THE MOMENTS AND STATISTICAL DISTRIBUTION OF
CLASS NUMBER OF PRIMES OVER FUNCTION FIELDS

JULIO ANDRADE AND ASMAA SHAMESALDEEN

ABSTRACT. We investigate the moment and the distribution of L(1, xpr),
where x p varies over quadratic characters associated to irreducible poly-
nomials P of degree 2g + 1 over F4[T] as g — oo. In the first part of
the paper, we compute the integral moments of the class number hp
associated to quadratic function fields with prime discriminants P, and
this is done by adapting to the function field setting some of the previ-
ous results carried out by Nagoshi in the number field setting. In the
second part of the paper, we compute the complex moments of L(1, xp)
in large uniform range and investigate the statistical distribution of the
class numbers by introducing a certain random Euler product. The sec-
ond part of the paper is based on recent results carried out by Lumley
when dealing with square-free polynomials.

1. INTRODUCTION

Gauss in his Disquistiones Arthmeticae [7], presented two conjectures
concerning the average values of the class numbers hp associated with
binary quadratic forms ax? + 2bxy + cy?, where a,b and ¢ are integers,
and D = 4(b> — ac) is the discriminant of the binary quadratic forms
ax? + 2bxy + cy?. Gauss conjectured that

T
1.1 hp ~ x3/2
0<—D<X
D=0 mod4
and
T
1.2 hpl ~ 3/2
(1.2) > hplogep 120(3)
0<D<X
D=0 mod4
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as X — oo, where ((3) = 352, n~3 and ep is the regulator of the real qua-

dratic number field Q(v/D). Later on, these two conjectures where proved
by Lipschitz [14] and Siegel [13].

Let d denote a fundamental discriminant and let Q(v/d) be the quadratic
field with discriminant d and hg represent the class number of this field. It
is a fundamental problem in number theory to understand the distribution
value of the size of the class group for a given field. It is not a surprise then
that describing the extreme values of hy and their distribution values have
been vastly investigated. For example, Granville and Soundararajan [§], and
Dahl and Lamzouri [6] make use of a random model to study the moments
of the class number through the use of Dirichlet’s formula that connects
hgq with the value of the Dirichlet quadratic L-function at s = 1, i.e., with
L(1,xq). Following the work of Granville and Soundararajan, Nagoshi in
[16] established asymptotic formulas for all the moments of L(1, x,) with x;

denoting the real character modulo p given by the Legendre symbol )
where p is an odd prime.

Let di(n),k € N be the generalized k-th divisor function, define

_ 2. dy(m?
(1.3) ay = Z kr(nﬂ; ) eR,
m=1

which is convergent by the bound dy(n) <. n°, for any € > 0. Nagoshi
proved the following.

Theorem 1.1. (Nagoshi’s Theorem) Let v be the integer 1 or 3. Let k € N
and X > 5. Then

ok X
pg;{ (logp) L (LXP) = ?X + Oky& <(10gX)2_5> fO?” any 6> 0,
pEv\mod4

where the implied constant is effectively computable.

As a consequence of the above theorem, Nagoshi established the following
asymptotic formulas for all the moment of the class number h,,,

RN S Lo P
= PP Tkl + 2) log X (k+2)logX )’
p=3 mod 4

and

5k X1+k/2 (1 2 1 )

Z (h(p) IOgg(p))k ~ 2% (k +2) log X (k+2)log X

p<X
p=1 mod4
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Moreover, Nagoshi investigated the distribution of the class numbers of
quadratic fields with prime discriminant. He compared the distribution of
values of L(1, x;) with the distribution of random Euler products L(1, W)) =
[, (1= Wy(w) /p)~" where the W, (w)’s are independent random variables
+1 with suitable probabilities (see [12] and [§]). Leting {W),, | p is prime} be
a sequence of independent random variables on a probability space (2, F, P),
{E[W,]} be their expected value, he defined the two distribution functions,
for z € R,

G(z) =P{we Q| L(L,w) <z}) and G(z) :=P ({w € Q | n L(1,w) < z}).
With this notation, Nagoshi proved the following.

Theorem 1.2. (Nagoshi’s Distribution Theorem) For each x € R, we have

L B SN p=3modd h(—p) <7 e} L 5
M #{p<N|p=3 mod4] —ee =,

and

. #{p <N |p=1mod4, h(p)loge(p) <27'/pe’}
Noso #{p<N|p=1 modd}

The distribution function G is strictly increasing on (0, 00), and G is strictly
increasing on R. The characteristic function of G has the form

1+Zg(1t)k, teR,
k=1

where the numbers ay are as in . The characteristic function E [L(l7 -)it]
0fC~7Y has the form

and satisfies

i

1) B[] <o (gt

> forallt e R

with absolute constant ¢ > 0. The distribution function G has a density g.
Further, G and g are infinitely differentiable.
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In the first part of this paper we prove the function field analogue of
Nagoshi’s results and study the class number, denoted as hp, over function
field, F,(T") with ¢ odd and P is a monic irreducible polynomial in F,[T].

In 1992, Hoffstein and Rosen [10] investigated the average value of the
class number hp when the average is taken over all monic polynomial of a
fixed degree, they showed, for M odd and positive, that

1 Z h :CA(Q) (M-1)/2 _ 1

qf D CA(B)q q

D monic
deg(D)=M
where (4(s) is the Riemann zeta function over Fy[T]. We can think of
Hoffstein and Rosen result as the function field analogue of the Gauss’s
conjecture in equation , proven by Siegel [20]. They also showed that
for even positive M and non-square monic polynomial D of degree M that

SR = - 17 (- 24 (1= (- 1)).

where Rp is the regulator of the associated quadratic function field.

In a recent paper, Andrade [I] established an asymptotic formula for the
mean value of the class number hp over function fields when the average
is taken over Hlpyy1, the set of all monic, square-free polynomials of degree
29 + 1 in F,[T]. Andrade proved that, as g — oo we have

1
2 ho~ae ]l <1‘ <|P|+1>\P12)'

# 29+1 DeHog i1 Pirreducible

In a more recent paper, Lumley [I5] investigated the distribution of
L(1,xp) for D € H,, as n — oo. She computed large complex moments
of the associated L(1,xp) using the technique of random models that has
been used successfully in the study of quadratic number fields. Lumley
proved that we can express the complex moments of L(1,xp) as follows.
Notice that in the results below, the implied constants may depend on gq.

Theorem 1.3. Let n a positive integer, and z € C be such that |z| <

n
260 log,(n) loglog,(n) Then

£ rowr= 8 SR (em) (+o (),

DeH, f monic P|f

#H

where d,(f) is the generalized divisor function defined by

I'(z+a)

(15) Q) = T
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where a € N and @ is monic irreducible polynomial.

As consequence of the above theorem, Lumley stated that if we specialize
n to be n = 2g + 1 and 29 + 2 and letting the genus ¢ — oo we have the
following results.

Corollary 1.1. Let z € C be such that |z| < 35755 (g)gloglog gy Then
q q
1
o 2 b
#H29+1 DeMlagy1
2 d:(f?) Ly 1
:qg Z f’2 H 1+’? 1+O 11 .
f monic | P|f | g
Corollary 1.2. Let z € C be such that |z| < 13575, (g)gloglog - Then
q q
1
T — (hpRp)*
#Hog11 DEHys 1
qg+1 : dZ(fQ) 1\ 1
- 14+ — 1 —
<q—1> P gar: IUV Tiep) o))

where Rp is the regulator of the associated quadratic function field.

In the second part of this paper we will adapt Lumley’s result and inves-
tigate the complex moment of L(1, xp) in a large uniform range, where y p
varies over quadratic characters associated to irreducible polynomials P of
degree n over [Fy, as n — oo.

2. PREPARATIONS

Before we state the main results of this paper we first introduce some
notation and auxiliary results. Let [F, be a finite field with ¢ elements where
q is a prime power. We denote by A = [F,[T] the polynomial ring over F,
and the norm of a polynomial f € A is defined to be |f| = gd°&(/),

Let P, to denote the set of all monic irreducible polynomials in F,[T] of
degree n and let xp(f) to denote the quadratic character associated to a
monic irreducible polynomial P, the value of the character is defined in terms
of the Legendre symbol for polynomials over finite fields. The associated
Dirichlet L-function is defined in the usual way as

xp(f)
|fls

For the remainder of this paper the following notations will be fixed. Let
log denotes the logarithm in the base ¢, In is the natural logarithm and
log; (respectively Inj) represents the j-fold iterated logarithm. Let P be an

L(s,xp) =

f monic
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irreducible (prime) polynomial in A, the k-divisor function, di(f), is defined
by

d(f)= > L

f monic

f=fifofr

Our first auxiliary result is the following.

Proposition 2.1. (“Approzimate” functional equation) Let P € Pogyq,
then we have that

L(Lxp)f = > —Xp(fl)dk(fl)Jrq*kg > xp(f2)di(f2).

(2.1) | f1

f1 monic fo monic
deg(f1)<kg deg(f2)<kg—1
Proof. Recall that,
L) = 3 XD
f monic
[ee]
S Y )
n=0 f monic
deg(f)=n

Therefore, we have

(o]
(2.2) Lis:xp)* =307 >0 xp(Hdu(f),
n=0 f monic
deg(f)=n
where di(f) is the number of ways that f can be expressed as a product
of k£ monic (taking order into account). Since L(s,xp) is a polynomial of
degree 2g in u = ¢~ *, we have

(2.3) L(s,xp) = Lcp(u),

where L¢,, (u) is the numerator of the zeta function associated to the hyper-
elliptic curve Cp : y? = P(T) with P(T) = T?" + ay,T?9 + - - - + a1 T + a,
a monic irreducible polynomial in A of degree 2g + 1. Moreover, L¢, (u)
satisfies the functional equation

Lep(u) = (qu®)’ Lep (1) )

qu
and so
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Lep @t = (@) e, (1)

Let Le, (u)f = Zik:go a,u", then we have

2kg 2kg

n r—kg, r
E ant = 5 2kg—rq S’
n=0 r=0

Comparing the coefficients we find that a, = agkg,rqr_kg and agpg—r =
arq"97". Therefore, we can write

kg—1
(2.4) (s, xp)" Zanu + (qu?)*d Z Amq "uT™.

From (2.2) and (2.3) we can write the coefﬁments ap as

f monic

deg(f)=n
and this proves the result. O

The next result is the well-known prime polynomial theorem.

Theorem 2.1. (Prime Polynomial Theorem,)
The number of monic irreducible polynomials in A = Fy[T] of degree n is

n/2

Lemma 2.2. Let f be a monic polynomial in Fy[T], k > 2, and di(f) be
the k-fold divisor function. Then

qTL

ma(n) =L+ o(q

) = g O,
f monic ’

deg(f)=n
where the implied constant depends on k.

For Lemma see Lemma 2.2 in [2]. Our next result is quoted from
Rosen [17, Chapter 17].

Lemma 2.3. Let AT be the set of monic polynomials in Fy[T] and

B:{SGCC m<3(5)<m}.

Ingq Ing
Let f : AT — C, and (s(s) be the corresponding Dirichlet series. Suppose
this series converges absolutely in the region R(s) > 1 and is holomorphic
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in the region {s € B : R(s) = 1} except for a single pole of order r at s = 1.
Let a = limg1(s — 1)"(s(s). Then there is a 6 < 1 and constant c_; with
1 <9< r such that

> o= (L") o (),
=1

deg(D)=n

The sum in parenthesis is a polynomial in n of degree v — 1 with leading
term

(ln Q)T anr—l
(r—1)!

Lemma 2.4. Let f be a monic polynomial in Fy[T|, and d(f) be the number
of monic divisors of f. Let (g, (s) be the corresponding Dirichlet series. Then
Ca, (s) converges absolutely in the region R(s) > 1 and holomorphic in the

region {s € B,R(s) = 1} except for a pole of order k(k+1)/2 at s =1. Let
pr = limg_,o0(s — 1)k(k2+1)cdk(s), then for a fivzed € > 0 and constants c_;

with 1 <1< k(k;l) we have

k(k+1)
2 n+i—1 ;
ey Y at=a| X (") e o,
f monic i=1
deg(f)=n
The sum is parenthesis is a polynomial in n of degree w — 1 with leading
term
(2.6) Ap@) ke

(2

where the definition of A(s) is presented in the proof of this lemma. When
k =2, we can write

1 1
2\ _ 4 —1 Loy —1y,2)\ n
(2.7) fmgomc d(f)—<1+2(3+q )n+2(1 q )n)q .
deg(f)=n

Proof. Let

2
Cils)= Y /)

S
f monic |f|
be the zeta function associated to di(f?). Recall that
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(k+r—1)!

Then the zeta function can be written as

(2.8) d(P") =

N | —

1 (k+ 2n - 1!
Cr(s) = 1+
0= I (2 i
irreducible
— —k A k _ S k
- II s@-1P) (1—|P| 2) +(|P| 2+1)
P monic
irreducible
[k/2]
k(k+1) gy B k s
STl | L R D (8 117
P monic =0
irreducible
k(k+1)
= (Cals)) 2 Ar(s).
From the definitions of (4(s) and Ag(s) the sum converges absolutely for
M(s) > 1, is holomorphic on the disc {u=¢"* € C: |u| < ¢ °} for some
d < 1, and (¢(s) has a pole of order k(k +1)/2 at s = 1. Applying Lemma
equation (2.5)) follows. Since we have

k(k+1)

pr = lim(s = DFEED (Ca(s)) 7 A(s)

1

= Gn g )

then by applying the formula for the leading term of the polynomial in
parenthesis given in the statement of Lemma we get equation (2.6)). For

(2.7) see Lemma 5.1 in [3]. O

The next result is a bound for non-trivial character sums.

Proposition 2.5. If f € F,[T] is monic and not a perfect square, with
deg(f) > 0 then we have that

> . (7)

P irreducible
deg(P)=n

q2
< —deg(f).
n

For the proposition above see page 87 in [19]. The next result follows
from Proposition [2.5] and Lemma [2.2]

Lemma 2.6. Let f be a monic polynomial in Fy[T] of degree n, then if f is
not a perfect square we have



10 JULIO ANDRADE AND ASMAA SHAMESALDEEN

P2, 4
Yo D> xe(Hdr() < g 2]¢ ™"

PEPayy1 deg(f)=n
40

where the implied constant depends on k.

With the previous results in hands we can establish the following result.

Lemma 2.7. Let f be a monic polynomial in Fy[T]. If f is not a perfect
square we have

woelp) ¥ S () =0 (1P oz |P)).

PePagi1 f monic
deg(f)<kg
f#0

and

1
(2) g og Pl Y Y xe(Ade(f) = O (IPI} log| P,
PePagi1 f monic
deg(f)<kg—1
f#0

where the implied constants depends on k.

Lemma 2.8 (Mertens’ Theorem [I8]). Let P € Fy[T] be monic irreducible
polynomial. Then, we have

11 (1 — |113|> - =X +0(1),

P irreducible
deg(P)<X

where 7 is the Euler constant.

2.1. The Random Euler Product.

We present in this section the probabilistic model that we will use when
studying L(s,xp). Let {X(P) | P monic and irreducible} be a sequence
of independent random variables on a probability space such that each
X(P) = %1 has probability 1/2, note that by Theorem 5.3 in [5] such prob-
ability exists. For any monic polynomial f € A, we write the prime power
factorization of f, i.e: write f = P{*Py?--- Ptr. Then the extend definition
of X multiplicative defined as follows

X(f) = X(P) X(Py)2 - - X(P,)°".

Let Lp(1,X(P)) = (1 —X(P)/|P])~". We define the randon Euler product
L(1,X) by
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LLX):= > X’%)

(2.9) = 11 (1X|§ap|))_l

P monic
irreducible

= H LP(17X(P))7

. P monic
irreducible

Where the product converges almost surely by our choice of the probability,
for more details see [8], [12] and [I5]. Since for each prime P € A, the
expectation of X, E [X(P)/|P|] = 0, we have

X(P) |2 1
Ell—=| | = —= <00
> ‘ P 2 pp <
P monic P monic
irreducible irreducible

and

X(p)"
[Pl

(o)
Lp(L,X)=1+)_
n=1

which converges for almost all P (see [12, Theorem 1.7]). Moreover, L(1,X) >
0 for almost all P.

Lemma 2.9. Let k > 0, then the infinite product []p E [Lp(1,X)*] is con-
vergent, the random variable L(I,X)k 1s integrable, and we have

I E {Lp(l,.)’f} ~E [L(I,X)k’]
P monic
irreducible

Proof. For each prime P, we have E [X(P)™] = 0if m is odd and E [X(P)™] =
1 if m is even. Therefore, its follows from Lebesgue’s dominated convergence
theorem and the formula of di(n) on page 22 of [2I] that

. N
E[Lp(l,X)’f}:E (Zﬁﬁi)

[ & x(P)m
S LD S
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o= X(P)™ (k +m — 1)!
=B Z |P[m  m!(k —1)!

o0

(2.10) _ Z k +_ml_'|]13)‘m1a X(P)™]
d (PQn)

From this and the fact that di(P) <. |P|°, we have that
E [Lp(l,xﬂ =1+ 04 (|P[272).

Since > p |P|*72 < oo, the infinite product []p E [Lp(1, X)*] is convergent.
Now, for n = 2 put Yn(P) := [laeg(p)<n Lp(1,X)* and Y(P) = L(1,X)*.
Since X’s are independent random variables, then

(2 A 1) P irreducible

deg(P)<n

Moreover, using (2.10)), (2.8) and the independence of X’s, we have

Evaf] = T[ E[Le(1x)%]
P irreducible
deg(P)<n

ko P2n
- H Bl Z P2
P irreducible L
deg(P)<n

= ] @+o0x(P*?) <Cy,

P irreducible
deg(P)<n

where C}, > 0 is constant depending on k. Making use of Lemma 3 in
[9], we get that the sequence {Y,} is uniformly integrable. Recall that
[aeg(py<n Lr(1,X) = L(1,X) as n — oo for almost all P. Therefore, Y,,(P) —
Y (P) as n — oo for almost all P. Since {Yx} is uniformly integrable and by
[9, Theorem 4(b)], we have that Y is also integrable and E [Yx] — E[Y] as
n — oo. Combining this with we complete the proof. O

Lemma 2.10. For k > 0, we have that

2
] 5 4

f monic
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Proof. Recall that di(n) is a multiplicative function (see p.5 in [21]), and

from Lemma and (2.10) we can write

d 2 e du (P27
Z Tj(vj‘;): H Z k](3’2n)

f monic P monic n=0
irreducible

—E [L(l,X)ﬂ :

Lemma 2.11. Let f € A be monic polynomial, we have

0 if f is not a square

EX(f)] = {

1 if f is a square

Proof. Let f = P;*--- P be the prime power factorization of f. By the
independence of X’s we have

EX(N)] =EX(P)"]---EX(P)]

= [TEX@®)].

i=1
Since E [X(P)¢%] = 0 when e; is odd and E [X(P)%] = 1 when e; is even, we
obtain the Lemma. O

3. NAGOSHI’S THEOREMS IN FUNCTION FIELDS

3.1. Moments of L(1,xp).

For k € N, we define

2
(3.1) ay = Z dT}{2) e R,

which is convergent by the bound dj(f) <. |f|°, for any € > 0 (see Theo-
rem 2 in [I1]). Remember that the set P, is defined by

f monic

P,, = {P € F,[T] : P monic, irreducible, deg(P) = n}.
We now state the main result of this section which can be seen as the function
field analogue of Theorem

Theorem 3.1. Let q be a fixed power of an odd prime, we have that

1
>~ log|PIL(L, xp)" = [Plax + O (IP[? (log | P)*),
PePagi1

where ay, is defined as in .
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Before we prove the main result we need the following two lemmas.

Lemma 3.1. For k > 2, and f monic polynomial in F,[T]. We have that

Log™oglP| > Y d(H)xe(f)
PePagy1 f monic
deg(f)<kg—1
k(kt1)

< |P["ig™ T (log|P))~ 2

2 tglp] 3% dT}{>xP<f><<|P|%<1og|P\>’““.

PePagy1 f monic

deg(f)<kg
f#0
Proof.
Put
Li=qg™loglP| Y d(f) Y xe(f)
f monic PePagi1
deg(f)<kg—1
=0
and

L=q™log|P| Y dlf) > xe(f),

f monic PePog i1
deg(f)<kg—1
f#0

then we have

q " log | P| Z Z de(f)xp(f) =1 + I,
PeP2gy1 f monic
deg(f)<kg—1

Consider the sum Iy, since f is a perfect square then we can write f = 12,1 €
A. Making use of the Prime Polynomial Theorem [2.1] and Lemma [2.4]

kg—1 k(’“rl)_]_

1< P51 (10g | P)
Applying Lemma [2.7] I is bounded by

I, < [Pz (log |P|)"
Hence we obtain the first part of the Lemma. For the second part it follows
from Lemma O

The next lemma we need is the following.
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Lemma 3.2. For k > 2, and f monic polynomial in Fy[T]. We have

gl 3 B = 1Plan+ 0 (1Pl (oglp) 3

(k+1) 1)
3

PePagy1 f monic
deg(f)<kg

where ay, is defined as in and [z] is the integer paert of x.

Proof. Write f = 12,1 € A, since f is a perfect square, then we have xp(I?) =
1 for (P,1) =1 and deg(l) < deg(P) = 2g + 1. By the Prime Polynomial
Theorem 2.3] we have

log | P| Z Z

P€ePygy1  f monic
deg(f)<kg

\f\

dy (12 1 di (12

SUEDVRE SECILERD D
[ monic [ monic
deg(D)<[*%] deg(D)<[%]

From Lemma the O-term is bounded by \P\% For the main term we
have

di (1%) dy (1) dy (1)
P Z HE =[P Z T Z BE
[ monic | monic [ monic

deg(l)g[%] deg(l)>[m]

= |Plax + 0 (|Plg %] og | P 57 1),

where ay, is defined in ({3.1]). O
We are now in a position to prove the main result of this section.

Proof of Theorem[3.1l From the “approximate” functional equation (2.1))
we have
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(3.2)

Z log ‘P‘L(lv XP)k
PePagi1

S { > ens X e

PePog i1 f monic ’f| f monic
deg(f)<kg deg(f)<kg
/=0 140

+g > dk(f)XP(f)}-

f monic
deg(f)<kg—1

Applying Lemma and Lemma in (3.2) we obtain the Theorem
O

3.2. Extending Nagoshi’s Results.

In this section we extend Theorem[3.1]and write the sum ay, in to a specific
form that is more suitable for the calculations that we present in this section.
We start with the following lemma.

Lemma 3.3. For k > 2, and f monic polynomial in Fy[T]. We have that

ogP 3% d’;}{’xla(f)

PeP2gy1 f monic
deg(f)<kg

K B(k+1)
— ‘P’Bk +0 <P’éq_2g (logq ’PD 2 1) s

where
[kg/2] (k(k+1)/2 ni—1 ‘
. ) PRy -n
e o I S (s IO e
n=0 =1
The sum is parenthesis is a polynomial in n of degree w — 1 with leading
term

A s
(M _ 1)! '
5 !

Proof. As in Lemma write f = 12,1 € A, then from the Prime Polyno-
mial Theorem 2.7] we have
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T=tglp| 3 Y dT}{)XP(f)

P€Pygy1  f monic

deg(f)<kg
[kg/2] ) [kg/2]
=P Y a7 > @ +O|IPZ Y ¢ > ()
n=0 | monic n=0 [ monic
deg(l)=n deg(l)=n
Using Lemma [2.4] we have
[kg/2] (k(k+1))/2 nai—1 '
I =|P —2n_n » Y
ey (") o
[kg/2] ) [kg/2] (et 1)
O\ PI Y a2 | +O[IP]2 Y ¢ g =
n=0 n=0

(kg/2] (k(k+1))/2
c—i| .
( t—1

=P >
n=0 i=1
kg

410 (\p\%q—[v]g—’“(’?”—l)

n+i— 1) (—q)i g +0 <‘p’q(€—2)[%g]>

k(k+1)
:|P\Bk+0<|p%q—[’2"] (log, |P|) 2 1).
0

From Lemma Lemma and equation (3.2)) we establish the following
theorem.

Theorem 3.2. Let k € N, ¢ be a fized power of an odd prime. We have
that

1
> log|PIL(Lxp)* = |PIBy + O (PI% (log|P)*").
PE]P’29+1

where By, is defined as in Lemma[3.3.

For any non-constant irreducible polynomial P € A with sgn(P) € {1,~v},
where 7 is a fix generator of F, let O be the integer closure of A in the

quadratic function field k (\/ﬁ) Let hp be the ideal class number of O,
and Rp be the regulator of O if deg(P) is even and sgn(P) = 1. We have a
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formula, quoted from [17] Theorem 17.8, which connects L(1, xp) with hp,
namely

(3.3)
ValP|"2hp if deg(P) is odd,
L(1,xp) = q (¢ — 1)’P|_%hpRp if deg(P) is even and sgn(P) =1,
g+ 1)|P|_%hp if deg(P) is even and sgn(P) = ~.
Combining Theorem and equation , we obtain the following corol-
lary.

Corollary 3.4. Let q be a fixed power of an odd prime. Then with the same
notation as in Lemma[3.5, we have that

S e =P o (1715 o).

PePagi1 log |P|

3.3. The Second Moment of L(1,xp).

We start this section proving the following lemma.

Lemma 3.5. Let f monic polynomial in A =F,[T]. We have

logP| > Y] |f’ XP

PePgy1 f monic
deg(f)<2g

=|P|- CA( )?q? (q_g_1(92 (—¢*+2q—1) +g(—5¢> +4g+ 1)

—6¢%) + 2¢% + 2 + 2) 10 ((log yP|)2) .

Proof. Write f = [2, since xp(I?) = 1 for (P,1) = 1 and deg(l) < deg(P) =
2g + 1, using the Prime Polynomial Theorem [2.1] we have

=loglP| Y ) |f’ XP

PePagy1  f monic
deg(f)<2g

IP\Zq‘Z” > A+ 0| |P Zq > A

[ monic ! monic
deg(l)=n deg(l)=n

Using Lemma [2.4] we have
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g g
T_Mﬂ§:¢%<1+;(3+q4)n+;(1—q4ﬁf)+()QPﬁ§:qmﬁﬁ
n=0 n=0

1
#PQCNQ%4<¢@4@W—f+2m—U+905f+4¢+0

—6¢%) +2¢> +2¢ + 2) +0 ((log yP|)2) )

This proves the lemma. U

Now, consider the “approximate” functional equation (2.1)) when k = 2,

> log|PIL(1,xp)?
P€P29+1

=log|P| > > M><P(f)+ > MXP(f)
| /] | f]

PePagia f monic f monic
deg(f)<2g deg(f)<2g
=0 J#0
ta Y d(f)XP(f)}-
f monic

deg(f)<2g-1

From Lemma |3.5| and Lemma [3.1) with £ = 2 we proved the asymptotic
formula for the second moment of L(1, xp).

Theorem 3.3.

> log|PIL(1,xp)? = PICa(2)%2 (¢ + g+ 1) + O (IPJ% (l0g | P))?) .
PePagy1

3.4. Applying Theorem when k = 2.
In this section we use Theorem to obtain an explicit formulae for

the second moment of quadratic Dirichlet L-functions associated to x p over
function fields, then compare it with the result that we established in Section

B3] For k =2,

iéa%<n;_izl)(—QY

=1

1 3
= —56—3613712 + <0—2q2 — 20—3613) n— (c_3¢® — c_2q® + c_1q),

and so



20 JULIO ANDRADE AND ASMAA SHAMESALDEEN

g

1 3 _

By=)_ <—203q3n2 - <02q2 — 2C3q3> n—(c_3q” — c2¢® + 01q)> "
n=0

6

=(a(2)%¢? (—q T

Hence, the second moment using Theorem [3.2] is

esteag' — (g 1>q2) +0(1P % (105 |P))?)

(3.4)
S log|PIL (1, xp)?

PePag i1
— |P|B; + O (|P|# (1og |P|)°)
- ca@iPl? (- @
q—1

We know that c_;,7 = 1,2,3, are actually constants and with simple
arithmetic calculation we can see that Theorem [3.3] agrees with equation
(3.4) when we have the following relation

ot eoan = coala = )e?) +0 (1PIE (g P

Cl:q2+q+1_ q202_ q' s
(1-q)¢* 1-gq (1—-q)?

3.5. The Statistical Distribution of Class Number.

Let F' be the distribution function of the random variable L(1,X), which
is defined by

(3.5) F(z) =P ({L(1,X) < z}) for x € R,
and let F' be the distribution function of the random variable In L(1,X),
defined by
F(z) =P ({InL(1,X) < z}) for z € R.

Its easy to see that F(z) = F(e®) for z € R. Moreover, the expected
value E [L(1,.)"] ;¢ € R, is the characteristic function of F(x).

In this section we give the proof of the function field analogue of Theorem
Our main result is:
Theorem 3.4. Let x € R, for n odd we have,
(3.6) lim

n—oo #P,

{p cP, | hpq—%\Py%ex}‘ — F(e") = F(a),

and for n even we have
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(3.7)  lim #%P’

n—o0 n

{p eP, | hpRp < (q— 1) |p|%eaf}] = F(e%) = F(x).

Moreover the characteristic function of F' has the form

(3.8) 14+ Y % i)k, teR,

where the numbers ay are as in equation . The characteristic function
E[L(1,.)"] of F has the form

(3.9) 11 (; <1 B %)‘iu; <1+ ylpy>_it> . teR,

P monic
irreducible

and satisfies

it |t]
E [L(]., ) ] < exXp (_Cln(2—|—|t|)> for all t - R

with absolute constant ¢ > 0. The distribution function F has a density f.
Further, F' and [ are infinitely differentiable.

We first prove the following auxiliary lemma.

Lemma 3.6. We have the following estimate,

d 2
y 2 <o,
f monic |f|
where Cy, 4 is an absolute constant that depend on k and q.

Proof. Recall that di(P*) = (k+r—1)!/(k—1)!r!, then using the the series

expansion and comparinging the coeffetion we can show that the following
inequality holds for k and fix P.

di(P?)  d(P* k2 1
k(2) k<4)+"'<1+ 2 k-
1P| 1P| P2 (1—|P|-1)
Consider the monic irreducible polynomial P with deg(P) < k. With some

calculations and using the Prime Polynomial Theorem [2.1] and Mertens’
Lemma [2.8] we can bound the Euler product

1+

k

11 (1 n K 1 > < germlosk) | T N
2 _1\k -1
P prime ‘P| (1 - ’P| 1) P prime 1- |P|
|PI<k |PI<k

k)Ink+~vk+kInk
<6017r()n 07 n 7
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where ¢ is a constant that depend on ¢q. Now, consider the monic irreducible

polynomial P with deg(P) > k, and with some calcultions and using the
Prime Polynomial Theorem [2.1] we have

k2 1 cok?
11 <1+!P!2<1—|P|—1>’“>< 11 <”1—2\Pr—2>

P prime P prime
|P|>k |P|>k
< (14
eo| S (14
e Ik
P prime
deg P>k

1
< exp | cak? Z —

< exp <02k2q_kq) (q_l7 1, k:))

where ® (2,s,a) =), 2"/(a+n)*,a #0,—1,--- is the Lerch’s transcendent
and ¢y is a constant that depend on q.
Finally, using the calculation above and the Euler product we have

DI TRI ) (R LK

2 2 4
f monic ’f‘ P prime |P| |P‘
< Chq,
where C}, 4 is an absolute constant that depend on & and q. O

We are now in a position to present the proof of the main result in this
section.

Proof of Theorem[3.] Now, Theorem [3.1] and simple arithmetic manipula-
tion yield that, for k € N,

ag|P|
(3.10) L(1,xp)*~ as n — 0o,
P%l;n log, |P|
since
(3.11) ap, < Ciqs

(see Lemmaabove), where we can see that the power series 14+ | ajw” /k!
has infinite radius of convergence. From Lemma Theorem 30.1 in
[5] and Lemma 5.7 in [4], we can deduce that F' defined in (3.5 is the

unique distribution function with the moments aq, as,.... Therefore, since
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#P, ~ |P|/log|P| as n — oo, it follows from the method of moments,
Theorem 30.2 in [5] and (3.10]) that

1
(3.12) nllg:o#fp\{PePn | L(1,xp) <y}l = F(y)

for each y € R at which F' is continuous. Moreover, we obtain equation (3.8])
from (3.11)) and [[5],(26.7)] or [[4],Lemma 5.7].

Now, for any fixed ¢ € R, by the independence of X’s (see (26.12) in [5])
we have

I ElZeax=E| J[ ILer@x)
P irreducible P irreducible
deg P<n deg P<n

Note that

I EZr1,X)"] -E[LA1,X)"],
deg P<n
as n — oo for almost all P, and that

[T E[Zp(1,xX)"]

deg P<n

= cos | tlog H Lp(1,X) | +isin | tlog H Lp(1,X) |,
deg P<n deg P<n

where cos(-) and sin(-) above are bounded uniformly for all P and n, there-
fore we deduce from Lebesgue’s dominant convergent Theorem that

(3.13) II EZr@X)"] —E LX)

P irreducible
deg P<n

as n — oo for any fixed t € R. Recall the Taylor’s series (14 z)" =
S (2)a™, since we have for [t|/|P| small

m=0 \m
) 1 1 —it 1 1 —it
E[Lp(1,X)*] == (1- — 14+ =
20 =5 () 5 ()

2 —it t]? + [t + |¢]
2|P| 1P|

(3.14)

where the infinite product [[, E [L p(1, X)it] converges absolutely and uni-
formly for ¢ in any compact subset of R. Hence, making use of (3.13)), we
obtain 1} and that E [L(l, X)lt] is a continuous function on R.
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Let ¢ odd and ¢; > ¢ > 1, be a positive constant depending on ¢. If
|t| > ¢1 and |P| > ¢4|t|, then we obtain from (3.14]) that

t2
2P

IE [Lp(1,X)"]| <1

Since ‘E [Lp(l, X)it] ‘ < 1, we have that for any real numbers ¢ < y1 < yo

E[L1,X)"] < [] E[Ze(1,X)7].
y1<|PI<y2

By choosing y1 = ¢g4|t| and ya2 = 2¢4|t| we have for any t € R with |¢| large

IE [L(1,X)"]| < 11 E [Lp(1,X)"]
log, cq|t|<deg(P)<log, 2cqlt]
log,, 2¢cq|t| 1
< —t?
S
r=log cq|¢|

Then, by the continuity of E [L (1, X)it] we have

(3.15) E [L (1,X)it} < exp <_C~qlog(2|t|—|—\t\)>

for all ¢ € R, which gives ffooo ‘E [L(I,X)it” < 0. Therefore, using the

inversion formula (Theorem 26.2 in [5]) we have that F has a density f.
Moreover, using similar reasoning as presented in [0, pp. 344-347] and by
making use of equation we can concluded that the density f and the
function F is differentiable on R. In particular, the function F' is continuous
on (0,00). Hence, from the above with (3.12]) and Dirichlet’s class number
formula we have equations and

O

4. COMPLEX MOMENTS OF L(1,xp)

In this part we investigate the complex moments of L(1,xp), where xp
varies over quadratic characters associated to irreducible polynomials P of
degree n over [Fy, in a large uniform range. We express the complex moments
of L(1,xp) as follows.

Theorem 4.1. Let n be positive integer, and let z € C such that |z| <

log | P|
2601og, |P|Inlog, |P| - Then
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#%P’n Y Lxp)y= ) dz’}{;) (1 +0 ((mgylpy)“»

PePy, f monic

An applications of the above Theorem and Artin’s class number formula
over function fields we obtain some corollaries for the average size of
the class number hp over P, when we specialize n to be n = 2¢g + 1 and
n = 2g + 2 and letting the genus g — oo.

Corollary 4.1. Let z € C such that |z] < m. Then

1 z __ z dz(f2) 1
o X ve=e X S (1o ().

PcPagia f monic

Corollary 4.2. Let z € C such that |z| < m. Then

o, 2 o= ((55) 256 (o ()

PcPagyi2 f monic

Let P € P,, z € C such that |z| < log|P|/(logy|P|Inlog, |P|). Let
@ represent an irreducible polynomial and d,(f), the generalized divisor
function, defined in equation , and extend it to all monic polynomials
multiplicatively. We will prove the following lemmas which allow us to
connect the complex moments of the random model to the complex moments

of L(1, xp).

Lemma 4.3. Let P € P,, N > 4 be fized constant and z € C such that

log | P| —
|z| < 0N Tog, | P nToz; P and M = N log, |P|. Then

z __ 1 XP(f)dz(f)
Ltxp)y = <1+O<(log|P|)B>> 2 o

f monic

IFI<IQIY/3
Qlf=deg(Q)<M

where B = N/2 — 2.
Before giving the proof of the above, we state a few results.

Lemma 4.4. Let F' be a monic polynomial, and x be a non-trivial character
on (AJAF)* . For a positive integer M and any complex number s with
R(s) =1 we have

P (3—s)M
InL(s, x) = — In <1 - T;,Q) +0 (qM deg(F)> .
deg(P)<M
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Proof. Recall that L(s,x) = [1p, pyime (1 — X(P)/|P|*)”", then

(1)

mL(s,x)=— . 1n(1—”<](f;)>— 3

P monic P monic
irreducible irreducible
deg(P)<M deg(P)>M

We can see that the first term of our result already appears and we only
need to bound the second sum. From the fact that log(l + x) = = + O(1)
and |x(P)| < 1 and Proposition we have that

P S X(P) B
> ou(-5) -2 Y ol X o

P monic k=M P monic P monic
irreducible irreducible irreducible
deg(P)>M deg(P)=k deg(P)>M

oS
—sk 1—-s)M
=) ¢ > X(P)+0(q( ) )
k=M P monic
irreducible
deg(P)=k

[NIES

sk
< deg(F) Y q ?

k=M
q(%fs)M

< deg(F)T,

with F' a non-perfect square. ([l

The next result is given below.

Lemma 4.5. Let P € P,, N > 4 be fized constant and z € C such that
|z| < 10N10gﬁ%3||1;1|110g2\13| and M = Nlogy |P|. Then for cog some positive

constant we have

3 XP(f)dz(f): 3 XP(f)dz(f)Jro(yprm).

f monic |f| f monic |f|
Q|f=deg(Q)<M If1<|P/3
Q|f=deg(Q)<M

Proof. Let z € C and k € Z such that |z| < k. Consider the sum
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since [xp(f)| <
Rankin’s trick we have

27

T R

f monic f monic
|fI>|P|1/3 |fI>| P13
Q|f=deg(Q)<M Q|f=deg(Q)<M
d

c y a

f monic |f|
|fI>|P|1/3

Q|f=deg(Q)<M

1 and d.(f) < di(f) for |z| < k. Let 0 < a <  then using

oo
P _a
2. X,Jﬁf)dm <P% ]I 1_2@‘
f monic @ monic
|f|>|P|*/3 irreducible
Q|f=deg(Q)SM deg(Q)<M
)
~2 d(Q7)
rften| ¥ S @)
@ monic j=1
irreducible
deg(Q)<M

1

1
< |P|"3mexp | O | k —
Q|

2

@ monic
irreducible
deg(Q)<M

Choose M = N log, |P| and

for « = 1/M and d.(Q") = T'(z + r)/T(2)rl.
using Merten’s Theorem, Lemma we have

Z XTJE‘f)dZ(f) < |P|_3ﬁ exp (O (k‘lIlM))
f monic
|f1>|P|/3

Q|f=deg(Q)<M

< |P|_colo§2\P|'
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Proof of Lemma[{.3 Using Lemma [£.4] we can write

M

L(1,xp)* =exp | —2 Z In <1 - XP(Q)) +0 (!z\qMZ deg(P))

deg(Q)<M @
() o
B B _xp q >
=exp | —2 Z In (1 0l ) exp (O <\z| 7 deg(P))) .
deg(Q)<M

M N
2 2

Using the fact that M = Nlog, |P| we have ¢ 2 = (log|P|)” 2, and
deg(P) = log|P|,|z| < 10N10g210\%3|\]13r|110g2|13|’ so we can write the expression
inside of the big Oh as

(log |P|)° 1 1
N/2 2 < B’
(log |P|)™/* 10a (logy |P|)" Inlogy |[P|  (log|P|)
since N > 4. Hence,

or- L (£ (i)
o) Qirrglcible (i:o QF @ i (10g|P|)B

deg(Q)<M

B xp(f) 1
=2 < |f] dZ(f)) (HO((logyPDB))'

f monic

Q|f=deg(Q)<M
Applying Lemma [£.5] the lemma follows. O

Averaging L(1,xp) over all P € P, making the use of Lemma give us

z_ I d:(f)
S Lxp) = <1+0 <(1og\P)B>> > 7 > xe(f)

PeP, f monic PeP,
|fI<| P2/
Q|f=deg(Q)<M

1
= <1+O <(10g|P)B>> (S1+ S2),

where
d.(f
(4.1) Sy = > |}|) > xe(f),
f monic and square pPePy,
|f1<IP|H/?

Qlf=deg(Q)<M

and
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d.
(4.2) Sy = > U(f‘c) > xe(f).
f monic and not square PePy,
|fI<|P|t/3

Qlf=deg(Q)<M

4.1. Evaluating S5: Contribution of the Non-Square Terms.

Lemma 4.6. Let P € P,,, N > 4 be a constant, z € C be such that |z| <

log | P| ~ _
10N10g;ﬁ3|1n10g2 B k€ Z with |z| < k and M = Nlogy |P|. Then

Sy < |P|? (log|P])*,
with Sy defined as in .
Proof. By Proposition [2.5] we have

n

3 d,
Sy <K % Z |J(tj|f) deg(f)
f monic, f#£0
|FI<|P|/3
Q|f=>deg(Q)<M

n [n/3]

S D U D DR 0y
=0

f monic,
deg(f)=j
Q|f=deg(Q)<M

< |P|2 (log |P|)* .

4.2. Evaluating S;: Contribution of the Square Terms.

Using the Prime Polynomial Theorem [2.1] we have

51— (1 +0 (1))
(log |P)

d:(f) [ |P| P2
" 2. T <10g|p|+0<10g|p|>>

f monic and square
|fI<IP|/3
Q| f=deg(Q)<M
Our goal in this section is to find an estimate of the above term, which is
where the difficulty lies. So here enters the random model L(1, X) to help us
to obtain the desired formula. Let {X(P) | P € A, prime} be the sequence
defined in section In this section we prove the following Lemma.
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log | P|
2601log, |P|Inlog, | P|*

Lemma 4.7. Let P € P,,. Let z € C be such that |z| <
Then

1
#Pn

> L(,xp)* =E(L(1,X)7) (1 +0 ((10g|1P|)11>> .

PeP,

Recall Lemma [2.10} Using the same reasoning as in the previous section
we have for any z € C

2
E[L(LX)] = 3 djjf,;),

f monic

since d,(f) and | f| can be seen as scalars and L(1,X) is defined in (2.9). We
have from the definition of random Euler product

EL(LX)]= [[ ELr1X)7],

. P monic
irreducible

where

(0 (o)),

Writing the Taylor expansion for deg(P) > M we have that

1\~ z |z|>
11— — :1++0< ,
< |P\) |P| P>

1\~ z |z
1+) :1—+O<>.
< |P| 1P| | P[>

Thus, for monic irreducible polynomial ) with deg@ > M we have

and

E[Lp(1,X)’] =140 <‘\Qz’\2> ,

and so
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[ Ereal<en |l > o

P irreducible P irreducible ‘
deg(P)>M deg(P)=M

<K ex <|Z’>
p M2

1
=1+0( —— 1.
i (<log|czr>3>

The last equality follows from the relative size of |z| and M and for large
enough N. Finally, from Lemma [4.5| we have that

-z i)
E[L(1,X)?] = 140 ——
LexT= 2 T MO G

P|f=deg(P)<M

4.0/ |
- ol ———
2 T O gl

f monic
|F1<lQl*/®
P|f=deg(P)<M
From the above and Lemmal[d.3|and with the same choice made by Lumley
[15], i.e., N = 26 and B = 11 we have proved Lemma Using the fact
that |P| = ¢" we obtain Theorem Corollaries and follows from
the above discussion and equation .

Acknowledgment: We would like to thanks an anonymous referee for the
careful reading of the manuscript and for the useful comments that helped
to improve the presentation of the paper.

REFERENCES

[1] J. C. Andrade, A Note on the Mean Value of L-functions in function fields, Int. J.
Number Theory, Vol 08, No. 07, 1725-1740 (2012).

[2] J. C. Andrade, L. Bary-Soroker and Z. Rudnick, Shifted convolution and the Titch-
marsh divisor problem over Fy|T], Philos. Trans. A, 374, no 2060, 20150360 (2016).

[3] J. C. Andrade, S. Bae and H. Jung, Average values of L-series for real characters in
function fields, Res. Math. Sci., Vol 03, pp. 38 (2016).

[4] M.B. Barban, The “Large Sieve” method and its applications in the theory of numbers,
Russ. Math. Surv., 2, 49-103, (1966).

[5] P. Billingsley, Probability and Measure, 3rd edition , John Wiley and Sons, (1995).

[6] A. Dahl and Y. Lamzouri, The distribution of class numbers in a special family of real
quadratic fields, Trans. Amer. Math. Soc., Vol. 370, no. 9, 6331-6356 (2018).

[7] C. F. Gauss, Disquisitiones Arithmeticae (Yale University Press, 1966).



32 JULIO ANDRADE AND ASMAA SHAMESALDEEN

[8] A. Granville and K. Soundararajan, The distribution of the values of L(1,xq), Geom.
Funct. Anal. 13, no. 5, 992-1028, (2003).

[9] A.N. Hiryaev, Probability, 2nd edition, Grad. Texts Math., Vol. 95, Springer (1995).

[10] J. Hoffstein and M. Rosen, Average values of L-functions in function fields, J. Reine
Angew. Math., 426, 117-150 (1992).

[11] A. Karatsuba and S. Voronin, The Riemann Zeta-Function, Walter de Gruyter,
(1992).

[12] A. Laurin¢ikas, Limit Theorems for the Riemann Zeta-Function, Kluwer, (1996).

[13] C. L. Siegel, The average measure of quadratic forms with given determinant and
signature, Ann. of Math. 45, 667—685, (1944).

[14] R. Lipschitz, n Sitzungsberl, Akad. Berlin, 174-185 (1865).

[15] A. Lumley, Complez Moments and the Distribution of Values of L(1,xp) Over Func-
tion Fields with Applications to Class Numbers, Mathematika, 65(2), 236-271, (2018).
[16] H. Nagoshi, The moments and statistical distribution of class numbers of quadratic

fields with prime discriminant, Lith. Math. J., Vol. 52, No. 1, 77-94 (2012).
[17] M. Rosen, Number theory in function fields, Graduate Text in Mathematics vol.210.
Springer-Verlag, New York (2002).
[18] M. Rosen, A generalization of Mertens’ theorem, J. Ramanujan Math. Soc. 14, no.
1, 1-19 (1999).
[19] Z. Rudnick, Traces of high power of the Frobenius class in the hyperelliptic ensemble,
Acta Arith., 143, 81-99 (2010).
[20] C. L. Siegel, The average measure of quadratic forms with given determinant and
signature, Ann. of Math., 45, 667-685 (1944).
[21] E. C. Titchmarsh, The Theory of the Riemann Zeta-Function, 2nd edition, The
Clarendon Press, Oxford University Press, New York, 1986, Edited and with a preface
by D.R. Heath-Brown.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF EXETER, EXETER, EX4 4QF, UNITED
KinepoM
Email address: j.c.andrade@exeter.ac.uk

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF EXETER, EXETER, EX4 4QF, UNITED
KinepoM
Email address: as1029@exeter.ac.uk



	1. Introduction
	2. Preparations
	2.1. The Random Euler Product

	3. Nagoshi's Theorems in Function Fields
	3.1. Moments of L(1,P)
	3.2. Extending Nagoshi's Results
	3.3. The Second Moment of L(1,P)
	3.4. Applying Theorem 3.1 when k=2
	3.5. The Statistical Distribution of Class Number

	4. Complex Moments of L(1,P)
	4.1. Evaluating S2: Contribution of the Non-Square Terms.
	4.2. Evaluating S1: Contribution of the Square Terms.

	References

