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Abstract

In this thesis we study probabilistic limit theorems for one-dimensional non-uniformly
expanding maps with a single neutral fixed point, commonly known as intermittent
maps. In 2004, S. Gouézel showed that generic Holder observables satisfy a stable law
under the dynamics of the Liverani-Saussol-Vaienti (L.S.V.) family of intermittent maps
in the case that an absolutely continuous probability measure is preserved. A key reason
for the appearance of stable laws in the setting of Gouézel’s result is the fact that the
return time to a particular reference set is regularly varying. We investigate what occurs
when this regular variation is not present. In particular, we consider modifications of
the L.S.V. map where stable laws fail to hold for generic Hélder observables and show
that instead semi-stable laws emerge. We further establish that these semi-stable laws
also appear in the context of the usual L.S.V. map for a certain class of oscillatory

observables.
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Part 1

Introduction and Statement of Results






Introduction

The general problem we are interested in studying here may be described as follows.

We take an interval map 7' : [0, 1] — [0, 1] which is intermittent:
dxg € [0, 1] such that T'(zo) = o, T'(z0) =1, T'(x) > 1 Va # xo,

and we seek to understand aspects of the long-term behaviour of the sequence (7" () ),>0
for points x € [0,1]. The term intermittent stems from the fact that a typical orbit
(T™(x))z>0 will spend a large period of time close to the neutral fixed point xy before
briefly behaving chaotically until it again returns close to xy. The global dynamical
picture of an intermittent system thus consists of long laminar phases interrupted by

chaotic bursts. Typical examples of such intermittent dynamical systems can be found

in [PMS0].

Even for simple maps 7' it can be extremely difficult to gain information on the
behaviour of (7T"(z)),>o using either analytic or computational techniques. An ap-
proach which is more fruitful, however, is to introduce a probability measure p and
to attempt to understand the behaviour of (T™(z)),>o probabilistically. If we let
u : [0,1] = R be a measurable function then we may view u o T™ as random variables
and thus try and understand the behaviour of averages of the sequence (u o T"),>;
over our space. A very well known, and perhaps most simple result in this direction
is Birkoff’s ergodic theorem which gives an analogue of the strong law of large num-
bers. Birkoft’s ergodic theorem states that when the measure p is ergodic for T' (i.e.
TY(E) = E = either (u(E) = 0 or u(E°) = 0)) and u is integrable then the aver-
age %Z;:& uo TY(x) converges to [wudp for p-almost every z. The question we are
interested in answering is whether there exist sequences (4,,),>1 and (B,,),>1 such that

Z’?:_OluoTj - B,
Ly = =2 T : (1)
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converges in distribution to something non-degenerate, or more generally, if the se-
quence (Z,)n>0 has non-degenerate weak limit points. Here, by non-degenerate we
mean that limiting random variable is not almost surely constant. For example, one
might hope to obtain convergence results for the 7, analogous to the central limit

theorem.

A motivating result for the work we will present here is the following theorem due
to Sebastian Gouézel which gives conditions for the convergence of the Z, to either
Gaussian or (non-Gaussian) stable random variables in the case that u is a Holder

continuous function and 7' is the following intermittent map

x(1+ 2°2°) for x € [0,1/2)
T(e) = ( ) [0,1/ -

2 — 1 for z € [1/2,1].

Theorem (|Gou04a, Theorem 1.3]). Let 8 € (1/2,1) and let T be the corresponding
map as defined in (2). Let u : [0,1] — R be Holder continuous with [udu = 0. Then

there are two cases.

1. If u(0) # 0, then we have convergence to a stable law

n—1 i
D iouoT’
=== — ‘/'1/5’

nﬁ n—oo

where Vi3 is a stable random variable of index 1/f3.

2. If u(0) = 0, and the Hélder exponent v of u such that v > 3 — 1/2 then we have

a central limit theorem

n—1 i
Ty odY
—Z”ﬁ —5 Vv N(0,07),

for some 0® >0



11

A key property of the map defined in (2) that is responsible for the appearance of the
stable law in second case of the theorem above is following. If we induce on the set

Y :=[1/2,1] and and consider the induced observable

T(x)—1
uy () = Z uwo TV (x),
=0

where 7:Y — N is the first return time to Y (i.e. 7(x) :=min{n > 1:T"x € Y'}) one

may show that when u(0) # 0 the tail distribution

F(y) = pluy > y), (3)
is reqularly varying:
F(y) = yf%é(y) where yll}rgo % =1 VA>0. (4)

Indeed, as we will see in Section 1.1.3, having regularly varying tail distributions is
essential in the context of independent and identically distributed random variables to
obtain convergence to stable random variables (see Theorem 1.1.7). It is the behaviour
of the map T near its neutral fixed point which is responsible for the fact that Holder
observables with u(0) # 0 induce to observables with tail distributions F' of the form

given in (4).

We are interested in the case that this regular variation is not present in (3), in par-
ticular we be interested in the case that an additional oscillatory factor appears in (3)
above. We will study three different situations where this oscillatory factor is present
in (3), each scenario being a map of the unit interval and class of observables. We
will informally introduce our main results here. For precise definitions of the maps we
consider and the for the formal statements of our main results we refer the reader to

Chapter 2.
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In order to introduce the systems we will study we need to introduce the function

M : (0,00) — (0,00). For some € > 0 we define

" log x) , (5)

where ¢ > 1 is some parameter. A key property of this is that it is log-periodic:
M(cx) = M(zx) for all > 0. In what follows, the function M will be our prototypical
example of a log-periodic function. In this thesis we will primarily study the following

maps.

1. For a € (1,2) we set zg = 1, 21 = 1/2 and x,, := n=*M(n) for n > 2. We then

define the map

.

0, if 2 =0

Texp() = gn(z), T € [Tpy1, 0] N> 2 (6)

2¢—1, ifzell/2,1],
\

where

T — T,
gn(x) =14z, + (1 —ay)pn(r — THyy1) — exp {log(l — anAn_l)A—H} , (7)

and

An =T — Tntl, Pn =

and (a,) is some strictly decreasing sequence of positive reals converging to 0. The
key property of this system is that it maps each interval [z, 1, z,] smoothly and
bijectively onto the [z, z,,—1] with the intervals ([x,41, Zn])n>1 forming a Markov

partition for Ty, this is similar to the piecewise quadratic map studied in [KT18§].



13

2. For g € (1/2,1) we define

.

0, itz=0
Tw(x) = 4§ 2(1+ aM(z)z?), ifz e (0,1/2) (8)
2 — 1, if z € [1/2,1],

\

where a is some constant chosen so that (14 aM(3)(3)") = 1.

3. For g € (1/2,1) we set

(14 2°2°), if z €10,1/2)
Trsv(x) = (9)
21 — 1, it 2 € [1/2,1].

For each of these maps we establish a semi-stable law, that is, for certain observ-
ables u we show the distributional convergence of the Z,, along subsequences to a
non-degenerate semi-stable random variable. Semi-stable random variables are gener-
alisation of stable random variables and will be discussed in detail in Section 1.1.4. We
show that for T € {Twp, Tw, TLsv } there exists sequences (k,) and (A,,) (which may be
determined) so that for certain observables u we have that

Z?QIUO T — ky, [udp oy 10)

An n—00

where V' is a semi-stable random variable and p is the absolutely continuous invariant
probability measure for 7. In the case of Ty, and T, we are able to establish (10)
for Holder observables u which are non-zero at 0, and for Tpgy we establish (10) for
observables of the form u(xz) = M (x). Moreover we can strengthen the distributional
convergence which appears in (10) to the following merging result. We introduce a

function v : (0,00) — (0,00), which is defined in terms of the sequence (k,) that



14

appears in (10) in the following way: for all s > 0 small enough we put

V(8) = skns) (11)

where k) is the unique element of (kn)n>1 such that ﬁ <s< . One can show that

1
knfl
for any all s > 0 small enough v(s) is contained in a compact set K. The strengthening

of (10) we obtain is

lim sup
n—o0 zeR

=0, (12)

St uoT) —n [udp
u( = 1 <z | —u(Vyam <)

where {V), : A € K} is a continuous family of semi-stable random variables, which we

introduce in Section 1.1.4, defined in terms of the V' which appears (10).

We will now proceed in Chapter 1 to recall relevant background material before giving
the formal statements of main findings in Chapter 2. The remainder of this document

is then devoted to the proofs of the results given in Chapter 2.



Chapter 1

Background and Terminology

1.1 Limit theorems for sums of 1.i.d. random variables

1.1.1 Terminology and Notation

In this section we let (€2, %, u) be a probability space, where (£2,d) a Polish metric
space and & is the Borel o-algebra. Given a sequence of measures (v, )nen on (€2, %)
we say that v, converges weakly to v and write v, 7&@ v if for every continuous
bounded function u : @ — R we have that lim, . v,(u) = v(u) where for a measure
A we write A(u) = [,ud\. We say that a sequence of random variables (X, )nen,
X, : Q = R converges in distribution to X : Q@ — R, and write X, Tﬁo X if the
corresponding distributions converge weakly: pX ! 7&2 uX 1. The topology induced

by weak-convergence on the space of probability measures on €2 is metrisable by the

Prokhorov metric [Bil99]:
dp(p,v) =inf{e > 0: p(A) < v(A%) + ¢ and v(A) < u(A°%) + ¢ VA € A},

where we denote by A° an € neighbourhood of a set A. A special case of this metric is

the Lévy-Prokhorov d, metric [Bil99] which captures the notion of weak convergence

15



16 CHAPTER 1. BACKGROUND AND TERMINOLOGY

on the space of distribution functions . where

F ={F :RU{—o00,+00} — [0, 1]|F right continuous and decreasing and

F(—00) = 0, F(+00) = 1},

and

de(F,G) =inf{e >0: F(zr —¢) —e <G(x) < F(x +¢)+¢}.

We also recall here the concepts of tightness and stochastic compactness. We say that
a collection F of measures is tight if for every € > 0 there exists a compact set K C ()
so that u(K) > 1 — ¢ for every p € F. A collection of random variables is said
to be tight if the corresponding collection of distributions are tight. A collection of
measures F is stochastically compact if every sequence of in F has a sub-sequence that
is weakly convergent. Similarly a collection of random variables is called stochastically
compact if the corresponding family of distributions is stochastically compact. Thus,
both tightness and stochastic compactness are necessary conditions for convergence
in distribution, however the converse is in general false: in Section 1.1.4 we will see
examples of sequences that are tight but do not converge weakly. The correspondence
between stochastic compactness and tightness are given by Prokhorov’s theorem which

for completeness we state below.

Theorem 1.1.1 (Prokhorov 1956 [Pro56]|). Let (€2, d) be a metric space and let F be a
collection of Borel probability measures on §2. Then if F is tight then F is stochastically
compact. Moreover, if (Q,d) is Polish then F is tight if and only if it is stochastically

compact.

Remark 1.1.2. As a consequence of the theorem above we have that for real-valued

random variables the concepts of tightness and stochastic compactness are equivalent.
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1.1.2 Infinitely divisible distributions

For a sequence of independent identically distributed (i.i.d.) random variables (X,,),en

one knows by virtue of the strong law of large numbers that the average * Z?Zl X; will

converge to the expectation E(X;) almost surely. The central limit theorem tells us that
if these random variables satisfy E(X?) < co and we replace scaling 1 by \/iﬁ then we

no longer have almost sure convergence to a constant, but instead we have convergence

in distribution to a normal random variable.

Theorem 1.1.3. [see for ezample [Bil12, Theorem 27.1]] Let (X,,)n>1 be a sequence of
independent identically distributed random variables with common distribution p and
with finite variance o®. Then

"X~ (X
2o J\/ﬁ (Xy) Ly Z ~ N(0,0?).
n—oo

The above result has a very simple and elegant proof which utilises Levy’s continuity
theorem. We present this proof below as it captures some of the key ideas in the

arguments that will follow.

Proof of Theorem 1.1.3. We will assume that E(X;) = 0, the general case will then
follow from considering X,, = X,, — E(X,). Let Z, = \/iﬁ Z?:l X, and consider the

characteristic function (c.f.) of Z,,

Pu(t) = E(e"™) = o(t/vn)", (1.1)

where ¢ is the characteristic function of X;. By Lévy’s continuity theorem (for example
see |Klel4, Theorem 15.23|), and the fact that characteristic functions of distributions
are unique, it is enough to show that ¢, converges point-wise to the c.f. of a normal

distribution. Considering the second order Taylor expansion of ¢, (t) about 0 for we
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see that for fixed ¢t and n large

n—oo

O'2t2 " 02t2/2
on(t)=(1————+0(1/n) — e ,
n

which concludes the proof. 0

Later we shall be interested in proving analogous results for identically distributed
but non-independent sequences, namely we will replace the i.i.d. random variables
X1, X, ... with the deterministic sequence u,u o T,uo T? ... where T : Q — Q is
some measure preserving transformation and u : {2 — R is some observable. In this
case, if we set X,, = voT™ we note that the sequence (X,,),>¢ is identically distributed,
as T' is measure preserving, but not necessarily independent. Let us note that the key
reason why the simple proof above no longer works for this choice of (X,,),>¢ is that
the equality (1.1) breaks down when the X,, are not independent. In the remainder of
this section we will examine the possible distributional limits of appropriately scaled
and centred sums of i.i.d. random variables, in particular we are interested in the case
that we no longer have finite variance and Theorem 1.1.3 does not apply. We will as-
sume that all random variables appearing in this section are non-degenerate, that is to
say that they are almost-surely non-constant, or equivalently, that their distribution is
not a point mass. Consider a sequence (X,,) of i.i.d. random variables with common
distribution p. Suppose that there exist sequences (A;,)n>1, (Bn)n>1 of real numbers so

that

Z?:l X] - An d
=

B, n—00

Y, (1.2)

for some random variable Y with distribution v. It is well-known that in such a situation

the limiting object Y must an infinitely-divisible distribution.

Definition 1.1.4. We say that the distribution of a random variable X is infinitely-
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divisible if for each n > 1 there exists i.i.d. random variables X7, X5, ... X, so that

XEX 4+ X+ + X,

Typical examples of infinitely divisible distributions are the point mass ¢,, the Normal
distribution and the Poisson distribution. Moreover, it is clear from the definition that

finite sums of infinitely divisible distributions are infinitely-divisible.

Given a random variable Y with distribution v it is natural to ask which, if any, se-
quences of random variables (X,,) satisfy (1.2) for some choice of (A,)n>1, (Bn)n>1. If
the (X,) are a sequence of i.i.d. random variables with common distribution p which
satisfy (1.2). we say that u is in the domain of attraction of v and we write u € D(v)

(or equivalently F' € D(G) where F(z) := u(—o0, z]), G := v(—o0, z]).

For example, the central limit theorem (Theorem 1.1.3) tells us that {p : [ 2?du(x) =

2

0?} C D(v) when v is the normal distribution with variance o? and mean 0. Let

us now give a the representation formula due to Lévy-Khintchine that describes the

characteristic function of an infinitely divisible random variable.

A function ¢ : R — C is the characteristic function of an infinitely divisible distribution

if and only if there exist:

1. functions L : (—00,0) — R and R : (0,00) — R, which we call the left and right

Lévy functions respectively, that are non-decreasing on their domains and satisfy

and for every € > 0
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2. constants o2 > 0,~ such that

wut
1+ u?

2 o ut
o(t) = it + 2 4 / (eut —1 - )dR(u).

2 o 1+ u?

ydL(u) + /Ooo(ei“t -1

Moreover, the choice of L, R,~ and o2 above is unique.

1.1.3 Stable laws

An important subclass of infinitely divisible distributions are stable distributions. The
distribution of a random variable X is called stable if whenever X, X»,...,X,, are n

independent copies of X there exists A,,, B, € R with A, > 0 and
X1+ Xo+ 4+ X, £ A, X + B,

It is clear from this definition that stable distributions are infinitely divisible and more-
over we see that every stable distribution p is in its own domain of attraction: pu € D(u).

In fact, we have the following important result:

Theorem 1.1.5 (Gnedenko, Kolmogorov [GK54, Theorem 1, Section 33|). Let 1 be a
Borel probability measure on R. Then the domain of attraction D(u) of w is non-empty

if and only if p 1s stable.

Let us now refine the definition of a stable distribution by introducing the notion of its

index.

Definition 1.1.6 (stable distribution of index «). We will say that a stable random

variable is stable if index o € (0, 2] if

Xi+ X+ + X, =n""X + B,
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for some B,, € R, whenever X, Xs,..., X,, are n independent copies of X.

In fact, every stable distribution is stable of some index a € (0,2], moreover a = 2
corresponds to the distribution being normal [Klel4, Theorem 16.22]. Thus we may
unambiguously talk of stable distributions of index a.. So far we have that every possible
limiting distribution of (1.2). is stable and that every stable distribution appears as
a limiting distribution of (1.2). It is also possible to classify completely the domain
of attraction D(u) for a stable distribution g in terms of the tail behaviour of the
distribution. We say that ¢ : R — R is slowly varying at oo if for every t € R\ 0 we

have that

. A(tz)

and, we say that f : R — R is reqularly varying at oo with index p € R if there exists

a slowly varying function ¢ such that

f(x) = aPl(z).

We may now give the classification of D(u) for non-normal stable distributions p due

to Gnedenko and Kolmogorov.

Theorem 1.1.7 (|GK54]|). Let u be a stable distribution of index o € (0,2). Then

v € D(u) if and only if the following two conditions are satisfied.

tail-balancing

L @00)

=Ce€|0,1],
M o0, —2) + alz, ) 0,1

regularly varying tails the left and right tail distributions p(—oo, —x) and p(x,o0)

for x > 0 are reqularly varying of index —c.
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1.1.4 Semi-stable Laws

A natural way to extend the class of stable distributions is by permitting the convergence
in (1.2) to occur along sub-sequences. For a sub-sequence (k;,),>1 of N we now consider

the class of permissible distributions of the limiting random variable Y in the case that

k
S X, - B
e e N (1.3)

" Ak n—00

n

Zy,

In order to obtain a non-trivial subset of infinitely-divisible distributions it makes sense
to impose some additional conditions on the sub-sequence (k,),>1, these conditions are

outlined in the following definition of what it means for a distribution to be semi-stable.

Definition 1.1.8 (semi-stable, domain of partial geometric attraction). Let (k,),> be

a sequence of positive integers satisfying one of the following conditions:

. . kn—l—l o
hﬁggf i c € (1,00) (1.4)
k
limsup —= = ¢ € [1,00) (1.5)
. kn—i—l
lim =ce[l,00) (1.6)
n—oo

n

Non-degenerate distributions which arise as the limit of (1.3) along such sequences (k)
are called semi-stable. We say that a distribution p is in the domain of partial geometric
attraction of a semi-stable law v, written'y € Dy, (v) along a sequence (k) if (1.3) holds

and limiting random variable Y has distribution v.

Remark 1.1.9. We note that trivially any sequence (k;,),>1 satisfying either (1.4) or (1.5)
will have a further sub-sequence satisfying (1.6). To simplify the following statements

we will only consider semi-stable distributions that arise along sub-sequences satisfying

'We will also write F' € Dy, (G) if u € Dy, (v), and F is the distribution function of 4 and G is the
distribution function of v
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(1.6).

We see from the above definition that stable distributions are also semi-stable, in fact

we have the following series of strict inclusions

stable C semi-stable C infinitely divisible.

Associated to each semi-stable distribution is an index o € (0,2] and a period ¢ > 1.
If the period of semi-stable distribution is equal to 1 then the distribution is stable
and if its index is equal to 2 then the distribution is normal. From here on we will
only consider semi-stable distributions with index a € (0,2) and period ¢ > 1. A
distribution v, . is semi-stable with index o and period c if and only if its left and right

Lévy functions L : (—o00,0) — R and R : (0,00) — R are given by

My (z)

|

L(z) =

, R(z) = —

: (1.7)

where M and Mp are not both identically zero and each non-zero M € {Mg, M}

satisfies the condition Al :

Al e M is right continuous
e M is bounded away from both 0 and oo
e M(z)/x® is monotone decreasing

o M is logarithmically periodic with period /@

M(cY*z) = M(z), Yz > 0. (1.8)

Let us fix a non-stable semi-stable distribution of index o € (0,2) and period ¢ > 1

and let G denote its distribution function. Letting (k,),>1 be a sequence satisfying
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(1.6) and putting Ay, = ! “U(k,) for some slowly varying ¢ we may now state the
description of D,,(G) given in [Meg00, Corollary 3]. A distribution function F lies in
Dy, (G) along the sequence (k;,),>1 and with normalising coefficients (Ay,, ),>1 (written

F e D,,(G, ky, Ag,)) if and only condition A2 below is satisfied.

A2 For all > 0 sufficiently large we have that
F(z) =1~ F(x) = 27" (2)(Mp(d(x)) + hr(z)), (1.9)

and

F (—z)= x_l/o‘f*(ML(—é(m)) + hp(z)) (1.10)
where F_ is the left continuous version of F

o (*:(0,00) — (0,00) is determined by
70 (z) = sup{t : t7YU(1/t) > x}, (1.11)

so that x'/¢(z) and y®/¢*(y) are asymptotic inverses of each other,

e the function ¢ is defined for all z sufficiently large by 0(z) = x/a(x) where

a(x) is the unique element element of the sequence (Ay, ) so that

Akn <zx< Akn+17

e the error functions hy : (0,00) — (0,00) with K € {R, L} are any functions
for which

lim hK<AanL‘0) = O,

n—o0

for every continuity point xy of M.



1.1. LIMIT THEOREMS FOR SUMS OF 1.1.D. RANDOM VARIABLES 25

Remark 1.1.10. We have given above a description of D,,(x) for p semi-stable for a
fixed choice of k, and Ay,. If one wishes to fix only the sequence k, then one can
take a free choice of the slowly varying function ¢ in the definition of Ay . On the
other hand, if one wishes to fixes only the normalising sequence A, with the property
that lim, oo Any1/A, = ¢/ > 1 then the convergence in (1.3) may occur along any

sequence (k) with lim,, o kpy1/kn = c.

We now state a theorem due to Csorgo and Megyesi which establishes that whenever
(1.3) holds along a sequence (k,),>1 satisfying (1.6) then we also have convergence
of (Z,)n>1 to related semi-stable distributions along additional sub-sequences. Let us

denote by F;, the distribution function of the scaled and centred sum Z,,:

" X;— B,
251 9:), (1.12)

F.(x) =P <Zn = T

and let us suppose that the common distribution p of the X, is in Dy,(v) for some
semi-stable v. Letting G be distribution function of u we denote by G for A > 0 the

distribution function of the semi-stable distribution Lévy functions

Mp(\Ver) (1.13)

In an analogous way to the definition of the function ¢ we define ~ for all s > 0 small

enough by putting

V(s) = skn(s) (1.14)

where k(5 is the unique element of (kn)n>1 such that ki <s< ﬁ We note that for

any € > 0 we have that y(s) € [1,c+ ¢] for all s > 0 small enough. Given a sequence
(Sn)n>1 We say that (y(s,))n>1 converges circularly to A € [1,¢) and write (s,,) T\
- - n—oo

if limy, 500 Y(Sn) = A or if (7(s,))n>1 has exactly two limit points 1 and c.

From [CM02, Theorem 1] we know that the sequence (Z,,),>1 is stochastically compact.

Moreover (Z,,),>1 is convergent in distribution to a non-degenerate distribution Y’ along
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a sub-sequence (n,),> if and only if v(1/n,) '\, and if this is the case Y necessarily
- r—00
has distribution function G,. The following result further strengthens the mode of this

convergence.

Theorem 1.1.11 (merging of semi-stable distributions [CM02, Theorem 2|). Let G
be a semi-stable distribution of indexr o € (0,2) and period ¢ > 1. Suppose that
X1, Xo, ... are .i.d. with common distribution function F € Dy, (G, ky, Ay,), where
Ay, = (k) Y(ky) for some slowly varying function ¢, and where (k,) is a sequence

satisfying (1.6). Then,

lim sup |F,(z) — Gya/m(x)| =0,

n—oo zER

where F, is defined in (1.12), and where the family (G\)xep,e) is defined in terms of G

as in (1.13).

Example 1.1.12 (St. Petersburg Paradox). Let us now give a classical example of
where semi-stable distributions appear. Consider the following game. A fair coin is
tossed until it shows heads, if the coin shows heads on the n'® trial the player is rewarded
with 2" units of money. If X is the gain after a single trial of this game we have that

P(X = 2") = 27" and the distribution function of X is given by
P(X <z2)=1—2 loecl

Let us note that the expectation of X is infinite. There have been various investigations
into the statistical properties of scaled and centred sums of (X,,),>1 where (X,),>1 is
an infinite sequence of independent trials of the game. In 1945 W. Feller [Fel45]| proved

that
Z?ﬂ XJ'

log, n
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converges to 1 in probability. In 1985 Martin-Lof [ML85| showed that Z,, = # —

log, 7 has non-degenerate limit points, in particular he showed that Z,» is convergent
in distribution to a non-degenerate random variable. Using the results of Csorgo and
Megyesi mentioned above we may classify all the possible weak limit points of the

sequence (Z,)p>1-
First let us rewrite the tail distribution of X:
F(z) = P(X > ) = 27 e2s) = y-1g-{logza},

where we have denoted by {-} the fractional part of a number {z} =z — |z|. Setting
c=2,a=1and M(x) =217} we see that M satisfies condition A1l and moreover
the distribution function F' satisfies A2. Thus employing [Meg00, Corollary 3| we
retrieve the result of Martin-Lof. Moreover we see from [CM02, Theorem 1] that the
set of weak limit points of (Z,),>1 is the set {V\ : A € (1/2,1]} where each V) has

distribution function G as described above.

An observation about mixtures

Consider the following lemma (the proof of which is given in Section 4.6 of the ap-

pendix).
Lemma 1.1.13. Suppose that My, Ms : Rog — R are two right-continuous log-periodic
functions with period a and b respectively. Then the function

M = M, + M,

is log periodic with period of some period c if and only if a = WP/ for some rational p/q

i which case we can take ¢ = a4 = bP.
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A mizture is a (finite) convex combination of distribution functions:
j=1

A natural question to ask is whether mixtures of finite collections {F;} C Ugey Dgp(G)
remain in |Jgey Dgp(G), where here ¢ denotes the set of all non-stable semi-stable dis-
tributions. In fact Lemma 1.1.13 shows that J;.y Dgp(G) is not closed under finite
convex combinations and moreover this lemma provides necessary and sufficient condi-
tions on a when a mixture of {F;} C gy Dgp(G) is an element of oy Dgp(G). For
example consider

F(x) = 3(Fy(x) + (),

where Fy € Dg,(G1) and Fy € Dg,(Gs) for two distribution functions G1,Gy € ¢ of
period and index ¢q, a; and co, ap respectively. If ay # as, then we can assume without
loss of generality that a; > am. In this case it is clear (from (1.9) and (1.10)) that F’ will
be in D, (G) for some G of index a9 and period ¢o. On the other hand, if oy = oy =
then Lemma 1.1.13 implies that there exists a G € ¢ such that F' € D,,(G) if and only

if there exists p/q € Q such that

in which case GG will have index o and period c¢;.

1.2 Limit theorems for intermittent dynamical sys-

tems

One of our primary aims is to establish versions of Theorem 1.1.11 where the i.i.d.
sequence (£2,),>1 is replaced by the deterministic sequence (u o T™),>q for certain

observables u : 2 — R and certain maps T : {2 — 2. Before stating our main results in
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this direction we recall some necessary background as well as some existing results in

dynamics on which we shall build.

1.2.1 Preliminaries on Gibbs-Markov Maps

Let T : © — § be a non-singular transformation of a standard probability space
(Q, %, m), that is we assume that (£2,d) is a compact Polish metric space, & is the
Borel o-algebra on €2, and m is the Lebesgue measure on (2, %). In this context T’

being non-singular means that m(7!(E)) = 0 if and only if m(E) = 0.
We say that an (at most) countable partition P of Q is Markov for T if
1. T|, : ¢ = Tq is a bijection for each partition element ¢ € P,

2. the o-algebra generated by the preimages of the partition elements & = o({T' "¢ :

q € P,n > 0}) coincides with the Borel o-algebra % up to a sets of measure zero?,

3. for each ¢ € P we have Tq € o(P).

A map with Markov partition is called a Markov map. Given a Markov map T with
partition P there is natural measure of distance on the space €2 which comes from the
notion of the separation time s(x,y) of time two points x,y € 2 which is the smallest

amount of time for two distinct points to lie in different elements of P

s(z,y) ==min{n > 0: T"x,T"y lie in different elements of P}. (1.15)

Then for 6 € (0,1) we may define the distance dy by putting

do(x,y) = 0°=Y). (1.16)

We note that the space (€2, dp) is Polish and T is Lipschitz with respect to dp>.

2This means that for each A € % there exists B € & such that m(AAB) = 0 and vice-versa.
3To see that (€2, dg) is Polish one quickly verifies that if z,, — z in (2, dg) then x,, — = in (£2,d) and
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For a function v :  — R and a partition element ¢ € P we denote by Dy(v)(q) the

least Lipschitz constant of v|, with respect to the distance dy:

We define the semi-norm

|v|g == sup Dy(v)(q). (1.17)

qeP
If |v]gp < oo we will say that v is locally 0-Holder. We note that locally §-Holder functions
may be unbounded. Then, following Section 1 of [ADO1] we denote by Ly the space of

bounded locally #-Holder functions
Ly = {v: Q= R:|vllg = [[o][ oo m) + |v]o < 00}, (1.18)

and remark that (Lg,| - ||¢) forms a Banach space. By definition a Markov map is
invertible on each partition element. Denoting by v, : T"¢ — ¢ the inverse of T on

qeP, = \/;.:01 T—7P we let v} be the Radon-Nikodym derivatives

,  dmou,
vy, = .
dm

If T is Markov with partition P then we say that the tuple (2, Z,m,T,P) is Gibbs-

Markov if two additional properties are satisfied

1. big images:

inf m(Tq) > 0,

qEP

2. f-distortion: there exists a § € (0,1) and there exists a C' > 0 so that for all

moreover one can easily check that sequences which are Cauchy in (£2,dy) are also Cauchy in (2, d).
To see that T is Lipschitz one simple observes that dg(Tz, Ty) = gs(T=.Ty) < gs(z.y)—1
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n > 0, all ¢ € P,, and almost every z,y € ¢ we have that

- _ 1‘ < Cdy(z,y).

Uniformly expanding C? interval maps

Example 1.2.1. A important example of Gibbs-Markov maps are uniformly expanding
C? Markov interval maps. A non-singular map T : Q — Q of a compact interval Q C R
is a C? Markov interval map if there is a Markov partition P of €2 into sub-intervals for
which T, is strictly monotone and admits a C? extension on a neighbourhood of the

closure g of each ¢ € P, and Adler’s condition is satisfied:

T//
7))

< . 1.19
S Tl < (1.19)

If T is a C? Markov interval map that is uniformly expanding:

inf |T"(z)] =X >1

z€Q

then it is shown in [Aar97, Proposition 4.3.3] that there exists some 6 € (0,1) so that

T is Gibbs-Markov with 6-distortion.

1.2.2 Existence of the a.c.i.p. and properties of the transfer op-

erator

Throughout this section we let (2, ,m,T,Z) be a topologically mixing Gibbs-Markov
map with #-distortion. We consider the Frobenius-Perron-Ruelle transfer operator L :

LY(m) — L'(m) defined by the relation

/,C(f)-gdm:/f-gonm7 Vf e L'(m),g € L™(m), (1.20)
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one checks that £(f) is given by the equation

L(f)= Zlqz};fovq.

qeP

It is straightforward to check from the definition that the operator £ is bounded positive
linear operator L' — L' with ||£]|z: = 1. From [ADO1] we know by the Corollary to
Renyi’s property that 1" preserves an exact probability measure y = pdm with h € L*°
which is bounded from below away from 0. Moreover, from [ADO01, Corollary 1.5] and
[ADO1, Theorem 1.6] we have that h € Ly, £ € Hom(Lgy, Ly) and that £|1, has a simple

isolated eigenvalue at 1 and a spectral gap.

Definition 1.2.2 (spectral gap). We say that a bounded linear operator 7 : B — B

acting on a Banach space (B, || - ||) has a spectral gap if
T = AP+ N, (1.21)

where P is a projection onto a 1-dimensional subspace of B, N is a bounded linear

operator with spectral radius p(N) < |\| and NP = PN = 0.

Remark 1.2.3. Let us briefly remark on some consequences of an operator 7 : B — B
having a spectral gap. Writing 7 as in equation (1.21) above we note that the fact
that p(N) < |A| and the fact that NP = PN = 0 imply that A™"7™ converges to the

projection P exponentially fast. Indeed, we have that
T" = \'P+ N", (1.22)

and moreover, employing the spectral radius formula, we have for € > 0 small enough

and n large enough that ||[N"|| = (p(N) 4+ &)™ < A™.
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We also note that as the name suggests 7 having a spectral gap implies that the spec-
trum o(7) of T consists of simple isolated eigenvalue at A with remaining eigenvalues

lying within a disc of radius strictly smaller that |Al:
o(T)={ } UA, where 3y > 0 such that A C {z € C: |z| < e 7|Al}.

Moreover, one can check that the projection P is the projection onto the eigenspace

associated with A, in particular Tv = Av if and only if v € Im P.

1.2.3 Inducing and invariant measures

Later we shall exploit the properties of Gibbs-Markov maps described above in order to
establish statistical limit theorems. However, the systems for which we wish to establish
these limit theorems are intermittent interval maps that are not Gibbs-Markov. A
common approach to overcome this obstacle is to induce. The main idea is to choose a
reference set, say Y, and for points z € Y define a new system 7y : Y — Y| by letting
Ty (x) = ' where 2/ is the first point in the orbit of  under our original system that lies
in Y. By inducing one hopes that the new system is easier to study than the original
and that we may gain information about the original system by examining the induced
one. In this section we will introduce this notion formally and briefly discuss some of
the consequences when the induced system preserves an ergodic absolutely continuous

probability measure.

Let T : Q — € be a non-singular transformation of a standard probability space
(Q,%2,m) and let Y C 2 be of positive measure. Let us suppose that the orbit under

T of almost every = € () hits the set Y in the sense that

Q:DT”Y mod m.

n=1
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In this case we may define the first return time 7 : Y — N to Y by setting
7(x) =min{n >1:T"(z) € Y}.

We may then define the induced map Ty : Y — Y on Y by setting Ty (v) = T7@(z).

mly

) the normalised Lebesgue measure restricted to Y and we

We denote by my =
assume that Ty preserves an ergodic absolutely continuous probability measure which

we denote by py. Let us now define a new measure i on €2 by setting

Zuy )N {r >n}). (1.23)

As T is non-singular by assumption it is clear that p is absolutely continuous with
respect to m. Since p(Q) = > o py (7 > n) = [, Tduy that the measure y is finite if
and only if 7 is integrable with respect to py. Regardless of whether or not p is finite

we see that p is an invariant measure for 7'. To see this we calculate that

Zu T-"VEN{r > n})

=N (T "En{r=n})+ > (T "En{r>n)).

Examining the first series on the right hand side above and using the fact that ({7 =

n})n>1 forms a disjoint partition of Y we see that

Y (T ME)N{r=n})=> (T (ENY)N{r=n})

n>1 n>1

v (U Ty (ENY)n{r= n}>

n>1

=y (Ty (ENY))

=y (ENY) = puy (T7Y(E) N {r > 0}),
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and so we can conclude that

as required. Proceeding in a similar way to the above one can also show p is ergodic?.

In summary, we have seen that if the induced systems posses an ergodic absolutely con-
tinuous invariant probability measure and the return time is integrable with respect to
this measure then the measure defined in (1.23) forms an ergodic absolutely continuous

probability measure for the original system.

1.2.4 Intermittent interval maps

In this thesis we will study semi-stable laws for certain intermittent interval maps.
The intermittent maps we consider are all derived from the Pomeau-Manneville (P.M.)
family of maps. The P.M. maps are a one-parameter family of piecewise expanding
maps of the unit interval of the form Tpy(z) = x + 2'*# mod 1, where 8 > 0 is a
positive parameter. These maps are named after Pomeau and Manneville who in the
late 1970s first studied numerical approximations of these maps to investigate phenom-
ena of intermittency in certain physical systems, namely the intermittent transition
to turbulence in convective fluids [PM80]. Such maps have also seen applications to
modelling various intermittent phenomena outside of physics, for example one can see
[BHKO7, BHO7| where P.M. maps are used in the statistical analysis of long memory

processes in financial markets.

We will focus on the Liverani-Saussol-Vaienti (L.S.V.) family of maps and modifications

thereof. The L.S.V. map, first introduced in [LSV99|, with parameter 8 > 0 is the map

4In the sense that invariant sets have zero measure or their complement have zero measure, in this
way ergodicity makes sense regardless of whether the measure is finite or not.
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TLSV : [O, 1] — [0, 1] given by

xr Bl’ﬁ or r
o) (1+2°28) for z €0,1/2) Lo

20 —1 for z € [1/2,1].

1.0

0.8 1

0.6 1

0.4 A

0.2 A

0.0

0.0 0.2 0.4 0.6 0.8 1.0

2
3

Figure 1.1: The L.S.V. map with parameter § =
We note that the L.S.V. maps are a simplification of the P.M. maps where the second
non-linear branch of Ty, is replaced by the the linear branch that appears in (1.24).
This map has been a large subject of interest in dynamical systems in the last two
decades. The map Trgy provides one the simplest examples of a non-uniformly hyper-
bolic dynamical system: the uniform hyperbolicity is violated at a single neutral fixed
point 77 ¢,,(0) = 1, and away from this fixed point the map is uniformly expanding. A

significant challenge in studying limit theorems for this map lies precisely in the fact

that it is not uniformly expanding.

The L.S.V. map preserves an absolutely continuous invariant probability measure when
B € (0,1), and when 3 > 1 there still exists an absolutely continuous invariant measure,
though in this case the measure is infinite. Both the finite and the infinite measure
cases have been of interest in recent years. In the infinite measure case one can see for

example [TZ06, MT12]. In the finite measure case several developments have been made
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in the study of the statistical properties of T gy (see for example [LSV99, You99, Sar02,
Gou04b, BT16] and the references therein), here we highlight some recent results that
are of particular interest to us as they relate to the long-term distributional behaviour

of scaled and centred Birkoff sums of regular observables.

In [You99|, amongst many other things, estimates on the decay of correlations are used
to give a central limit theorem for Hélder observables u under the dynamics of the L.S. V.
map in the case that 5 < 1/2, as in the case that § < 1/2 the correlations are summable.
In [GouO4a] Gouézel gave a complete picture of the limiting behaviour appropriately
scaled and centred Birkoff sums Z,, .= ALH(ZZ;} uoT’ — B,,) for Holder observables u. If
f = 1/2 then a central limit theorem still holds, but with a non-standard normalisation
(A, = /nlog(n)). If B € (1/2,1) Gouézel showed that Z, will converge® to a Gaussian
random variable if «(0) = 0, and will converge to a stable random variable if «(0) # 0.
This result, and the techniques used to establish it, form the principal foundation for the
work presented in this thesis; in the following sub-section we will discuss result in further
detail. Stronger results in the same direction are established in [DM09, MZ15] where
a weak invariance principle is given. Roughly speaking the weak invariance principle
ensures that whenever Z,, converges to a Gaussian random variable the process Z, (t) =
Z|ny) Will converge weakly to a Brownian motion, and whenever Z,, converges to a stable
random variable the process Zn(t) will converge weakly to a stable Lévy process. More
recently in [CDKM20] in the situations where Zn(t) converges weakly to a Brownian
motion an almost sure invariance principle has been established: Zn = W, +r, almost
surely where W), is a Brownian motion, and r, is an error or rate of convergence (this

rate is further quantified in [CDKM20]).

Stable laws for the L.S.V. map

In this section we examine in further detail some of the results in [Gou04a| on stable

laws for the L.S.V. map. As we shall see later, the L..S.V. map preserves a measure p

5Under some mild additional assumptions on the Holder exponent of u
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that is absolutely continuous with respect to Lebesgue. If g € (0,1) then p is finite,
and if > 1 then p is only o-finite with ([0, 1]) = +oo. In [Gou04a, Theorem 1.3]

Gouézel establishes the following result:

Let 8 € (1/2,1) and let T be the corresponding L.S.V. map. Suppose that u : [0,1] - R

is Holder with f udm = 0. Then we have two cases

o If u(0) # 0, then we have convergence to a stable law

E " uwo T
7=0 d
——— — Vi,

TLB n—00

where Vj /3 is a stable random variable of index 1/4.

o If u(0) =0, and the Hélder exponent v of u such that v > 5 — 1/2 then we have

a central limit theorem

for some o2 > 0.

To understand the dichotomy present in the above result let us describe very briefly

some aspects of its proof.

As the map T is not uniformly expanding it is somewhat difficult to study the statistical
properties of T directly. Inducing on the set Y = [1/2,1] one can check that the
resulting map 7y is a uniformly expanding C? Markov interval map with respect to the

partition (J,, = {7 = n}) and thus (see Example 1.2.1) is Gibbs-Markov.

One can calculate the tail distribution of the return time using the following procedure.
Consider the sequence xg = 1, and z,,,; = T *(z,,)N[0, 1/2]. If we then set [y == [1/2, 1],
I, = [zp41,x,) then T maps [,,.; bijectively onto I, for each n > 1 and T'([;) = Y\ {1}

and we note that the map 7' is Markov with respect to the partition (1,,),>0. Letting
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Jy = [%:Ul + %, %azo + %] and J,, == [%xn + %, %xn_l + %) we see that T'(J,) = I,,_1, and
that {7 = n} = J,,. We may then find the tail distribution of the return time in terms

of the sequence z,, by calculating

my (T >n) = Z my (Jy) = y.

k=n+1

The asymptotics of the sequence x,, may be estimated by using the definition of the

map

1
— B
o= (L 2ea)

- (1 — B2+ O(m‘?ﬁﬁ))

Summing we then find that

and so

— = %(ﬁn)—éu +o(1).

In particular one finds that x,, is regularly varying with index « := % By considering

higher order terms in the expansion above one finds that
1 _
Ty = §aan “(1+0O((logn)/n), (1.25)

see for example [Hol05], or [Terl6| for even higher order terms. As the induced map is

Gibbs-Markov we know that the density A lies in Ly, and so

py(r > ) = /;W% hdmy — h G) (1 + o(1)). (1.26)
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From (1.26) and our comments in Section 1.2.3 that the measure p defined by (1.23)
gives and invariant measure for T'. Moreover, we note that as 7 is only integrable with

respect to py if @ > 1 we see that u is an a.c.i.p. for 7" if and only if 5 € (0,1).

We can begin to see where the two cases in the Gouézel’s result above emerge when
consider the tail distribution of the induced observable uy = Z;g uo T* for a Holder
function u : [0,1] — R. Gouézel shows that if u(0) = 0 and the Holder exponent v
of u is such that v > 8 — 1/2 then u € L?(uy), which is why a central limit theorem
appears in the second case in [Gou04a, Theorem 1.3] (see [GouO4a, Theorem 1.1] for
why central limit theorems appear when the induced observable is in L? in more general

settings). On the other hand if u(0) # 0 Gouézel shows that
py (uy > x) = Cuy(t > x)(1+ o(1)). (1.27)

Note that the sequence (uy o T"),>1 is identically distributed but not independent.
However, if we imagined that the sequence (uy o Ty!),>0 was i.i.d. we would know from
the previous sections that we may obtain a stable law as from (1.25) and (1.27) we

know that the tail distribution of uy is regularly varying with index —a.

In what follows we are interested in systems similar to the L.S.V. map where this regular
variation is not present in the tail distribution of the observable. We will either work
with a different intermittent map whose return time no longer has a regularly varying
tail, or we will consider observables for the L..S.V. that do not inherit the distribution of
the return time. In either scenario we will see that the induced observable will have tail

distribution of the form f(z)M (x) where f is regularly varying and M is oscillatory.

Let us summarise briefly the key steps involved in obtaining a stable law for the L.S.V.

maps, one can find a detailed survey of the approach outlined below in [Goul5].

1. Induce on the set Y and show that the induced map is Gibbs-Markov, and whence

preserves an a.c.i.p. gy and the transfer operator of the induced map will have
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good functional analytic properties on a Banach space Ly

2. For the observable which we want to prove the limit theorem for we study the
behaviour of the tail distribution of induced observable, in particular we show

that tail distribution is in the domain of attraction of a stable law.

3. We then obtain a limit theorem for the induced system using the spectral method
(also referred to as the Nagaev-Guivarc’h, or Aaronson-Denker method) see [ADO1]

or the aforementioned review [Goul5|.

4. Pull back the limit theorem using techniques due to Melbourne and T6rok [MT04]

(see also [Gou08| for a simple application of this method)

In what follows we will adapt this general regime in order to prove the limit theorems

which we will now present.
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Chapter 2

Results

We will now give precise statements of our main results. Throughout this chapter we
let p: R — R be a non-constant periodic Lipschitz function with period élogc where
a € (1,2) and ¢ > 1, and we assume further that the second derivative of p is bounded.
We let a > 0 be constant and let € > 0 be a small parameter. We define the function

M :(0,00) — (0,00) by setting
M (z) = a(1 + ep(log(x))), (2.1)

and note that M is log-periodic with period ¢/®. We let € > 0 be small enough so that
M is bounded away from 0. As p is Lipschitz we know that p and p’ are bounded, thus,
decreasing ¢ if required, we know that the function x +— M (x)/z® is strictly decreasing.

In particular we note that the function M satisfies A1 . For example we could take

M(z) =a [1 + esin <2—”1°gx)} . (2.2)

a logc

43
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Figure 2.1: Plot of M as given in (2.2) with ¢ = 2 and o = 3/2.
2.1 Semi-stable limit theorems for a non-i.1.d. Markov

Chain

We now turn to our first main result: a semi-stable law for a non-i.i.d. Markov chain.
The Markov chain that we study is formed by taking an intermittent interval interval
map T : [0,1] — [0, 1] together with a “generic” Holder observable u : [0,1] — R and
then considering the sequence (u o T"),>0, here by “generic” we mean u(0) # 0. The
map 7' is to be defined piecewise on intervals (I,,),>¢ forming a partition of [0,1]. In
particular we will stipulate that T' = ano 17, 9n where for n > 1, g, maps I,, smoothly

and bijectively onto I,,_; and Ty maps Iy smoothly and bijectively onto [0, 1].

We define the sequence (z,),>0 by setting

ro =1, z, =n"*M(n) forn>1 (2.3)

and choose the constant a in the definition of M so that z; = %, ie. we set a =

(2(1 4 ep(0)))~'. We then define the intervals (I,,),>o by setting

[0 = [1/27 1]7 In = [anrl?xn) for n Z 17

and define
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We will take e > 0 small enough in the definition of M so that A,, is strictly decreasing®
and whence

pn > 1. (2.4)
We define the map T, : [0, 1] — [0, 1] by setting

’

0, ifx=0

Toap(T) = gn(z), T € [Tpy1, 0] N> 2 (2.5)

2¢—1, ifzell/2,1],
\

where ¢, : I,, = I,_1 is given by

gn(z) =14z, + (1 — an)pn(z — Tpy1) — exp {log(l - anAn_l)%} . (2.6)

and where (a,) C (0,1) is any strictly decreasing sequence converging to zero so that

for each n € N we have

a2 < (1 - i) AN (2.7)
Pn

The map Texplio,1/2) is continuous and piecewise C°. One can readily verify by our
choice of (a,) that T"(x) > 1 for each x # 0 (see (4.1)). Moreover we have that T is
differentiable from the right at 0 with 7"(0) = 1. To see this, suppose that y,, — 0 with
Yn > 0 and let the sequence j, be such that y, € I; for each n. We then obtain the

bounds

L T Tanln) = TO) |
xj, Yn — 0 Zjp+1 Zj, Tj,+1

As M is assumed to be continuous and as n=*M (n) is strictly decreasing we can use
Proposition 4.4.1 in the Appendix in order to conclude that the product on the right

of the above converges to 1.

!One can check this is possible by taking the derivative of the map = — z~%aM(z) — (z —
1)~*aM (x — 1) and checking the derivative is negative for ¢ > 0 sufficiently small.
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We later show that Ty, has an a.c.i.p. which here we denote by p. We fix a Holder

continuous observable with «(0) # 0 and set

" ouoTi — [ud
Fu(x) = p (Z]_ Judp_ x) . (2.8)

nl/a

We let GG be the distribution function of a semi-stable random variable whose left and

right Lévy functions, L and R are given by

M
L) =0, Rz)= "0
IOC
in the case that w(0) > 0, and
M
L(x) = |x—(|i)’ R(z) =0,

if u(0) < 0. We let k, = [c"], A, = n'/® where c is as in the definition of the function
M. For A € [1,¢) we define the distribution function G in terms of G as in (1.13) and
define the function v in terms of (k,),>1 as in (1.14). The following theorem states
that the observable u will satisfy a semi-stable law under the dynamics of T¢,,, with

Fy, (z) — G(x), and that the distribution functions (F},),>; will merge to the family

(G/\))\e[l,é)-

Theorem A. Let a € (1,2) and let ¢ > 1. Let (a,) be any strictly sequence in (0, 1)
that satisfies (2.7) and let € > 0 in the definition of M be small enough so that (2.4)
holds. Then, for any Holder observable u : [0,1] — R with u(0) # 0 the distribution
functions (F},),>1 given in (2.8) merge to the family (G)xep,) in the following sense:

lim sup |F,(z) — Ga/m)(x)] = 0. (2.9)

n—0o0 z€R

In particular, whenever (k!) is a strictly increasing sequence of positive integers with
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~v(ay,) N e [1,¢), we know

n—oo

k./ —1 .
novo Tl — k! [wvd
2% Judp W, (2.10)

Ak’ n—oo
n

where V) is a semi-stable random variable with distribution function G.

We will see when we turn to the proof of Theorem A that the return time 7 has tail
distribution

py (7 > n) = Cx,(140(1)),

indeed, this is precisely how the map is constructed. The fact that in this case we know
the exact tail behaviour of the return time means that we are able to identify precisely
the limiting distributions GG in Theorem A. As we explain at the beginning of Part II,
knowing precisely the tail behaviour of the return will greatly simplify the proof of this
theorem. In this situation we have mostly just to check that the scheme presented in
|Goul5| and outlined in Section 1.2.4 may be applied in this setting. The main obstacle
in applying the general scheme presented at the end of Section 1.2.4 is that the argument
of Melbourne and Torok for pulling-back the limit law from the induced setting (see
[MT04] and [Gou08|) does not hold when there is only subsequential convergence in the
induced system. In Section 3.1 we rectify this issue and present modification of pull-
back method of Melbourne and T6rok which allows for subsequential limit theorems
to be pulled back from the induced system. This somewhat artificial construction of
an intermittent interval map provides our first example of semi-stable laws existing
for a non-i.i.d. system and provides a relatively simple setting in which to check that
the general method of establishing limit theorems outlined Section 1.2.4 can be indeed
modified to prove semi-stable limit theorems in this context. Our following theorem
however will be a somewhat more “natural” perturbation of the L.S.V. map where a
semi-stable law holds and the proof of this fact is significantly more involved. Before

presenting our next result let us briefly make some comments on why the map presented
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here is non-i.i.d..

If, in the place of the definition given in (2.6), we had defined g, : I, — I,,_1 to be the
affine map that takes [,, bijectively to I,,_; we have obtained the same limit theorem
for the resulting map 7¢y,. However, the Markov chain we would be studying would be
asymptotically i.i.d.. Let us briefly explain why this is the case in order to demonstrate

why the map we have described above leads to a non-i.i.d. Markov chain.

Let us assume that 7" : [0,1] — [0, 1] is an interval map that maps each interval I, ;

bijectively and smoothly onto I, ;. Then T is Markov with respect to [,. Let us

suppose for sake of simplicity that T'|;,(z) = 22 — 1 as we have with T,y, above. Then,

inducing on the interval Y := [y we have that the induced map 7y = T7, is Markov
1

with respect to the partition formed by the intervals J,, := [%xn + 3], %-’En—1 + %), and

consists of countably many full branches Ty (.J,,) = [0, 1].

If we suppose further that T;, is linear then so is Ty|;, and one readily verifies
that Ty preserves the Lebesgue measure my. For yo,...,y,-1 € N let us denote by
[Y0, - - -, Yn—1] an n-cylinder so that € [yo, ..., y,—1] if and only if T¥(x) € J,, for each
k=0,1,...,n— 1. We note that as Ty is linear on each J, the Lebesgue measure acts

in the following way on cylinders

n—1 n—1
mY[y07"'7yn—1] =My (ﬂT;]Jy]) = HmY(Jyj)-
7=0 7=0

Now we can see that the sequence (73,),>1 is asymptotically independent in the following
sense. First let us take two cylinders Cy = [yo, Y2, - - -, ¥j-1), C2 = [20, 21, . -, 2k—1] C Y

of length 7 > 1 and k& > 1 respectively. Now letting n be arbitrary we see that if m is
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large enough we have that

my({T{/l c 01} N {T$+m c 02})

= my U €0, &n—1,Y0,- -, Yj—1] | N U (20, - -, Zk—1]

€05-8n—1 £05--€ntm—1
= my U [Sos 2 &n1,Y0, -+ Y15 Eniitts - Eneme15 205 -+ -5 1]
£05--&ntm
= my (C1)my (Cy)

The key property that allows the above to occur is that
my (Jo N Ty ' J) = my (Jo)my (J),

for each n and k. If the branches of the induced map Ty are non-linear then the above
phenomenon does not usually occur. Imagine that for a given n and k the interval Jj
is contained in the in the left half [0, 1] and suppose that the slope of Ty |,, is steeper
on the left hand side of J,, than the right. Then

my (J, N Ty Je) < my (J)my (Jg).

In general when Ty |;, is non-linear the Lebesgue measure is not invariant but, under
sufficient distortion conditions (as discussed in Section 1.2.2), there is an invariant
measure p equivalent to Lebesgue and there is a distortion constant C' > 1 such that

d 1(In) (i) e
1/C < gf- < C,and 1/C < m < C (see [Aar97, 4.3.1]). The condition
1(Jn VT (Jr)) = p(Jn)p(Jy) is then only verified if C = 1. If the sequence (T%);>1
is asymptotically i.i.d., then we do not need the machinery introduced in the following
chapters in order to establish a semi-stable law. Though the asymptotically i.i.d. case

is slightly more involved than the i.i.d. scenario it is possible to apply the results of

Csorgod and Megyesi in [CMO02] almost directly.
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2.2 Semi-stable laws for a wobbly intermittent map

In this section we present our second main result which is joint work with M. Holland
and D. Terhesiu (see [CHT19]). The map we consider in this section is alteration of

the L.S.V. where the constant 2° is replaced with the oscillatory function M.

Let a € (1,2) and define the map T, : [0,1] — [0, 1] by

/

0 forz =0
Tw(z) = z(1+ M(z)z**) for z € [0,1/2), (2.11)
20 — 1 for z € [1/2,1],
\

where M is the logarithmically periodic function with period c¢!/® defined in (2.1) and

the constant a appearing in (2.1) is chosen to be such that (1 + M(%)%l/o‘) =1.

1.0

0.8 1

0.6 1

0.4 A

0.2 A

0.0 T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 2.2: Plot of the map 7, as defined in (2.11) with M given by (2.2) and o = 3/2,
¢=2and e = 1/10.

Let us now fix & = c/®, k, = &, (y) == 222 A, = n'/*l(n).

= Tev/e]

We fix a Hélder observable w : [0,1] — R with «(0) # 0 and define

(2.12)

n—1 i
. T — d
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We then define function 7 in terms of the sequence (k,),>1 as in (1.14). The following
theorem then states that the observable uw will satisfy a semi-stable law under the
dynamics of T, along the sequence (k,) and that, as in Theorem 1.1.11, the distribution

functions (F,) will merge to a family of semi-stable distribution functions (Gx)xep,z)-

Theorem B. Let o € (1,2) and ¢ > 1. Then for all ¢ > 0 sufficiently small there exists
a semi-stable distribution G of index a and period ¢ so that for any Holder observable
w: [0,1] — R with u(0) # 0 the distribution functions (F},), defined in (2.12), merge to

the family (G)eq1,6), defined in terms of G as in (1.13), in the sense that:

lim sup |F,(z) — G41/n)(x)| = 0. (2.13)

n—oo z€ER

In particular, whenever (k/)),>1 is a strictly increasing sequence of positive integers with

(k) <\, we have

n—oo

k/ —1 .

nouoT! — k| ud
2% J udy 4, (2.14)
Ak% n—+00

where V), is a semi-stable random variable with distribution function G.

The map T, is in many senses a more natural modification of the L.S.V. map than
the piecewise map T.,, defined previously. Here we are simply replacing the constant
coefficient of z'*# in the L.S.V. map with an oscillatory function. Unlike in the situation
of Theorem A here we are unable to determine precisely the tail behaviour of the return
time. We can show that there exists a semi-stable distribution G (of index « and period
¢) and a F' € Dy, (G) so that u(7 > n) = (1—F(n))(14+0(1)), but we cannot determine
precisely what this F' is. This is why we only have an existence result in Theorem B
above and is a consequence of the fact that in this situation it is far more involved to
study the behaviour of u(7 > n) (see Section 4.2 for details), in particular we can no

longer just apply methods like those given in [Hol05]|, or [Ter16.

Theorem B is directly comparable to [Gou04a, Theorem 1.3]. We see that by altering
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the L.S.V. map in this way, that the stable laws of Gouézel fail to hold and that we only
have subsequential convergence in distribution for generic Holder observables. Though
not explicitly mentioned in the result above, in the situations of both Theorem A and
B a central limit theorem will hold in the case that «(0) = 0, provided that the Hélder
exponent v of u is such that v > B — 1/2. This follows from the fact that when
we induce the induced observables will be square integrable (see Lemma 3.0.3) when
v > 8 —1/2. We also have that, like in the case of the L.S.V. map, a central limit for
Holder observables will hold for g € (0,1/2), regardless of the Holder exponent (again
this is because the induced observable will always be square integrable). So for the
maps 1., and T,, we can give a complete picture of the distributional convergence of
scaled and centred Birkoff sums of Hélder observables for g € (0,1/2) U (1/2,1). We
cannot however draw any conclusion when § = %, nor can we draw any conclusion when
£ > 1. However, for the case § > 1, where the invariant measure is infinite, piecewise
linear and piecewise quadratic maps similar to T.,, have been studied in [KT18] where

subsequential limit theorems similar to a Darling-Kac theorem have been established.

2.3 Wobbly observables for the L.S.V. map

Our next result establishes a semi-stable law for certain logarithmically periodic ob-
servables under the dynamics of the L..S.V. map. Throughout this section we let Ty gy :
[0,1] = [0,1] be the L.S.V. map as defined (1.24) with parameter 5 := 1 € (1/2,1) and
denote by p the a.c.i.p. for T' (cf. section 1.2.4). We saw in section 1.2.4 that Holder
observables that are non-zero at the neutral fixed point satisfy a stable law. The reason
that stable laws appear for such observables is the fact when we induce the induced
observable will inherit the distribution of the return time, which we know is regularly
varying (see Lemma 3.0.3 for a version of Gouézel’s argument). In order to stop this
phenomenon from occurring we will consider observables that oscillate faster the closer

we get the neutral fixed point.
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Let w: (0,1] — R be given by u(z) = M(x) = a(l + ep(log x)) with a > 0 an arbitrary
constant, € > 0 a small parameter and p a periodic non-constant Lipschitz function with

period ilog(c). This observable, as we show in Section 4.3.1, is not Holder continuous.

Define

nl/a

File) = & <23f;0 woThoy — Judp _ x) | (2.15)

We let ¢ = c¥/* k, = |&"], A, = n'/® and define the function 7 in terms of (k,),>1 as

in (1.14).

Our next result states that any such log-periodic observable u will satisfy a semi-stable
law along the subsequence (k,) under the dynamics of T gy and that the distribution

functions (F,),>1 will merge a family of distribution functions (Gx)acp,)

Theorem C. Let a € (1,2) and let ¢ > 1. Let u : (0,1] — R be a log-periodic
observable with period ¢'/* of the form u(z) = M(z), where M is as in (2.1). Then
there exists a distribution function G of index v and period ¢ such that the distribution
functions (F,)n>1, defined in (2.15) merge to the family (G\)xep,), defined in terms of

G as in (1.13), in the sense that:

lim sup |F,(z) — Gy1/n)(x)| = 0. (2.16)

n—o0 z€R

cir

In particular, if (k,),>1 is any strictly increasing of integers with v(k!,) — A, then
- n—oo

kl,—1 j
S vo T kl, [ vdu
2% LSV J TV (2.17)

Ak% n—00

where V) is a semi-stable random variable with distribution function G.

A remark on semi-stable laws for the doubling map

Theorem C shows tells us that if take a log-periodic observable of the form (2.1) then

we can obtain a semi-stable under the dynamics of the L.S.V. map. Let us now remark
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on a family of observables for which one can obtain a semi-stable law for a uniformly

expanding map. Let T': [0, 1] — [0, 1] be the doubling map
T(x) =2x mod 1,

and let us recall that 7" is a Gibbs-Markov map with a.c.i.p. given by the Lebesgue

measure m.

In [Gou08] it is shown that observables of the form u(z) = 2=/ for a € (1,2) we have

that
z;:ol uo T (z) —n [udm

nl/a

Y

converges in distribution to an « stable law. We now comment on how this result
changes in the case that an additional oscillatory factor is introduced to the observable

u.
Let us fix o € (1,2) and let M : (0,00) — R be
e bounded away from 0 and oo,
e continuous,
e log-periodic of period ¢: M(cx) = M(x), note the difference with condition A2
e so that 27 Y/*M (x) is strictly decreasing.

We then consider observables of the form

u(x) = 2~V M(z).

We define k, :== | "] and put A, = n'/®.

In this setting we can check directly that the tail distribution of u satisfies A2 with
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respect to the (k,) and (A,,), indeed

m(u > ) =inf{y : u(y) > 2} = v *(z).

By Theorem 3 and Corollary 3 in [Meg00] we know that if we put Q(1 — x) = u(x) the
@ is the inverse of a distribution function F' which lies in domain of partial geometric
attraction of a semi-stable distribution of index « and period ¢ (i.e. F' must satisfies
A2). Then one can use a slight modification of the techniques we present in Chapter 3
in order to establish a semi-stable for v under the dynamics of the doubling map. In
the case of the doubling map however it is not necessary to use the methods that are to
be presented in Chapter 3, as when we induce we form an asymptotically i.i.d. Markov

chain which can be studied using i.i.d. techniques alone.
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Introduction and outline of the proofs

Here we give the proofs to the results presented in Chapter 2. As mentioned before
we will adapt the regime presented at the end of Section 1.2.4 to establish the limit

theorems given in Chapter 2. The main steps are as follows

1. We induce on the set Y := [1/2,1] and show that the induced map Ty is a C?
Markov interval map. Whence the induced map will have an a.c.i.p. gy and the
Ruelle-Perron-Frobenius operator of Ty will have a spectral gap on the space
Ly for some 6 € (0,1). In the case of Theorem C this is already known (see
|Gou04al), and for Theorem A and Theorem B we show that Adler’s distortion

condition holds for the maps T¢,, and T,

2. For the observable for which we want to prove the limit theorem we study the
behaviour of the tail distribution of induced observable, in particular we show
that there is a semi-stable law G and a distribution function F' € Dg,(G) so
that my(uy > z) = 1 — F(z). For Theorem A and Theorem B this amounts
to carefully studying the behaviour of the return time 7 for the maps 7,,, and
T,. As we mentioned before, for T¢,, the tail behaviour of 7 follows almost
immediately from the construction of T.,. On the other hand, when studying
T,, we need to work much harder to understand the behaviour of 7. In the
case of T, we first employ arguments similar to those presented in [Hol05] to
understand the leading asymptotics of the sequence (z,) satisfying the relation
T(xps1) = x, (see Proposition 4.2.1 and [CHT19, Proposition 4.1] for details),
then we have to develop new methods to show that n®z, is asymptotically log-
periodic (see Proposition 4.2.2 and [CHT19, Proposition 4.3 and Lemma 4.4]).
Once the behaviour of the return time is established we can employ a version
of the argument given in [Gou04a, Proof of Theorem 1.1] (see Lemma 3.0.3) to
conclude the desired behaviour of uy. For Theorem C we have to examine the tail

behaviour of uy directly. We will show that there is a lot of similarity between
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p(uy > x) and the tail behaviour of the return time of 7, and we are then able to

use techniques similar to those developed in Proposition 4.2.2 in order to examine

p(uy > x).

3. We then obtain a limit theorem for the induced system using the spectral method

of Aaronson-Denker (see Sections 3.0.1 and 3.0.2 and [ADO1]).

4. Pull back the limit theorem from the induced system using an adaptation of the
arguments given in [Gou08|, namely we will adapt the proof of [Gou08, Theorem

4.6] so that distributional convergence along subsequences may be pulled back.

5. Finally we strengthen the distributional convergence in the previous step to a

merging using techniques developed from [CM02]

In Chapter 3 we will collect the common aspects of the proofs of each of the Theorems
given in Chapter 2. In particular, we will give a set of assumptions (A4 and Ab5)
under which we can establish merging to a semi-stable law using steps (3)-(5) of the
outline above. The remaining sections are then devoted to establishing that the systems
described in Chapter 2 satisfy A4 and A5 which we will do using step (1)-(2) of the

outline above.



Chapter 3

Semi-stable laws for intermittent

interval maps

Here we present the common elements of the proofs of the results presented in Chapter
2. In this chapter we will consider an interval map 7" : [0,1] — [0,1] with a neutral

fixed point that satisfies the following assumptions:

A4 1. T:[0,1] — [0,1] is given by

T(a) = g(x) for x € [0,1/2),

20 —1 forx e [1/2,1],
where

(a) g is continuous!, strictly increasing, injective and piecewise C1+¢

(b) 9(0) =0

!This assumption is not strictly necessary , see [CHT19] for a case when g has countably many
points of discontinuity. Although the approach in essence remains the same if g is discontinuous
the arguments are much more clear if we make this simplifying assumption. The key difference for a
discontinuous g as studied in [CHT19] is that one has to induce more than once to form a Gibbs-Markov
map.

61



62 CHAPTER 3. SEMI-STABLE LAWS FOR INTERMITTENT INTERVAL MAPS

2. Letting Y = [1/2,1] and letting 7 : Y — N be given by 7(x) := min{n > 1:

Tz € Y} we assume:

(a) Theinduced map Ty = T7 on Y is a uniformly expanding Gibbs-Markov
map with 6-distortion with respect to the partition (J, = {z € Y :
7(x) = n})n>1, and whence preserves an absolutely continuous invariant

probability measure which we shall denote by py .

(b) There exists a semi-stable distribution G of index o € (1,2) and period

¢ > 1, a sequence (ky)p>1 with lim,, kz“ = ¢, a slowly varying func-

tion ¢ : R — R, and distribution function F € ]D)gp(é, Ky, fln) such that

mly
m(Y)’

my (1 >n) =1— F(n), where A, = n"*{(n), and my =

From A4 and Proposition 4.7.1 we know that 7 is integrable, and so, following our
remarks in Section 1.2.3, we know that 7" has an ergodic a.c.i.p. p which as defined in

equation (1.23). We define the sequence (z,,)>1 by setting

ro=1, ©1=1/2, z, =g "(1/2) for n > 2. (3.1)

We note that as we have assumed g to be continuous and strictly increasing the sequence
(Zn)n>0 is well-defined, strictly decreasing and lim,,_,o, x, = 0. We define the intervals

I,, and J,, by setting:

1

Iy = b, 1} , L= [xpi1, ) forn > 1, (3.2)
3 1 11 1

Jl = |:Z’ 1:| s Jn = |:§5L'n + 57 §mn—1 + 5) for n > 2, (33)

and we note that 7'(1,,) = I,—1, and T'(J,,) = I,—;. Moreover the map T is Markov
for the partition {I,},>0, and the dynamics of 7" can be represented by the diagram in

Figure 3.1.

We see that the sets J,, are precisely the subsets of Y which will first return to Y under
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‘(_(_(_(_ T

Figure 3.1:  Diagram showing the symbolic dynamics of the the map 7" under the
assumption A4.

n iterations of 1"

Moreover, as we saw in Section 1.2.4, the tail distribution of the 7 is given by the z,:

[e.e]

my (T >n) = Z my (J) = @, (3.4)
k=n+1
and there is a constant C'. such that
py (1 >n) = Crz,(1+ o(1)). (3.5)

In what follows we let s : Y xY — N denote the separation time under 7y (see equation
(1.15)). We extend s to all of [0, 1] x [0, 1]: if x, y lie in the same element of the partition
{I,}n>1 we set

s(z,y) = sz, y) + 1,

where 2/, ¢’ € [0, 1] are the first returns of x and y to Y respectively, otherwise we set

s(z,y) = 0.

Remark 3.0.1. We note that if 7" is the L.S.V. map (see (1.24)) with parameter § €
(1/2,1) then T satisfies our assumption A4. As mentioned in Section 1.2.4 we know
that in the case of the L.S.V. map the map n — my (7 > n)) = x, is regularly varying
with index —a = —%, and so we know (see Theorem 1.1.7) that 7 will satisfy A4 with
G being a stable distribution , ¢ = 1 and k, = n. In Sections 4.1 and 4.2 we will
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show that the maps defined in Sections 2.1 and 4.2 respectively will also satisfy A4 by

studying the asymptotic behaviour of the sequence z,,.

We will show that observables v : ¥ — R will satisfy a semi-stable law under the

dynamics of the induced map if v has the following properties:

A5 1. There exists 0 € (0, 1) such that

> Doo(J,) my () < o0, (3.6)
n=1

and
D lolsllZemy (Ja) < oo, (3.7)
n=1

2. There exists a semi-stable distribution G of index a and period ¢ > 1, a
sequence (kp)p>1 with lim, kz—:l = ¢, a slowly varying function ¢ : R —
R, and distribution function F' € D, (G, k,, A,,) such that puy(v > z) =

1 — F(x), where A, = n'/*(n).

Remark 3.0.2. We note that the return time 7 : Y — N will satisfy A5. It is clear
from A4 and (3.5) that 7 will satisfy A5.2. As 7 is constant on each .J,, we have that
Dy71(J,) = 0, which yields (3.6). Also, as choosing ¢ € (0,1) such that § — a < —1
we see that > >0 [I7]7.1%my (T = n) = 300 n®(my (T > n—1) — my(r > n)) =
> O(not¢(n)) is finite?, and so (3.7) holds. It is also clear from (3.4) and (3.5)
that A5.2 holds.

In the next lemma we will show that Holder continuous observables u : [0,1] — R that

2This comes from the general fact that if a function f : R — R is regularly varying index p < —1,
so that f(z) = 2P L(x) for some slowly varying function L : R — R, we have that

/OO f(t)dt = O(a"*' L(z)),

for each « > 0 (see Proposition 4.7.1).
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are non-zero at the neutral fixed point will induce to give to observables uy on Y which

satisfy A5.

Lemma 3.0.3. Assume the set up of A4. Let u : [0,1] — R be Holder continuous.
Then there exists a § € (0,1) so that Equations (3.6) and (3.7) hold for uy, and we

have the following two cases.

1. If u(0) = 0 and the Hélder exponent v of u is such that v > L — 1 then uy €

L*(puy ).

2. If u(0) # 0 then uy satisfies A5. Moreover, if u(0) > 0 there exists a C' > 0 such
that

,uy(Uy > iE) = Cu,UY(T > x)(l + 0(1))7

py (uy < —x) = o(z™),
or, if u(0) <0

/Ly(UY < —37) - Cu/JJY(T > QZ)(l + 0<1))7

py (uy > x) = o(x™?).

The below proof is taken from [Gou04a| with only small modifications to generalise to

the present setting.

Proof. As the induced map Ty is uniformly expanding we then have that for each
z,y € [0,1], |z — y| < CA*@¥) where A = inf 7% (x) > 1. Then as u is Holder with

some exponent v € (0,1] we obtain |u(z) — u(y)| < CQS(WJ) where 0y = A7, For
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z,y € J, we know that s(T7z, T’y) = s(z,y) and thus the induced observable satisfies

uy (2) — uy ()] = |3 w0 TH(z) — wo THy)| < Cndy, ().
k=0

yielding Dg,uy (J,) < Cn. Also, as u is Holder, u is bounded and so

Thus, in order to show that u satisfies (3.6) and (3.7) it is enough to find a 6 € (0,1)

so that

Z n’my (J,) < 00.
n=1

Letting 6 € (0,1) be such that 6o > 1 we see that > > n°my (J,,) = E,, (7°) is finite

by Proposition 4.7.1 as my (7 > n) = O(n=%(n)).

Let us first suppose that u(0) = 0. We note that for a point x € J, its orbit under T’
will satisfy

Tz e€l, j, j=1,2,...,n,

and so we may calculate the following bound

n—1 n—1 n—1
juy ()| < C Y |TPa|” < C' (1 - Zx;> <" (1 + Zj“‘”) < C"ntmev,
j=0 J=1

=1

Thus, letting ¢ > 0 we see that

/ luy (z)[*dmy < C"Zmy(Jn)nQ(l_a”)
Y n=1

— C/l

xo + Z T ((n+ 1)ad-av) _ nq(l_a”))]

n=1

To + Zn—anq(l—ay)—1] )
n=1

< Cl//

1 1

If v > — — 5 then we see from the above that uy € L?(my). Since my and uy are
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equivalent we have that uy € L?*(uy ), which concludes the first part of our claim which

concludes the first part of our claim.

Now let us suppose that u(0) # 0 and let us write

where @(0) = 0. Then we have that
uy (z) = 7(z)u(0) + ty (x).

Let us first consider the case that «(0) > 0. By what we have just seen we know that

we may take ¢ > « so that 4y € L(uy) and so by Markov’s inequality
py (ty > x) <x™? / |ty |Ydpy = o(z™).

Thus we obtain

,UY(UY > :L‘) = Cu,uY(T > I)(l + 0(1))7

for some positive constant C,, and
py (uy < —x) =o(xz™?).

To conclude the case that u(0) > 0 we note that as 7 is integer valued we have from
(3.5) that

py (1> ) = p(r > [2]) = Crmy (1 > [2])(1+ o(1)).

Letting F,G, k, and A, be as in A4 we know that F € Dgp(é, /;:n, fln) is such that
1 — F(n) =my(t > n).

We can then use Lemma 4.5.1 in the appendix to see that the distribution function
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r = my(r < |z]) is also in Dy, (G, kn, A,), and thus F(z) = py(uy < ) is in

Dgp(é, . fln) This concludes that uy satisfies A5 with G = G, k,, = k, and A,, = A,,.

The case that «(0) < 0 follows in the same way. O

We may now state the main result of this chapter. We define the function v and the
distribution function Gy for A € [1,¢) in terms of the G and the (k,),>1 that appears
in A5 as in A1 . We also define the sequence (k}),>1 by putting &/, = |k,u(Y)] and

define the function 4 in terms of the sequence (k] ),>1 as in Al .

Theorem 3.0.4. Assume the set up of Aj. If u:[0,1] — R is such that the induced

observable uy : Y — R, given by uy (z) = Z]T.(:”g_l uoTV(x), satisfies A5 then

hm |Fn<I> — G&(l/n)| = 0,

n—oo
where
1 n—1 .
Fo(z) = p (A_n (;uOTJ —n/udu) < x) :

In order to prove Theorem 3.0.4 we first will first prove that a semi-stable law holds for

the induced system.

Proposition 3.0.5. Assume the set up of A4. If v : Y — R satisfies A5 then for

every strictly increasing sequence of positive integers (a,)n>1 such that y(1/a,) e,
- n—oo

we have that

an—1 J
Yoo vo Ty —ay [vduy
7=0 f N V,\,

Aan n—00

where V) has distribution function G.
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Remark 3.0.6. Proposition 3.0.5 implies that the sequence (Z,,) given by

Z?:_Olv o T) —n [wvduy
A, ’

Ly =

is stochastically compact (and whence tight by Remark 1.1.2). To see this we recall
that for any € > 0 we have that v(s) € [1,c+¢] for all s > 0 sufficiently small. Thus, for
any sequence (a,),>1 we know by Bolzano-Weierstrass that there exists a subsequence

cir

(a),)n>1 so that y(1/a,) — X € [1,¢) which yields
n—oo

d
Za% — V)\,

n—oo

by the Lemma above. Although we could establish a merging for the induced system
this is not required in order to obtain Theorem 3.0.4. As we will see later, the stochastic

compactness of (Z,) is enough to allow us to conclude Theorem 3.0.4.

3.0.1 Preliminaries

Let us assume the set up of of assumption A4, and let us suppose that v : Y — R is an

observable on Y satisfying assumption A5.

We denote by L : Ly — Ly the Perron-Frobenius-Ruelle transfer operator associated
with the induced map Ty (cf. equation (1.20) and Section 1.2.1). For ¢t € R we define

the characteristic function operator L; by

Li(f) = L(™]),

where for convenience we write ¥ := v — [vdu. In this section we will establish some
key properties of the operators (L¢)icg. Our first claim is that the mapping t — L,
is continuous at 0 with respect to the operator norm inherited from the Banach space

(Lo, || - ||o) in the following sense.
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Proposition 3.0.7. There exists a C' > 0 such that
1£: = Lollo < Clt]*.

Before proving the above proposition we introduce the operator R, (f) = L(1{;=n}f)

and establish the following Proposition.

Proposition 3.0.8. There exists a positive constant C' such that for each n > 1 we

have

[Rnlle < Criy (Jn).

Proof. Let &, : Y — J, denote the inverse of Ty|;, so that we may write

Lf(w) =D 1n&(@) - foulw).
n=1
Let us fix n > 1 and let us estimate || R, f]||¢ for f € Ly.

Since Ty |j, is C! there exists by the mean value theorem an z, such that

Ty (o) = =

Thus, by the inverse function theorem, we have that

&nlwo) = my (Jn).

As we have assumed that Ty has #-distortion we know that for every x,y € J,,

&)
) 1‘ = Cllerg)



71

We may then calculate that for any x,y € J,

&)

€011 o €ula) ~ Eu(0)f 0 Eal)] < 1) |

fotda)— fo 5n<y>\

< I (w)| ‘foén(x) @3 - 1) T fobe) — fotuly)
< 1) (1 Cdol,9) + | Flodo(n(2), E0(1)))
< CIE I Fllodo (. ), (3.8

where in the final line we have used that dy(&,(x), &, (y)) = Odg(z,y). Then as

& (y)
& (o)

1€(9)] < 1€ (x0)] (1 n

_ 1‘) < my (1) (1 + Cda(y, z0)),

and as dy(y, ) is bounded we obtain that

[60(2)f 0 &n(x) = &,(y).f o &aly)] < Bmy (Jn)I fllodo(, y),
for some constant B > 0 which yields |R,, f|g < Bmy (J,,)] flle-

Let us now estimate || R, f||«. Since R, f(x) =1, ()¢ (x)f o0&, (x), we have from (3.8)

that

| B f ()] < 1€, (20).f © &ul@o)| + [€,(2).f 0 &n() = &, (20).f © &nlo)|
< &z flloo + Crmy (Ja)|.f 1l

< C'm(Jn)|| flo-

Putting these estimates together we obtain || R, |l¢ < Dm(.J,), for some constant D > 0

independent of n. O]

Now we may give a proof of Proposition 3.0.7.
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Proof of Proposition 3.0.7. Let us fix 0 € (0,1) so that v satisfies (3.6) and (3.7).

Since L£(f) = Y_>7, R, f, we have that

I(Ce = L) fllo = 1L = 1) flla < D I RallollLs, (€ = 1) fo.
n=1

Let us fix C' > 1 so that |e® — 1] < Cla|’, for all @ € R (see Proposition 4.8.1 in the

appendix).

Let us first estimate |1, (e — 1) f|o. Letting x,y € J,, we have that,

() — 1) f(z) — (€7 = 1) f(y)] < (€@ = 1) (f(x) = f(y)] + (T — @) f(y)]
< CIP[5(2) | flode (2, y) + €7@ || f(y)] | 2@ — 1
< O8], 121 f lodo (2, y) + t1° Dot (Jn) do (2, )’ ||

< CIP 1 Na(1915, 1% + Doy (J)°)do(z, y)

Similarly we have that for x € J,,,

("7 = 1) f(2)] < Ol fllcltP[8(2) " < C I l6l1], Nl

Combining these estimates and using Proposition 3.0.8 together with (3.6) and (3.7)

we obtain
I(Le—L) fllo < CIE] fllo (22 18], 12y (Jn) + ZDef)(Jn)‘smy(Jn)> < C'[t°[|.f lo
n=1 n=1

which concludes the proof. 0

We know that the operator £ = Ly acting on the space Lg has a simple isolated
eigenvalue at 1 and a spectral gap: £ = P+ N (see Definition 1.2.2 and the discussion

preceding it).
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As, from Proposition 3.0.7, we know that ||£, — Lo|| < Ct|° we also know that the
families of maximal eigenvalues (k;) and the corresponding eigenprojections (F;) of
the operators £; will depend continuously on t in a neighbourhood of t = 0 in the
same as the family (£;). To conclude this fact we can employ [Goul5, Proposition
2.3| which itself is a reformulation of more general statements given in [Kat66, IV.3.6
and Theorem VIL.1.8]. In the Lemma below we state formally the key consequences

of [Goulb, Proposition 2.3| in our present setting.

Lemma 3.0.9 (|[Goulb, Proposition 2.3]). For |t| sufficiently small we have that L, has
a spectral gap with
Ly = kP + Ny,

and moreover

[t = | = O(|t]), and || P, — P|| = O(Jt]’),

as |t| approaches zero.

3.0.2 Proof of Lemma 3.0.5

With the preliminaries in place we now turn to concluding the proof of Lemma 3.0.5. In

the proof below we will first employ the spectral method in order to establish convergence

to semi-stable random variable along subsequences (a,)n>1 for which v(1/a,) < A.
- n—oo

We will then to proceed to strengthen this convergence to that claimed in Lemma 3.0.5

by using techniques derived from [CMO02].

Proof of Lemma 3.0.5. We let (X,,) be a sequence of independent identically distributed

random variables on (Y, By, py) with common distribution equal to that of v.

Let (an)n>1 be a strictly increasing sequence of positive integers such that v(1/a,,) SELN
= n—oo

A. We know from our assumptions on the distribution of v (namely A5.2) and Theorem
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1.1.11 that

an—1
>t Xj — an [, Xidpy N

Aan n—o00

%% (3.9)

where V), is a semi-stable random variable with distribution function G,. We claim that

anp—1
U — ay, |y urd
23_1 J fy 1apy g N (3.10)

Aan n— o0

Let us denote by ¥, (t) == [¢" o 9ol dp the characteristic function of Z;:ol o1
and let us denote by ¢,(t) = [ ¢S50 Xi=n [ Xd“)d,u the characteristic function of the

corresponding i.i.d. sequence 23:01 X;—n [ X;dp.

We will now relate the maximal eigenvalue x; of £; with the characteristic function

0. Let f; = fﬁfém and note that f; is an eigenvector of L; corresponding to the

eigenvalue k;, in particular note that fo = 1. For [t| > 0 sufficiently small we know
from Proposition 3.0.7 and Lemma 3.0.9 that ||[£,—Lo|| = O(|t|°) and || f;— fol| = O(]t]°).

We may then calculate that

o = / Lofidm = / Cofodm + / (C — L)(f, — fo)dm = 6, (t) + O(t*).

Following Remark 1.2.3 we know that

NP = L8 = Pl = o(k).
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So, for any strictly increasing sequence (a,),>1 we may calculate that for large n

Va, (t/As,) = / Li/a, hdmy
= H?/HA% /Pt/Aan hdmy + /N:/%an hdmy
= KTy, V(Pt/,qan — P)h + Phdmy + 0(1)] (3.11)

= Ky, (L4 0(1)),

= ¢1(t/Aa,)" (1 + o(1)).
We know from (3.9) that

lim ¢, (t/Aa,) = lim ¢1(t/Aa, )" = v, (8),

where 1y, is the characteristic function of V. By equation (3.11) we then obtain

nh—)IEo ¢an (t/A(ln) = ¢V>\ (t)7

which, by Lévy’s continuity theorem concludes (3.10) and the Lemma. 0J

3.1 Inducing semi-stable laws

Having established Lemma 3.0.5 we may now move to the proof of Theorem 3.0.4. In
the proof below we will pull back the semi-stable law established in Lemma 3.0.5 using
a modification of the argument given in the [Gou08, Theorem 4.3]. We will then argue
that the distributional convergence established can be strengthened to convergence

claimed in Theorem 3.0.4.

Proof of Theorem 3.0.4. We fix an observable u : [0,1] — R and assume that the
induced observable satisfies A5. Let us suppose further that [udp = 0. The general

case then follows by applying the conclusion of the theorem to @ = u — [ udp.
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We begin by relating the ergodic sum wu,, = Z?;ol wo T with the induced ergodic sum
U, = Z?:_Ol Uy O T{;. We note that by the definition of U and Ty we have that (u,)n>1
is a sub-sequence of (U, ),>1. By passing to the natural extension if required we assume

without loss of generality that the map T is invertible. Then we may write
n—1 N(z,n)—1 '
ZuoTj(x): Z uy o T4 (z) + Huo T *(z), Vx €Y,
=0 j=0

where N (z,n) denotes the lap number

n—1
N(z,n) = Z ly o T (),
j=1

and
Y ()

Hu(z) = Z uwo T (),

where we have put ¢(z) = inf{j > 1: T/ (x) € Y}. Since A, — oo and as p is T

invariant we have that the quantity Hu o T™ converges to 0 in measure.

Let us fix a strictly increasing sequence (a,),>1 C N such that v(1/a,,) " X. Then
- n—00

by Lemma 3.0.5

U, d
an — V)\,

Aan n—o0

where V) has distribution function G. Following Remark 3.0.2 we also know that 7
satisfies Lemma 3.0.5. Setting 7, :== Z?;S T oT{} we then know from Remark 3.0.6 that

the sequence
Tn — nu(Y)
A,

Y

is tight where A, is as in A4.

We set a), = |a,u(Y)] and claim that

= LV (3.12)



3.1. INDUCING SEMI-STABLE LAWS 7

From our discussion above we know that it is sufficient to show that

N(-ah)—1 j
S MG U o Ty L

Aa'/n n—oo

Vi (3.13)

We will in fact show that (3.13) converges in distribution with respect to py on Y, then

by Theorem 4.1 [Gou08§| the result will follow.

As a € (1,2) we may choose an 7 > 0 small enough so that £ +7n—1 < 0. We set
B(n) == nat" and aim to show that
N('7a/>_an Hy

ey o 0. (3.14)

From the definition of the lap number we have that N(x,k) > n if and only if 7, < k.

Thus we have that for any € > 0

N(z,al) — a,

Blan) > 8} = uy{r : N(z,d)) > Bla,)e + a,}

uy{xEY:

= py {2 : TapBan)e(®) < an}. (3.15)

As 7 > 1 we have that the trivial inequality

Tan+B(an)e > Tan T ﬁ(an)gv

which yields
Ta,

—d,
Iy {T Tyt plan)e(T) < ap} < p (W < —5> :

Proceeding as above we obtain

N(z,al)

> 'n

uy{xeY:—_%g—a}gu(Ta"—_%Za>.
Blan) Blan)
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In particular we have that

N(zd) - a 70, — )
“”{“Y' Blan) Ze}g”(mz")

Writing
an . = an — Un Y n Y)—aq
Ton O _ (g, ) e — 4 pY) | anplY) — a,

Blan) A, Blan) ’

we know that the last term on the right converges to 0 as 5(n) — oo and the first term

on the right converges to 0 in measure as the sequence

Tan — Anft(Y)

A,

is tight and, since £ is slowly varying, a;"¢(a,) — 0 . This concludes (3.14).

We now show that for each € > 0

_ SNy 0 T () — Y200 uy o T (2)
lim py | x: >e| =0. (3.16)

n—oo Aan

Letting € > 0 we calculate

U ..al _Uan

4 (e 37 € [~B(an). B(an)] such that
N(z,a,) = a, + j and

The first term on the right of above vanishes by what we have just shown so we only

need to deal with second term. Let us suppose that

z € {x:3j € [-f(an), Bay,)] such that N(z,a),) = a, + j and |Uy,+; — U, | > €4a, },
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and to begin with let us suppose further that j > 0. Then we see that

|Uan+j - Uan| = ’UJ| OT;”('Z‘)7

and

Uj| o Ty Uj;| A;
My <—| j1|4any ZG> = py (%A; Za).

J

Moreover
Uil A5 _ 1Uj] Apap)

A S d A (3.17)

Using the definition of #(n) we have that

Aﬁ(n) _ né(é-m—l) £(B(n)) ‘

A, l(n)

Letting 0 < 0 < é and C' > 1 we may choose an ny by Potter’s bounds so that whenever

n, B(n) > ng we have

Thus, for n large enough we have that

Asn) ey (2-8) (2401
A, ’

which converges to 0 by our choice of n and §.

We know from Remark 3.0.6 that the sequence |U;|/A; is tight which gives that (3.17)
converges to zero in measure as claimed. Proceeding in the same way as above one may

show that ifj € [—/5(n),0) we also have that

n |

Y
Aan

|Uan+] - Ua

converges to 0 in measure, which concludes our claim.
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We have shown that whenever (a,) is such that v(1/a,) Iy X\ we obtain (3.12) as
n—oo

claimed.

We now claim that whenever (b,,) is such that 5(1/b,,) I X we have that

n—oo

Up d
= ? V)ﬂ

Abn n—oo

where we recall the function 7 is defined in terms of the sequence k], = |k,u(Y)].

First, let us note that whenever (a,)nen and (by)nen are two sequences with b, =

a, (14 o(1)) then
Uon i) V & Yan, i) VA.
Abn n—o0 a, N0

Now let us suppose that (b,),>; is such that 5(1/b,) X Let a, = |6,/ 1(Y)]

n—oo
and note that a], = b,(1 + o(1). Thus, to conclude our current claim it is enough to

show that 7(1/a,) — A. Letting kp(n) and k) be the elements of (k;)n>1 and (&7, )n>1

respectively so that
/

(1 /a0) = P2 and 3(1/0,) = 22,
Let us note that
Kom—1 < bn < Ky
& o1 (1 B %%(z(:)lj(fﬂ) _ M?;) < b (1 B {kzla(]z;ti()Y)}> |

Taking integer parts of the final inequality we may conclude that for all n large enough

Fop(n) € {kﬁ(n)—z, Kpn)-1, kﬁ(n)}- Thus

kpey iy (Y) kipgn) (n)
v(1/a,) = == = (1+0(1)) =
Qn bn kﬁ(n) bn kﬁ(n) n—00

This establishes that whenever (b,),>1 is strictly increasing sequence of integers with
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7(1/b,) s )\ we have that
n—oo
Yon  dy v,

Abn n—oo

Now, following the first part of the proof of [CM02, Theorem 2|, we move to concluding
the merging aspect of the result. We will argue by the fact that the distribution function

G, is uniformly continuous for each A € [1,¢) (see [CM02, Lemma 2, Theorem 2|).

Let (a,)n>1 be an arbitrary subsequence of N. For every € > 0 we know that v(1/a,) €

[1, ¢+ €] for all n sufficiently large. So, Bolzano-Weierstrass we have that there exists

a further subsequence, say (ay,);>1, such that y(1/a,,) N e [1,¢) and so by what
- J—00

we have just shown that

lim dL<Fanj y G)\) = 0. (318)

o0
Moreover, one can check that the family (G)) Ae[l,¢) 1s continuous with respect to the
topology of weak convergence (cf. proof of [CM02, Theorem 2|). In particular we have
that
lim d,C(G'y(l/anj)yG)\) = 0. (3.19)

j—o0

We claim that the weak convergence of the distributions function in equations (3.18)

and (3.19) can be strengthened to uniform convergence.

Let € > 0 be arbitrary. By the continuity of G, we may choose a 0 < § < € so that
|21 — 29| <25 & |Ga(x1) — Ga(x2)| < €.

Then by equations (3.18) and (3.19) we may take N € N large enough so that for every
j > N we have
dC(Fanj,G)\) < (5, dE<G7(1/anj)7GA> <0

Letting x € R be arbitrary we know by the definition of the Lévy distance that

G)\(ZE - 5) — G)\(ZE + 5) -0 S Fan]_ (ZL‘) - G,\($ + (5) S 5,
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and since 0 > Gy(z — ) — G\(z + §) > —¢ we have that
[Fa,, (#) = Gia(z +0)| <0 +e <2
Thus we obtain
|[Fa,, (2) = Ga(2)] < [Fo,, (2) = Ga(z +0)| + |Ga(2) — Ga(z +0)| < 3e.
Repeating the above calculation with G, fan,) in the place of F' we obtain
|Go1/any)(2) = Ga(@)] < 3e.
Thus, our claim that
leIl;lo \Fanj — Giloo = 0 and jlijgo |GW(1/anj) — Gl =0
is established. By a further application of the triangle inequality, we see that
lim [ Fo,, = Gh/an)l = 0.
Finally, as the sequence (a,),>1 with which we started was arbitrary we obtain
Jim | Fy = Goaymyloe =0,

which concludes the proof. O



Chapter 4

Proofs of main results

In this chapter we give the proofs of our main results: Theorems A, B and C. In each
case we will verify that the system in question satisfies the assumptions A4 and the
induced observable satisfies A5 so that we may apply Theorem A to conclude. In the
case of Theorems A and B it is enough to verify A4 as we can then use Lemma 3.0.3 to
show that the induced observable will satisfy A5. In the case of Theorem C we know
already that T gy satisfies A4 (see Remark 3.0.1), however our observable in this case
is chosen so that 3.0.3 does not apply. Thus for Theorem C we will need to verify A5

directly.

4.1 Proof of Theorem A

Throughout this section we let T" = T.,, be as defined in Section 2.1 and let u :
[0,1] — R be Holder continuous observables which is non-zero at 0. It is clear from
the definition of 7" that (1) of A4 holds. We also know by the definition of 7" and the

discussion following of the statement of the assumptions A4 that

my (T >n) = x,,

83
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where z,, is as given in (2.3). In particular, we recall that with my (7 > n) = n=*M(n)
and M satisfies A1 . So, if F'is such that 1 — F(z) = 2=*M(z) for all x large enough
we know that ' € D, (G, kn, A,) where k, = [c"], A, = n'/* and G is the distribution

function of a semi-stable distribution with right Lévy function

and left Lévy function L = 0. This establishes 2(b) of A4.

In order to see that T satisfies A4 it is sufficient to show that Ty is a uniformly expanding

C? Markov interval map (see Example 1.2.1).

Proof of Theorem A. Let g, be as defined in (2.6). Considering the first derivative

gn(@) = (1 = an)pn — AL log(1 — a,Ap—1) exp {log(l — anAn_l)—m _Ax”“ } :

we note that ¢/, is positive and decreasing and so obtains its infimum at x,, which yields

. / 1
wlgli Ip(r) = (1 — an)pn — A_n log(1 — anAn—1)(1 — anAyy)
> pu(1—a2A, 1) > 1 (4.1)

by our choice of the sequence a,,. This readily implies that Ty = T7 will be uniformly

expanding. Now we argue that T has the Adler property. First we calculate

, 1 T — Tp
gh(x) = _A_?L log(1 — apAn_1)? exp {log(l — anAn_l)A—n“} 7

which is negative and strictly increasing. Whence, |¢/| will obtain its supremum at

Tna1, and so

1
sup |T"(x)| =

= log(1 — a,A,_1)* < a2p?.
SCEITL n
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Thus we have that

W e
su
vet, IT@F = (T —a2A, 2
and so
T/I
sup sup (@)] =(C < o0.

n act, [T'(z)]?

Now we argue that the induced map also satisfies the Adler condition. Letting

/"]

AdI(f) = PR

a simple calculation shows that

AdI(T™)(z) < AdI(T™ 1Y) o T'(x) +

for each x € Y. Iterating the above relation we obtain that for all x € Y

n—1 Ad OTk 1 —2
AdI(T™)(z) < AdIT) o T" H(z) + > (Tn k T Z T) o T*(x).
k=1

Fixing = € J, we know that T*(x) € I,,_4, and

AdI(T) o TH(x) < yg}lfi <|§,/;;y)))|2

IN
|
B

Thus, using our assumption that the a, satisfy (2.7), we find
n—1 n—1
Ad(T™)(z) S C+ Y af <C+ > A <C+1,
k=1 k=1

yielding the Adler property for the induced map. This yields that T is uniformly

expanding C? Markov interval map and concludes that A4 hold for T.

Now we may apply Lemma 3.0.3 to the observable u to see that uy satisfies A5 with

G, k,, and A,, as defined in Section 2.1. Applying Theorem 3.0.4 then concludes the
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proof. O

4.2 Proof of Theorem B

Throughout this section we will let 7" = T,, as defined in 2.2 and let w : [0,1] — R be
Holder observable with w(0) # 0. In order to prove B we will verify the assumption
A4. Then, as in the previous section, we will use Lemma 3.0.3 to show that uy satisfies
A5 and employ Theorem 3.0.4 in order to conclude. We begin by examining the tail

behaviour of the return time.

4.2.1 Tail behaviour of the return time

Here we aim to show that the return time 7 has tail distribution

my (T >x) =z *(M(z) + H(x)),

which satisfies (1.9), in particular we will show that the M that appears in the expression

1/a?

above is log-periodic with period ¢ and satisfies A1 . The proofs presented here are

based on the arguments given in [CHT19, Section 4|

Proposition 4.2.1 (see [CHT19, Proposition 4.1|). Let the sequence x,, be defined by

relation x, = Tj01/2)(ps1) with x9 = 1. Then

z, =n"%(Mo(n) + Eo(n)),

where
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Proof. Put # = . Using the fact that T'(x,41) = @, we calculate

1 1 -
_ﬁ = 3 (1 +$n+1<M(xn+l>)) g
Tn Tyt

= (1= pelaMtann) + P o))

2
= 51 - BM(anrl) + @
xn+1

Ty M (@041)* (1 + 0(1)) (4.2)
Since M bounded and z,, — 0 we find that by summing that,

xiﬁ 148 M) —e;, (4.3)

j=1

where e; = fo—M(an)(l +0(1)). Since e, = o(1) in the limit as n — oo, we see

by substituting (4.3) into the right hand side of (4.2) that

1 - NEEICERIES M (x5)* o
x—g—1+5;M(%) 5 ;1+Z£21(M(:Ek)—ej)(l+ (1))

=1+ BZ;M(:UJ-) —~ 5(5; D > — gﬁ%(m (1+0(1))

J=1

Putting Ey(n) = % — B(g;rl) i #%(1 + o(1)) the above yields: z;? =

n (g Z?:l M (x;) + EO(”)), and thus

- 1 —1/a n e
20 = —— (My(n) /" + Eo(n))
1 -
= — (My(n) — aMo(n) /2 Eo(n)(1 + o(1)))
Let us now study the error term Ey(n) = —aMy(n)™/*Ey(n)(1 + o(1)). As M is

bounded above and below by positive constants we know that My(n) = O(1) and so

Ey(n) ~ 2 (1 +> 00 ﬁ) = O (*%82), which concludes our claim. O
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Proposition 4.2.2 (see [CHT19, Proposition 4.3 and Lemma 4.4]). The function M,

1/a?

18 asymptotically log-periodic with period c i the sense that

Mo(ee"n) _ o ((10gn)2>’

My (n) n

in the limit as n — oo.
Let us extend the functions My and Ej to the positive reals by setting My(x) = My(|z])

and Ey(z) = Eo(|x]).

Proof. Let us define my(z) = = Z]LSI M (z;) so that z, = (nmg(n))~*(1 + o(1)). Let
us note that as x, ~ (nmgy(n))~® we have that mg(n) ~ %Z;;l M ((nmg(n))=®).

Consider a continuous analogue m of mg defined implicitly by the relation

() = a_lx /1 * M () )du.

We will now show that with ¢ := =%

in the limit as + — oo.

Let v(z) = am(z), then from the definition of ™ we find that

o(z) = é /1 " M ((u))du.

Differentiating we then obtain
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Using the definition of M we find that
v'(x) = a1+ ep(—alogv(x))).

We now make the substitution e“®) = v(x) in the above. Making the substitution we

obtain
/ u(zx) __ _ 1 “ e’
u(z)e"™ =a(l+ep(—au(x))) === | ——dz—C,
0

for some integration constant C'. Let us define

[ z
g(u) = —/ LA C,
0

1 —ep(—az)

so that g(u(z)) = x. The integral g(u) does not admit a closed form, however we can

study some of its properties by exploiting the log-periodicity of M.

Let us note that if u = ¢ + zp and with ¢ € N and 2, € [0,¢) we may divide up the

integral in g(u) in the following way

=1 a0 X
1 e(i+1) e &l+29 e*
= - g —d — dz. | = C.
9(u) a ( /éj 1+ ep(—az) Z+/ég 1+ ep(—az) N ¢

j=0

Now, making the substitution w + ¢j = z in each of the integrals above, and using the

log c

== = ac, we obtain

fact that p is periodic with period

a

g(u) = - (i e“g(e) +e“g(20)> - C,

=0
1 [e* =1 . .
-1 (eé ~(0) + edg(20)> el

Now for z > 0 arbitrary let us write z = e+ for some k¥ € N and some wy € [0, ¢)

and let 2’ be such that u(z’) = u(z) + ¢. Then letting ¢ € N and zy € [0,¢) be such
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that u(z) = ¢ + xo, we see that

, 1 [+ — 1 )
¢ = glule)) = & (a0 + () ) - €
el —1+(1—e9 5
:E( e@—(l ) (C)Jrezg(zo))—c'

Thus in the limit as * — oo we see that 2’ = ez + O(1). Now we may calculate that

u(e®) —u(z) — é = u(e’z) — u(a'),

and by the mean value theorem we may choose &, between ¢ and 2’ so that

u(éx) —u(z) = u'(&) (e — a’) = O(u'(&)).

Since /(z) = Y& = O(1/z) and since &, ~ e‘z we find that
u(e®) —u(z) = ¢+ O(1/x).

Thus

m(etx) ieé-i—O(l/z) — 1+ 0(1/2).

Now we relate 71 with mg. Let us note that the function

y—= M(y™) =a(l+ep(—alog(y))),

is log-periodic with period ¢/ o and has a finite number of intervals of monotonic-
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ity in [01/(12762/042] Then since Chz < mg(z) < Chz we see that function h(x) =
M ((xzmo(x))~) has O(log x) intervals of monotonicity within the interval [1,z]. Then

for each interval I on which A is monotone we see that

/h(u)du— > h(j)

I JEINN

<suph—infh <C,
I 1

for some constant C' independent of I. Thus, as there O(log(x)) intervals of monotonic-

ity, we obtain

T lz]
/1 M) = 3 h(j) + Oflog 1), (4.4)

We now wish to compare my(z) and - 23@1 h(j). First we calculate

log 2, — log((nmo(n)) ™) = log((nmo(n))~ + 0~ Ey(n)) — log((nmo(n)) ™)
=tog (1 o)
— O(Ey(n)) = O (log”) .

n

Then since p is Lipschitz by assumption we see that

and thus

S

1, 1 logj\ (log n)?
mo(m_a_j;h(‘])_O(_ZT)_O( . )

Thus, we can relate mg and 7y as (4.4) yields

|=] 2
mofe) = — 3 M((jmo(7))®) + 0 (“0“) )

ax “ T
‘77

- L [ sty o (1522)

ar Jy T
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and so

mo(z) = m(x) (1 +0 (M)> (4.5)

T

Now we may compute

The proposition then follows as My = m“. 0

Set ¢ := c"/* and set k, = [¢"], {(y) == @/ and A, =n'%(n). Then, by definition,

~ e

we have that

kn,
lim —n

I
™

n—o0 n

lim /(y)

Yy—>00

A
Ay =&V lim St _ gl/e
n ! n—oo kn

1

Y

Proposition 4.2.3. For each x > 0 the limit

lim My(Ay, x)

n—oo

exists and moreover the function

M(z) = lim My(A, x)

n—oo
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is right continuous and log-periodic with period ¢'/°.

Proof. Let us fix some x > 0. We claim that the sequence M (k,x) is Cauchy. Indeed,

1/a?

as Ay,,, = c/* Ay, we may use the previous proposition to see that

’Mo(Akn_Hx) - Mg(Aknl')’ < MO(Akn:U> MO(Aknx) Aknl'

Mo(cl/O‘QAknx) B 1| _0 (log(Aknx)Q)

From this we obtain that

(Mo(Ap, @) — Mo(A,z)| = O (m—l (log(Akn+jg;))2)

iz0 Akn+j$
o (% log(" Ay, x))?
= cile? Ay x

:O((logAkn:c)sz:l 1 2log Ay, xlog c/o® T j

/o Ay, x — cile?
Jj= J=0

It is then clear that M is log-periodic with period ¢/® = ¢!/ *® a8

M (V" z) = lim Mo(Ay,,,x) = M(x).

n—00

In order to see that M is continuous we let z > 0 be arbitrary and let § > 0. Then we

see that

1 Lcn/a2 Z‘+5 n/a
- - M(x:) —
Lcn/oﬂ(x + 5)J ($]) cn/asz Z

7=1
len/o? (2+5))

B | x| 1 1 2/ =) M 1 I
N (Lcn/O‘Q(:C—i—cS)J - ) (/o7 ] 2 @)+ ] >, M),

i=t j=len/o?a
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and so

)
T +0

M(z +6)~Y* — M(z)™Y* = —M(z) +0(0/x+9),

which yields the right continuity of M. O

We know that F/(z) = my (7 > x) = 27*(My(z) + Eo(x)). We may rewrite this as

Fr) = z=%(M(x) + H(x)),

where H(x) = My(x) — M(z) + Eo(x). We aim to show that F satisfies (1.9). We

1/a

have already established that M is log-periodic with period ¢"/¢, right continuous, and

bounded away from both 0 and oco. It remains to show that the error function H

satisfies lim,, o, H (A, x) = 0 for each x > 0. Fixing z > 0 we see that

lim H(Ag,z) = lim My(A,x) — lim My(A, Ag, %) + Eo(Ag,z) = M(z) — M(z) = 0,

n—oo n—oo m—ro0

as Ay, Ak, = Ag,.,.. This concludes that (2,b) of A4 holds.

4.2.2 Distortion properties and concluding the theorem

We now turn to establishing 2(a) of A4 before concluding the proof.

Proposition 4.2.4. The induced map Ty : Y — Y satisfies Adler’s distortion condition

o T@)
u
vey T2(z)?

Proof. Calculating the first and second derivatives of 17" we find

T'(x) =1+ (B+ D)2’ M(z) 4+ 2T M'(2),

T"(x) = B(B + DaP'M(z) + 2(8 + 1)a’ M'(z) + 2T M" (z).
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We recall that I, = [zp41,2,) and J, = {7 = n}, and T(J,) = I,,_1. Note that
T'(I,) = I,—j41 for 1 < j <n—1. Since M(z) = a(1 + ep(logx)) and p is Lipschitz
we know that M(z) = O(1), M'(z) = O(z™'). Moreover as we have assumed that
the second derivative of p is bounded, we see that M”(z) = O(z~?) and we obtain the

following bounds for each n € N
T//|In S Bna—l.

for some positive constant B independent of n. Let us put C' := max{sup |p(z)|, sup |[p/(x)|},

we then obtain that

T, (x) > 1+ a((B+1)(1 —C) — eC)a”

> 1+a((B+1)(1—-eC) - 5C>x5+1

From Proposition 4.2.1 we know that

5 M(HEL_(”)),

Tl T T Moy(n)
and X .
My(n +1)7 = (ﬁ;a(l%—sp(log(xj)))) > %(1—{—60)_1.

Combining these three estimates and using the fact that Ey(n) = o(1) we know that

there exists a constant A > 0 such that

T, () > 1+ An~t. (4.6)

Moreover, as a(8 4+ 1) = 1 + a > 2, we may fix € > 0 small enough so that «((8 +
1))(1—eC)—eC)(1+eC)~! > 2. Then for all n large enough we have that (4.6) holds

for some A > 2.

Denoting by D the operator T+ T" we find, by a simple application of the chain rule
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that for any n > 1
log(DT") = Z log(DT) o TV,

J=1

Applying D to both sides of the above we obtain

DT & ., (D*T :
=Y DTV = )oT’!
DT" ; ( DT ) o

and so
D711
DTn

DT & DT -

Using the bounds found above for the derivatives of T" we see that

DT\ sup,e; . DT
‘(DT)OTr%@ < [ WPty DT

DT (y)

B(n—j+1)~1

A
L+ n—j+1

<C'(n—j+1)7"

infye]n

—j+1

(4.8)

for some C’ > 0 independent of n. We then calculate that

g (g () = = L log(DT) o T 2)

k=j

- A
< - 1 14+ ——
- ijog( +n—k:—|—1)

" A
< — - < Al —74+2 "
= ;n—k+1+A— og(n —j+2)+ 7,

for some C” > 0 independent of n. Thus, for x € .J,, we have that

DIt o 1
< -_
pre WS¢ T

Combining (4.8) and (4.9)

n+1

|D2TTL‘ e - (n — j =+ 2)04—1 . e a—1—A
(DTH)Q(:B)SCG Z (n—j+2)4 .=Ce Zn
j=1 k=2

From our comments following (4.6) we know that there exists an A > 2 such that (4.6)
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holds for all but finitely many n, so we obtain

‘D2Tn| 1 C" " - a—3
(DT”)Q(x) <=(C"e C +Zk < 00,
k=2

concluding the proof. O
We may now conclude the proof of Theorem B.

Proof of Theorem B. We have seen that T satisfies the A4. Now we may apply Lemma
3.0.3 to the observable u to see that uy satisfies A5 and then we can apply Theorem
3.0.4 to conclude. 0J

4.3 Proof of Theorem C

Throughout this section we let T = Tgy and let u(x) = M(z) where M is as defined
in (2.1). As we have mentioned before we know already from Remark 3.0.1 that 7'
satisfies A4. We will show in this section that u satisfies A5 and use Theorem 3.0.4 in
order to conclude Theorem C. We begin by studying the tail distribution of the induced

observable uy-.

4.3.1 Calculating the tail distribution of the induced observable

In this section we aim to show that the induced observable satisfies (2) of A5. Let us
first remark that we cannot apply Lemma 3.0.3 to u, in particular we note that u is not
Holder for any v € (0, 1]. To see this fix z,y € (0,1] with |u(z) —u(y)| = C > 0. Then

for any v € (0,1] and any k € N we have that

u(c™ow) —u(c?y) e C

|ck/eg — cklay| lz —y|

As the above converges to oo as k — oo we see that u is not v-Hélder.
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In what follows we define M, for © > 1 by setting Mo(z) == L [Ju (30%27) dz. We

Tz

note that M, is log-periodic with period ¢/*”:

Mo("x) = — o /
0

cl/e?y

cl/a293

1
u (Eaaz_o‘> dz = My(x),

1/a?

where in the final equality we make the substitution z = ¢'/* w.

Our first step towards verifying A5 is to establish the following Lemma.

Lemma 4.3.1. For any x € J,, we have

uy (z) = n(Mo(n) + O((log(n))*/n)).

Before proving this Lemma we give a series of intermediate results.

For z € Y let us denote by (y; = y;(x));>0 the orbit of z under T'. For z € {r =n} = J,

we have by definition that

—

n—

uy () = Z u(y;)-

0

<

Lemma 4.3.2. Ify € I, then |u(x,41) — u(y)] = O(n™1h).

Proof. First we calculate |log(z,) — log(y)|. As y € [,11,2,) We may write y =

Tpy1 + t(x, — xpyq) for some ¢ € [0,1). Thus

log(zns1) — log(y) = — log (1 +t ( T _ 1)) .

Tnt1

We recall from Section 1.2.4 that z, = Ja*n™ (1 + O(lo%)) and we also recall from
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wiil =1+ rn1+1 (Tn, — Tpy1) we have that

[LSV99] that |z, — 2py1]| = O(n~1F). Since
log (1) — log(y) = log(L 1 O(n~")) = O(n~).

Then, as p is Lipschitz by assumption, we have that

as required. O

Using Lemma 4.3.2 we may write

n n

ur(w) = Y ula) + O™ = 3 ulay) + Oflog(m). (4.10)

j=1 7=1

For z > 1let Mo(z) == 1 [[u (30*27) dz and note that

Mo(z) = My(z) + O(1/2). (4.11)

Let us put Mo(z) = L_ﬂch E]@l u(x;). We now wish to compare My and M.

Lemma 4.3.3.

Proof. First let us calculate the difference between u(z,) and u(ia®n=*). Writing

T, = 30°n" (1 +¢,) where ¢, = o(1) we have that |log(z,) — log(3a°n™*)| = O(e,,).

So we find that

w(@n) — u (%aan—a) ‘ = Oley).

Letting h(x) = u(%aax_a) for z > 1 know that & is log-periodic with period ¢/

Moreover h has finitely many intervals of monotonicity in [c!/ of 2/ a2]. Thus h has
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O(log z) intervals of monotonicity in [1,z] and so as in the case of T}, in the previous

section we have that

Thus

lz] |z

o) — Vo) = éZu (%wga) —u(z;)+0 (1"5’”) _ ézlc)(ej)m (1"5‘”) |

J=1

Since e, = O(log(n)/n) we obtain that

[¥ote) - M) = 0 ()

T

as required. O

Proof of Lemma 4.3.1. From (4.10) we know that
uy |y, = n(Mo(n) + O(log(n)/n)),
thus using Lemma 4.3.3 and (4.11)
uy|s, () = n(Mo(n) + O(log(n)?/n)), (4.12)

which concludes the proof. O

Since the map = +— xMy(z) is continuous and strictly increasing (at least for € > 0
sufficiently small) we know that it is invertible. Let g be the inverse of « — xMy(x) so
that if My(z) = y then g(y) = x. If £My(z) = y then /** 2 My(cV/*’z) = ¢/**y and
thus we obtain g(cl/o‘Qy) = cl/C“Qg(y). Writing g(y) = yf(y) we then see that f must be

log-periodic with period ¢*/*”, and also f must be bounded as f(y) = 1/My(g(y)).
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Then we may compute that

Laey=e p(g)o(1+ o(1)).

my(uy > ) ~my (7 > g(y) = 50"9(y) 1+ (1) = 5

This concludes that uy satisfies (2) of Ab.

4.3.2 Concluding the proof

In the previous section we established (2) of A5. In this section we will verify the

remaining assumptions in A5 and then apply Theorem 3.0.4 to conclude.

Proof of Theorem C'. As in the proof of Lemma — we begin by noting that as the
induced map is uniformly expanding: A = inf,cy T3 (x), we know that |z — y| <
CA—*@¥) where s is the separation time under Ty for some C' > 0. Letting =,y € J,

with s(x,y) = k we have |T7z — TVy| < CA7F.
Thus we see that forany 0 < j <n—1

log(TVx) —log(T7y) = O(|T?x — T7y|/T7y) = O\ (n — j)*),

and so
(@)~ uy W) £ 3 Juo T(w) —uo TI(3)| = a= 3 IpllogT(a)) ~ pllog T (y))

S C,)\_anﬂ,

for some C” > 0. Taking = A\~! we obtain

Dyuy (J,,) < C'n'te.
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As wu is bounded we also have trivially that for = € J,

luy (z)| < Bn.

Let us now take § € (0, 1) close enough to 0 so that (a«+ 1)(6d — 1) < —1. Then we see

that since my (J,,) ~ n~17% we have

ZHUYlJnHmmY ) < an5 Y < oo,

and
ZDouy(Jn)5my(Jn) < an(lm)én—lw < .
n=1 -

by our choice of §. This concludes that uy satisfies A5. We then conclude the proof by

an application of Theorem 3.0.4. O
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4.4 Some properties of distribution functions in D, (G)

Proposition 4.4.1. Let G be the distribution function of a non-negative semi-stable
random variable of index o € (0,2) and period ¢ > 1. Let F' € Dy, (Gy, kn, Ay) satisfying
A2 be given by

1—F(x)=a"*(M((x)) + h(x)).

Suppose that F is continuous and suppose that 1 — F is strictly decreasing, then the

sequence x, = F(n) satisfies
. Tpn-1
lim =
n—oo In

Proof. As we are assuming that M is continuous we know that h(x) — 0 as z — oo

and thus if
M(6(n—1))

lim ——— =1

n—oo Mg(6(n)) ’
we can conclude that
Tn—1

lim

n—oo In

=1

?

Let us restrict the domain of M to [1,cY/® + ¢] for some ¢ > 0 and let us note that
as Mpg is continuous on this compact set it must also be uniformly continuous on

[1,c/* 4 ¢]. In the remainder of the proof we will assume that n is large enough so that

§(n) € [1,c* +¢].

With the function a as in A2 we note that for each n large enough we also have that
a(n — 1) € {a(n),a(n)c™/*(1 + &(n))} where e(n) — 0 as n — oco. Let separate n
into two disjoint subsequences n’ and n” so that a(n’ — 1) = a(n') and a(n” — 1) =
a(n”)e=/*(1 4 &(n")). Then

Mo =1)) _ M(0(n)(1 = 1/a(n'))

MEW) . MEm) "
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in the limit as n’ — oo by the uniform continuity of M and

M@0 -1)) _ M)A +e@))
M(6(n")) M{(6(n"))

in the limit as n” — oo concluding the proof. 0

Proposition 4.4.2. Let F' € D, (G, kn, Ay,) for a non-stable semi-stable distribution
Go so that F is given by (1.9). Then for any continuity point xy of M we have the

following
1. limy, oo M(6( Ak, x0)) = limy, oo M(6(Ag,z0(1 +0(1))) = M(z0).

2. limy, 00 h(Ag, zo(1 + 0(1))) = 0.

Proof. Let xg be a continuity point of M.

1. First let us suppose that zy € [1,c"/*) then clearly M (5(Ay, x0)) = M(xo) for
every n € N large enough. Now suppose that xq is an arbitrary continuity point
of M and let us write zo = c?/*z) where p € Z and zf € [1,¢*/*). Then using the

fact that Ay, /Ay, — c"/* we may deduce that for in the limit as n — oo

n+1

Aknxo = Akn+p‘r6<]‘ + O<]'))

For large n we deduce that

a(Akn .TO) E {Akn+p71 ) Akn+p7 Akn+p+1 }7

and whence the set of limit points of the sequence

6(Ar,x0)
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is certainly contained in

—1/a ./ a ./ +1/a,./
{eP=Vegl Plogl tteg

yielding, by the log-periodicity of M, that

lim M(6(Ayg, o)) = M(z5) = M(z0).

n—oo

An almost identical argument establishes that

lim M (6(Ag, (2o + 0(1))) = M(zo).

n—oo

2. First let us suppose that x,, converges to zy from above. Then by part 1 above

we know that

lim M (6(Ax,x,)) = M(xo),

n—o0

and so

0* (Aknl‘n) (Akniﬂn)*a

— h(Ag,xn) = M(z0) + o(1).

We also know that

— lim F(Akn'ro)
M (zo) = nl_wo 5*(Akn$o)(z4knxo)_a'
Thus

h( Ay, zp) = (A’“"Z"()ng;”x”) - (Ak"zo()Zf;ffnxO) +o(1) (4.13)

[(Akn$n)a£* (AanEo) — (Aknﬂfo)ag* (Aknl‘n)] —
: O (Ag, xp) 0 (Ag, T0) FAg,zo) +o(1), (4.14)
= %(z‘lknwn)“— %(Aknwo) F(Ay,x0) +o(1) (4.15)
= [AR (xn — 20)(1+ 0(1))] F(Ay,z0) — 0, (4.16)

n—o0
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where in the second line we have used the monotonicity of F' and in the final line
we have employed Potter’s Theorem to conclude that

lim (A, )

“ A\ ) _ g
n—oo (*( Ay, o)

Proceeding in the same way one obtains a lower bound h( Ay, zo). Finally assuming
that x, converges to xy from below we obtain the same bounds as above but

reversed which concludes the proof.

4.5 Going from continuous to discrete tails

Lemma 4.5.1. Let G, be a non-stable semi-stable distribution and let F' € Dy, (G, kn, Ar,,)
be given by (1.9). Suppose now that X is a non-negative integer valued random variable

on a probability space (Q, F,P) whose distribution satisfies

P(X >n) = F(n),

for every n sufficiently large. Then the distribution function Fx of X isin Dy, (Ga, kn, Ax,,)-

Proof. We show that Fiy(z) = P(X < z) satisfies the criteria of Corollary 3 in [Meg00|

in order to conclude that Fx € G, (Ga, kn, Ak, ).

By our hypothesis for each n large enough we have

1 - Fy(z) =1— F(|z]) (4.17)

= 270 (2)(M(5(2)) + h(z)), (4.18)
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where in the final line of the above we have set
h(z) = M(5(|x])) — M(5(x)) + h(|z]),

and

e = (K Tean.

X

We then know that it is sufficient to check that I* is slowly varying at oo and that for

every continuity point xy of M

lim h(A,z0) = 0.

n—oo

Indeed, whenever xq is a continuity point of M we have

M(Av20) = M (5 (Aknxo (1 _ M)))_M@(Aknxo))m (Aknxo (1 - M))

Ay, o Ay, To

which converges to 0 in the limit as n — oo by an application of Proposition 4.4.2.

By definition * is right continuous, to see that g*(x) is slowly varying at oo we note

that it is sufficient to show that

o (x)
lim =1,
o0 (| 2])
which holds true by Potter’s Theorem. O

4.6 Sums of two log period functions

Here we give the proof of Lemma 1.1.13.

First we prove the following.
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Lemma 4.6.1. Let M : R.y — R be a right continuous function and let a,b > 0 be

two numbers where b is not a rational power of a. Suppose that M(ax) = M(x) and

M(bx) = M(x) for all xz. Then the M 1is a constant function.

Proof. Suppose that M is log-periodic with periods a, b, and suppose moreover that b
is not a rational power of a. Then log,(b) € R\ Q. Let ¢, = log, mod 1, then 9, is a

bijection v, : R/a? — R/Z and so we can write

M(z) = M o (),

where M satisfies

M(x) = M(x + 1),

for every x > 0. By assumption for every integer n,

M(z) = M(b"z) = M o 1h,(0"x).

Since log, (b) is irrational we have that for every = the set {1, (b"z) = nlog, b+ 1,(x)
mod 1},¢z is dense in [0, 1] - irrational circle rotations have dense orbits. Thus for every
x > 0 there is a dense set E, on which M is constant. Letting y € [0,1) be arbitrary
we may find for a given x a sequence n, of integers such that lim, ., 1, (b"x) = y and
moreover may take 1, (b" ) to be monotone decreasing. Then by right continuity we

find that M must indeed be constant on all of R. O

Proof of Lemma 1.1.13. If bis a rational power of a, i.e. a?/? = b then letting ¢ = b? = a?

we see that M (cx) = M(x) for every x.

Now suppose that b is not a rational power of a and suppose that there is some ¢ such
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that M (cx) = M (z) for all z. Then we have that
M (cx) — My(x) = My(z) — Ms(cx).

The function = +— Mj(cx) — M;(x) is log-periodic with period a and the function

x +— My(xz) — My(cx) is log-periodic with period b. Thus
H(x) = My(cx) — My(x) = My(x) — My(cx),

satisfies H(x) = H(ax) = H(bx) for every x and so by Lemma 4.6.1 must be constant.
O

4.7 Integrating regularly varying functions with index

less than —1
Proposition 4.7.1. Let f : R — R be reqularly varying at oo with index p < —1 so
that f(x) = 2P L(x) with L : R — R slowly varying. Then

/ " () = O L(x)),

as r — O0.

Proof. Let A > 1 and let § > 0 be small enough so that p+ § < —1. Then by Potter’s

bounds we know that there exists xg > 0 such that

G {2

~

h
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for every x,y > z¢. Then we may calculate that

<xp+1L(x))—1/:o F(t)dt = :17_1/:0 (%)p%dt

[

< A/ P — const,
1

where in the second line we make the substitution z = ¢/x. O

4.8 An estimate on |e® — 1]

Proposition 4.8.1. For any § € (0,1) there exists C > 1 such that
e’ — 1] < Clal®.

Proof. Fix 6 € (0,1) and let C > 1 be such that
e —1] < Clal’,

for each a & (1,—1). Then for each a € (1, —1) we note that |e** — 1| < |a| as the arc of
the circle spanned by the angle a is of length |a| and this is clearly larger than |e’® — 1]

which allows us to conclude that |ei® — 1| < Clal’. O
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