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The effect of Braginskii’s full viscosity tensor on an infinite nonconducting, gravitating anisotropic plasma in which
the medium is trapped in a strong magnetic field is discussed in the context of Braginskii’s magnetohydrodynamic
model with Chew- Goldberger-Low(CGL) double adiabatic approximation and Finite Larmor Radius (FLR) correction.
Through linearization of the perturbed equations, the general dispersion relation is derived for the separate compres-
sion, shear and drift viscosity components as well as the FLR corrections. We investigate the stability for parallel and
transverse perturbations with respect to the direction of the magnetic field, and both gravitational and fire-hose insta-
bilities are found. The role of each viscous term is to suppress instability, but each component works in different ways.
The FLR acts in a way that is very similar to the drift viscosity. The instability threshold is found to be independent
of viscosity for compression and shear viscosity, but the both the drift viscosity and FLR corrections can change the
critical wavenumber for the instability. The compression viscosity is most effective at reducing the growthrate of the
gravitational instability, whereas the shear viscosity works to suppress the fire-hose instability. The result of present
study may be useful for the study of large scale compression, shear and drift plasma flow in and around clusters of

galaxies, galactic disks and for the solar and stellar wind.
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I.  INTRODUCTION

Gravitational instability causes the breakup of inter-stellar
gas clouds, and subsequently leads to star formation. The in-
stability occurs when the internal gas pressure of the medium
is not adequate to balance the gravity force. The study of
gravitational instability of an infinite homogeneous medium
was first carried by Jeans' in the absence of rotation and
magnetic field. They found that if the perturbation imposed
on a medium has a wavelength exceeding the limit value
lj = m/c?/ﬂ:Gp then it is unstable, where G, p, and ¢, are
the Jeans wavenumber, universal gravitational constant, fluid
density, and sound speed respectively.

Considering wave propagation in an infinite homogeneous
medium and allowing density fluctuations due to gravitational
effect, Jeans' showed that the wave propagation velocity is
given by

V) =/(c§—4nGp /K?) (1)

where k is the wave number. Accordingly, when
k> < (4nGp/c?) )
the velocity of wave propagation becomes imaginary; and un-

der these circumstances the amplitude of a wave will increase
exponentially with time. The inequality Eq.(2) is therefore
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the condition for gravitational instability; this is Jeans’s re-
sult. The details were discussed by Chandrasekhar® in ex-
tending Jean’s gravitational instability problem to an infinite
homogeneous medium.

The theory of magnetohydrodynamic (MHD) waves has
wide applications in space and plasma astrophysics. The
waves transport angular momentum to form protostars dur-
ing a cloud collapse, and they carry energy that can be me-
chanically produced in one part of the cloud and deposited as
heat in another part of the cloud. The inclusion of a uniform
magnetic field in gravitational collapse does not change Jean’s
criterion?, because collapse along the magnetic field lines is
unaffected by magnetic forces. However, the magnetic field
may result in the collapse not being spherically symmetric>.

The MHD approximation is valid for collisional plasmas,
but when the plasma reaches a sufficiently low level of colli-
sionality other models have to be applied. Chew-Goldberger-
Low* (CGL) have shown that a low density plasma in a mag-
netic field, where collisions play a negligible role, can be de-
scribed by the magnetohydrodynamic-like equations with an
anisotropic pressure. In the CGL approximation, the standard
classification of MHD waves into slow, Alfvén and fast does
not always hold, with some cases behaving in a pseudo MHD
fashion, but in other cases the slow wave propagates faster
than the Alfvén wave®. This change in ordering relates to the
development of the fire-hose instability.

Using CGL fluid equations, Gliddon® derived the Jeans in-
stability criterion for an anisotropic pressure. Using the CGL
fluid equations to study the instability of a self-gravitating gas
leads to two changes from standard MHD. Firstly the fire-
hose instability is now present in the system. Secondly, the
anisotropic pressure of the CGL equations resulted in a change
from the original criterion for collapse derived by Jeans. In-



cluding effect of rotation to the system shows that this as well
changes Jean’s criterion’, which is not the case for MHD?Z.
For the study of transport process in plasma, Braginiskii®
rigorously derived the viscosity tensors, showing that it in-
volves three different flavours of viscosity: compression vis-
cosity, shear viscosity and drift viscosity. Each of these terms
has different effects, as we will investigate, but due to the com-
pression viscosity dominating the other two in strongly mag-
netised systems, often only the compression viscosity is in-
cluded in studies. Including the effect of compression viscos-
ity on a heat conducting and gravitating isotropic plasma it can
be seen that the fire-hose instability is unaltered. However, as
the gravitational instability is fundamentally a compressional
instability, growthrates were reduced by including this com-
ponent of the viscosity’. Similar results were found for the

effect of compressional viscosity for rotating systems'?.

Recently, the Braginskii MHD equations have drawn atten-
tion to model for the very large scale motions of the plasma in
and around clusters of galaxies'"!? for galactic disks'3 and for
the solar corona!#16 | for the study of astrophysical systems
such as cosmological simulations of galaxy cluster, in evolu-
tion of active galactic nuclei!”. The compression viscosity is
fully accounted for in the diagonal pressure tensor and doesn’t
appear in the off-diagonal terms of the tensor. Therefore fur-
ther effects can be introduced by the two viscous terms (shear
and drift) that are often neglected.

In Braginskii’s theory, collisions between ions and elec-
trons are much less efficient when transferring energy than
collisions between pairs of ions or pairs of electrons. How-
ever, at reasonably large and slow scales, the ion-electron col-
lisions couple the two fluids sufficiently for a single fluid de-
scription to be valid. In this case the use of Braginskii’s ex-
pressions for the viscous dissipation terms, in the sense of
single-fluid description, known as Braginskii MHD, resem-
bles conventional resistive MHD'®. In Braginskii viscosity,
there are three terms. Compression and shear viscosity (which
are collisional) and drift viscosity (which is a gyroviscosity
independent of collisions).

Several authors®!'%-2! have discussed the importance of the
collisionless gyroviscosity term, and its connection to the
other components of the viscous tensor whether Braginskii
viscosity or viscosity calculated from kinetic effects. In the
fluid description, in the limit of small but finite Larmor radius
(FLR), the FLR corrections can be included in the momen-
tum equation in the form of the gyroviscous stress tensor®.
The inclusion of the cross-field viscosity tensor (FLR) to
the viscous tensor, can be applied for extension of the CGL
equations to weakly collisional systems>? resulting in viscous
terms similar in form to those of Braginskii viscosity. Bra-
ginskii showed that the collisionless gyroviscosity (FLR) is
orthogonal to the collisional components of viscosity. It has
also been shown to be orthogonal to the viscosity tensor at
arbitrary collisions?>??, with the form of this viscosity tensor
connecting to the Braginskii as collisions become important.
An example of this is the study of planner channel flow of
plasma'® where CGL-Braginskii MHD equations were used
and investigated the unidirectional flow of fluid across an im-
posed magnetic field. Another example is the use of the CGL

equations of state, FLR correction, and Braginskii’s viscos-
ity tensor for dense degenerate anisotropic, rotating plasma?>.
They found that the compressive viscosity component mod-
ifies the creation of Jeans instability for parallel propagation
but it remains unaltered the transverse mode.

To study the effect of viscosity in a system with anisotropic
pressure and to elucidate the role of compression, drift and
shear viscosity effects and the FLR correction on the gravi-
tational instability, in this study we considered full viscosity
tensor with different anisotropic pressure equations and the
FLR correction.

For each case the dispersion relations for transverse and
parallel for linear modes are derived for compression, shear
and drift viscosity as well as the FLR correction; and the con-
sequences for the gravitational instabilities are studied.

Il. BASIC EQUATIONS

We considered fully ionized, an infinite conducting, gravi-
tating, anisotropic viscous plasma and using the CGL double-
adiabatic anisotropic equations of state with FLR corrections.

The momentum equation for strongly magnetized
anisotropic viscous plasma is

ph = -V P +E[(VXB)xB]-V- T +pVy, ()

Where v, p, ¢, I1, and p represent the velocity, pressure tensor,
gravitational potential, viscosity tensor, density of the plasma
respectively.

The continuity equation is

dp
— =0 4
a0 “)
The Faraday’s induction equation
JB
W =V x (V X B) (5)
The Poisson’s equation for gravitational potential
V29 = —4nGp, (6)
where G is the gravitational constant.
d pL
—(=)=0 7
d pp’
() =0, ®)

dt* p3
where d/dt = d/dt + v -V is the total derivative.

To model the plasma behavior over the range from colli-
sional to weakly collisional or collisionless plasma regime. a
closure procedure is needful that is valid in both regimes. On
those regards the CGL double adiabatic approximation is ap-
plicable in the regime of weakly collisional or collisionless
plasma and the conventional fluid or Braginskii’s equations



are restricted in high collisional regime. To overcome this a
strong magnetic field consideration can introduce anisotropy
in the plasma distribution function such that moments in the
direction parallel to magnetic field can differ from those per-
pendicular to it. Alternatively the FLR correction can be in-
voked to look at viscous-like effects in the very low collision-
ality limit.

At sufficiently small spatial scales comparable to the gyro-
radius, the non-gyrotropic pressure contributions become sig-
nificant and it is, therefore, of some interest to include the FLR

correction (p£ER),

<

<>
P=p. I+ (p|—p.)bb+plLk ©9)

Where P PL ? , with b = B/B are longitudinal, cross field
thermal pressure components, unit dyadic, and unit vector
along the direction of the magnetic field respectively. Here
one can see that the evolution of the pressure tensor depends
on the orientation of the magnetic field b, but not the magni-
tude B.

Considering the finite ion gyration radius for the magnetic
ﬁeQIS along z-axis the components of FLR correction are given
as

P2z =0
dvx . Iy dvx Iy
Pxxz—PV0<ay +x),ny=]?yx=PV0<ax _8—y>
dv, dv,
Pxz=Px=—2pVo <8—y+a—;>,
Py ="p =va<av"+@>
yy = Pyx ox ' dy

dv, dv
Pyz = Pzy =2pVo <a_xz + a_zx>
(10)

where the parameter v, has the dimensions of kinematic vis-
cosity. The addition of Finite Larmor Radius correction term
to the gyrotropic pressure tensor, comprising the space deriva-
tion of the flow velocity, which gives rise to some dissipative
effects similar to viscosity.

For a strong magnetic field i.e B = ByZ, directed along the
z-axis the components of viscous stress tensor are given by®,

M, = —noW;,
_ No m
o= 2 et ) T (e W) — e

Mo m
Hyy = 7 (Wxx + Wy}') - 7 (VV)LV - W-XX) + nSWx.y (] 1)
3
Iy =Ty = —m Wy + % (Wi — Wiy)
I, =Tl = =MWy, — uW,,

Hyz = sz = _rIZWyZ + 774sz

where 1o is the compressional viscosity, 17; and 7, are the
shear viscosity and 13 and 74 are the drift viscosity terms,
and Wy, g is the rate of stress tensor are given by

8\)&%2

Vo= 5xs T oxe 3

Sap (V) (12)

where &, = x, y, and z and 3, g is the Kronecker delta.
Here 1, = 4n; and 14 = 27n3. The value of 1y largest; 13
is smaller by factors of order (w.;7;)~! and 7, is smaller by
factors of order (@;7;)~2, but due to the different effects of
each term we investigate the role of all of them. It is impor-
tant to note that we have included two formulations for the
gyroviscosity here, the Braginskii drift viscosity and the FLR
correction. As these are two formulations of the same effect
we only look at them separately from each other and never
together.

For disturbed plasma, one may take perturbed quantities for
velocity, plasma density, pressure, magnetic field, gravity po-
tential as follows,

v=20v, py=pjo+0p|, PL=pio+06plL, (13)
B=By+0B, p=po+6p, ¢ =¢o+3¢

where the subscript "0" stands for the unperturbed values of
the plasma parameters.

Substituting Eq.(13) into Eqgs.(4-9), one can transform these
into a set of linear equations

x4 <
Po22Y = V. §p +L[(V x 8B) x Bg| — V- S +pyV ¢

(14)
d

§6p+p0(V-6v):0 (15)
@ =V x (8vxBy) (16)

ot
Vi8¢ = —4nG8p (17)

using Egs.(15) and (17)

4r

69 = WGPO(V'SV) (18)

and
the FLR correction Eq.(9) for non-gyrotropic plasma can be
linearized as

A -
8p=38p. I+ (8p—8p.) bb+ (po) — poL) bb

+ (poj — por) 8bb+ SpL i~ (19)
with
0B, 0 0B,
Sb L OB, _ 9B, 0 -1 8By (20)

Bo\sp,)] Bo\1) Bo\ o

From the adiabatic equations of state, and using linearization
of Egs.(7-4) and solving for 6p | and 6p|| as

1
(SpL: poL(k'6V)+pol6b) 21)

P



1
5]7” = 5 (3p0||(k . 6V) - 2])0”517) (22)

where 0b the unit vector along the magnetic field.

Taking into account the first-order terms with respect to the
disturbances we find

By -8B 5B, B 5B
0-OB _ 9B, = 8b,, 5bx76 X and 8b, = —2
Bo Bo Bo 3(023)

ob=

Ill.  DISPERSION RELATION

Having set up our problem, we now move onto deriving the
dispersion relation. Using Eqs.(16,18-23 ) into Eq.(14), one
can obtain

d d o2
pOESVx == ((pO _pOL) oz Oby + apJ_> V.6 fol;Rx
By [0 2 250
— m <$6BZ a — 0B > —V.(SHX—FP()W,
(24)

d d a6
pogs o, == (0~ o) 3.80,+ 230 ) - .51,

By [ 0 2] 26
_20 <—<SBZ g —0&B > _V'5H>’+p°a_y¢

Ho \ 9y
(25)
and
J J d dép
POESVZ =-— ((Po - P(u)(aﬁbﬁ— 8_yaby) + 8—1)
V.S V.S py 20
(26)

Now taking the perturbations of the plasma quantities to be of
the form & f = 6 fy exp(ilk, x+k|z— ot]) with wave vector as
k = (ksin0,0,kcos 0) automatically leads to our differential
operators becoming

2 ki, £=0, £ — ik, and § — —io. (27)
This results in
4r
00 = WGpo(klﬁvvak”SvH). (28)

By applying the linearization of magnetic induction Eq. (16)
gives as follows

6B, . 7kH8Vx 5By . *k“svy SBZ . ki Ovy (29)
By a (0] ’ By B (0] ’ By )

Turning now to the viscous-like term, applying the lin-
earization of Eq.(10), one obtains

\z Spg,:’x = poVo (2kﬁ +k2l) ovy
V- Spll = —pove ((kl +2K7) 80y + ZkLkHSVZ) (30)
V- 8pllr . =2povok k| Svy

L()rZ

Following®, using Egs. (13) and (11), for an arbitrary mag-
netic field B, the full viscosity tensor can be obtained as

V. 6Hx = (3710k2 + 771(4k2 +k2L)) 6VX+ 3 (ki +2k ) 8Vy
(41”[1 T’()) kLkHSVZa

(31
V.M, = —1s (k2 oK ) Svet (n1(4k +ki)) Svy
—2n3kJ_kH6VZ7
(32)
and
V.81, = — (%T[o—47]1>kLk||6Vx+2n3kLkH5Vy+ (33)

(4m0k3 +4mi2 ) 6.
Using Eqgs.(27-33) into Eqs.(24-26), one can obtain

4nGpy

R0
K2

D),

|:w2 — kZV/% -+ kﬁ(V?” — V?L) + —
_2kﬂ“+% ( Mok7 + 11 (4k] +
|:n3 (k2 + ZkH) +p[(l);l:| 8Vy

4nGpy . ®

—k ik [Vﬁ +'—( 7704771)} Sv. =0,

o flr,1
lp |:n3(k +2k”)+pcor :|6VJC

+ |:(D2 — kﬁ(v 5“ + VA) (n1(4kH +kL)):| 8Vy
. 2 flr2 _
lpolqk” {2113+Pwr ] ve =0,
(35)
and
4nG,
—hjky [& - kzpo +i ( Mo 4771)] dvet
41 Gpo
lp_kikH [2773 +p¢0r :|5vy |:(O _k“( S|| kZ )
(36)
P ( TIOkH +4nlki):| 5Vz =0. (37)

where plir' = vopo (k2 + kf) and pI — vopo.

Equations (34), (35) and (37) can be presented in matrix
notation in the following form



® —kz‘fh K (V] +2v2)) + EGR0gY

47G
where' A% = va_ ﬂkzpo’ vf‘ = By/(4mpy), vfj_ = poL/pPo,

Y” = po|/po and K =k —i—kH are the Alfvén speed, perpen-
dicular sound speed, parallel sound speed and wavenumber
respectively. f}? = fo — vf = vﬁ. In the absence of com-
pression, shear and drift viscosity terms expression Eq.(38)
is same as Eq. 3.11 of Ref.?*> which is without rotation and
quantum effects.

IV.  WAVE AND INSTABILITY MODES OF A VISCOUS,
ANISOTROPIC, GRAVITATING PLASMA

The standard procedure would be to calculate for the deter-
minant of Eq.(38) and solve for the roots of . However, with
the three different viscosity components and FLR correction,
this becomes very messy. Therefore, we present cases in two
parts including each different viscosity component in turn to
elucidate the role that viscosity plays.

A. Instability thresholds without viscosity effect
(T]():Tll =T]3=0, and V()ZO)

To understand how the different viscous terms can influ-
ence, it is pertinent to review the case without viscosity for
context. First, let’s investigate threshold of instability with
out any effect of viscosity. Looking at the middle row of the
Matrix in Eq.(38), it is clear that this decouples when there is

no viscosity (or in fact when 13 = 0, and vy = 0), giving the
following dispersion relation:
@ — ki (v — v +vi) =0. (39)

This is just the dispersion relation for an Alfvén wave in
anisotropic pressure or, equivalently, the dispersion relation
for the fire-hose instability.

Taking the determinant of the remaining two rows of
Eq.(38) gives:

ot — {kzvf‘ +2kjvi kv 2K V] — 47er0} w?

+ {kzv}ﬁzkmL +IV2, k2 4”,2"%1} (40)
2
2 4nGp 272 _ 4nGp _
x (3 - ) -kt (v - ) =0,

Il
P2 (3 (k3 +2k2) + plor)

—k k(A% +i8(3n0 —4m))

(3 M0k, + 11 (4kT + 47
(3107 +mi( 1) . )
Ir,1
—ig (W 2 +pl) e -ROh s i (Rl ik svy | = o] @8
() 2 2
i M (4kj + k1)
i ov 0
_kal (A2+IPQO(%T’O_4TI])) 1_ (2713 +pwr )kJ_kH (O] _k2(3va 47TkGZPO) z
+1p—0(3710kH +4mk2)

1. Mode 1: Transverse mode of propagation

Initially we look at the case where k=0 and k| = k. In this
situation Eq.(40) becomes the following

o (0% — kK] — 2k%E | +4rGpy) = (41)

Ignoring the neutral mode, we then non-dimensionalise
Eq.(41) (note these are used in all subsequent non-
dimensionalisations) using

¥ —io = ( il 1/2k XZV_ZH
(477.'Gp0)1/2 ’ 4710290 2’ v, (42)
we find
02 +3A% —1=0. (43)
Giving

0" =1/1-3A%k2. (44)

As can be expected, we have a system where the growthrate
o” is either purely real or purely imaginary. Marginal stabil-
ity, i.e. the Jeans wavenumber is given when

1
K= —. 45
\/§A1 ( )

2. Mode 2: Parallel mode of propagation

For propagation along the direction of magnetic field,
i.e k1 =0 and k| = k,the gravitating damping oscillator. The
dispersion equation of Eq.(40) reduces to

(024202 =12, —12)) (@2 = 38332 +42Gpy ) =0
(46)
The first pair of roots correspond to, using the pseudo-MHD
ordering, the point where the fast-mode and Alfvén mode co-
exist and is exactly the same as Eq.(39). The other two roots
merit further investigation.



To the remaining pair of roots,
dimensionalisation given in Eq.(42) gives

applying the non-

0?43k —1=0. (47)

This has the solutions:

o' =+V1-3k2=0, (48)

which again results in a ¢* that is either purely real or imagi-
nary, and has the following Jean’s wavenumber

1
= 4
k 7 (49)

PART I|. DISPERSION RELATION IN CGL CLOSURE
WITHOUT FLR CORRECTION

In the limit of a CGL closure, we neglect the heatflux, as
well as any other higher order moments (i.e FLR correction).
This decision is motivated by a desire to focus on the role of
viscosity, not because these terms are always unimportant.

4G
0% — IV +vE)) + kg — kv + TR i okl —kiky [ -

47TGP0 _|_127)o )

—kyk i vy — 3p0

The condition that equation (51) has a non-trivial solution is
that the determinant of the matrix on the left-hand side should
vanish. Expanding the determinant, we find the following dis-
persion relation

4nGpo 5

— K2+
k?

2 2/.2 2 2
|:CO —k (VA +vSL)+kHv5” kﬂ’u"’

. 4nGpy
2
13—’)(3ka:| ((D _kH( 5” —k2 —

2k2<2 4nGpy | .21Mo ) o

4no
3p 09)) (52)

2 i35,

The four roots of @ can be determined from Equation (52). In
the case of 19 = 0 these roots coincide with the roots of the

B. Role of compression viscosity

In the strong magnetic field 1 > 1y, 13 limit, the v,
decouples and the matrix equation (38) can be written as
two separate relations, one for év, and one for dv, and dv..
Firstly, looking at v, we find:

(w2 02—+ v},)) Svy = 0. (50)

for non-trivial solutions of equation we have to solve for the
roots of @ using the following equation. This only holds for
perturbations where the only variables with non-zero pertur-
bation are 6v, and 8B, and represents the Alfvén branch of
the solutions. Note that this is exactly the same as the invis-
cid case, which is no surprise considering it the the dispersion
relation for the incompressible Alfvén branch so compression
viscosity will have no effect. This solution gives a pure Alfvén
wave when the pressure is isotropic, and allows the presence

of firehose instabilities in the case of anisotropic pressure®.

The remaining two components of the perturbed velocity
can be presented in matrix notation in the following form:

J'CGPO _‘_lggga)} 5Vx 0
= (51)
4G -4
0 — kj[3v — R —iRe] | A0V 0

inviscid case®.

0] +l(0331;’;) ( ”+k2)
2
(0] <4TCGP() HVSH
4nG
Jrl(u"—’;)kH (9 PO 4% 4 413V — 307 —

l
+ 4k — 8k l)

47er0

2
(k VA k”VYH) <3VS k—z

2L (3R 4 330 - kiv@)) -0

2 2.2 2.2
12y kHvsl—ZkLvﬂ)

) —4nGpo (2, +1202)

(53)
The above four order equation gives the dispersion relation of
gravitating anisotropic plasma with compression viscosity. In
the absence of viscosity, Eq.(53) resembles the result obtained
by®.



1. Mode 1: Transverse mode of propagation

In this mode the wave propagation is perpendicular to the
magnetic field, i.e k”=0 and k| =k, in Eq. (53). In this mode
of propagation, the reduced dispersion relation can be written
as

»? <w2 + iw%kz R 2R 47er0> —0.
0
(54)
Ignoring the neutral modes, and using the previous non-
dimensionalisation and including n; = v;% (471:Gp0)1/ 2 gives
I
o2+ Z—Ok*c* +3A2—1=0. (55)

The solutions of which are:

1 T’g *2 7752

Note that this implies three regimes for the perturbations: 1)
the damped oscillations (when the terms in the square-root
are negative), 2) purely damped modes (when the terms in the
square-root are positive by the total of the RHD is negative)
and 3) purely growing modes (when the RHS is positive).
The value of where the systems changes from regime 2 to
regime 3, i.e. the point of marginal stability, is given by
N 1
k AL 57
This is exactly the same as the result from the previous subsec-
tion, implying that compressional viscosity does not influence
Jean’s wavenumber for the onset of gravitational collapse.
Figure (1) shows the real (solid lines) and imaginary
(dashed lines) components of * for three different values of
Ny (Ng = 0.1 (green), 5 = 10 (blue) and 1 = 30 (red)). Fol-
lowing Gliddon®, we look at the case where (p—ru)/p|=

11—0, which gives A = 2.8. We also obtain A, as =4.7. We us-
ing the above values throughout this paper. We can see clearly
that for the two smaller values of 71, the unstable section
of the plot (positive real values of sigma) is not significantly
changed by the inclusion of viscosity. Looking at the case
with very strong viscosity shows a reduction in growth rate.
This is not a surprise as viscosity scales with £*2 in the solu-
tion, so will greater affect modes that are at higher wavenum-
ber (i.e. act to damp stable oscillations). For the large vis-
cosity case, the three regimes of unstable, purely damped and
damped oscillations are clearly visible.

2. Mode 2: Propagation parallel to the magnetic field

For propagation along the direction of magnetic field,
i.e k1 =0 and k| = k, the dispersion equation of Eq.(53) re-
duces to

4no

(0 +K (v —viL —vf,))(co2+i3—k2w_3k2v§” +41wGpy) =0

Po
(58)

-0.6 q

0 0.05 0.1 0.15 0.2 0.25 0.3

FIG. 1. Real (solid lines) and imaginary (dashed lines) components
of ¢* for the transverse mode using three viscosity values: 17 =
0.1 (green), 5 = 10 (blue) and ng = 30 (red). Instability occurs
when the real component of sigma is positive. Note we only plot the
positive branch of the imaginary component.

The first pair of roots of ®, as with the inviscid case, are those
of the Alfvén wave and show where (using the terminology
of the pseudo-MHD modes) the fast mode coincides with the
Alfvén mode. As this is an incompressible mode, it is to be
expected that viscosity does not influence the frequency.

To look at the further two roots we again non-
dimensionalise the equation giving

4
o*+ gngk*za* +3k2—1=0. (59)
This has the solutions:
*_1 4**2 \/16 *2 1x4 %2 —
c 2( 3n0k + 9n0k 4(3k*2—1) | =0,

(60)
which possess the same three regimes as the transverse case.
As with the inviscid case, we find the following Jean’s
wavenumber

K=—. 61
NG (1)

Figure (2) shows the real (solid lines) and imaginary
(dashed lines) components of o* for the parallel mode using
three different values of ng (15 = 0.1 (green), 15 = 1 (blue)
and ng = 30 (red)). We can see clearly that there is greater
influence of viscosity on the unstable (positive real values of
sigma) modes. Even for the two smaller values of 1, the
unstable section of the plot (positive real values of sigma) is
not significantly changed by the inclusion of viscosity. Look-
ing at the case with very strong viscosity shows a reduction
in growth rate. This is not a surprise as viscosity scales with
k*2 in the solution, so will greater affect modes that are at
higher wavenumber (i.e. act to damp stable oscillations). For
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FIG. 2. Real (solid lines) and imaginary (dashed lines) components
of ¢* for the paralell mode using three viscosity values: 15 = 0.1
(green), ng = 1 (blue) and NG = 30 (red). Instability occurs when the
real component of sigma is positive. Note we only plot the positive
branch of the imaginary component.

the large viscosity case, the three regimes of unstable, purely
damped and damped oscillations are clearly visible.

C. Role of shear viscosity

In this section we investigate the consequences of having
shear viscosity 1y # 0 (but neglecting 13). In this situation
equation (33) becomes

@ — I+ (2 =) + G 0 ek (43— i o —amy))
S22, 42 (gn K2 +n1(4k2 )) Sv, 0
0 ®> — ﬁ( v? SH-;—VA)-F 0 ov | =1|0
711 (4k” +k )
ov 0
,kaL (VSL 47ero +1_( 770*4771)) 0 w2 7kH(3v ] %) b4
H S (3M0kT +4mikT)
(62)
[
Since the equation (62) involving dvy is not coupled to the and
equations involving dv, and 8v, the above matrix equation
may be reduced to the pair of equations
(aﬂ—kz(v?l V2 +v§)+ig ( i +k2) w> vy =0
(63)
|
(Jl)z—k2 ( 3L)+47EGPOk2 —kJ_k” (vs 4EGPO +1—(3T’0—4T]1))
202, +i2 (%n 14K+ )) Svy 0
= (64)
1) 0
_k||kj_ (V?L nGpo _|_1_(3n0 _4171)) ® _kﬁ(3 ?” 47rkG2Po> vV

+1—(3710kH +4nlki)



We examine these equations separately.
Equation (63) is equivalent to the dispersion relation

77
@ — (2, V3 +03) + ( H +k2) ©=0, (65)
which is the shear Alfvén mode/fire-hose mode. Un-
like the case with compression viscosity, the shear viscosity
acts as a damping term for this mode. Applying the non-

dimesnionalisation, and defining n{ = o L (47 Gpo) 12 leads

to

2+ ( 24 ) kA3 =0, (66)
Here we see that the inclusion of shear viscosity, as with the
inclusion of compression viscosity on the gravitational insta-
bility, leads to the modes differeing from the inviscid case by
possessing three regimes: 1) damped oscillations, 2) purely
damped modes and 3) fire-hose unstable modes.

The taking the determinant of the matrix in Eq.(64) and set-
ting this to zero leads to the following dispersion relation

4rnG,
[a) —RE i (6 - vh ) + kPo

13—630 (nok 307147 + ))}

47rG

47L'Gp()
2
_kLkH |: 2

12— 20302+
(67)

2
+1p—( 770—4171)] =

This again has four roots, and we will look at the solutions
for both parallel and transverse cases.

1. Mode-1: Transverse mode of propagation

In this mode the wave propagation is perpendicular to the
magnetic field, i.e k||=() and k; = k, For this mode Eq.(67)
results in the following four roots for @

0=0 (68)

Th

0+idKE =0 (69)
0o

2
w2+i%(no+3m)w—k2(vi+2v@>+47er0:0 (70)
0

The solution for Eq.(69) is purely damped solutions. Using
the previous non-dimensionalisation Eq.(70) leads to

1
o 42 (5 +3M)k 20" +362AT ~1=0. (T)

Note that for this mode, the critical wavenumber does
change from the inviscid case. However, the shear viscosity

will work to reduce the growth rate for unstable cases. The
roots of Eq.(71) are

* 1 * * *
o' = (—k 2(ng +3n7)

(72)
£/ k(g +3n7)?

—36(3k*2A2 — 1))
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FIG. 3. Real (solid lines) and imaginary (dashed lines) components
of ¢* for the transverse mode using three viscosity values: 1 = 0.1,
Ny = 0.0084 (green),n; = 10, Ny = 0.84, (blue) and 1 = 30, N =
2.5 (red).

Figure (3) shows the real (solid lines) and imaginary
(dashed lines) components of ¢* for the transverse mode
using three different values of 1nj = 0.1 and 1 = 0.0084
(green), ny = 10, 1y = 0.84 (blue) and n; = 30,n; = 2.5
(red). We can see clearly that the shear viscosity have sig-
nificant effect for this mode. This is no surprise due to the
formulation of Equation 72 showing that the two flavours of
viscosity work in the same way for this mode, and if 1y > 1
then we do not expect to see a noticeable change in the stabil-
ity behaviour.

2. Mode-2: Propagation parallel to the magnetic field

For propagation along the direction of magnetic field, i.e
k1 =0 and k| = k, the dispersion relation from Eq.(67) results
in the following two equations for @

m,» 2 2
> FHO0 R ( v vA) 0 (73
©® +i4 T:;’ Ko —3k32 +41Gpo = 0 (74)

Eq.(73) is, in the terminology of the psuedo-MHD modes, is
the fast mode coinciding with the Alfvén mode. Here the
shear viscosity acts to damp the mode, and with it the fire-
hose instability, as discussed earlier.



For Eq.(74), the shear viscosity does not affect the growth
of the gravitational instability leaving the critical wavenum-
ber the same as those found for the inviscid case. The non-
dimensional form of Eq.(73) is

o2 +4nik?e* — kA3 =0 (75)
This has the solutions:
= 2Nk £\ /4N 4 kAL (76)

476G
0P R R0 )+ B

Lo (K +263) —kuky (2, -

10

D. Role of drift viscosity

In this section we investigate the consequences of having
13 # 0 (but neglecting 77;). In this situation equation (38)
becomes

4ﬂGP0 +i2h (D)

s|| "2 g 3po
0
—2U vy, Higpokl o Svy 0
Lo (K +242) O — K302, 2 +13) —i2B ek k) svl=10| @
ik 4nCe 4 213k, k| 2 12 (3v2, — 42%p ov: 0
—kyker (i +ig (3m0—4m) 213k Ly 5y ? = H( VAH =)
Po 3170k

Including only the drift viscosity terms, it is clearer to see the effect they have on the system. These are not damping terms, but

terms that transfer momentum from on direction to another.

For this component of the viscosity propagation, the y component does not decouple, so to solve for the dispersion relation
we take the determinant of the matrix on the LHS of Equation(77) and set this to zero. We find

Mo
263 SL+‘3p K o

47G
[a)z—kzvﬁ H( V- i) i ﬂk Pokz

} {(wz_kﬁ (Vg_vgu+vg))

Ao an3 UEP L
2 2 2 2 3712 12,2 2 2

47Gpo
3po
4nGpy, .40 2n
2 20a 2 2
[“’ —kGv =g )+ 3—,)0”0% i ok} ku(
L0, 2 773 2 2
Znn—4 2
+1p0(3n0 171)){ 2 —k kHw (k + k) H {w

—i¢ (v

_ 4nG 4nG
2 P L —( Mo —4711)) } —kik <V§L - k2P0

4nGpo
2 2 2
—VSH‘FVA)} [Vu 2 ! p( 770—4771)}} 0.

(78)

What is instantly striking about this is the higher number of roots (six) than previously found when investigating the determinant
of the other components of viscosity. This is because the y component no longer decouples, implying that in some situations
there will be interaction between the Alfvén and compressible branches of the wave modes. Due to the prevalence of cross terms
(i.e. terms containing |k ) this will be most evident for modes propagating at an angle to the magnetic field that is neither

parallel nor perpendicular. However, these effects should remain for both the parallel and perpendicular cases.

1. Mode-1: Transverse mode of propagation

In this mode the wave propagation is perpendicular to the
the magnetic field, i.e k”=0 and k; =k, in Eq. (78). In this
mode of propagation, the reduced dispersion relation can be
written as

2
0 |07 +i0 R~ (22, +13) +47Gpo - Z—ék“} =0
(79)
Firstly we can see that we have four trivial roots (@0 = 0). the
other two roots connect to the fast-mode branch of pseudo-

MHD modes.
To investigate further we non-dimensionalise following
the same procedure as previously applied, but using n; =

B (4xGpo) 1/2 This leads to the following non-dimensional
ViPo

equation

o2+ 05k ?ot +3KPAT+ 3%kt —1=0.  (80)
As the drift viscosity is a momentum transport term, if we
only included this term it would result in ¢*? either being
purely real or purely imaginary (which is different from an



inviscid system). The inclusion of the compressional viscos-
ity maintains the damping in the system.
The roots of o™ are

n* *2
ot =-T 42 \/n*zk*“ ANk 430202 — 1) (81)

which 1mphes the drift viscosity has a stabilising effect on
the system. The point of marginal stability is found for the

wavenumber kj
NGt 432 — 1 =0. (82)

We can easily determine that the following are roots of k>

1
ki? = e <—3A%¢,/9A‘}+4n3*2> (83)
3

As these roots are both real, and following that we are ex-
pecting k; to exist as in the positive real numbers, we find the
following for ky

1
ki = \/F (—3A%+\/9A‘1‘+4n§2>. (84)
3

This differs from the results found for the other two viscos-
ity components in that the drift viscosity changes the stability
point of the system.

0 0.05 0.1 0.15 0.2 0.25 0.3

FIG. 4. Real (solid lines) and imaginary (dashed lines) components
of ¢* for the transverse mode using three viscosity values: 1§ = 0.1,
Ny = 0.1, n3 = 0.025 (blue), N5 = 10,5 = 2.5 (blue) and 15 = 30,
n; =7.5 (red).

Figure 4 shows the role of drift viscosity in the growth of
the gravitational instability. As is expected from Equation 84
large value of 13 (when compared to Aj) result in the viscosity
changing the critical wavenumber from the inviscid case.

2. Mode-2: Propagation parallel to the magnetic field

For propagation along the direction of the magnetic field,
i.e k1 =0 and k| = k, the gravitating damping oscillator. The
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dispersion relation of Eq.(78) reduces

2
[(wz — k(v — vY” + vsl)) - 4%&)%4]

(85)
x (@2 =303 — 1292 + i3 @) ) =0,

We can see that for this particular mode, the compressional
viscosity term has an effect on self-gravitational instability,
i.e. the slow-mode component of the pseudo-MHD spectra.
However, the drift terms result in coupling between the fast
and Alfvén branches of the solution.

For those two branches, our non-dimensional equation is

o™ 42k 6" (A + 25K +KMAT =0, (86)
which has the following roots of ¢*?

= — k(A3 +2n5k?) (87)

/4 (A +205K°2)2 — kAL,
= — k(A3 +2n03K"?) (88)

/K4 (4N K2 4 k).

These roots are always real (as the term in the square root is
always positive) but can be either negative or positive. There-
fore, we have the following four roots of sigma

o=+ \/ k2(A3+2n5k2) £ \/k*4 4NN +ANk).
(89)

In this case, as with the standard fire-hose instability,the sys-
tem is either unstable for all k* or stable for all k*©.

PART Il. DISPERSION RELATION IN CGL-FLR CLOSURE

The FLR correction is derived from similar considerations
as CGL MHD where the collision operator is neglected. How-
ever, several authors?>? had studied the effect of Braginskii’s
compressional viscosity tensor on gravitational instabilities of
plasma using the CGL with or without FLR correction. Here
we investigate the FLR correction both with the inclusion of
compressional viscosity (it is simple to see the effect with-
out the compressional viscosity by just setting 19 = 0) in the
equations.

3. Transverse propagation

In this mode the wave propagation is perpendicular to the
magnetic field, i.e k=0 and k; = k, For this mode Eq.(38)
results

o* <w gok2+47ero—k2(2vu+vA) k4v§> =0.
(90)
The self-gravitating instabilities are modified due to the inclu-

sion of gyroviscous corrections and compressional viscosity.
In the absence of compressional viscosity, this equation shows



exactly the same relation as obtained by>>.
(4nGpy)'/?
2

Defining v = v , and using Eq.(90) one can find

s

the non-dimensional equation as
1
o Mk AT LK = 1=0 O

The roots of ¢* are

1 1 *Zk*4
o'=3 —gngk*z + \/—”09 — 4 (3K2AT + vkt — 1)

(92)
This is equivalent to Equation 81 which implies that the FLR
correction does not damp the instability, it works to change the
critical wavelength at which the instability can grow. When
the system is completely collisionless, the use of 71¢ is not
valid and the equation would become

6" = /1 - 362AT — v, 93)

Following the derivation for the drift viscosity, the critical
wavenumber for the instability are now given by

1
ki = \/W (—3Af+\/9A‘l‘+4v5‘2>. (94)
0

4. Parallel propagation

For propagation along the direction of the magnetic field,
i.e k; =0 and kj = k, Eq.(38) reduces

4Grp .41
2 2 2
|:w —k <3VS — k—2 — 15(1))}

) (95)
X [(wz — vy — v+ vi)) — 4k4v§w2} -0
Eq.(95) results in the following two equations for
4
o+ is—zokzw —3K%2 4 41Gpy = 0 (96)
0

2
(a)2 — (0 2+ vi)) 4P =0  (97)
The non-dimensional form of Eq.(96) is
4
o2+ gngk*%s* +3k2-1=0 (98)

The non-dimensional solution of Eq.(97) is

o= i\/ —k*2 (A +26°2V52) £\ K4 (AS + 2k°2v2)2 — k4 AS

99)

The inclusion of the FLR correction has an impact on the

Fire-hose /Alfvén waves in the transverse and parallel propa-

gation mode. While the instability of self-gravity has an effect
only in the case of transverse mode.
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V. CONCLUSION

In the present paper, we have derived the six-order disper-
sion relation by considering the Chew-Goldenberger and Low
approximation of double adiabatic equations of state taking
into account the full Bragniskii viscosity tensor and FLR cor-
rections for a self-gravitating plasma system with anisotropic
pressure. The dispersion relation for gravitational instability
including the compression, shear and then drift viscosity were
analysed. Further, the dispersion relations are reduced into
different modes of propagation with respect to the direction
of magnetic field. As stated in Section II the compression
viscosity is the largest of the three components of Braginskii
viscosity, and as such is the only component to have received
attention in the literature, but all three show interesting effects
that are worthy of study.

The most important result from this study is that neither the
compression or shear viscosity change the critical wavelength
of the instability. However, like the inclusion of magnetic
fields or rotation®’ , the drift viscosity and the FLR correc-
tion were found to change the critical wavelength above which
instability can occur. When there is instability, the viscosity
changes the growth rate and the nature of the modes that can
grow. The inclusion of FLR affects the fire-hose instability
for parallel propagation and the self-gravitation instability for
transverse propagation.

A. Key results relating to graviational instability

Looking first at the results of the compression viscosity
term, we find that as the gravitational instability is natu-
rally a compressible instability, compression viscosity natu-
rally works to suppress the instability. However, as viscosity
naturally is more effective for higher wavenumbers, the effect
found for small values of viscosity was relatively small. Only
for the parallel mode could we find that relatively small vis-
cosity values would produce notable changes in the growth
rate. For stable modes two regimes exist, with the purely
damped and damped oscillations existing. These can be seen
clearly for the n; = 30 case in Figures (1) and (2).

Now looking at the shear viscosity component, we find that
this term mainly works on the Alfvén mode, and as such sup-
presses the fire-hose mode, which we will discuss next. For
the transverse mode, we found that the effect of this viscos-
ity component was indistinguishable from the compression
viscosity component. Therefore, for those modes, these two
terms add together to work to reduce the growth rate of any
instability. However, at least for the values investigated here,
it would require a very viscous system for any effects on the
growthrate of the gravitational instability from the inviscid
case to be noticeable. As with compression viscosity, the
shear viscosity works to damp high-frequency wave modes.

Finally moving to gyroviscosity given by the drift visocsity
or FLR correction terms. These terms act in a very differ-
ent way on the gravitational instability to the others, as they
are non-dissipative, which means that the modes that we find
maintain the up-down and left-right symmetries on the com-



plex plane (when no other viscous terms are considered). In
this case we found that the critical wavelength for the trans-
verse mode of the instability did depended on the viscosity.
However we should note that as it is expected that unless these
terms are large in any particular astrophysical system, it is
too be expected that this change to the critical wavenumber is
small.

B. key results relating to Alfvén waves and fire-hose
instability

As well as the gravitational instability, our system of equa-
tions also allows for the Alfvén/fire-hose mode to grow for
parallel perturbations. For the different branches of the vis-
cosity, in the case of both compression and shear viscosity the
Alfvén/fire-hose mode completely decouples from the other
modes. However this is not the case when drift viscosity or
the FLR correction is included, which has the clear effect of
coupling the modes. Unlike the other two viscosity compo-
nents, the shear viscosity works on the purely parallel mode,
and has stabilizing effect on the fire-hose instability.

C. A look at applications to astrophysical systems

Many studies have shown that Braginskii’s MHD has ap-
plication for the study of the role of compression, shear and
drift (or gyro) viscosity in plasma flows in and around clusters
of galaxies, galactic disks and for the solar and stellar wind.
The viscosity coefficients of Braginskii have applications for
the study of astrophysical systems. Some key studies include
the investigation of compression viscosity for the damping of
magnetosonic waves in hot coronal loops'® and the role of
the compression, shear and drift viscosity coefficients for the
study of MHD damping and energy dissipation mechanisms
in the solar photosphere, chromosphere and prominence?®.

As discussed throughout the paper, the present study has an
application for the study of Jeans instabilities for anisotropic
gravitating and viscous astrophysical systems. Jeans critical
mass, wavenumer and wavelengths are useful quantities for
study of the structure formation of in astrophysical region like
spiral arms of galaxy, in this case® presented the value of
typical plasma parameters T = 10* K, p = 10712 dyn cm™2,
p=2x10"* g em™3, B/8x =4 x107'2 dyn cm™? and
(p)—prL)/p = 1—10, which gives A9 = 2.7. For shear vis-
cosity in the transverse propagation case, we found the Jeans
critical wavenumber k; = 6.35 x 10722 em— !, wavelength
Ay =9.89 x 10%! ¢m, and using the relation M; = 4/37pA;
the corresponding critical mass is 8.12 x 10*? g, which is in
the range of mass of spiral galaxies.

DATA AVAILABILITY

Since the analysis is theoretically oriented, no data sets
were created or analyzed during the current study.
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