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Abstract

Gaussian kernels with flexible variances provide a rich family of Mercer kernels for learning algo-
rithms. We show that the union of the unit balls of reproducing kernel Hilbert spaces generated by
Gaussian kernels with flexible variances is a uniform Glivenko-Cantelli (uGC) class. This result
confirms a conjecture concerning learnability of Gaussian kernels and verifies the uniform con-
vergence of many learning algorithms involving Gaussians with changing variances. Rademacher
averages and empirical covering numbers are used to estimate sample errors of multi-kernel regu-
larization schemes associated with general loss functions. It is then shown that the regularization
error associated with the least square loss and the Gaussian kernels can be greatly improved when
flexible variances are allowed. Finally, for regularization schemes generated by Gaussian kernels
with flexible variances we present explicit learning rates for regression with least square loss and
classification with hinge loss.

Keywords: Gaussian kernel, flexible variances, learning theory, Glivenko-Cantelli class, regular-
ization scheme, empirical covering number

1. Introduction

Let X be a metric space in R"andY C RR. In learning theory, we are interested in the approximation
of functions or function relations from samples. The functions are from an input space X to an output
space Y, and samples are drawn according to a Borel probability measure p on the space Z := X x Y.
The target function fg’ that we want to learn or approximate is a minimizer (may not be unique) of

some error functional E(f) = /V(y, f(x))dp induced by a loss functionV : Y xY — R, that is,
z

f[\)’ =argmin {I;(f) . f is a measurable function from X to Y } )

To define fg’, we denote px as the marginal distribution of p on X and dp(-|x) the conditional
distribution. Then the error can be written as E(f) = [y [y V(y, f(x))dp(y|x)dpx (x), and we choose
fg’ to be a minimizer of the pointwise error: for almost every x € X,

\Y o .
1y () = argmin [ V(,)dp(y}0).
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The idea of many learning algorithms is to approximate fg’ or its generalizing ability (measured
by the error in terms of the loss V) by minimizing the empirical error Z,(f) = - 5™,V (i, f(xi)),
or a penalized version, where z = {(x;,yi) }|n, is a set of samples drawn independently according
to p. The law of large numbers tells us that £,(f) — E(f) in probability for a fixed function f.
This leads to the natural expectation that a minimizer f, of ; over a set of functions G, called the
hypothesis space, would approximate a minimizer fg of £ in G (whose error is close to that of fF\,’
when G is large): E(f;) — E(fg) asm — oo. This approximation behaves well when the hypothesis
space G enjoys the uniform convergence property (see Vapnik, 1998; Alon et al., 1997).

Throughout the paper we choose Y to be a subset of R, the loss function V has an extended
domainV :Y xR — R, and fp\)/ (x) is defined to be a minimizer of minecg fy V (y,t)dp(y[x). In
particular, for the binary classification problem (Devroye et al., 1997), we take Y = {1,—1} and
V (y,t) = @(yt) with @: R — R,. For the hinge loss @(yt) = max{1 —yt,0} used in the support
vector machine for classification (Cortes and Vapnik, 1995), the target function fg/ (x) = fe(x) is
called the Bayes rule defined as f¢(x) = 1 for p(y = 1|x) > p(y = —1/x), and f¢(x) = —1 otherwise.
In this case, the uniform convergence can be characterized by the finiteness of the VC-dimension of
G (see, e.g., Vapnik, 1998).

For the regression problem, we choose Y =R and V (y,t) = y(y —t) with ¢y : R — R. In
particular, for the least square loss Y(y —t) = (y —t)?, fg’ (x) = fo(x) = Jy ydp(y|x) is the regression
function (induced by conditional means). When'Y is a closed interval on IR, the uniform convergence
of real-valued function space G can be characterized by the property: for every € > 0, there holds

/f du‘>s} 0. @)

Here Pr denotes the probability with respect to the samples X1,X»,..., independently drawn ac-
cording to a Borel probability distribution @ on X. The supremum is taken with respect to all
such probability distributions. Following Dudley et al. (1991), we say that G is uniform Glivenko-
Cantelli (uGC) if it satisfies the equality (2) for any € > 0, which is equivalent to the finiteness of
Vy-dimension for any y > 0 (Alon et al., 1997), see Section 4.

In this paper, we restrict our attention to the uniform convergence of kernel-based learning
algorithms. A function K : X x X — R is called a reproducing kernel if it is symmetric and positive
semidefinite, that is, for any finite set of distinct points {x1,---,X,} C Q, the matrix (K(xi,x,-))ﬁj-:1
is positive semidefinite. If moreover, K is continuous, then we call such a reproducing kernel a
Mercer kernel. The reproducing kernel Hilbert space (RKHS) #Hy associated with the kernel K is
defined to be the completion of the linear span of the set of functions {Kyx = K(x,-) : x € X} with
the reproducing property (Aronszajn, 1950)

lim sup Pr{sup sup|—
(=t m>(feg|M

f(x) = (f,Ko)k, vxe X, f e H. (3)
Learning algorithms considered here can be stated as minimization problems in #y. The re-
producing property (3) makes the minimization over # be realized by an optimization procedure

in R™. Consider the Tikhonov regularization scheme (Evgeniou et al., 2000) associated with the
kernel K, loss V and a regularization parameter A > 0 defined as

fzx—afgmm{ zlv i f +A||f||K}
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The Representer Theorem (Scholkopf et al., 2001; Wahba, 1990) tells us f;A =3P, ciKy, with
(ci)", € R™. When V is convex with respect to the second variable, this leads to a convex opti-
mization problem in R™. In particular, for the least square loss or the hinge loss, it is a convex
guadratic programming optimization problem which can handle large data settings. For discussions
on the error rates of these schemes, see, for example, Vapnik (1998); Zhang (2004); Steinwart and
Scovel (2005). This paper aims at Tikhonov regularization schemes associated with a set of kernels.

1.1 Multi-kernel Regularization Schemes

Multi-kernel regularization schemes have attracted attention recently due to applications in multi-
task learning (Evgeniou and Pontil, 2004; Lanckriet et al., 2004), mixture density estimation (Li
and Barron, 1999; Rakhlin et al., 2005), multi-kernel regularized classifiers (Chapelle et al., 2002;
Cristianini et al., 1998; Wu et al., 2007), and many others. These schemes involve a set of Mercer
kernels {K°}scs with an index set X and take the following form with the regularization parameter
A>0

fon: in min {13 f A2

z) = argmin f?}'ﬂc{mizlv (¥i, F(xi)) + Al HKU}v (4)
where the loss function V (y, -) is usually convex foranyy € Y.

Throughout the paper we assume the existence of a solution to the optimization problem (4).
This assumption is satisfied when X is a compact metric space and K°(x,y) is continuous with
respect to o € X for each fixed pair (x,y) € X x X. See Wu et al. (2007). When = = (0,b] (a
noncompact index set) with 0 < b < oo, each K¢ is a Gaussian kernel and V is the least-square loss,
the existence will be verified in Appendix B under some conditions on the sample z.

When we consider the convergence of E(f,,) to Z(fg,’), we need to find the hypothesis space
for the uniform convergence here. Since f, is the minimizer in (4), with a special choice f =0 we
see that whenever f,, € %o, the quantity || f,, ||%o is bounded by

1 m
To(f0) + Ml foallks < E2(0) +0 < H.ZV(V"O) < IV 0)lle)-
i=

When p satisfies ||V (y, O)HL;;(Z) < M < oo (a strong assumption for regression problems, excluding

Gaussian noise), we have || f,|lke < +/M/A forall z € Z™. This leads to the following hypothesis
set.

Definition 1 The normalized hypothesis set # associated with Mercer kernels {K° }s¢s is defined
as

H = Uges {f € Higo : || f|lko < 11. )

The above analysis tells us that if |V (y,0)[|Lsz) < M, then f, € \/g H = {\/gf s fe }[}
for almost every z € Z™. For the study of uniform convergence and error analysis on the multi-kernel
scheme (4), a basic question is whether # is uGC. This is the main question investigated in this
paper. The reproducing property of RKHS plays an essential role in our subsequent investigations.

The first purpose of this paper is to show that the uGC property of # is equivalent to that of a
smaller set consisting of fundamental functions from the RKHS.
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Theorem 2 Let {K°}scs be a set of Mercer kernels on X with

K :=supsup y/K%(x,x) < co. (6)

oezZxexX

Then the set # defined by (5) is uGC if and only if the normalized fundamental set
F=Fs={K:0eZxeX} (7)
is uGC.

Theorem 2 will be proved in Section 3. The reproducing property (3) tells us that ||K?Z|lke =
VK9 (x,x) <k for any x € X and o € . Therefore, the normalized condition (6) on the kernels
{Kg : 0 € Z} is essential for %f C #H (a scaling). Since ¥ contains much less functions than %/,
checking the uGC property for F is potentially much simpler than that for #. We shall use this
idea to establish the learnability of Gaussian kernels with flexible variances.

1.2 uGC Property for Gaussians with Flexible Variances

The second purpose of this paper is to verify the learnability of Gaussian kernels with flexible
variances stated in the form of the following uGC property. The theorem will be proved in Section 4.

Theorem 3 Letn € N and X be any subset of R". Let

K(x,y) = exp{—i(xi_yi)z} for o = (01,...,0n) € (0,+)". (8)

o
Define A by (5) with £ = (0, +0)". Then # is uGC.

Note that each kernel in (8) is, in a way, normalized: its C(X) norm is 1, ensuring the kernel to
be uniformly bounded by 1 and (6) to be satisfied with k = 1.

When X is compact and the index set is restricted to be [a,+)" with a > 0, we know from
Theorem 3 in Zhou (2003) that for any s € N, the set # defined by (5) is included in a ball of C3(X)
with a finite radius. Hence, the closure of # in C(X) is compact. This belongs to the well-studied
case (Cucker and Smale, 2001; Cucker and Zhou, 2007) that the closure of the hypothesis space #
is compact, and thereby satisfies the uniform convergence condition.

When a = 0 and the index set becomes (0,)", the closure is not compact any more. This
observation led the second author to raise the following open problem in Zhou (2003): if we denote

B x—y[? :
Ko(X,y) = expq — = ) with g > 0, 9)

is the function set

Ho = U0>0{ f(x) = Fi1CiKa(Xi,X) : 3 jo1 CiKo(Xi,Xj)e) < 1, (10)
Xj €[0,1]", and £ € N }

involving the Gaussian kernels (9) with isotropic variances uGC? Using Theorem 3, we know that
the answer to the question is positive.
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Theorem 4 Let X = [0,1]" and Ky be given by (9). Define Hy by (10). Then Hp is uGC. It is
contained in the unit ball of C(X), but its closure in C(X) is not compact.

Proof The first statement follows from Theorem 3 and the fact that any subset of a uGC set is uGC.

Since each function f from #H, satisfies || f|cx) < 1, this set is contained in the unit ball of
C(X).

To see the last statement, we apply the Arzela-Ascoli Theorem (see Yosida, 1980, P.85) which
asserts that a subset of C(X) has compact closure if and only if it is bounded and equicontinuous.
Take fg(x) = Kg(x,0) = exp{—'é‘y—';} € Ho with 0 € (0,). For the neighborhood [0,€)" of 0 with
€ > 0, we see that

sup sup [fo(t) —f(0)] = sup

0¢c(0,00)t€[0,e)n o< (0,»)

ne2
exp{—?} - 1‘ =1+40.

Therefore, the set of functions #4 is not equicontinuous. By the Arzela-Ascoli Theorem, the closure
of g is not compact. [ |

The rest of the paper is organized as follows. In the next section we show the implications of the
above main theorems to the error analysis for the regularization scheme (4). In particular, we present
error rates of two examples involving Gaussian kernels with flexible variances. Sections 3 and 4 are
distributed to prove Theorem 2 and 3 respectively. In Sections 5 and 6 we develop error bounds for
the multi-kernel regularization scheme (4), especially for Gassian kernels with flexible variances.
This is the last purpose of this paper. We postpone the derivation of error rates for regression with
least square loss and classification with hinge loss to the end of this paper.

2. Applicationsto Error Analysis: Two Examples

The theorems in Section 1 give us qualitative results on the learnability of multi-kernel scheme (4).
They can be deepened, which yields quantitative error rates for £(f,)) — Z(f,‘)/). In particular,
we expect to derive explicit rates for multi-kernel regularized learning algorithms associated with
Gaussian kernels with flexible variances.

To see how E(f,,) approximate Z(fﬁ‘,’), assume f,, € Hgo for some o € X and choose some
o' € Zand f) € H . called a regularizing function (Smale and Zhou, 2004). Write

E(fy) (1Y) = {{f(fz,n—fz<fz,x>}+{zz<fx>—zm)}} YTINTS
n <zz<fz,x>+A||fz,A||&o>—<fz<fx>+A||fA||2Ko,>}

; f(fx)—f(f,\)/)+7\||f>\\|f<af}-

The definition (4) tells us that the middle term above is at most 0. The first term {{Z(fm) —

Eo(fo0)} + {E(f\) — f(fA)}} is called the sample error. Its second part Z,(f)) — E(f)) =

LM &(zi) —E(&) involving a single random variable & =V (y, f(x)) on Z can be easily estimated.
The last term called the regularization error is independent of the samples (Niyogi and Girosi,
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1996; Cucker and Smale, 2001; Smale and Zhou, 2003) and measures the approximation ability of
the multi-kernel space Uges Hio.

Definition 5 The regularization error associated with the regularizing function f, € Hxo witho € Z
is defined as
D(N) = E(f) — E(fy) + Al fal[ke-

The regularization error of the system (4) is

D(A) = min min {£(F) = £(f5) +Al fllke}. (11)

where f, takes the special form

_ V. . 2
fy =Ty =argmin fwc{f(f)ﬂllfllw}- (12)

Thus we have the error decomposition:
B(t) - BU) < { (Bt - Bl ) +{E(0) B} [+ D). (19

What is left for the error analysis is the term E(f,) — E,(f,,). It involves a set of random variables
&2 =V (y, f,a(x)) with z € Z™. That is also the motivation to study the uniform convergence of A
(Vapnik, 1998).

By the error decomposition (13), the learning rate depends on trading off the sample error and
the regularization error. The decay of regularization error D(A) relies on the regularity (smooth-
ness) of the target function f;,’ for most commonly used loss functions which will be discussed in
Section 6. Sample error estimates depend on the capacity of the hypothesis space /M /A # which
can be studied (see, e.g., Koltchinskii and Panchenko, 2002) by means of its covering numbers and
Rademacher complexity (see Section 5). However, it is not easy to estimate the Rademacher com-
plexity of \/M/A #. In Section 5 we provide an alternative way to estimate the sample error by
computing the Rademacher complexity of the fundamental set .

Let us give two examples both involving the Gaussian kernels (8) with flexible variances to
illustrate the learning rates whose proofs will be given in Section 6.

The first example is regularized regression with the least square loss V (y,t) = (y —t)2. Here
Y = R. Then the multi-kernel least square regularized regression algorithm (4) associated with
Gaussian kernels (8) can be written as

- - 1 m 2 2
foa =argmin min {05 (= F04))? Al e} (14
By the special feature of the least square loss, the distance between f, , and the target function f, is
often measured by the weighted L metric in L3 defined as || f iz, = (Jx | £(x)|2dpx)*/%. When px

is the Lebesgue measure, we denote the metric as || f[|_2(x in Example 1. Also, denote H*(X) to be
the Sobolev space (e.g., Stein, 1970) with index s > 0 on X.

For this multi-kernel algorithm, we have the following learning rates achieved by special choices
of the regularization parameter A = A(m).
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Example 1 Let X C R" be a domain with Lipschitz boundary. Define f, by (14) with the Gaussians
(8). Assume f, € H3(X) for s > 0 and |y| < Mg almost surely.

(1) Ifn/2 <s<n/2+2thenforany 0 < € < 2s—n, we have

25—

1 __2s-n-g . _ 2 _
IE[H foa— prfgx (XJ = O((Iog m)zm 4(45,n,25)> by taking A = m  4@s-n-2J

2s4n

(2) If X is bounded, px is the Lebesgue measure, and s < 2 then by choosing A = m™ 4@+ | we get
1 __ s
E|:Hfz,)\_ prEZ(X):| = O((Iogm)Zm 2(4s+n)).

In the above example we are considering the function approximation (De Vito et al., 2005;
Smale and Zhou, 2005) on a domain of R", so the learning rate is poor if the dimension n is large.
However, in many situations, the input space X is a low-dimensional manifold embedded in the
large-dimensional space R". In such a situation, the learning rates may be greatly improved. This
will not be discussed in this paper because the discussion involves the function approximation on
Riemannian manifolds (see, e.g., Ye and Zhou, 2007), which is out of our scope here.

The second example is regularized classification with the hinge loss V (y,t) = (1 —yt), =
max{1 —yt,0}. HereY = {1,—1} and we are interested in functions C : X — Y called binary
classifiers which divide X into two classes. The target function is the Bayes rule f..

The multi-kernel SVM regularized classification algorithm (4) associated with Gaussian kernels
(8) is defined to be a minimizer of the following optimization problem

m

B L 1 e 2
fo —argmin min {3 (1= yif () + M e (15)

Then the sign function sgn(f,,) is used as a classifier where sgn(f)(x) = 1 for f(x) > 0 and
sgn(f)(x) = —1 otherwise.

The prediction power of classifiers is measured by the misclassification error. The misclassifi-
cation error for a classifier C : X —Y is defined to be

R(C) == Pr{C(X) £y} = [ Py # C()M)dpx. (16)

The Bayes rule is the classifier which minimizes the misclassification error.
The error analysis of classification algorithms often aims at understanding the approximating
behaviors of the excess misclassification error

R(sgn(fz)) — R(fe)

as the sample size m becomes large. Our learning rate for the hinge loss assumes a separable
condition which was introduced by Chen et al. (2004) as follows.

Definition 6 We say that p is separable by 7 if there is some fsp € #io with some o € X such that
yfsp(x) > 0 almost surely. It has separation exponent 8 € (0, ] if we can choose fsp and positive
constants A, cg such that || fsp||ks = 1 and

px {x € X 1 [fep(x)| <At} <cet®, vt >0. (17)
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Observe that condition (17) with 8 = o is equivalent to
px{xe X :|fsp(x)| <y} =0, VOo<t<l

That is, |fsp(x)| > y almost everywhere. Thus, separable distributions with separation exponent

0 = oo are exactly strictly separable distributions. Recall (Shawe-Taylor et al., 1998; Vapnik, 1998)

that p is said to be strictly separable with margin y > 0 if p is separable together with the require-

ment yfsp(x) > y almost everywhere. The separation condition is different from the Tsybakov’s

noise condition (Tsybakov, 2004): the former involves a function fsp from %o and describes the

approximation of the RKHS (Chen et al., 2004), while the latter is about the distribution p only.
The learning rates for the multi-kernel SVM algorithm (15) can be stated as follows.

Example 2 Let f,, be defined by (15) with {K°} given by (8). If p is separable by # with some
separation exponent 6 > 0, then by choosing A = m‘ﬂﬁg% , we have

E[R(sgn(f1)) — R(fe)| = O((logm)¥m™ 72737 ).

It is observed in applications that allowing flexible variances improves the learnability of Gaus-
sian kernels. As we shall see in Section 6 for the least square loss, when the regression function
fy has Sobolev smoothness, the regularization error (11) associated with Gaussians with flexible
variances decays as O(A®) for some s > 0. This has also been confirmed theoretically by Steinwart
and Scovel (2005) for classification with the hinge loss, under some geometric noise condition for
the distribution. Such a decay is impossible for the regularization error associated with a single
Gaussian kernel, at least when pyx is the Lebesgue measure on X, as shown by Smale and Zhou
(2003). This demonstrates that learning algorithms using Gaussian kernels with flexible variances
have advantages for many applications.

Another way to obtain improved error rates is to take kernels changing with the sample size.
Kernels of this kind include polynomial kernels with changing degrees (Zhou and Jetter, 2006) and
Gaussian kernels with changing variances (Steinwart, 2001; Steinwart and Scovel, 2005). Though
the learning rates given by Steinwart and Scovel (2005) is comparable to those in Example 2, the
main difficulty there is a requirement of some information about the distribution p for the choice
of the kernel (similar to the choice of the regularization parameter according to some regularity
properties of p). Compared to that, when no information about p is available, the algorithm (4) still
produces the empirically optimal kernel from the kernel set, as part of the optimization problem.

3. Reducing the Hypothesis Set

In this section we show how the uGC property of the normalized hypothesis set can be reduced
to that of the normalized fundamental set, hence establish Theorem 2. For ¢ € %, denote Hy =
Hio, (-,)o = (-, ")ko, and K® = sup,x 1/K9(X,X). Assume K° < oo

Let p be a Borel probability distribution on X. For {x;}{", drawn according to u, we denote
Em(f) =2 3M, f(x)and E(f) = i f(x)dp.

To prove Theorem 1, we need the following proposition about the function

Fo(x) = /x KC(x,y)du(y), x e X. (18)
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Proposition 7 Let K° be a Mercer kernel on X and p be a Borel probability distribution. Define
the function F° by (18). Then we have

(a) FO € #;
(b) (£,F%)q = Ji f(y)du(y) for every f € %,

Proof Define a linear functional T on %5 as

= / f(y)du(y)
X

Since | is a Borel probability measure on X, we know by the reproducing property (3)
ITo(F)] < / (F KSoldu(y) < K[| flo.  VF € Ho.

This means T is a bounded linear functional on the Hilbert space #. By the Riesz Representation
Theorem of Hilbert spaces, we know that there exists a function g° € #g such that

In particular, for the function f = K? lying in # with x being an arbitrarily fixed point in X, there
holds

To(K?) = [ KEW)du(y) = [ Ko0xy)auly) = (KY.9%)a = 0°(x).
This equals to F°(x) according to the definition (18). Hence F°(x) = g°(x) for every x € X. There-

fore F9 = g° € Hs which proves property (a). Property (b) is an immediate consequence of equality
(19) since g° = F°. [ ]

Property (a) of Proposition 7 means that the integral and the inner product with Kf can be
interchanged:

(1. | K9Cy)dumho = [ T0)duy) = [ (1.K7)otu(y).

Lemma 8 Let K°® be a Mercer kernel on X and u be a Borel probability distribution. Denote
Go(x) = X 3™, K%(x;,x) — F°(x) form € Nand x = (x), € X™. Then, the following statements
are true.

(@) G7 € Ho and sup e 1 jp<1[Em(f) —E(F)| = [|G|o.

(0) [|G%llo < 4/2(|GClc(x) and [|G®lc(x) < k(|G lo.

Proof By property (a) of Proposition 7, G® = ~ z, 1 KZ —F9 € H;. This in connection with (3)
and property (b) of Proposition 7 tells us that for any f %,

Em(f)— ZK = (f,G%s.
Then
sup  [Em(f)—E(f)[= sup [{f,G%q|=G"o-
feHs,||fllo<1 feHs, || fllo<1
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This proves the first statement.
To verify the second statement, we compute the norm ||G°||s by the definition and property (b)
of Proposition 7. It yields

\G“H%=nfzg K (xi,; /K du(y)+/XF“<y)du(y)-

i,]=1

But fy KZ(y)du(y) = i K(xi,y)du(y) = F°(x;). So we have

16°2 =1§1{ le° i)~ <x.>}
= ZK" Xi,y) — y)}du(y)
~ ZG" /X G(y)du(y)

< ZsupIGG( ) =2[IG%lex)

|
\
/_/H

This gives the first inequality of the second statement.
The second inequality of the second statement follows directly from the reproducing property:

G| =G Kf)o| < [GllolKf o <K°[IG°lo, Wy eEX.

This completes the proof of the lemma. |

Now we are ready to prove Theorem 2 stated in Section 1.
Proof of Theorem 2. Recall kK = sup,.s K° and the definition (5) of the set #. By Part (a) of Lemma
8,

sup [Em(f) —E(f)[=sup ~ sup  |En(f)—E(f)| =sup||G°|s.
fer 0 fedHs,| fllo<1 ocx

On the other hand, since {K : 0 € Z,y € X} is exactly the set # according to its definition (7), we
see that

sup|Em(f) —E(f)| = supsup | —

ZKG Xi) y)| = sup|G°llcix)
feF oczyeX ocx

This in connection with Lemma 8 implies that for any € > 0 and ¢ € N, there holds

{supmzesupfgm«f)—mf)>Ke} c supmzzsupfeﬂlam(f)—E(f)>s}

N

SUPn S0P Em(1) ~ ()| > § .
Therefore, # is uGC if and only if F is. This proves Theorem 2. |

258



LEARNABILITY OF GAUSSIANS

4. Gaussian Kernels Provide uGC Hypothesis Sets

In this section we establish the uGC property of Gaussians with flexible variances stated in The-
orem 3. This will be done by verifying a criterion for uGC sets in terms of empirical covering
numbers given by Dudley et al. (1991). For 1 < p < 4o and x = (xj)", € X", we denote the |P
empirical metric of two functions f,g as

chp(,0) = (;ilfm) ~gt?) "

and for p =
dxe(f,9) = max [f(xi) —g(xi)|.

1<i<m

Definition 9 Let G be a set of functions on X, 1 < p < 40 and x = (xj){"; € X™. The empirical
covering number Ap(G,X,n) is defined to be the minimal integer N such that there are N functions
{g'}.; C g satisfying

i h< .
l?jISnN dX,p(gag ) — na VQ € g

The metric entropy of G is defined as

Hmp(G,N) = sup logAL(G.x,n), meN,n>0.
XxexXm

The following criterion was established by Dudley et al. (1991).

Lemma 10 A set G of functions from X to [0,1] is uGC if and only if for some 1 < p < +oo, there

holds
lim Mzo, vn > 0.

m—oo m

To continue, we need the following combinatorial dimensions.

Definition 11 Let G be a set of functions from X to [0,1]. We say that A C X is Vy shattered (Py
shattered) by G if there is a number a € R (a function s : A — [0, 1]) with the following property:
For every subset E of A there exists some function fg € G such that fg (x) <a—y(fg(x) <s(x)—Y)
for every x € A\ E, and fg(x) > a +vy (fe(x) > s(x) +Y) for every x € E. The V), dimension of G,
W(G), (The Py dimension of G, Py(G),) is the maximal cardinality of a set A C X that is Vy shattered
(Py shattered) by G.

Based on Lemma 10, Alon et al. (1997) showed that G is uGC if and only if the V,, dimension
or Py dimension of G is finite for every y > 0.

In addition, we need the following relation between the dimensions and the empirical covering
numbers essentially proved by Alon et al. (1997). A complete proof is given in Appendix A.

Lemma 12 Let G be a set of functions from X to [0,1].
(@) W(G) < Py(G) < (2 +1)Vy5(G) for any y > 0.
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(b) For everym € N and 0 < € < 1, there holds

2em )

am 1+d Iog(T
Sup %(67)(78) §2<2> ) d = P£/4(§)
XeXm €

With the above preparations, we can prove Theorem 3. First, let us begin with the univariate
case.

Lemma 13 Let X be a subset of R and F be given by (7) with K°(x,y) = exp{—(’(;—!)z} and
2~ = (0,+). Then Vy(F) < 2 for every y > 0.

Proof Suppose to the contrary that V\(#) > 3 for some y > 0. It means that there is a set A =
{X1,%2,%3} C X with x; < Xo < x3 which is V-shattered by . That is, there is some a € R such
that for every E C A there exists some function fg € F satisfying

fe(x) <a-y, forxeA\E,
fe(x) >a+y, forxecE.

Take E = {x1,Xx3} C A. Then there is a function fg € F such that fg(x2) < a—yand fg(x1),

fe(xs) > a+y. The function fg can be represented as fg (x) = exp{—(xg—g)z} for somey € X and
o € (0,0). It can be extended to the whole real line with the same expression and we denote this
extended function as ?E The function ?E has no local minimum on R. However, it is continuous
and satisfies

fe(xe) = fe(xa) > fe(x2) = fe(x2),  fe(xs) = fe(xs) > fe(x2) = fe(x2).
So the minimum value of fe on the closed interval [xy, 3] is achieved on the open interval (x1,x3).
Consequently, fg has a local minimum on R, which is a contradiction. [ |

Next, we prove Theorem 3 by Lemmas 10 and 13. Here the tensor product form of the functions
in the set F plays an essential role.
Proof of Theorem 3. By Theorem 2, we need to show that F is uGC. Consider another set of
functions on R" defined as

F={KI=K(x,-):0€ZxeR"}.

If F is uGC as a set of functions from R" to [0,1], then its restriction onto X ig also uGC, which
would imply the uGC property of F. Therefore, it suffices to prove the uGC of .
Define sets of univariate functions as

Fl= {e‘(“si)z/‘ﬂ2 . 0j € (0,),5; G]R}, j=1,2,....n.

Fix j € {1,2,...,n}. Consider the set 1 of functions from R to [0,1]. Lemma 13 tells us that
Vy(F7) <2 for every y> 0. Applying Lemma 12 to G = ¥ of functions on IR, we find that for
every 0 <& <1, Py (F))<®+2and

1+ (842)tog(22)
4”‘) . (20)
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Now we apply (20) to estimate the empirical covering number of the set . To this end, let
0 < e < landx= (x)", where each point x; € R" can be expressed as a vector Xj = (Xi 1,...,Xin).
Let j € {1,2,...,n}. Consider t := (x; )", € R™. The bound (20) tells us that there are Ap pairs
Ao

{(Tj.e Sjj)}z\iol with gj, € (0,0) and sj , € R representing A functions {gf(t) — g~ (t=si0%/0], }4—1

C 1 such that

d = mi ‘i) b < v I,

1325% 1(9,9") = 1§rglgr;@{lrga<xmlg(xu) g (x.,J)I} <g, ge F

That is, for any o; € (0,) and s € R, we can find some ¢ € {1,...,Ap} satisfying

Y s )2
exp{—(x"J ZS’) }—exp{—(x"J 231,4) H <e  Vi=1,...m (21)
9j ¢
Now we choose a set ¢ of functions on R" consisting of Ag' functions
n (.. —Sig 2
frr o) = exp{— > (‘02“)} 0, l,.. by €{1,2,... .70}

=1 j,fj

Each function f € # can be expressed as

f(xi)= exp{— i (Xi.,jo—;j)2 }
=

with {o}}]_; C (0,0)" and {s;j}]_; C R". We can choose some {/j}}_; € {1,...,\o}" satisfying

(21). Then °
100t < 3 opf = 5 PSS }gm
p=1

j=p+1
Thus, we have
Oxeo(F, Foyn,.000) = giagxm\f(xi) — fir ... (Xi)] < NE.

By the definition of empirical covering numbers, we have

n+(+2)nlog( Zm
%mxm<%uwﬁw «mg(?

Therefore, forany 0 < € < 1,

Hmm(?,ne)gnlogZJr<n+<f+2>nlog<zim>>logm. (22)

g2

Observe that %(?,x, €) =1 forany € > 1. Hence Hm7m(5~f, ne) = 0 for any € > 1. Combining this
observation with (22) implies that

lim Fno(7,0€) _ 0, foranye>0.
m—oo m
Hence ¥ is uGC by Lemma 10. This completes the proof of Theorem 3. |

The proof of Theorem 3 actually gives estimates for the empirical covering number which can
be used to bound the sample error in (13) as we shall do in the following section.
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5. Error Bound by Rademacher Averages

In order to bound the error E(f,q) — Z(fg’), we know from the error decomposition (13) that it is
sufficient to estimate the sample error and the regularization error. In particular, we will provide the
error bounds for the multi-kernel scheme (4) generated by Gaussians with flexible variances.

5.1 Sample Error Estimate

In this subsection we are mainly concerned about the sample error. The regularization error will be
discussed in the next subsection. The estimate of the sample error for the regularized multi-kernel
scheme (4) involves the hypothesis space

o= U {1 e o1 flk </ 2 (23)

ocx A

Below, we show how to get sample error estimates by Rademacher complexities (Bartlett and
Mendelson, 2002; Koltchinskii, 2001; Koltchinskii and Panchenko, 2002) of the reduced hypothesis
space ¥ defined by (7), which is potentially easier to compute than that of #4,. Let’s first introduce
Rademacher average over a set of functions F on Q.

Definition 14 Let p be a probability measure on Q and F be a class of uniformly bounded functions.

For every integer m, let
m

g

where {z;}" ; are independent random variables distributed according to p and {&;}"; are inde-
pendent Rademacher random variables, that is, P(¢; = +1) = P(gj = —1) = 1/2.

1
Rm(F) :=E,E¢ [ﬁ iupF)
€

Turn to the multi-kernel regularization scheme (4). If the loss function V (y,t) is convex with
respect to t, its left and right partial derivatives with respect to the second variable, denoted as
V! (y,t),VL(y,t) respectively for simplicity, exist for every y € Y. Throughout this section, we
assume the loss function is admissible in the following sense.

Definition 15 We say that the loss functionV : Y x R — R, is admissible (with respect to p) if it
is convex with respect to the second variable, M = ||V (y,0)|[Ls(z) < 40 and, for any A > 0 there
holds

M
Cy = sup { max(V_ (v, )L VLD sy €Y, [t <y} < oo (24)

We also need the following lemma (Bartlett and Mendelson, 2002; Ledoux and Talagrand, 1991)
summarizing some of the properties of Rademacher averages. A complete proof is given in Ap-
pendix A.

Lemma 16 Let F be a class of uniformly bounded real-valued functions on (Q,u) and m € N.

(a) For every c € R, Rpp(cF) = |c|Rm(F), where cF = {cf : f € F}.
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(b) Ifforeach i€ {1,...,m}, ¢ : R — Ris a function with @(0) = 0 having a Lipschitz constant c;,
then for any {x;}",

m
Eg[sup\ si(pi(f(xi))q < ZEg[sup
feF = feF

iicieif(xi)} .

The sample error analysis of multi-kernel regularization scheme (4) involves the Rademacher
complexity of the fundamental space 7 denoted by

m

1
Rn(F) = EpyEe [m ?ug)_\ eif(xi)q.
cF i=

Lemma 17 Let #) be defined by (23), then

5 sup (1)~ 21| <acy N (Ra(r) "+ 2

Proof Let 74 be a set of functions on Z defined as

Uh={V1x): Fesh}.

Using standard symmetrization arguments (e.g., Van der Vaart and Weller, 1996, Lemma 2.3.1), one
can see that
m

1
Epu-«:g[ sup | () —Ziz(f)@ < ZIEPES[ sup - |

eV (i, ()1 := 2Rn(14).
feH, f e, i=

To handle Ry (74), we apply Lemma 16. To this end, note that || f || < ky/M/A forall f € #,
for fixed {y;}{", € Y™. If we define functions

V (yi,t) =V (yi,0) when [t| <Ky/M/A
@G(t) =<q V(yi,kK/M/N) =V (y;,0) whent > Ky/M/A
V(Yyi,—K/M/N) =V (yi,0) whent < —k\/M/A,
then @i(t) : R — R has the Lipschitz constant ¢c; = C, and ¢(0) = 0 for any i. Applying Lemma 16

m -
to the space #,, then E¢ [supfeﬂA -leiv (Vi, f(xi))‘ is bounded by
£ ]

m

iisi(ﬂ(f(xi))ﬂ Jr]EgLseu}p[A i;giv (yi’O)H

< ZES[Supr}[)\ |§1CA5if(Xi)H + [Es _;EiV (yi,O)ﬁ 1/2

= ZCAﬂEa[SUpfeﬂ|_ieif(xm] + (ES[ %

iJ=1

E¢ [supfeﬂA

&V (yi,0)V (yj,o)ij} > 1/2-

It follows that
m

iZiEiV (¥i, f(Xi))H < ZCA\@ Ee [SUpfeﬂ{’iieif(xi)q (25)
+My/m.

IEE,_;[suprg{A
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For the first term on the right hand side of the above inequality, we use the reproducing property (3)
and obtain

m
SUPtesr | Tig & F(Xi)| = SUPGes SUP renee [( Tty &K, Fkol = SUPges 21
Ifllo <1 Ko 2
1/2 (26)
= Supcezij—leiKo(Xi’Xj)sj] .
But by the definition of the fundamental set #, we know that
m
SUPges zr,]j:l SiKG(XiaXJ)Si < MSUPges SUPsex |Zl£iK0(XiaS)‘
m (27)
=msupscq | &if(xi)l-
€F i;
Combining the estimates (25), (26), and (27) implies that
Al 12 M
Rm(7) < 2Cy/M Ep, Ee |2 sup & f (X +—
n(Th) <200/ ¥ Ep e[ / er| Y afO0l] 4 o
1/2
<2CA[<Rm(T)> +
This finishes Lemma 17. |

The following error bound for the multi-kernel scheme (4) is a straightforward consequence of
the sample error estimate and the error decomposition (13).

Theorem 18 LetV be admissible with C, given by (24). Define f,) by (4). Then we have

E[Z(fm) - z(fg)} < 4CA\/T<Rm(T)>1/2 + \2/'\% +D(N).

Proof By the error decomposition (13), a special choice fX € Hyo with some o € X defined by (12)
gives us that

E(f) — E(1Y) < {vs(fz,m—zz(fz,mwz(fx ) () >}+if><x>.

Together with the fact E(Z,(f))) = E(f)) and f,, € # defined in (23), we know that

B[ (1) ~ Eaf) + () - 25| <[ s ()~ 201

which in connection with Lemma 17 yields the desired estimate. |

To estimate the Radmacher average Ry (F) in Theorem 18, one can resort to the following
bound using the empirical 12 covering number, which is due to Dudley (1999); Van der Vaart and
Weller (1996).
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Lemma 19 Let F be a class of uniformly bounded functions. Then there exists an absolute constant
C such that, for any sample {x;}" ;, there holds

\/%EE[?EE'S sif(xi)\} SC/O+o° \/mds.

Applying the estimate in the proof for Theorem 3, we can compute the Radmacher average
Rm(F) for Gaussian kernels with flexible variances, and hence yields the subsequent error bound.

Theorem 20 Let X be a subset of R" and V be admissible. Define f,) by (4) and the Gaussian
kernels by (8). Then we have

C'M /log?m\1/4 2M ~
= (20 +IE D0, 28)

E[£(f,5) — E(f})] <Gy
where C’ is a constant independent of m or A.
Proof Recall the fundamental function set F defined by (7). Consider the larger set
F={KS=K°(x,-):0€Z,xeR"}.
The estimate (22) tells us that for 0 < € < 1,

Iogﬂ\é(ff,x,s) < Iogﬂ\@o(?,x,a)
<nlog2+ (n+ (16” +2)n|og (@)) log 4om

€ g2

Since K9 < 1 for each 0 € Z, we see that Iogﬁ\é(?,x,s) =0 for any € > 1. Applying Lemma 19,
we have

. log?m
R < C/I
m(.‘]:) — \/m 9
where C” is an absolute constant independent of m. The trivial fact Ry (F) < Rm( T ) together with
Theorem 18 gives us the desired result. |

In order to get explicit error rates, we see from Theorems 18 and 20 that what left is to estimate
the regularization error.

5.2 Regularization Error with Gaussians

In this subsection we exclusively focus on the multi-kernel regularization error (11) associated with
the least square loss and Gaussian kernels. We show that how the Fourier analysis (Stein, 1970)
can be applied to get the polynomial decay of the regularization error under Sobolev smoothness
condition on the regression function.

Before we go to the main point, it is worth briefly mentioning why the multi-kernel regulariza-
tion error can improve the error rates. To this end, note that, for the regularization error of a single
Gaussian kernel, it was proved by Smale and Zhou (2003) that the polynomial decay O(A®) for
some s > 0 is impossible under the Sobolev smoothness hypothesis on the regression function fp,.
Actually, it only decays logarithmically O((log(1/A)) %) for some s > 0. Putting this logarithmical
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decay back into (28) and trading off A and m, we notice that the error rate is unacceptably slow.
Below we show that the multi-kernel scheme (4) associated with the least square loss and Gaussian
kernels (9) with flexible isotropic variances can give regularization errors D(A) of polynomial de-
cays O(AP) for some B > 0, under the assumption of Sobolev smoothness on fo. Combining this
polynomial decay with (28) can give rise to tighter bounds compared to the single kernel case.

To estimate the multi-kernel regularization error (11), we introduce some basic facts about
RKHS (Aronszajn, 1950). Let Q be a domain (bounded or not) in R". Let ¢ > 0. Consider the

RKHS induced by the Gaussian kernel given in (9) as Kg(X,y) = exp{—"‘;—g"z} QxQ—R. We
denote it as F, (Q) with norm || - || 4 _q) for simplicity. Let Q C Q. By restricting the kernel K to
Q x Q, it also induces an RKHS in Q denoted as #i, (Q). Then we know (Aronszajn, 1950) that

(@) = {g=fla: T e (@)} (29)

with norm
191l 24, @) = InF{[| Fll 34, @) * Flg =19} (30)

Define the integral operator Lk associated with a Mercer kernel K and a Borel measure p on Q
as

L (%) ::/QK(x,t)f(t)du(t), xeQ, fel3(Q).

If Q is a compact domain in R", then Lk is a positive, self-adjoint, compact operator and its range
lies in C(Q). Take the square root Lﬁ/z of Lk, then

1/2
Itk =lflee — ¥eLi(Q). (31)
When Q = R" and p is the Lebesgue measure, we define for o > 0
£9(x) = Ly, F(X) :/ Ke(,y) f(y)dy, xeRM, f e L2(R"),
Rn

As in Steinwart and Scovel (2005), we shall use these functions as approximations of f, to estimate
the regularization error.

Lemma 21 Let f° be defined for f € L2(R") as above. Then f° € #_ (R") and
£ g mm) < (V7)Y 2] 2. (32)

Proof We shall use notations and results on limits of reproducing kernels (see Theorem I in Sec-
tion 9 of Aronszajn (1950)).

Denote Ej as the closed ball of R" with radius j centered at zero. Then R" = ey Ej. For j < j
and fj € Hx,(Ej), the properties (29) and (30) of the restriction of RKHS tell us that

firle, € 7o (Bj) and [ fylellogg e ) < i llg, g )-

In order to show that f° € #Hx_ (R") and (32) holds, by Theorem | in Section 9 of Aronszajn (1950)
it is sufficient to prove for fq j := f9|¢, that

fo € o (E5) and liminf | o, ) < (V0)"?)| Fllzqen. (33
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To this end, for j < j’, define
i / Ko(x,y)f(y)dy — fsj(x) uniformlyin C(E;). (34)

Then foj j € i, (Ej) by (31) since f € L?(Ej). Using (29) and (30) with Ko j := Kole, g, it
yields

| 0]J|E ||:1-4< <||LKUJ(f|E/)H5L4< Ey) (39)
By (31), we have

1/2
Itk Pl ey = I, (Fleg ey = (i (Fle, ) e uoey)
< bk (Fley e ey e, ).

Note that for each x € Ej, there holds ij, Ko (X,t)dt < fen Ko(x,t)dt = (y/T0)". We get by the
Schwarz inequality

2
”LKG-,J"fHEZ(Ej/) :/E '/E KO(X,t)f(t)dt‘ dx
i i’
2
S/{ e, Kol t>dt}{/E] Ko(x,0) (£) Pt fdx
< (V7o) /\ /Koxtdx}dt

2
(\/F[G) nH f HLZ RN
Putting this estimate into (36), it follows from (35) that

2
o5, le, ot (£) < ke (Fleg) s 2) < (VI) 2] FllL2en)-

(36)

Since the fixed ball of #, (E;) with radius (v/70)"?| f [|L2(mn) centered at zero is weakly compact,
there exists a subsequence {je}geN of {j'} such that

foiple, = inH(Ej) as £—w.

Therefore ) _
I ey = MMl fo j e ) oo )
< N ey g iMinfe—oo [ fj o[, 54, ()
which tells us that
* 2
£l ) < NMinf [ fo el ) < (VIO 2|l 2o, (37)

By the reproducing property (3), we also have, for each x € E;

fo 5.5 lg; () = (fo it g Koy (%)) s, () = (F75 Ko j (X)) g ) = F7(%)
which in connection with (34) gives us that

fc,j =f*c }&G(Ej).
Together with (37) and (33), we know that Lemma 21 holds true. |
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Proposition 22 Let X be a domain in R" with Lipschitz boundary. Suppose f, € H*(X) for some
s > 0. Consider the multi-kernel scheme (4) with the least square loss V (y,t) = (y —t)? and the
Gaussian kernels (9) with ~ = (0, ). Then, the following statements hold true.

(1) If n/2 < s < n/2+ 2, then there holds

D) < inf i — 5|2 2 1
DN < inf | inf {1 ol +AIFIR }

For any 0 < € < 2s—n, there exists a constant C s x such that

25—e—n

@(}\) < CS,S7X|| prZHs(X) A Z¢ .

(2) If X is bounded, px is the Lebesgue measure on X and s < 2, then there exists a constant
Csnx independent of A such that

E)(}\) ngnXprHZHS(X) )\ZSA“‘ (38)
Proof For the least square loss, we have
E() = £(0) =1If = follig oy (39)

__ Since X has a Lipschitz boundary, we know (Stein, 1970) that there exists an extension function
fy € H*(R") and an absolute constant Cs x such that

folx = fo and || Folluscrn) < Cox |l follisx)- (40)

Define the normalized kernel Ky = (/7o) "K. Let
800 = (V) Lo ()00 = | Kalxy)fo(y)dy. xR

Then we know that fJ belongs to #, (R") by Lemma 21. Combined with the fact (29), it follows

that g3 := fJ|y € Hi,(X). Take f = g3 in the definition of the regularization error D(A). We see
by (39) that

s ; o 2 0|2
D) < Cel(r(\)fw){ﬂgp —folliz x) TGl I (41)
By the relations (29) and (30) on the restriction of RKHS and Lemma 21, we see that
198 l1ks < 115 1y ) = (VT0) "L, Tl ey 2y < (VI0) ™| Fo 2
Together with (40), it yields
193 ks < Cox (vVTIO) ™2 follbrs ). (42)

To bound the right hand side of (41), we need the Fourier transform defined for f € L*(R") as

f(&) = Rnf(x)e’ix'zdx, EcR".
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It has a natural extension to L?(R") satisfying | fl 2(n = (270" f || 2(gn) (the Plancherel for-
mula). The norm for functions in the Sobolev space H®(R") can be expressed as ||f||psgn) =

(2Tr)‘”/2(/ (1+ |E|2)S|fA(E)|2dE)1/2. One nice property of the Fourier transform says that the
Fourier transform of the convolution fxg(x / f(x—y)g(y)dy equals fA(E)ﬁ(E). It implies that

9(8) = e‘°2‘5|2/4ﬁ)(5) since the Fourier transform of the function (/o) "e~X*/0” js e=0°EI*/4,

(1) For any marginal distribution px, there holds HfHL%X < [ fllcx)- Then the first inequality
follows from (39).

Since X € R" and (n+€)/2 > n/2, we know that the Sobolev space H("+&)/2(R") can be em-
bedded into C(R") NL™(R"), there exists a constant C¢ y such that || f{|Lern) < C{x || flnrerzgn)-
It follows that N N

195 — Tollcox) < (19 — Tollomny < CexlIfg — follmeerzgn-

Write )

e _ 212 =
118 = Follymreny = (210" [ (1 ) ™92 @74 — 1)y (@) .

nte
7

Since $ — ™£ < 1, we have |e~*kF/4 — 1] < (02|§[2/4)2~ 4. Hence

18 Follimorun) < T [, (L 16O/ () o
<%%iéﬂ+m)m(W&:0 T~
In connection with (40), this implies that
195 — follcox) < Cexa® M9/ 2Co x| follmsx)

Combining with (42) and choosing o = A1/(23-%) this proves the first statement of the proposition.
(2) If X is bounded and px is the Lebesgue measure on X, then ||gg — fp||L2 =lgp — prEZ X

and by the Plancherel formula,

2

~ _ _ 2 2 =
IIQS— fPHEZ(X) < IIfS— prEZ(Rn) = (2m) n/Rn (e 4 /4—1) fo(€)| d&.

Observe from the restriction s < 2 that 1 —e~t < (1—e1)%2 <t%/2 for t > 0. Applying this to
0?|&|% /4 we obtain

195~ Tollepy < e |, [E1%1Tp(8) 0k
< 0| Tyl ey < C2x0® folfgy

where we have used (40) in the last inequality. Putting this estimate and (42) into (41) gives us the
second statement of the proposition corresponding to the choice o = A1/(2s+n), |

Finally, we are able to derive error rates for the multi-kernel regularization scheme (4) associated
with Gaussian kernels (8) with flexible variances. This is done by putting the improved regulariza-
tion error bound in Proposition 22 into the total error bound in Theorem 20. We demonstrate the
approach for regression with least square loss and for classification with hinge loss.
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6. Error Rateswith Gaussians

In this section we prove Examples 1 and 2. First, let us consider Example 1, that is, the case of the
least square regularized regression: Y = R. If |y| < Mg almost surely, the least square loss V (y,s) =
(y —s)? is admissible with respect to p and M = [[V (¥, 0)|Lz(z) < M§, Cy < 2Mo(1+ K/VA). By
Theorem 20 and the special property (39) of the loss function, we immediately get the following
result.

Proposition 23 Let V (y,t) = (y —t)?, X C R" and {K°} be given by (8). Define f,) by (14). If
0 < A < 1, then there exists a constant C independent of m, A such that

~ |0g2 m\1/4 ~

Eltoa—Tol}) <€(Sog) " +D0V. (43)
Using this proposition, we can provide the proof of Example 1.

Proof of Example 1. Since the set (8) of Gaussian kernels with general variances o = (01,...,0p) €

(0,00)" contains the set (9) of Gaussian kernels with isotropic variances, we see that

D) < inf inf SE(F) = E(fo) + MR, ¢
M= inf inf {200 - 2(6) N1, |

(1) Whenn/2 <s<n/2+2and 0 < € < 2s—n, we know from Proposition 22 that

25—g—n

D(A) §Cs,s,x||fp\|ﬁgx(x))‘ e

Putting this into (43) and choosing A = m_4<452ﬁ2£> verifies the first error estimate in Example 1.
(2) If X is bounded, px is the Lebesgue measure on X, and s < 2, we apply the bound (38) in
Proposition 22. Together with the above inequality, we know that

~ 2
D(A) <Csnxll prEgX OAZT.

In connection with the error bound (43) we see that when A = m*%, the error estimate in Part
(2) holds true. |

Now we move on to establish Example 2 for the regularized classification with the hinge loss
V(y,s) = (1 —ys);. In this case we take Y = {1,—1}. Itis easy to see that V is admissible with
M =1 and C) = 1. An important relation between the excess misclassification error and the excess
error was given by Zhang (2004) as

R(sgn(f) — R(fe) S E(F)—E(f),  VI:X R
Then the following result is an easy consequence of Theorem 20.

Proposition 24 LetY = {1,—1},V(y,t) = (1—yt),, X CR" and {K°} be given by (8). Define f,
by (15). If 0 < A < 1, then there exists a constant C” independent of m, A such that

B[R () ~&(1)] <[5 (2EM) 4 Doy

m
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We are in a position to prove Example 2 by Proposition 24.
Proof of Example 2. It was shown by Chen et al. (2004) that if p is separable with some exponent

~ 2+8
6 > 0 then there exists some constant ¢’ such that D(A) < Az Choosing A = m™ 263 gives us
the desired result. |
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Appendix A.

This appendix includes complete proofs of two lemmas which are essentially proved in Alon et al.
(1997); Ledoux and Talagrand (1991) with slightly different forms.
Proof of Lemma 12. Part (a) is an easy consequence of Lemma 2.4 in Alon et al. (1997).

Set dp = min{m,d}. As in the proof of Lemma 3.5 of Alon et al. (1997), one can bound the
empirical covering number by packing numbers which can then be estimated by Lemma 3.3 in Alon

etal. (1997) as
logy+1

Xseux%%(g,x,e) < 2<m(§)2> ,
do

m 2\ 2\ % semy do 2em do 2em\d
=3 ()@ =6) (@) =(F) =(5)-
i; [ € € do € €
This verifies Part (b). |
Proof of Lemma 16. The first statement is immediate from the definition of Rademacher averages.

For the second statement, we use Theorem 4.12 in Ledoux and Talagrand (1991). It tells us the
following result: If T is a bounded subset of R™, each function ¢ with the Lipschitz constant not
more than 1 satisfies @(0) = 0, and a function G : R, — R, is convex and nondecreasing, then
there holds

where

G L N G N
E —su g@(t)]) <E su &iti] ). 44
<G(5up| 3 s@(t)]) <2:0(sup 5 it (44)
Fixed {xj}{";. Then T := {(c1f(X1),---,CmT(Xm)) : f € F} is a bounded subset of R™ since F is
uniformly bounded. Applying (44) with G(u) = u and @(x) = @(X/c;i), we have
m m m
e suprce | 3 o100 = Ee[supecr | 3 ei@(t]] < 252 supl 3 it

m

_Zlcisif(xi)\]

— 2R, [supfeF
which proves our second statement. |
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Appendix B.

The arguments in this paper do not change much if we replace a minimizer of the optimization
problem (4) by an e-minimizer f, € Ho (with some o € Z) satisfying

1 m
fZV Vi f0 (0) + Al 55 [k <m|2fr6n}|£ {mZV(yi,f(xi))+)\|]fH2Ka}+s.
o =

The existence of an e-minimizer for any given 0 < € < 1 can be seen in Wu et al. (2007) where
it was shown that minfe%c{% SV (i, f(xi)) +A| f||2s} is continuous as a function of o € 3 if
K°(x,x") is continuous with respect to o € X for each fixed pair (x,x’) € X x X.

In this appendix, we verify the existence for the scheme (4) involving the least-square loss and
Gaussians (9) with flexible variances under some mild conditions on the sample z. Note that the
shortest distance between pairs of distinct points from {x4, ..., xm} is achieved by some pair (xi, , Xi,)
with iy # ip. The condition for our existence result is that such a minimizing pair is unique and the
sample values y;,,yi, have the same sign. Since X;, and x;, are close, this assumption of having the
same sign for the sample values is reasonable.

Proposition 25 Let A > 0, X be a compact subset of R" and Kg(x,y) = exp{—‘xc_y—zﬂz} for x,y € X.
Consider the scheme with 0 < b < «

f,x :=arg min_min {1i(f(xi)—yi)2+)\||f]2}<o}. (45)

0€(0,b] feHyo
If we can find {i1 #i2} C {1,...,m} such that
Yi,Yi, >0 and |xi, —Xi,| < |xi—xj| forany {i# j} C{1,...,m}

with equality valid only for (i, j) = (i1,i2) or (i,i1), then the existence of a solution to (45) holds
true.

Proof For o > 0 we denote
m
e,(0) = min {zl<f<xi>—yi>2+xrf\&c}.
i=

The minimizer of this one-layer optimization problem exists, is unique, and can be expressed as
= 30, c/KS. The coefficient vector ¢ := (c{)I", is the solution of the linear system

([K°)x+mAlp)c =y

where y is the vector (y;){", and [K°]y is the m x m matrix (K°(x;,x )),J 1. Each main diagonal
entry of [Ky is 1. A simple computation yields % 5, (£, (xi) — yi)? = mA?[|c?|?, 1123 ]lke =
(c®)T[K]xcC and '
ez (0) = Ay" ([Klx+mAlm) "y
In the following, we will show that limg_.oe,)(0) is strictly larger than e, (o) for any o €

(0,02] with some o, > 0. Thereby, the minimizer of e, should be achieved at a positive number in
(0,b] since e, (+) is a continuous function.
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Without loss of generality, we assume that iy = 1,ip; = 2. Denote ag = exp{—'xlc_y%‘z}. We see
that ag > 0 and limg_oas = 0. Our assumption on the distances |x; — Xj| > [x1 —X2| (i # j) tells us
that the off-diagonal entries of [K9]y decays to O faster than as except for the two entries at (1,2)
and (2,1). That is,

mA+1 ag 0
[KOx+MAly =Ag+agBg, Agi= ag  MA+1 0

and limg_gBg = 0. The inverse of Ag has a nice form

mA+1 . ag 0
(mA+1)2—aZ (mA+1)2—a2
Afl _ - ag mA+1 0
o (mA+1)2—a2 (mA+1)2-aZ
0 0 m)\1+1 Im—2
Recall that the norm of an m x m matrix A is defined by ||A|| = sup{||Ax|| : ||x|| =1}. If in addition, A
is symmetric, then ||A|| = max{|A;j| :1=1,2,...,m} where {A;:i=1,2,---,m} are the eigenvalues
of A. Hence,
) 1 1
1A~ < <

MA+1—ag — mMA’
Moreover, since limg_oBg = 0, there exists 0 < o1 < b such that

~1/2 A-—1/2

IAc "“BsAs 7| <1 V0<o<oi.

Therefore, for any 0 < o < g3 there holds

1

1/2
/ 1“—1_7610_'

— 2
(1 + agAg /*BoAg %)~

If we write ([K®Ty +mAln) " as Ag/2(1 + agAg ™ 2BoAg ™ 2)~tAg Y2, then
(K +mAln) 1 = Agt = —agAs™? (1 +a0As /?BoAs?) 1A, /2BoAG .

Consequently,

o) -1 A1 < ao i 2
(Kt i)~ —AgH| < 72— () 1ol
This implies that
ag||B 2
e,0(0) < AYTAGLy +A o GH(m}\) .

1-a
But o
)\yT A—ly _ ||yH2 + )\ao(yl +y2) - 2Aac¥1y2
° mA +1 (MA+1)((MA+1)2—a2) (mA+1)2—a2’
which means that e, (0) — ﬁ”yuz is bounded by

aa {HBOH (7) as(y; +Y3)  2ny
l1—as \mA (MA+1)((MA+1)2—a2) (mA+1)2—
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Using the properties that y1y, > 0, limg_0as = 0 and limg_0 ||Bs|| = 0 again, we know there exists
0 < 0y < 07 such that

e, (0) < Iyl  V0<o<o,.

mA +1
We also observe that limg_.o[K°]x + MAln = (MA 4 1)l,. Hence

. A
= < 0.
limeza(0) = i VI7>em0)  W0<o<a

It means that the infimum in (45) cannot be achieved as 0 — 0. By the continuity of e, (-), the ex-
istence of a solution to (45) follows from that of the optimization problem for ¢ lying in a compact
subset of (0, b] proved in Wu et al. (2007). [ ]

The above existence result largely depends on the least square loss and the assumption on the
data. It remains an open problem on how to prove the existence of the minimizer of the multi-kernel
scheme (4) associated with general loss functions and data.
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