the modification of the permittivity of the layers, discussed in chapter 6, to

allow the arbitrary positioning of the band-pass regions. The fabrication of such

structures is likely to be considerably challenging in the optical regime, due to the

difficulties involved in depositing many thin layers of smooth films. Therefore, most

initial work and applications are likely to be found at lower frequencies, where the

permittivity modification of the metal layers is also going to be much easier. How-

ever, if deposition techniques can be found to allow smooth yet thin films in the

optical regime, then they may prove very useful. In addition, the incorporation of

flourescent molecules in the cavities, to provide loss compensation, may also provide

interesting optical responses and possible applications.

Future work regarding the grating with very deep and very narrow gratings could

be extended to conical mounts, where it has already been shown they demonstrate

interesting polarisation effects [4]. Alternatively, a 2-dimensional array could be

created, provided the resulting rectangular cavities do not prevent the formation of

the standing waves due to the waveguide cut-off of the cavity. If not, the resonances

equivalent to the multi-layer stack resonances would be expected to exist for any

azimuthal angle, taking into account slight frequency shifts when the illumination is

along the diagonal of the structure. This could result in absorption of radiation from

all azimuthal angles, leading to potential applications such as wide angle frequency

selective absorbers. Although note that the fabrication of even the 1-dimensional

array in the optical regime is very difficult due to the combination of very deep and

very narrow wires.

Finally, it is possible to envisage incorporating some optical tuneability in all of

the structures discussed in this thesis. This could be achieved by non-linear effects

associated with the strong resonances or by the inclusion of voltage tuneable liquid

crystals.
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[128] J. A. Porto, F. J. Garćıa-Vidal, and J. B. Pendry, Phys. Rev. Lett.

83, 2845 (1999).

[129] Q. Cao and P. Lalanne, Phys. Rev. Lett. 88, 057403 (2002).

[130] K. G. Lee and Q.-H. Park, Physical Review Letters 95, 103902 (2005).

[131] O. T. A. Janssen, H. P. Urbach, and G. W. ’t Hooft, Opt. Express

14, 11823 (2006).

[132] F. Marquier, J. Greffet, S. Collin, F. Pardo, and J. Pelouard,

Opt. Express 13, 70 (2005).

303



Bibliography

[133] P. Berini, Opt. Lett. 24, 1011 (1999).

[134] P. Berini, Phys. Rev. B 61, 10484 (2000).

[135] P. Berini, Opt. Express 7, 329 (2000).

[136] J. P. Kottmann, O. J. F. Martin, D. R. Smith, and S. Schultz, Chem.

Phys. Lett. 341, 1 (2000).

[137] J. B. Pendry, L. Martin-Moreno, and F. J. Garcia-Vidal, Science

305, 847 (2004).

[138] A. P. Hibbins, E. Hendry, M. J. Lockyear, and J. R. Sambles, Opt.

Express 16, 20441 (2008).

[139] M. J. Lockyear, A. P. Hibbins, and J. R. Sambles, Physical Review

Letters 102, 073901 (2009).

[140] M. Honkanen, V. Kettunen, M. Kuittinen, J. Lautanen, J. Tu-

runen, B. Schnabel, and F. Wyrowski, Appl. Phys. B. 68, 81 (1999).

[141] G. Schider, J. R. Krenn, W. Gotschy, B. Lamprecht, H. Ditl-

bacher, A. Leitner, and F. R. Aussenegg, J. Appl. Phys. 90, 3825

(2001).

[142] M. Scalora, M. J. Bloemer, A. S. Pethel, J. P. Dowling, C. M.

Bowden, and A. S. Manka, J. Appl. Phys. 83, 2377 (1998).

[143] M. Scalora, M. J. Bloemer, and C. Bowden, Opt. & Photonics News

10, 23 (1999).

[144] J. M. Bendickson, J. P. Dowling, and M. Scalora, Phys. Rev. E 53,

4107 (1996).

[145] M. C. Larciprete, C. Sibilia, S. Paoloni, M. Bertolotti, F. Sarto,

and M. Scalora, J. Appl. Phys. 93, 5013 (2003).

304



Bibliography

[146] M. Scalora, G. D’Aguanno, N. Mattiucci, M. J. Bloemer, D. de

Ceglia, M. Centini, A. Mandatori, C. Sibilia, N. Akozbek, M. G.

Cappeddu, M. Fowler, and J. W. Haus, Opt. Express 15, 508 (2007).

[147] J. B. Pendry, Phys. Rev. Lett. 85, 3966 (2000).

[148] N. Fang, H. Lee, C. Sun, and X. Zhang, Science 308, 534 (2005).

[149] K. J. Webb and M. Yang, Opt. Lett. 31, 2130 (2006).

[150] C. Sibilia, I. S. Nefedov, M. Scalora, and M. Bertolotti, J. Opt.

Soc. Am. B 15, 1947 (1998).

[151] A. Bichri, J. Lafait, and H. Welsch, J. Phys.: Cond. Mat. 5, 7361

(1993).

[152] A. Bichri, J. Lafait, H. Welsch, and M. Abd-Lefdil, J. Phys.: Cond.

Mat. 9, 6523 (1997).

[153] I. R. Hooper and J. R. Sambles, J. Opt. Soc. Am. A 20, 836 (2003).

[154] M. R. Gadsdon, J. Parsons, and J. R. Sambles, J. Opt. Soc. Am. B 26,

734 (2009).

[155] M. R. Gadsdon, I. R. Hooper, and J. R. Sambles, Opt. Express 16,

22003 (2008).

[156] F. J. Garcia-Vidal, L. Martin-Moreno, and J. B. Pendry, Journal

of Optics A: Pure and Applied Optics 7, S97 (2005).

[157] M. Hutley, Diffraction Gratings (Techniques of Physics), Academic Press,

Orlando, 1982.

[158] I. R. Hooper, The Optical Response of SHort-Pitch Surface Relief Gratings,

PhD thesis, School of Physics, University of Exeter, 2002.

[159] I. H. Malitson, J. Opt. Soc. Am. 55, 1205 (1965).

[160] B. Schnabel, E.-B. Kley, and F. Wyrowski, Opt. Eng. 38, 220 (1999).

305



Bibliography

[161] R Development Core Team, R: A Language and Environment for Sta-

tistical Computing, R Foundation for Statistical Computing, Vienna, Austria,

2008, ISBN 3-900051-07-0.

[162] A. Christ, S. G. Tikhodeev, N. A. Gippius, J. Kuhl, and H. Giessen,

Phys. Rev. Lett. 91, 183901 (2003).

[163] A. Christ, T. Zentgraf, J. Kuhl, S. G. Tikhodeev, N. A. Gippius,

and H. Giessen, Phys. Rev. B 70, 125113 (2004).

306


