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Abstract 

 

The research in this work is along two main themes. The first involves the generation of 

acoustic surface waves in aluminium plates with lattices of periodic sub-wavelength 

perforations, the experimental characterisation of the bound modes supported by the 

honeycomb and hexagonal lattices, and the verification of results through numerical modelling. 

The energy is driven into the system via a point source positioned over a hole in the centre of 

the sample and a needle-tip probe microphone positioned on the opposite side of the sample 

measures local pressure field. The full band-structure of bound modes is obtained via Fourier 

transformations of the acoustic signal in time and space, and agrees well with the numerically 

obtained dispersion relations, with one exception; for the honeycomb sample the upper branch 

of the Dirac cone in the Γ-K direction is present in the model, but is not observed 

experimentally in the first Brillouin zone. Conversely, the existence of the upper branch is 

shown in the M-K direction for the honeycomb sample. Although losses increase monotonically 

as the mode travels through the K point at the Dirac frequency on the honeycomb lattice we 

have been able to measure pressure fields at distance 116 mm from the source.  

The second theme studied in this work involves using periodic arrays of spiral resonators to 

produce bandgaps for Rayleigh surface acoustic waves propagating on a piezoelectric 

substrate, lithium niobate, which is a solid crystal. In this numerical study, the surface acoustic 

wave source is an interdigital transducer and the frequency of the generated Rayleigh wave is 

dependent on the distance between the transducer’s metallic fingers. Dispersion relations and 

transmission spectrums were obtained using the COMSOL® eigenfrequency and frequency 

domain models respectively. Dispersion relationships for arrays of such resonators showed that 

they can used to produce bandgaps for Rayleigh waves, but at lower frequencies than those 

achieved for other phononic crystals with the same unit cell size. In addition, negative slopes 

in the dispersion curve of the spiral structure indicate that a square array of spiral resonators, 

supports negative group velocity SAW modes. Transmission analysis has shown that the 

bandgap attenuation is large (~25 dB) at both high and low frequencies and displacement field 

profiles highlight confinement of the acoustic energy throughout the height of the oscillators. 

Considering the small size of the proposed device and the aforementioned propagation 

characteristics, we stress that the spiral metamaterial shows very good potential for sound 

manipulation and filtering in a plethora of lab-on-chip applications. 
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CHAPTER 1 

Introduction 

 

In the present thesis wave-system interactions are investigated. The waves explored can be 

separated into two types, based in the medium in which they propagate. Acoustic surface wave 

(ASW) is the type of wave propagating in air and surface acoustic wave (SAW) is the type of 

wave travelling in a solid. The system interacting with these waves is a metasurface; an array 

of resonators with constant distance between them which will be referred to as the lattice 

constant. For the metasurfaces supporting ASWs the lattice constant is fixed to α = 8.66 mm, 

whereas for the metasurfaces supporting SAWs the lattice constant is fixed to α = 10.9 μm. The 

interaction of a square configuration of spiral resonators with Rayleigh SAWs has been 

computationally investigated and a hexagonal as well as a more complicated honeycomb 

arrangement of holes has been excited by a point source resulting in ASW generation. The 

ASW metasurfaces have been investigated by both experimental and computational means. 

It is worth mentioning that metasurfaces are composite materials. They do not exist in nature 

and they are mostly known for their negative refraction, curved lens and optical resolution 

properties. The negative refraction was firstly hypothesized by Victor Veselago in his first 

paper "The Electrodynamics of Substances with Simultaneously Negative Values of ε and μ" 

published in 1967 [1], but it was after the creation of a composite metamaterial by David Smith 

et al. that Veselago realised that that a composite material can be designed to produce any value 

for permittivity and permeability. Hence, metamaterials broaden the range of material 

responses found in nature. The fact that Veselago was nominated for Nobel Prize in 2011 

highlights the importance of his discovery. Over the years experimental and modelling 

techniques became more advanced and researchers working on the field of acoustics have taken 

inspiration from Veselago lens and have found interesting phenomena to realise for sound 

waves such as acoustic focusing, confinement and cloaking.  

Establishing mathematical analogies such that the same equations can be used to solve 

problems in both electromagnetics and acoustics was the research objective of many of the 

great scientists of the past who have studied the theory of wave motion. It was proven that the 

displacement current introduced by Maxwell into the electromagnetic equations is analogous 

to elastic displacements. Furthermore, the mass density, ρ, and bulk modulus β, characterizing  
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metamaterials treated as elastic solids are analogous to electric permittivity ε, and magnetic 

permeability μ, respectively. Note, that if ρ<0, the acoustic metamaterial expands with 

compression and when β<0 , it accelerated to the left while being pushed to the right. However, 

neither negative ρ or β are found in naturally occurring materials since such unique properties, 

are usually induced from local resonators contained within each unit cell of engineered 

metasurfaces. Negative values of the effective mass density have been associated with 

bandgap formation for Lamb waves [2] and more recently for Rayleigh waves [3]. In the 

latter study the width of the band gap was related to the region of negative effective density of 

the resonant metamaterial. This phenomenon is intuitive if we consider Newton’s second law; 

if the mass becomes negative, the acceleration would be to the opposite direction of the applied 

force, and the response to the incoming driving pressure field would be reduced. It may also 

be intuitive that at the frequency the effective mass approaches infinity, the metamaterial 

resonates. Hence, many studies use the effective medium approach to unravel the mechanism 

of bandgap formation in acoustic metamaterials. For an acoustic metamaterial consisting of a 

thin plate with periodically attached mass-spring resonators, it has been shown that negative 

effective mass density can be realized by the resonance of either the mass-spring resonator or 

the plate matrix [4].  

In the present study we use the dispersion relation approach and we aim for creating low-

frequency bandgaps for SAWs, which we then compare to transmission results. The approach 

can be summarized as follows. The differential equations describing our system are solved via  

COMSOL® software which casts the equations into a matrix form and uses the Bloch theorem 

to derive dispersion relations, which relate wave vectors to frequencies. The outputs are also 

the displacement fields in x, y and z directions at a single unit cell, which can in turn be 

multiplied by a phase factor (according to the Bloch theorem) to yield the displacement fields 

at every spatial point in the metasurface. The displacement field profiles enable the 

characterization of the modes displayed in the dispersion relations and help us develop our 

understanding of the interaction between Rayleigh SAWs and the metasurface. The initial 

hypothesis about the novel resonator shape that will allow strong interaction with the incoming 

Rayleigh SAW wave, and hence wider bandgap that the previously reported annular hole 

structure [5], is based on the fact that the interface area between SAW and the novel resonator 

is much larger than the SAW-annular hole interface. The fact that the annular hole structure 

outperforms the pillar structure in terms of bandgap extinction further supports this claim. 

Indeed, it has been demonstrated [5] that 7 pillars are required to match the equivalent 
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attenuation of 1 annular hole making the SAW device advantageous for applications which 

require band gaps.  

The key assumption is that the incoming Rayleigh SAW interacts with the resonator and excites 

it. The SAW energy is not dissipated inside the resonator and it is re-emitted to the substrate. 

In contrast, the metasurfaces supporting ASWs are lossy and hence viscothermal boundary 

layers are included in the COMSOL® modelling. 

As already mentioned, SAW metasurfaces heve been employed to induce low frequency band 

gaps. ASW metasurfaces, on the other hand, have been employed to induce gapless dispersion 

curves with a pair of linear crossings at the Brillouin zone border. The so called Dirac point is 

guaranteed by the C6υ and C3υ point group symmetries of the hole configuration of the 

honeycomb ASW metasurface according to group theory [6]. The first ASW metasurface 

exhibiting Dirac cones in its dispersion relation was realised by Torrent et al. [7] and the 

slowness of ASWs at the proximity of the Dirac point as well as the analogy to graphene were 

highlighted in that study. However, losses at frequency near the Dirac frequency, which might 

have deleterious consequences to slow sound applications of the acoustic graphene, were not 

investigated. In the present work, apart from comparing the dispersion relations (frequency vs 

momentum) between honeycomb and hexagonal lattices, we measure the acoustic pressure 

fields across these structured surfaces to test the analogy with graphene and we explore losses 

for both lattices. Dispersion relations are obtained after performing Fourier transformations to 

the time series experimental data. The resulting three dimensional data cube in the Fourier (or 

reciprocal) space has a vertical axis corresponding to frequency and is perpendicular to the 

momentum plane. In other words, the coordinates of each point in the Fourier space are (kx, ky, 

frequency), where kx and ky is the momentum (wave vector) along x and y directions in the 

reciprocal space. Note that these directions are different from the x and y directions of the 

physical (or real) space.  Slices (2D surfaces) perpendicular to the momentum plane are referred 

to as dispersion relation plots whereas slices parallel to the momentum plane are referred to as 

isofrequency contour plots.  

The outline of this thesis is as follows. In Chapter 2, the relevant background theory of bulk 

elastic wave propagation in anisotropic, piezoelectric materials is highlighted with particular 

emphasis on describing the properties of lithium niobate ( LiNbO3 ) , the crystal in which SAWs 

propagate. It is important to understand how the crystal axis is defined because the SAW 

velocity changes when the crystal axis’ orientation changes and this in turn affects the crystal’s 
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piezoelectric coupling to the wave. SAW generation using interdigital transducers (IDTs) is 

also explained by plotting the displacement of the substrate for different excitation frequencies 

of the IDT. 

The key focus of Chapter 3 is to describe the interaction of sound with a region of air bounded 

by a rigid-walled cavity and the Navier-Stokes equation is introduced to account for losses. 

The afore mentioned honeycomb and hexagonal metasurfaces are in fact comprised of rigid-

walled cylindrical pipes and losses will be neglected to simplify the description of bound ASW 

generation on such sculpted surfaces. It is important to understand that ASWs arise from the 

interference between localized (evanescent) and propagating fields and hence, the concepts of 

radiation impedance and end effects will be explained.  

In Chapter 4 the discretization methods of partial differential equations (describing arbitrary 

systems) and the settings used in the FEM (finite element modelling) package, COMSOL® [8] 

are presented. The computational domains of eignfrequency, frequency domain and time 

domain models are illustrated and discussed. 

The main focus of Chapter 5 is to discuss (ASW) and (SAW) dispersion relations in order to 

understand the circumstances, under which trapped ASWs and hybridized SAWs are formed. 

To simplify the analysis, one-dimensional (1D) gratings supporting ASWs and SAWs are 

illustrated and their dispersion relations are compared. The dispersion relation of the previously 

reported acoustic graphene [7] is presented and it is shown that the structure’s wave function 

is a series over the reciprocal lattice vectors; the latter need to be expressed in a certain form, 

for the Bloch theorem to be satisfied. The dispersion relation of the previously reported annular 

hole structure [5] is also introduced.   

Motivated by the fascinating physics and the plethora of Dirac material and SAW device 

applications highlighted in Chapter 5, we i) design and numerically investigate two ASW 

metasurfaces (honeycomb and hexagonal) and we ii) numerically investigate many different 

SAW metasurfaces comprised of spiral shaped local resonators. Finally, we  present our results 

in Chapter 6 and Chapter 7. The conclusions and future directions are summarised in Chapter 

8. 
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CHAPTER 2 

Surface Acoustic Waves (SAWs) - Sound in solids 

 

2.1 Introduction 

 

Sound waves in solids can be classified to two main categories, bulk waves and surface waves. 

Due to their slower rate of decay surface waves can circle the globe many times following a 

large earthquake. There are two basic types of surface acoustic waves; Rayleigh waves and 

Love waves. However, only Rayleigh waves propagate along the free of stresses surface of a 

homogeneous medium, also called as half-space. Love waves, cannot exist in a homogeneous 

half space as they require a velocity structure which varies with depth. A qualitative description 

of Rayleigh SAW properties and the basic equations governing the system are given in this 

chapter.  The system is a homogeneous half-space consisting of lithium niobate, which is a 

piezoelectric material, with the piezoelectricity resulting from anisotropy. Although there are 

different ways Rayleigh SAWs can be excited, generation using interdigital transducers is 

described. The reasons for selecting lithium niobate as a substrate and interdigital transducers 

as an excitation source are explained and the calculated displacement field arising from 

Rayleigh SAW excitation is shown along different positions on the surface of the medium. 

 

2.2 Substrate and source for Rayleigh SAW wave excitation 

 

2.2.1 Rayleigh SAW wave 

 

A surface acoustic wave (SAW) is a type of wave motion which involves changes to the relative 

positions of atoms in a solid material. These changes are quantitatively described as strains and 

induce internal forces, which tend to return the material to its equilibrium, unstrained state. The 

internal forces, often called stresses will cause strains which in turn generate stresses. The 

stresses generate further strain at more distant points and in this way the disturbance propagates 

from point to point in the form of acoustic waves which travel over the whole extent of the 

solid. The disturbance propagation direction can be parallel to atom displacement, normal to 
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atom displacement or it can form an angle with respect to the local atom displacement that is 

neither zero nor ninety degrees at some points in time. The latter is the type of wave motion 

that we will discuss in the present Thesis and the particle trajectory is indicated by arrows in 

Figure 2.1 and it is retrograde elliptical at depth close to the surface, because at the top of the 

orbit, it is opposite to the direction of propagation. The displacement amplitude decays 

exponentially away from the surface and the motion of the material is in the sagittal plane, 

hence there are two displacement components ux and uz, dependent on depth as shown in the 

right panel of Figure 2.1. The existence of this type of wave motion was shown in 1885 by 

Lord Rayleigh [9], who pointed out that the wave explained some seismological signals not 

previously understood.  

 

Figure 2.1 Left panel: Qualitative description of particle motion when a Rayleigh SAW wave 

propagates in half-space along the direction shown in black arrow. Right panel: Displacement 

components ux  and uz versus depth normalized by SAW wavelength.  

 

2.2.2 Piezoelectricity  

 

The word piezoelectricity means electricity resulting from pressure and it is derived from the 

Greek word “piezein” which means to squeeze or press, and “ēlektron” which means amber 
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[10], an ancient source of electric charge. French physicists Jacques and Pierre Curie 

discovered piezoelectricity in 1880 [11]. The piezoelectric effect is a reversible process, that 

is, mechanical strain resulting from an applied electric field is also referred to as piezoelectric 

effect and it is used in this thesis for the production of Rayleigh waves. 

The internal structure of a piezoelectric material, lithium niobate, will be discussed  in the next 

section and it will be shown that lithium niobate’s internal structure does not have a centre of 

symmetry. This phenomenon, which is often called anisotropy, favors the generation of elastic 

waves, which are characterised by particle displacements in more than one direction in space, 

as it was shown in Figure 2.1. 

 

2.2.3 Lithium niobate (LiNbO3) 

 

Lithium niobate was first discovered to be ferroelectric in 1949, [12] and the details of its 

physical properties can be found in [13]. In the ferroelectric phase, the elastic forces of the 

crystal become dominant and force lithium and niobium atoms into the positions illustrated in 

Figure 2.2 The negatively charged oxygen atoms form octahedral cages surrounding lithium 

or niobium atoms. In this phase the cations are not exactly at the center of the oxygen cages, 

resulting in a spontaneous polarization, which has the same orientation of the cation’s shift.  

Hence, ferroelectric LiNbO3 can be viewed as an intrinsic polar stacking of  → Nb-O3-Li  

[14]. 
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Figure 2.2  Lithium niobate in the ferroelectric phase. Horizontal lines indicate the positions 

of the oxygen layers. Lithium and niobium atoms are shown in red and green colors 

respectively. Modified from [13]. 

 

Lithium niobate crystal is a member of the trigonal crystal system as it exhibits three-fold 

rotation symmetry about its c axis and is described either by a hexagonal, shown in Figure 2.3 

(a) or by a rhombohedral primitive cell. The definition of the crystal axis is of fundamental 

importance to model and understand anisotropic materials. The standard method of 

determining the orientation of the +Z principal axis is to compress the crystal in the c axis 

direction. As a result the net polarization is reduced and the +z face becomes negative. The +Z 

principal axis is defined as being directed out of the z face that becomes negative upon 

compression. A cross section of the hexagonal unit cell is shown in Figure 2.3 (b) where the 

mirror planes of symmetry are shown in dashed lines. The +X principal axis is chosen to be 

perpendicular to the mirror plane 2 and the +Y principal axis is chosen such that the system is 

right handed. It can be observed that the +Y principal axis is parallel to the mirror plane 2. The 

standard axis orientation is used to describe tensor physical properties in lithium niobate as 

well as the crystal cut. For example, the notation Y-Z lithium niobate indicates that the surface 

normal aligns with the crystal Y principal axis and the wave propagates in the crystal Z 

principal direction. In the present thesis 128° Y-X LiNbO3 is used, which indicates that the 

surface normal makes an angle 128° with the crystal Y principal axis. In the case that the 

surface normal does not make the required angle with the Y principal axis, the crystal cut is 
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defined using Euler angles, shown in Figure 2.3 (c). If the principal axes are (X, Y, Z) and the 

Euler transformed axes are (x,y,z) the desired cut is achieved when (α,β,γ) is (0,-38°,0). N is 

the line of nodes which intersects the planes defined by XY and xy, α is the angle between the 

x-axis and the N-axis, β is the angle between the z-axis and the Z-axis and γ is the angle between 

the N-axis and the X-axis.  

 

 

Figure 2.3 (a) Hexagonal unit cell of ferroelectric LiNbO3. The atomic basis is not shown for 

the sake of clarity. Taken from [14]. (b) Standard convention and a secondary convention for 

choosing the x and y principal axes within the hexagonal unit cell in LiNbO3. (c) Visual 

representation of an Euler angle transformation. Taken from [15]. 

 

It is worth mentioning that when the β angle changes the SAW velocity changes significantly 

and the lithium niobate’s piezoelectric coupling to the wave changes. The piezoelectric 

coupling, 𝐾2, is dependent on the fractional difference 
𝛥𝑣

𝑣
≡

(𝑣𝑓−𝑣𝑚)

𝑣𝑓
≡

𝐾2

2
 , where, 𝑣𝑓, the SAW 

velocity for the free surface, and 𝑣𝑚, the SAW velocity for a metallized surface. Hence, the 

coupling constant 𝐾2, is defined as twice the fractional difference. For the metallized surface 

case a thin metal layer with infinite conductivity is assumed to cover the surface which does 

not affect the mechanical boundary conditions, but shorts out the in-plane components of the 

electric field. It is also worth mentioning that when the β angle changes, the SAW velocity for 

the metallized velocity changes. An illustration of both free and metallized cases SAW velocity 

versus β angle is shown in Figure 2.4 (b) for a X cut LiNbO3. The orientations of the X, Z, and 
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–Y principal axes for this cut are shown in Figure 2.4 (a). The dashed line in Figure 2.4 (b) 

indicates that in an angle β=38° the velocity difference between free and metallized case is 

maximum, implying that the piezoelectric coupling is the strongest possible at this angle. 

 

 

Figure 2.4 (a). Principal axis orientation for a X-cut LiNbO3. (b) Surface wave velocities for a 

free and a metallized surface versus angle β. Τhe dashed line guides the eye to the β=38° case, 

which corresponds to the 128° Y-X cut. Modified from [16]. 

 

2.2.4 Interdigital transducer (IDT) 

 

In this work, the device which uses a piezoelectric material, as a substrate is an interdigital 

transducer (IDT).  This type of transducer presented direct piezoelectric coupling to surface 

elastic waves and was invented by White and Voltmer [17] as a source or receiver of surface 

waves. An interdigital transducer (IDT) comprised of metallic electrodes is used as a means of 

generating SAWs. The transducer is deposited on the surface of piezoelectric material and the 

voltage applied to the metallic electrodes triggers material displacement. In the numerical 

model used in this work, which is described in Chapter 4, 5 metallic fingers are used as shown 

in Figure 2.5.  



23 
 

 

Figure 2.5. Schematic of 5 metallic finger IDT transducer used in  COMSOL®  simulations. 

Ai1, At1 and Ai2, At2 denote the incident and transmitted SAW amplitude from port 1 and port 

2 respectively. 𝐶𝑛 and 𝑏𝑛 denote waves traveling to the right and left, respectively. Transducer 

pitch, p, is  
𝜆0

4
, where 𝜆0, is the center-frequency wavelength.  Coloured lines between 

transducer electrodes indicate the positions at which the minimum displacement, rms field is 

calculated.  

 

The electrode pitch, p, is  
𝜆0

4
, where 𝜆0, is the center-frequency wavelength. At this pitch and 

at the center-frequency, reflections from adjacent electrodes have phases differing by 180°, so 

that they cancel. In order to characterize the transducer model, we plot the displacement, rms 

field in the regions between the electrodes, denoted as 1, 2, 3 and 4 regions as well as in regions 

outside the transducer, denoted as 5 and 6 regions. The rms displacement field is defined as   

1

√2
 √𝐴𝑥

2+𝐴𝑦
2 + 𝐴𝑧

2 , where 𝐴𝑥, 𝐴𝑦, 𝐴𝑧, is the amplitude of the displacement field in the x, y, z 

directions, respectively. Figure 2.6 shows the minimum rms displacement field, averaged 

along the cutlines shown in Figure 2.5. 
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Figure 2.6. Displacement, rms field versus frequency calculated along the cutlines shown in 

Figure 2.5.  

 

By observing the displacement fields at regions 5, 6 shown in red and black colors respectively, 

it is deduced that the operating frequency of the transducer is at the frequency region [92-102] 

MHz. At regions 5, 6 displacement fields have almost the same amplitude, meaning that there 

is no SAW propagation loss. Therefore, in what follows, coupling to the bulk waves will not 

be considered and it will be assumed that there is only one type of acoustic wave present, the 

Rayleigh wave. By observing the displacement fields at regions 2, 3, shown in magenta and 

green colors respectively, it can be seen that there are no large differences in their amplitudes, 

which is the case if we compare displacement fields between regions 1 and 4, shown in blue 

and yellow colors respectively. Regions 2, 3 and 1, 4 are positioned symmetrically with respect 

to the transducer center, hence the transducer is characterized as symmetrical and when a 

voltage is applied, the transducer generates surface waves of equal amplitude in the two 

directions. However, although in the area outside the transducer (regions 5, 6) there is no 

apparent loss, the average displacement field at region 1 is around 8 μm, whereas the average 

displacement field at region 2 is around 2 μm , as shown in Figure 2.6. The 75% decrease in 
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the average displacement field amplitude, may be attributed to reflections in the area between 

the transducer electrodes. Therefore, the reflective array method for an infinite grating is 

discussed in the next section, and the SAW scattering matrix is introduced. 

 

2.2.4.1 Rayleigh SAW grating 

 

The behaviour of the SAW grating is described by considering power conservation in the 

acoustic ports on either side of the grating, shown in Figure 2.5 and by assuming that the SAW 

amplitude, denoted by A, is uniform in the transverse direction. COMSOL® simulations have 

shown that uniform amplitude in the transverse simulation is achieved when the number of 

electrodes is very large, hence an infinite length grating will be considered in the following 

analysis, in order to exclude waveguiding and diffraction. The amplitudes are subscripted 1 or 

2 to refer to the acoustic ports and i or t to refer to the incident and transmitted amplitudes 

respectively. If we exclude the electrical port, as the substrate is an insulating material, the 

SAW grating scattering matrix is defined: 

[
𝐴𝑡1

𝐴𝑡2
] = [

𝑃11 𝑃12

𝑃21 𝑃22
] [

𝐴𝑖1

𝐴𝑖2
]                                               (2.1) 

Power conservation gives: 

|𝐴𝑖1|
2 + |𝐴𝑖2|

2 = |𝐴𝑡1|
2 + |𝐴𝑡2|

2                                       (2.2)    

 

From (2,2) , (2,1) and by setting Ai1=0 or  Ai2=0 it follows that 

|𝑃11|
2 + |𝑃21|

2 = |𝑃22|
2 + |𝑃12|

2                                         (2.3) 

Setting Ai2𝐴𝑖1
∗  to be either real or imaginary and subtracting the results gives: 

𝑃11𝑃12
∗ + 𝑃12𝑃22

∗  = 0                                                   (2.4) 

 

Considering that waves traveling to the right and left have amplitudes denoted by 𝐶𝑛 and 𝑏𝑛 

respectively, the scattering by the central electrode shown in Figure 2.5 can be written as 
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  𝑏𝑛−1= (𝑟𝑠1
𝐶𝑛−1 + 𝑡𝑠𝑏𝑛)𝑒−𝑗𝑘𝑒𝑝  

𝐶𝑛= (𝑟𝑠2
𝑏𝑛 + 𝑡𝑠𝐶𝑛−1) 𝑒−𝑗𝑘𝑒𝑝,                                    (2.5) 

where the reflection coefficient is 𝑟𝑠1
 for wave incident from the left and 𝑟𝑠2

 for waves incident 

from the right. The transmission coefficient is 𝑡𝑠 and 𝑘𝑒 is the wavenumber. The grating mode 

solution, which is also called Bloch wave can be written as  

𝐶𝑛= 𝐶𝑛−1𝑒
−𝑗𝛾𝑝 

𝑏𝑛= 𝑏𝑛−1𝑒
−𝑗𝛾𝑝                                                     (2.6) 

,where γ is the Bloch wavenumber and it must be expressed in terms of  frequency to obtain 

the dispersion relation. The physical meaning of the Bloch wave, which exists because of the 

presence of the SAW grating, will be thoroughly described in section 5.3. The Bloch 

wavenumber will be referred to as wavevector or wavenumber in the rest of this thesis for the 

sake of simplicity. Expressing the scattering P-matrix elements given in equation (2.1) in terms 

of reflection and transmission coefficients and substituting in relation (2.4) gives 

𝑟𝑠2
= −𝑟𝑠1

∗                                                             (2.7) 

Further manipulation of equations (5) , (6) and (7) gives: 

𝑐𝑜𝑠(𝛾𝑝) =
𝑐𝑜𝑠 (𝑘𝑒𝑝)

𝑡𝑠
                                                     (2.8) 

The wavenumber 𝑘𝑒  is real if we assume no losses and hence, cos(𝛾𝑝) is real. However, 𝑡𝑠 =

√1 − |𝑟𝑠1
|
2

= √1 − |𝑟𝑠2
|
2
, from which it follows that 0 < 𝑡𝑠 < 1 . When 𝑘𝑒𝑝 is near Mπ, 

which is the case for certain frequencies, the right side of equation (2.8) has magnitude greater 

than unity. By Maclaurin series the first four terms of the cosine function are: 

𝑐𝑜𝑠(𝑥) = 1 −
𝑥2

2!
+

𝑥4

4!
−

𝑥6

6!
                                           (2.9) 

Therefore, if and only if the angle under consideration is complex the value of the cosine can 

be greater than one. If γ has an imaginary part, there are stop bands in the dispersion relation, 

as shown in Figure 2. 7 (a). The imaginary part of γ is plotted in Figure 2.7 (b). From both 

figures it can be seen that there is an infinite number of solutions for γ, which repeat at an 

interval Δγ = 2π/p. 
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If we assume losses that occur in the propagation between strips, as it is the practical case 

shown in Figure 2.5, 𝑘𝑒 becomes complex but the above equations are still valid. The constant 

γ is imaginary at all frequencies in this case, so there is no clear distinction between the stop 

bands and the passbands. A time transient analysis is therefore necessary in order to confirm 

that the transducer consisted of 5 electrodes, used in COMSOL® modelling does not filter out 

certain frequencies of interest. 

 

 

Figure 2.7 (a) Frequency versus real part of the wavenumber. (b) Frequency versus imaginary 

part of the wavenumber, taken from [9].  

 

2.2.4.2 Excitation signal and response 

 

The time domain analysis was performed via  COMSOL® software. The geometry and the basic 

parameters of the time domain model will be introduced in Chapter 8, as the scope of this 

section is SAW excitation. The generation of wave signal is represented by [18],[19] 

𝑉𝑖𝑛 = 𝑉 [𝐻(𝑡) − 𝐻 (𝑡 −
𝐶

𝑓𝑐
)] [1 − 𝑐𝑜𝑠 (

2𝜋𝑓𝑐𝑡

𝐶
)] 𝑠𝑖𝑛(2𝜋𝑓𝑐𝑡)                  (2.10) 

where V is voltage amplitude, 𝑓𝑐 is the central frequency of excitation, C is number of wave 

cycle, t is the time duration and H(t) is Heaviside step function. The number of wave cycles C 
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was set to 5 and V was set to 1 V. For 𝑓𝑐 = 97 MHz, a pulse of duration 50 ns is illustrated in 

the following figure: 

 

Figure 2.8. Voltage versus time for the pulse of equation (2.10), where C = 5, V = 1 V and 

fc = 97 MHz. 

 

The frequencies of interest, 𝑓𝑐 , are in the frequency range [100-200] MHz. Specifically, waves 

of central frequency 𝑓𝑐= 100 MHz, 118 MHz, 135 MHz, 145 MHz, 150 MHz, 157 MHz and 

200 MHz were launched and the response for each case is shown in Figure 2.9 (a), where the 

displacement field along the z direction is plotted versus time. For 𝑓𝑐 = 100 MHz, the 

displacement is significantly decreased but is not zero. Therefore, the transducer does not filter 

out the above mentioned frequencies. The maximum displacement fields obtained from Figure 

2.9 (a) were then plotted versus frequencies (Figure 2.9 (b).  It is shown that by doubling the 

excitation frequency the maximum displacement fields are increased by 78%. 

 

 



29 
 

 

Figure 2.9. (a) Calculated displacement field along the direction normal to the surface versus 

time at different excitation frequencies: 100 MHz (red dashed line), 118 MHz (black dashed 

line), 135 MHz (  yellow solid line), 145 MHz (magenta solid line ), 150 MHz (green solid 

line), 157 MHz (blue solid line ), 200 MHz (red solid line ). (b) Maximum displacement field 

obtained from (a) versus frequency. 

 

2.3 Surface wave solutions in a piezoelectric half space 

 

2.3.1 Elasticity  

When a body is subjected to an applied force the body will deform. The ability of a body to 

recover from this deformation is called elasticity. In this thesis, materials which recover 

completely from a deformed shaped will be considered, that is materials which are perfectly 

elastic. 

 

2.3.2 Stress 

Stress is defined as the force per unit area acting on a body which may be expressed as: 
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𝑆𝑡𝑟𝑒𝑠𝑠 = 𝑙𝑖𝑚
𝛥𝛢→0

𝛥𝐹

𝛥𝛢
                                                   (2.11) 

where ΔF is the force acting on the area ΔΑ. The notation used for identification of stress 

components is demonstrated in Figure 2.10 (a). The normal stresses are denoted by 𝜎𝑖 , where 

i represents the coordinate direction in which the stress acts. The shear stresses are denoted by 

𝜏𝑖𝑗, where i represents the direction of the normal to the plane in which the stress acts, and j 

represents the direction of stress [20]. If the cubic element in Figure 2.10 (b) is in equilibrium, 

the sum of moments is zero giving  

 

 2𝜏𝑧𝑦(𝑑𝑦𝑑𝑥)
𝑑𝑧

2
− 2𝜏𝑦𝑧(𝑑𝑧𝑑𝑥)

𝑑𝑧

2
= 0                             (2.12) 

from which it follows that 𝜏𝑧𝑦 = 𝜏𝑦𝑧 , meaning that the number of stress components is reduced 

to six. 

 

Figure 2.10. (a) Notation for stress components in a Cartesian coordinate system; (b) shear 

stresses on a plane. Taken from [21] 
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2.3.3 Strain 

Strain describes the deformation of a body and quantifies the displacement of points in the 

body. If the displacement of a point in a body  in the x, y and z directions is u , v and w 

respectively, the strains are defined as [20]: 

 

휀𝑥 =
𝜕𝑢

𝜕𝑥
,   휀𝑦 =

𝜕𝑢

𝜕𝑦
 ,    휀𝑧 =

𝜕𝑢

𝜕𝑧
                                                (2.13) 

𝛾𝑥𝑦 =
1

2
(
𝜕𝑣

𝜕𝑥
+

𝜕𝑢

𝜕𝑦
),   𝛾𝑦𝑧 =

1

2
(
𝜕𝑣

𝜕𝑧
+

𝜕𝑤

𝜕𝑦
) ,    𝛾𝑥𝑧 =

1

2
(
𝜕𝑤

𝜕𝑥
+

𝜕𝑢

𝜕𝑧
)                                  

(2.14) 

where 휀𝑥, 휀𝑦, 휀𝑧  are the longitudinal strain components and 𝛾𝑥𝑦, 𝛾𝑦𝑧, 𝛾𝑥𝑧 are the shearing strain 

components. The assumption in the derivation of these equations is that the deformation of the 

body is small [22], [23]. 

 

2.3.4 Generalised Hooke’s Law for anisotropic materials  

 

An equation relating the deformation of an elastic body to the applied forces, through the 

stresses and strains of the body is the generalised Hooke’s law: 

 

𝜎𝑥 = 𝑐11휀𝑥 + 𝑐12휀𝑦 + 𝑐13휀𝑧 + 𝑐14𝛾𝑦𝑧 + 𝑐15𝛾𝑥𝑧 + 𝑐16𝛾𝑥𝑦 

𝜎𝑦 = 𝑐21휀𝑥 + 𝑐22휀𝑦 + 𝑐23휀𝑧 + 𝑐24𝛾𝑦𝑧 + 𝑐25𝛾𝑥𝑧 + 𝑐26𝛾𝑥𝑦 

𝜎𝑧 = 𝑐31휀𝑥 + 𝑐32휀𝑦 + 𝑐33휀𝑧 + 𝑐34𝛾𝑦𝑧 + 𝑐35𝛾𝑥𝑧 + 𝑐36𝛾𝑥𝑦 

     𝜏𝑦𝑧 = 𝑐41휀𝑥 + 𝑐42휀𝑦 + 𝑐43휀𝑧 + 𝑐44𝛾𝑦𝑧 + 𝑐45𝛾𝑥𝑧 + 𝑐46𝛾𝑥𝑦            (2.15) 

𝜏𝑥𝑧 = 𝑐51휀𝑥 + 𝑐52휀𝑦 + 𝑐53휀𝑧 + 𝑐54𝛾𝑦𝑧 + 𝑐55𝛾𝑥𝑧 + 𝑐56𝛾𝑥𝑦 

𝜏𝑥𝑦 = 𝑐61휀𝑥 + 𝑐62휀𝑦 + 𝑐63휀𝑧 + 𝑐64𝛾𝑦𝑧 + 𝑐65𝛾𝑥𝑧 + 𝑐66𝛾𝑥𝑦 
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The coefficients 𝑐𝑖𝑗 describe the elastic properties of the material and the above equations imply 

that a normal stress 𝜎𝑥, will induce a material element to not only stretch in the x direction and 

contract laterally, but to undergo shear strain too. The above equation can be written in a more 

compact, matrix form if we denote stresses as 𝑇𝑖𝑗 (where 𝑇11, corresponds to 𝜎𝑥𝑥) and strains 

as 𝑆𝑘𝑙 . 

 

𝑇𝑖𝑗 = ∑ ∑ 𝑐𝑖𝑗𝑘𝑙𝑙𝑘 𝑆𝑘𝑙  ,      i,j,k,l=1,2,3                                  (2.16) 

Considering equations (2.14) , 𝑆𝑖𝑗 can be expressed as: 

𝑆𝑖𝑗 =
1

2
(

𝜕𝑢𝑖

𝜕𝑥𝑗
+

𝜕𝑢𝑗

𝜕𝑥𝑖
) ,          i,j=1,2,3                                    (2.17) 

Here 𝑐𝑖𝑗𝑘𝑙 is the stiffness tensor of the material which is a fourth rank tensor. The number of 

elastic constants may be reduced if the material is hyperelastic, in which case the deformation 

takes place isothermally or adiabatically. Then the elastic constants are symmetrical such that 

𝑐𝑖𝑗𝑘𝑙 = 𝑐𝑘𝑙𝑗𝑖, meaning that the total number of independent elements is 21. The values of those 

21 independent elements, which were used to simulate LiNbO3 which is an anisotropic, 

piezoelectric material are given in the Appendix of Chapter 4 . 

 

2.3.5 Equations of motion for bulk elastic waves in anisotropic, non-piezoelectric 

materials 

 

By considering the variation of stress across the small cubic element shown in Figure 2.10 (a) 

and by assuming that the cube edge is δ, the equation of motion can be derived. Under a stress 

described by equation (2.16), the material exerts a force on each of the six faces along the x 

direction, denoted as 1. Specifically, on the zy face and at x = δ the force is: 

 

(𝑇𝑥1𝛿
2 +

𝜕𝑇𝑥1

𝜕𝑥
𝛿3)                                       (2.18) 

On the zy face and at x = 0 the force exerted is: 
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−(𝑇𝑥1𝛿
2)                                               (2.19) 

On the zx face and at y = δ the force exerted is: 

+(𝑇𝑦1𝛿
2 +

𝜕𝑇𝑦1

𝜕𝑦
𝛿3)                                      (2.20) 

On the zx face and at y = 0 the force exerted is: 

−(𝑇𝑦1𝛿
2)                                                (2.21) 

On the xy face and at z = δ the force exerted is: 

+(𝑇𝑧1𝛿
2 +

𝜕𝑇𝑧1

𝜕𝑧
𝛿3)                                       (2.22) 

On the xy face and at z = 0 the force exerted is: 

−(𝑇𝑧1𝛿
2)                                                 (2.23) 

Summing the forces to obtain the total force acting in the x direction and equating to Newton’s 

second law of motion gives: 

 

𝜕𝑇𝑥1

𝜕𝑥
𝛿3 + 

𝜕𝑇𝑦1

𝜕𝑦
𝛿3 +

𝜕𝑇𝑧1

𝜕𝑧
𝛿3 = 𝜌𝛿3 𝜕

2𝑢1

𝜕𝑡2
                       (2.24)                                         

The above equation can be expressed as 

 

∑
𝜕𝑇𝑖𝑗

𝜕𝑥𝑗
=𝑗 𝜌

𝜕2𝑢𝑖

𝜕𝑡2
,       i = 1,2,3                                   (2.25), 

which is the equation of motion for bulk elastic waves in anisotropic, non-piezoelectric 

materials. 
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2.3.6 Equations of motion for bulk elastic waves in anisotropic, piezoelectric materials 

and electroelastic coupling 

 

Considering that the piezoelectric material is homogeneous anisotropic and insulating, the 

coupling between elastic stresses and strains to electric fields and displacements is described 

by the following equation,  

 

𝑇𝑖𝑗 = ∑ ∑ 𝑐𝑖𝑗𝑘𝑙
𝐸

𝑙𝑘 𝑆𝑘𝑙 − ∑ 𝑒𝑘𝑖𝑗𝐸𝑘𝑘                                        (2.26) 

Here 𝑐𝑖𝑗𝑘𝑙
𝐸   represents the stiffness tensor for constant electric field and 𝑒𝑘𝑖𝑗 represents the 

piezoelectric coupling coefficient relating elastic to electric fields. The electric displacement D 

is found to be dependent on strain such that 

𝐷𝑖 = ∑ 휀𝑖𝑗
𝑆 𝐸𝑗𝑗 + ∑ ∑ 𝑒𝑖𝑗𝑘𝑘𝑗 𝑆𝑗𝑘                                          (2.27) 

where 휀𝑖𝑗
𝑆  is the permittivity tensor for constant strain. The complete derivation of these 

equations can be found in [24]. In the quasi-static approximation an electric field can be defined 

by: 

𝐸𝑖 = −
𝜕𝛷

𝜕𝑥𝑖
  ,       i = 1,2,3                                                     (2.28) 

where Φ is the electric potential. Moreover, in the quasi-static approximation the Maxwell 

equation amounts to the Poisson’s equation: 

   ∇ ∙ 𝑫 =
∂𝐷𝑖

𝜕𝑥𝑖
= 0                                                           (2.29) 

Replacing (2.17) and (2.28) in (2.26) and (2.27), we obtain 

𝑇𝑖𝑗 = ∑ ∑ 𝑐𝑖𝑗𝑘𝑙
𝐸

𝑙𝑘
1

2
(

𝜕𝑢𝑙

𝜕𝑥𝑘
+

𝜕𝑢𝑘

𝜕𝑥𝑙
) + ∑ 𝑒𝑘𝑖𝑗𝑘

𝜕𝛷

𝜕𝑥𝑘
                      (2.30) 

𝐷𝑖𝑗 = −∑ 휀𝑖𝑘
𝑆

𝑘
𝜕𝛷

𝜕𝑥𝑘
+ ∑ ∑ 𝑒𝑖𝑘𝑙𝑘𝑗

1

2
(

𝜕𝑢𝑗

𝜕𝑥𝑘
+

𝜕𝑢𝑘

𝜕𝑥𝑗
)                    (2.31) 

Replacing (2.30) in the equation of motion (2.25) gives: 
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𝜌
𝜕2𝑢𝑖

𝜕𝑡2
= ∑ ∑ ∑ 𝑐𝑖𝑗𝑘𝑙

𝐸 𝜕2𝑢𝑘

𝜕𝑥𝑗𝜕𝑥𝑙
𝑙𝑘𝑗 + ∑ ∑ 𝑒𝑘𝑖𝑗

𝜕2𝛷

𝜕𝑥𝑗𝜕𝑥𝑘
𝑘𝑗                      (2.32) 

Replacing (2.31) in (2.29) gives  

−∑ 휀𝑖𝑘
𝑆

𝑘,𝑖
𝜕2𝛷

𝜕𝑥𝑘𝜕𝑥𝑖
+ ∑ 𝑒𝑖𝑘𝑙𝑖,𝑘,𝑙

𝜕2𝑢𝑘

𝜕𝑥𝑙𝜕𝑥𝑖
= 0                             (2.33) 

Equations (2.32) and (2.33) characterize the electroelastic coupling between the elastic 

displacement vector of components 𝑢1, 𝑢2, 𝑢3  and the electric potential Φ. By substituting the 

form of solution for 𝑢1, 𝑢2, 𝑢3 and Φ into equations (2.32) and (2.33) and applying the 

appropriate boundary conditions (see section 2.3.7), the relative amplitude of the 𝑢1 and 𝑢3 

components can be obtained and it can be proven that the particle motion is retrograde elliptical, 

as shown earlier in this chapter (see Figure 2.1).  

  

2.3.7 The form of solution and the boundary conditions for a piezoelectric half-space 

 

The piezoelectric wave is the solution of the elastic and electric equations that satisfy elastic 

and electric boundary conditions. The coordinate system used in order to define the solution 

form is shown in Figure 2.11. 

 

Figure 2.11.Coordinate system for the surface wave propagation in a semi-infinite structure. 

Modified from [25]. 
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The x3 axis is normal to the surface and the region with x3 > 0 is considered to be vacuum and 

free of charges and stresses. For sinusoidal traveling waves along x1 at a radian frequency ω 

radians per second, the assumed solution form, considering that the attenuation in the 𝑥1 

direction is zero is: 

𝒖(𝑥1, 𝑥3,𝑡) = 𝐁𝑒𝑖𝑘1𝑥1𝑒𝑖𝑘3𝑥3𝑒−𝑖𝜔𝑡 = 𝐁𝑒
𝑖𝑘1(𝑥1+

𝑘3
𝑘1

𝑥3)
𝑒−𝑖𝜔𝑡 ⇒ 

                        𝒖(𝑥1, 𝑥3, 𝑡) = 𝑩𝑒𝑖𝑘1𝑏𝑥3𝑒𝑖𝑘1(𝑥1−vpt),                               (2.34)                                                                                          

 where 𝑣𝑝 is the phase velocity along 𝑥1 and 𝑏 =
𝑘3

𝑘1
 , the wave number ratio. The vector of 

normal stresses 𝑻𝟑 = [𝑇13 𝑇23 𝑇33]
𝑡 and the elastic displacement vector 𝐮 = [𝑢1 𝑢2 𝑢3]

𝑡 are 

chosen as the six mechanical variables since these must be continuous across interfaces. 

Moreover, at the free surface, x3 = 0, the stress free boundary conditions apply and both 

tangential and normal stresses are set to zero. Hence 𝑇13(𝑥3 = 0) = 𝑇33(𝑥3 = 0) = 0. The 

electric variables which must be continuous are two: the normal electric displacement 

component 𝐷3, and the electric potential Φ. For a metallised surface Φ = 0 at x3 = 0.  Τhese 8 

variables are a sufficient independent set and all other variables can be expressed as linear 

combination of the chosen ones [26]. Therefore there are eight complex roots for the wave 

number ratio and we have: 

𝒖𝒎(𝑥1, 𝑥3, 𝑡) = 𝑩𝑒𝑖𝑘1𝑏𝑚𝑥3𝑒𝑖𝑘1(𝑥1−𝑣𝑝𝑡)                          (2.35) 

where m=1,2,3,…8. However, in the surface mode (or Rayleigh wave) the eight different 

complex roots for 𝑏𝑖  are conjugated by pairs and only the complex roots with positive 

imaginary parts are taken into consideration (for convergence reasons), which are four 

𝑏𝑚 =  𝛼𝑚 + |𝑐𝑚|i             m=1,…,4                      (2.36) 

Substitution of (2.36) into (2.35) gives: 

𝒖𝒎(𝑥1, 𝑥3, 𝑡) = 𝑩𝑒−𝑘1|𝑐𝑚|𝑥3𝑒𝑖𝑘1(𝑥1+𝛼𝑖𝑥3)𝑒−𝑖𝜔𝑡                      (2.37) 

The same form of solution holds for the potential: 

 𝛷𝑚(𝑥1, 𝑥3, 𝑡) = 𝐴𝑒−𝑘1|𝑐𝑚|𝑥3𝑒𝑖𝑘1(𝑥1+𝛼𝑖𝑥3)𝑒−𝑖𝜔𝑡 (2.38) 
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The solution is assumed to be a linear summation of these partial waves in the half space such 

that: 

𝒖𝒊 = ∑ 𝐴𝑚
4
𝑚=1 𝒖𝒎                                                    (2.39) 

Φ = ∑ 𝐴𝑚
4
𝑚=1 𝛷𝑚                                                     (2.40) 

 

Substitution of (2.39) and (2.40) into (2.32) and (2.33), gives four relations between the four 

quantities 𝒖𝒊  and Φ, and hence the particle motion is determined when the above mentioned 

boundary conditions are applied. Literature to the general form of the system matrix A, is given 

in the next section. The matrix method is employed to calculate the SAW velocity in layered 

piezoelectric structures, although the SAW velocity can also be specified experimentally. The 

SAW velocity is required as an input value in our computational model and it is set at 

3960 [m/s], after experimental verification. We used an oscilloscope  to measure how long it 

takes for a pulse to propagate from the excitation to the receive transducer. However, for the 

sake of completeness the matrix method is presented in the following section. 

 

2.3.8 The system ordinary differential equation and the system matrix 

 

For a free piezoelectric surface at x3 = 0 there are no variations in the x2 direction, hence 

d/dx2 = 0. In the x1 direction the variation is d/dx1 = -jω/vp and in the x3 direction the variation 

in the sinusoidal steady state is [27]: 

𝑑𝛕

𝑑𝑥3
= 𝑗𝜔𝚨𝛕                                                   (2.41), 

where τ is the eight-component vector comprised of the 8 variables, that were introduced in the 

previous section 𝜏 = [𝑻𝟑 D3 𝐮 Φ ]𝑡. For convenience vector-columns are written as transposes 

of row vectors. The system matrix A is a function of material constants referred to the 

coordinate system of Figure 2.11 and of the phase velocity 𝑣𝑝. For a piezoelectric material, the 

A matrix, described by Adler E. in [26], contains 4×4 compliance and stiffness submatrices. 

These submatrices contain compliance, stiffness, piezoelectric and permittivity constants 

included in equations (2.26) and (2.27). The phase velocity as well as the attenuation 
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coefficients for a 128° Y-X cut LiNO3 substrate layered with an AlN film were obtained 

numerically by solving the above mentioned  system matrix and the results are shown in Figure 

2.12 [28]. The phase velocities obtained when the electrical boundary conditions at the 

interface at which the IDT is placed are assumed to be electrically free and shorted, are vf and 

vm are respectively. The subscripts 1 and 2 in vf1 and vf2 indicate the AlN film is deposited on 

the positive surface and the negative surface of the substrate. The thickness of the AlN substrate 

is h, and determines whether the solution is a Rayleigh wave or a leaky wave. The criterion for 

the wave to be considered as Rayleigh wave is zero attenuation coefficient and the horizontal 

dashed line indicate the two regions. It can be observed that for h→0 the SAW phase velocity 

is 3900 m/s and 4000 m/s for the metallised and free cases respectively. 
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Figure 2.12. Upper panel: Calculated phase velocity versus h  an IDT/AlN/128° Y-cut LiNbO3 

structure. The subscripts 1 and 2 that indicate the AlN film is deposited on the positive surface 

and the negative surface of the substrate, respectively. Lower panel: Calculated attenuation 

coefficient for the same structure. Modified from [28]. 

 

2.3.9 Conclusions 

 

Rayleigh SAW propagation in a piezoelectric medium results in retrograde elliptical motion of 

the medium particles. This is confirmed by substituting the form of solution for a piezoelectric 

half-space to the equations of motion for a piezoelectric material. Lithium niobate is selected 

as a substrate due to its high piezoelectric coupling to the Rayleigh SAW which ensures almost 

lossless propagation. Interdigital transducer is selected as excitation source thanks to its direct 

piezoelectric coupling to surface elastic waves. Coupling is confirmed by the peak shown in 

the calculated rms displacement field at the area outside the transducer, whereas in the area 

between the transducer fingers a decrease in the average displacement field amplitude is 

observed. This decrease is attributed to losses that occur in the propagation between strips and 

the time transient COMSOL® modelling proves that certain frequencies of interest are not 
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filtered out by the 5 finger transducer. The matrix method is described and it is deduced that 

the theoretical value of the phase velocity for Rayleigh SAWs propagating in free 128° Y-X 

cut LiNO3 substrate is 4000 m/s. It is also shown that the absence of an AlN substrate between 

transducers and substrate favors Rayleigh SAW propagation against the leaky wave. 
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CHAPTER 3  

Acoustic surface waves (ASWs)- Sound in air 

 

3.1 Introduction 

 

In Chapter 2 the equations describing sound propagating through a solid piezoelectric material 

were given and the surface mode obtained by the solution of those equations subject to specific 

boundary conditions was denoted as Rayleigh SAW wave. In that case, the SAW existed 

between an infinite solid and a vacuum, and decayed away exponentially from the boundary 

into the solid with elliptical particle oscillations. 

In the present chapter those oscillations are not possible, as all solids are treated as perfectly 

rigid, meaning that by definition a SAW cannot exist. The interaction of sound with a region 

of air bounded by a rigid-walled cavity is the key focus of this chapter. For the ease of the 

reader, the propagation of sound through an unbound gas and the equations describing it will 

be introduced before moving to the description of the rigid-walled bound gas interacting with 

sound. A gas will be considered as a fluid for the purpose of this chapter and hence, when it is 

in contact with a rigid-boundary, viscous and thermal effects will be accounted for. We are 

only concerned with air as the fluid in which sound propagates and we will start our analysis 

by showing that only longitudinal pressure waves can be generated in this medium. In contrast, 

sound propagating through an elastic solid (described in Chapter 2), generates shear waves 

which propagate in orthogonal directions to the longitudinal pressure waves. This is because 

molecules which are part of the solid, are tightly bound to a lattice and their shear displacement 

depends on many parameters, one of those being the exact molecular structure of the lattice.  

In the last section of this chapter thermoviscous effects will be neglected in order to simplify 

the discussion of the formation of resonances in rigid-walled cylindrical pipes. For the same 

reason an analogue to a similar system for which resonances have been investigated both 

experimentally and theoretically will be presented. 

 

3.2 Sound generation in air 

 

Sound is generated by continuous and regular vibrations, as opposed to noise, and travels   

through some elastic medium via molecular collisions caused by fluctuations in density and 

pressure. Air is an elastic medium since its bulk modulus can be defined. A uniform 
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compression of an air column leads to a decrease of its volume. In the case that we have a 

constant-entropy process, the approximate bulk modulus of air is 101 kPa, meaning that air 

loses one percent of its volume when subjected to an external pressure of 1.01 kPa. It is worth 

mentioning however, that air is less elastic when compared to solids such as steel (bulk 

modulus,  K = 160GPa) or diamond (K = 443GPa at 4 K). If we consider a large vibrating plate 

as the source for sound generation in air, and considering that the plate is moving in the positive 

x direction, the region of air adjacent to the plate is compressed and its density is increased, as 

shown schematically in Figure 3.1. As a result the fluid molecules at this region of air will 

respond by diffusing to a lower pressure region further along x. In turn, the pressure in this 

region increases and the whole process repeats, with  the compression propagating along the 

positive x direction. Similarly, when the plate moves along the negative x direction, the air 

density in the region adjacent to the plate decreases and so does the pressure. Hence, the fluid 

molecules move to a high pressure region and again the whole process repeats, leading to a 

travelling rarefaction. The pressure wave is constituted by this set of travelling compressions 

and rarefactions and its wavelength is the distance between adjacent compressions or 

rarefactions. The maximum amplitude of the oscillation is the deviation +δP from the 

atmospheric pressure and it is shown in the upper panel of Figure 3.1. 
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Figure 3.1. Qualitative illustration of sound generation by a vibrating plate. Black points 

represent the air molecules. 

 

 

3.3 Sound propagation through an unbound gas 

 

Once the acoustic wave has been generated by means discussed in the previous section, the 

fluid on which it propagates will undergo perturbations in its pressure, density, temperature 

and velocity. Considering that the unperturbed fluid has definite-valued and time independent 

thermodynamic variables pressure p0, density ρ0, temperature T0 and velocity �⃗�0, the 

perturbation state can be stated as p0 + Δp , where p0 >> Δp , ρ0 + Δρ , where ρ0 >> Δρ and T0 

+ ΔT , where T0 >> ΔΤ. The background velocity, �⃗�0 , is assumed to be zero since the fluid is 

assumed to be stationary. Moreover, it is assumed that no heat transfer occurs between regions 

of high and low pressure and density, hence the propagation of sound is considered as an 

adiabatic process. The complex intermolecular processes occurring within the fluid are also 

ignored and, as this section describes sound propagation through an unbound gas, the fluid is 
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treated as frictionless. Friction is the resistance that one object encounters when moving over 

another and when considering fluid particles, the term used is viscosity. A high viscosity fluid 

is more resistant to deformation, but in this section, the fluid’s resistance to shearing (resistance 

to forces acting on particles between adjacent regions of different net velocity) is assumed to 

be zero. That resistance is quantified in terms of the shear viscosity coefficient, η, and its value 

(given in Table 3.1) is significant when the propagation medium is in contact with a rigid 

boundary, which will be analysed in section 3.4. The shear viscosity coefficient is also referred 

to as dynamic viscosity and is related to the kinematic viscosity v by the relation η = ρ0v. 

Kinematic viscosity is hence obtained by dividing the dynamic viscosity of the fluid with the 

fluid mass density ρ0. Note that the background density ρ0 is a function of temperature and 

pressure. In the present section, the equations required to define Δp, the scalar pressure and ux, 

the velocity of gas molecules along x direction will be presented. 

 

3.3.1 Equation of state for an ideal gas  

 

In the case of an ideal gas, the equation of state is written as: 

 

  
𝑝

𝜌
= 𝑅𝑇,                                                                  (3.1) 

 

where R, is the gas constant and takes the value 287.058 J·K-1·kg -1, ρ , p and T, the gas density, 

pressure and temperature respectively [29]. The equation is derived after applying conservation 

of energy and momentum laws to classic kinetic theory and describes the propagation of sound 

through an unbound gas, when the process can be considered adiabatic. Hence, once two 

independent thermodynamic variables are known, the other variable can be determined. Ιn 

order to fully describe the gas, the conservation of mass and the conservation of momentum 

equations are required. 

 

 

3.3.2 Conservation of mass – Continuity equation 

 

The conservation of mass law states that matter cannot be created or destroyed. Therefore the 

rate of flow into a volume element of a fluid dV (= dx dy dz) must be equivalent to the rate at 

which mass leaves the system plus the gain of fluid within the system [30]. For compressible 
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fluid flow, the fluid density is dependent on space and time and for the velocity vector field �⃗�, 

the differential form of the conservation of mass law, also known as the continuity equation is: 

 

𝜕𝜌

𝜕𝑡
− 𝛁(𝜌𝒗) = 0                                                           (3.2) 

where   𝛁 =
∂

∂x
�̂� +  

∂

∂y
�̂� +

∂

∂z
�̂� , is the gradient operator. 

 

3.3.3 Conservation of momentum 

 

Newton’s second law neglecting viscous forces, gives the forces acting upon a fluid volume 

element dV is: 

𝑑𝑭 = 𝑑𝑚𝒂                                                           (3.3) 

where 𝒂  is the acceleration of a particle moving within velocity field 𝒗 and is written as: 

𝒂 =
𝐷𝒗

𝐷𝑡
                                                               (3.4) 

The operator  
D

Dt
 , known as the convective derivative is given by: 

 

D

Dt
=

∂

∂t
+ 

𝛿x

δt

∂

∂x
+

δy

δt

∂

∂y
+ 

δz

δt

∂

∂z
                               (3.5) 

 

This is because in a time interval Dt, the coordinates of the fluid volume element change in 

time as the fluid flows. Specifically the x-coordinate changes by 𝑣𝑥Dt, the y-coordinate 

changes by 𝑣𝑦Dt and the z coordinate by 𝑣𝑧Dt. Therefore, the acceleration is not simply  
∂v

∂t
, 

implying that even if the velocity at a given point is not changing, the fluid element may be 

accelerating. An example is a circular flow in a bucket; if the flow is steady, 
∂v

∂t
= 0 at a point 

in the bucket, although a fluid element is experiencing centripetal acceleration. In section 2.3.5, 

the variation of stress across a small cubic element was described and it was shown the total 

force acting in the x direction is  

𝐹𝑥 = (
∂Tx1

∂x
+ 

∂Ty1

∂y
+

∂Tz1

∂z
) δ3,                                     (3.6) 

where 𝛿3 equals dV, and subscript 1 corresponds to the x direction. Assuming that gravity 

along x direction is gx the sum of forces 𝑑𝑭 acting along x direction is written as: 
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𝑑𝐹𝑥 = (𝜌𝑔𝑥 +
𝜕𝑇𝑥𝑥

𝜕𝑥
+ 

𝜕𝑇𝑦𝑥

𝜕𝑦
+

𝜕𝑇𝑧𝑥

𝜕𝑧
)𝑑𝑉                            (3.7) 

Newton’s second law therefore gives: 

𝜌𝑔𝑥 +
𝜕𝑇𝑥𝑥

𝜕𝑥
+ 

𝜕𝑇𝑦𝑥

𝜕𝑦
+

𝜕𝑇𝑧𝑥

𝜕𝑧
= 𝜌 (

𝜕𝑣𝑥

𝜕𝑡
+ 

𝛿𝑥

𝛿𝑡

𝜕𝑣𝑥

𝜕𝑥
+

𝛿𝑦

𝛿𝑡

𝜕𝑣𝑥

𝜕𝑦
+ 

𝛿𝑧

𝛿𝑡

𝜕𝑣𝑥

𝜕𝑧
)          (3.8) 

 

For a Newtonian fluid the normal and shear stress tensors are given by the following equations 

which arise from complex fluid mechanics discussed in [31]: 

 

𝑇𝑥𝑥 = −𝛥𝑝 −
2

3
𝜂𝛁 ∙ 𝒗 + 2𝜂

𝜕𝑣𝑥

𝜕𝑡
                              (3.9) 

 

Tyx = Txy =η (
∂vy

∂x
+

∂vx

∂x
)                                    (3.10) 

and similar for the other dimensions. Considering the frictionless fluid assumption η = 0, valid 

for the description of an unbound gas, and taking the gravitational force as negligible, Newton’s 

second law can be rewritten as: 

 

 −𝜵(𝛥𝑝) = 𝛥𝜌
𝐷𝒗

𝐷𝑡
                                                (3.11) 

which is known as the linear Euler’s equation [32] and along with the continuity equation are 

the governing equations of nonviscous fluid flow. 

 

3.3.4 The acoustic wave equation 

 

Considering the assumptions discussed in section 3.3 and treating the x-direction only the 

continuity equation (3.2) reduces to: 

 

𝜕𝛥𝜌

𝜕𝑡
= −𝜌0

𝜕𝑣𝑥

𝜕𝑥
                                                 (3.12) 

The momentum equation (3.11) reduces to: 

 

∂Δp

∂x
= −ρ0

∂vx

∂t
                                              (3.13) 

For an ideal gas, the adiabatic process condition states that: 
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𝑝𝜌𝛾 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡                                                 (3.14) 

where 𝛾 =
𝐶𝑝

𝐶𝑣
, is the ratio of specific heat capacities and for air it equals 1.4 [29]. We should 

note that this γ is different from that introduced in section 2.2.4.1, equation (2.6). The heat 

capacity at constant pressure Cp is a measure of how much energy is required to change the 

temperature of the fluid at constant pressure and its value is given in Table 3.1. Differentiation 

of (3.14) gives [32]: 

 

1

p0

∂Δp

∂t
=
γ

ρ0

∂Δρ

∂t
                                               (3.15) 

 

Manipulation of (3.15) and (3.12) gives: 

 

∂2Δp

∂t2
= −γp0

∂2vx

∂t∂x
                                        (3.16) 

Differentiation of (3.13) with respect to x gives: 

 

∂2Δp

∂x2
= −ρ0

∂2vx

∂x∂t
                                          (3.17) 

 

By equating the cross differential terms in equations (3.16) and (3.17) the acoustic wave 

equation along the x direction is derived: 

 

∂2Δp

∂x2
=

1

ca
2

∂2Δp

∂t2
                                             (3.18) 

where 𝑐𝑎 = √
𝛾𝑝0

𝜌0
= √𝛾𝑅𝑇0 , and the subscript a denotes that the process is adiabatic. It is 

worth mentioning that the above mentioned speed of sound, derived by Laplace [33], is 

different to Newton’s prediction which was based on the assumption that sound propagation is 

an isothermal process. At audible frequencies, however, the temperature gradients are low and 

hence, heat transfer is effectively zero. For air at room temperature 𝑐𝑎 = 343 m𝑠−1.According 

to Newton’s derivation the speed of sound was predicted to take the value 𝑐𝑖 = 245 m𝑠−1, 

[33], where the subscript i stands for isothermal propagation.  

 

The solution of (3.18) can be written as: 
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𝛥𝑝(𝑥, 𝑡) = 𝑨𝑒𝑖(𝜔𝑡−𝑘𝑥𝑥)                                        (3.19) 

 

where A is the complex peak amplitude of the wave , ω=2πf is the angular frequency and        

𝑘 =
2𝜋

𝜆0
 is the wavenumber. Similarly, the particle velocity along x direction can be expressed: 

 

𝑣𝑥 =
𝑨

𝜌𝟎𝑐
𝑒𝑖(𝜔𝑡−𝑘𝑥𝑥)                                          (3.20) 

By adding in the other dimensions in equation (3.18) the three-dimensional acoustic wave 

equation is obtained: 

 

𝛁2Δp =
1

c2

∂2Δp

∂t2
                                                (3.21) 

In terms of frequency this equation is written: 

𝜵2𝛥𝑝 +
𝜔2

𝑐2
𝛥𝑝 = 0                                          (3.22) 

which is the Helmholtz equation. Once the scalar pressure is known, the density ρ can be 

recovered from the equation of state. 

 

 

3.4 Sound propagation through a rigid-walled bound gas -Thermoviscous loss effects 

 

As  mentioned in the introduction to this chapter, viscous and thermal boundary layer effects 

play an important role to the description of sound propagation in cases where the propagation 

medium is in contact with a rigid boundary. This is because acoustic energy will gradually 

dissipate due to friction at the rigid boundary. In order to quantitatively describe the pressure 

wave in such conditions, the equation of state must be revisited. In order to account for the heat 

transfer that occurs between regions of high and low density as the pressure wave propagates, 

the energy equation is expressed as [34]: 

𝛥𝜌𝐶𝑝 (
𝜕𝑇

𝜕𝑡
) = −𝜵 ∙ (−𝜅𝜵𝛵) −

1

𝜌

𝜕𝜌

𝜕𝛵
|
𝑝
𝑇

𝜕𝑝

𝜕𝑡
                         (3.23) 

 

where κ  is the thermal conductivity, a coefficient of proportionality between the temperature 

gradient and the heat flux in Fourier’s heat conduction law. The quantity 
1

ρ

∂ρ

∂Τ
|
p
is the isobaric 
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coefficient of thermal expansion and relates to the ability of the fluid to expand when its 

temperature rises. It is often denoted as αp and its value is given in table 3.1. Another important 

parameter, used to describe sound propagation in cases where thermoviscous effects are not 

negligible is the bulk viscosity ηΒ, which is different to the shear viscosity η, described in 

section 3.3. The bulk viscosity is also known as the volume viscosity, the second viscosity, or 

the expansive viscosity, it is difficult to measure and is often seen to depend on frequency [35] 

,[36]. It is related to the losses that appear due to the compression and expansion of the fluid 

and it appears in the Navier-Stokes equation: 

 

𝛥𝜌 (
𝜕𝒗

𝜕𝑡
+ (𝒗 ∙ 𝜵)𝒗) = −𝜵𝛥𝑝 + (

4

3
𝜂 + 𝜂𝛣)𝜵(𝜵 ∙ 𝒗) − 𝜂𝜵 × 𝜵 × 𝒗        (3.24) 

 

Τhe Navier-Stokes equation is derived by combining equations (3.8), (3.9) and (3.10) and it 

contains the information necessary to predict turbulence, eddy currents and capillary flow. The 

(
4

3
η + ηΒ)𝜵(𝜵 ∙ 𝐯) term accounts for viscous losses that occur within the fluid bulk and the 

term η𝜵 × 𝜵 × 𝐯 accounts for losses that occur due to complex non-linear effects that occur 

near the rigid boundary which bounds the gas.  

Finally, in order to present the complete set of thermoviscous acoustic equations, the isothermal 

compressibility parameter, denoted as βΤ, is introduced. It relates changes in pressure to 

changes in volume in the fluid and is related to the usual (isentropic) compressibility βS  through 

the ratio of specific heats, βΤ = γ βS. Αs density fluctuates with temperature and pressure, the 

thermoviscous equation of state is: 

 

𝜌 = 𝜌0(𝛽𝛵𝑝 − 𝑎𝑝𝑇)                                             (3.25) 

 

The values of the thermoviscous material parameters in the case that the sound propagation 

medium is low humidity air at temperature 19.5 °C, and at atmospheric pressure, are shown in 

Table 3.1. Note that the bulk viscosity is not zero, as air is a polyatomic gas and has 

translational, rotational and vibrational degrees of freedom. The translational degrees of 

freedom relax to equilibrium conditions relatively quickly and the process of such relaxation 

is represented by the dynamic viscosity coefficient. In contrast, the rotational and vibrational 

degrees of freedom have longer relaxation times, hence delaying thermodynamic equilibrium 

when excited, which results in attenuation. The bulk viscosity coefficient accounts for such 
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processes, but in the presence of a rigid boundary those processes do not play an important 

role. The rigid wall boundary can be considered an infinite heat sink that is at thermal 

equilibrium with the environment. Therefore, there is no significant delay for the air to come 

in a thermodynamic equilibrium state and in this thesis, the assumption that ηΒ = 0 is made.  

 

Thermoviscous acoustic 

material parameter 

Value Units 

Background density, ρ0 1.2 kg/m3 

Dynamic viscosity, η 18.1 μPa s 

Bulk viscosity, ηΒ 0.6 η μPa s 

Heat capacity at constant 

pressure , Cp 

1005 J/(kg K) 

Thermal conductivity , κ 28.5 mW (m K) 

Ιsobaric coefficient of 

thermal expansion , αp 

3.4 · 10-3 1/K 

Isothermal compressibility , 

βΤ 

9.87 · 10 -6 1/Pa 

Table 3.1 Summary of basic thermoviscous acoustic parameter values in low humidity air at 

temperature 19.5 °C and at atmospheric pressure. 

 

Despite the fact that the losses due to internal molecular effects are negligible, the rigid 

boundary induces a thermal loss mechanism. As already mentioned in section 3.3, the pressure 

and density fluctuations arising from sound propagating in free space, generate an excess 

temperature ΔΤ. Τhis excess temperature, when in close proximity to the rigid wall (heat sink) 

is conducted into it; when it is far away in free space however, it is too insignificant in 

magnitude to be conducted to surrounding regions of fluid. Hence, the sound propagation can 

be considered as an adiabatic process in free space which evolves into an isothermal process 

close to the rigid wall. The temperature field within the distance over which this change occurs, 

can be described as a secondary thermal wave, whose full mathematical description is given in 
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references [33] , [37], [38], [39]. It is shown that combined field of the primary ΔΤ and the 

secondary temperature waves can be written [39]: 

 

𝛥𝛵 − 𝛵0 = (1 − 𝑒
(1+𝑖)

𝑧

𝛿𝛼)𝛵0(𝛾 − 1) (
𝑃

𝜌0𝑐2) 𝑒𝑖(𝜔𝑡−𝑘𝑥)                (3.26) 

 

where γ the ratio of specific heats, P the pressure amplitude of the plane wave, T0 is the 

temperature at equilibrium and δα the thermal boundary layer thickness which is a function of 

frequency f: 

 

𝛿𝛼 = √
𝛼

𝜋𝑓
                                                           (3.27) 

where 𝑎 =
𝜅

𝜌0𝐶𝑝
, is the thermal diffusivity of the gas. Note that the rigid wall is placed 

perpendicular to plane wave’s wavefronts for this equation to hold, in other words, it is valid 

for sound incident at small angles from the parallel to the wall. On the contrary, when sound is 

incident normally to the wall, it is totally reflected as a result of the huge impedance mismatch 

between the two different mediums (air and solid). The definition of impedance will be given 

in the next section.  

For sound at grazing incidence to the wall, in addition to the secondary temperature wave, a 

secondary viscous wave is also formed, arising from the no-slip boundary condition [40] which 

states that the particle velocity ux, must fall to zero at the wall boundary, as shown in Figure 

3.2, in which colour plot shows the velocity amplitude and vectors indicate the acoustic 

velocity vector at a fixed time. 

 



52 
 

 

Figure 3.2. No slip condition at the horizontal boundary. Blue colour indicates that the velocity 

amplitude is zero. Dark red colour indicates maximum velocity amplitude. Taken from [41]. 

 

Note that the sound wave is considered as a time-harmonic wave propagating in the horizontal 

plane along a single rigid-wall, which could be, for example, a wave propagating in a small 

section of a pipe. The latter is part of the system that is investigated numerically and 

experimentally in this thesis; a rigid-walled cylindrical pipe. Because this system is of 

relatively small dimensions, the losses associated with the boundary layer become important. 

It has been shown [37] that losses can become more pronounced in the case of a rigid-walled 

cylindrical pipe compared to the single rigid-wall case which has been discussed up to this 

point. 

The secondary viscous wave has its own particle velocity 𝑢′ arising from the velocity field 

gradient, can be treated as part of the primary plane wave. The diffusion equation is written 

[39]: 

𝜕𝑢′

𝜕𝑡
=

𝜂

𝜌0

𝜕2𝑢′

𝜕𝑧2                                                    (3.28) 

The solution of the diffusion equation is: 

 

𝑢′ = 𝑢𝑥𝑒
−(1+𝑖)

𝑧

𝛿𝑣                                               (3.29), 

where ux is the solution of the acoustic wave equation along x direction for the lossless case 

(given in equation (3.20)) and δv is the frequency dependent thickness of the viscous boundary 

layer, which is defined as: 
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𝛿𝑣 = √
2𝜂

𝜌02𝜋𝑓
= √

𝑣

𝜋𝑓
                                        (3.30) 

 

where v is the kinematic viscosity (defined in section 3.3.) The square of the ratio between 

viscous and thermal boundary layers is known as the Prandtl number: 

 

𝑃𝑟 =
𝛿𝑣

2

𝛿𝛼
2                                                    (3.31) 

 

In air the thermal and viscous effects are roughly equal in importance and the Prandtl number 

is 0.7.  Figure 3.3 shows calculated values of the thickness of the viscous and thermal boundary 

layers over a range of frequencies. It can be seen that for air at 5 kHz the viscous boundary 

layer thickness is ~ 20 μm, implying that the velocity gradient and hence the viscous loss are 

large at this distance from the rigid wall. 

 

 

 

Figure 3.3. The value of the viscous (blue solid line ) and thermal (green solid line) boundary 

layer thicknesses as function of frequency for air at 20°C and 1 atm. Taken from [41] 
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3.5 Sound propagation through a rigid walled cylindrical pipe 

 

In order to describe sound propagation in a rigid walled pipe the assumption that the 

wavelength of sound generated by the source λ0 is large compared to the lateral dimensions of 

the pipe is made. Therefore a plane wave will propagate along the pipe, which will reflect at 

the far end of a pipe, will come back and reflect again giving rise to standing waves or 

resonances. Depending on whether the pressure of the returning wave is in phase or out of 

phase with the driving pressure, the measured impedance will be higher or lower compared to 

the impedance measured when reflections are absent. The characteristic acoustic impedance Z 

is the ratio of acoustic pressure p to acoustic volume flow U: 

 

𝑍 =
𝑝

𝑈
                                                           (3.32) 

 

where U = uA, A being the cross section through which the wave passes. Equation 3.32 defines 

the characteristic acoustic impedance Z, but there are different kinds of acoustic impedances 

which will be introduced later on. One of those, is the specific acoustic impedance z, which 

relates pressure and velocity, u: 

 

𝑧 =
𝑝

𝑢
                                                          (3.33) 

Hence, it follows that  𝑍 =
𝑧

𝐴
 . This implies that when sound encounters a change in the cross-

sectional area of the fluid, for example, at the time that it enters or exits a rigid-walled pipe, an 

impedance mismatch occurs at the pipe entrance or exit which causes reflections. There is 

hence a sum of waves travelling to the right and left and this gives standing waves and 

resonances. In order to gain deeper understanding on why impedance mismatch causes 

reflection (discussed in section 3.5.2), another kind of impedance, the radiation impedance, Zrad 

,will be defined.  

As pipes resemble musical wind instruments, we can think of the acoustic impedance as the 

acoustic response of the instrument for all possible frequencies. There are different techniques 

employed for measuring the acoustic impedance [42] and once this information is retrieved 

precisely the characterization of musical instruments is achieved. Figure 3.4 presents the 

measured impedance spectra for the clarinet, the flute and the cylinder, each of which has an 

effective length of about 325 mm and diameter 15 mm. 
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Figure 3.4. The acoustic impedance of (bottom to top) a simple cylinder (325 mm long, 15 mm 

in diameter), flute and clarinet. The circle indicates the maximum or minimum where each 

instrument operates. Modified from [43]. 

 

The maxima for the cylinder are at approximately (2n-1)(c/4L), where L is the length of the 

cylinder, and the minima at n(c/2L) [43] , where c = 343 m/s, is the speed of sound in air at 

room temperature. The dashed circle highlights the first maximum of the acoustic impedance 

for the clarinet and the first minimum of the acoustic impedance for the flute. This is because 

the clarinet operates at maxima of Z and the flute at minima of Z. The flute, is played with the 

embouchure hole open to the atmosphere, so that the varying part of the acoustic pressure is 

zero. The acoustic flow is large, however, due to the jet of air between the player’s lips. By 

taking into account the definition of the impedance, the operation at minima of Z for the flute 

is explained. In addition, by cross-comparing acoustic impedances of Figure 3.4, it can be 

deduced that the acoustics of an open rigid-walled cylindrical pipe is similar to the acoustics 

of a flute, and the acoustics of a closed rigid-walled cylindrical pipe is similar to the acoustics 

of a clarinet. Hence, the sound produced for the open and closed cylindrical pipes has 

frequencies: 
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𝑓𝑜𝑝𝑒𝑛 = 𝑛
𝑐

2𝐿
                                                          (3.34) 

𝑓𝑐𝑙𝑜𝑠𝑒𝑑 = (2𝑛 − 1)
𝑐

4𝐿
                                          (3.35) 

 

where n is integer. Substitution, n = 1, gives the frequency of the fundamental mode 

(fclosed = 263 Hz, fopen = 527 Hz), whereas for n greater than 1, the frequencies of higher 

harmonics are deduced. These equations also imply that the open pipe supports both odd and 

even harmonics whereas for the closed pipe, even harmonics are absent. 

The boundary conditions for open and closed rigid-walled cylindrical pipes are shown in 

Figure 3.5 and the pressure amplitude satisfying those boundary conditions is derived by 

solving the Helmholtz equations, when losses are ignored, and the Navier-Stokes equations, 

for the thermoviscous losses to be accounted for. In the case that the pipes have constant cross 

sections the solutions are written in terms of sine and cosine functions [43] 

 

 

 

Figure 3.5. Variation in pressure (red) and variation in flow (blue) for an open and closed rigid 

walled cylindrical pipe. The frequency and wavelength are the same for the figures in each 

row. Taken from [44]. 
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According to equations (3.34) and (3.35), the longest wavelength is twice the length of the 

open cylindrical pipe (upper left panel) and four times the length of the closed cylindrical pipe 

(upper tight panel). Therefore, for the same frequency of sound to be produced, the length of 

the closed pipe must be one quarter of the length of the open pipe. The amplitude of the 

variation in pressure is shown in red and it is zero at an open end (pressure node), where the 

pressure is almost equal to the atmospheric pressure. At the close end, the variation in pressure 

with respect to the atmospheric is maximum (pressure antinode). The amplitude of the variation 

of the flow of air is shown in blue. At an open end, this is maximum, because air can flow 

freely in and out, and at a closed end it is zero.  

 

3.5.1 End effects and cut-off frequency 

 

The resonant frequencies defined in Equations (3.34) and (3.35) are not valid in real problems 

unless a correction is made to take account of the fact that when the sound propagates to the 

open end of a pipe, it affects the pressure at the volume of air just outside the pipe. A related 

problem was first solved by William Strutt [45] who considered that a cylindrical oscillating 

piston (of area A) lying in a large plane baffle has an effect on the air closest to the piston and 

just in front of it (of mass ρV = ρΑδ); the air must move with the piston (due to its inertia) and 

the force required to move the air is  

 

𝑭 = 𝑚𝒂 = 𝜌𝛢𝛿
𝑑𝒗

𝑑𝑡
                                                 (3.36), 

 

where δ, is the height of the cylindrical air mass that is actually moving with the piston and v 

is the velocity of the piston. The position of the piston with respect to the plane of the baffle is: 

 

𝒙 = 𝒙𝑚𝑠𝑖𝑛𝜔𝑡                                                      (3.37) 

 

where xm is the maximum amplitude of the oscillation. Differentiation of (3.37) and 

substitution to (3.36) gives: 

 

 𝑭 = 𝜌𝛢𝛿(−𝜔2𝒙𝑚𝑠𝑖𝑛𝜔𝑡)                                       (3.38) 

  

Τhe acoustic flow at the surface of the piston is: 
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𝑼 = 𝐴𝒗 = 𝜔𝛢𝒙𝑚𝑐𝑜𝑠𝜔𝑡                                          (3.39) 

 

Combining the definition of pressure, F=pA and the definition of impedance (3.32) the 

magnitude of the radiation impedance is obtained: 

 

 |𝑍𝑟𝑎𝑑| =
𝑝

𝑈
= 𝜔𝜌

𝛿

𝛢
                                                (3.40) 

 

However, for the complete definition of Zrad, the phase difference between the pressure and the 

flow must be included. Αn impedance can be characterized as inertive, in the case that the 

pressure is ahead of flow in phase or compliant, in the case that the pressure is behind of flow 

in phase. In complex notation, the inertive impedance is defined written as: 

 

𝑍𝐿 = 𝑗𝜔𝜌
𝐿

𝐴
                                                        (3.41) 

where j2 = 1, and ρ, L, A are the density, length and area of the cylindrical fluid volume 

respectively, which is vibrating with frequency ω, due to an acoustic pressure difference p 

applied across it. The inertive impedance ZL is proportional to ω because vibration at higher 

frequency requires greater acceleration and thus a greater acoustic pressure difference. The 

compliant impedance is written as: 

 

𝑍𝐶 =
1

𝑗𝜔𝐶
                                                            (3.42) 

 

where C = V/γPatm. The adiabatic factor γ, has already been defined (see equation (3.14)). In 

this case, the cylindrical volume is closed at one end and an acoustic pressure is applied at the 

other end. The air in the confined volume acts like a spring and thus an increase in flow is 

necessary before the pressure increases much. Hence the pressure lags the flow in phase. The 

compliant impedance is inversely proportional to frequency, as vibration at a higher frequency 

has a shorter period, during which the amount of gas flowing in the cylindrical volume is 

smaller and thus it produces a smaller pressure. 

The radiation impedance for the piston is inertive since the inertance of the air adjacent to the 

piston is responsible for the radiation pressure. For a piston in an infinite plane, δ is 0.85a, 

where a is the radius of the circular base of the cylindrical piston.   



59 
 

The example of the piston has been chosen as this  system approximates the flow at an open 

cylindrical pipe, which is the basic component of the novel acoustics system investigated 

computationally and experimentally in this thesis. The accepted value for the so called end 

correction for an open pipe is  δ = 0.8a [39] . This means that the radiation inertance at an open 

end of the pipe gives it an extra length δ, as illustrated in dotted line in Figure 3.6. The resonant 

frequency for the open pipe given in equation (3.34) after including end corrections is written:  

  

𝑓𝑛 =
𝑛𝑐

2(𝐿+𝛿)
                                                        (3.43) 

 

The length of the open pipe in Figure 3.6 is chosen so as to give the same resonant frequency 

as the flute pictured in the upper panel. The standing waves of the first two harmonics for the 

flute are shown by  solid lined, and the analogy between the flute and the open pipe is obvious. 

It can be seen that both the standing wave pressure and the end effect increase with frequency. 

The pressure of the standing wave does not fall to zero at the first open tone hole because the 

inertance of the air in the open hole is not zero. The standing wave penetrates into the lattice 

and gets attenuated along the bore. In addition, according to (3.41) the inertive impedance 

increases with frequency and hence the relative amplitude of the propagating standing wave 

increases for higher harmonics. A high amplitude wave can thus “perceive” whether tone holes 

are open or closed. As a result, closing some of them, the so called fingering by the musicians, 

affects the resonant frequency as well as the length of the end correction.  

However, for frequencies higher than the cut-off frequency all fingerings behave as though all 

the holes were closed. Consequently, the increase of the cut-off frequency of a musical 

instrument is desirable for better quality of sound to be produced. Below cut-off frequency the 

flute behaves approximately as an open tube terminated at the position of the first open tone 

hole as shown in Figure 3.6. 
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Figure 3.6. Acoustic pressure of the standing waves a) for the first two harmonics in the bore 

of a flute (solid line) and b ) for the first two harmonics in a rigid-walled cylindrical pipe (dotted 

line). The cylindrical pipe length has been selected so as to give the same resonant frequency 

as the flute. Modified from [46]. 

 

 

The characteristics of the standing waves in the flute have been studied as a  function of both 

position along the length of the bore and frequency [45], and have been compared to the 

impedance spectra to determine if the resonances observed are standing wave peaks. This 

occurs if the standing wave peaks and the impedance minima are equally spaced in frequency. 

 The flute comprises of an array of holes connected via short sections of bore and thus 

resembles an acoustical transmission line comprising compliances and inertances. The 

theoretical expression for its cut-off frequency is given in [46]. The cut off frequency is 

determined by the cavity’s exact shape and size  as well as the properties of the fluid medium 

within it and must be calculated on an individual basis [39], [32]. The dimensions of the cavities 

comprising the samples in this thesis have been selected so that the frequencies of interest lie 

below each cavity’s cut-off frequency. 
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3.5.2 Reflection coefficient 

 

Assuming that the open pipe of Figure 3.7 is very long, there are no reflections and thus the 

impedance of the pipe (x < 0) is Z, as defined in equation (3.32) . The impedance at x = 0 is 

Zrad = prad/Urad if one looks at x > 0, and Z if one looks at x < 0. A sine wave travelling along 

the pipe towards the right generates pressure and flow fluctuations which can be written as: 

 

𝑝 = 𝑝> 𝑠𝑖𝑛(𝑘𝑥 − 𝜔𝑡)                                           (3.44) 

 

𝑈 = 𝑈> 𝑠𝑖𝑛(𝑘𝑥 − 𝜔𝑡)                                          (3.45) 

 

 

 

Figure 3.7. Schematic of a simple open pipe placed at x < 0. 

 

 

Exactly at x = 0, continuity of pressure and continuity of flow cannot be satisfied considering 

only the wave towards the right and the radiated wave because the magnitude of Z is much 

greater than that of Zrad. Hence, if we set the flows equal, the pressures cannot be equal. As 

expected, a reflection occurs at the end of the pipe. The reflected wave generates pressure and 

flow fluctuations travelling to the left and can be written as: 

 

𝑝 = 𝑝< 𝑠𝑖𝑛(𝑘𝑥 − 𝜔𝑡)                                                      (3.44) 

 𝑈 = 𝑈< 𝑠𝑖𝑛(𝑘𝑥 − 𝜔𝑡)                                                      (3.45) 

 

The continuity equations can be written as: 

𝑝> + 𝑝< = 𝑝𝑟𝑎𝑑                                                           (3.46) 
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𝑈> − 𝑈< = 𝑈𝑟𝑎𝑑                                                          (3.47) 

 

Substituting the definition of impedance in equation (3.47) gives: 

 

𝑝>

𝑍
−

𝑝<

𝑍
=

𝑝𝑟𝑎𝑑

𝑍𝑟𝑎𝑑
                                                        (3.48) 

 

Combining (3.46) and (3.48) gives the reflection coefficient R at the end of the pipe: 

 

𝑅 =
𝑝<

𝑝>
=

𝑍𝑟𝑎𝑑−𝑍

𝑍𝑟𝑎𝑑+𝑍
= −

1−
𝑍𝑟𝑎𝑑

𝑍

1−
𝑍𝑟𝑎𝑑

𝑍

                                          (3.49) 

Except at very high frequencies, |Zrad| ≪ 𝑍 so the reflection coefficient is almost -1 and hence 

a reflection with a phase change of π οccurs at the open end of the pipe. This explains the 

pressure node observed in Figure 3.5. 

 

 

The aforementioned sort of cavity resonance is often referred to as “Fabry-Pérot like” since it 

can be thought as a resonance that occurs when reflecting waves interfere and form only 

standing waves of certain wavelengths, as in the classic Fabry-Pérot interferometer [47]. Fabry-

Pérot intererferometry has been applied in a large number of disciplines [48],[49],[50] 

including as a remote sensing technique for probing the middle and upper atmosphere [51], and 

to observe ballistic electron propagation in graphene [52]. 

The way these Fabry-Pérot like cavities have been utilised so as to form trapped surface waves, 

and thus manipulate sound is discussed in Chapter 5. 

 

3.6 Conclusions 

 

It has been shown that one means of generating sound is a vibrating plate which causes pressure 

and density fluctuations in the volume of air adjacent to it. As a result, air molecules move 

leading to travelling compressions and rarefunctions. Based on the assumptions that the 

unperturbed fluid is frictionless, has definite-valued and time independent thermodynamic 

variables, as well as that sound propagation is an adiabatic process, the unbound gas is fully 

described by the equation of state, the conservation of mass and the conservation of 

momentum, which are all combined to derive the acoustic wave equation. The acoustic wave 
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equation predicts that the speed of sound in air is 343 m/s. When sound waves interact with a 

rigid wall thermoviscous effects are accounted for in the Navier Stokes equation. Hence, for 

sound grazing a single rigid wall, the velocity of the particles is different to the one predicted 

by the lossless acoustic equation. Both viscous and thermal boundary layer thicknesses are 

inversely proportional to frequency. For sound grazing a rigid walled cylindrical pipe, the 

impedance mismatch at the open ends, due to the presence of an inertive impedance, results in 

reflection of the pressure wave with a phase change of π . Hence, standing waves with pressure 

nodes are formed in the pipe. The resonant frequencies of those standing waves are integer 

multiples of the fundamental mode, thus resembling the behaviour of the Fabry-Pérot 

interferometer. The inertive impedance at the open ends is also responsible for the end 

corrections at the resonant frequencies of the standing waves. When Fabry-Pérot like resonators 

are arranged periodically so as to form an array, a trapped surface wave is formed due to those 

end corrections, and this is the focus of the Chapter 5. 
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CHAPTER 4  

Simulations and modelling methods 

 

4.1 Introduction 

It is well known that the laws of physics for space and time dependent problems are usually 

expressed in terms of partial differential equations (PDEs). However, these PDEs cannot be 

solved with analytical methods for the vast majority of geometries and problems. Instead, an 

approximation of the equations can be constructed, typically based upon different types of 

discretizations. The modified equations are often called weak formulations and the next step is 

the discretization of those equations. This chapter describes those methods, as well as the 

settings used in the FEM (finite element modelling) package, COMSOL®, in order to implement 

frequency domain, time domain and eigenfrequency models. 

 

4.2 Discretization 

Assuming that a function 𝑢, is approximated by a function 𝑢ℎ, the approximation can be written 

as a linear combination of basis functions 𝜓𝑖𝑅,𝐿, shown in Figure 4.1 (a), according to the 

following expression: 

𝑢ℎ(𝑥) ≈ 𝑎1𝐿𝜓1𝐿(𝑥) + 𝑎1𝑅𝜓1𝑅(𝑥) + 𝑎2𝐿𝜓2𝐿(𝑥) + 𝑎2𝑅𝜓2𝑅(𝑥) + ⋯  

                                (4.1) 

where 𝑎𝑖𝑅,𝐿 denotes the coefficients of the approximate function. Figure 4.1 (b) illustrates a 

discretization that can be chosen for the function u (shown in solid black line). The domain 

where the function u is defined, is divided into four evenly spaced sub-intervals, or mesh 

elements, bound by five nodal points x = 1, 2, 3, 4, 5. The approximate function 𝑢ℎ is shown 

in cyan color and it can be seen that it is discontinuous across the boundary between adjacent 

mesh elements. However, the approximation can be simplified, if the coefficients are 

constrained so that the solution is continuous across boundaries between adjacent elements.  
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Figure 4.1 (a) Vertical lines divide the domain in four evenly spaced mesh elements. In each 

mesh element, there are two basis functions represented by a solid line and a dashed line. (b) 

The function u (solid black line) is approximated with uh (solid cyan line), which is a linear 

combination of the basis functions 𝜓𝑖𝑅,𝐿 shown in (a) The coefficients are denoted by 𝑎𝑖𝑅,𝐿 , 

where i=1,2,3,4. Taken from [53] 

 

The constraint imposed on the coefficients results in introducing a new set of basis functions 

which are written as: 

𝜑1(𝑥) = 𝜓1𝐿(𝑥) 

𝜑2(𝑥) = 𝜓1𝑅(𝑥) + 𝜓2𝐿(𝑥)                                         (4.2) 

𝜑3(𝑥) = 𝜓2𝑅(𝑥) + 𝜓3𝐿(𝑥) 

                                                                  ⁞ 
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Therefore, each new basis function is essentially a triangular-shaped, piecewise-linear function 

centered around a nodal point. 

Another type of discretization where the elements are non-uniformly distributed over the x 

axis, different basis functions, or a larger number of elements could have been chosen, implying 

that the finite element method offers great freedom in the selection of discretization depending 

on the problem at hand. 

 

4.3 The Finite Element Method from the Weak Formulation: Basis Functions and Test 

Functions 

 

In order to obtain the weak form of a PDE, the equation of interest is multiplied by a test 

function, integrated over the computational domain and the boundary conditions are imposed. 

The dependent variable is then expressed as a linear combination of basis functions, as already 

described in section 4.2 .In the so called Galerkin method [54], the test function is set equal to 

a basis function and the solution are assumed to belong to Hilbert space, which is an infinite-

dimensional function space with functions of specific properties. These functions can be 

conveniently manipulated in the same way as ordinary vectors in a vector space. For example, 

you can form linear combinations of functions in this collection and you can measure the angle 

between the functions, just like Euclidean vectors. Hence, the mathematical model equations, 

can be discretized to obtain the numerical model equations. It is worth mentioning that there is 

a close relationship between the numerical formulation and the weak formulation of the PDE 

problem as the theory provides useful error estimates when the numerical model equations are 

solved on a computer. 

 

4.3.1 System matrix and meshing 

Once the weak form of a PDE is obtained and the dependent variable is discretised, the matrix 

form of the resulting equation can be written as: 

𝐴𝑢ℎ = 𝑓                                                     (4.3) 
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where 𝑢ℎ = {{𝑢1, . . , 𝑢𝑖 , … 𝑢𝑛} is a vector of unknowns, A is a 𝑛 × 𝑛 matrix and contains the 

coefficients of 𝑢𝑖, 𝑓, is the source vector of dimension 1 to n. Matrix A contains products of 

the test functions and basis functions which belong to the same set. The test functions, can be 

prescribed at our convenience and the basis functions (or elements) can be defined in many 

different ways (infinitely many, in theory) as already discussed in section 4.2. For 2D/3D linear 

functions, the basis functions are expressed as functions of the position of the nodes (x and y 

or x,y z respectively). The most common elements are illustrated in the Figure 4.2 (a) below. 

The mathematical description of the triangular element has already been given in equation 4.2. 

 It is worth noting, however, that the basis functions may not be linear, in which case the 

corresponding elements are second order and the edges and surfaces are curved. These element 

types are called Langrangian or serendipity. An example of Langrange elements used for 

quadratic basis functions are shown in Figure 4.2 (b).  

 

 

Figure 4.2 (a) Node placement and geometry for 2D and 3D linear elements. 
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Figure 4.2 (b) Rectangular elements used for the quadratic base functions. 

 

The problem is, in essence, 

 

𝑢ℎ = [𝐴]−1𝑓                                                   (4.4) 

The system matrix A becomes sparse, with the above-mentioned selection of test function 

according to the Galerkin method. The solution of the system of algebraic equations gives an 

approximation to the solution to the PDE. The denser the mesh, the closer the approximate 

solution gets to the actual solution.  

If we suppose that the mathematical model equation (PDE) is the inhomogeneous acoustic 

wave equation,  

 

(𝛻2 −
1

𝑐0
2

𝜕2

𝜕𝑡2) 𝑢(𝑥, 𝑡) = 𝑓(𝑥, 𝑡)                                       (4.5) 

 

and the geometry is a duct shown in the Figure 4.3 (a) below, the solution of the matrix form 

gives the instantaneous pressure at the nodes 1,….n , illustrated in Figure 4.3 (c). Figure 4.3 

(b) shows the discretization and Figure 4.3 (d) shows the interpolated instantaneous pressure 

in duct, using quadratic Lagrange interpolating polynomials. 
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Figure 4.3 (a) Duct of length L. (b) Discretization using basis function φ. (c) Instantaneous 

pressure at the nodes. (d) Interpolated instantaneous pressure in duct. Taken from [55]. 

 

The FEM implementation method is summarized in the following flow diagram: 
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Figure 4.4 Flowchart of the finite element analysis summarizing section 4.3. 
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4.4 COMSOL®-Module and solver selection 

The FEM software used in this work is COMSOL®, versions 5.4 to 5.5. COMSOL® is a software 

package that uses application specific modules such as the solid mechanics module, 

electrostatics module, pressure acoustic module and many others. All modules include the 

equations that define the system matrix discussed in the previous section. In the case that 

different physics and hence different sets of equations apply simultaneously, the coupling 

between different modules can be used to simulate the coupled physics. Once the spatial 

dimension investigated is selected, which can be 2D, 3D or 2D axisymmetric, the geometry is 

constructed, and material properties are applied to each subdomain of the geometry. Depending 

on the problem to be solved, the dependent variables are selected via choosing the appropriate 

module. In this work we are interested in the displacement field throughout the solid and the 

module which contains equations of this variable is the solid mechanics module. Since the 

material that is used, lithium niobate is piezoelectric, the second dependent variable in the 

models used is voltage. In models simulating sound in air the dependent variable is pressure. 

The computational algorithm used to calculate these variables at each point in the 

computational domain is often referred to as solver. COMSOL® has several different solvers, 

classified as either direct or iterative. Direct solvers compute solutions in a single large step 

whereas iterative solvers arrive at a solution in a number of steps, n. The most time efficient 

solver for the sound in solids and sound in air problems investigated in this thesis, was found 

to be the MUPS (MUltifrontal massively Parallel Sparse direct solver) direct solver. 

 

4.5 Study selection – Frequency domain 

In mathematical modelling, the values of dependent variables depend on the values of 

independent variables. In the case that we want to investigate how the dependent variable, 

displacement field, is affected by the change in frequency, a frequency domain study is 

selected. The independent variable, frequency, is changed via a parametric sweep, and the 

solver calculates the value of the dependent variable in the desired range of frequencies.  

 

4.5.1 The geometry of model simulating SAW device  

The 3D plane geometry of the SAW device shown in Figure 4.5. The width of the geometry 

W is set as the pitch of the PnC, i.e 10.9 μm. The IDT electrodes (see section 2.2.2 for details) 
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lie on a LiNbO3 substrate of length L, 15 λ, and depth D, 3 λ, where λ is the wavelength of the 

excited SAW. The device is terminated with perfectly matched layer (PML), shown in blue, of 

width 2 λSAW, to avoid reflections at the edges. The PnC geometry is infinite in the in-plane 

direction perpendicular to the propagation direction, as periodic boundary conditions are 

applied on the two boundaries, shown in Figure 4.5. In the frequency domain study, the 

geometry scales with the SAW frequency, as a prerequisite for SAW excitation is the electrode 

pitch to be λ/4. Α scaled substrate length L, means that for each frequency calculated, the 

distances between the PnC and the other domain features are always the same integer values 

of λ. Scaling D means that the substrate is always deep enough for the SAW depth profile not 

to leak into the PMLs. 

 

 

Figure 4.5. Frequency domain geometry schematics showing the SAW excitation source and 

resonators, substrate dimensions, PML subdomains, propagation direction and boundaries 

where periodic conditions are applied. 

 

4.5.2 Perfectly matched layers 

In practice the entire space cannot be modelled and computational models have to be truncated 

for the outgoing waves to pass through with minimal reflection. Radiation boundary conditions, 

perfectly matched layers and boundary element method are different options in COMSOL® to 

minimise reflections but in this thesis perfectly matched layers are used. PMLs are virtual 

domains which correspond to a coordinate transformation, where a complex coordinate 

stretching is applied in a given direction [55], [56]. Ideally, the real term kills the wave before 

it hits the end of the PML. Optimisation of 3 parameters is required for an effective PML. 
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Those parameters are the typical wavelength, λ, the PML scaling factor p, and the PML 

curvature parameter s. For stretching applied to the x direction, the polynomial scaling is 

defined as  

𝑥 = 𝑥0 + 𝑠𝜆휀𝑝(1 − 𝑖),                                              (4.6) 

where ε ∈ [0,1]. Although there are other types of stretching, for example the rational 

stretching, only polynomial stretching is used in this work and the optimised parameters are 

λ = λSAW, p = 0.575 and s = 1.5. The displacement rms field is defined as  
1

√2
√𝐴𝑥

2 + 𝐴𝑦
2 + 𝐴𝑧

2, 

where 𝐴𝑥, 𝐴𝑦, 𝐴𝑧 is the amplitude of the displacement field in the x,y,z direction respectively. 

As shown in the Figure 4.6 below, it is eliminated at the end of the PML, implying minimal 

reflections. 

 

Figure 4.6. xz plane of the computational domain shown in previous picture. Displacement is 

zero on the end of the PML on both sides of the domain. 

 

4.5.3 Multiphysics settings  

In domain settings, the electrostatics and the solid mechanics module are applied to whole 

computational domain shown in Figure 4.6. In the solid mechanics settings, the whole 

geometry is declared as piezoelectric. The piezoelectric effect is therefore simulated via 

coupled solid mechanics and electrostatics interfaces. Since piezoelectricity is a result of 

anisotropy, the principal crystallographic axis, shown in Figure 2.4 are defined in the 

definitions section. PMLs are also applied in this section. Input voltage 1 V is applied to first, 

third and fifth electrodes whereas the second and fourth electrodes are grounded.  
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4.5.4 Mesh settings  

The entire computational domain is divided into small parts for meshing. Tetrahedral mesh is 

applied to whole domain, a part of which is shown in blue in the Figure 4.7 below.  

 

Figure 4.7. Meshing details for the structure shown in the previous Figure 4.6. Left panel: 

Tetrahedral mesh is applied to the main domain and swept mesh is applied to the PML. Right 

panel. Mesh in the area of the resonator with the face of the tetrahedral element highlighted in 

blue. 

 

 

Then the PML is meshed under swept meshing. As shown in the left panel of Figure 4.7, the 

swept mesh starts at the boundary between the main domain and the PML and sweeps along to 

as specified destination boundary. Swept meshing is a powerful technique for minimising 

computational complexity and in the present model it is applied since there is no variation in 

each specific direction along which the PML extents. The SAW wavelength needs to be 

resolved and in geometries consisted of small edges, as the one shown in the right panel of 

Figure 4.7, more elements are added at those locations. The average edge size in our COMSOL® 

model is h = λSAW/10 in the area where there is no necessity to resolve small geometrical 

element, although in the starting point of the resonator the edge size is smaller than λSAW/1000. 

A tetrahedral element face is highlighted in blue color in the right panel of Figure 4.7. 
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4.6 Study selection – Time domain 

In order to investigate the time evolution of the dependent variables, a time domain study is 

selected. The input signal and transducer response deduced by the time domain study were 

described in Chapter 2 section 2.2.4.2. Because we were interested only in the transducer 

response, the computational domain did not include resonators. Therefore, there was no need 

to apply periodic conditions in the geometry, which is shown in Figure 4.8. 

 

Figure 4.8. Computational domain used in the time domain study. PMLs surrounding the 

piezoelectric slab are illustrated in blue. 

 

The basic differences compared to the frequency domain model is the PML width, which is 

now 10λSAW and the number of the swept PML layers which is set to 8 . Since the equations of 

motion, described in Chapter 2 (Equations 2.32, 2.33) contain second order derivatives in time, 

the time stepping method used is Generalized alpha, which was first suggested in 1993 for 

second order systems of structural mechanics [57].  

 

4.7 Study selection – Eigenfrequency model for sound in solid 

Considering the description of the frequency and time domain models, SAW generation is a 

result of electroelastic coupling between an IDT transducer lying on a surface free of stresses 

and charges, and a lithium niobate piezoelectric substrate. However, SAWs can also arise from 
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the interaction of elastic waves with the free surface, an example being Rayleigh waves 

propagating along the surface of the earth. Another example, is Rayleigh waves propagating in 

LiNbO3 and the latter is examined in this section. 

In order to clarify the apparent velocity, cR, of a Raleigh wave propagating in LiNbO3, an 

eigenfrequency analysis was performed. For  input wavelength components 𝑘𝑥=
𝜋

𝛼
, 𝑘𝑦 = 0, 

corresponding to the Brillouin zone border in the ΓΧ direction of a square lattice (lattice 

constant α = 10.9 μm ), three eigenfrequencies calculated by the COMSOL® models are shown 

in Figure 4.9, in descending frequency order. 

 

 

Figure 4.9. (a) Unit cell schematic showing geometry and displacement field at eigenfrequency  

f = 186.86 MHz. (upper frequency bulk mode); (b) Unit cell schematic showing geometry and 

displacement field at eigenfrequency f = 186.78 MHz. (lower frequency bulk mode). (c) Detail 

of the unit cell shown on (d), illustrating displacement field at eigenfrequency f = 183.86 MHz. 

(d) Unit cell used to calculate Rayleigh SAW phase velocity. At the top of the geometry (i) the 

displacement field presents higher values compared to the extended bulk domain (ii) and the 

perfectly matched layer (iii). 
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The first two panels from right to left show the displacement field for the bulk modes, whereas 

the right panel shows the displacement field for the Rayleigh SAW wave. Two different models 

were used to obtain those graphs. For the bulk waves, a cubic unit cell of length α and periodic 

conditions at all boundaries; for the Rayleigh SAW, the computational domain consists of 3 

separate regimes. The top (i) is the active domain, where the finite depth phononic crystal is 

usually placed, but in order to calculate the Rayleigh SAW velocity before the interaction with 

the PnC, the domain is blank. This domain is typically tuned to be around an order of magnitude 

deeper than the pitch of the photonic crystal. The middle (ii) is the bulk domain, tuned to be 

around at least 10 times the PnC pitch, for the solutions to converge as shown in [58]. The 

bottom regime (iii) is the perfectly matched layer. The setup for the simulation of Rayleigh 

SAWs is adopted from Assouar et al. [59]. For the selected value of wavevector kx = π/α, the 

phase velocities for the bulk modes are vph,1 = ω/kx = 2πf/(π/α) = 2fα ≅  4073 m/s and 

vph,2 ≅ 4071 m/s, where vph,1 and vph,2 correspond to the phase velocities of the modes shown 

in Figure 4.9. Due to the lower eigenfrequency calculated for the Rayleigh wave compared to 

the bulk waves at certain wavelength, it can be deduced that the phase velocity is also smaller 

compared to the bulk modes, vph,R = 4002.8 m/s. Hence, there is no large deviation from the 

theoretical value of 4000 m/s, obtained by the method discussed in section 2.3.8. Besides, in 

section 2.2.3, it was explained that for velocities around 4000 m/s, maximum piezoelectric 

coupling is achieved. But for the SAW to propagate with this velocity, the correct 

crystallographic axis needs to be assigned to the material, which is declared by setting the 2nd 

Euler angle at -0.663 radians and the 1st and 3rd Euler angles at zero radians in the definition 

section in COMSOL®.  

In order to calculate phase velocities at different values of excitation wavevectors from the 

ones mentioned above, a parametric sweep in wavevectors was performed. However, as shown 

in Figure 2.7 section 2.2.4.1, the solutions repeat beyond a certain interval and therefore, the 

parametric sweep is limited within the first Brillouin zone, as defined by the geometry. For a 

square lattice, the reciprocal lattice vectors orientations and absolute values are described in 

Figure 4.10. In order to calculate solutions along the ΓX direction ky is fixed at zero and kx 

spans from 0 to π/α . For the solutions along XM direction kx is fixed at π/α and ky ranges from 

0 to π/α. Finally, since the irreducible Brillouin zone forms an equilateral triangle, solutions 

along ΓΜ directions are found if kx is set at the same value as ky, with the value being in the 

range from 0 to π/α. The study searches for solutions around 0 Hz and the eigenfrequencies for 

different combinations of kx and ky are calculated. The derived solutions, the so called 
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dispersion relations (not shown here), are linear, indicating that phase velocities are 

independent of frequency for both bulk waves and the Rayleigh SAW. Except from the 

dispersion relations, the dependent variables, which are the displacement field and the electric 

potential are also an output of the calculation. Hence, their values are known at every single 

point inside the unit cell. The calculated displacement at those points is denoted as  usrc  and 

the position vector is denoted as rsrc. The Floquet boundary condition applied to the unit cell is 

expressed as: 

𝒖𝑑𝑠𝑡 = 𝒖𝑠𝑟𝑐𝑒
−𝒌𝑭∙(𝒓𝑑𝑠𝑡−𝒓𝑠𝑟𝑐)                                       (4.7) 

where 𝒖𝑑𝑠𝑡  is the displacement, kF is the wavevector given by: 

𝐤𝐹 = 𝑘𝑥�̂� + 𝑘𝑦�̂� + 𝑘𝑧�̂�                                          (4.8) 

The position vector at any point in space is denoted as rdst. The displacement 𝒖𝑑𝑠𝑡 can be 

therefore calculated  by using equations (4.7) and (4.8). 

 

Figure 4.10. Blue triangle denotes the irreducible Brillouin zone of the square lattice. 

ΓX = XM = 
𝜋

𝛼
, ΜΓ = √2

𝜋

𝛼
 

 

4.7.1 Mesh settings  

The mesh used in these simulations is free tetrahedral in subdomain (i) (Figure 4.9), with 

maximum element size α/8, and swept meshes in subdomains (ii) and (iii) with α/2 maximum 

element size in subdomain (ii) and a six element distribution in the perfectly matched layer 

(iii). 
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4.8 Study selection – Eigenfrequency model for sound in air 

 

4.8.1 The geometry of model simulating ASW device  

In order to model an acoustically rigid solid material bounding fluid cavities the geometry 

shown in Figure 4.11 was used. Along the depth of the domain there are 5 separate regimes. 

The middle regime (i) simulates the fluid cylindrical cavities arranged in a honeycomb 

configuration perforated through an acoustically rigid plate. The sound hard boundaries are 

indicated in red arrows. In the direction normal to those boundaries the material is either 

acoustically rigid or air. The regime (i) is zoomed in, in the right panel of Figure 4.11 and the 

cylindrical cavities filled with air can be seen. The fluid-solid interfaces are shown in purple 

color. Regimes (ii (a)) and ii (b) simulate the air with losses taken into account whereas regimes 

(iii (a)) and (iii (b)) simulate the air without losses. Loss causes a small (approx. 0.5 kHz) 

reduction in the frequency of the modes at the Brillouin zone when compared a loss-less 

system. 

 

 

Figure 4.11. Unit cell schematic showing geometry of a model simulating an acoustically rigid 

material bounding fluid cavities arranged in a honeycomb configuration. Subdomain (i) is the 
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active subdomain including the PnC structure, (ii (a)) and (ii (b)) are the subdomains simulating 

the air above and below the PnC slab, with losses taken into account, (iii (a)) and (iii (b)) are 

the subdomains simulating the air above and below the PnC slab, without losses taken into 

account. 

 

 

4.8.2 Multiphysics settings  

 

In domain settings, the thermoviscous acoustic module, which solves the frequency domain 

linearized Navier-Stokes, continuity and energy equations, is applied to domains (i), (ii (a)) 

and (ii (b)). The dependent variables are pressure, velocity and temperature. The pressure 

acoustics module, which solves the Helmholtz equation is applied to the rest of the domains. 

The coupling between those modules is applied to the appropriate interfaces and Floquet 

periodic boundary conditions are applied to the parallel faces of the rhombic unit cell in order 

to simulate an infinite honeycomb surface. The material parameters and explanations will be 

given in Chapter 3, along with the basic equations describing sound propagation in air. 

 

4.8.3 Mesh settings 

 

The mesh used in regime (i) is shown in Figure 4.12 below. The top faces of the cylinders are 

meshed with triangular elements and swept meshes are used along the depth of the cylinders 

with 10 element distribution. Triangular mesh is then applied to the triangles constituting the 

rhombuses on both top and bottom sides of the cylinders. Tetrahedral mesh is applied to 

regimes (ii (a)) , (ii (b))  (iii (a) ) and (iii (b)) with maximum element size 1.2372 mm. 
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Figure 4.12. Mesh details of regime (i) shown in the previous Figure 4.11. 

 

 

 

4.9 Conclusions 

 

In this Chapter the principles of finite element were outlined, including discretisation. The 

properties of the software package used in this work, COMSOL®, were then described, together 

with a summary of the models used. The importance of appropriate mesh settings in order to 

obtain accurate solutions has been highlighted and the messing details have been given for 

different geometries used to implement frequency domain , time domain and eigenfrequency 

models. Another key feature is the use of perfectly matched layers (PML) in the case of 

modelling sound propagation in solids for the reflections in the ends of the computational 

domain to be eliminated. However, in the eigenfrequency model  for sound propagation in air, 

the PML was not necessary since losses are significant. 

 

4.10 Appendix 

The whole SAW device is assigned with 128º rotated Y-cut X-propagating LiNbO3 

piezoelectric material. This material is selected from a list of commonly used pre-defined 

materials, although materials can be also defined manually. The material density, ρ, introduced 

in chapter 2, where the equation of motion (19) was derived ,  is 4700 [kg/m3]. The values for 

the stiffness tensor (in GPa units) 𝑐𝑖𝑗𝑘𝑙
𝐸 , relative permittivity tensor 휀𝑖𝑗

𝑆 , and piezoelectric 
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coupling coefficient (in C/m2 units) 𝑒𝑘𝑖𝑗, introduced in equations (20) and (21) in chapter 2 are 

given below, 

 

𝑐𝑖𝑗𝑘𝑙
𝐸 =

[
 
 
 
 
 
𝑐11 𝑐12 𝑐13

𝑐21 𝑐22 𝑐23
𝑐31

𝑐41
𝑐51

𝑐61

𝑐32

𝑐42
𝑐52

𝑐62

𝑐33

𝑐43
𝑐53

𝑐63

   

𝑐14 𝑐15 𝑐16

𝑐24 𝑐25 𝑐26
𝑐34

𝑐44
𝑐54

𝑐64

𝑐35

𝑐45
𝑐55

𝑐65

𝑐36

𝑐46
𝑐56

𝑐66]
 
 
 
 
 

 

where:{c11, c12, c22 }= {  202.897, 52.9177, 202.897 }, 

{c13, c23, c33}= {74.9098, 74.9098, 243.075}, 

{c14, c24, c34}= {8.99874, -8.99874, 0}, 

{c44, c15, c25}= {59.9034, 0, 0}, 

{c35, c45, c55} = {0, 0, 59.9018}, 

{c16, c26, c36} = {0, 0, 0}, 

{c46, c56, c66}={0, 8.985, 74.8772}. 

 

휀𝑖𝑗
𝑆 = [

휀11 휀12 휀13

휀21 휀22 휀23

휀31 휀32 휀33

], 

 

where:{ε11 ε22, ε33} = {43.6, 43.6, 29.16}; εij= 0 

 

𝑒𝑘𝑖𝑗 = [

𝑒11 𝑒12 𝑒13 𝑒14 𝑒15 𝑒16

𝑒21 𝑒22 𝑒23 𝑒24
𝑒25 𝑒26

𝑒31 𝑒32 𝑒33 𝑒34 𝑒35 𝑒36

]   ,  

 

where:{e11, e21, e31}=  { 0,-2.53764, 0.193644}, 

{e12, e22, e32}={0, 2.53764, 0.193644}, 
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{e13, e23, e33}={0, 0, 1.30863}, 

{e14, e24, e34}= {0, 3.69548, 0}, 

{e15, e25, e35}={3.69594, 0, 0}, 

{e16, e26, e36}={-2.53384, 0, 0}. 
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CHAPTER 5 

ASW and SAW dispersion relations 

 

5.1 Introduction 

Localised Acoustic Surface Waves (ASWs) on sculpted surfaces arise from the interference 

between localized (evanescent) and propagating fields (as already covered), and have been 

mainly used to demonstrate applications such as super-resolution [60] and deep-subwavelength 

focusing [61].  

Localised Surface Acoustic Waves (SAWs) arise due to the coupling of Rayleigh waves with 

meta-surfaces. SAWs are characterized by displacements which decay exponentially with 

depth into an elastic material, and the maximum amplitude of the displacement induced by a 

SAW is small compared to the SAW wavelength. Within certain frequency range SAW 

delocalisation occurs as Rayleigh waves are deflected away from the surface (in the form of 

shear vertically polarized waves). Rayleigh-to-shear wave conversion has been proposed for 

applications in sensing [62] and seismic waves deflection [63], [64].  

The main focus of the present chapter is to discuss (ASW) and (SAW) dispersion relations in 

order to understand the aforementioned circumstances, under which trapped ASWs and SAWs 

are formed. Modes that lie inside the sound cone (or sound line) will be referred to as non-

radiative ASW and SAW modes. For normal incidence, (kx = 0) , a mode lies outside the sound 

cone, thus it is radiative. 

To begin with, the dispersion relation of a simple system supporting ASWs, a one dimensional 

array of slits, will be presented followed by a short review of structures showing Dirac-cone 

dispersion relations both in the radiative and the non-radiative regime. An emphasis is given to 

the study which proves that there is an analogy between ASWs and electrons in graphene.   

The dispersion relation derivation for a SAW grating has already been discussed in section 

2.2.4.1 where the grating’s scattering matrix was introduced and the appearance of band gaps 

was explained. In the present chapter, the dispersion relation for a Rayleigh SAW wave 

interacting with a periodic structure will be presented in order to cross compare with the ASW 

dispersion relation.  
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5.2 Acoustic Surface Wave dispersion relation  

 

In order to define the surface wave, we consider a plane wave with maximum momentum value 

𝑘0 =
2𝜋

𝜆0
=

𝜔

𝑐
 , propagating in free space in some arbitrary direction over a lattice surface. The 

wavevector, can be analysed in its parallel and perpendicular components. We will denote 𝑘𝑝𝑎𝑟, 

the component which is parallel to the lattice surface and 𝑘𝑣𝑒𝑟, the perpendicular to the lattice 

surface component. Thus 𝑘0
2 = 𝑘𝑝𝑎𝑟

2 + 𝑘𝑣𝑒𝑟
2 . In the case that an ASW is excited, the magnitude 

of its momentum, 𝑘𝑝𝑎𝑟, is greater than the momentum of the plane wave (𝑘0 < 𝑘𝑝𝑎𝑟), 

Therefore kver , must become imaginary for the conservation of momentum to be satisfied: 

 

𝑘𝑣𝑒𝑟
2 = −(𝑘0

2 − 𝑘𝑝𝑎𝑟
2 ) = 𝑖2(𝑘0

2 − 𝑘𝑝𝑎𝑟
2 )                                     (5.1) 

The physical meaning is that the wave propagates parallel to the surface but exponentially 

decays in the vertical direction with respect to the boundary. It is an evanescent wave , also 

known as surface wave. Equation (5.1) also explains why the imaginary roots were selected for 

substitution in the form of solution for Rayleigh surface waves in section 2.3.7 (Equation 2.36). 

For simplicity it will be assumed that 𝑘𝑝𝑎𝑟
2 = 𝑘𝑥

2  and 𝑘𝑣𝑒𝑟
2 = 𝑘𝑧

2, hence the system is two 

dimensional. The boundary between the free space and the lattice surface is at z = 0 and a plane 

wave travelling at z ≥ 0 satisfies the Helmholtz equation (3.22) and is written as: 

                                                       𝛥𝑝 = 𝑝(𝑥, 𝑧)𝑒𝑖𝜔𝑡                                                      (5.2) 

where p is pressure and ω the angular frequency of the plane wave. 

The impedance boundary condition at z = 0 is: 

𝜕𝑝(𝑥,0)

𝜕𝑧
= −

𝑖𝑘𝜌0𝑐

𝑧𝑠
𝑝(𝑥, 0)                                           (5.3) 

where zs is the specific acoustic impedance of the lattice extending through z ≤ 0 and ρ0c the 

specific acoustic impedance of air. The definition of specific acoustic impedance has been 

given in equation (3.33) but since the situation we are describing in this section involves 

geometry changes , it takes the complex form: 
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𝑧𝑠 = 𝑟𝑠 + 𝑖𝑥𝑠                                            (5.4) 

where rs is the real-valued specific acoustic resistance and xs , the specific acoustic reactance. 

For the solutions to satisfy the boundary condition (5.3) the imaginary part of the zs must be 

greater than zero, meaning that the surface’s acoustic reactance is a stiffness  [65]. A reasonable 

criterion for a wave to be characterized as surface wave is a fast decay of its pressure amplitude 

in direction perpendicular to the surface (z direction) and a relatively long decay length in the 

direction parallel to the surface (x direction). Specifically, the pressure along z direction must 

fall to 1/e of its initial value within one free space wavelength λ0. The quantitative criteria for 

the existence of a surface wave is that the surface’s acoustic reactance is greater in magnitude 

than its acoustic resistance, 𝑥𝑠 > 𝑟𝑠 and that 2 <
𝑥𝑠

𝜌0𝑐
< 6 [66]. It is hence implied that a 

trapped wave can exist at the boundary of an impedance mismatch [67] and that the impedance 

discontinuity must be finite. 

 The first ASW was measured by Ivanov-Shits and Rozhin in 1959 [68] and since then many 

studies have focused on the creation of ASWs by depositing a layer of air-filled porous material 

above a solid [69], [70]. However, in this thesis the creation of ASWs is achieved by utilising 

impedance gratings. The impedance gratings investigated, are subwavelength gratings, 

meaning that the condition λg << λFP must be met, where λFP is the wavelength corresponding 

to the Fabry-Pérot (FP) resonant frequency. 

An impedance grating is shown in Figure 5.1. This grating is periodic only in one direction in 

order to simplify the analysis, although the experimental samples (Chapter 6) are 2D periodic 

structures. The structure is formed of air cavities arranged periodically in a perfectly rigid 

material. Each individual cavity acts as a resonator (as discussed in section 3.5) which is 

coupled to its adjacent cavities via periodicity induced diffracted evanescent waves. As a result 

of periodicity, cavities’ surface integrals overlap and cavities’ radiation impedance Zrad 

changes, leading to a modified end correction [71]. ASWs arise from coupling between these 

end effects. Coupling between cavities creates the condition for developing theories that can 

describe useful parameters and properties of the composite material as a whole. One of these 

parameters, is the effective impedance of the surface, and a good agreement between modelled 

and measured acoustic effective impedance is shown in [72]. The grating’s effective impedance 

affects waves’ confinement to the surface and its value changes with frequency. Specifically, 

at low frequencies the effective impedance of the grating is little different to the impedance of 

air and hence , the ASW sits near the sound line , as shown in the lower panel of Figure 5.1 . 

Consequently, the ASW is only loosely confined to the surface.  
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It should be noted that the sort of plot is the so called dispersion relation which gives 

information about how a wave’s phase velocity 𝑣𝑝 =
2𝑝𝑓

𝑘
  changes as a function of frequency.  

The sound line is the wave travelling in air in direction parallel to the wall and it can be seen 

that its phase velocity does not change with frequency. Moreover, the group velocity, 𝑣𝑔 =

2𝑝𝜕𝑓

𝜕𝑘
, i.e ,the gradient of any point in the sound line , is equal to the phase velocity; the mode is 

hence non-dispersive.  

In contrast, the ASW’s phase velocity changes with frequency and as illustrated in Figure 5.1, 

it diverges from the sound line as frequency increases. This is attributed to the fact that as the 

excitation frequency approaches the cavity’s resonance frequency (shown in dashed line), the 

impedance grating’s effective imaginary reactance approaches infinity [71]  causing 𝑘𝐴𝑆𝑊,𝑥 →

∞ and 𝑖𝑘𝐴𝑆𝑊,𝑧 → ∞. Hence, the ASW moves further from the sound line in kx and since its 

imaginary component in kz is rising, it is gradually more confined to the surface. 

 

 

 

Figure 5.1. Top panel :1D periodic grating of period d. The slit width ,a, and height, h, are 

shown in black arrows. The  perfectly rigid solid has impedance zs2 and the cavities are filled 
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with air, of impedance zs1. Modified from [73]. Bottom panel: Qualitative example of a 

dispersion plot for a typical short-pitch impedance grating. The solid red lines show the 

eigenmodes of the system both in the radiative (kx<k0)  and the non-radiative regimes (kx>k0). 

The fundamental Fabry-Pérot resonant frequency and its first harmonic, are indicated in dashed 

lines. Modified from [74]. 

 

In order to understand the nature of the mode at kx = 0, shown in red solid line at the bottom 

left panel of Figure 5.1, the instantaneous pressure fields at normal incidence (kx = 0)  must be 

taken into account. If the mode originates at kx = 0, it behaves more like an unperturbed FP 

resonance. By contrast, in case it is band folded from kx = kg via diffraction, it behaves more 

like an evanescent mode [74]. An ASW mode of that kind will be referred to as Fabry-Pérot 

Evanescent (FPEV) mode.  

 

Note that kg, is the first reciprocal lattice point  (for simplicity it will be denoted by G in section 

5.3) and the first Bragg plane, or in other words the first Brillouin zone, occurs halfway between 

the origin and kg. Hence the first Brillouin zone is defined as extending over –
𝑘𝑔

2
≤ 𝑘𝑥 ≤

𝑘𝑔

2
. 

The mode’s behaviour is dependent on the pitch of the impedance grating, d, as well as the 

width of the slit a. Figure 5.2 (upper panel) shows the instantaneous pressure fields at normal 

incidence for a short pitch grating. It can be seen that no significant phase change occurs along 

x, as it would be required for an evanescent mode to propagate along x. Consequently, for a 

short pitch grating, the mode at kx = 0 behaves more as a Fabry-Pérot resonance and its 

frequency is lower than the fundamental Fabry-Pérot limit due to end effects.  

As kx increases, two observations can be made. First, the FPEV mode is not flat banded (as it 

is at low kx) and it has a positive curvature due to the strong anti-crossing with the sound line. 

For higher momentum the mode crosses the FP limit and further increase in momentum makes 

it indistinguishable from a grazing wave. The second observation is that as kx increases, the 

mode initially indistinguishable from the grazing wave in the non-radiative regime (kx > k0) 

curves away from the sound line at larger values of kx. This is due to the interaction of the 

ASW with the existing FPEV mode in the radiative regime (kx < k0). The stronger the coupling 

strength between these two modes, the broader the frequency range over which the ASW curves 

away from the sound line. Consequently, for fixed pitch, the increase of slit width a, would 

result in a more intense anti-crossing; the FPEV would exhibit positive curvature at lower kx 
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values. At those low kx values, the ASW would curve away from the sound line leading to a 

wider bad gap with respect to the narrow width case. 

For even higher kx, the ASW approaches asymptotically the FP limit and at kx = kg/2 (Brillouin 

zone), its group velocity falls to zero. This is because standing waves are formed at the Brillouin 

zone border (to be discussed). 

The bottom panel of Figure 5.2 shows that for the long pitch grating the mode at kx = 0, behaves 

more like an ASW, since there is significant phase shift between each cavity above the solid. 

The spatial wavelength λx, (denoted by the black arrow) equals λg (denoted by the yellow 

arrow), meaning that it does not actually originate at kx = 0 , but rather on kx = kg. The wave’s 

peaks and troughs are shown in black solid line and the peaks correspond to positive ΔP, 

according to the colour legend.  

At kx = kg/2, i.e at the Brillouin zone edge, the condition that must be satisfied is λx = 2λg. Two 

possible configurations of the instantaneous pressure field, satisfying this condition for a short 

pitch grating, are shown in the right panels of Figure 5.2. In the top right panel, the wave’s 

antinodes are positioned inside the slits, meaning that two neighbouring slits have a phase 

difference of π. This results in the formation of an evanescent wave above the surface, where 

the phase shift along x direction can be observed. However, for the second configuration shown 

in the bottom right panel, the wave’s nodes are placed inside the slits, meaning that the 

excitation of an ASW is not possible in that case, since an evanescent coupling of the periodic 

air-filled cavities is necessary for its existence. Hence, there is only one standing wave in the 

non-radiative regime for the ASW grating of Figure 5.1 because the rigid-wall approximation 

forbids the placing of the pressure fields inside the solid material. It should be noted that a 

second standing wave occurs at the Brillouin zone border for more complicated ASW gratings. 

Examples will be given in the next section. 
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Figure 5.2. Instantaneous pressure field Δp maps of the FPEV modes at normal incidence 

kx = 0 for a short pitch grating (top left) and a long pitch grating (bottom left). For the short 

pitch grating λFP >> λg, the FPEV is more FP-like whereas for the long pitch grating λFP ≈ λg  

the mode is more ASW-like. The wave is represented by solid black line with peaks at positive 

ΔP and troughs at negative ΔP. The black arrow indicates the distance between the wave peaks 

and the  yellow arrow indicates the grating period λg. Top right: Instantaneous pressure fields 

of the ASW at the Brillouin zone boundary kx = kg/2, where a standing wave has been formed 

with λx = 2λg. Bottom right : Instantaneous pressure fields of a standing wave with λx = 2λg. 

The excitation of this mode requires fields with nodes inside the cavities and anti-nodes above 

the rigid walls. Therefore it is not a trapped mode but a radiative wave that exists at the point 

where the sound line crosses the BZ boundary, k0 = kx = kg/2. Modified from [74] 

 

5.3 Dirac-cone dispersion relations for Acoustic Surface Waves 

 

The presence of two standing waves is of particular interest in the case that the standing wave 

modes cross each other at the BZ border. The point at the BZ border at which the crossing 

occurs is referred to as Dirac point.  In the description of the transport of electromagnetic waves 

near the Dirac point inside photonic crystals (PhCs), Maxwell’s equations [75] can be reduced 

to the Dirac equation and as a result the electromagnetic waves in the PhCs transmit in an 

unusual way. For example, the optical conductance near a Dirac point is inversely proportional 
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to the thickness of the sample. Inspired from electromagnetics, an acoustics study was made in 

order to prove if the transmission of an acoustic wave near the Dirac point is inversely 

proportional to the thickness of the sample [76]. This result, is illustrated in the middle panel 

of Figure 5.3, where it is clear that for thicker samples (middle panel, dashed line) the 

measured transmission coefficient decreases. 

 

 

Figure 5.3. Left panel: Two dimensional structure consisted of a triangular lattice of steel 

cylinders in a water background. The ΓΚ and ΓΜ directions of reciprocal space are shown in 

arrows. Middle panel (a) Calculated phononic band structure (b) The measured transmission 

coefficient of an acoustic wave along the ΓΚ direction for a 2D sonic crystal of radius 

R/α = 1/3, where α is the lattice constant. The solid/dashed line corresponds to the result with 

sample thickness L = 10 α / 20 α respectively. Right panel: The field energy distribution at (a) 

f = 0.45 MHz and (b) f = 0.55 MHz (Dirac frequency) along the ΓΚ direction and (c) at 

f = 0.55 MHz along the ΓΜ direction Taken from [76]. 

 

In order to study the role that the Dirac point plays to these peculiar transmission phenomena, 

the distribution of the field energy in ΓΚ and ΓΜ direction was plotted at the Dirac frequency, 

f = 0.55 MHz and at another frequency close to the Dirac frequency in the ΓΚ direction. The 

ΓΚ and ΓΜ directions as are shown on the left panel of Figure 5.3. In the ΓΚ direction, and at 

frequency different from the Dirac frequency, the field intensity does not decrease along x 

direction (right panel, figure (a)), which corresponds to ballistic behaviour. On the other hand, 
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at the Dirac frequency, the field intensity decreases linearly along x (right panel, figure (b))  

which is similar to the diffusion of waves through a disordered medium, even in the absence 

of any disorder in the sonic crystal. In the ΓΜ direction where a gap is expected at the Dirac 

frequency, the field intensity is suppressed exponentially (right panel,figure (c)) . In the same 

study an attempt to observe an acoustic analogue effect to the “Zitterbewegung’’ (ZB) [77] was 

made by measuring the time dependence of transmission coefficients of acoustic pulses. Their 

experimentally obtained results were compared with analytical calculations for the time 

dependent displacement of the wave packet and a good agreement was displayed. 

The experimentally confirmed acoustic analogue effect to the ZB of relativistic electrons and 

the unusual dispersion of the electronic bands in graphene [78] inspired Daniel Torrent and 

José Sánchez-Dehesa in 2012 [7] to investigate analogies between ASWs and electrons in 

graphene. The dispersion relation of an acoustically rigid surface with cylindrical cavities 

drilled in a honeycomb lattice using a phase-delay measurement illustrated in Figure 5.4. Near 

some isolated points of the BZ (the Dirac points), the band structure of the lattice system is 

described by Weyl [79] Dirac like equations [80], [81], which were first introduced as 

relativistic equations for a single free particle. The relativistic-like behaviour originates from 

the particular honeycomb lattice structure and was evidenced by observing a very particular 

Quantum Hall effect in graphene [82], which is specific to relativistic carriers. Interestingly, in 

the low energy effective theory near the Dirac points in acoustic graphene, the Hamiltonian 

describing the system, can be cast into the 2D Weyl Hamiltonian describing massless spin one-

half relativistic particles. Therefore, the wave function of the acoustic system can be derived 

by solving the Schrödinger equation for an electron in a crystal. The presence of the lattice 

demands the Bloch theorem to be satisfied and this condition will be used in order to define 

the reciprocal lattice vectors. 

The wave equation for an electron in a crystal is Hψ = εψ , where H is the Hamiltonian and ε 

is the energy eigenvalue. The solutions ψ are called eigen-functions. Explicitly, the wave 

equation is: 

 

(
1

2𝑚
𝑝2 + 𝑈(𝑥))𝜓(𝑥) = 휀 𝜓(𝑥)                                (5.5)    
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Figure 5.4 : Band structure of the acoustic surface waves propagating on a honeycomb lattice 

of boreholes drilled in a Plexiglass plate. The upper right inset shows the Brillouin zone with 

the high symmetry points. The central inset shows a zoom of the dispersion relation around the 

Dirac point. Taken from [7]. 

 

 

If U(x) is the potential energy of an electron in a linear lattice of lattice constant α, the potential 

energy at the point U(x+α) = U(x), because the potential energy is invariant under a crystal 

lattice translation. A function invariant under a crystal lattice translation may be expanded by 

a Fourier series in the reciprocal lattice vectors G, as shown in the following equation: 

 

𝑈(𝑥) = ∑ 𝑈𝐺𝑒𝑖𝐺𝑥
𝐺                                                         (5.6) 

 

The wavefunction 𝜓(𝑥) may be expressed as a Fourier series summed over all values of the 

wave vector permitted by the boundary conditions so that 

 

𝜓(𝑥) = ∑ 𝐶(𝑘)𝑒𝑖𝑘𝑥
𝑘 ,                                          (5.7) 

                                                                                                                          

 

where k is real. The set of values of k has the form 2πn/L, because these values satisfy the 

periodic boundary conditions over length L. By substituting (5.6) and (5.7) into (5.5), the wave 

equation is obtained as the sum: 

 

∑
ℎ2

2𝑚
𝑘2𝐶(𝑘)𝑒𝑖𝑘𝑥

𝑘 + ∑ 𝑈𝐺𝐺 ∑ 𝐶(𝑘)𝑒𝑖(𝑘+𝐺)𝑥 = 휀 ∑ 𝐶(𝑘)𝑒𝑖𝑘𝑥
𝑘𝑘           (5.8)    

                                                       

By setting  𝑞 → 𝑘 + 𝐺, and  𝑞 → 𝑘′  a simpler form of the Schrödinger equation in k- space is 

obtained: 
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                       ∑ 𝑒𝑖𝑘′𝑥
𝑘′ [(

ℎ2(𝑘′)2

2𝑚
− 휀)𝐶(𝑘′) + ∑ 𝑈𝐺𝐺 𝐶(𝑘′ − 𝐺)] = 0                   (5.9) 

 

 

 

For any fixed k in the first Brillouin zone , it only couples to 𝑘, 𝑘 − 𝐺, k- 𝐺′, …  

Therefore, the wave function will be of the form: 

                                                                                                      

 

𝜓𝑘(𝑥) = ∑ 𝐶(𝑘 − 𝐺)𝑒𝑖(𝑘−𝐺)𝑥
𝐺                                 (5.10) 

 

 

Equation (5.10) satisfies the Bloch theorem 𝜓𝑘(𝑥 + 𝑎) = 𝑒𝑖𝑘𝑥𝜓(𝑥) , if the reciprocal 

lattice vectors are 𝑮 = 𝑣1𝒃𝟏 + 𝑣2𝒃𝟐 + 𝑣3𝒃𝟑 ,where 𝒃𝟏 , 𝒃𝟐, 𝒃𝟑 are the primitive vectors of 

the reciprocal lattice and 𝑣1, 𝑣2, 𝑣3 are integers. Therefore, it is proved that not all wavevectors 

of the set 2πn/L, enter the Fourier expansion of any one Bloch function. If one particular 

wavevector 𝑘 is contained in a 𝜓, then all other wavevectors in the Fourier expansion of this 

𝜓, will have the form 𝑘 − 𝐺. It should be noted that the reciprocal lattice points can be predicted 

by considering the real space honeycomb structure illustrated on Figure 5.5. The sites of  the 

two triangular sublattices are marked with different colours and the basis vectors a1 and a2 of 

sublattice A (whose sites are shown in red circles) are : 

 

a1 = √3𝛼𝒆𝒙 + 0𝒆𝒚 + 0𝒆𝒛                            (5.11) 

a2 =
𝑎

2
(√3𝒆𝒙 + 3𝒆𝒚) + 0𝒆𝒛                         (5.12) 

                                                  a3=(0𝒆𝒙 + 0𝒆𝒚 + 1𝒆𝒛)                                (5.13) 

         

where α is the distance between sites A and B. The reciprocal lattice can be built from the direct 

lattice by substituting   a1 and a2 to the following equations.  

 

  𝒃𝟏 = 2𝜋
�⃗⃗�2×�⃗⃗�3

�⃗⃗�1∙(�⃗⃗�2×�⃗⃗�3)
                                               (5.14) 

𝒃𝟐 = 2𝜋
�⃗⃗�3×�⃗⃗�1

�⃗⃗�1∙(�⃗⃗�2×�⃗⃗�3)
                                     (5.15) 
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The reciprocal lattice vectors, 𝐛𝟏, 𝐛𝟐 , are hence defined such that: 

 

𝒃𝟏 =
2𝜋

3

1

𝛼
(√3𝒆𝒙 − 𝒆𝒚)                                   (5.16) 

 

𝒃𝟐 =
4𝜋

3

1

𝛼
(0𝒆𝒙 + 𝒆𝒚)                                     (5.17) 

 

The reciprocal lattice points (for the real lattice shown in Figure 5.5) are denoted in yellow 

filled dots in Figure 5.6. The reciprocal lattice vectors b1 and b2 are shown in black arrows and 

the first Brillouin zone (also shown in the inset of Figure 5.4) is the red coloured hexagon. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.5 Honeycomb lattice with two interpenetrating triangular sublattices. Red open (green 

filled) dots for A (B) sublattice. The red thick arrows denote the vectors δα (α = 1, 2, 3) 

connecting of a given site to its three nearest neighbours. The basis vectors a1 and a2 of the 

Bravais lattice are shown in black arrows. 
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Figure 5.6. Reciprocal space corresponding to the real space lattice shown in Figure 5.5. The 

first Brillouin zone is the red hexagon, its origin is denoted with Γ and the letters Μ and K mark 

high symmetry directions along which dispersion relations are plotted. Τhe reciprocal lattice 

vectors b1 and b2 are shown in black arrows.  

 

 

Torrent’s study [7] has proven that the pressure field above the structure, which is normally 

described by a linear surperposition of surface waves, is described by a single wave at the Dirac 

frequency: 

 

𝛹𝑠(𝑲, 𝒓) = ∑ 𝐴𝐺𝑒𝑖𝑲 𝒓
𝐺 𝑒𝑖 𝑮 𝑟𝑒−𝛤𝐺𝑧                                  (5.11)  

 

where 𝛤𝐺
2 = |𝑲 + 𝑮|2 − 𝑘0

2, K is the Bloch wave number and G the reciprocal lattice vector.     

The equation has the same form as the Bloch’s solution of Schrödinger’s equation for an 

electron in a periodic potential, except for the exponential describing the z dependence of the 

ASW. The analogy has been also supported by describing the pressure field by means of Bessel 

equations and by casting the characteristic equation of the problem (obtained by applying the 

mode matching technique to the unit cell [83]) into the Dirac equation. The expressions of 

Dirac frequency and Dirac velocity as functions of the resonators’ radius and depth were 

obtained and it was shown that at the Dirac frequency the ASW travels about 12 times slower 

than it does in free space. Applications of slow sound propagation as well as interesting 
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propagation phenomena arising from gapping out the Dirac points of graphene and similar 

lattice structures ( usually referred to as Dirac materials ) will be discussed in the next section. 

 

 

5.4 Applications of Dirac materials 

 

In acoustics, slow sound propagation is relevant to the design of narrow band transmission 

filters, delay lines, switches and it also opens perspectives in ways to enhance nonlinear effects 

at local resonances [84]. Other applications that have experienced an increased interest in the 

field of slow sound are acoustic transparency [85] and the acoustic rainbow effect [86], [87] 

Except for inducing slow light, Dirac materials have been used to manipulate light so that it 

can travel in only one direction, without any reflection. Using ideas borrowed from an abstract 

area of mathematics known as topology (which studies the properties of shapes that stay the 

same when you squeeze and mould them), ideas that won to 2016 Nobel prize, the discovery 

of new unusual materials became reality. This new class of materials, the so-called topological 

insulators (TIs) are distinguished from ordinary band insulators by the presence of a one-

dimensional metal along their edge, in the case of 2D TIs. The 3D TIs are insulating in the bulk 

and exhibit topologically protected metallic states at their surfaces. Those 2D surface states are 

characterized by a single (or an odd number) of non-degenerated Dirac cone(s). The 

aforementioned Dirac points characterizing the Dirac materials have been gapped out in order 

to induce electromagnetic wave propagation protected from backscattering and undesired 

reflections. Topological materials can be used in telecommunications, where information 

propagates as pulses and it is lost when there are reflections, as well as in new generations of 

electronics and superconductors or in future quantum computers. 

The range of applications of Dirac materials and TIs becomes even broader if we consider that 

Dirac points in dispersion relations, have been exhibited not only in electronic, photonic and 

phononic systems (some examples of which were given in the previous paragraphs) but also in 

polaritonic [88] and plasmonic systems [89], [90], [91]. The 2D plasmonic lattice can support 

both scalar waves and vector waves, terms like dipole and quadrupole modes have been used 

in order to characterise the bands of acoustic systems. Dirac points exist for both dipole and 

quadrupole modes in plasmonic systems and as a consequence these structures can support 

edge states with unique characteristics, for example they provide new propagation channels of 
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light for a specific range of frequencies. It was thus expected, that the discovery of new 

propagation channels for sound would require similar mode profiles. 

The presence of edge states in an elastic system has been confirmed by using multiple scattering 

theory [92] and the phenomenon is illustrated in Figure 5.7 (A). The first theoretical study that 

numerically demonstrated acoustic modes propagating along a zig-zag edge was by Zhong et 

al. [93]. The edge states at that work were a result of the existence of acoustic Dirac points at 

the Brillouin zone edges, although topologically protected edge states have been reported for 

structures exhibiting both acoustic Dirac (deterministic) and Dirac-like points at the Brillouin 

zone centre. This phenomenon has also been highlighted as important for the realisation of zero 

phase change propagation, (Figure 5.7 (B)) [94], the defect immune property and the Talbot 

effect [95] (Figure 5.7 (C)). Τhe Talbot effect is a near-field diffraction effect, in which a plane 

wave transmits through a grating or other periodic structures with the resulting wave fronts 

propagating in such a way that replicates the structure. 

 

Figure 5.7. (A) Multiple scattering simulation of an edge state excited in a single-line zigzag 

ribbon. Note that although the state is guided along the ribbon, there are also leaky waves. 

Taken from [92]. (B) The pressure field distributions when a ΓM-direction plane wave is 

incident on a PhC slab. The PhC slab is put inside a straight waveguide with sound hard 

boundary conditions on the upper and lower walls of the waveguide. The frequency of the 

incident wave is 0.5906 (
2𝜋𝑐0

𝑎
) on (a), which is below the double Dirac point frequency. 
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Substantial phase change can be observed inside the PhC slab. (b) The same as (a), except that 

the frequency of the incident wave is  𝜔 = 0.6092 (
2𝜋𝑐0

𝑎
), exactly at the double Dirac point 

frequency. Taken from [94] (C) Transmission patterns with cylindrical incidence source. 

Operation frequencies are set at (a) ω1, (b) ω2, (c) ω3. The suffix 1 or 2 represents the case of 

PhC without or with defect. (b1) and (c1) exhibit the Talbot effect. (b2) shows the defect-

immune property. Taken from [95]. 

 

5.5 Surface Acoustic Wave dispersion relation 

 

In contrast to ASWs, for the SAW grating of Figure 5.8, two standing waves are present in the 

non radiative regime because the SiO2 material (silicon oxide) shown in the top panel is not 

rigid. Hence, two modes can be present; one having nodes between the oxide bars and the other 

on the oxide bars. The term nodes refers to the z-component of the displacement field. These 

modes are zero-group velocity modes for wave vectors at the first BZ boundary and thus exhibit 

a non-propagating character. From the dispersion relation of the Rayleigh wave it can be 

observed that its phase velocity is lower than the velocities of the bulk waves and thus it 

propagates without radiating energy into the substrate.  
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Figure 5.8. Top: Schematic of the cross section of the sample used in [96] for the generation 

and propagation of Rayleigh surface waves. Bars of amorphous SiO2 of height h, and width a, 

are periodically arranged on a Si wafer. Bottom: Schematic representation of the Rayleigh 

surface wave dispersion for the structure shown in the upper right panel. The wavevecctor at 

the Brillouin zone border is denoted as kB. In the dashed region above the bulk transverse 

threshold , the surface waves become leaky. Taken from [96]. 

 

It is worth mentioning at this point, that the reduced-zone scheme representation of the band 

structure shown on the dispersion plot of Figure 5.8, is different to the representation used in 

Figure 2.7 of section 2.2.4.1. In the latter representation, every energy band is drawn within 

every Brillouin zone whereas in the reduced-zone scheme only the first Brillouin zone is 

included, but with every mode band folded back to kx = 0 via addition or subtraction of the 

grating wavevector ±kg. For simplicity, the band structure in each case. Hence, in Figure 5.8, 

the mode that crosses the bulk velocity threshold (grey solid line) becomes leaky through the 

radiation of bulk waves. The bandgaps arising at the boundary and the center of the BZ, are 

thus a result of zone-folding [97].  

It can also be seen that the SAW mode moves away from the sound line as the magnitude of 

the wavenumber increases implying SAW’s confinement to the surface. The same observation 
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was made for the ASW mode of Figure 5.1. It can therefore be deduced that the presence of a 

1D periodic structure controls the confinement mechanism of ASWs and SAWs. 

 

5.6 Dispersion relations for Rayleigh SAW waves interacting with meta-surfaces 

 

In the dispersion relation of structures supporting ASWs (see Figure 5.1), the “sound line” is 

the dispersion of acoustic wave in the homogeneous background medium which lies above the 

impedance grating. As discussed in section 3.3.4, for the background medium being the air at 

room temperature, the sound velocity is 𝑐𝑎 = 343 m𝑠−1. In the dispersion relation of structures 

supporting SAWs, the sound line is the dispersion of the transverse wave propagating in the 

bulk. In the present section, the sound line will be denoted in the dispersion relation graphs as 

cT. In the case where the bulk substrate is free (not metallized) 128° Y-X cut LiNO3 , the 

velocity of the Rayleigh wave cR is 4000 m/s ,as discussed in section 2.3.8. When a different 

substrate is used, as in the following example, a different value of cR is expected.  

The dispersion relation of a Rayleigh SAW interacting with silica microspheres, is shown in 

red solid lines in Figure 5.9 (b). When the microspheres are not present, the Rayleigh SAW is 

dispersionless and its velocity cR is shown in black solid line. A longitudinal and a transverse 

wave are also travelling in the substrate, with velocities cL and cT respectively (black dashed 

lines). It can be observed that the presence of the microspheres results in the hybridization of 

the Rayleigh SAW into two Rayleigh-like solutions with opposite phases [98]. The silica 

microspheres form a two-dimensional metasurface and the theoretical dispersion relation 

agrees with the dispersion relation measured by using a laser induced TG technique [99]. The 

Fourier transform of the signal acquired at an incident acoustic wave vector magnitude 

k = 2π/λs = 0.46 μm‒1 is shown in Figure 5.9 (a).  
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Figure 5.9. (a) Fourier transform (FT) magnitude corresponding to the signal acquired from a 

sample location without microspheres (black line) is plotted in log scale along with the FT 

magnitude for the on microspheres case (red line). The incident acoustic wave vector 

magnitude is k = 2π/λs = 0.46 μm‒1 (b) Dispersion relations. Red and black markers are the 

measured frequency peaks for the on- and off spheres cases, respectively. The solid red line is 

the dispersion calculated using the theoretical model from [98]. Also shown are lines 

corresponding to longitudinal, transverse, and Rayleigh waves in fused silica, and a horizontal 

line corresponding to the microsphere contact resonance frequency. Taken from [98]. 

 

 

The black/red colour represents the Fourier transformed signal for the off/on microspheres 

cases respectively. For the off-microsphere case there are two peaks. The peak marked with 

the circle (low frequency peak) corresponds to the Rayleigh wave whereas the peak marked 

with square (high frequency peak) corresponds to the longitudinal wave. For the on-

microsphere case three peaks can be observed from which only the peak corresponding to the 

longitudinal wave occurs at the same frequency as for the off-microspheres case. The peaks 

marked with a triangle/rhombus correspond to the Rayleigh-like solutions and they lie 
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below/above (respectively) the fitted resonance frequency, indicated in horizontal dashed line. 

The theoretical model assumes that the microspheres are masses connected to the substrate via 

springs. Z is the displacement of the oscillators relative to the surface and uz,0 is the 

displacement of the substrate surface. For the Rayleigh mode lying below the resonant 

frequency |𝑍| ≫ |𝑢𝑧.0| whereas for the upper branch |𝑍| ≪ |𝑢𝑧.0|. The upper branch is close 

to the Rayleigh wave at high wave vector magnitudes, and it gradually deviates from the 

Rayleigh line at lower wave vector magnitudes. When its phase velocity is equal to the 

transverse acoustic velocity of the substrate cT, the mode reaches the threshold and terminates. 

The phase velocity must be smaller than cT , otherwise at least one of the square root terms of 

the dispersion relation described in [98] becomes imaginary. In that study, the upper branch 

peak disappeared past the threshold in the experiment and hence the leaky wave solutions with 

complex ω were not investigated. The Rayleigh wave velocity shown in solid black line was 

calculated by numerically solving the Rayleigh equation [100] and its value is cR = 3409 m/s .  

The aforementioned structure belongs to the class of “locally resonant metamaterials for which 

the avoiding crossing occurs at wavelengths much larger than the size of the unit cell. The 

frequency range around the avoided crossing is often referred to as bandgap. Bandgap 

formation  for  elastic  waves  in  2D  systems  consisting of two composite materials, the host 

and the periodic structure, is dependent on both the velocity ratio and the filling ratio  between  

the  constituent  materials  in  the  case  of  Bragg  bandgaps [101]. Bragg gaps have centre 

frequencies corresponding to wavelengths up to two times  the  spatial  period  of  the  crystal. 

Recently investigated locally resonant band gaps, are typically centred at wavelengths at least 

two times larger than the spatial period of the crystal, and hence can achieve much lower 

frequency gaps compared to Bragg gap structures.  

Different geometrical configurations of resonant structures have been employed to create low 

frequency band gaps, such as silicon cylindrical pillars [102] and annular holes [5] for SAWs, 

and cylinders with a split ring cross section [103] for photonic/phononic crystals. The 

dispersion relations of Rayleigh-like SAW modes propagating on an annular hole patterned 

1280 Y-X cut LiNO3 substrate are illustrated in Figure 5.10. The phase velocity of the Rayleigh 

wave (black dashed line) is lower than that of the transverse wave (blue solid line) , as expected 

from the analysis of Figure 5.9. For the annular hole structure, the bandgap occurs at lower 

frequency i.e at 100 MHz compared to the silica microsphere structure which exhibits a 

bandgap around 200 MHz. Phononic crystal plates with periodic spiral resonators [104] have 

also been used to create low frequency bandgaps in the 100 Hz range. This type of interesting 

structure is used both by nature in the process of hearing (cochlea in human ear allows a certain 
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frequency range to pass through (200 Hz–20 000 Hz)), by humans to construct a metamaterial 

that acts as attenuator for chiral seismic waves [105], and as a broadband acoustic skin cloak 

[106]. Moreover, thanks to its structural degrees of a spiral resonator is a good candidate for 

allowing the tailoring of bandgap frequency and bandwidth. The dispersion relation analysis 

of a metasurface comprising spiral shaped local resonators interacting with SAWs will be given 

in Chapter 7.  

 

 

Figure 5.10. SAW band diagram generated through finite element method simulation of 

annular hole unit cell with pitch 10.9 μm, inner radius 3.1 μm, outer radius 5.1 μm and hole 

depth 6.4 μm. The blue line represents the soundline and the red lines represent propagating 

SAW bands within the 1st Brillouin zone. The teal bar represents the PnC complete bandgap. 

Taken from [5]. 
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5.7 SAW applications 

 

The interaction of SAWs with resonant structures patterned on a semi-infinite medium [102], 

[5] or on a slab [107], is very promising for various technological applications due to the ability 

to create bandgaps for SAW devices. Apart from the confinement of acoustic energy, which 

allows the realisation of wave-guides and cavities, SAW bandgaps can also be used in wireless 

communications [108] and sensor applications [109].  

Specifically, the filter shown on Figure 5.11 (A) can be suitable for wireless communication 

applications such as duplexers [110]. The PnC consists of of intrinsic ZnO pillars lying on a Si 

substrate.  Locally resonant band-gaps are created prohibiting SAW propagation and a linear 

defect is introduced in order to achieve a SAW waveguiding behaviour. The defect guiding 

modes can be conducted into the local-resonance gap by adjusting the structural parameters of 

the defects. Conductivity (σ) modulation, achieved by contactless UV illumination of the ZnO 

pillars, leads to tuning the defect frequency of the PnC or the guiding frequency of the filter 

owing to the acoustoelectric interaction. The inset schematically shows the frequency red shift 

of the filter’s transmission peak because of the increased conductivity. The achieved maximum 

shift of the guiding frequency is about 100 MHz for a defect frequency of 4.18 GHz and a 

bandwidth of about 100 MHz. 

A SAW biosensor is illustrated in Figure 5.11 (B). The surface acoustic waves generated by 

the IDTs propagate along the surface of the substrate at a certain depth. Upon reaching the 

delay area, these waves will partially reflect. When target substances are immobilized and 

hybridized on the delay area, a thin superimposed molecular film is formed, which effectively 

alters the film thickness and density. This causes the velocity of the reflected signal to change, 

which in turn shifts the resonance frequency. The probe DNA's immobilization on the gold 

delay area surface is followed by hybridization of the target DNA with the probe DNA, as 

shown in the lower panels of Figure 5.11 (B). 

Elastic Bragg band gaps have also been exploited to create a shielding effect for Rayleigh 

waves propagating at 50 Hz through a soil structured with an array of boreholes [111] and the 

interest of controlling seismic waves has grown. The development of seismic metasurfaces 

capable of mode converting the destructive seismic Rayleigh waves into mainly harmless 

downward-propagating bulk shear waves, opened the door to the development of similar 

applications for other types of seismic waves such as Love waves [112]. 
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Figure 5.11 (A) Schematic of the proposed SAW filter consisting of a ZnO-based PnC. The 

inset shows the transmission spectra of the filter, corresponding to two different conductivity 

values σ1>σ2. Taken from [108]. (B) Upper panel: The effect of molecules' immobilisation on 

delay area and the sensing mechanism illustration of the biosensor. Lower panels: Process 

showing probe DNA immobilization on the gold delay area surface followed by hybridization 

of the target DNA with the probe DNA. Taken from [110]. 

 

 

5.8 Conclusions 

 

On structures supporting ASWs, the pressure field profile decays exponentially in the direction 

normal to the surface, and the magnitude of momentum supported in the direction parallel to 

the surface significantly exceeds the momentum of sound in air. A trapped surface wave is 

formed at the proximity of an impedance mismatch boundary and the impedance discontinuity 

must be finite. Coupling between cavities allows the determination of the grating’s effective 

impedance which affects waves’ confinement to the surface and its value changes with 

frequency. For an ASW grating with one resonator per unit cell, there is only one standing 

wave at the Brillouin zone border because the rigid-wall approximation forbids the placing of 

the pressure fields inside the solid material. By contrast, for a SAW grating with one resonator 
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per unit cell, two standing waves are present because there is no sound hard boundary 

condition. From the explicit calculation of the Bloch wavefunctions it was deduced that at the 

Dirac frequency the ASW travels about 12 times slower than it does in free space. The existence 

of acoustic Dirac points allows for several interesting phenomena such as edge states, zero 

phase change propagation, defect immune property and the Talbot effect.  

Interaction between a SAW and a metasurface induces a bandgap in the vicinity of the 

resonance frequency of a single resonator and gives rise to hybridised Rayleigh-like SAWs, 

lying below and above the resonant frequency. SAW bandgaps can be used in several 

applications such as waveguiding, wireless communications, sensing and seismic control 

related applications. 
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CHAPTER 6 

Experimental characterisation and numerical investigation of the bound 

ASWs supported by honeycomb and hexagonal hole arrays 

 

6.1 Introduction 

As discussed in Chapter 5, Dirac cones have inspired many developments in the condensed-

matter field over the last decade and the interesting physics of graphene  has enabled the search 

for analogs in the realm of acoustics. In this chapter, using experimental techniques and 

numerical modelling, we will explore, in the vicinity of the deterministic Dirac points, the 

dispersion of acoustic surface waves supported by a solid plate patterned with a honeycomb 

array of ‘through’ holes, and compare with results from a hexagonal array of ‘through’ holes 

The arrangement of holes in the honeycomb array is inspired by graphene, a two-dimensional 

(2D) allotrope of carbon in which three electrons form sp2 hybridized covalent bonds with the 

remaining electron held in the p-orbital perpendicular to the plane of the sp2. The overlap of 

these p orbitals into a π band leads to the de-localization of charge carriers in graphene which 

dominates the electrical transport properties [113].  

The experimental set up used to perform the acoustic measurements as well as the signal 

processing techniques used to deal with issues such as spectral leakage and background noise 

are described. The analysed experimental data are presented in different ways; an acoustic 

pulse propagating across the sample is shown at different time points, the pressure field 

distribution is shown at different frequencies, different intersections of the full dispersion 

relation with 2D planes in k-space are illustrated both in a 3D and 2D visualisations. Interesting 

features such as linear crossings and band gaps arising in the experimental dispersion relations 

are discussed and the results are compared with data derived from FEM calculations.   

Since the attenuation of the acoustic surface modes is significant at the frequencies studied 

here, the analysis of acoustic surface losses are presented for the acoustic mode propagating in 

the Γ to K plane for honeycomb and hexagonal lattices.       
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6.2 Honeycomb and hexagonal arrays 

The samples studied, shown in Figure 6.1, have holes milled through a plate with cylinder 

radius, r = 1.5 mm, hexagonal lattice periodicity, a = 8.66 mm, and plate thickness t = 8.0 mm. 

The experimental samples were fabricated in aluminium alloy by milling each hole array 

geometry through plates of mean thickness t = 8.0 ± 0.1 mm. The hole array structures occupy 

a 400 mm by 490 mm area on the plate surface. As shown in  the inset of Figure 6.1 (b) the 

hole is located in the unit cell centre for the hexagonal array sample. By contrast, the 

honeycomb sample has two atoms per unit cell (Figure 6.1 (a)), placed symmetrically with 

respect to the unit cell central point. 

 

 

Figure 6.1. (a,b) Photographs of the aluminium samples and unit cell schematics (inset) for 

(a) the honeycomb array, and (b) the hexagonal array explored in the numerical modelling and 
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experiments. The nearest neighbour distance between holes for the honeycomb sample and the 

hexagonal sample is s = 5 mm and 8.66 mm (not shown), respectively. The hole radius, r = 1.5 

mm, and the mean plate thickness (length of the open cavity), t = 8.0 ± 0.1 mm, are the same 

for both samples.  

 

 

6.3 Experimental set up 

 

Acoustic measurements of the surface wave pressure field used a fixed loudspeaker source and 

a detector on the opposite side of the sample on a xy translation stage. Figure 6.2 displays a 

simple schematic of this experimental setup. Acoustic surface modes were excited using a 

modified Tucker-Davis Technologies MF1 near-field source positioned over a hole in the 

centre of the sample to diffractively couple sound to the surface modes. This source was excited 

with single cycle sine-Gaussian waveform with 16 kHz carrier frequency and the period of 

time over which the signal was recorded at each spatial point (also referred to as time window) 

was 32 ms. The sampling frequency was 312.5 kHz. The signal generator is capable of 

generating arbitrary waveforms and is connected to an amplifier which then powers the 

loudspeaker. The acoustic pulse type, its time window and the sampling step in time are 

controlled by a computer programmed with LabView. 

 

 

Figure 6.2 A simple schematic diagram of the experimental method. 

 



111 
 

 

Surface wave propagation across the sample is measured with a Brüel & Kjær Type 4182 

needle-tip probe microphone positioned on the opposite side of the sample and raster scanned 

in a plane approximately <0.4 mm above sample surface using the translation stage. The 

detecting microphone was scanned in square grid with raster step size, Δx = Δy, of 1.5 mm, for 

a total scan length, xmax = ymax, of 400 mm. The microphone has a very small aperture protruding 

from a long metal tube so as to record near field signals without disrupting them significantly. 

The microphone is connected to an amplifier, allowing the user to adjust its sensitivity, which 

then sends the amplified pressure fluctuations to the connected digital oscilloscope (PicoScope) 

that can then split the signal into discrete points on the time axis, spaced ΔΤ apart. The given 

discrete time signal must be converted from the time domain to the frequency domain, in order 

to see what frequency components make up the signal. To this end, the Fast-Fourier-Transform 

algorithm (FFT) is applied to the time signal. Commonly used signal processing techniques are 

described in section 6.4. 

For the oscilloscope to start sampling in synchronisation with the pulse emission from the 

signal generator, the latter produces a rectangular “trigger” pulse that signals to the oscilloscope 

that the Gaussian pulse is about to be emitted. Both the loudspeaker source and the probe 

microphone are placed very close to the sample surface in order to achieve an evanescent 

excitation and detect the ASWs with as good signal-to-noise ratio as possible. 

 

6.4 Signal processing and data analysis techniques 

 

6.4.1 Overview 

 

Several issues need to be considered when it comes to signal processing, such as background 

noise and reflections. As expected, when sound encounters a solid, impedance mismatch occurs 

and the acoustic wave is reflected. Hence, anything solid near the sample is likely to cause 

reflections interfering with the desired signal. This problem can be solved by using a relatively 

short duration pulse, allowing the desired time signal to be recorded before the reflected signal 

arrives at the detector. In order to reduce the effect of background noise, the average of multiple 

repetitions of the pulse is taken at each spatial point. For a typical scan with 5 repetitions per 

spatial point and commensurate step, Δx=1.9mm , results were obtained after 24 hours. 
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The frequency spectrum resulting after applying the FFT function to the time signal has 

properties dependent on the time difference between two sampling points, ΔΤ, the time 

window, Τ, the total number of sampling points, N, and the sample rate fs, which is equal to 
𝑁

𝑇
 

[114]. The frequency resolution of the resulting frequency spectrum is given by: 

 

 𝛥𝑓 =
𝑓𝑠

𝑁
=

1

𝑇
                                                                (6.1) 

 

 

 Hence, a selection of a short time window, which would solve the reflection problems gives 

rise to another issue; the low frequency resolution. A signal processing technique known as 

‘zero padding’ is often used to solve this problem. According to (6.1), by increasing the time 

window, better frequency resolution can be achieved. Therefore, if time-points, spaced ΔΤ 

apart, with no amplitude (zeros) are added at the original time signal, the time window is 

artificially increased without affecting the original time signal. Δf is also referred as frequency 

bin and if , for example, the original time signal is a 1Hz sine wave, all of the Fourier amplitude 

must be contained in the 1 Hz frequency bin. However, in real-world signal analysis this is not 

always possible since the sampling rate may be such that Δf < 1 Hz. Consequently, the Fourier 

amplitude could be distributed to more than one frequency bins, a phenomenon known as 

‘spectral leakage’ [114]. It is worth noting that the frequency axis arising after applying FFT 

followed by FFT-shift function (which places the DC component in the centre of the signal) is 

dependent on the time samples, N. Significantly: 

 

𝑓 = {
−𝑓𝑚𝑎𝑥, −𝑓𝑚𝑎𝑥 + 𝛥𝑓,… ,0, … , (𝑓𝑚𝑎𝑥 − 𝛥𝑓)      𝑖𝑓 𝑁 𝑖𝑠 𝑒𝑣𝑒𝑛  

− (𝑓𝑚𝑎𝑥 −
𝛥𝑓

2
) , − (𝑓𝑚𝑎𝑥 −

𝛥𝑓

2
) + 𝛥𝑓,… , 0, …,   (𝑓𝑚𝑎𝑥 −

𝛥𝑓

2
)      𝑖𝑓 𝑁 𝑖𝑠 𝑜𝑑𝑑

             

(6.2) 

 

The maximum frequency, fmax,, that can be captured accurately in time signal analysis is 

dependent on the sample rate. For instance, if the 1Hz sine wave is sampled at fs=1Hz, the 

signal that one can capture is up to 0.5 Hz. By contrary, if the 1 Hz wave is sampled with 2 

samples per cycle (fs = 2Hz), the maximum frequency  that can be captured is 
𝑓𝑠

2
, which is 1 Hz 

and the frequency of the original wave is captured accurately. The maximum frequency it is 

possible to capture from a discrete time signal is known as the Nyquist-Limit and it coincides 



113 
 

with either the positive or the negative maximum bin of the even sample, as shown in (6.2) .On 

the contrary, fmax , falls 
𝛥𝑓

2
  off the maximum frequency bins of the odd sample. From (6.2) it is 

also deduced that the frequency space produced after the application of the FFT function to the 

time-domain data has a positive and a negative half. However, the negative half of the 

frequency space is always the mirror image of the positive half and hence, it is not shown in 

experimental 1D FFT results.  

Spectral leakage can also occur if the recording window is not exactly commensurate with the 

wavelength of the signal. The FFT function treats the time signal as though it repeated infinitely 

in both positive and negative time around the start point and hence if the first and last points of 

the recorded signal have zero change in amplitude an artificial flat feature is produced leading 

to a broad feature in frequency. As a result, the frequency bins surrounding the real signal have 

non-zero amplitude. 

Another method that has been developed to account for spectral leakage is the use of the most 

appropriate window function. Windowing reduces the amplitude of the discontinuities at the 

boundaries of each finite sequence acquired by the digitizer. The less commonly used function 

multiplying the original signal is the rectangular window function [115], which has a value of 

one for some defined width while being zero elsewhere. On the contrary, the ‘Hanning’ 

window [116], [117] which is used in this Thesis smooths the observed signal over the edges 

of measured time interval and gradually reduces it to zero, as it is demonstrated in Figure 6.3. 

The time domain is shown in the left panels and the time signal before and after the Hanning 

window is applied is shown in red and blue solid lines respectively.  
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Figure 6.3 Left: The effect of applying a Hanning window to time domain data. Right: FFT 

magnitude of the data shown on the right panels. Taken from [118]. 

 

The right upper panel shows the result of the FFT function applied to the acquired data and the 

leakage aberrations (also referred to as side lobes), appearing either side of the fundamental 

peak, are clearly seen. However, when the FFT function is applied to the windowed data, the 

spectral leakage is significantly reduced, as shown in the right lower panel. 

Although the Hanning window has been used for the time series analysis in the present Thesis, 

it is worth mentioning that there are numerous other window functions, which may be more 

appropriate if the accuracy or the sharpness of the main peak is sought. A comprehensive 

catalogue of data windows along with their significant performance parameters are given in 

[119]. 

 

6.4.2 Temporal Fourier analysis-2D pressure field maps 

 

Pressure field maps are obtained after the temporal signals are Fourier transformed. First, the 

time domain data are sorted in ascending time and position and after the FFT function is 

applied, two-dimensional matrices of complex values are obtained at each frequency bin. The 

real part of the complex number is the instantaneous pressure field whereas the absolute value 

of the complex number is the absolute pressure field at the corresponding frequency bin.  An 

example of the time-space map of an acoustic pulse propagating across the sample surface is 
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shown in Figure 6.4 (a)-(c) and it is indicated that the time t it takes the pulse to travel from 

the centre of the sample to its edges is greater than 0.5ms. Examples of the instantaneous  

pressure field distribution at different frequencies are demonstrated in Figure 6.4 (d)-(f) and 

the six-fold lattice symmetry can be observed. 

  

6.4.3 Spatial Fourier analysis- Full dispersion relation 

 

In order to derive the dispersion relation for the acoustic samples described in section 6.2 a 2D 

FFT is performed on a two-dimensional matrix of complex values (which is the result of the 

temporal FFT, described in the previous section). The k-space resolution Δkx arising from the 

2D FFT is dependent on the step size Δx, specifically 𝛥𝑘𝑥 =
2𝜋

𝛮𝑥𝛥𝑥
 , where Nx is the  total 

number of steps in the real space direction. The maximum wave vectors accessible are 

𝑘𝑥,𝑚𝑎𝑥 =
𝜋

𝛥𝑥
  and 𝑘𝑦,𝑚𝑎𝑥 =

𝜋

𝛥𝑦
 . As with the 1D case the k-space axis are dependent on the 

number of samples and the FFT-shift function is again applied in order to place the low k 

components in the centre and the high k components on the edge. The k-axis in the x direction 

is: 

 

𝑘𝑥 = {

−𝑘𝑥𝑚𝑎𝑥
, −𝑘𝑥𝑚𝑎𝑥

+ 𝛥𝑘𝑥, … ,0, … , (𝑘𝑥𝑚𝑎𝑥
− 𝛥𝑘𝑥)  𝑖𝑓 𝑁𝑥 𝑖𝑠 𝑒𝑣𝑒𝑛  

− (𝑘𝑥𝑚𝑎𝑥
−

𝛥𝑘𝑥

2
) ,− (𝑘𝑥𝑚𝑎𝑥

−
𝛥𝑘𝑥

2
) + 𝛥𝑘𝑥, … , 0, …,   (𝑘𝑥𝑚𝑎𝑥

−
𝛥𝑘𝑥

2
)  𝑖𝑓 𝑁𝑥 𝑖𝑠 𝑜𝑑𝑑

 

 

It should be noted that positive and negative halves of the resulting k-space do not necessarily 

mirror each other because the matrix obtained from the temporal Fourier transform is a matrix 

of complex values. The experimental results for a honeycomb sample comprised of  cylindrical 

cavities, each of which is 7.4 mm in depth is shown in Figure 6.5. The nearest neighbour 

distance between the through holes is 5 mm. The Brillouin zone borders in k-space , are denoted 

with vertical solid white lines and the letters are used to discriminate the different planes in k-

space. For instance, for kx fixed at zero, the letter M is used whereas for ky fixed at zero or 

418.88 (1/m) the letters K and K’’ are used respectively. The numbers in the parentheses 

describe the exact coordinates (kx,ky) of the Brillouin zone borders. It can be seen that the 

quadrant having negative kx values and positive ky values is not the mirror image of the 

quadrant having negative kx and ky values. Note that the full dispersion relation (kx, ky, f), 

(produced by applying temporal and the 2D FFT) are not shown in Figure 6.5 in order to allow 
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better visualisation of the dispersion on three planes; the Γ-K plane , the M-K plane and the Γ-

Μ plane (which is orthogonal with respect to Γ-Κ and M-K planes). In the forthcoming sections 

dispersion relations on different planes will not be presented in a 3D visualisation (as in Figure 

6.5) but in a 2D visualisation to allow simplicity. In other words, the intersections of the full 

dispersion relation with an appropriate 2D plane will be shown. The intersections of the kx-ky 

plane at a fixed frequency will be referred to as isofrequency contour plots. One quadrant 

(kx < 0, ky > 0) of an isofrequency contour plot at f=16kHz is shown in the upper panel of 

Figure 6.5. The dispersion of the surface mode(s) correspond to data that lie outside the sound 

line, explicitly data with larger magnitude of in-plane momentum, k∥, than that of a free-space 

grazing acoustic wave. At f=16 KHz the surface mode (red colour) has larger FFT magnitude 

compared to the free-space wave (yellow colour) since the source was excited with 16 kHz 

carrier frequency and the overlap of frequency- and wavevector- spectra of source and surface 

mode is stronger around this frequency. For higher frequencies however, we observe that the 

surface mode’s coupling to the source is less strong. Specifically, we observe that the upper 

frequency surface mode at M point ((kx,ky) = (0,418.88) (1/m)) has smaller FFT amplitude 

(light blue colour) compared to the lower frequency surface frequency mode (red colour).   

A different set of planes intersecting the full dispersion relation can be seen in the lower panel 

of Figure 6.5. Specifically, two planes having the ky fixed while the frequency is spanning 

over the range [16.5, 18.5] [kHz] and the kx is spanning over the range [-600, 600] [1/m] are 

shown. 
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Figure 6.4 Exemplar experimental data for the hexagonal lattice measurement: panels (a) - (c) 

display the signal (voltage) map of the acoustic pulse propagating across the hexagonal lattice 

at three times, t, after the pulse is triggered from a source at the centre of the sample. Panels 

(d) - (f) display the instantaneous pressure field for three different frequencies, f, which visually 

shows the 6-fold lattice symmetry. 
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Figure 6.5. Five 2D planes intersecting the full dispersion relation (kx, ky, f). Upper panel: 

Solid vertical lines indicate the first Brillouin zone borders. Letters K, M amd K’’ mark the 

high symmetry points  and  numbers in parentheses describe the k-space coordinates at each 
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high symmetry point, i.e (kx, ky) . Lower panel: Isofrequency contour plots intersecting the 

kx-ky plane at a f = 16 kHz and f = 17.5 kHz. At f = 17.5 kHz the surface modes are localised 

at K points. The magnitude of momentum at these points in both kx and ky directions 

significantly exceeds the momentum of the point lying in the sound cone.  

 

The same planes have already been illustrated in the upper panel of Figure 6.5, (as expected 

by observing the K and K’’ points in both figures) but this perspective allows us to demonstrate 

the symmetrical points with respect to kx = 0 axis. The isofrequency contour plot at 

f = 17.5 kHz illustrates the surface modes localised at the K points although there is no such 

localisation at f = 16 kHz.  The K points are lying in the 1st Brillouin zone border. In the rest 

of the thesis the K’’ point will also be referred to as K point to allow simplicity and the 

dispersion will be plotted to values beyond the first Brillouin zone , since the experiment allows 

for good resolution of modes far out in momentum space. A point lying in the sound cone is 

also shown. All data with momenta values smaller than the sound cone correspond to direct 

sound transmission between the source and microphone detector, or other unwanted noise, and 

are not discussed. When the sound cone is projected in a 2D plane the term sound line will be 

used to describe the border between the radiative and the non-radiative regime. 

In the rest of this chapter dispersion curves are plotted with a greyscale indicating the Fourier 

intensity without normalisation to show the relative strength of features within the plots. All 

dispersion data presented has undergone real-space windowing of the complex pressure field 

using a symmetric tapered cosine-window with shape parameter, α = 0.5 before being Fourier 

transformed and zero-padded by a factor of 3. All data was processed using the SciPy and 

NumPy packages and plotted using Matplotlib in Python.  

 

6.4.4 Experimental data analysis- Curve fitting 

To provide an indication of the surface mode loss, the momentum, k, and momentum width, 

Δk of the modes was found by fitting the asymmetric Lorentzian peaks [120]. Peaks were fit to 

the mode propagating in the positive and negative k-directions independently and results 

averaged. 
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6.5 Simulation results 

Surface mode dispersion was calculated using the Finite Element Method (FEM) modelling 

package, COMSOL® (version 5.3a) [121]. The basic principles of FEM modelling have already 

been discussed in Chapter 4. The dispersion relations presented are the eigenmodes of rhombic 

unit cells with repeat Floquet-periodic boundary used to represent an infinite surface. These 

unit cells have been displayed in Figure 6.1(a,b). The model assumes the holes are cylindrical 

cavities perforated through an acoustically-rigid plate of thickness, t. The acoustic loss that 

arises due to the no-slip and isothermal boundary condition at the fluid-solid interfaces are 

accounted for (implemented using the pressure acoustic and thermo-acoustic modules); for the 

geometries and frequencies studied here, loss causes a small (approx. 0.5 kHz) reduction in the 

frequency of the modes at the Brillouin zone when compared a loss-less system. The dispersion 

relations as a function of in-plane momentum 𝑘|| = √𝑘𝑥
2 + 𝑘𝑦

2 where 𝑘𝑥|𝑦 is the momentum in 

x|y direction), obtained using Finite Element Method (FEM) eigenvalue numerical simulations, 

between points of high symmetry (Γ, K, and M) are shown in Figure 6.6. 

 

Figure 6.6. Numerically (FEM) calculated band structure of the acoustic surface waves for 

samples in Figure 6.1 (a,b). The sound line, calculated for sound propagating with velocity, c 

= 342 𝑚𝑠−1 , is shown as a solid black line, and the vertical dashed lines indicate the Brillouin 

zone edge at the K and M points. Inset: shows the points of high symmetry in momentum space 

for both lattices. On the right side a zoomed in section of the dispersion relation is shown so 

that the band crossing at K point is clearer. 
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These eigenvalue solutions show both honeycomb and hexagonal hole array structures support 

bound acoustic surface waves, as indicated by solutions that are bound within the sound line 

(black line), i.e. in the non-radiative regime. In the vicinity of each K symmetry point, the 

dispersion curve for the honeycomb structure is linear and exhibits a Dirac crossing of two 

surface modes, whilst at the M point a band gap exists. For the hexagonal array, the dispersion 

shows a different behaviour; only one surface mode crosses both the K and M symmetry points 

at frequencies close to the crossing point of the honeycomb array. Both arrays show relatively 

flat dispersion in the proximity of K point for the structure dimensions considered here.  

 

6.6 Experimental results  

 

Figure 6.7 displays the measured dispersion curves in the Γ-K, M-K, and Γ-M directions in 

momentum space for both the honeycomb array and the hexagonal array. The lowest order 

surface modes are shown, for which there are two for the honeycomb and one for the hexagonal 

array, as determined by the available number of degrees of freedom of the unit cell (i.e. here 

this corresponds to the holes per unit cell). These surface modes are excited via diffraction 

through the hole at the centre of the scan area, the so called point-like acoustic excitation. The 

surface modes are associated with the diffraction between cavity resonances supported by 

quantisation of the pressure field in the cavity depth; here, the cavity resonances have the 

approximate character of a half-wavelength pipe modes (λ/2 resonance) within the open holes, 

and are coupled by diffraction near their resonant frequency producing an eigenmode that is 

strongly localised to the top and bottom interface of the structured surface, which decays 

exponentially from the surface. Experimental data are compared to numerical simulations for 

the range of momenta lying beyond the sound line (as shown in Figure 6.6) and inside the first 

Brillouin zone (dashed lines). For the honeycomb array (see Figure 6.7(a–c)), experimental 

results (greyscale data) agree well with numerical simulations (open circles), with one 

exception; the upper branch of the Dirac cone in the Γ-K direction (Figure 6.7(a)) is present in 

the model, but is not observed experimentally in the first Brillouin zone. Conversely, the 

existence of the upper branch is shown in the M-K direction for the honeycomb sample (Figure 

6.7(b)) beyond the K point towards Γ at higher momentum, where it meets the lower branch at 

the Dirac frequency, fD = 16.5 kHz. The absence of the upper branch in the Γ-K direction within 

the first Brillouin zone is a consequence of the asymmetry of the mode pressure field with 

respect to its propagation direction. In an equivalent study of microwave honeycomb structures, 

Dautova et al. show that a non-zero valued reciprocal lattice vector, G, is necessary to observe 
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the upper branch of mode above the Dirac frequency [122], due to a vanishing integral in the 

Fourier intensity for a mode with an anti-symmetric field distribution. The data in Figure 6.7, 

confirms this analysis; the upper branch is never observed in the first Brillouin zone, but 

becomes present beyond the Brillouin zone boundary into the second zone (prominently shown 

in panel (b)). 

 

 

 

Figure 6.7. Dispersion measurements and numerical predictions for the honeycomb, left panels 

(a–c), and hexagonal structure, right panels (d–f). Measured data (greyscale) is shown as the 

Fourier intensity, and the simulated data (open circle points) is shown for positive momenta in 

the first Brillouin zone (indicated by the dashed lines).Top panels show dispersion on Γ-K plane 

(with ky = 0 fixed, and kx varying); middle panels show dispersion on M-K plane (for ky = 

−2π/a 3, and kx varying); bottom panels show dispersion on the Γ-M plane (with kx = 0 fixed, 

and ky varying). White areas mask the radiative regime (i.e. from Γ to the sound line), and the 

labels A (anti-symmetric) and S (symmetric) on panels (a,b) denote the mode pressure field 

symmetry with respect to the mode propagation direction. 
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By plotting the dispersion data (honeycomb) beyond the first Brillouin zone, the modes coming 

from higher-order diffraction points are clearly seen, being particularly prominent in the M-K 

and Γ-M directions (Figure 6.7 (b,c)) as the modes folded back from large positive and negative 

momentum states cross at the K and M points. From Figure 6.7 (a,c) it is evident that the 

surface mode behaviour is quite different; the mode at K clearly has real group velocity (as 

expected at Dirac-like points), whilst the mode approaching the Brillouin zone at M from Γ has 

zero group velocity producing two standing wave states of different energy. The experimental 

results for the hexagonal sample (see Figure 6.7 (d–f)), also show good agreement with the 

surface mode predicted by numerical simulations, but unlike the honeycomb, the hexagonal 

sample does not exhibit a Dirac point. 

  Further insight into the dispersion of these surface modes is obtained by imaging the 

dispersion on a momentum plane at a fixed frequency (an isofrequency map), providing 

information within the planes between points of high symmetry. Figure 6.8 shows this data at 

frequency, fD, corresponding to the Dirac point (in the honeycomb system) for both samples 

studied. In these graphs, the radiative components are masked by a white circle. At the edge of 

this circle, there is a dark ring that corresponds to the sound line, beyond which are the surface 

modes localised at the K points. 
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Figure 6.8. Isofrequency contour plots for (a) the honeycomb and the (b) hexagonal lattices at 

the Dirac frequency fD = 16.5 kHz. The centre white circle masks all radiated components. The 

greyscale data shows Fourier intensity normalised to unity. 

 

 

Due to the real space lattice symmetry of each sample, we might expect the honeycomb 

isofrequency contour to display six-fold rotational symmetry, however, left panel of Figure 

6.8 clearly shows only a three-fold rotational symmetry around the Γ point; this reduction in 

symmetry arises due to the point source excitation of one cavity of the two-cavity lattice basis. 

By contrast the hexagonal lattice, in the right panel of Figure 6.8, does indeed have a six-fold 

rotational symmetry. For the honeycomb data, at the K point there is strong Fourier intensity, 

with a region of much lower intensity in a direction towards one of the neighbouring diffracted 

Γ points. Referring back to Figure 6.7 (b) we see this feature is also present; the surface mode 

is well coupled from low frequency near M and exists through the K point and beyond into the 

second Brillouin zone, and the upper cone is present, but weakly coupled to along the first 

Brillouin zone between M and K as dictated by the dashed lines. By looking at the momentum-

frequency plane rotated by a multiple of π/3 radians around the Γ point, the plane with the other 

3-fold symmetry is visualised and the upper edge of the Dirac cone is less well resolved along 

first Brillouin zone, as shown in Figure 6.9 
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Figure 6.9. Dispersion data for honeycomb lattice demonstrating the 3-fold symmetry related 

to the coupling of the point source: (a) shows isofrequency map at the Dirac frequency, (b) and 

(c) displays dispersion diagrams for the M-K lattice plane at the first Brillouin zone for positive 

and negative ky respectively (as dictated by panel (a)). 

 

 

Experimentally we have shown that both honeycomb and hexagonal arrays of holes in an 

acoustically rigid material support bound acoustic surface waves. Results show the existence 

of the Dirac point and the linear dispersion of acoustic surface waves supported by the 

honeycomb lattice, but not for the similar hexagonal lattice. The modes of the honeycomb 

lattice at the K and M high symmetry points are interesting because one exhibits a band gap 

and the other does not. To further interpret the nature of these modes, computed and measured 

real-space pressure fields are studied for the honeycomb sample. Such analysis can be used to 

understand whether a band gap or a crossing of the surface modes exists, and is an approach 

that has been used to describe dispersion relations in terms of the spatial symmetries of 

resonance states, for instance, in Sakoda [123] and in Li et al. [124]. 

To image the pressure field distributions for modes near the points of high-symmetry, small 

area (15 mm by 15 mm) high spatial resolution scans were made. The pressure field 

distributions are selected by frequency and propagation direction; the experimental data in 

Figure 6.10 is obtained from small area scans and the Fourier analysis of the time domain data 

only. The small area scan and data analysis were carried out by Dr. Tim Starkey. The pressure 

field data is then presented at frequencies that correspond to the frequency of the mode at the 

K point and of the upper and lower branch at the M point. The small measured areas, measured 
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some distance from the source in either the x- or y- direction, allow the surface mode field 

profiles to be selected based on their propagation direction in real space (modes at K and M are 

present in real space at 90 degrees to one another). We note that because the modes are selected 

by frequency and propagation direction -not frequency and wavevector - all wavevectors of 

that frequency are present in the measured fields, the surface wave being dominant, due to the 

close proximity of the detector to the surface. The distance from the 2D scan area to the source 

was a critical factor in recording high quality data that can be usefully interpreted; close to the 

source the imaged fields are dominated by cylindrical spreading of wavefronts, whilst further 

away, the surface wave pressure amplitude suffers due to thermo-viscous losses at the sample 

surface. The K point (see Figure 6.10) scan was taken approximately 116 mm from the source 

in the x-direction, whilst field maps at the M point are taken at approximately half that distance 

in the orthogonal direction. 

Figure 6.10 compares the calculated and measured fields at K and M for the honeycomb lattice. 

Simulated pressure fields are the calculated eigenmodes when the in-plane momentum is equal 

to the momentum of the symmetry point (with appropriate boundary conditions on the unit 

cell). Measured pressure fields are presented at the frequency at which that mode meets the 

Brillouin zone. Figure 6.10 (a,b) show the computed eigenmode solutions close (k|| = 0.99kK) 

to the K point in order to break the degeneracy of the two solutions when k|| = kK. The pressure 

field distribution for the lower branch of mode is symmetric, whereas the pressure field for the 

upper branch is anti-symmetric with respect to the Γ-K vector (the direction of propagation in 

real space). Commonly in the literature, the fields (pressure or otherwise) of larger scale 

systems are compared to electron wavefunctions in atomic systems. Here we note these 

pressure field distributions show great similarity to the so-called px and py ‘photonic orbitals’ 

of ref. [125]   and are referred to as acoustic pseudo-spin dipolar states in analogous acoustic 

systems [126]. Apart from visible attenuation of the measure pressure field, from left to right 

of the figure (Figure 6.10 (c)), data for the lower branch of the mode agree well with 

simulations. There is no experimental pressure field configuration for the upper frequency 

mode since we have not been able to detect this experimentally due to attenuation and the mode 

group velocity. 
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Figure 6.10. Calculated (frequency- and wavevector-selected) and measured (spatially- and 

frequency-selected) acoustic pressure fields for the honeycomb structure for modes at K and M 

points: (a–c) show field distributions at the Dirac frequency for the surface mode propagating 

along the Γ-K direction at the Dirac frequency fD (experiment) and K point, kK = 4π/3a (model). 

(d, e) Show field distributions for the lowest energy mode at frequency f = 0.97fD (experiment) 

and M point, kM = 2π/a 3 (model). (f, g) Show equivalent plots the upper mode at f = 1.01fD. 

Red and blue indicate the maximum positive and negative pressure respectively. Model data is 

obtained by numerically evaluating the pressure field on the sample surface at the appropriate 

in-plane wavevector and frequency. The experimental pressure field is by obtained from the 

Fourier transform of the temporal field measured with the microphone tip approximately 100 

μm above the surface over a 15 mm by 15 mm area scan, and selecting the required frequency. 
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The centre coordinates of each measured field map (c, e, g) are (x [mm], y [mm]) = (116.5, 

−2.5), (5, 62.5) and (0, 55) respectively, relative to the source. Note: figures are orientated so 

that surface modes would be travelling from left to right on the page. Figures (c), (e) and (g) 

were extracted by Dr. Tim Starkey. 

 

 

The calculated pressure fields at the M point band gap in Figure 6.10 (d,f) for the lower and 

upper band. These are two standing wave solutions, as expected for a mode at the Brillouin 

zone with zero group velocity, and have symmetric pressure field distribution with respect to 

the propagation direction. As before, the experimental pressure field distributions (Figure 6.10 

(e,g)) show good agreement with those predicted by the model. The symmetry of the crystal 

lattice causes a pair of symmetric Bloch states at the M point that result in a band gap, not a 

Dirac point. Whilst the asymmetry of two degenerate modes at the K point are characteristic of 

the deterministic degeneracy of Bloch states imposed by the symmetry of the crystal lattice, 

and have been studied in related acoustic systems [127]. 

As alluded to above, in the experimental field maps and in Figure 6.9, the attenuation of these 

acoustic surface modes is significant at the frequencies studied here. For instance, the pressure 

field distribution in Figure 6.9 (c) clearly shows that the surface mode is highly localised to 

the source, as the mode approaches the Dirac frequency where the mode group velocity 

approaches zero and loss is significant. Recent studies have explored such losses by 

implementing Laplace transform techniques in order to retrieve the imaginary component of 

the wavevector [128]. Here, the attenuation of the modes approaching or travelling through the 

K point is quantified through the width of the mode in momentum. Data is fit at each frequency 

by a skewed Lorentzian distribution for modes propagating with positive and negative 

momentum and the full-width at half-maximum (FWHM) is estimated. 

The FWHMs for a fixed frequency/fixed momentum are shown in the left/right panels of 

Figure 6.11 respectively. The Dirac frequency as well as the momentum at the Brillouin zone 

boundary are denoted with horizontal and vertical black dashed lines. The regions near the 

dashed lines are the regions of interest (ROF) since simulation results have predicted slow 

sound propagation for both honeycomb and hexagonal arrays at the Dirac point. We observe 

monotonic increase of the losses (widths) at the ROF for both honeycomb (blue dots) and 

hexagonal (red dots) arrays. However, away from ROF, the increase of width is not monotonic; 

at certain frequency regions losses increase whereas a decrease in loss can be seen at other 

frequency regions. As explained in [128],[129] losses prevent the effective propagation of slow 
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sound as the dispersion curve approaches the Bragg limit. Our experimental results show that 

losses decrease at very narrow frequency regions close to the ROF. Obviously, maximum value 

of slowness (minimum value of group velocity) does not occur at these regions but the 

dispersion of the hexagonal array is almost flat over a significant frequency range close to the 

ROF, as shown in the right panel of Figure 6.6. Hence, it could be possible to use the hexagonal 

array for guiding slow sound ASWs at those specific frequencies (f ~ 0.99fD) where loss is 

decreased, whilst group velocity is quite low. The honeycomb lattice can also be used for 

similar applications , since at frequency around 0.98fD losses decrease whilst being much lower 

than the those of the hexagonal sample. However, group velocity is larger at those frequencies 

for the honeycomb sample, implying that there is difficulty in simultaneously achieving 

slowness and low losses.    

 

 

 

Figure 6.11. Analysis of acoustic surface wave loss as a function of frequency (left) and 

wavevector (right) for mode propagating in the Γ to K plane for honeycomb and hexagonal 

lattices. Data points are the mean values from the fit of forward and backward travel modes; 

error bars span the difference in fit values. 

 

 

6.7 Conclusions  
 

In summary, Fourier analysis of the acoustic signals in time (t) and space (x, y) was used to 

obtain the full dispersion relation (kx, ky, f) and pressure field of the surface waves measured 

close to the surface of a honeycomb and hexagonal hole array. A short length acoustic pulse 

was used to account for reflections and a Hanning window with shape parameter a=0.5 was 
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used to account for spectral leakage. However, a short length pulse gives rise to low frequency 

resolution and the “zero padding” signal processing technique was used to solve this problem. 

The maximum frequency that can be captured accurately in time signal analysis is dependent 

on the sampling rate, the maximum wavevector is dependent on the scan step size and the 

momentum-space resolution of the experiment is limited by the scan length. 

For the honeycomb array, experimental results show that (for the lowest order cavity 

resonance) two acoustic surface modes exist, where at the K point they exhibit a Dirac point, 

and at the M point a band gap is seen. Numerical simulations were performed that show close 

agreement with the data obtained experimentally, confirming the Dirac point at K and a band 

gap at the M point. Moreover, it is shown that for the honeycomb sample the losses increase 

with increasing momentum along the Γ-K direction, reflecting the propagation of acoustic 

surface waves with diminishing group velocity. The measured dispersion relation in the Γ-K 

direction and in the isofrequency data, shows the excitation and detection of surface modes is 

dependent on the source conditions and that the mode symmetry can determine whether it is 

observable in the first Brillouin zone; in our measurement this manifested itself in the absence 

of the upper branch in the Γ-K direction in the first Brillouin zone, and may be the reason for 

partial resolution of the same mode in the previously reported measurements of acoustic 

graphene [7]. These results demonstrate that the acoustic metamaterials provide an exciting 

platform for the exploration of fundamental physical phenomenon, such as Dirac dispersions. 

In addition, the numerical and experimental techniques could also be used to design acoustic 

metamaterials for slow sound related applications, as discussed in Chapter 5. 
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CHAPTER 7 

Numerical investigation of metasurfaces comprising spiral shaped local 

resonators for SAWs 

 

7.1 Introduction 

 

In Chapter 6, modes termed as acoustic surface waves (ASWs), were observed in the air above 

perforated aluminium samples. These modes are trapped because they have too much 

momentum to radiate into free space. Similarly, the surface acoustic waves (SAWs) discussed 

in the present chapter are also trapped but the medium in which this phenomenon occurs is 

lithium niobate, a hard crystalline solid, not air. Lithium niobate is one of the most important, 

and common, materials used in SAW devices due to its very strong piezoelectricity as already 

discussed in section 2.2.2 of Chapter 2. The interaction of an incoming Rayleigh SAW with 

resonant structures patterned on the lithium niobate substrate will be explored in the present 

chapter.  The trapped SAW decays exponentially with depth into lithium niobate and the decay 

of the displacement amplitude will be referred to as confinement of acoustic energy. The 

confinement of acoustic energy has attracted much attention in the recent years since it allows 

the realisation of waveguides and cavities .  

Apart from the confinement of acoustic energy, the interaction of a Rayleigh wave with 

resonant structures patterned on a semi-infinite medium [5], [102] is very promising for various 

technological applications due to the ability to create bandgaps, prohibiting propagation at 

specific frequencies, for SAW devices. In this Chapter, we computationally investigate the 

dispersion relation of a metasurface structure, designed to control SAWs, consisting of a 

void/lithium niobate phononic crystal atop a lithium niobate substrate. Attention is drawn at 

specific frequency regions where SAW modes are absent, the so called bandgap regions. A 

distinction between Bragg bandgaps and locally resonant bandgaps is given in the first section, 

where both types of bandgaps are defined.  Next, the geometry of the void wall is described 

via the illustration of the unit cell used in the FEM model. The details of the numerical model 

are also given. Next, a thorough dispersion and transmission analysis is presented followed by 

a comparison between dispersion and transmission results. Dispersion relations and 

displacement fields for a novel structure are compared to the results of a previously reported 
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annular hole structure [5]. Specifically, the effect of changing the resonator’s volume and shape 

on the confinement of acoustic energy, on the creation of bandgaps, and on the bandwidth of 

existing bandgaps are discussed. Finally, it is shown that an interesting feature; negative group 

velocity, appears in the dispersion curve for the novel structure which arises simply by 

increasing the resonator’s depth. 

 

7.2 Bragg gaps and locally resonant band gaps 

 

Bandgap formation for elastic waves in 2D systems consisting of two composite materials, the 

host and the periodic structure, is dependent on both the velocity ratio and the filling ratio 

between the constituent materials in the case of Bragg bandgaps [101]. These Bragg gaps have 

centre frequencies corresponding to wavelengths up to two times the spatial period of the 

crystal. Recently investigated locally resonant band gaps, on the other hand, are typically 

centred at wavelengths at least two times larger than the spatial period of the crystal, and hence 

can achieve much lower frequency gaps compared to Bragg gap structures. The lattice constant 

used in the present chapter is 𝛼 = 10.9 𝜇𝑚 and we observe bandgaps at SAW wavelengths 

down to 𝜆𝑆𝐴𝑊 = 49.5 𝜇𝑚, meaning 𝜆𝑆𝐴𝑊 ≫ 2𝑎, which is made possible by the locally 

resonant bandgap. Realizations of such subwavelength bandgaps include SAW devices 

constituted of cylindrical dots deposited on a thin homogeneous plate [130], pillars [131] steel 

cubes, [132], or conical voids in lithium niobate [5], a structure which is referred to as annular 

hole structure and its dispersion relation has been illustrated in Figure 5.10, Chapter 5. 

 

7.3 Void wall geometry  

 

The void wall is of an Archimedean spiral shape and the spiral microgrooves shown in Figure 

7.1(a) will be referred to as spiral resonators. A finite element (FE) model of the unit cell of 

width 10.9 μm and depth 10.9 μm, as shown in Figure 7.1 (a), was developed in COMSOL® 

with a perfectly matched layer (PML) placed at the bottom region to avoid wave reflection. 

The top face of the unit cell is stress-free to allow bulk shear and longitudinal modes to couple 

and generate Rayleigh waves. The bottom face of the unit cell is constrained with a boundary 
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condition imposing zero displacement. The spiral-like resonator, whose details are shown in 

Figure 7.1(b), is a 6.4 μm thickness void, atop a lithium niobate substrate. The triangular cross 

section with the xz plane is shown in Figure 7.1(d). Bloch–Floquet periodic boundary 

conditions are imposed at opposite sides of the square unit cell and a parametric sweep of 

wavevectors allows for the dispersion relation along the irreducible Brillouin zone shown in 

Figure 7.1(c). Note that the model assumes that there is no loss within the lithium niobate. 

 

 

Figure 7.1. (a) Schematic of the unit cell model. (b) Magnification in green frame shows details 

of the top face of the unit cell. Yellow dashed lines are parallel to the x-axis connecting the 

centres of the voids. The central void’s coordinates are (xc, yc) = (5.45 μm, 5.45 μm). (c) Blue 

triangle denotes the irreducible Brillouin zone of the square lattice. ΓΧ=ΧΜ=
π

α
. ΓΜ=√2

π

α
, 

where α = 10.9 μm, is the lattice constant. (d) (d) Left panel: Spiral-I appearing in Figure 4 in 

the manuscript. Its parametric equation is 𝑥(𝑡) = 0.4𝑡𝑐𝑜𝑠𝑡 [𝜇𝑚], 𝑦(𝑡) = 0.4𝑡𝑠𝑖𝑛𝑡 [𝜇𝑚], 0 ≤

𝑡 ≤ 4𝜋. Middle panel: Spiral-II appearing in Figure 2, Figure 4 and Figure 5. Its parametric 

equation is 𝑥(𝑡) = 0.4𝑡𝑐𝑜𝑠𝑡 [𝜇𝑚], 𝑦(𝑡) = 0.4𝑡𝑠𝑖𝑛𝑡 [𝜇𝑚],
7𝜋

4
≤ 𝑡 ≤ 4𝜋. Right panel: Spiral-I 

with an inversed direction sweep, appearing in Figure 1, Figure 2 and Figure 6 in the 

manuscript. Its parametric equation is 𝑥(𝑡) = 0.4𝑡𝑐𝑜𝑠𝑡 [𝜇𝑚]  , 𝑦(𝑡) = 0.4𝑡𝑠𝑖𝑛𝑡 [𝜇𝑚] , 𝑥′(𝑡) =

𝑦(𝑡), 𝑦′(𝑡) = 𝑥(𝑡) , 0 ≤ 𝑡 ≤ 4𝜋. (e) Projection of xz-plane with the y -coordinate fixed at y = 

5.45 μm (i.e. in the middle of the unit cell), on the xz-plane at y = 0 μm. The voids are depicted 
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in white and the lithium niobate substrate is shown in grey colour. The yellow dots mark the 

centre of the voids, also shown in (b). 

 

7.4 Dispersion analysis 

Figure 7.2 contains the dispersion relations and displacement profiles of three different 

metasurfaces, previously investigated annular holes and two types of spiral resonators, Spiral-

I (as shown in figure 1) and Spiral-II which has fewer spiral turns. In Figure 7.2(a) the 

dispersion relation for the spiral-like structure Spiral-I, blue dots, indicates that the number of 

guided modes is increased compared to the guided modes supported in the previously 

investigated annular hole structure, red dots. Both structures are of the same height and in-

plane width, as shown in the first column of Figure 7.2(b), where the cross section of each 

within the xz plane is shown.  Although there are three high symmetry directions in the 

reciprocal space, note that Figure 7.2(a) shows only the ΓX direction, as propagation in this 

direction is widely used in practice for lithium niobate devices. 

The increase of guided modes is associated with the number of spiral turns as confirmed by the 

dispersion relation of a second structure, Spiral-II, the dispersion curve for which is shown in 

green dots in Figure 7.2(a). In the selected frequency region (70 MHz - 130 MHz), the annular 

hole structure and the Spiral-II structure both exhibit 3 modes, whereas the Spiral-I structure, 

in which the number of spiral turns is increased, exhibits 5 modes. The rms displacement fields 

for the three structures at the three faces of the unit cell are shown in Figures 7.2(b), (c) and 

(d). The rms displacement field is defined as 
1

√2
√𝐴𝑥

2 + 𝐴𝑦
2 + 𝐴𝑧

2, where 𝐴𝑥, 𝐴𝑦, 𝐴𝑧 is the 

amplitude of the displacement field in the x,y,z direction respectively.Displacement fields are 

shown at frequencies in which the third higher mode intersects the Brillioun zone boundary in 

the ΓX direction (annotated in blue, red and green triangles in dispersion curves). It can be seen 

that surface displacement is more pronounced at the upper half of the Spiral-I resonator 

whereas the whole height of the annular holes resonator experiences significant displacement 

(Figure 7.2(b)). In other words, large dissipation of rms displacement fields takes place in the 

Spiral-I structure, as it is shown in Figure 7.2(c). Dissipation of rms displacement fields is 

even larger for the Spiral-II structure, as shown in Figure 7.2(d). We note that the dissipation 

of rms displacement fields is not associated with damping into other forms of energy and is 

significant for all the guided modes supported by the Spiral-II structure (results not shown 

here). Acoustic energy is confined to the upper half of the resonator height for Spiral-II, but 
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the displacement field intensity is decreased compared to the denser spiral since the interface 

area between the Rayleigh wave and the resonator is decreased. Therefore, coupling is weaker 

and the energy needed to guide the mode 3 is higher, hence the frequency of the third higher 

mode at the Brillouin zone border is 126 MHz.  

Dissipation results from the geometric chirality which is the main structural difference between 

annular holes and Spiral-I / Spiral-II structures. It has been shown [105] that there is analogy 

between chiral electromagnetism and acoustic seismic waves introducing an imaginary 

component to the phase velocity of acoustic waves. Hence, the evanescent displacement field 

of the SAWs in the Spiral-I/Spiral- II structures is associated with the imaginary wavevector 

induced by chirality. Apart from reference [105], which describes the effect of the chiral factor 

on attenuation, the chiral factor has been associated with negative refractive index in [133], 

[134]. 

 

Figure 7.2. (a) Dispersion relations in the ΓX direction for the Spiral-II (green dots), annular 

holes (red dots) and Spiral-I (blue dots) structures. The area beyond the sound line is shaded in 

light grey. (b) From left to right : Projection of the annular hole structures to the xz-plane, 

displacement field profiles at X point and at f = 127.8 MHz (denoted in red triangle), in the yz, 

xz and xy planes. (c) From left to right: Projection of the Spiral-I structure to the xz-plane, 

displacement field profiles at X point and at f = 110.6 MHz (denoted in blue triangle), in the 

yz, xz  and xy planes. (d) From left to right: Projection of the Spiral-II structure to the xz-plane, 
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displacement field profiles at X point and at f = 125.9 MHz (denoted in green triangle), in the 

yz , xz  and xy planes. 

 

It is worth noting that the third higher mode of the annular hole structure almost coincides with 

the third higher mode of the Spiral-II structure for small magnitude wavevectors. However, for 

larger wavevector magnitudes the third higher mode for the Spiral-II structure diverges towards 

lower frequencies. The rms displacement fields showing the top face of the unit cell (right 

panels in Figures 7.2 (b), (c) and (d)) reveal that displacement fields in the centre of the unit 

cell are smaller compared to the displacement field at the unit cell edges for all three structures. 

This third higher mode in frequency is referred to as anti-resonant mode. Except for bringing 

the frequency of the anti-resonant mode down, chirality also affects the group velocity of the 

anti-resonant modes as shown in Figure 7.3. The group velocity of the anti-resonant modes for 

the annular hole, Spiral-I and Spiral-II structures is shown by the red, blue and green solid lines 

respectively. The group velocities of the Spiral-II and Spiral-I structures are clearly lower than 

the group velocity of the annular hole structure for wavevectors in the range (2.1 × 105 𝑚−1 −

2.75 × 105𝑚−1). At 𝑘 = 2.1 × 105 𝑚−1, the group velocities of the Spiral-I structure 

(1000m/s) and the Spiral-II structure (1200 m/s) are 43% and 32% lower than the annular hole 

structure group velocity (1780 m/s) respectively. . At wavevectors approaching the first 

Brillouin zone border, the anti-resonant mode of the Spiral-I structure has a very slow group 

velocity (95 m/s)  compared to the Spiral-II and annular hole modes (230 m/s). 
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Figure 7.3. Group velocity versus wavevector for the anti-resonant mode of i) the Spiral-II 

structure (green solid line), ii) the annular holes structure (red solid line) and iii) the Spiral-I 

structure (blue solid line). 

 

 

7.5 Transmission analysis 

Transmission spectrums were obtained using the COMSOL® frequency domain model, as 

shown schematically in Figure 7.4(a).  An interdigital transducer (IDT) defined on the surface 

of the lithium niobate substrate is used to excite SAWs. The displacement field profile of the 

IDT source is minimal in the light blue regions. The substrate is surrounded by perfectly 

matched layers (PMLs). Zoomed inserts of the 3 different metasurface structures investigated 

in separate computational models are highlighted in dashed boxes. The substrate length, L, is 

scaled so that the distances between the metasurface and the other domain features are always 

the same integer values of  𝜆𝑆𝐴𝑊 . This was done to maximise computational resources for any 

given frequency. 

In Figure 7.4(b) the calculated transmission spectrum of the Spiral-I and Spiral-II structures is 

shown by blue and green solid lines respectively. For comparison, the transmission spectrum 

of the previously reported annular hole structure of width 2 μm is also shown by the red solid 

line. The structural parameter width is denoted in black arrows in Figure 7.1(b). The 0.4 μm 

wide Spiral-I structure exhibits a transmission minimum at about 80 MHz whereas the annular 
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hole structure exhibits a transmission minimum at 90 MHz. This demonstrates that the bandgap 

can be shifted to lower frequencies without the need to increase the size of the unit cell, making 

the realisation of RF based PnC filters and other components, easier and more cost-effective. 

The corresponding acoustic wavelength at the transmission minimum is 4.5α for the Spiral-I, 

and 4α for the annular hole, where α=10.9μm is the lattice constant, meaning that the Spiral-I 

structure is deeply subwavelength at the bandgap frequency region. Moreover, a second 

transmission minimum is shown at a frequency of 130 MHz for the Spiral-I structure which 

corresponds to a wavelength of 2.7α. This is of interest in the realisation of stop band filters. 

The maximum bandgap attenuation for the Spiral-II structures occurs at 83MHz, and the 

bandgap attenuation in this case is significant for a wider frequency range compared to the 

other structures. The attenuation bandwidth can be tuned by controlling the eigenmodes’s 

coupling to the Rayleigh wave (see section 3.3). 

 

 

 

Figure 7.4. (a) Frequency domain geometry schematic showing the SAW excitation source 

and the metasurface on top of lithium niobate substrate surrounded by perfectly matched layers. 

Bottom inset shows the displacement profile field in the area of the IDT transducer. Dashed 

boxes zoom in the area occupied by the local resonators. Note that 3 spiral/annular hole 

elements were used (b) Transmission spectrum for annular holes (red), Spiral-I (blue) and 

Spiral-II (green) structures. 
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7.6 Dispersion/Transmission comparison 

 

It is well known that acoustic waves incident on PnCs cannot excite all the modes predicted in 

theory or in computational models due to the modes’ field profiles [135]. In order to understand 

which of the modes can be excited using the IDT SAW source shown in section 3.2, band 

diagrams are plotted alongside calculated transmission on a common frequency axis in Figure 

7.5. It is clear that for the annular hole structure, mode B is highly attenuated since at that 

frequency the bandgap attenuation is -20 dB whereas for the spiral-II structure, mode A is 

highly attenuated, with the bandgap attenuation reaching the value of -25 dB. Observation of 

the above-mentioned modes displacement fields, shown in the middle panel of Figure 7.5 and 

comparison to the source’s displacement field, shown in Figure 7.4 reveals that there is no 

correlation between the displacements field patterns of the source and the eigenmodes of the 

resonators. However, modes B and C in the Spiral-II structure and modes A and C in the 

annular holes structure show one common feature in their rms displacement fields; small rms 

displacement fields in the centre of the unit cell and in the area outside the resonator, and large 

displacement fields at the unit cell edges. The smaller bandgap attenuation values for these 

modes can be explained by considering again the stripe-like displacement field pattern of the 

source, the larger the area of the unit cell that the eigenmode’s displacement field matches the 

source’s displacement field, the larger the coupling of the eigenmode to the incident Rayleigh 

wave, and hence the smaller the bandgap attenuation. This is confirmed by observing that 

bandgap attenuation for anti-resonant modes (C modes) is around 0dB, whereas for mode B in 

the Spiral-II structure, the attenuation is significantly larger, around -15 dB. Comparison of the 

C eigenmodes’s fields to the source indicates higher spatial correlation compared to that 

between the displacement field of Spiral-II B mode and the source. Moreover, comparison of 

the displacement fields for mode A in the Spiral-II and annular holes structure indicate that the 

wider bandgap shown in the transmission spectrum for Spiral-II structure results from chirality. 

There are multiple phase changes due to multiple reflections of the incident wave at the spiral 

resonator and the emergent displacement field decouples from the source, which results in 

increased bandgap attenuation at that frequency. 
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Figure 7.5. From left to right: Dispersion curve, bandgap attenuation and rms displacement 

fields for the Spiral-II structure. Rms displacement fields, dispersion curve and bandgap 

attenuation for the annular holes structure. A, B, and C annotate the frequency for which 

displacement rms fields are plotted. The magnitude of momentum in the ΓΧ direction at A, B 

and C points equals 2.88 × 105 𝑚−1. 

 

7.7 Negative group velocity 

Figure 7.6(a) shows the calculated dispersion curve for the Spiral-I structure, where the height 

of the spiral has been increased from 6.4 μm to 7.8 μm, with all remaining structural 

characteristics unchanged. Apart from one additional mode appearing in the frequency range 

[0 - 140 MHz] compared to the shallower Spiral-I structure, two negative group velocity modes 

emerge, marked with solid green lines in Figure 7.6 (a). These modes are also shown magnified 

in the inset of Figure 7.6 (c). The metasurface can therefore convey Rayleigh waves with group 

velocity anti-parallel to phase advancement. To our knowledge this phenomenon has not been 

reported for square arrays of chiral metasurfaces supporting SAWs, although the existence of 

negative group velocity SAW modes in thin film structures has been reported in [136]. The 

points at which the negative group velocity modes intersect the first Brillouin zone at the ΓΧ 

direction are denoted by letters A and B. The calculated rms displacement for these modes is 

shown in Figure 7.6(b). As discussed previously, increased coupling of the source’s 
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displacement field profiles to the eigenmodes’s fields profiles results in small bandgap 

attenuation and hence large transmission. It follows that in order to increase transmission of 

the predicted negative group velocity SAWs, the incident Rayleigh wave displacement field 

should match the fields shown in Figure 7.6(b). This may be achievable using a more 

sophisticated design for the IDT. Different arrangements of IDTs on 128º rotated Y-cut LiNbO3 

substrate have been shown to generate different patterns of travelling SAWs [137]. Modes A 

and B have also comparable displacement field profiles, meaning that by appropriate mode 

matching, negative group velocity modes around 118MHz and 153MHz, could be excited. 

Mode B is significantly slower compared to mode A at wavevector range (2.5 × 105 𝑚−1 −

2.88 × 105𝑚−1) along ΓΧ direction, as shown in Figure 7.6(c), indicating that a slow negative 

group velocity SAW mode could be realized at excitation frequency around 150 MHz. 

 

Figure 7.6. (a) Dispersion relation for a spiral structure of depth h=7.8 μm and width w=0.4μm. 

A and B denote the intersection of negative group velocity modes (green solid lines) with the 

first Brillouin zone. Red dotted lines indicate the sound line.(b) Displacement, rms fields for 

modes A and B in a fraction of the unit cell volume. (c) Group velocity versus wavevector in 

the interval (2.5 × 105 𝑚−1 − 2.88 × 105𝑚−1) along ΓΧ direction The inset shows a 

magnified part of the dispersion curve which includes the negative slope modes.Momentum 

for the Γ and X points in reciprocal space is 0(m-1) and 2.88×105 (m-1) respectively.  
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7.8 Conclusions 

In conclusion, the interaction of Rayleigh waves with novel spiral resonators has been 

investigated computationally. Enhanced acoustic energy confinement is demonstrated by the 

resonators volume being reduced.  The dispersion relationships for arrays of such resonators 

were calculated and showed that they can used to produce bandgaps for Rayleigh waves, but 

at lower frequencies than those can be achieved for other phononic crystals with the same unit 

cell size. The value of the attenuation at the bandgap frequency was extracted from simulations 

of the transmission through the resonators and was found to be extremely large (-25 dB), even 

for 3 spiral/annular hole elements used in COMSOL® simulations. The low-frequency bandgap 

was also to even lower frequency by changing the spiral density, suggesting that optimization 

of the structural parameters can lead to the design and fabrication of low-frequency stop band 

filters. We have shown that in the case that certain eigenmodes decouple from the source (see 

displacement field profile for Spiral II resonator, Figure 7.5 and compare to displacement field 

profile of the source (Figure 7.4)), higher bandwidth gaps can be induced, hence a step towards 

controlling both bandgap central frequency and bandwidth has been made. In addition, negative 

slopes in the dispersion curve of the spiral structure indicate that a square array of spiral 

resonators, supports negative group velocity SAW modes, meaning that SAWs can propagate 

in an unconventional way throughout the device. The use of spiral structures therefore opens 

an exciting new pathway for the control and manipulation of surface acoustic waves. 
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CHAPTER 8 

Conclusions and future directions 

 

The characteristics of architected acoustic lattices have been studied in order to control the 

propagation of pressure waves in air, whereas architected elastic lattices were studied in order 

to control the propagation of elastic Rayleigh waves in a solid material, lithium niobate.  

 

8.1 Six-fold Symmetric Acoustic Surface Wave Metasurface 

 

For the case of acoustic lattices, we compared dispersion relations between two different 

resonator configurations; a hexagonal and honeycomb configuration. The standing wave 

formation throughout the height of the resonators, which are in fact, rigid-walled cylindrical 

cavities and the end corrections to the resonant frequency were discussed, and related to an 

impedance mismatch between the inside of the resonator and the region just outside the 

resonator. Furthermore, another change in each cavity’s resonance condition is induced by the 

periodicity of the lattice. There was good agreement between dispersion relations obtained 

from experiments and  numerical analysis, with small discrepancies attributed to thermoviscous 

losses. Dirac cones are features that are usually observed in the context of solid state physics 

and imply many unconventional wave transports such as bulk insulation but edge conduction. 

The existence of Dirac cones in the simulated  dispersion relations for the honeycomb lattice, 

but not the hexagonal, indicates that Dirac cones are the consequence of the specific 

honeycomb spatial patterning rather than a purely quantum phenomenon. The equations 

describing the acoustic honeycomb system (Bloch wave functions) can be cast into the exact 

form of Dirac Hamiltonian describing a spin one-half relativistic particle with zero mass. The 

dispersion relation for such a Hamiltonian is linear and the observation of linear dispersion 

relations in the honeycomb acoustic lattice is hence explained.  

The experimental realisation of artificial acoustic graphene has many exciting perspectives, if 

the difficulty of coupling the source to the anti-symmetrical upper branch of the Dirac cone can 

be overcome. The anti-symmetrical acoustic pressure profile of the air unit cell has been 

confirmed by simulations, and hence appropriate manipulation of the pressure field profiles 

generated by a loudspeaker could lead to the experimental observation of the upper branch. 
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Another critical factor in detecting the upper frequency mode experimentally is the estimation 

of losses in the range of frequencies close to the Dirac frequency, i.e 16.5 kHz. We have shown 

that the attenuation of ASWs in that frequency range is significant by plotting the instantaneous 

pressure field for three different frequencies, close to the Dirac frequency. Additionally, the 

losses have been quantified by estimating the mode width and it has been confirmed that the 

losses increase as frequency approaches the Dirac frequency and as the wavevector approaches 

the Dirac point. Hence, it would be useful to re-design the experiment so that the operating 

frequency range is centred on a different frequency; in the ideal frequency regime there would 

be a weak dependence of loss on frequency. As a result, both the honeycomb and the hexagonal 

structures could be used for slow sound related applications.  

Once the experimental observation of both Dirac branches touching one another is achieved, 

the next step would be to create a bandgap centred at the Dirac frequency which would allow 

the realization of new insulating phases of matter for the proposed acoustic system. At the 

interfaces between trivial and non-trivial topological insulators edge states could emerge as in 

references [138], [139]. However, the proposed acoustic system of hole resonators is easier to  

fabricate compared to the acoustic systems discussed on those references. Topological edge 

states are an important steppingstone to the experimental realization of topologically protected 

wave guides and thereby open up a new path for the design of metamaterials. 

In contrast to artificial acoustic graphene, which is a two-band system, the hexagonal lattice is 

a one band system. The different number of states per momentum in the first Brillouin zone 

can be explained by considering the acoustic system’s electronic counterpart, graphene. 

Graphene has 2 orbitals per unit cell (one pz orbital per atom and two atoms in the unit cell), 

and hence two species of massless Dirac fermions, one for each valley, sharing the same 

energy. Interestingly, the honeycomb lattice’s pressure field profiles have shown great 

similarity to the so called px and py orbitals of atomic systems, confirming the aforementioned 

analogy. Extension of this study into more complex configurations comprising of more than 

two resonators per unit cell, whilst maintaining the honeycomb lattice geometry, could lead to 

the enhancement of the aforementioned interesting phenomena. An example of a metasurface 

comprising of six resonators per unit cell, is shown in Figure 8.1. It can be observed that the 

metasurface can be constructed by superposition of either hexagonal or rhombic unit cells. We 

expect that experimental measurements will reveal linearities and Dirac cones (degenerate 

states) in dispersion relations and that the Fourier amplitude will be enhanced compared to the 

honeycomb structure due to stronger coupling between resonators. An enhanced Fourier 
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intensity would lead to more efficient wave transport throughout the waveguide and the 

evanescent wave fields could be employed to carry the subwavelength features of an object. 

Hence, the device could be used in imaging and lensing applications. If degeneracy is lifted, 

and phase distributions or averaged energy fluxes (of the lifted degeneracy states) reveal that 

these states can be regarded as valley pseudospin states, a practical topological insulator could 

be fabricated for its efficacy to be compared to the pre-existing academic work on topological 

insulators [140], [141], [142]. The amplified Fourier intensity of the upper branch of the Dirac 

cone would also enhance negative refraction and cloaking phenomena. However, the trade-off 

between increased Fourier intensity and losses should also be investigated and cross compared 

to the original honeycomb metasurface.  

 

 

 

 

 

 

 

 

Figure 8.1 Schematic of a metasurface comprising of six resonators per unit cell. The rhombic 

unit cell is marked in blue. 

 

8.2 Novel Spiral Annular Hole Elastic Wave Metasurface 

 

For the control of the propagation of Rayleigh waves, a type of surface acoustic wave (SAW), 

in a piezoelectric solid material a metamaterial consisted of spiral resonators was designed and 

characterized lithium niobate was chosen as the substrate material because it is characterised 

by a large piezoelectric coupling coefficient, which provides an efficient way to do the electro-

acoustic transduction.  Hence, the mechanical SAW is coupled to the electrical excitation of 

the IDT. For the SAW to propagate in a straight line (without curving) a 128° YX- LiNbO3 cut 
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has been selected in the COMSOL® simulations.  Fascinating phenomena, such as sound 

confinement and negative group velocity were observed. To visualize the vibrational mode 

shapes of the solid square unit cell, the displacement profiles were superimposed as a heat map 

over its geometry for different frequencies and we have observed radial displacement field 

patterns extending over a shorter area in the solid compared to that of the annular hole structure. 

Furthermore, dispersion relation has shown that the guided modes of the spiral structure can be 

increased simply by increasing the number of spiral turns. These features could be exploited in 

applications where manipulation of the mechanical vibrations in micron scale phononic devices 

is desired. To achieve the desired bandgap centred around 80 MHz, a resonator array with 10.9 

m pitch was used.   

This new device of SAW metasurface outperforms a previously reported annular hole 

architecture in terms of the bandgap attenuation achieved at low frequencies. In acoustics, the 

improvement of low frequency sound absorption constitutes a real scientific challenge for the 

major issue of noise reduction. The attenuation has been achieved without increasing the size 

of the unit cell; it is the structural geometry of the system that induces the superior attenuation 

profile for Rayleigh waves. The realisation of radio frequency (RF) based PnC filters and other 

components is hence more cost-effective. 

Unfortunately, due to the Covid-19 pandemic, devices containing the metasurface could not be 

fabricated or experimentally tested. Nevertheless, the high level of integratability of the device 

into complex electromechanical platforms makes the proposed device an excellent candidate 

for our future experimental endeavours. Specifically, apart from RF filters the phononic band 

gap structures can be easily integrated into wireless communication systems, acoustic signal 

processing devices and acousto-optical signal processing devices. It is well known that 

photonic crystals have been demonstrated in lithium niobate [143], [144], implying that if a 

structure exhibits both phononic and photonic bandgaps, simultaneous confinement of acoustic 

and optical waves could be achieved. It has been shown that confinement of acoustic waves is 

more intense for the case of the denser spiral since the interface area between the Rayleigh 

wave and the resonator is increased. The interface area could be perceived as the spring that 

conveys the travelling Rayleigh SAW wave through the area occupied by the voids, hence the 

lithium niobate substrate would act as mass. The excitation of the resonator is reflected on the 

displacement field intensity, which is increased for the case of dense spirals, since there are 

more “springs” to convey the energy. However, this is only a phenomenological approach and 

there are many unexplored mechanisms induced by the interaction of spiral resonators, 
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travelling Rayleigh SAW wave and the substrate. Therefore, a future perspective would be to 

compare the dispersion relation obtained from a mathematical spring mass model to the FEM 

calculated dispersion relations. 

In lithium niobate, the speed of the Rayleigh SAW is of the order of 4000 m/s, which is five 

orders of magnitude slower than for light in vacuum. This means that there is ample time to 

manipulate a Rayleigh SAW signal, but it would be exceedingly difficult to do something 

similar with photon. The low speed of sound offers long delay times which makes it easier to 

record the IDT signal during its propagation to the acoustic channel, facilitating signal 

processing. An interesting research direction to pursue would be to record the IDT signal whilst 

placing diverse types of resonators in the acoustic channel. This would allow us to observe in 

near real time the resonator absorbing and emitting phonons and compare its coupling rate with 

theoretical predictions or experimental studies which use substrates other than lithium niobate. 

The comparison between different resonator geometries would lead to an optimized SAW 

device, exhibiting an increased coupling bandwidth with the Rayleigh SAW and hence a wide 

band gap.  

A first step towards this direction has been made by building a non-periodic model , using 

COMSOL® software. Periodic boundary conditions, which were applied in the models 

described so far, are not relevant since we are only interested in investigating the excitation of 

a single or a small number of resonators; not an array of resonators. The excitation signal, or 

in other words the voltage applied to the metallic fingers of the IDT transducer, is a function 

of time and has been described in section 2.2.4.2 . The simulation domain where the source is 

located is surrounded by PML and has already been shown in Chapter 4 (see Figure 4.7). The 

time step, dt = 0.1 ns , satisfies the condition dt< dx/c , where dx = 15.5 µm is the maximum 

mesh element size and c ~ 4000 m/s is the speed of sound in lithium niobate. The future 

objective is to place resonators in the blank device of Figure 4.7 and explore the SAW coupling 

with the resonant system. The time domain model will allow us to measure the duration of the 

coupling which will be the first step towards device optimisation. 

Except for mechanical resonators, SAWs can also interact with superconducting qubits at the 

quantum level and SAW phonons are proposed as a universal medium to couple remote 

quantum systems. A recent study by Bienfait at el. published in 2019 in Science [145] shows a 

way to entangle two superconducting qubits using sound which could allow researchers to 

transmit information instantly to space or make unhackable networks. In order to fabricate a 
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SAW device ,similar to the one described in the present thesis, to operate in the quantum 

regime, the first step would be to increase the frequency of the IDT transducer to the order of 

GHz, which can be simply achieved by decreasing the spacing between the metallic fingers of 

the IDT. 

Another interesting research direction could be the design of a piezoelectric topological 

insulator by exploring the Dirac-like feature observed in the dispersion relation of the SAW 

device in Chapter 7. Topological insulators have attracted wide interest in the community of 

acoustics owing to a variety of important applications, including acoustic-noise reduction, one-

way sound propagation and acoustic communications. As already discussed (sections 8.1 and 

5.4) topological edge states have been realised in acoustic metamaterials exhibiting Dirac-like 

features in their dispersion relations. However, up to date there are no studies (to our 

knowledge) showing topological edge states realised in metasurfaces lying on a piezoelectric 

substrate, similar to those described in Chapter 7. Dirac-like features have been observed in 

dispersion relations for square lattices of spiral resonators. The spiral metasurface could be re-

designed with the aim of realising a piezoelectric topological waveguide. The small scale of 

such a device would be acceptable to mobile phone manufactures and if combined with sound 

attenuation properties it would open new opportunities for the design of advanced 

multifunctional metamaterials. 

 

8.3 Outlook 

 

Acoustic metasurfaces not only provide an exciting test-bed for the study of fascinating 

fundamental physical phenomena, such as the realisation of graphene-like bandstructures, but 

have the potential to find application in a wide range of technological advances. In addition, 

although acoustic surface waves in air, and surface acoustic waves in a solid, have different 

characteristics, it is clear that metamaterial concepts developed for one can inspire new designs 

and approaches for the other. 
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