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Abstract
Electromagnetic waves at grazing incidence onto a planar medium are analogous to zero energy
quantum particles incident onto a potential well. In this limit waves are typically completely
reflected. Here we explore dielectric profiles supporting optical analogues of ‘half–bound
states’, allowing for zero reflection at grazing incidence. To obtain these profiles we use two
different theoretical approaches: supersymmetric quantum mechanics, and direct inversion of
the Helmholtz equation, showing that discretized approximations to these profiles exhibit low
reflectivity close to grazing incidence.
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1. Introduction

At grazing incidence, a wave is nearly always completely
reflected from a surface. The effect can be observed optic-
ally for almost any surface viewed at a shallow angle, where
it behaves as a mirror. This behaviour has been known for a
long time, and is used to enhance quantum reflection [1], and
x-ray scattering (where the refractive index typically differs
only slightly from unity) [2]. Conversely, it presents a problem
for radar absorbers [3], and perfectly matched layers in numer-
ical simulations [4]. In this work we investigate the problem
of designing graded dielectric materials that do not reflect at
grazing incidence.

Mathematically the phenomenon can be seen from a
straightforward examination of the Helmholtz equation.
For an electromagnetic (EM) wave incident at an angle
cos(θ) = kx/

√
ϵbk0 onto a graded dielectric profile ϵ(x), and in

terms of the dimensionless coordinate ξ= kxx, the Helmholtz
equation is
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[
d2

dξ2
+ 1+

(
k0
kx

)2

(ϵ(ξ)− ϵb)

]
ϕ(ξ) = 0 (1)

where ϵb is the background value of the permittivity, such that
ϵ(ξ)→ϵb as |ξ| →∞. These coordinates are scaled such that
away from the inhomogeneity the wave takes the form e±iξ

irrespective of the angle of incidence. The effect of the angle is
now subsumed in an effective permittivity profile (k0/kx)2ϵ(ξ).
This effective permittivity becomes infinitely large at graz-
ing incidence, when kx→ 0. A general permittivity profile will
therefore act as a perfect reflector in this limit. As a concrete
example, take the Fresnel coefficients for the transverse elec-
tric (TE) and transverse magnetic (TM) polarizations [5]

rTE =
µ2kx,1 −µ1kx,2
µ2kx,1 +µ1kx,2

rTM =
ϵ2kx,1 − ϵ1kx,2
ϵ2kx,1 + ϵ1kx,2

(2)

where the normal components of the wave–vectors are kx,n =√
ϵnµnk20 − k2y . At grazing incidence kx,1→ 0, it is clear

from equation (2) that both TE and TM reflectivities tend
to unity, as shown in figure 1(a). In figure 1(b) we show
that this is also the case for an arbitrarily chosen dielec-
tric profile (here a Gaussian variation of ϵ(x)). Despite a low
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(a) Magnitude of Fresnel reflection coefficients

(ε = 3, μ = 1) as a function of γ = ky/
√

εbk0 for

EM waves incident onto an interface between

dielectric half spaces.

(b) Magnitude of the TE and TM reflection

coefficients as a function of γ = ky/
√

εbk0 for

the arbitrarily chosen permittivity profile

shown inset.

Figure 1. In general, as an EM wave approaches grazing incidence (γ = ky/
√
ϵbk0 = 1) the reflectivity for both TE and TM waves

approaches unity.

reflectivity of this smooth profile at normal incidence, the
reflection nevertheless becomes complete at grazing incid-
ence. One can picture this as analogous to a stone skim-
ming on the surface of water. As the stone’s momentum
becomes close to parallel to the surface, only a small impulse
is required to reverse the stone’s motion normal to the
surface.

Despite this general behaviour, surprisingly there are per-
mittivity profiles (and analogous graded sound speeds in
acoustics, or potentials V(x) in quantum mechanics) that do
not act as perfect reflectors at grazing incidence. The Pöschl–
Teller potential [6] is perhaps the most famous example of
such a non–reflecting profile: at some frequencies this poten-
tial does not reflect radiation at any angle of incidence, des-
pite a potentially rapid spatial variation of the profile. This
profile has been experimentally realised as a multilayer struc-
ture [7], and its non-reflecting behaviour is understood in terms
of inverse scattering theory and the solitons of the Kortweg–
de Vries equation [8–10]. Another example is provided by
anisotropic magnetodielectric transformation media [11, 12]
(where ϵ= µ), which enact an effective transformation of
the coordinate system. Given this equivalence these materials
cause no scattering whatsoever, for grazing incidence or other-
wise. Finally, isotropic dielectric materials obeying the spatial
Kramers–Kronig relations [13] also do not reflect any wave
incident from one side, although the limit of grazing incidence
is particularly delicate for these profiles, requiring them to be
infinitely extended [14].

Here we take a different approach to design materials
without reflection at grazing incidence. EM waves approach-
ing an interface at grazing incidence are analogous to zero
energy quantum particles incident onto a potential well. It is
known that there exist threshold anomalies [15], due to pres-
ence of so–called half-bound states (HBSs) [15], allowing

complete transmission through the potential well at zero
energy [16]. The optical analogue of these anomalies there-
fore allow the complete transmission of grazing incidence
waves. The naming of these HBSs originates in Levinson’s
theorem [17] (see [18] for a interesting review, and [19] for
a simple proof), which connects the number of bound states of
a potential to the phase shift of scattering in the zero energy
limit. As the name suggests, HBSs count as half of a bound
state in the phase shift. These states are non-normalizable
‘bound’ states with zero energy.

To find materials supporting these HBSs we take two the-
oretical approaches. The first is to apply the factorisation
method [20] to the Helmholtz equation, similar to the fac-
torization of the harmonic oscillator’s Schrödinger equation
into raising and lowering operators [21]. Requiring that the
‘lowering’ operator of this factorization has a zero eigenvalue
we obtain a permittivity profile that does not reflect grazing
incidence waves. This approach connects with recent work
on analogues of supersymmetric quantum mechanics (SUSY)
in optics [22–27], to design complex potentials [28, 29] and
optical fibres [30] amongst other things, and where the same
factorization is leads to isospectral structures. The difference
between the isospectral structures is the removal of a single
bound state. In our case that single state is a half bound state,
which is what gives us zero reflection at grazing incidence.

In addition to factorization of the Helmholtz equation, we
derive another set of permittivity profiles from an inversion of
the Helmholtz equation, where the permittivity is written in
terms of the wave amplitude. As we will see, this yields sim-
ilar results to the factorization approach, but with the freedom
to specify additional boundary conditions. As an example, we
will derive a graded abosrbing dielectric layer that can be
added to a mirror, which removes reflection at or close to graz-
ing incidence.

2
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Figure 2. A wave propagating along the x-axis is incident onto a
planar dielectric whose permittivity varies as ϵ(x). The dielectric
structure ϵ(x) is chosen such that as the incident angle approaches
π/2 from the x-axis (grazing incidence), there is no reflected wave.

2. Grazing incidence reflection and HBSs

We first review the problem of vanishing reflection at grazing
incidence, and it is relation to so–called ‘HBSs’. Consider a
plane wave incident from the left of a dielectric profile ϵ(x),
the profile becoming homogeneous as |x| →∞, as in figure 2.
For zero reflection, the wave must be of the form exp(ikxx)
on the far left and far right of the profile. Outside the slab the
Helmholtz equation becomes, in the limit of grazing incidence,
Laplace’s equation d2ϕ/dx2 = 0 with solutions a+ bx, where
a and b are constants. But if there is to be zero reflection in
this limit, outside the slab we must have exp(ikxx)→ 1+ ikxx.
As kx→ 0 the wave equals unity everywhere outside the slab.
Therefore if there is to be zero reflection in the limit of graz-
ing incidence the Helmholtz equation must have two inde-
pendent solutions, one which is equal to a constant on both
sides of the slab, and the other proportional to the x coordin-
ate, with the same proportionality constant on both sides of
the slab. Provided the permittivity profile is symmetric about
its centre (so that both ϕ(x) and ϕ(−x) are solutions), and that
one of the solutions to the TE field is constant outside the slab,
we thus ensure zero reflection at grazing incidence (although
non–symmetric potentials can also exhibit less than complete
reflection at grazing [31]). In quantummechanics a state which
is constant outside of a potential where it is ‘bound’ is not nor-
malizable, and is known as a ‘HBS’ (see e.g. page 280 of [32]
for a classification of the bound states of potentials). These
states are bound states with an energy that is at the edge of
the continuum. In the reflection from a dielectric profile we
can understand these states as wave–guidemodes whose decay
constant is close to zero. From this point of viewwe are provid-
ing a method for designing waveguides with one mode with
vanishing decay constant outside the guide.

The simplest example of a system supporting a HBS is
a homogeneous slab waveguide of width L, with a constant
permittivity ϵ(x)= ϵ that spans a region x ∈ [−L/2,L/2]. Re–
introducing the coordinate x, equation (1) becomes[

d2

dx2
+ k20 (ϵ(x)− ϵb)+ k2x

]
ϕ(x) = 0, (3)

The solutions within the two regions are respectfully
given by ϕ(x)= exp(± ikxx) (|x|> L/2) and ϕ(x) =

exp(±i
√
k20 (ϵ− ϵb)+ k2x x) (|x|< L/2). If the phase accu-

mulated inside the slab is an integer number of π, the field on
the right of the slab is± the field on the left, and the boundary
conditions can be fulfilled without any reflected wave. This
condition is given by

exp

[
±i

√
k20 (ϵ− ϵb)+ k2x L

]
=±1= exp(inπ), (4)

a condition which can be fulfilled with a slab of length L=

nπ/
√
k20 (ϵ− ϵb)+ k2x , which is the standard condition for a

transmission resonance. If we choose the angle of zero reflec-
tion to be grazing incidence, then the slab waveguide must
have width

L=
nπ

k0
√
ϵ− ϵb

. (5)

In this case the field outside the slab reduces to a constant at
grazing incidence, which is the HBS just mentioned. Figure 3
shows the numerically computed reflectivity as a function of
angle for a homogenous slab of permittivity ϵ= 3 and back-
ground permittivity ϵb= 1 whose length satisfies equation (5).
Here we apply the odeint function from the SciPy library [33]
to integrate equation (3) and find the scalar field ϕ, fromwhich
we can compute the reflection coefficient outside the device
as r= (ϕ−ϕ ′/ikx)/(ϕ+ϕ ′/ikx). As the figure shows, the TE
reflectivity is zero as we approach |γ|= |sin(θ)|= 1.

2.1. Factorisation method

In this section, we use the factorisation method usually applied
in supersymmetric quantummechanics [20] to design a family
of HBS supporting dielectric profiles, which do not reflect TE
waves at grazing incidence. We note that our approach con-
nects with recent work in quantum mechanics by Ahmed et al
where zero energy reflectionless potentials have been invest-
igated in several cases [34–36], and where HBS supporting
potentials have been subject to supersymmetric transforma-
tions to generate e.g. potentials supporting no bound states at
all [37].

Here we start by writing the Helmholtz equation equation
(3) for kx= 0 as a product of first order operators(

− d
dx

+ k0α(x)

)(
d
dx

+ k0α(x)

)
ϕ(x) = â†âϕ(x) = 0, (6)

where â†,â are analogous to raising and lowering operators in
quantummechanics (although their commutator is not propor-
tional to a constant). Two forms of equation (6) are possible,
depending on the order of â and â†. We subsume these into a
single ‘super’ equation, defining

Q̂− =

(
0 â†

0 0

)
, Q̂+ =

(
0 0
â 0

)
(7)

3
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Figure 3. Reflectivity (top) as a function of incidence angle θ
(γ= sin(θ)) for a homogeneous slab (permittivity profile inset) in
free space (ϵb= 1), whose length obeys equation (5) for ϵ= 3,
k0 = 1 and n= 2. (bottom) The field of a TE wave incident onto the
slab (boundaries indicated as vertical dashed lines), in the cases
where the initial wave is at normal incidence (blue) and close to
grazing (orange). At grazing incidence, the field decays to a
non-zero constant outside the region where the dielectric exists,
indicating that the slab supports a HBS.

so that

Ĥψ =
(
Q̂+Q̂− +Q̂−Q̂+

)
ψ =

(
â†â 0
0 ââ†

)(
ϕ1
ϕ2

)
= 0 (8)

where ϕ1 and ϕ2 represent the two EM fields obeying the
Helmholtz equations with the order of â and â† reversed.
In supersymmetric quantum mechanics the operators Q±
are called the supercharge operators, and commute with the
Hamiltonian [Q̂±,Ĥ] = 0.

The factorization (equation (8)) can only be carried out for
certain forms of the permittivity ϵ(x). Assuming grazing incid-
ence kx= 0, expanding out the product in equation (8), and
comparing to equation (3) gives the relationship between the
function α(x), and the two possible material profiles ϵ(x)

ϵ±(x)− ϵb =± 1
k0

dα(x)
dx

−α2(x). (9)

Having factorized the Helmholtz equation in the form of
equation (8), we can immediately find the solutions. The

supercharge operators commute with the Hamiltonian, and
therefore the solutions to Q̂±ψ = 0 are also solutions to
Ĥψ = 0. For instance, the solution to Q̂±ψ = 0 has ϕ2,1 = 0
and

ϕ1,2(x) = ϕ1,2(−L/2)exp

[
∓k0
ˆ x

−L/2
α(x ′)dx ′

]
, (10)

which are the solutions for grazing waves incident onto the
profiles ϵ± given in equation (9). By inspection of equation
(9), one can see that if α(x)→ 0 as |x| →∞, then the per-
mittivity tends to the background value ϵ(x)= ϵb, as required.
As discussed earlier for vanishing reflection of grazing incid-
ence waves, the amplitude of the wave outside of the slab must

be the same on either side. This requires
´ L/2
−L/2α(x)dx= 0, a

condition which we enforce by choosing α(x) antisymmetric
around x= 0.

In the case of a true bound state α(x) tends to a constant
or diverges at infinity. If e.g. α > 0 as |x| →∞ the solution
to ϕ1 (equation (10)), in the profile ϵ+ exponentially decays
as x becomes large. Meanwhile the solution ϕ2 in ϵ− diverges
at infinity and is thus not a physically allowed solution to the
equation. By contrast, here α→ 0 at infinity so that both the
functions ϕ1 and ϕ2 tend to a constant value at infinity. There-
fore neither of the profiles ϵ+ and ϵ− reflect waves at grazing
incidence.

With these conditions, an entire family of these profiles can
be generated. Two such examples are given in figures 4 and 5.
To generate these HBS supporting profiles, we can choose any
odd function α(x), with a value and derivative that goes to zero
at |x|= L/2. The permittivity profiles derived from equation
(9) then give us designs for dielectric materials that do not
reflect TE waves at grazing incidence. Interestingly, with α(x)
being an odd function, the permittivity profiles necessarily
have regions where ϵ(x)< ϵb. This is immediately evident
from our definition of the permittivity profiles in equation
(9). After increasing in magnitude away from x=−L/2, α(x)
must return to zero at x=+L/2. Therefore at some point the
function α(x) must turn around, having finite value but zero
gradient. At this point ϵ(x)− ϵb =−α2 < 0. In such regions
the grazing wavevector in the direction of propagation, kx
becomes complex. In e.g. the WKB method, at the turning
point where ϵ= ϵb, the wave is matched to a combination
of Airy functions. In the case of a single turning point this
gives rise to complete reflection [38]. The profiles found here
have several turning points and run counter to this intuition,
allowing complete transmission, despite the regions of expo-
nential decay. Nevertheless the intuition is not completely
wrong. The larger the region where ϵ(x) dips below ϵb, the
larger the reflection is close to grazing incidence, and the nar-
rower the range of angles close to |sin(θ)| where the reflec-
tion vanishes. This effect can be seen in figure 4, where the
comparatively large region of ϵ(x)< ϵb, leads to a mirror-like
behaviour above γ∼ 0.8, and then a only a narrow angular
range of low reflectivity around grazing incidence. As we shall
see, when such profiles are realised as a multilayer, such nar-
row regions of low reflectivity will only be evident when the

4
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(b) The reflectivity (top) for a profile ε−

generated from equation (9) (inset). 

The TE field (bottom) at both normal  

(blue) and grazing (orange) incidence.

(a) The reflectivity (top) for a profile ε+ 

generated from equation (9) (inset). 

The TE field (bottom) at both normal  

(blue) and grazing (orange) incidence.

Figure 4. The reflectivity profiles for the pair of permittivity profiles ϵ(x) found using equation (9) for α(x) = a0(x/s)((x− L/2)/s)2

((x+ L/2)/s)2a (k0 = 1,λ= 2π/k0,a0 = 1.5,s= λ,L= 2λ). In both cases, there are large regions of ϵ(x)< 1 which would be expected to
cause extremely strong reflection as the angle of incidence increases. The onset of this strong reflection is evident beyond γ∼ 0.8 after
which the reflectivity approaches unity. Rather surprisingly as the angle becomes close to grazing, this strong reflection rapidly decreases to
zero. The TE fields shown in both cases again demonstrate that—in accordance with our design—at grazing incidence there is a mode that is
constant outside the slab.

number of layers is large. Conversely in figure 5 the region
where ϵ(x)< ϵb is relatively small, resulting in a larger region
of low reflectivity close to grazing incidence.

In practice such continuous permittivity profiles can be
realised using a stack of N layers of fixed permittivity. Using
the transfer matrix method [39] to compute the reflectivity,
we now verify that for sufficiently large N the stack acts
as predicted. Figure 6 shows that if the permittivity used in
figure 5 is split into 25 fixed permittivity layers, the angle
dependent reflectivity follows figure 5, dipping to the pre-
dicted low value as the wave approaches grazing incidence
before then rising at extremely shallow angles of incidence.
Devices with such low reflectivity close to grazing could
have possible applications in the reduction of radar cross-
sections, or removing glint from objects. In the case where
the background permittivity is greater than 1 these profiles
could be realised using a combination of low loss dielec-
trics (as in e.g. a rugate filter [40]), or at microwave fre-
quencies using metamaterial building blocks [41, 42]. It is
also worth noting that these profiles are not limited to EM
materials, but could be realised with graded elastic media
[43, 44].

3. Inversion of the Helmholtz equation

The factorization method is not the only way to find profiles
that do not reflect grazing incidence waves. We now show
that such designs can also be found via a direct inversion of
the Helmholtz equation. This, for example allows us to have
find complex permittivity profiles, and to modify the system’s
boundary conditions.

Take equation (3) with a background permittivity ϵb= 1.
Inverting the equation such that the permittivity is given as a
function of the field, we obtain the simple equation

ϵ(x) = 1−
(
kx
k0

)2

− ϕ ′ ′(x)

k20ϕ(x)
, (11)

where ϕ ′ ′(x) denotes the second derivative of the field w.r.t
position. From our previous discussion we know that if, at
grazing incidence the field is constant outside a profile which
is symmetric in space, then the reflection vanishes. We note
that while the solutions ϕ1,2 can be taken from our earlier
equation (equation (10)) and inserted into the above equation
(equation (11)) to yield ϵ±, in general the profiles derived from

5
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Figure 5. As in figure 4(a), for a different example
α(x) = (x2/a40)sin(x)exp(−(1/a20)x

2) profile (with the same
k0,λ,a0 and L). In this case, α(x) is designed such that the region
where ϵ+(x)< 1 is reduced. Accordingly the reflectivity reduces to
zero over a greater angular range than in figure 4, as we approach
grazing incidence.

the above equation will not obey equation (9), i.e. for the pro-
files equation (11) the Helmholtz equation will not necessarily
be factorizable.

As a first example we assume the field profile is a Gaussian
centred at x= b with width a, plus a constant A

ψ(x) = A+ exp

[
−
(
x− b
a

)2
]
. (12)

Provided A ̸= 0, this function is a HBS. Inserting this into
equation (11) with kx= 0 we find the permittivity profile

ϵ(x) = 1−

 4(x− b)2 − 2a2

a4k20

(
Aexp

[(
x−b
a

)2]
+ 1

)
 . (13)

A numerical calculation of the reflectivity from this permit-
tivity profile is given in figure 7. The TE reflectivity decays
to zero at grazing incidence. There are again regions in the
permittivity profile where ϵ(x)< 1. These occur on the outer
portions of the Gaussian where the second derivative ϕ ′ ′ is
positive. Again we find profiles with regions where a wave
at grazing incidence decays exponentially, but yet does not

Figure 6. The permittivity profile plotted in figure 5 is split into a
stack of 25 fixed index dielectrics (top). The reflectivity as a function
of γ (bottom) is almost identical, with a region of low reflectivity
close to grazing incidence. The effect of the discretization is to
increase the reflectivity at extremely shallow angles of incidence.

reflect. It is not however necessary for the permittivity to have
such regions: it is possible to have ϕ ′ ′(x)/ϕ(x)< 0 every-
where, with zero gradient and non–zero value at |x|= L/2,
as in the case of a homogeneous slab of constant permittivity
where ϕ= cos(k0

√
ϵ− 1x).

While it is interesting that there are a plethora of dielec-
tric materials that do not reflect grazing incidence waves,
in practice it would be useful to reduce grazing incid-
ence reflection from an otherwise reflecting object. As
an example, we consider applying the above theory to
design an absorbing layer that when placed onto a mir-
ror removes grazing incidence reflection at a fixed fre-
quency f = ck0/2π. We assume the following ansatz for the
field

ϕ(x) =


eikxx x< 0

a(x−L)+ b(x−L)3 0⩽ x⩽ L

0 x> L,

(14)

i.e. an incident wave at angle kx/k0 = cos(θ) is completely
absorbed in a layer of width L. The choice of the field inside
the layer is a chosen such that the term ϕ ′ ′(x)/ϕ(x) does not
diverge at any x, and such that the field is zero on the mirror

6



J. Opt. 23 (2021) 075602 D A Patient and S A R Horsley

Figure 7. Reflectivity as a function of angle (top) for the
permittivity profile equation (13) (inset) found through inversion of
the Helmholtz equation at grazing incidence. The field (bottom) of
the waves approaching at normal (blue) and grazing incidence
(orange) show that as the angle approaches grazing incidence, the
wave approaches the HBS equation (12).

at x=L. Continuity of the field and its first derivative at x= 0
gives the two constants a and b

a=
−3− ikxL

2L

b=
1+ ikxL
2L3

. (15)

Inserting equation (14) into equation (11) then yields, in the
slab region

ϵ(x) = 1− 6
k20

1
( ab )+ (x−L)2

= 1+
3

(k0L)2
1(

1−ikxL
1+k2xL

2

)
+ 1

2

[
1−

(
x
L − 1

)2] , (16)

with ϵ(x)= 1 where x< 0. This complex profile removes
reflection at a given angle θ, determined by kx/k0 = cos(θ).
The imaginary part of the profile represents the absorption
required to eliminate the wave before it reaches the mirror,
and is positive throughout the profile.

Figure 8 shows the reflectivity as a function of angle for
the permittivity function equation (16) for the case of grazing

Figure 8. The geometry of the system is such that waves are
incident from the left onto a dielectric material that is flanked by a
perfect mirror. The reflectivity as a function of angle for the chosen
permittivity function (equation (16)) is designed such that the
reflection coefficient close to grazing incidence is zero.

incidence kx≈ 0. Interestingly, in this limit the loss in the
system becomes negligible and the profile tends to the limit-
ing form ϵ(x) = 1+ 6(k0L)−2[1− (x/L− 1)2]−1. This is para-
doxical, as—due to energy conservation—away from grazing
incidence the addition of a lossless layer to a mirror cannot
give anything other than a phase shift to the reflected wave.
The resolution to this paradox is that at grazing incidence the
component of the Poynting vector normal to the mirror is zero,
so we are not violating energy conservation. As the angle of
zero reflection is brought towards grazing incidence, the loss
in the profile diminishes. When the profile is to be reflection-
less at exactly grazing incidence, we have a profile that has a
reflectivity of unity except at exactly kx= 0 where the dielec-
tric acts as a waveguide with a confined mode that has an infin-
ite decay constant in the region of free space outside. When kx
is close to zero the profile has a small amount of loss, which
serves to absorb the wave and eliminate reflection close to
grazing incidence. This shows that only a small amount of loss
is required to eliminate the reflection of a wave where kx ∼ 0.

4. Conclusions

By factorizing the Helmholtz equation into a product of oper-
ators (as is done in supersymmetric quantum mechanics) we
were able to design graded dielectric profiles that do not reflect
TE polarized EM waves at grazing incidence. The physics
behind this absence of reflection is analogous to the ‘threshold’
anomalies previously identified in one-dimensional quantum
scattering, and occurs due to the presence of a zero ‘energy’
bound state within the profile. In electromagnetism we can
understand these as waveguide modes that have an infinite
decay constant, and our design procedure produces graded
index waveguides with one mode that is on the boundary of
being confined or radiative. This illustrates a new application
of the formalism of supersymmetric quantummechanics to the
design of EM materials. The same approach could equally be
applied to the TM polarization, if µ(x) was graded instead of
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the permittivity ϵ(x). We found that the graded profiles derived
in this way require regions where the permittivity is less than
the background level ϵb. This is counter–intuitive, as such val-
ues usually imply strong reflection, leading to total internal
reflection in the limit of an infinitely thick homogeneous slab.

In addition we also inverted the Helmholtz equation to
obtain the permittivity in terms of the form of the wave at
grazing incidence. From this we were again able to find sim-
ilar profiles exhibiting a HBS as the incident wave approaches
grazing. The inversion of the Helmholtz equation has the
advantage that boundary conditions can be imposed on the
wave. Imposing the vanishing of thewave amplitude at a single
point, we found an absorbing graded index profile that can be
added to the surface of a mirror to remove reflection at a par-
ticular angle. As the zero-reflection angle approaches grazing
incidence the dissipation in the absorbing layer tends to zero,
and there is an interesting regime where the reflection close to
grazing is very small as is the dissipation in the layer.
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