
ORE Open Research Exeter

TITLE

Scattering of exchange spin waves from a helimagnetic layer sandwiched between two semi-infinite
ferromagnetic media

AUTHORS

Poimanov, VD; Kuchko, AN; Kruglyak, VV

JOURNAL

Physical Review B

DEPOSITED IN ORE

05 October 2020

This version available at

http://hdl.handle.net/10871/123097

COPYRIGHT AND REUSE

Open Research Exeter makes this work available in accordance with publisher policies.

A NOTE ON VERSIONS

The version presented here may differ from the published version. If citing, you are advised to consult the published version for pagination, volume/issue and date of
publication

http://hdl.handle.net/10871/123097


PHYSICAL REVIEW B 102, 104414 (2020)

Scattering of exchange spin waves from a helimagnetic layer sandwiched
between two semi-infinite ferromagnetic media

V. D. Poimanov ,1 A. N. Kuchko ,2 and V. V. Kruglyak 3,*

1Faculty of Physics and Technology, Donetsk National University, 24 Universitetskaya Street, Donetsk 83001, Ukraine
2Faculty of Physics and Mathematics, Igor Sikorsky Kyiv Polytechnic Institute, 37 Prospect Peremohy, Kyiv 03056, Ukraine

3Department of Physics and Astronomy, University of Exeter, Stocker Road, Exeter EX4 4QL, United Kingdom

(Received 8 November 2019; revised 1 June 2020; accepted 19 August 2020; published 10 September 2020)

We have calculated the scattering (reflection and transmission) coefficients of linear exchange spin waves
normally incident upon a helimagnetic layer sandwiched between two semi-infinite ferromagnetic media. Our
calculations show that, despite the helimagnetic order induced in the layer by the Dzyaloshinskii-Moriya
interaction (DMI), the scattering is reciprocal and insensitive to the presence of the helimagnetic order in the
layer. This comes as a result of the disappearance of the DMI from the boundary conditions in the considered
geometry under the small-amplitude approximation and from the specific form of the nonreciprocity of the
spin-wave dispersion relation in the helimagnetic material. We show that the helimagnetic layer’s interfaces act
as a system of two semicrossed polarizers for the circularly polarized spin waves incident from the ferromagnetic
media. This results from the ellipticity of the magnetic precession induced by the easy-plane anisotropy in the
helimagnetic layer. Our calculations also reveal the importance of evanescent solutions to correctly describe
the spin-wave scattering in samples with elliptical precession. Our findings will aid development of magnonic
devices containing helimagnetic constituents.

DOI: 10.1103/PhysRevB.102.104414

I. INTRODUCTION

It is widely recognized that noncentrosymmetric magnetic
materials [1–6] bear great promise for magnonics [7,8]—
the study of spin waves [9]—in terms of novel physical
phenomena and device functionalities. The lack of inver-
sion symmetry in such materials leads to an antisymmetric
exchange coupling, known as Dzyaloshinskii-Moriya interac-
tion (DMI), between spins [1,2]. This results in highly nonuni-
form static magnetic configurations [[3–6] and nonreciprocity
of the spin-wave dispersion[3–6,10–12] and damping [13]. As
with other areas of wave physics [14,15], the scattering of
spin waves in nonuniform magnonic media and waveguides
[16–32] is an essential aspect in magnonics. Of particular
relevance to spin-wave devices [7,8] is scattering from lo-
cal nonuniformities within otherwise homogeneous magnonic
media or waveguides [16–27,29-32]. It is therefore tempting
to realize (e.g., using the DMI) nonreciprocal scattering of
spin waves from some sort of a magnetic nonuniformity, since
this could lead, e.g., to the creation of spin-wave diodes [33].
However, the great majority of the magnonic devices studied
so far scatter spin waves reciprocally. Exceptions include the
Fanolike [34] system from Ref. [23], where the nonreciproc-
ity is due to the chirality of the stray magnetic field from
the precessing magnetization, and the topology-induced skew
scattering of spin waves from magnetic skyrmions in thin
films with DMI [25,26].

Here, we study theoretically the scattering of exchange
spin waves from a thin helimagnetic layer [3–6] sandwiched

*Corresponding author: V.V.Kruglyak@exeter.ac.uk

between two semi-infinite ferromagnetic media, as a model
system in which the effects of the DMI and associated
spin-wave nonreciprocity could be observed. However, our
analysis show that, in the considered geometry, the scatter-
ing of spin waves from the helimagnetic layer is reciprocal
and does not appear to feel the presence of the helimagnetic
ordering in the layer, in contrast, e.g., to Ref. [35]. This
outcome results from the disappearance of the DMI from the
boundary conditions in the considered geometry under the
small-amplitude approximation and from the specific form
of the nonreciprocity of the spin-wave dispersion relation.
The ellipticity of precession in the helimagnet requires us
to account for evanescent spin-wave modes, exponentially
decaying from each interface into the adjacent materials. The
helimagnetic layer’s interfaces then act as a system of two
polarizers for the incident spin waves, which have circular
polarization.

The paper is organized as follows. In Sec. II, we introduce
our theoretical model and the micromagnetic ground state in
the helimagnetic layer. In Sec. III, we derive the spin-wave
dispersion and general solutions for the constituent ferro-
magnetic and helimagnetic materials. Section IV presents
our main analytical results for the complex reflection and
transmission coefficients of spin waves scattered from a he-
limagnetic layer embedded within a ferromagnetic matrix.
In Secs. V and VI, we discuss our results and present our
conclusions, respectively.

II. MODEL AND GROUND STATE

We consider a layer of a helimagnetic material “H”
(−d/2 < z < +d/2, where d is the thickness of the layer)
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FIG. 1. The ground state magnetic configurations realized in
samples with n = 1 and n = 1

2 turns of the helix in the H layer
are shown schematically in panels (a) and (b), respectively. The
magnetization in the H layer rotates according to Eq. (4), while the F
media are uniformly magnetized collinear to y and x axes when the H
layer contains (a) integer (e.g., one) and (b) half-integer (e.g., a half)
numbers of turns of the helicoid, respectively.

parallel to the x-y plane and sandwiched between two semi-
infinite media made of a ferromagnetic material “F” (z <

−d/2 and z > +d/2), as shown in Fig. 1. Throughout the
paper, we use subscripts “H” and “F” for quantities character-
izing materials H and F, respectively. We consider two special
cases of the thickness of the helimagnetic layer containing
either an integer number n, or a half-integer number n + 1

2
of helix periods (turns).

The magnetization dynamics are described by the Landau-
Lifshitz equation [9]

∂MH(F)

∂t
= −γH(F)[MH(F) × Heff,H(F)]

+ αH(F)

MH(F)

[
MH(F) × ∂MH(F)

∂t

]
, (1)

where MH(F) is the magnetization, γH(F) is the gyromagnetic
ratio, αH(F) is the dimensionless (Gilbert) damping constant,
and t is the time. We do not account for the nonlocal damping
[13], so as not to overcomplicate the calculations. The effec-
tive magnetic field is

Heff,H(F) = − δwH(F)

δMH(F)
, (2)

where wH(F) is the volume magnetic energy density

wH(F) = 1
2λ2

H(F)(∇MH(F))
2 + 1

2 DH(F)MH(F)[∇ × MH(F)]

± 1
2βH(F)(n̂H(F)MH(F))

2. (3)

Here, λH(F) =
√

2AH(F)

MH(F)
is the magnetic exchange length, where

AH(F) is the symmetric exchange constant. Both materials are

uniaxial with anisotropy axes parallel to n̂H(F). In the heli-
magnet, we have n̂H ‖ ẑ, while the direction of n̂F (and so, of
the anisotropy axis in the ferromagnet) will be defined later.
The dimensionless anisotropy constant is βH(F) > 0. The +
and − signs correspond to materials H (with “easy plane”
anisotropy) and F (with “easy axis” anisotropy), respectively.
DH(F) is the strength of the DMI (of bulk origin [36,37]),
such that DH ≡ D and DF ≡ 0. The Dzyaloshinskii vector is
assumed to be parallel to ẑ.

We limit our consideration to the case of zero bias magnetic
field. Then, the energy of the helimagnet is minimized when
its magnetization forms a helix described by [3,4]

MH,0,x = −MH sin (KHz),
(4)

MH,0,y = MH cos (KHz), MH,0,z = 0,

where the wave vector KH and period of the helix l are

KH = D

λ2
H

ẑ, l = 2π

KH
. (5)

In an infinite helimagnetic sample, the energy of the helix
is invariant relative to its translations along the ẑ axis. In our
model, we would like to keep the position of the helix fixed by
Eqs. (4). So, we adjust the orientation of the anisotropy axes
in material F to ensure that in the ground magnetic state: (i)
Eqs. (4) are satisfied in material H, (ii) the magnetization of
the ferromagnetic media is uniform (and collinear to n̂F), and
(iii) the boundary conditions at the interfaces between the H
layer and the F media

MH × MF = 0,
(6)

λ2
FMF × ∂MF

∂z
= λ2

HMH ×
(

∂MH

∂z
− [KH × MH]

)
,

are satisfied. The boundary conditions represent a limiting
case of those derived in Ref. [38], assuming a strong ferro-
magnetic coupling between the helimagnet and ferromagnet
and neglecting any interface anisotropy. Our boundary condi-
tions can also be obtained from those in Ref. [39] by setting
the components of the DMI tensor (Eq. (7) in Ref. [39])
as D1 = D2 = D5 = 2D, D3 = D4 = 0. The required ground
state is realized if n̂F ‖ x̂ (n̂F ‖ ŷ) when the helimagnetic layer
fits a half-integer (integer) number of helix turns. Figures 1(a)
and 1(b) illustrate the static magnetic configurations realized
in samples with n = 1 and n = 1

2 turns of the helix in the H
layer, respectively.

In this paper, we only consider small-amplitude exchange
spin waves. So, we linearize Eq. (1), to obtain the linearized
Landau-Lifshitz equation

∂mH(F)

∂t
= −γH(F)([MH(F),0×heff,H(F)]+[mH(F) × Heff,H(F),0])

+ αH(F)

MH(F)

[
MH(F),0 × ∂mH(F)

∂t

]
, (7)

where subscripts 0 denote static quantities, while mH(F) and
heff,H(F) are the small dynamic perturbations to the magneti-
zation and effective magnetic field, respectively.
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III. SPIN-WAVE DISPERSION RELATIONS
AND GENERAL SOLUTIONS

In this section, we derive expressions for the spin-wave
dispersion in the constituent materials. The dynamic magne-
tization is assumed to have the same time dependence, i.e.,
mH(F) ∝ exp(−iωt ). Furthermore, we neglect any magnetic
nonuniformity in the x-y plane, i.e., we only consider normally
incident spin waves (propagating along the z axis).

The static effective magnetic field in the helimagnet with
magnetization described by Eq. (4) is equal to zero, i.e.,
Heff,H,0 = 0. For the components of the dynamic effective
field, we obtain from Eqs. (2) and (3)

heff,H,x = λ2
H

∂2mH,x

∂z2
+ D

∂mH,y

∂z
,

heff,H,y = λ2
H

∂2mH,y

∂z2
− D

∂mH,x

∂z
,

heff,H,z = λ2
H

∂2mH,z

∂z2
− βHmH,z. (8)

Furthermore, we introduce circular variables as follows
[3,4]:

mH,± = (mH,x ± imH,y)e∓iKHz,

MH,0,± = ±iMHe±iKHz,

heff,H,± = λ2
H

∂2mH,±
∂z2

∓ iD
∂mH,±

∂z
. (9)

Then, Eq. (7) is reduced to the following system of equa-
tions: (

−λ2
H

∂2

∂z2
+ βH − iαH

ω

ωH

)
mH,z + i

ω

ωH
mH,± = 0,

(
−λ2

H
∂2

∂z2
− iαH

ω

ωH

)(
mH,+ + mH,−

) − 2i
ω

ωH
mH,z = 0,

(10)

where ωH = γ MH. Noting that Eq. (7) must preserve the
length of the magnetization vector and that the ground mag-
netic state is described by Eq. (4), we obtain mH,+ − mH,− =
0. This allows us to exclude one equation from system (10),
obtaining in a matrix form(

−λ2
H

∂2

∂z2 − iαH
ω
ωH

−i ω
ωH

i ω
ωH

−λ2
H

∂2

∂z2 + βH − iαH
ω
ωH

)(
mH,+
mH,z

)
= 0.

(11)
To find the spin-wave dispersion, we seek solutions of

system (11) in the form of planes waves

mH,+ = iCHeikHz, mH,z = DHeikHz, (12)

where kH is the “reduced” wave number of spin waves in the
helimagnet, i.e., the wave number in a system rotating with the
static magnetization as defined by Eq. (9) [3]. This substitu-
tion converts Eq. (11) into a system of algebraic equations for
amplitudes CH and DH. By equating to zero the determinant
of this algebraic system, we obtain the complex dispersion

relation as(
ω

ωH

)2

=
(

λ2
Hk2

H + βH − iαH
ω

ωH

)(
λ2

Hk2
H − iαH

ω

ωH

)
.

(13)
Equation (13) predicts that for each value of ω, there are

four roots for kH: two (±kH,p) corresponding to propagating
waves and two (±ikH,e) corresponding to evanescent waves,
where

kH,
p
e

= 1

λH

√√√√√(
ω

ωH

)2

+
(

βH

2

)2

∓ βH

2
± iαH

ω

ωH
. (14)

These waves have elliptical precession with ellipticities
ηH ≡ DH/CH given by

ηH,
p
e

= ωH

ω

(
λ2

Hk2
H − iαH

ω

ωH

)

= ±ωH

ω

⎛
⎝

√(
ω

ωH

)2

+
(

βH

2

)2

∓ βH

2

⎞
⎠. (15)

The ellipticities of the propagating and evanescent waves
are related via

ηH,pηH,e = −1. (16)

For the spin-wave dispersion in the ferromagnetic material,
similar calculations yield(

ω

ωF

)2

=
(

βF + λ2
Fk2

F − iαF
ω

ωF

)2

, (17)

where ωF = γ MF. Like for the helimagnetic material, for each
value of ω > βF, we have four roots for kF: two (±kF,p)
corresponding to propagating waves and two (±ikF,e) corre-
sponding to evanescent waves, where

kF,
p
e

= 1

λF

√
ω

ωF
∓ βF ± iαF

ω

ωF
. (18)

These spin waves are circularly polarized at all frequen-
cies, with ellipticities given by ηF,p = 1 and ηF,e = −1. The
dispersion of propagating spin waves described by Eq. (18) is
plotted in Fig. 2(a). In contrast to the helimagnetic material,
the ferromagnetic dispersion has a frequency gap proportional
to the strength of the uniaxial anisotropy βF.

The frequency dependence of the real part of the wave
number kH,p defined by Eq. (14) (i.e., the dispersion relation)
is shown in Fig. 2(a). The characteristic feature of this depen-
dence is the absence of the frequency gap at Re(kH,p) = 0. The
value of the uniaxial anisotropy constant βH controls the cur-
vature of the dispersion curve at low frequencies. Figure 2(b)
shows the ellipticity of the propagating spin wave mode as a
function of frequency [Eq. (15)], while we keep in mind that
the ellipticity of the evanescent mode has a reciprocal depen-
dence, Eq. (16). The ellipticity of the propagating (evanescent)
wave tends to zero (diverges) at zero frequency and asymptot-
ically approach 1 (–1) at high frequencies. This means that
the precession becomes circular. The precession’s chirality is
opposite for the propagating and evanescent waves, i.e., the
magnetization undergoes Larmor and anti-Larmor precession
[40–42], respectively.
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FIG. 2. (a) The dispersion relations of the propagating exchange spin waves in the helimagnetic, Re(kH,pλH), and ferromagnetic,
Re(kF,pλF ), media are plotted for characteristic values of the strength of the uniaxial anisotropy βH(F). (b) The frequency dependence of
the ellipticity of propagating spin waves is shown for the same values of βH as in panel (a). (c) The penetration depth of the propagating spin
waves into the helimagnetic layer is shown for characteristic values of βH(F) and of the damping constant αH. (d) The penetration depths of the
propagating and evanescent spin waves into the helimagnetic layer are compared for the same values of βH(F) as in panel (c) while keeping the
damping constant value fixed at αH = 0.02. In all panels, we assume l = 5λH.

Figures 2(c) and 2(d) compare the depth of penetration
of the propagating and evanescent spin waves into the he-
limagnetic layer. The penetration depth of the propagating
modes (Im(kH,p))−1 is determined primarily by the value of
the damping constant αH, which has almost no effect on the
penetration depth of the evanescent waves (Re(kH,e ))−1. At
low frequencies, the penetration depths of both propagating
and evanescent waves are affected by the value of βH: both
depths decrease as βH increases, making the precession more
elliptical. At all frequencies, the penetration depth of evanes-
cent modes is consistently smaller than that of propagating
spin waves.

In infinite homogeneous media, the evanescent solutions
are neglected as unphysical, since they would grow indefi-
nitely at one of the infinity limits otherwise. However, their
account is needed when spin-wave scattering from a localized
nonuniformity is studied [43–45]. Specifically, we will use the
full general solution of the homogeneous system correspond-
ing to Eq. (11)

mH,x = i cos(KHz)(C(+)
H,peikH,pz + C(−)

H,pe−ikH,pz

+C(+)
H,e e−kH,ez + C(−)

H,e ekH,ez ),

mH,y = i sin(KHz)(C(+)
H,peikH,pz + C(−)

H,pe−ikH,pz

+C(+)
H,e e−kH,ez + C(−)

H,e ekH,ez ),

mH,z = ηH,p(C(+)
H,peikH,pz + C(−)

H,pe−ikH,pz )

+ ηH,e(C(+)
H,e e−kH,ez + C(−)

H,e ekH,ez ). (19)

The dependence on KHz enters Eq. (19) because, due to the
substitution of variables described by Eqs.(9), wave numbers
kH,p and decay rates kH,e are defined in the coordinate frame
that is “rotating” with the static magnetization [3,4]. This
rotation of the static magnetization must be accounted for
when calculating the overall orientation of the magnetization,
e.g., when matching the magnetizations at interfaces with the
ferromagnetic media using boundary conditions (6).

When the H layer fits an integer number n of helicoid turns
(and therefore, nF ‖ ŷ and mF,y = 0), the full general solution
of the homogeneous problem is

mF,x = i(−1)n(C(+)
F,p eikF,pz + C(−)

F,p e−ikF,pz

+C(+)
F,e e−kF,ez + C(−)

F,e ekF,ez ),

mF,z = C(+)
F,p eikF,pz + C(−)

F,p e−ikF,pz

−C(+)
F,e e−kF,ez − C(−)

F,e ekF,ez. (20)

When the H layer fits n + 1
2 helicoid turns (and therefore,

nF ‖ x̂ and mF,x = 0), the static magnetizations on the oppo-
site boundaries of the H layer are antiparallel, and we have for
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the general solution

mF,y = ∓i(−1)n(C(+)
F,p eikF,pz + C(−)

F,p e−ikF,pz

+C(+)
F,e e−kF,ez + C(−)

F,e ekF,ez ),

mF,z = C(+)
F,p eikF,pz + C(−)

F,p e−ikF,pz − C(+)
F,e e−kF,ez − C(−)

F,e ekF,ez,

(21)

where the minus and plus signs in the expression for mF,y

correspond to the ferromagnet on the left-hand side from the
H layer (where MF,0 ‖ x̂ for even values of n) and on the
right-hand side from the H layer (where MF,0 ‖ x̂ for odd
values of n), respectively.

IV. SPIN-WAVE SCATTERING FROM THE
HELIMAGNETIC LAYER

Let us consider a spin wave of unit amplitude incident on
the helimagnetic layer from the left. The scattering coeffi-
cients are obtained by matching the general solutions of the
homogeneous Eqs. (19), (20), and (21) at interfaces, i.e., for
z = ±d/2, using the linearized boundary conditions (6)

[M0,H × mF] − [M0,F × mH] = 0,[
λ2

FM0,F × ∂mF

∂z

]
−

[
λ2

HM0,H × ∂mH

∂z

]
= 0, (22)

where we have taken into account that, in the ground state
described by Eq. (4),

∂MH,0

∂z
− [KH × MH,0] = 0, (23)

and moreover that, in the linear approximation,[
λ2

HM0,H × [KH × mH]
] = 0. (24)

Notably, the wave vector of the helix KH is absent from the
linearized boundary conditions (22).

We take into account that, in the left-hand side ferro-
magnetic medium, there are three waves: two propagating
(one incident and one reflected, with amplitudes of 1 and
rp, respectively) and one evanescent (decaying exponentially
from the interface to the left), with amplitude of re. In the
right-hand side ferromagnetic medium, there are two waves:
one propagating (transmitted) and one evanescent (decaying
exponentially from the interface to the right), with amplitudes
of tp and te, respectively. In the helimagnetic layer, there are
four waves: two counterpropagating, with amplitudes c(±)

p ,
and two evanescent (one each decaying exponentially from
each interface into the interior of the layer), with amplitudes
c(±)

e .
The subsequent derivations depend on whether the heli-

magnetic layer contains an integer or half-integer number of
turns of the helicoid. For an integer number of turns of the
helicoid in the H layer, we have KHd = 2πn, i.e., d = nl . So,
from Cartesian components of Eqs. (22) at the two interfaces,
we obtain eight equations

(μH,x(z) − μFL,x(z) )|z=− d
2

= 0, (μH,x(z) − μFR,x(z) )|z= d
2

= 0,(
AH

∂μH,x(z)

∂z
− AF

∂μFL,x(z)

∂z

)∣∣∣∣
z=− d

2

= 0,

(
AH

∂μH,x(z)

∂z
− AF

∂μFR,x(z)

∂z

)∣∣∣∣
z= d

2

= 0, (25)

where the normalized dynamic magnetizations μH(FL,FR) = mH(FL,FR)/MH(FL,FR) are given by

μFL,x = i
(−1)n(1 · eikF,p(z+ d

2 ) + rpe−ikF,p(z+ d
2 ) + reekF,e (z+ d

2 )
)
,

μFL,z = 1 · eikF,p(z+ d
2 ) + rpe−ikF,p(z+ d

2 ) − reekF,e (z+ d
2 ),

μH,x = i cos(KHz)(c(+)
p eikH,pz + c(−)

p e−ikH,pz + c(+)
e e−kH,ez + c(−)

e ekH,ez ),
(26)

μH,z = ηH,p(c(+)
p eikH,pz + c(−)

p e−ikH,pz ) + ηH,e(c(+)
e e−kH,ez + c(−)

e ekH,ez ),

μFR,x = i(−1)n(tpeikF,p(z− d
2 ) + tee−kF,e (z− d

2 ) ),

μFR,z = tpeikF,p(z− d
2 ) − tee−kF,e (z− d

2 ),

and subscripts “FL” and “FR” stand for the left- and right-hand side ferromagnets, respectively.
If the helimagnet contains a half-integer number of the helicoid’s turns, we have KHd = 2π (n + 1/2), i.e., d = (n + 1/2)l .

Then, from Cartesian components of Eqs. (22) at the two interfaces, we obtain

(μH,y(z) − μFL,y(z) )|z=− d
2

= 0, (μH,y(z) − μFR,y(z) )|z= d
2

= 0,(
AH

∂μH,y(z)

∂z
− AF

∂μFL,y(z)

∂z

)∣∣∣∣
z=− d

2

= 0,

(
AH

∂μH,y(z)

∂z
− AF

∂μFR,y(z)

∂z

)∣∣∣∣
z= d

2

= 0, (27)

where

μFL,y = −i(−1)n
(
1 · eikF,p(z+ d

2 ) + rpe−ikF,p(z+ d
2 ) + reekF,e (z+ d

2 )
)
,

μFL,z = 1 · eikF,p(z+ d
2 ) + rpe−ikF,p(z+ d

2 ) − reekF,e (z+ d
2 ),
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FIG. 3. The frequency dependence of the absolute value (top row) and phase (bottom row) of the spin-wave reflection [panels (a) and
(b)] and transmission [panels (c) and (d)] coefficients and of the evanescent wave amplitudes [panels (e) and (f)] in the F media are shown
for different values of the uniaxial anisotropy strength and different numbers of the helix turns in the H layer. We assume the values of the
exchange length and saturation magnetization to be equal in the helimagnetic and ferromagnetic materials, while l = 5λH and the damping is
zero. The line styles and colors are consistent in the top and bottom panels.

μH,y = i sin(KHz)(c(+)
p eikH,pz + c(−)

p e−ikH,pz + c(+)
e e−kH,ez + c(−)

e ekH,ez ),

μH,z = ηH,p(c(+)
p eikH,pz + c(−)

p e−ikH,pz ) + ηH,e(c(+)
e e−kH,ez + c(−)

e ekH,ez ),

μFR,y = i(−1)n(tpeikF,p(z− d
2 ) + tee−kF,e (z− d

2 ) ),

μFR,z = tpeikF,p(z− d
2 ) − tee−kF,e (z− d

2 ). (28)

Substituting Eqs. (26) and (28) into Eqs. (25) and (27),
respectively, we obtain the same system of eight algebraic
equations [Eqs. (A1) in the Appendix] for the cases of integer
and half-integer numbers of turns in the H layer. We use
MAPLE software [46] to solve the system for the reflection,
rp(e), and transmission, tp(e), coefficients, whose frequency
dependence is shown in Fig. 3.

V. DISCUSSION

The frequency dependence of the reflection and transmis-
sion coefficients for propagating modes is qualitatively similar
to that for circularly polarized exchange spin waves [22,32].
Overall, the absolute value of the reflection (transmission) co-
efficient decreases (increases) as the frequency increases. On
top of this general trend, we notice regular dips, the number
of which increases with helimagnetic layer thickness. These
are due to the Fabry-Perot resonances [47], which occur when
waves scattered by the two interfaces interfere constructively
(destructively) in the backward (forward) direction. Quanti-
tatively, the ellipticity of the precession in the helimagnetic
layer leads to the H layer’s interfaces playing the role of

a pair of polarizers for the circularly polarized spin waves
incident from the ferromagnet. This leads to appearance of the
evanescent modes on both sides of each interface and thereby
affecting the strength of scattering at each interface. The
evanescent modes have negligible amplitudes for βH = 0.02
but become more noticeable for βH = 0.2. In the latter case,
their effect is significant (yet modest) at low frequencies and
diminishes quickly at high frequencies, when the spin-wave
polarization in the helimagnetic layer becomes more circular
[Fig. 2(b)]. It is worthwhile noting however that the ellipticity
of precession is generally stronger for spin waves propagating
in thin magnetic films, and so, we should expect it to have a
more pronounced effect on scattering of such spin waves.

The fact that we have obtained the same system of eight
algebraic equations [Eqs. (A1) in the Appendix], for the cases
of integer and half-integer numbers of turns in the H layer
means that the scattering from the layer is insensitive to its
helimagnetic ordering. To explain this peculiarity, we recall
that, in general, the wave scattering from a layer with al-
tered properties is determined by two factors: (i) the wave
impedance [48] mismatch (i.e., the boundary conditions) at
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the layer’s individual interfaces and (ii) the phase accumulated
by the wave after round trips across the layer [14,15]. As
we have seen earlier, any information about the helimagnetic
order is absent from the boundary conditions (22) due to the
geometry of our problem and the linear approximation used
here, which lead to Eqs. (23) and (24). The phase accumulated
by the propagating spin waves after one round trip across the
H layer is also independent of the presence of the helimagnetic
order. Indeed, in the “laboratory” frame [3,4], this phase can
be calculated as

�ϕ = K+
H,pd + K−

H,pd, (29)

where K+
H,p and K−

H,p are the wave numbers of spin waves
propagating forward and backward, respectively, in the lab-
oratory frame. These are related to the wave numbers ±kH,p

(defined in the rotating frame and used throughout above) via
a frequency-independent shift of KH

K±
H,p = KH ± kH,p. (30)

The dispersion relation of spin waves in the helimagnet is
therefore reciprocal in the rotating frame but is nonreciprocal
in the laboratory frame. Nonetheless, it follows from Eqs. (29)
and (30) that the phase shift accumulated by spin waves after
each round trip across the H layer (and therefore, its effect
upon the spin-wave scattering) is not influenced by this non-
reciprocity (and by extension, by the helimagnetic order in the
H layer). This conclusion should also apply to other systems
in which the nonreciprocity is described (perhaps approxi-
mately) by Eq. (30), which is realized (in some geometries) in
the case of the DMI and electric field induced nonreciprocity
[11,49].

Our results correspond to a rather stringent requirement
that the thickness of the H layer be equal an integer or half-
integer number of the helicoid periods given by Eq. (5). The
period of the helicoid varies continuously with temperature
and might not necessarily be commensurate with the lattice
constant of the H layer [3,4,50]. This could lead to magnetic
relaxation at the interfaces and associated deviation of the
magnetic configuration from that given by Eq. (4) in the H
layer and uniform magnetization in the F media. However, the
angle of such deviation would be limited, in any case, by that
between the spins in the nearest neighbor unit cells [3,4,51].
For example, the lattice constant of CrNb3S6 is 1.21 nm
and the period of the helicoid is about 48 nm [52–54]. The

corresponding angle between the nearest-neighbor spins of
about 9° is rather small, while any deviation from the expected
static configuration would be even smaller. Hence, we expect
our results to hold for such “long-periodic” [3,4] magnetic
structures.

VI. CONCLUSIONS

In summary, we have developed a theory of scattering
of linear exchange spin waves normally incident upon a
helimagnetic layer sandwiched between two semi-infinite fer-
romagnetic media. The scattering is shown to be reciprocal
and insensitive to the presence of the DMI induced heli-
magnetic order in the layer. The magnetic precession in the
helimagnetic layer is elliptical, and its interfaces act as a
system of two semicrossed polarizers for the spin waves that
have circular polarization in the ferromagnetic media. The
account of the evanescent solutions proves to be essential to
correctly describe the spin-wave scattering in this case.

Experimentally, the spin-wave response of helimagnets has
recently started to be studied using ferromagnetic resonance
[55–57] (FMR) and optical pump-probe techniques [58]. The
FMR-based measurements aided by suitable microwave-to-
spin-wave transducers [59] have recently enabled studies of
propagating exchange spin waves in uniformly magnetized
ferromagnetic films [60,61] and could also be expected to be
applied to helimagnet-based systems such as ours. Once this
is achieved, our findings will prove essential for design and
development of magnonic devices containing helimagnetic
constituents.
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APPENDIX: SYSTEM OF EQUATIONS FOR
DETERMINATION OF THE SCATTERING COEFFICIENTS

The scattering coefficients of spin waves from the heli-
magnetic layer are calculated from the following system of
algebraic equations:

c(+)
p e−ikH,p

d
2 + c(−)

p eikH,p
d
2 + c(+)

e ekH,e
d
2 + c(−)

e e−kH,e
d
2 − rp − re = 1,

ηH,p(c(+)
p e−ikH,p

d
2 + c(−)

p eikH,p
d
2 ) + ηH,e(c(+)

e ekH,e
d
2 + c(−)

e e−kH,e
d
2 ) − rp + re = 1,

AH(ikH,p(c(+)
p e−ikH,p

d
2 − c(−)

p eikH,p
d
2 ) − kH,e(c(+)

e ekH,e
d
2 − c(−)

e e−kH,e
d
2 )) − AF(−ikF,prp + kF,ere) = iAFkF,p,

AH(ikH,pηH,p(c(+)
p e−ikH,p

d
2 − c(−)

p eikH,p
d
2 ) − kH,eηH,e(c(+)

e ekH,e
d
2 − c(−)

e e−kH,e
d
2 )) − AF(−ikF,prp − kF,ere) = iAFkF,p,

c(+)
p eikH,p

d
2 + c(−)

p e−ikH,p
d
2 + c(+)

e e−kH,e
d
2 + c(−)

e ekH,e
d
2 − tp − te = 0,

ηH,p(c(+)
p eikH,p

d
2 + c(−)

p e−ikH,p
d
2 ) + ηH,e(c(+)

e e−kH,e
d
2 + c(−)

e ekH,e
d
2 ) − tp + te = 0,

AH(ikH,p(c(+)
p eikH,p

d
2 − c(−)

p e−ikH,p
d
2 ) − kH,e(c(+)

e e−kH,e
d
2 − c(−)

e ekH,e
d
2 )) − AF(ikF,ptp − kF,ete ) = 0,

AH(ikH,pηH,p(c(+)
p eikH,p

d
2 − c(−)

p e−ikH,p
d
2 ) − kH,eηH,e(c(+)

e e−kH,e
d
2 − c(−)

e ekH,e
d
2 )) − AF(ikF,ptp + kF,ete ) = 0. (A1)
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