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Abstract

Today, weather forecasts are generated by evolving the current state of the

atmosphere through time subject to established mathematical and physical laws.

The resulting forecasts are considerably more accurate than those produced using

any other approach that humans have devised to predict the weather. Nonethe-

less, these forecasts are imperfect. In particular, errors arise in the forecast due

to limitations in both our theoretical understanding of the atmosphere and our

practical ability to reproduce it. This, combined with the atmosphere’s chaotic

nature, means obtaining a perfect forecast of the future weather is, for practical

purposes, impossible.

It is therefore imperative that a forecast is issued alongside its associated un-

certainty. This is often achieved by generating an ensemble of weather forecasts

that differ in their initial conditions, and possibly also the formulation of the dy-

namical weather model which with they are produced. However, due to errors in

their construction, operational ensemble forecasts themselves possess systematic

deficiencies. For this reason, it is necessary to apply an a posteriori adjustment

to the ensemble forecast, so that it provides a more realistic representation of the

weather that will occur.

Several statistical methods have been proposed for this purpose that can not

only correct for systematic errors present in the dynamical models, but can issue

forecasts that are probabilistic, thus accounting for the uncertainty inherent in the

forecast scenario. Such statistical post-processing methods have become an inte-

gral component of operational forecasting suites over the last decade. Recently,

however, studies have demonstrated that conventional post-processing methods

can be ameliorated by leveraging additional sources of information within the sta-

tistical models. With this in mind, this thesis seeks to recognise circumstances

under which the performance of dynamical weather models is expected to change,

thereby indicating what information should be incorporated within statistical

post-processing methods.

In particular, previous studies have indicated that the errors in dynamical

weather models may depend on the occurrence of certain patterns in the synoptic-

scale behaviour of the atmosphere, and we therefore postulate that these atmo-

spheric regimes can be utilised when post-processing. A general framework for

incorporating this regime information into established post-processing methods is

proposed, and its merits are demonstrated in a variety of circumstances. A novel

approach to evaluate the performance of forecasts is also introduced that can

help to identify situations where incorporating information into post-processing

methods is expected to be beneficial.
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1 Introduction

Accurate predictions of the future are fundamental for making decisions in the face of

uncertainty. The weather, for example, has a profound influence on our day-to-day lives,

and forecasts of the weather are used regularly to mitigate its impacts: several industries

require insurance against losses incurred due to adverse weather conditions; airlines and

shipping companies rely on high-quality weather forecasts in order to operate safely

and efficiently; farming and agriculture depends, as it has done for generations, on

predictions of crop yields; while weather forecasts also have important implications

for the ever-growing renewable energy sector. Moreover, the ability to predict the

occurrence of floods, heatwaves, and yet more extreme weather events has potentially

life-saving consequences.

Forecasts of the weather have therefore existed in various guises throughout human

civilisation, with written texts on the subject dating back as far as Aristotle’s ‘Mete-

orologica’ in the 4th century BC. At the time, methods to predict the weather were

hindered by the inability to routinely record and store meteorological data, and it was

not until over 1500 years later that inventions such as the thermometer and barometer

rendered this achievable. The ability to describe the instantaneous state of the atmo-

sphere using measurements from such instruments marked a huge milestone in weather

forecasting: in knowing the current atmospheric state, it became straightforward to

reference previous instances in which similar weather occurred, in turn allowing for a

greater appreciation of what may materialise in the future.

This was the primary basis of weather forecasting for hundreds of years; as described

by Lynch (2008), forecasting during this period was “more of an art than a science.”

This changed following Sir Isaac Newton’s pioneering work in the 17th century to

define the laws of motion, which permitted a better understanding of the governing

forces that drive the atmosphere. It was not until the early 20th century, however,

that these laws were formally considered for use within weather forecasts. Lewis Fry

Richardson hypothesised that Newton’s laws of motion (applied to a fluid) could be

used as the basis of a dynamical weather model, whereby the current atmospheric

state is evolved through time according to these physical laws to derive an estimate

of the future weather (Richardson, 2007). Although practical limitations meant the

resulting forecast from his weather model was unrealistic, Richardson’s seminal work

paved the way for meteorologists to follow. In 1950, a team led by Jules Charney

adapted the work of Richardson in light of recent developments in computing, and

succeeded in constructing a reasonable weather forecast using these dynamical models

(Charney et al., 1950). This approach, known as numerical weather prediction, has

revolutionised weather forecasting.
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Due to their ability to reproduce the atmosphere’s underlying dynamics, numeri-

cal weather prediction models are now a cornerstone of operational weather forecasts.

However, even the elaborate forecasts issued by these dynamical models become no

better than guesswork when predicting the atmosphere sufficiently far into the future,

suggesting there exists a limit to the atmosphere’s predictability. Since the first dynam-

ical weather forecast, weather models have become progressively more representative of

the atmosphere, and incremental developments have steadily pushed back this limit of

predictability, due both to an increased understanding of atmospheric processes, along

with a proliferation in computational resources. As such, the quality of weather fore-

casts has improved substantially over this period: a forecast made one day in advance

50 years ago possessed roughly the same amount of skill as a forecast made six days in

advance from a current weather prediction model (Bauer et al., 2015).

Yet, although the quality of weather forecasts has reached a level beyond which

could have been imaginable even a century ago, these forecasts are still imperfect. In

particular, uncertainties in the forecasting process arise due to an incomplete knowledge

of the initial atmospheric conditions from which to run the numerical weather model, as

well as errors in the formulation of the model itself. Due to the seemingly chaotic nature

of the atmosphere, these imperfections can induce considerable biases in the resulting

forecasts. Therefore, a single forecast from such an imperfect prediction system contains

little information regarding the weather that will occur in the future.

Instead, in the last few decades, forecasters have realised the imperative need to

account for the uncertainty in their prediction. For this purpose, Leith (1974) proposed

running a numerical weather model several times, each initialised from different starting

conditions, to generate a collection of distinct forecasts. This collection of forecasts,

now known itself as an ensemble forecast, conveys the uncertainty surrounding the

future weather: if there is strong agreement between the individual model runs, then

the forecaster can be confident about the weather that will materialise, whereas high

variation between the different forecasts suggests a range of possible weather events

could occur (Leutbecher and Palmer, 2008).

The utility of these ensemble forecasts was soon recognised, and they began to

be implemented operationally in the 1990s (Toth and Kalnay, 1993; Kalnay et al.,

1996). However, ensemble forecasts are products of imperfect weather models, and

are hence themselves subject to systematic biases. For example, ensemble forecasts

made for surface weather variables are regularly found to be overconfident, exhibiting

considerably less spread than required (e.g. Hamill and Colucci, 1997). To address this,

several statistical methods have been proposed that adjust the output from numerical

weather models so that it better reflects the weather likely to occur. This is referred to

as statistical post-processing. Post-processing methods not only correct for recurring
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forecast errors, but they translate the forecasts from the discrete model phase space to

the real atmosphere (Stephenson et al., 2005).

Like ensemble forecasts, this approach has been hugely successful, and numerous

studies have highlighted the enhanced performance of forecasts having undergone sta-

tistical post-processing. However, in its most common form, statistical post-processing

serves only to calibrate the ensemble forecast, so that it aligns with previous weather

observations. Recent approaches, meanwhile, have recognised the relative ease with

which extra information can be incorporated into the statistical methods, in turn ad-

dressing more nuanced structures in the errors of numerical weather models. The focus

of this thesis is the amelioration of conventional statistical post-processing methods in a

similar vein, where the principal question concerns what additional information should

be utilised when post-processing.

In particular, we postulate that the biases in numerical weather prediction models

depend on the prevailing behaviour of the atmosphere’s circulation, which is often

represented using distinct weather regimes. These weather regimes can be thought of

dynamically as quasi-stationary equilibria in the atmosphere, defined more generally as

structures in the atmosphere’s circulation that tend to persist beyond the timescales of

individual weather events, and recur at fixed geographical locations (Hannachi et al.,

2017). Weather regimes are a well-known meteorological phenomenon, due largely to

the profound influence they assert on local weather systems, and recent studies have

considered the ability of numerical weather models to simulate the regime behaviour

observed in reality (Dawson et al., 2012; Ferranti et al., 2015; Matsueda and Palmer,

2018). Using the results from such studies, we investigate how the occurrence of certain

weather regimes affects the biases present in dynamical weather models, focusing in

particular on medium-range forecasts of surface weather variables. The work presented

herein then explores to what extent this can be utilised in practice to improve the

effectiveness of statistical post-processing methods.

The remainder of this thesis is organised as follows. The following chapter describes

in more detail the key components of weather forecasting, including numerical weather

models, ensemble forecasts, and prominent statistical post-processing methods. Tech-

niques to evaluate the performance of weather forecasts are also introduced, which

relate to the field of forecast verification. This review of the extant literature is by no

means exhaustive, and relevant studies are referenced throughout: the primary goal

of this chapter is to introduce the methods and studies that have influenced the work

presented in subsequent chapters of this thesis.

Chapter 3 presents a formal introduction to the concept of weather regimes, and

introduces a framework for utilising these regimes within statistical post-processing.

Regime-dependent extensions of two state-of-the-art statistical post-processing meth-
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ods are described, which are later trialled on a highly idealised model of the atmosphere

in which regime behaviour has previously been studied. This chapter has been published

in Allen et al. (2019). Chapter 4 extends this further by applying the techniques to

more realistic data sets, namely wind speed forecasts from a quasigeostrophic weather

model, and from a large set of hindcasts generated as part of the Global Ensemble

Forecasting System (GEFS) Reforecasting Project at the National Oceanic and At-

mospheric Association (NOAA; Hamill et al., 2013). This chapter, published in Allen

et al. (2020), also discusses two approaches to deduce the prevailing regime from ob-

served or predicted weather fields, and it thus presents a self-contained example of how

the regime-dependent methods can be applied in practice. A variant of the regime-

dependent approach is then applied to operational wind speed forecasts from the Met

Office’s global ensemble prediction system in Chapter 5, and this has been published in

Allen et al. (2021b). Using results from the previous chapters, an extension to the ap-

proach is administered to identify situations in which regime-dependent post-processing

is expected to be most beneficial, thereby maximising the utility of the weather regimes,

while also accounting for the limited amounts of data available in operational settings.

In Chapter 6, we build upon the existing functionality within the UK Met Office’s

soon-to-be operational post-processing suite, focusing in particular on the calibration

of temperature forecast fields. Although temperature is expected to depend on the

prevailing weather regime, it also exhibits a pronounced seasonal cycle. Rather than

utilising weather regimes when calibrating these temperature fields, we discuss alter-

native extensions to conventional post-processing methods that are better suited to

capture the dependence of forecast errors on the time of the year. In particular, these

extensions relax the distributional assumptions that are commonly made when post-

processing temperature forecasts, allowing the post-processing methods to account for

changes in the shape of the temperature distribution throughout the year. This chapter

has been submitted for publication in Monthly Weather Review (Allen et al., 2021a).

Finally, in Chapter 7, attention is turned towards the evaluation of forecast perfor-

mance. Forecasts are commonly assessed using scoring rules, which provide a numerical

value that objectively quantifies the accuracy of the forecast. It has previously been

demonstrated that such scoring rules can be decomposed into constituent terms, each

of which describes a different aspect of the forecast performance. In this chapter, it

is shown that a further decomposition of scoring rules exists that can provide addi-

tional information regarding the properties of a forecast in certain circumstances. The

decomposition proposed in this chapter sheds light on when to expect improvements

by utilising alternative sources of information when post-processing, helping to explain

the results presented in previous chapters. This is discussed further in some closing

remarks in Chapter 8.
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2 Forecasting the weather

2.1 Numerical weather prediction

2.1.1 Dynamical weather models

In theory, the instantaneous state of the atmosphere can be described by measurements

of certain meteorological variables at every point in space. This atmospheric state will

then change, or evolve over time, according to some underlying physical laws. The

fundamental problem in weather and climate forecasting is to understand the nature of

this evolution.

It is conceivable that, given exact knowledge of the atmospheric state, along with a

complete understanding of the governing laws, it would be possible to obtain a perfect

weather forecast for any length of time into the future. In reality, neither of these are

known. Nevertheless, dynamical weather prediction models aim to replicate this pro-

cedure. To do so, they simplify the problem at hand by representing the atmospheric

state using values of only a few fundamental meteorological variables at a finite number

of points in space. These points are generally structured in a three-dimensional grid

above the Earth’s surface, where the number of vertical layers in the grid defines the

model’s vertical resolution, and the distance between neighbouring grid points within

a vertical layer determines the model’s horizontal resolution. Models that operate on

a finer grid are said to exhibit a higher resolution, since they are able to resolve more

intricate features of the atmosphere. Weather models may also differ in the variables

they use to describe the atmosphere, though temperature, wind velocity, specific hu-

midity and surface pressure are all typically included (Buizza, 2018). The instantaneous

atmospheric state is thus represented by an array of grid points containing values of

each variable at every spatial location, referred to as the model’s phase space.

Given the approximated atmospheric state, the future atmospheric conditions can

be obtained by evolving this initial state through time, subject to established math-

ematical and physical laws. These laws are comprised of several partial differential

equations, governed principally by the Navier-Stokes equation - essentially Newton’s

second law applied to a fluid - along with formulae for the conservation of mass and

energy (Vallis, 2017). It is common to look for solutions to this system of equations

in spectral space (Buizza, 2018), though understanding the behaviour of such solutions

is notoriously difficult. As such, a numerical, finite-difference approach is typically

employed to integrate these equations forward in time.

Despite the substantial simplifications that are put in place, these dynamical mod-

els have revolutionised weather forecasting. However, these forecasts are themselves
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imperfect. Due to the intricacy of the atmosphere, there are physical processes that

operate on scales smaller than those resolved by the model, and the model therefore

cannot represent the effect these processes have on the weather. Increasing the model

resolution - i.e. the number of grid points at which the underlying equations are eval-

uated - would alleviate this, but the additional computations required, as well as the

extra storage necessary, mean the resolution of the model is restricted by the available

computational resources. In fact, weather forecasting operates on the limits of our tech-

nological understanding, and recent improvements in the quality of weather forecasts

over the last century are largely attributable to advances in computational capacity

(Alley et al., 2019). This is likely to remain true for some time.

In the meantime, while model resolution cannot be increased, it is still necessary to

account for the smaller-scale effects that are unresolved by the model. This includes, for

example, convection that operates on sub-grid-scales, or the effect of local orographic

properties. These convoluted features of the atmosphere are typically represented using

parametrisation schemes, which model the influence the unresolved scales have on the

resolved scales. These schemes do not attempt to explicitly model these sub-grid-scale

phenomena, but rather try to capture the effect they have on the resolved features.

Parametrisation schemes are discussed in more detail in Bauer et al. (2015), while a

comprehensive overview of numerical weather prediction models is available in (Lynch,

2006).

2.1.2 Data assimilation

Although the evolution of a starting point through time according to certain math-

ematical rules is conceptually simple, such a starting point is difficult to deduce in

practice. Furthermore, even infinitesimal errors in the starting conditions can have a

significant effect on the resulting forecast. Considerable effort has thus been devoted to

developing approaches that collect and combine observations from various sources, and

integrate all available data into a best guess of the atmospheric state at a given time.

Such approaches relate to the field of data assimilation.

Advances in data assimilation techniques have contributed to significant improve-

ments in forecast quality this century (Alley et al., 2019), adapting to the proliferation

in the volume of data available, particularly from the vast coverage afforded by satellites.

However, observations alone are not sufficient to estimate the entire state of the atmo-

sphere: the number of available atmospheric observations at a given time is typically

considerably less than the dimension of a weather model’s phase space (Kalnay, 2003).

Therefore, it is necessary to define a background field, containing prior information

regarding the atmospheric state, which constitutes a first guess for the model’s initial

17



conditions. This background field is then updated in light of the available observations.

Today, the prior information in the background field is almost always encapsulated

by the output of a high resolution dynamical weather model, run over a short period of

time, called the ‘assimilation window’. Since this forecast is defined in the model’s phase

space, it provides complete spatial coverage over the domain, in contrast to atmospheric

observations, which tend to be available at an irregular network of locations. Although

this short-range forecast will be subject to errors, combining this information with

observations of meteorological variables throughout the assimilation window ensures

the predicted field provides a reasonable estimate of the true atmospheric state. This

creates an objective analysis field (more generally known as the ‘analysis’), which can

be thought of as an ongoing short-range forecast that is continually realigned to be

consistent with recent observations (Kalnay, 2003).

The way in which the observations and the short-range forecast are combined de-

pends on the data assimilation method applied, and a description of such approaches

is beyond the scope of this thesis. An introduction to data assimilation techniques is

available in Talagrand (1997a), while more comprehensive overviews can be found in

Daley (1993) and Kalnay (2003). Regardless of the data assimilation scheme, due to the

incompleteness of atmospheric observations, as well as imperfect forecasts on which to

base the background field, there will always be error in the forecast’s initial conditions.

This error, although small, can have a monumental impact on the resulting forecast.

2.1.3 Limits of predictability

Despite the information provided by numerical weather models, the resulting forecasts

still become useless beyond a certain time. This prompted studies into the predictability

of the atmosphere, and whether there was a limit to how far in advance it was possible

to predict the weather before all skill in the forecast was lost (Gleeson, 1967; Leith,

1971). Thompson (1957) defines the atmosphere’s predictability as “not merely the

extent to which its behaviour is predicted in practice, but the extent to which it is

possible to predict it with a theoretically complete knowledge of the physical laws that

govern it.” Thompson considered the case where the numerical models described above

were in fact correct, but even with a perfect model formulation, two forecasts with

imperceptible differences in their initial states were found to diverge with time.

This result was confounded by the seminal work of Lorenz (1963), which introduced

a highly idealised model of the atmosphere, controlled by three crude convection equa-

tions, and used this to illustrate the system’s sensitivity to initial conditions. Lorenz

remarks that the atmosphere is ostensibly non-periodic and hence unstable, conclud-

ing that long-range forecasts are likely no more skilful than pure guesswork unless the
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initial conditions are known exactly. Dynamical systems that exhibit this property,

such as the atmosphere, are now referred to as chaotic systems (Lorenz, 2014). This

conclusion changed the direction of weather prediction, highlighting the importance of

quantifying any uncertainty around a forecast, since even a perfect model configuration

would provide an inaccurate prediction if the assumed initial state of the atmosphere

was wrong. Indeed, there are several factors that contribute to uncertainty in the ini-

tial conditions, including precision errors arising from the instruments used to measure

weather variables, a scarcity of data meaning a complete picture of the atmospheric

state is unattainable, or limitations in the method used to discern the analysis from

the data at hand (Fleming, 1971). Lorenz’s work therefore demonstrates that a perfect

forecast of the future atmospheric state is, for practical purposes, impossible.

This reinforced a notion that had been growing throughout the previous decade:

weather forecasts should not be deterministic in nature, but should utilise both statis-

tical and dynamical concepts. That is, although the atmosphere itself may be determi-

nate, so that one state will always evolve in the same manner given identical starting

conditions, a single, deterministic forecast of the atmosphere will provide little infor-

mation unless a measure of its associated uncertainty is also presented. Gleeson (1970)

therefore looked to unify the fields of statistics and meteorology through the theory of

statistical dynamics. Gleeson notes that it should be understood that several possible

initial conditions exist, and there is no way of knowing which corresponds to the ‘true’

state of the atmosphere. Therefore, rather than integrating the chosen weather model

forward in time only from the current best guess of the atmospheric state (the analysis),

information about the entire distribution of possible initial states should be utilised.

This is corroborated by results in Epstein (1969a), which show, albeit in simplified

dynamical systems, that models initialised from the best guess of the initial forecast

state do not in general result in the most accurate forecast. Therefore, Epstein (1969c)

proposed Stochastic Dynamic Prediction, a framework that “seeks solutions correspond-

ing to probabilistic statements of the initial conditions” while retaining the assumption

that the laws governing the atmosphere are entirely deterministic. The framework ac-

knowledges the irremovable error in the analysis and suggests that specifying a probabil-

ity distribution for the initial conditions and numerically integrating this through time,

using the deterministic governing equations, would produce an appropriate probability

distribution for the atmosphere’s future state. Although the evolution of this initial

distribution through time can be described mathematically (Fleming, 1971), solutions

are intractable for the large number of dimensions present in the typical phase space

of a numerical weather model (Leutbecher and Palmer, 2008). Instead, Leith (1974)

proposed a more pragmatic approach, approximating this procedure using Monte Carlo

simulations, an approach now known as ensemble forecasting (Lewis, 2005).
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2.2 Ensemble forecasts

2.2.1 Theory

The growing need to combine statistical and dynamical approaches when forecasting

the weather stimulated the development of ensemble forecasts. Ensemble forecasts,

introduced by Epstein (1969c) and later Leith (1974), select a finite sample of initial

points in the model’s phase space, from which the numerical weather model is inte-

grated forward in time. The result is a collection of forecasts (called an ensemble), each

of which provides its own, unique simulation of the atmosphere’s trajectory. Ensemble

forecasting can thus be thought of as a Monte Carlo approximation to Stochastic Dy-

namic Prediction, whereby initial conditions are sampled from a probability distribution

for the current atmospheric state, and the resulting ensemble members are assumed to

represent draws from the probability distribution of the future atmosphere. That is,

the ensemble members form an empirical distribution for the future atmospheric state,

thereby allowing weather forecasts to transition from the deterministic realm to the

probabilistic (Palmer, 2002).

However, numerically evaluating these complex dynamical weather models is time

consuming and computationally expensive, imposing a practical constraint on the size

of the ensemble (i.e. the number of member forecasts that comprise the ensemble).

Hence, operational ensemble forecasts are generally relatively small, and the distribu-

tion realised by the ensemble is therefore rather coarse (Ferro et al., 2008). Despite this,

the utility of an ensemble forecast was quickly recognised, and they began to be imple-

mented operationally in the 1990s (Toth and Kalnay, 1993; Molteni et al., 1996). How

best to extract information from an ensemble, however, was not initially known (Ander-

son, 1996; Stephenson and Doblas-Reyes, 2000). Since weather forecasts had hitherto

been deterministic in nature, the ensemble output was at first condensed into the mean

of its constituent members, generating a single forecast field. Although this ensemble

mean forecast was repeatedly found to outperform the individual ensemble members,

ensemble forecasts provide considerably more information than just that available from

the ensemble mean.

In particular, several studies have identified a connection between the spread of the

ensemble members and the performance of the ensemble mean forecast (Whitaker and

Loughe, 1998). This ‘spread-error’ or ‘spread-skill’ relationship reflects the ability of

the ensemble to distinguish between situations of low and high predictability, and the

spread of the ensemble members therefore provides a measure of the flow-dependent

uncertainty present in the current forecast: if the ensemble members all exhibit similar

trajectories then the forecaster can be confident about the resulting outcome, whereas
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if the members show little agreement then a range of possible outcomes may occur.

However, it has repeatedly been shown that operational ensemble forecasts of sur-

face weather variables are underdispersed, or overconfident, with the observed weather

value falling outside the range of the ensemble members significantly more often than

expected (Hamill and Colucci, 1997; Buizza et al., 1999). This thus suggests that er-

rors in the prediction system grow faster than the rate at which the ensemble members

diverge from one another. Therefore, although ensemble forecasts are unequivocally

more informative than an individual point forecast - which is equivalent to an ensemble

comprised of one member - there are sources of uncertainty in the forecast that are

still ignored when generating the ensembles. These error sources are generally divided

into two categories: error in specifying the forecast’s initial conditions, and error in

the model itself. As noted by Leutbecher and Palmer (2008), however, although it

is convenient to treat them separately, the initial condition error and the model error

are inherently connected, since a numerical weather model is also used to estimate the

initial state (see Section 2.1.2).

2.2.2 Initial condition uncertainty

This first source of error relates to how the initial conditions of the ensemble forecast are

chosen. The distribution of the initial forecast states should reflect the uncertainties in

the analysis, and the forecast members initialised at these points should thus represent

the most probable trajectories of the atmosphere (Magnusson et al., 2008). A variety

of approaches have been proposed to generate the ensemble’s initial conditions, and no

single method is widely recognised as more appropriate than the others.

Initially, these methods involved perturbing the model analysis field identified using

data assimilation. In this case, the deterministic forecast initialised from the unper-

turbed analysis field is generally also included as a member of the ensemble, and is

termed the ensemble’s control member. The perturbation to the analysis could simply

be random noise, as was proposed by both Epstein (1969c) and Leith (1974), though

it is more common to select points in phase space from which the model’s trajectory is

likely to diverge rapidly from that of the control member. In doing so, the distribution

of these points adequately reflects the variation in the probability distribution for the

initial conditions. Toth and Kalnay (1993), for example, propose ‘breeding’ initial per-

turbations based on the dispersion of a short-range ensemble forecast, thus exploiting

the natural evolution of errors in the model’s phase space, whereas Buizza and Palmer

(1995) introduce an approach centred around singular vectors, which similarly seeks to

sample the fastest-growing forecast errors (Buizza et al., 2005).

More recently, however, ensemble-based data assimilation techniques have been de-
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veloped to obtain an ensemble of analysis fields (Buizza et al., 2008). In this sense,

the goal of data assimilation is not only to provide the best guess of the instantaneous

atmospheric state, but to generate a suitable ensemble of possible states from the prob-

ability distribution of the initial conditions. Such approaches include, for example, the

ensemble Kalman filter (Evensen, 1994), the ensemble transform (Wei et al., 2008), and

the ensemble data assimilation approach (Buizza et al., 2008). Precise details on these

methods are omitted here, though the basic premise is to apply the data assimilation

scheme multiple times - using either perturbed observations to simulate measurement

errors (Houtekamer et al., 1996), or an ensemble of short-range forecasts to simulate

model errors - to obtain distinct analyses. This collection of analyses then constitutes

the starting points from which to initialise the ensemble members.

Ensemble-based data assimilation techniques combine the data assimilation with

the generation of an ensemble of initial conditions, in contrast to the bred and singular

vector approaches, though combinations of these different techniques have also been

utilised operationally to good effect (Buizza et al., 2008). Several studies have looked

to compare these approaches (Buizza et al., 2005; Bowler, 2006; Magnusson et al., 2008),

and readers are diverted to references therein for a more complete overview of the field.

A brief description of these methods is also available in Kalnay (2003).

2.2.3 Model uncertainty

The previous section highlighted that even if the physical equations governing the at-

mosphere were known exactly, a forecast would still be imperfect due to errors in the

initial conditions. Similarly, even if it were possible to obtain a perfect formulation of

the initial conditions, the trajectory of the forecast would deviate from reality since

all numerical weather prediction models exhibit errors. There are several sources that

contribute to this model error: an incomplete knowledge of the physical processes gov-

erning the atmospheric flow; the numerical finite-difference approach used to integrate

the model forward in time; the spatial truncation of the model, meaning small-scale

physical processes are left unresolved; errors in the subsequent parametrisations of these

sub-grid-scale effects, and so on. Consequently, accounting for these errors that arise

due to imperfections in the model is arguably more difficult than addressing the initial

condition uncertainty.

Nonetheless, just as the error in the analysis field is addressed by initialising the

numerical weather model at a variety of possible initial conditions, model uncertainty

could be partially represented in the ensemble forecast by changing the formulation

of the model with which the ensemble members are constructed. Houtekamer et al.

(1996), for example, propose issuing ensemble members that differ not only in their
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initial conditions, but also in their representation of sub-grid-scale physical processes.

That is, the parametrisation scheme used to capture the unknown scales of motion

is configured differently for each ensemble member (Leutbecher et al., 2017). Buizza

et al. (1999) use a stochastic approach for the same purpose, where the parametrised

tendencies corresponding to each ensemble member are scaled by a random number,

and these stochastic parametrisation schemes have since become a key component of

operational ensemble forecasts (Slingo and Palmer, 2011).

To account for the other sources of model error, further discrepancies between the

ensemble members could be incorporated. In practice, different operational centres

will employ ensemble prediction systems with varying model configurations, including

their horizontal and vertical resolutions, sub-grid-scale parametrisation schemes, and

their methods of generating the ensemble’s initial conditions. Combining forecasts from

several operational models may therefore better reflect the possible outcomes that could

materialise. As such, these ‘multi-model’ ensemble forecasts have repeatedly been found

to outperform single model ensembles (Kharin and Zwiers, 2002). It is often the case

that the members of each ensemble prediction system are highly correlated and indicate

a high degree of confidence in the forecast, yet there tends to be disagreement between

the ensembles generated from the different models. As a result, the pooled spread

of the multi-model ensemble provides a better reflection of the uncertainty present in

the current situation, when compared to any of the constituent ensembles. Hagedorn

et al. (2005) attributed this improvement to extra information in the ensembles, gained

as a result of the various models exploring different possible outcomes (Johnson and

Swinbank, 2009). Even these multi-model approaches, however, do not capture all

uncertainty present in the construction of the ensemble prediction system.

2.3 Statistical post-processing

2.3.1 Introduction

Enhanced data assimilation techniques, stochastic parametrisation schemes, and an in-

crease in computational resources have all contributed to substantial improvements in

the performance of weather forecasts in recent decades, due largely to a better represen-

tation of the forecast uncertainties. Nevertheless, current ensemble prediction systems

still possess several shortcomings. If these shortcomings were known, then they could

be addressed after having obtained the model output. For example, the spread of the

ensemble members could be augmented to account for a lack of dispersion, where the

extent of this increase in spread is determined by previous forecast dispersion errors.

More generally, systematic forecast errors can be identified by searching for patterns in

an archive of historical forecasts and observations, and an improved prediction could
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then be obtained by removing these errors from the current forecast. This is the basis

of statistical post-processing.

Statistical post-processing combines the output from a numerical weather model

with information regarding previously observed weather events to provide a more accu-

rate estimate of what the future atmosphere will look like. In doing so, post-processing

can not only remove any recurring biases in the model output, but it can also generate

predictions for meteorological quantities not present in the model’s phase space. This

includes, for example, issuing forecasts at spatial locations not positioned on the model

grid (i.e. statistical downscaling, see e.g. Scheuerer et al., 2013), or predicting auxiliary

weather variables, such as road surface temperature or rainfall runoff, both of which

might rely on temperature and precipitation forecasts along with knowledge of external

factors. In this sense, statistical post-processing methods translate the forecast output

from the discrete model phase space to the continuous real atmosphere (Stephenson

et al., 2005).

Throughout the subsequent chapters of this thesis, statistical post-processing will

refer to the statistical correction of weather forecasts, possibly after having first inter-

polated the model output to specific locations. This is the most common application of

statistical post-processing, in which case it is also known as forecast recalibration. Per-

haps the simplest example of post-processing in this form is removing a constant bias

from a deterministic prediction. Similarly, ensemble forecasts may exhibit probabilistic

biases, and addressing such errors requires consideration not only of the ensemble’s

location, but also of the dispersion and shape of the forecast distribution.

Moreover, it may be the case that the forecaster is aware of the limitations of their

weather model, but cannot address them explicitly when constructing the prediction

system, due to a lack of computational resources, for example. In this sense, post-

processing can be thought of as a temporary solution to address these errors inherent

in the forecast system, until it is feasible to include further information directly into

the formulation of the prediction system. Recent studies have extended established

post-processing methods so that they not only recalibrate the ensemble forecast, but

also use other sources to augment the information content present in the prediction.

These methods, as well as more conventional approaches, will be discussed further

throughout this section. However, this section seeks only to introduce the most promi-

nent post-processing approaches, focusing in particular on those to be employed in the

remainder of this thesis: we do not provide a comprehensive overview of all statisti-

cal post-processing techniques. To this end, a considerably more thorough review of

statistical post-processing methods to recalibrate weather forecasts can be found in

Vannitsem et al. (2018).
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2.3.2 Predictive distributions

Due to the seemingly chaotic nature of the atmosphere and the inherent uncertainty

when specifying the forecast’s initial state, a single point forecast contains little infor-

mation regarding the atmosphere’s evolution. Instead, it is also necessary to provide a

measure of the forecast’s uncertainty. Recent decades have thus seen a permanent shift

from deterministic to probabilistic weather predictions (Gneiting et al., 2007), emanat-

ing from the introduction of ensemble forecasts. An ensemble forecast provides a sample

of the possible outcomes that could materialise, and thus constitutes an empirical prob-

ability distribution for the response variable. However, ensembles are necessarily finite

in size and thus inherently unreliable (Buizza and Palmer, 1998; Weigel et al., 2007;

Ferro et al., 2008). Instead, statistical post-processing methods have been proposed

that issue forecasts in the form of smooth predictive distributions, which represent the

conditional distribution of the outcome given the ensemble forecast. Although there

has been recent interest in the application of non- or semi-parametric post-processing

methods (Taillardat et al., 2016; Henzi et al., 2019), it is common to attain a smooth

forecast distribution by assuming that the response variable follows a suitable paramet-

ric distribution.

Consider forecasts made for a single weather variable (e.g. temperature, wind speed,

precipitation), at a given point in space and time, and for a particular length of time

into the future - known as the lead time, or forecast horizon. The variable being forecast

is denoted by Y and is referred to as the outcome, predictand or response variable. This

outcome is assumed to be a random variable that follows an unknown distribution, and

the value of the outcome that materialises is termed the observation or verification,

denoted y. The corresponding forecast for this variable is an ensemble comprised of M

members x = (x1, ..., xM), with mean x̄ and variance s2x. The ensemble members are

assumed here to be known, fixed values, though they could also be treated as random

quantities to account for the uncertainty in their construction (Siegert et al., 2016b). In

reality, a sequence of forecasts and observations is typically available at several spatial

locations, and further subscripts could be used to denote the time, location and variable

under consideration, though this is omitted in the following for ease of notation.

2.3.2.1 Non-homogeneous Regression

The simplest forecast in the form of a predictive distribution is the unconditional distri-

bution of the response variable, better known in the meteorological community as the

variable’s climatology. Such a forecast might assume that the outcome follows a partic-

ular distribution. Temperature, for example, is commonly modelled using a Gaussian
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distribution (Von Storch and Zwiers, 2001):

Y ∼ N(µ, σ2), (1)

where µ and σ2 denote mean and variance parameters to be estimated from previous

observations. However, due to the abundance of weather data, the empirical distribu-

tion of the observed values is generally fairly smooth itself, and hence relevant quantiles

or functionals of the distribution can be reliably estimated without having to specify

a particular parametric distribution. The unconditional distribution depends only on

previous observations of the weather variable of interest. Therefore, although it encap-

sulates all uncertainty present in the predictand, the climatological forecast distribution

contains no information regarding the current atmospheric state, and hence does not

change throughout time, nor for different forecast horizons. This forecast is thus com-

monly implemented as a reference forecast to which more sophisticated methods are

compared (Mason, 2004). Temporal and spatial information can be added to this fore-

cast, however, by restricting the data on which to estimate the distribution (see Section

2.3.3.1).

More advanced statistical modelling techniques such as time series (Wilks, 2019), or

linear regression-based approaches (McCullagh, 2018) could be used to identify tempo-

ral, spatial and inter-variable relationships between meteorological observations, which

could in turn generate forecasts that more accurately capture the prevailing dependen-

cies in the atmosphere. However, in the short- and medium-range, numerical weather

models contain considerably more information than these purely statistical methods,

and the model output should hence be utilised in the forecast. Wilks (2002) suggest

smoothing ensemble forecasts by issuing Gaussian distributions centred on the ensemble

mean, and with variance equal to the ensemble variance:

Y |x ∼ N(x̄, s2x), (2)

potentially after having first applied a suitable transformation to the data. The depen-

dence of the forecast on the ensemble members is made explicit in Equation 2. Concep-

tually, a smooth predictive distribution can be thought of as an ensemble comprised of

infinite members, and statistical distributions therefore provide a computationally fea-

sible way of increasing the ensemble size (Roulston and Smith, 2003). These parametric

distributions are therefore particularly useful in the case of small ensembles. However,

smoothing the ensemble accounts only for the finite size of the ensemble, rather than

correcting any shortcomings in the numerical model.

Instead, the model output could be used in conjunction with the linear regression
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framework, where the ensemble mean is used as the sole predictor:

Y |x ∼ N(α + βx̄, σ2). (3)

This approach is typically referred to as Model Output Statistics (MOS; Glahn et al.,

2009). Unlike Equation 2, Equation 3 relies not only on the ensemble forecast, but

also on additional post-processing parameters that can account for conditional and

unconditional biases in the ensemble mean.

The ensemble mean filters out the contrasting information provided by the vari-

ous ensemble members (Kalnay, 2003), but collapsing the information provided by the

ensemble into just its mean assumes that the members exhibit identical error char-

acteristics. If this is the case then the ensemble members are said to be statistically

exchangeable. When the ensemble members are not exchangeable, as is the case in

multi-model ensembles or when a control member is present, each ensemble member, or

the mean of each group of exchangeable members, should be included individually as

inputs to the linear regression model (Fraley et al., 2010). Alternatively, a preliminary

aggregation of the ensemble members could be performed to obtain a suitable determin-

istic forecast to be used as a predictor in Equation 3, in place of the ensemble mean.

So-called ‘consensus forecasts’ are generally constructed by a weighted affine combi-

nation of the ensemble members (Greybush et al., 2008), where the optimal weights

are parameters to be estimated from historical data. Rather than treating the ensem-

ble members equally, consensus forecasts allow more accurate forecasts to be assigned

higher leverage when constructing the deterministic prediction. More elaborate meth-

ods to blend forecasts are also available (Vannitsem et al., 2020). Regardless of the

predictors, however, MOS translates this deterministic prediction to a forecast in the

form of a predictive distribution.

Furthermore, although now commonly applied to ensemble output, linear regression

was used to recalibrate output from numerical weather models prior to the advent of

ensemble forecasts (Klein et al., 1959; Glahn and Lowry, 1972). In this case, the predic-

tor of the regression model (Equation 3) is simply the single deterministic prediction,

perhaps along with additional input variables, highlighting how statistical methods can

be used to provide probabilistic forecasts without first generating an ensemble (Leut-

becher and Palmer, 2008). Unlike deterministic predictions, however, ensemble forecasts

contain useful flow-dependent information regarding the atmosphere’s predictability.

Therefore, Gneiting et al. (2005) extend MOS by including the ensemble variance as a

predictor for the forecast variance, resulting in a heteroscedastic distribution:

Y |x ∼ N(α + βx̄, γ + δs2x). (4)
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The forecast distribution in this form is known as Non-homogeneous Gaussian Regres-

sion (NGR). As will be discussed in Section 2.3.2.3, if different assumptions are made

about the choice of distributional family, then the method is more generally referred to

as Non-homogeneous Regression (NR), or Ensemble Model Output Statistics (EMOS).

Equation 4 constitutes a very general class of post-processing models that encompasses

more primitive methods, including Equations 1 - 3. It can be extended further by in-

cluding the forecast time as a predictor, making it more suitable for post-processing

seasonal and decadal predictions where it is often necessary to remove time-dependent

trends in the forecast biases (Sansom et al., 2016).

2.3.2.2 Bayesian Model Averaging

Although Non-homogeneous Regression utilises the spread of the ensemble members

by including it as a predictor for the forecast variance, the trajectories of the ensemble

members often separate into distinct groups, each exploring a different region of the

model’s phase space. In this case, specifying a unimodal forecast distribution centred

at the mean of these members, as in Non-homogeneous Regression, would not replicate

the information present in the ensemble. Instead, a multi-modal distribution would be

more appropriate (Wilks, 2002).

Multi-modal distributions can easily be achieved using Ensemble Dressing tech-

niques, so-called because they dress each ensemble member with its own error distribu-

tion, akin to kernel density estimation methods (Wilks, 2019). This was first proposed

by Roulston and Smith (2003), who use past errors of the ‘best’ ensemble member,

defined as that which has previously exhibited the smallest forecast error, to perturb

the original ensemble members, creating a significantly larger ensemble. Wang and

Bishop (2005) ameliorated the approach by using smooth distributions centred around

each (bias corrected) ensemble member. The final forecast thus takes the form of a

mixture distribution - an equally-weighted combination of component distributions as-

sociated with each ensemble member - rather than a finite ensemble. However, due to

restrictions placed on the variance of the component distributions, this approach can

only increase the ensemble spread, and hence cannot be used to calibrate overdispersed

forecasts.

A more general variant of this is Bayesian Model Averaging (BMA; Raftery et al.,

2005), a method used extensively in economics and the social sciences prior to its

introduction in a weather forecasting context (Raftery et al., 1997). BMA similarly

yields predictive distributions corresponding to each ensemble member, but unlike the

approach of Wang and Bishop (2005), no constraint is put on the variance parameter;

instead, it is included as a coefficient to be estimated. Assuming Gaussian component
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distributions, BMA becomes

Y |x ∼
M∑
m=1

wmN(αm + βmxm, σ
2
m). (5)

In this case, separate weights wm and coefficients can be estimated for each ensemble

member, though if groups of exchangeable members exist, then the weights and param-

eters assigned to members of the same group should be equal (Fraley et al., 2010). BMA

is thus a more general Ensemble Dressing approach. Moreover, since it can issue distri-

butions that are multi-modal, Equation 5 is also more flexible than Non-homogeneous

Gaussian Regression (Equation 4). However, this flexibility comes at the expense of

parsimony, and hence estimating the coefficients of this mixture distribution is typically

more cumbersome than for unimodal forecast distributions.

2.3.2.3 Choice of distribution

Thus far, only Gaussian predictive distributions have been considered. Of course, MOS

is a linear regression model, and hence can easily be extended to utilise alternative

distributions via the generalised linear modelling framework (McCullagh, 2018). One

example of a generalised linear modelling approach commonly used to statistically post-

process weather forecasts is logistic regression (Lemcke and Kruizinga, 1988; Hamill

et al., 2004). Rather than estimating an entire distribution for the response variable,

logistic regression issues probabilistic forecasts for binary outcomes. Successive appli-

cations of logistic regression could be used to forecast the probability that the response

variable falls below a sequence of thresholds, thus approximating a complete predictive

distribution. However, since this requires fitting several independent logistic regres-

sion models, the forecast probabilities are not constrained to increase as the threshold

increases, potentially leading to illogical forecast distributions.

Wilks (2009) therefore proposes an extension whereby an increasing function of the

threshold is included as a predictor in the regression equation. The resulting distribu-

tion depends smoothly on the chosen thresholds, thus alleviating any inconsistencies,

while also allowing the estimation of a complete distribution using just one regression

equation. Messner et al. (2014) show that when the increasing function of the threshold

is chosen to be the threshold itself, the extended logistic regression framework proposed

by Wilks (2009) is a particular example of issuing a forecast for the response variable in

the form of a logistic distribution. Messner et al. (2014) extend this further to include

the mean and spread of the ensemble as predictors for the location and scale of the

logistic predictive distribution, and, in doing so, show that the approach aligns with
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the Non-homogeneous Regression (NR) framework:

Y |x ∼ L(α + βx̄, γ + δsx), (6)

where the logistic distribution has been employed in place of the Gaussian distribution

in Equation 4, with L(µ, σ) denoting the logistic distribution with location µ and scale

σ.

This is an example of the flexibility of NR, and the ease with which it can be

applied to forecasts of different weather variables through the choice of an appropriate

parametric distribution. BMA, similarly, can be employed with alternative choices for

the component distributions. These distributions represent the conditional distribution

of the observations given the ensemble output, and considerable research has been

devoted to identifying statistical distributions suitable for post-processing a range of

weather variables. This distribution is typically chosen to be similar in form to the

marginal, or unconditional distribution of the variable being forecast, though this need

not be the case. The response variable could exhibit a complicated structure, but

if the forecast reproduces this behaviour, then the conditional distribution might be

reasonably modelled using simpler families of distributions. However, in practice, it is

convenient to assume a forecast distribution that is similar in shape to the variable’s

marginal distribution. In doing so, non-zero probabilities are assigned only to outcomes

that can occur, and the forecast tends towards the predictand’s climatology as the

information in the ensemble decreases.

Representing temperature observations using Gaussian distributions, for example, is

a commonplace assumption in the meteorological community (Von Storch and Zwiers,

2001). As such, a Gaussian distribution is typically employed in NR and BMA, and

extensions thereof, to post-process temperature forecasts. This approach has, however,

recently come under scrutiny (Gebetsberger et al., 2018, 2019, see Chapter 6). Wind

speed, on the other hand, is non-negative and methods to post-process wind speed fore-

casts thus require predictive distributions with non-negative support. Gamma distribu-

tions have been proposed in both the BMA (Sloughter et al., 2010) and NR (Scheuerer

and Möller, 2015) frameworks for this purpose, whereas alternative choices include dis-

tributions truncated below at zero (Thorarinsdottir and Gneiting, 2010; Baran, 2014;

Messner et al., 2014).

The choice of parametric distribution becomes particularly difficult when forecast-

ing precipitation accumulation, which follows a distribution with positive support when

it exceeds zero, but may also be exactly zero. The problem can be decomposed into

two stages: first estimating the probability of observing any precipitation - using, for

example, logistic regression (Sloughter et al., 2007) or probability mapping-based ap-
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proaches (Flowerdew, 2014) - and then fitting a positive predictive distribution only

to non-zero precipitation events. Though, a more unified approach involves censoring

distributions at zero, with any mass assigned to negative values instead attributed to

zero precipitation (Messner et al., 2014; Scheuerer, 2014; Scheuerer and Hamill, 2015a).

These three weather variables have been studied in most detail, and forecasts of

other weather variables can generally be post-processed using similar techniques. One

notable exception is cloud cover, which is measured on a discrete scale and thus requires

alternative approaches (Hemri et al., 2016). Regardless, the choice among distributions

will depend on the time period, spatial region, and weather model under consideration,

with no distribution invariably being more appropriate than others. As is the case in

the wider field of statistical modelling, diagnostic model checking techniques should be

employed (see Section 2.4) to verify that the post-processing model is appropriate for

the present scenario.

Furthermore, to ensure that the data being considered align with the assumptions

made by a particular distribution, the forecasts and observations could be transformed

prior to post-processing. Wilks (2002), for example, models square-root transformed

wind speeds using a Gaussian distribution, while Hemri et al. (2015) employ the more

general Box-Cox transformation (Box and Cox, 1964) for rainfall runoff. In doing

so, these transformed variables can be post-processed using more familiar approaches

(Wilks, 2019). Scheuerer and Hamill (2015a), on the other hand, argue that trans-

forming variables distorts the scale of the variables, and could thus remove some of the

information contained within the raw ensemble forecasts.

Alternatively, it is possible to combine information from several possible parametric

distributions, yielding a more flexible forecast. Lerch and Thorarinsdottir (2013), for

example, propose a combination of distributions to post-process wind speed forecasts,

where the choice of distribution is determined by the behaviour of the ensemble. In

particular, if the ensemble median exceeds a predefined threshold then the generalised

extreme value (GEV) distribution is applied, with a truncated normal distribution im-

plemented otherwise. Baran and Lerch (2015) later modify this approach to use a

log-normal distribution in place of the GEV distribution, in the hope of increasing

computational efficiency. Such an approach assumes that the log-normal or GEV dis-

tribution is better suited to capture the behaviour in the upper tail of the predictive

distribution, which is often poorly represented when post-processing (Friederichs et al.,

2018). A similar method is employed by Gebetsberger et al. (2017) to recalibrate precip-

itation forecasts, applying a separate post-processing model depending on the fraction

of ensemble members that predict zero precipitation.

The resulting forecast distribution is thus a mixture of two component distributions.

These combination approaches depend, however, on a suitable criterion to decide when
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to switch between distributions. Instead, Baran and Lerch (2016) extend the combi-

nation approach to include a weight parameter that is estimated from the data, which

provides a data-driven way to choose how much emphasis to put on each distribution.

However, Baran and Lerch (2016) find estimating the weight and the coefficients for

both predictive distributions simultaneously to be computationally expensive and at

times numerically unstable. Both distributions could instead be estimated separately,

and the optimal weight estimated conditionally on these two distributions in a second

step, though Gneiting et al. (2013) prove that the linear combination of two calibrated

forecast distributions is necessarily uncalibrated. The authors go on to provide ap-

proaches that can combine the distributions in such a way that the resulting mixture

model is also calibrated, and these methods have been applied in a post-processing

context in Baran and Lerch (2018).

In the combination approach of Lerch and Thorarinsdottir (2013) the forecast distri-

bution can be expressed as a mixture model, where the weight is an indicator function

that takes the value one when the median of the ensemble members exceeds the prede-

fined threshold, and zero otherwise. The component distributions of the mixture model

in this case are then estimated conditionally on the weight function, which thus directs

the post-processing model towards particular regions of the historical data on which to

estimate the different component distributions. The choice of this weight is therefore of

considerable interest, and Chapters 3-5 of this thesis similarly consider using a weight

function to direct a mixture model-based post-processing method towards particular

instances in which the performance of the prediction system is expected to vary. In

doing so, the component distributions of the mixture model can each separately address

different error characteristics of the ensemble forecast.

2.3.2.4 Input variables and link functions

Previous applications of MOS to deterministic weather forecasts often utilised sev-

eral predictor variables (Glahn and Lowry, 1972), whereas established ensemble post-

processing methods tend to use as predictors only information provided by the ensemble

member forecasts for the weather variable under consideration: Non-homogeneous Re-

gression and Bayesian Model Averaging as presented above are common examples of

this. Although modern ensemble forecasts should themselves be more informative than

previous weather forecasts, forecasters have recently realised once again the benefit to

be gained by including alternative sources of information into the statistical models.

Messner et al. (2017), for example, propose a boosting algorithm to select relevant

predictor variables for Non-homogeneous Regression models. Letting u and v denote
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(row) vectors of possible predictor variables, Equation 4 can be generalised to

Y |u,v ∼ N(uβ,vγ), (7)

where β and γ are coefficient (column) vectors corresponding to u and v, respectively.

Non-homogeneous Gaussian Regression is then a particular example of Equation 7

where u = (1, x̄) and v = (1, s2x). To select the most relevant predictors to use in

Equation 7, the boosting algorithm implemented by Messner et al. (2017) iteratively

updates the coefficient estimates in such a way that only the most useful variables

are assigned non-zero coefficients. In doing so, the approach removes any unnecessary

predictors, while automatically selecting those most relevant for use within the post-

processing model.

Equation 7 can be generalised further to use potentially nonlinear functions, gµ and

gσ, of the predictors to estimate the mean and spread of the predictive distribution:

Y |u,v ∼ N(gµ(u), gσ(v)). (8)

There are several ways of constructing such nonlinear functions, though arguably the

most familiar approach in the field of statistical modelling is to use linear combinations

of nonlinear basis functions; splines, for example, are commonly used within the gener-

alised additive modelling (GAM) framework (Hastie and Tibshirani, 1990). Compared

with the wider field of statistical modelling, the use of splines as a tool for forecast

recalibration is relatively sparse, though they have been used in the context of post-

processing to construct smooth functions across time and space (Dabernig et al., 2017;

Gebetsberger et al., 2019; Lang et al., 2019a), to incorporate information regarding

circular weather variables (Eide et al., 2017; Lang et al., 2019b), and to extend quantile

regression (Bremnes, 2019).

Alternatively, Rasp and Lerch (2018) employ a neural network to model the non-

linear functions for the location and scale of the predictive distribution in Equation 8.

Neural networks are powerful machine learning tools that also allow additional predic-

tors to be seamlessly integrated into post-processing models. Although not a recent

concept, they have become progressively more accessible with advances in computa-

tional capabilities, and, as a result, have been applied recently to several problems in

meteorology (McGovern et al., 2017). Rasp and Lerch (2018) implement a neural net-

work with only one hidden layer, and hence the mean and standard deviation of the

forecast distribution in this case are obtained via a bias corrected linear combination

of the input variables, followed by the application of a nonlinear activation function.

However, the neural network proposed by Rasp and Lerch (2018) still assumes that
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the conditional distribution of the response variable belongs to a known statistical fam-

ily. To allow for more flexibility when constructing the predictive distribution, non-

or semi-parametric post-processing methods exist that make fewer distributional as-

sumptions, and are thus applicable when forecasting a variety of weather variables.

Taillardat et al. (2016), for example, propose post-processing weather forecasts using

quantile regression forests. Quantile regression forests are comprised of a series of con-

secutive decision trees, each of which considers binary events associated with thresholds

of possible predictor variables. Given the current prediction, the forecaster can evalu-

ate each of the decision trees, and identify previous forecasts that have taken a similar

path through the forest, thereby exhibiting similar characteristics to the current fore-

cast. The observations corresponding to these previous forecasts then constitute an

ensemble of possible outcomes that could occur given the current forecast (Taillardat

et al., 2016).

Although the use of statistical learning techniques (Hastie et al., 2009), such as

quantile regression forests and neural networks, within post-processing is still in its

infancy, considerable work is currently ongoing in this area (Taillardat and Mestre,

2020; Vannitsem et al., 2020). Such methods rely heavily on the available data to

estimate relationships between predictor variables, and this is yet more pertinent for

non-parametric approaches that make no distributional assumptions. The nature of

the archive of available meteorological data is thus of considerable importance when

post-processing.

2.3.3 Training post-processing methods

2.3.3.1 Training data

Post-processing methods learn relationships between the weather model and the atmo-

sphere through an archive of historical forecasts and observations, commonly referred to

as the training, or learning data set. Ideally, the training data should reflect the present

situation, in that the current forecast is expected to exhibit similar error characteris-

tics to those in the training data. As such, removing these historical biases from the

current forecast should enhance its predictive performance. Choosing an inappropriate

data set, on the other hand, may result in the post-processing method addressing biases

that do not materialise in the forecast, potentially hindering its performance relative

to that of the raw ensemble.

In practice, selecting a suitable training data set is not straightforward. It is impos-

sible to measure exactly the instantaneous atmospheric conditions, and there is thus

a decision to be made regarding how to define the ‘observations’ when training post-

processing methods. The most accurate estimate of the prevailing weather is provided
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by recordings from suitable sensors, or measuring devices, positioned in an irregu-

lar network. However, the global coverage afforded by this network is generally fairly

sparse, with particularly few recording stations situated in regions with complex terrain

and over seas (Hamill, 2018). Post-processing methods that are trained using weather

recordings at synoptic stations only address the systematic forecast errors present at

these locations, and hence, if these stations are not representative of the entire model

domain, then biases specific to other locations will remain in the forecast, meaning an

entire calibrated forecast field is unobtainable.

Instead, since the numerical weather models produce forecasts at specific grid points

over the model domain, it would be desirable to have observations similarly available on

a grid. Although this is generally not the case for empirical weather measurements, an

alternative option is to train the post-processing methods using the analyses from the

weather model at the time for which the forecast is being made (the forecast validation

time). As described in Section 2.1.2, the model analysis represents the best guess

of the atmospheric state, constructed by assimilating a short-range forecast with large

volumes of data recordings. Errors in the data assimilation, however, mean the analysis

itself exhibits potentially large errors, and, as a result, using analyses to train post-

processing methods tends to underestimate the uncertainty present in reality (Feldmann

et al., 2019). On the other hand, model analyses provide appropriate spatial coverage,

obviating some of the shortcomings of post-processing with weather measurements.

Therefore, the choice of observations to utilise when post-processing depends on the

problem at hand: model analyses are often used to post-process predictions when a

calibrated forecast field is desired, while weather measurements are preferred for more

localised bias corrections.

Regardless of how the observations are defined, statistical post-processing seeks to

remove systematic deviations between these observations and the forecasts. Given all

available historical forecasts and observations, it is still necessary to select the most

relevant subset of this data on which to train today’s post-processing model. The

magnitude of forecast errors may depend on a variety of factors, such as the time of the

year, spatial location, or the forecast values themselves, and to allow the post-processing

model to account for such dependencies, the training data should vary accordingly.

For example, to account for the recent behaviour of model errors, a rolling or sliding

window, comprised only of the most recently available forecast-observation pairs, is

often used operationally to train post-processing models (Gneiting et al., 2005). Longer

windows provide larger data sets on which to estimate post-processing coefficients,

whereas smaller windows are more tailored to recent model behaviour.

Alternatively, post-processing models could be trained using a fixed window. Such

a window does not adapt continually in light of more recent data, alleviating the need
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to continually update post-processing coefficients. Hence, one set of coefficients can be

estimated and applied repeatedly to different forecasts. Fixed windows are less suited to

accounting for potential seasonality in model errors, but generally provide much larger

amounts of data than time-adaptive windows. Therefore, to account for seasonality

whilst using a fixed window, smooth functions of the time of the year can be included

directly in the post-processing model (Hemri et al., 2014; Messner et al., 2017; Dabernig

et al., 2017; Lang et al., 2019a).

Larger data sets on which to estimate post-processing coefficients also reduce the

chances of overfitting the training data (Wilks, 2019). Overfitting refers to when the

statistical model captures not only the signal between the observations and forecasts,

but also the noise specific to the training data. Post-processing methods that overfit

the training data therefore perform well when evaluated using this training data, but

this forecast quality does not translate to out-of-sample predictions, where the method

is poorly equipped to adapt to the new data. The amount of data used to train statis-

tical post-processing models is thus an inherent compromise between obtaining enough

data on which to reliably estimate model coefficients, and using little enough so as to

incorporate only the most relevant data for the current forecast.

This is exacerbated further by the fact that operational weather models are contin-

ually updated, leading to changes in their error characteristics. Although these updates

generally improve model performance, they come at the expense of robust statistical

post-processing: after introducing a new model version, properties of the resulting fore-

casts may not yet be well understood, and it thus becomes difficult to identify previous

forecasts that are believed to behave similarly to those from the updated model version.

In order to exploit characteristics of the updated model, it is necessary to wait for an

extended period of time before sufficient data is collected from which these character-

istics can be deduced. In the meantime, a choice must be made between foregoing the

benefits of post-processing, and generating hindcasts from the new prediction system

to understand its performance. Alternative approaches that can adapt to updates in

the model when post-processing are in short supply, and further work on this subject

is thus required (Demaeyer and Vannitsem, 2020).

As well as displaying pronounced seasonal dependencies, forecast errors may also

vary considerably in space. Pooling information regarding all stations into the training

data, referred to as ‘global’ post-processing, might therefore not account for locally-

varying biases. Conversely, training data sets could be designed separately for every

location of interest, each comprised of only forecast-observation pairs obtained at that

location. However, fitting a separate post-process method at every location under

consideration is not only computationally expensive, particularly when considering large

networks of stations, but it also reduces the amount of data available on which to train
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the statistical models, increasing the chances of overfitting. Moreover, such an approach

is at times redundant. Although the biases should not be assumed stationary in space,

it is reasonable to believe that the errors at neighbouring locations will often exhibit

similar characteristics (Scheuerer and Hamill, 2015a). Proximity in space is not the

only factor that should be accounted for. Hamill et al. (2017) group together synoptic

stations in the US according to several properties that were believed to influence biases

in precipitation forecasts, while Lerch and Baran (2017) consider a more empirical

approach based on the past behaviour of both the observations and forecasts at each

location. In this sense, the current forecast is trained using previous forecasts at other

locations that are believed to exhibit similar qualities.

The quality of a post-processing method depends heavily on the data on which it

is trained. Although calibrated forecasts could be achieved without considering partic-

ular times of the year or spatial locations separately, incorporating these dependencies

allows for a more targeted, and hence informative, forecast. This highlights how in-

formation can be added to post-processing methods, not only by including additional

input variables when recalibrating (as in the previous section), but also by incorporating

these dependencies when constructing the training data. In fact, some post-processing

approaches do not issue forecasts in the form of parametric distributions, but rely on

the training data to such an extent that the observed values in the training data are

themselves treated as an ensemble forecast for the present scenario. The training data

in this case must be chosen carefully, using ‘analogues’ of today’s forecast.

2.3.3.2 Analogue-based post-processing

Forecast analogues refer to previous instances where the state of the atmosphere was

comparable (ideally analogous) to its currently predicted state. The observations that

occurred in these instances are then assumed to be representative of the possible out-

comes that could materialise given the current forecast. In turn, the distribution of these

historical observations constitutes an empirical estimate of the conditional distribution

of the response variable given today’s prediction. Issuing as a forecast this ensemble

of previous observations can thus be thought of as an analogue-based post-processing

method (Hamill and Whitaker, 2006). The use of analogues as a tool to recalibrate

forecasts dates back to Van den Dool (1989), though similar approaches were used as

a general forecasting technique prior to the advent of numerical weather prediction

(Lynch, 2008). Since then, analogues have also become common in other branches of

post-processing, most notably statistical downscaling (Zorita and Von Storch, 1999).

Analogue-based methods are non-parametric and can thus be applied to a wide range

of weather variables (perhaps simultaneously) without any distributional assumptions.
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Moreover, this flexibility means they have previously been used to post-process both

deterministic predictions (Delle Monache et al., 2011, 2013) as well as forecasts in the

form of an ensemble (Hamill and Whitaker, 2006). Clearly, however, the approach is

reliant on a suitable method of defining forecast analogues. Typically, this is achieved

using some measure of the distance from previous forecasts to the current prediction, the

exact form of which will depend on the type of forecast to be post-processed, and also

the number of variables under consideration. Historical forecasts that yield a similarity

measure that falls below a predefined threshold are then defined as analogues to today’s

forecast, where the choice of threshold represents a trade-off between larger ensembles

and more targeted forecasts. In this sense, the quantile regression forest post-processing

approach proposed by Taillardat et al. (2016) (see Section 2.3.2.4) can also be viewed

as an analogue-based approach, where the forecast analogues are defined using a series

of decision trees.

These approaches are, however, limited by the range of observations that have previ-

ously materialised, and they thus depend on a suitably large archive of data to capture

the occurrence of more extreme weather events. Instead, methods have been proposed

that extend analogue-based post-processing methods to yield forecasts in the form of

a predictive distribution, either by implementing parametric post-processing methods

on the training data defined by the analogues, or by applying kernel density estimation

to the resulting observations (Junk et al., 2015; Barnes et al., 2019; Taillardat et al.,

2019).

Such methods address shortcomings in the analogue-based approach owing to the

finite number of available observations. Alternatively, effort could be made to augment

the set of historical forecasts and observations from which to define analogues. This led

to the idea of retrospective forecasting (reforecasting; Hamill et al., 2004). Reforecasts

are predictions of past events (hindcasts) made by initialising the presently operational

weather model at historical analyses, for the purpose of learning the error characteristics

of the current weather model. To ensure the prediction system is as similar as possible

to that currently in place, the model analyses should similarly be re-computed using the

current data assimilation scheme (Kalnay et al., 1996; Compo et al., 2011; Dee et al.,

2011), prior to generating the hindcasts. Hamill et al. (2004) demonstrate that using

newly found computational resources to generate reforecasts can be more beneficial

than increasing the resolution of the operational weather model, since statistical post-

processing methods can use these larger archives of data to provide a more reliable

estimate of the future weather.
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2.3.3.3 Parameter estimation

Having procured a suitable set of training data, one which is streamlined enough to con-

tain previous forecasts and observations particularly relevant for the current situation

but also large enough to avoid overfitting, relationships between the numerical weather

model and the atmosphere can be learned. For the parametric methods described

herein, this requires the estimation of suitable post-processing parameters. There are

several ways to obtain such estimates, but due to the complexity of the post-processing

models, this typically involves using numerical optimisation routines to minimise a spec-

ified loss function over the training data. That is, estimating the parameter vector θ

that minimises a loss, or penalty function l(θ;F, y):

θ̂ = arg min
θ

∑
i

l(θ;Fi, yi), (9)

where i is an index over all forecasts F and observations y in the training data. This

process is generally referred to as M estimation. For statistical post-processing, Gneiting

and Raftery (2007) propose the optimum score estimation framework, which belongs to

the more general class of M estimation, but it restricts the loss function l in Equation

9 to be a proper scoring rule. Scoring rules are functions designed to assess the quality

of forecasts, and proper scoring rules exhibit certain desirable characteristics that are

discussed in detail in Section 2.4. Hence, the premise behind optimum score estimation

is that the parameters to be used in post-processing models should be those that produce

the most accurate forecasts over the training data, as measured using a proper scoring

rule.

The choice of scoring rule to employ in Equation 9 is not trivial, though for forecasts

in the form of a parametric predictive distribution, two functions are preferred in the

literature. The first is the logarithmic score (Good, 1952), which is equivalent to the

negative of the logarithm of the likelihood function. As a result, minimising the loga-

rithmic score is equivalent to maximum likelihood estimation. Since likelihood-based

estimation techniques are abundant in the field of statistics, the resulting parameter

estimates are well understood, and known to exhibit appealing properties. Moreover,

in some cases, including linear regression models, maximum likelihood estimates are

available analytically, obviating the need for numerical optimisation methods. In other

cases, algorithms have been fine-tuned to efficiently obtain maximum likelihood es-

timates in potentially complicated situations, since they are required so frequently in

practice. One example of this is the Expectation-Maximization (EM) algorithm (Demp-

ster et al., 1977), which is often used to estimate the post-processing coefficients in BMA

(Raftery et al., 2005).
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The second preferred scoring rule is the continuous ranked probability score (CRPS),

introduced in Matheson and Winkler (1976) as a measure to evaluate forecasts in the

form of continuous distributions, but first used as a loss function for post-processing

in Gneiting et al. (2005). Since then, the CRPS has become commonplace in weather

forecasting studies, both in parameter estimation and as a tool for verification. The

CRPS differs from the logarithmic score in that it depends on the entire forecast dis-

tribution, whereas the logarithmic score is ‘local’, and hence relies only on the forecast

probability of the weather event that materialises. As a result, Gneiting et al. (2005)

argue that the logarithmic score is more sensitive to outliers than the CRPS, and can

hence lead to overdispersed forecasts.

The logarithmic score and the CRPS are defined mathematically in Section 2.4.3.

Regardless of which score is chosen, optimising coefficients through the minimisation

of some loss function does not take into account any uncertainty in the parameter

estimation. However, since the training data sets used to post-process weather forecasts

are generally fairly small, this parameter uncertainty should not be neglected. In the

case of linear regression models, a Student’s t-distribution could be used in place of the

normal distribution to account for the additional uncertainty induced by the parameter

estimation (Glahn et al., 2009; Siegert et al., 2016a), though for more complicated post-

processing methods, such an analytical extension may not exist. Instead, Siegert et al.

(2016a) introduce a way of accounting for the uncertainty in parameter estimation via

a bootstrap resampling technique.

Alternatively, Bayesian post-processing methods have also been proposed to explic-

itly model this parameter uncertainty. For this purpose, a prior distribution must be

specified for the coefficients, which is evolved using Bayes theorem in light of more re-

cent observations. The resulting posterior distribution can then be utilised to generate

a forecast distribution for the response variable, often in the form of a large sample

obtained via Markov Chain Monte Carlo (MCMC) techniques (Krüger et al., 2016).

Although several Bayesian post-processing methods exist (e.g. Stephenson et al., 2005;

Di Narzo and Cocchi, 2010; Siegert et al., 2016b; Barnes et al., 2019), plug-in ap-

proaches have received considerably more attention. As such, parameter uncertainty in

post-processing methods is often overlooked.

2.3.4 Future research

Univariate statistical post-processing methods are currently well-adapted to recalibrate

the output from numerical weather models, whether deterministic or an ensemble, with-

out losing the information provided by the dynamical model. As a result, it is possible

to obtain reliable forecasts of several weather variables at individual points in time

40



and space. However, as numerical weather prediction models become more accurate,

operating at higher model resolutions and incorporating more sophisticated stochastic

physics, they begin to account for several sources of uncertainty that were not repre-

sented by previous model versions, reflecting a better capacity to predict the weather

purely through the dynamical models. If this continues, then, just as the numerical

weather models are evolving, so too should statistical post-processing methods.

The statistical learning algorithms discussed in Section 2.3.2.4 provide a promis-

ing, data-driven approach to identify more nuanced structures in the forecast errors,

objectively selecting from a large set of possible predictors those most relevant for use

within post-processing. Thus far, work on such approaches indicates that the addi-

tional information provided by these input variables can enhance forecast performance,

and, as a result, considerable research is now ongoing to develop, trial and compare

new statistical learning methods within post-processing (Taillardat and Mestre, 2020;

Vannitsem et al., 2020).

However, even without the additional flexibility provided by these more data-driven

approaches, post-processing methods have been shown to consistently offer vast im-

provements upon the raw ensemble forecast. Yet, despite the obvious need for post-

processing, and the abundance of methods proposed in the literature (see e.g. Vannitsem

et al., 2018), their inclusion within operational forecasting suites is not yet widespread

(Gneiting and Katzfuss, 2014; Taillardat and Mestre, 2020). One possible reason for

this is the inability of parametric post-processing methods to capture the various de-

pendencies that manifest in the atmosphere. The post-processing methods described

herein are all univariate: they act exclusively on a specific variable, time, lead time,

and often location. Of course, however, the atmosphere is a multifaceted phenomenon

that exhibits spatial, temporal and inter-variable dependencies. Therefore, although

the use of statistical learning methods to incorporate additional information into the

forecast is a current direction in the field of post-processing, an equally pressing, but

not unrelated, problem is that of capturing the various dependencies present in the

atmosphere. The problem arises because post-processing variables at specific times

and locations separately using parametric methods, such as BMA and NR, does not

necessarily reproduce the correlation structure present in the atmosphere, making a

calibrated forecast field, as is commonly desired in practice, difficult to attain. There

is thus the need to extend these developed and well-understood univariate techniques

to higher dimensions.

Multivariate distributions could be used within a similar parametric post-processing

framework to that discussed for the univariate setting. Work on the simultaneous cal-

ibration of several different weather variables is comparatively under-developed, due

perhaps to the lack of development of verification methods with which to assess and
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compare multivariate forecasts (Gneiting et al., 2008; Thorarinsdottir and Schuhen,

2018). As such, parametric post-processing of multiple variables is limited primarily to

the joint forecasting of temperature and wind speed (Baran and Möller, 2017), and the

recalibration of bivariate wind velocity forecasts (Pinson, 2012; Schuhen et al., 2012;

Lang et al., 2019b). However, there are fewer multivariate parametric distributions to

choose from when post-processing, while estimating the coefficients for such distribu-

tions in high dimensions can become numerically unstable.

Instead, parametric multivariate forecast distributions can be achieved using copu-

las. Copulas allow multivariate distributions to be expressed as a combination of several

marginal distributions, that are subject to a specified dependence structure. Copula-

based post-processing methods therefore permit the use of univariate approaches to be

applied along each margin (i.e. separately for each variable, lead time and location),

before imposing a certain dependence template on the post-processed output. The crux

of the copula is then to specify a suitable dependence structure that adequately reflects

the relationships between the various margins. A Gaussian copula is commonly used

for this purpose, which, if the marginal forecast distributions are all themselves Gaus-

sian, is equivalent to issuing a multivariate normal predictive distribution (Schefzik and

Möller, 2018). As such, the Gaussian copula has been applied to capture dependencies

between different forecast lead times (Pinson and Girard, 2012; Hemri et al., 2015),

meteorological variables (Schuhen et al., 2012; Pinson, 2012; Baran and Möller, 2017;

Lang et al., 2019b), and spatial locations (Feldmann et al., 2015) when post-processing.

However, the dependencies in the atmosphere are typically more complicated than

those that can be described by simple parametric copulas, and, for this reason, it

is often preferred to generate a forecast in the form of an ensemble, rather than an

entire predictive distribution (Pinson, 2012). A calibrated ensemble forecast could

be obtained by sampling from the predictive distribution issued by parametric post-

processing methods, typically using evenly spaced quantiles of the distribution (Bröcker,

2012b). Although the resulting ensemble forecast will still not reflect the dependencies

in the atmosphere, an empirical copula can be applied to reorder the ensemble mem-

bers according to a dependence template, in order to reproduce the correlation struc-

ture observed in reality. The approach is equivalent to the parametric copula-based

framework described above, but empirical copulas obtain a dependency structure from

a finite sample of possible weather scenarios, and are thus considerably more flexible

than parametric alternatives. The two most prominent approaches are the Schaake

Shuffle (Clark et al., 2004) and Ensemble Copula Coupling (ECC; Schefzik et al., 2013;

Schefzik, 2016), which differ only in the choice of data from which to assume the struc-

tural dependencies arise: the Schaake Shuffle uses historical weather observations, while

ECC exploits the raw ensemble itself. These empirical copula approaches are commonly
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used in operation, allowing the use of well-tested univariate post-processing techniques

whilst retaining the structural dependencies present in either previous atmospheric ob-

servations or the raw ensembles.

Alternatively, post-processing methods exist that are designed to directly produce

forecasts in the form of calibrated ensembles, rather than entire predictive distributions

(Van Schaeybroeck and Vannitsem, 2015; Williams, 2016). As Wilks (2018) remarks,

such methods typically yield ensemble forecasts x∗ = (x∗1, ..., x
∗
M) whose members are

expressed as a linear bias correction of the ensemble mean, and a stretching of the

distance between the original ensemble member and the ensemble mean:

x∗m = (α + βx̄) + γ(xm − x̄). (10)

These ‘member-by-member’ post-processing approach thus address simultaneously both

the bias and dispersion errors in the raw ensemble, without imposing any distribu-

tional assumptions. Moreover, they do not alter the ordering of the original ensemble

members, and therefore retain the dependence structure in the raw ensemble forecast,

without the need for a subsequent reordering. Although this means such an approach

is unable to correct errors in the ensemble’s dependence structure, the multivariate tra-

jectory provided by a particular ensemble member is a realistic simulation of the entire

atmosphere.

Both empirical copula-based approaches and member-by-member post-processing

methods are powerful tools for the generation of calibrated, multivariate forecast fields

that capture the dependencies in the atmosphere (Lerch et al., 2020). However, methods

that permit forecasts in the form of smoother predictive distributions while account-

ing for correlations between the predictive distributions along each margin would be

yet more effective at representing the uncertainty inherent in the forecast scenario. In

particular, smooth predictive distributions provide considerably more information re-

garding the tails of the forecast distribution, especially in comparison with a relatively

small ensemble.

Moreover, high-impact weather is often a product of compound weather events,

referring to the simultaneous occurrence of extreme values of multiple weather vari-

ables, and hence forecasts in the form of predictive distributions that can capture

the dependence structure between several times, spatial locations, and meteorological

variables will provide a more suitable foundation on which to base the prediction of

extreme weather events. That being said, further work is yet required to devise post-

processing methods that accurately represent the tails of the conditional distribution of

the response variable, even in the univariate case. For example, due perhaps to small

amounts of training data in operation, meaning less exposure to rare events, the pre-
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dictive distributions issued by NR and BMA tend to be inadequate when it comes to

forecasting extreme weather (Friederichs, 2010; Friederichs and Thorarinsdottir, 2012).

Pantillon et al. (2018) show that post-processing can even hinder the performance of

more extreme events, since the error characteristics in the training window are often

inappropriate for forecasts of such events. Methods to attain better forecasts of more

extreme weather events are few and far between. Friederichs (2010) and Lerch and

Thorarinsdottir (2013) utilise results from extreme-value theory to provide a better

representation of the tails of the predictive distribution, though further work in this

area is certainly required, especially given the high-impact nature of these events.

2.4 Forecast verification

2.4.1 Introduction

Although forecasts in the form of ensembles or predictive distributions acknowledge

the uncertainty in their prediction, they can still be misleading if this uncertainty is

specified incorrectly. Therefore, just as important as issuing forecasts is understanding

how they perform. In doing so, forecasters gain a greater awareness of the strengths and

limitations of their predictions, and, in turn, learn how they can be improved (Jolliffe

and Stephenson, 2012). A framework to achieve this is the goal of forecast verification.

There are several components to consider when evaluating forecasts, but, intuitively,

a good forecaster is one whose predictions consistently agree with the event that ma-

terialises (Murphy, 1993). This is true not only for weather forecasts, but also for

predictions made in other settings. For example, if a forecast predicts the occurrence of

an event with probability p, then this event should occur with probability p when such

a forecast is issued. A forecaster who achieves this is said to be (auto-)calibrated, or

reliable. Calibration is thus a joint property of the forecasts and the observations, which

asserts that the conditional distribution of the observations given the forecast must be

equal to the forecast itself. Assessing forecasters via their calibration therefore aligns

with the ‘distributions-oriented’ approach to forecast verification proposed in Murphy

and Winkler (1987).

Murphy and Winkler (1987) claim that all information of interest when assessing

forecasts is provided by the joint distribution of the forecasts and observations, and its

factorisations into conditional and marginal components. These distributions describe

the statistical characteristics of the forecasts, the observations, and the relationship

between them, and they thus provide a logical platform on which to base forecast

evaluation. Moreover, the distributions-oriented framework permits several aspects of

the forecast performance to be assessed, which is necessary in order to fully realise the

practical use of the forecast (Stephenson and Doblas-Reyes, 2000).
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This practical utility defines the ‘value’ of the forecast to its user, and, in this sense,

the value of a forecast will depend on how it is to be used. Therefore, it is desirable

for a forecaster (and the forecast user) to know in what situations their predictions

do, and do not, perform well. To do so, properties of the joint distribution are typi-

cally inspected graphically. Graphical verification tools aid the visualisation of forecast

performance, rendering it easy to identify deficiencies in the prediction system. These

visual representations of forecast qualities present an overview of the strengths and

limitations of the forecaster, but they do not provide an overall, objective measure of

forecast performance. To this end, they are suited to characterising the performance

of a particular forecast system, but they alone are unable to provide an objective com-

parison of competing prediction schemes.

To complement graphical displays for this purpose, various functions exist to ob-

jectively measure the agreement between forecasts and observations. These functions,

known as scoring rules, take a set of historical forecasts and observations and output a

numerical measure of the forecaster’s accuracy. In doing so, different forecast systems

can be objectively ranked and compared. Several scoring rules, or functions have thus

been derived to evaluate deterministic, ensemble and probabilistic forecasts. Just as

the forecasts must be calibrated in order to be trustworthy, it is widely accepted that

these scores must exhibit desirable properties, most notably propriety (Gneiting and

Raftery, 2007). Proper scoring rules take into account not only whether or not the

forecaster is calibrated, but also their ability to distinguish between instances in which

different observations will occur. This latter quality refers to the information content

in the forecast, often called the forecast resolution.

Despite their widespread use, scoring rules do not directly relate to the distributions-

oriented framework for forecast verification. However, decompositions exist that divide

such scores into components that each assess a different aspect of the forecast, such

as its resolution and reliability (Murphy, 1973b; Bröcker, 2009), with the terms typ-

ically related to different factorisations of the joint distribution of the forecasts and

observations (Mitchell, 2020). These decompositions, discussed in detail in Chapter 7

of this thesis, demonstrate that the single numerical measure provided by the scoring

rule implicitly incorporates the behaviour of the joint distribution of the forecasts and

observations (Murphy and Winkler, 1987).

Furthermore, the general goal of probabilistic forecasting is to maximise the infor-

mation in the forecast, while ensuring a reliable prediction. This is commonly expressed

as issuing predictive distributions that are sharp, subject to being calibrated (Gneiting

et al., 2007). Both graphical displays and proper scoring rules can help to understand to

what extent these criteria are satisfied, and these two approaches are discussed further

in the proceeding section. As in Section 2.3, however, we focus here on the verification
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tools to be employed throughout the following chapters of this thesis: considerably

more extensive reviews of forecast verification are available in Jolliffe and Stephenson

(2012) and Thorarinsdottir and Schuhen (2018).

2.4.2 Calibration

As has been discussed, a forecaster must be calibrated in order for their predictions to

be considered useful, and establishing whether or not a forecaster is calibrated should

therefore be a priority when evaluating predictive performance. There are several ways

of analysing a forecaster’s calibration, many of which employ graphical techniques. Re-

liability diagrams, for example, are the dominant technique for assessing the calibration

of probabilistic forecasts of binary events (also called probability forecasts). Reliability

diagrams plot the forecast probability of an event against the conditional frequency of

the event occurring given the forecast, and a forecaster is said to be reliable if these two

quantities always coincide, in which case the points on the reliability diagram lie along

the line of equality (Bröcker and Smith, 2007a). Reliability in this sense is equivalent

to auto- or conditional calibration (Gneiting et al., 2013; Tsyplakov, 2013), which also

appears in well-known decompositions of proper scoring rules (Bröcker, 2009).

In order to estimate the auto-calibration in practice, the reliability diagram requires

that there are only a finite number of possible values that the forecast can assume.

If this does not hold, then a binning of the forecast into discrete groups is necessary,

from which the conditional event frequencies can be determined. Estimating the auto-

calibration of a forecaster who issues forecasts in the form of predictive distributions

is yet more difficult - rather than binning the forecast values, it may be necessary

to group together forecast distributions that share similar location, scale, and shape

characteristics, potentially determined using intervals of post-processing parameters.

Therefore, it is more common to assess the probabilistic calibration of such forecasts

(Thorarinsdottir and Schuhen, 2018).

Although generally a weaker form of calibration, probabilistic calibration is equiv-

alent to auto-calibration for forecasts of dichotomous outcomes (Gneiting et al., 2013;

Strähl et al., 2017). However, probabilistic calibration has a natural interpretation in

terms of the distribution of the probability integral transform (PIT) values. In partic-

ular, the PIT theorem states that if a random variable U follows a distribution with

cumulative distribution function (CDF) F , then the random variable Z = F (U) (i.e.

the CDF of U evaluated at U) follows a standard uniform U(0, 1) distribution. From

this, having specified a forecast distribution with CDF F , and having obtained an ob-

servation y, the PIT value defined as z = F (y) should represent a draw from a uniform

distribution if the observation does in fact follow distribution F . Properties of the

46



distribution of PIT values can therefore be considered to assess whether or not the

forecast is calibrated (Dawid, 1984). For example, the mean of a standard uniform

distribution is 1/2, and its variance is 1/12. Checking whether the mean and variance

of the sampled PIT values lie close to these values therefore constitutes a rough test for

calibration (Gneiting et al., 2008).

More commonly, however, these PIT values are grouped together into a discrete

number of bins, determined by evenly spaced intervals across the range of zero to one,

and displayed in a histogram. If the PIT values follow a standard uniform distribution

then they are equally likely to fall into any bin, meaning the resulting PIT histogram

appears uniform (subject to sampling variations). If this is the case, then the forecast

is said to be probabilistically calibrated. Statistical hypothesis tests exist to assess

whether there is significant deviation from uniformity in the PIT histogram (Hersbach,

2000; Candille and Talagrand, 2005; Pinson and Girard, 2012; Wilks, 2019), though

this is typically assessed only visually.

PIT histograms are the preferred tool to assess probabilistic calibration because

there is a natural analogue that applies to ensemble forecasts, allowing a seamless com-

parison between forecasts of the two types. In particular, rank histograms display the

frequency with which the observation assumes each rank when pooled alongside the en-

semble members (Anderson, 1996; Talagrand, 1997b; Hamill and Colucci, 1997). This

assumes that the ensemble members are independent samples from the underlying dis-

tribution of the response variable, and hence the observed evolution of the atmosphere

is considered a plausible member of the ensemble. If this assumption is met, then the

observation is equally likely to assume each rank in the ensemble, and the resulting

rank histogram will be uniform. Furthermore, in cases where the forecast is not prob-

abilistically calibrated, rank and PIT histograms can also be used to decipher what

biases are present in the forecast (Hamill, 2001).

These histogram-based verification tools have become a central component in the

evaluation of ensemble and probabilistic forecasts, so much so that statistical post-

processing methods exist that focus almost solely on their output (Hamill and Colucci,

1997). As a result, they have been extended for use in multivariate settings, despite

there being no natural way to order the ensemble members in this case (Gneiting et al.,

2008). As noted by Hamill (2001), however, a uniform rank or PIT histogram is a

necessary but insufficient criterion for a useful forecast. Therefore, to supplement these

graphical displays, forecasters often also desire an objective measure of their forecast’s

performance.
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2.4.3 Scoring rules

An objective measure of forecast performance is typically represented by a numerical

value that quantifies the degree of association between the forecast and the correspond-

ing verification. For point forecasts that take the form of just a single value, there exist

several statistical measures of this ‘distance’ between forecasts and the observation (Jol-

liffe and Stephenson, 2012). In the context of forecast verification, these measures are

typically referred to as scoring functions. Scoring functions take a forecast-observation

pair and map this to a numerical output, allowing an effortless comparison of the per-

formance of various forecasts.

For probabilistic forecasts, on the other hand, the problem is not so trivial. In

particular, the forecast and the observation assume different forms: the forecast is a

predictive distribution, whereas the observation is a single value (or a vector of values in

the case of multivariate forecasts). Nonetheless, a function is similarly desired that maps

from the joint space of predictive distributions and observations to the real numbers.

Such functions are referred to as scoring rules. More formally, let Ω denote the set of all

possible observations and let F represent the set of all possible forecast distributions.

A scoring rule is then defined as the map

S : F × Ω→ R ∪ {∞}. (11)

Scoring rules can be either positively oriented functions that we wish to maximise (i.e.

utility functions), or negatively oriented functions that we wish to minimise (i.e. loss

functions). Henceforth, interest is placed only on scores of the latter form, though this

choice is arbitrary since a negatively oriented scoring rule can trivially be obtained by

negating a positively oriented scoring rule.

Just as the forecasts should exhibit desirable properties in order to make correct

inferences about the outcome, such as calibration, so too should the scoring rule possess

certain characteristics that allow for a trustworthy assessment of the forecast accuracy.

One particular property that is widely accepted as necessary is propriety. A scoring

rule is said to be proper if the following criterion holds:

EG[S(G, Y )] ≤ EG[S(F, Y )], ∀F,G ∈ F , (12)

where Y is the response variable which follows distribution G, and EG denotes the ex-

pectation with respect to G (Gneiting and Raftery, 2007). That is, if the observations

are believed to arise according to the distribution G, then the expected score is min-

imised by issuing G as the forecast. In this sense, forecasters are rewarded for issuing

their true beliefs, and thus discouraged from issuing a forecast that they do not believe
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in but that they know would certainly yield a better score on average than their actual

beliefs (Bröcker and Smith, 2007b) - proper scoring rules ensure that no such forecast

exists. Conversely, a scoring rule that does not satisfy propriety (i.e Equation 12) is

inconsistent, in that there exists a forecast distribution that would obtain a better score

than the distribution from which the observations actually arose. Strict propriety im-

plies that the inequality in Equation 12 is strict, so that the minimum score is attained

only for the distribution G.

Numerous proper scores exist and readers are diverted to Gneiting and Raftery

(2007) for a comprehensive review. Arguably the most frequently used scoring rule is

the Brier, or probability score (Brier, 1950). The Brier score is used to assess categorical

forecasts, in which case the outcome can assume only a finite number K of possible

values:

BS(P , y) =
K∑
k=1

(Pk − yk)2. (13)

The forecast distribution P in this case is a vector containing a probability Pk assigned

to each category, while yk takes the value one if the observation belongs to category

k and yj = 0 ∀j 6= k. The Brier score is thus equal to the sum of squared differences

between the forecast probabilities and the outcome indicator, and low values of this score

imply greater correspondence between the forecasts and observations. Commonly, the

Brier score is used to assess forecasts of dichotomous events, such as the occurrence of

precipitation or a weather variable exceeding a certain threshold. In this case, K = 2

and the Brier score is generally halved, since both components of the sum in Equation

13 are equal. This is typically also referred to as the Brier score, though it is more

technically defined as the half-Brier score.

The Brier score considers unordered, or nominal, categories, though it can easily

be extended to ordered categories via the (discrete) ranked probability score (Epstein,

1969b; Candille and Talagrand, 2005; Wilks, 2019). One example of ordered categories

is forecasting whether the outcome exceeds a sequence of increasing thresholds. In

the limiting case, as the number of thresholds tends to infinity, the forecast takes the

form of a complete cumulative distribution function (CDF) over the range of possible

outcomes. Integrating the Brier score over these values yields the continuous ranked

probability score (CRPS):

CRPS(F, y) =

∫ ∞
−∞

[F (u)− 1{u ≥ y}]2du (14)

(Matheson and Winkler, 1976; Hersbach, 2000), where 1{· } denotes the indicator func-

tion that takes the value one if the statement inside is true, and zero otherwise. The

CRPS can thus be interpreted as the squared difference between the predictive distribu-
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tion function F and the empirical CDF associated with the observation, for all possible

values of the response variable.

The CRPS is commonplace in weather forecasting studies, due in part to its relation-

ship to the Brier score, and also to the quantile score (Friederichs and Thorarinsdottir,

2012). The CRPS also reduces to the mean absolute error for a deterministic forecast

(Gneiting et al., 2005), and there exists a convenient representation of the score when

assessing forecasts in the form of an ensemble (Grimit et al., 2006). As such, the CRPS

operates on the same scale as the observations, giving it an intuitive interpretation.

Moreover, just as the CRPS extends the Brier and discrete ranked probability scores to

continuous forecasts, the energy score provides a further generalisation for multivariate

forecasts (Gneiting and Raftery, 2007). The Brier score, the discrete and continuous

ranked probability scores and the energy score therefore comprise a family of scores

that can assess a multitude of forecast types.

The CRPS exploits the predictive distribution function and therefore considers the

entire distribution when evaluating the forecast. As such, it is a non-local score. A

scoring rule is said to be local if it assesses a forecast only through the probability

density assigned to the verifying observation. That is, two distributions that assign the

same probability mass to the verifying value should be given the same score, regardless

of the behaviour of their distributions at other values. The motivation for using local

scores is fuelled by the idea that the score assigned to a forecast should depend only on

the value that actually occurs, and not on the possible values that could have occurred

but did not (Bernardo, 1979). Benedetti (2010) argues that non-local scores should be

considered inadmissable, such is the importance of being local.

Bernardo (1979) goes on to show that the only smooth, continuous scoring rule that

satisfies this criterion is the logarithmic score, or affine transformations thereof:

LS(F, y) = −logf(y), (15)

where f is the predictive density function associated with the CDF F . The logarithmic,

or negative log-likelihood, score utilises the natural logarithm in Equation 15, meaning

it is proportional to the ignorance score (Roulston and Smith, 2002) and thus has

a strong connection with information theory, giving it an appealing basis on which

to assess forecasts (Benedetti, 2010). Furthermore, Benedetti (2010) shows that the

Brier score is a second-order approximation to the logarithmic score, and claims that

this explains some of the Brier score’s desirable properties, while also highlighting its

limitations. In particular, the steepness of the logarithmic function at values close to

zero means the logarithmic score imposes a much harsher penalty than the Brier score

when the forecast assigns little (or no) mass to an event that subsequently occurs. The
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Brier score, in comparison, is more conservative.

However, although locality is theoretically desirable, there are practical issues con-

cerning the exclusive use of the logarithmic score to assess forecasts. For example,

there is often non-negligible error in the observation, due in part to precision errors in

measuring equipment. Non-local scores, such as the CRPS, do not judge a forecast only

on the probability it assigns to the outcome that occurs, and hence forecasters are also

encouraged to assign high probability density to outcomes close to the observation. In

this sense, they encourage smoothness of the forecast distribution (Bröcker and Smith,

2007b), and, in doing so, are less sensitive to observation error than local scores. More-

over, the logarithmic score depends on the probability density function of the forecast

distribution, rather than its CDF, and hence forecasts in the form of an ensemble can-

not directly be assessed using this score. Hence, since different scoring rules themselves

exhibit distinct properties, it is typically recommended that numerous scores be em-

ployed to assess forecasts in order to draw robust conclusions regarding their predictive

performance (Gneiting and Raftery, 2007; Scheuerer and Hamill, 2015b).

2.4.4 Comparing forecasters

The proper scoring rules introduced in the previous section are defined for one particular

forecast instance. In reality, to compare various prediction systems, it is necessary to

consider the expected value of the scores. That is, we wish to evaluate EG[S(F, Y )], for

a forecast distribution F and outcome distribution G. By definition, for proper scores

this is minimised when the forecast and realised distributions coincide. In practice,

the distribution G is not known, nor can we even be sure that such a distribution

exists. Instead, only a finite sample of materialisations of a weather variable is available.

Assuming these observations are independent, the expected value of the score can be

estimated using the sample mean as an unbiased estimator:

ÊG[S(F, Y )] =
1

n

n∑
i=1

S(Fi, yi), (16)

where subscript i provides an index over the set of n forecasts and observations, and a

hat is used to denote that this is an estimator of the expectation. Two forecast schemes

can then be compared through their sample mean scores, with a lower score indicative

of a better prediction system. Naturally, this average score is subject to sampling

variations, and statistical hypothesis tests can thus be used to confirm or deny the

significance of any difference between scores (Diebold and Mariano, 2002; Wilks, 2016).

Rather than comparing the performance of forecasters via their expected scores,

they can be directly compared using skill scores. The skill of a forecaster measures the
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accuracy of their forecasts relative to those from another prediction scheme. There are

several ways of defining a skill score (Murphy, 1973a), though for a score S, its skill

score is most commonly defined as

SS(F, Fref , Y ) =
ÊG[S(Fref , Y )]− ÊG[S(F, Y )]

ÊG[S(Fref , Y )]− ÊG[S(Fperf , Y )]
, (17)

where Fref denotes a reference forecast scheme, while Fperf represents a perfect forecast

(Wilks, 2019). Skill scores therefore provide a measure of how much better (or worse)

a forecaster F is, relative to a reference, or baseline prediction scheme. This reference

forecaster is often taken to be the unconditional, or climatological forecaster, which is

known to be calibrated yet uninformative (Mason, 2004). Unlike the scores themselves,

skill scores are positively oriented and bounded above by one, while a skill score below

zero indicates the forecaster is performing worse than the reference scheme. Testing

for the significance of a difference in forecast performance can again be achieved us-

ing statistical tests, typically via nonparametric bootstrap resampling methods (Efron,

1982).
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3 Regime-dependent statistical post-processing of

ensemble forecasts

3.1 Introduction

The previous chapter introduces numerical weather prediction (NWP) models and dis-

cusses the imperfections inherent in their construction. Although ensemble prediction

systems can address some of these deficiencies, statistical post-processing methods, such

as Bayesian Model Averaging (BMA; Raftery et al., 2005) and Non-homogeneous Re-

gression (NR; Gneiting et al., 2005), are necessary to obtain a more realistic forecast

given the output from the NWP model. Not only do these statistical post-processing

methods provide probabilistic forecasts in the form of predictive distributions, but they

exploit relationships between historical forecasts and observations to correct for sys-

tematic model errors.

However, the relationship between forecasts and observations may change under

different circumstances. If such circumstances are known then it is often possible to

incorporate this additional information into established post-processing methods. For

example, to account for seasonal biases in the NWP model, it is common to implement

a rolling training window (Gneiting et al., 2005), which may be comprised of only

forecast-observation pairs from particular locations to account for locally-varying biases

(Thorarinsdottir and Gneiting, 2010; Lerch and Baran, 2017; Hamill et al., 2017). In

this chapter, we postulate that the relationship between the dynamical weather model

and the atmosphere changes depending on the concurrent behaviour of the atmospheric

circulation, which is generally represented by a finite number of atmospheric, or weather,

regimes.

Numerous studies have investigated how weather regimes influence the biases of

synoptic-scale model output, finding that forecast errors are dependent on the under-

lying regime (Koch et al., 1985; O’Lenic and Livezey, 1989; Stoss and Mullen, 1995).

In comparison, limited work has examined how forecasts of surface weather variables

rely on the atmosphere’s flow. Weather regimes have, however, previously been used to

calculate ensemble member weights in a consensus forecast for temperature (Greybush

et al., 2008), and to calibrate and blend short-range precipitation forecasts (Kober

et al., 2014). Lorenz (1969) remarks that the low-frequency circulation has a much

larger range of predictability than shorter-scale flows, and hence predictions of the

large-scale information could be used to assist forecasts of high-frequency, noisy events,

such as the weather. Scheuerer (2014) therefore suggests that weather regimes could

provide a suitable basis on which to train post-processing methods.

53



The aim of this chapter is to illustrate how this could be achieved. The weather

regime paradigm is introduced in more detail in the following section, though readers

are diverted to Hannachi et al. (2017) and references therein for a more thorough

review of the extant literature. Approaches to include weather regime information

into statistical post-processing methods are discussed in Section 3.3, before Section

3.4 introduces a highly idealised representation of the atmosphere, the Lorenz (1996)

system, in which these approaches are tested. The post-processing methods and forecast

verification techniques are presented in Section 3.5, with the corresponding results for

the simulation study displayed in Section 3.6. Section 3.7 discusses potential extensions

to operational forecasts, while also concluding.

3.2 Weather regimes

3.2.1 Introduction

Although the chaotic nature of the atmosphere renders its instantaneous state (i.e. the

weather) almost impossible to predict with certainty, features of the long-term atmo-

spheric behaviour (i.e. the climate) are considerably more predictable. In this sense,

weather forecasting represents an attempt to uncover the small-scale, rapid fluctua-

tions around the predictable atmospheric signal. It is thus in the interest of forecasters

to identify the recurrent patterns in the atmosphere’s circulation that comprise this

predictable signal.

Seasonal trends in the atmosphere are well understood, but also of interest to me-

teorologists is the behaviour of the atmosphere on time-scales between those of daily

weather fluctuations and the seasonal cycle; that is, the low-frequency, or intraseasonal

atmospheric variability. Although the low-frequency atmosphere is governed by nonlin-

ear and chaotic dynamics, it is widely accepted that this component of the atmosphere

frequently arranges itself into familiar patterns (Charney and DeVore, 1979). These

patterns, often known as weather regimes, persist beyond the timescales of individual

weather events (typically around one week on average), and tend to manifest repeatedly

at the same geographical locations. As such, these regimes explain a remarkably high

proportion of the low-frequency atmospheric variability. The continuous evolution of

the atmosphere can thus be reasonably well described by transitions between distinct

weather regimes (Franzke et al., 2011).

Although there does not appear to be a precise, formal definition of an atmospheric

regime, they can be thought of dynamically as quasi-stationary, or metastable equalibria

in the atmosphere’s phase space (Reinhold and Pierrehumbert, 1982; Franzke et al.,

2008). Notable examples of such regimes include teleconnection patterns (Wallace and

Gutzler, 1981) - highly correlated weather variables situated at distant spatial locations
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- and persistent anomalies in geopotential height fields (Dole and Gordon, 1983), such

as atmospheric blocking (Woollings et al., 2018).

The concept of weather patterns, or weather types has existed in one form or an-

other throughout the history of weather forecasting, though Baur et al. (1944) are widely

credited with formalising the notion by introducing a set of weather types (‘grosswet-

terlagen’) that influence the weather over central Europe. Since then, it has become

common for operational weather centres to maintain a catalogue of weather patterns

that arise in the surrounding area (e.g. Ferranti and Corti, 2011; Neal et al., 2016).

However, weather types, or patterns differ from atmospheric regimes in that they do

not necessarily persist. In persisting for prolonged periods of time, regimes assert a

higher influence on local weather systems, and are thus often linked to the occurrence

of extreme weather events (Carrera et al., 2004).

It is widely recognised that atmospheric regimes have a significant effect on lo-

cal weather systems, and, as such, considerable effort has been devoted to identifying

regimes from archives of historical atmospheric data. Nonetheless, despite their long

history, the underlying causes behind the formation of these regimes are still today

not well understood (Hannachi et al., 2017). Diagnosing the prevailing weather regime

is therefore challenging from a dynamical viewpoint (Vautard, 1990). Instead, several

statistical methods have been proposed for this purpose.

3.2.2 Statistical representation

It has become common to define weather regimes in terms of the statistical artefacts

that arise from the application of a classification routine to the anomaly field of a large-

scale circulation variable, such as mean sea level pressure or geopotential height. The

anomaly field in this setting represents the difference between a spatial field and its mean

state, both of which are typically defined using high resolution model (re)analyses. Since

the spatial scale of these atmospheric regimes is generally reasonably large, it is often

desirable to first reduce the dimension of the spatial anomaly fields, prior to searching

for regimes. This is typically achieved using principal component analysis (PCA; also

known as empirical orthogonal function analysis). PCA works by transforming the

anomaly fields to a new set of orthonormal variables that are linear combinations of

the original circulation variable on the spatial domain under consideration, where the

linear mapping is typically designed such that the transformed variables explain a large

proportion of the variation in the spatial fields through a comparatively small number

of variables (Wilks, 2019).

The transformed variables themselves, called the principal components, do not gen-

erally resemble weather regimes: they are the transformations of the atmospheric fields
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that explain the largest amount of variation in the data, which typically arise from an

amalgamation of several different weather patterns (Horel, 1981). Horel demonstrates

that a further linear transformation of the leading principal components could be used

to isolate the contributing patterns, though it is often preferred to use the initial, un-

transformed principal components as a basis on which to perform alternative statistical

procedures to identify the regimes. In doing so, the methods can identify nonlinear

features in the spatial structures of the weather regimes (Corti et al., 1999).

Examples of such statistical methods include analysing the correlation between at-

mospheric fields to measure the similarity between two synoptic conditions (Horel,

1985), or searching for “local maxima in probability density evaluated in the system’s

phase space” (Kimoto and Ghil, 1993), in turn assuming that the different regimes

account for distinct modes of the atmosphere’s attractor. Machine learning approaches

have also recently been proposed to identify weather regimes (Deloncle et al., 2007).

The most popular approach, however, is to define regimes as clusters in the archive of

transformed anomaly fields.

Cheng and Wallace (1993), for example, propose a hierarchical clustering algorithm

that iteratively groups together (transformed) anomaly fields such that a collective

measure of the homogeneity of the resulting clusters is minimised. The process is

stopped when a reproducibility statistic of the clusters falls below a predefined thresh-

old, and the groups, or clusters obtained at the end of this process are defined as weather

regimes. Alternatively, Michelangeli et al. (1995) suggest using k-means clustering to

identify regimes. Whereas hierarchical clustering approaches use a stopping criterion

to estimate the optimum number of clusters given the data, k-means clustering groups

the anomaly fields into a predetermined number of clusters, such that some distance

between the distinct clusters is maximised. Like the hierarchical approach, however,

k-means clustering assigns each data point to one, and only one, cluster. Smyth et al.

(1999), on the other hand, introduce a method that fits a mixture model to the trans-

formed variables. The weather regimes are thus defined as statistical distributions in

the space of the leading principal components. This approach therefore constitutes a

probabilistic clustering routine in which each point is assigned a probability of belong-

ing to each cluster, thereby addressing the uncertainty when identifying the prevailing

regime.

All of these clustering approaches, however, tend to focus only on recurring spatial

structures in the anomaly fields, rather than their temporal properties. As such, al-

though the weather regimes identified using these approaches are the most recurrent

patterns in the atmosphere’s phase space, they do not necessarily persist. Majda et al.

(2006) therefore introduce hidden Markov models (HMMs) as a tool to detect weather

regimes. Hidden Markov models use the underlying dynamics of the system to detect
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regimes that are persistent as well as recurrent (Franzke et al., 2008). They are therefore

capable of detecting regime-like behaviour despite the atmosphere’s probability density

exhibiting unimodal statistics. To achieve this, HMMs extend the mixture model clus-

tering approach of Smyth et al. (1999) to include a transition matrix that documents

the preferred transitions between the identified states. Therefore, like mixture model

clustering, HMMs have the added benefit of issuing a probability of residing in each

state, while this probability depends not only on the observed spatial field, but also on

the previous regime sequence.

However, to accurately estimate the transition matrix, HMMs are dependent on a

relatively long time series of anomaly fields. As a result, alternative clustering methods

are often more convenient to apply, and therefore tend to be implemented more fre-

quently to define weather regimes in practice (Falkena et al., 2020). Furthermore, such

approaches are also more readily applicable to deduce the regime from the output of a

numerical weather model. In doing so, several studies have been able to evaluate the

ability of weather and climate models to simulate the regime structure observed in the

atmosphere.

3.2.3 Regimes in Numerical Weather Prediction models

In applying the statistical methods outlined in the previous section to global model

reanalyses, several studies have found evidence that weather regimes exist in the atmo-

sphere. Due to the simplifications necessary to construct numerical weather models,

however, it is not necessarily the case that the forecasts generated by these models will

reproduce this regime-like behaviour. Dawson et al. (2012) show that the ability of a

numerical weather model to simulate atmospheric regimes depends on the model’s res-

olution: numerical models that operate on coarse spatial grids, such as climate models,

cannot accurately replicate the observed regimes, whereas weather models, which are

typically run at much higher resolutions for considerably shorter periods of time, are

capable of mimicking the regime behaviour. As the authors acknowledge, it is not clear

whether there is an exact threshold of the resolution beyond which the weather models

are unable to simulate the regimes. Dawson and Palmer (2015) therefore use the ability

to capture these regimes as a way of assessing the performance of numerical weather

and climate models.

However, Dawson et al. (2012) recognise that although the regimes identified by

the high resolution weather models resemble those observed in reanalyses, they do not

necessarily exhibit identical characteristics. For example, numerical weather models

tend to prefer transitions between certain weather regimes, leading to fallacious clima-

tological regime frequencies compared with those estimated from reanalyses (Ferranti
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et al., 2015; Neal et al., 2016; Matsueda and Palmer, 2018); in particular, the nu-

merical weather models seem to inadequately simulate the onset, maintenance, and

decay of atmospheric blocking events (Tibaldi and Molteni, 1990). Therefore, although

the flow-dependent spread of an ensemble forecast might capture the well-established

dependence of the atmosphere’s predictability on the initial flow regime (Thompson,

1957; Leutbecher and Palmer, 2008), regime-dependent forecast errors may arise from

the weather model failing to predict the regime that materialises. In this case, the

forecast biases would depend not only on the regime that is forecast, but also on the

regime that occurs in reality: if the weather variable depends strongly on the regime

then forecast errors would be expected to be larger when the regime predicted by the

numerical model does not agree with that which manifests in the atmosphere.

Moreover, the spatial structures of the forecast regime centres of action may be

shifted or distorted somewhat relative to those observed in reanalyses, while the inten-

sity of the associated pressure systems may also not be perfectly represented (Dawson

et al., 2012). As a result, the NWP model may not accurately capture the relationship

between the atmospheric regimes and the weather variable(s) being forecast, so that

forecast errors will depend on the prevailing regime even if the NWP model accurately

predicts the regime that will occur. For example, even if the forecast correctly simulates

the formation and persistence of an anticyclone over the North Atlantic Ocean, errors

in the exact position of this blocking regime could have a significant influence on the

behaviour of the Northern Hemisphere polar jet stream, which is linked heavily to the

surface weather over much of Europe (Woollings et al., 2010, 2018). Therefore, the

quality of forecasts emitted from a numerical weather model will likely depend on the

prevailing atmospheric regime, regardless of whether or not the regime itself is accu-

rately predicted. Statistical post-processing methods to recalibrate NWP model output

should thus utilise this regime information. This chapter seeks to investigate how this

could be achieved, and in what circumstances this is most beneficial.

3.3 Methodology

In particular, we focus on extending established methods of statistically post-processing

ensembles of weather forecasts, which generate forecasts in the form of a predictive den-

sity function f , with corresponding distribution function F , conditional on an ensemble

forecast x = (x1, x2, ..., xM) comprised of M members. We consider the case where the

response variable Y (and its corresponding observation y) is univariate, though the

method could easily be extended for multivariate post-processing, which might also

address spatial structures in the biases that arise due to the prevailing regime.

Firstly, note that it is possible to include information regarding the atmosphere’s cir-
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culation into post-processing methods without utilising the concept of weather regimes.

If the circulation can be quantified by some continuous metric, ρ, then the predictive

distributions could simply be extended to include this metric as an additional input

variable during the recalibration. Using a continuous measure allows the flow to be

represented on a spectrum and, rather than binning the circulation into a finite num-

ber of regimes, it permits a degree of membership to several states to be quantified.

In reality, although indices exist that measure how much the atmosphere resembles

commonly recognised weather regimes such as the Notrh Atlantic Oscillation (Hurrell,

1995; Hurrell and Deser, 2009), the Arctic Oscillation (Thompson and Wallace, 1998;

Baldwin, 2001) and the Pacific-North American pattern (Leathers et al., 1991), there

is no recognised method of objectively condensing the flow over a spatial domain into

a single continuous metric.

Moreover, although there has been some debate on the irrefutable presence of at-

mospheric regimes (Stephenson et al., 2004), they are a useful feature in this frame-

work. Defining regimes to exhibit persistence renders the time spent transitioning

between states negligible compared to time spent in the regimes, and the regime states

thus form a mutually-exclusive, collectively-exhaustive (MECE) partition of the at-

mosphere’s phase space. Suppose then that a finite number, R, of regimes in the

atmosphere are identified. If an underlying regime can accurately be attributed to a

forecast, then recalibration can be performed conditional on this atmospheric state.

For example, when forecasting in each regime, the post-processing methods could use

a separate set of model parameters, or even specify a distinct distribution. More gen-

erally, the forecast distribution can be written as a mixture of predictive distributions

that depend on the regime:

f(y|x) =
R∑
r=1

wrfr(y|x, r), (18)

where wr is the weight associated with regime r, allowing the model to account for

uncertainty present when attributing the forecast to a regime. It is important to note

that the weights in this case are a function of time, rather than a parameter, as such,

highlighting that the weight will change depending on the prevailing behaviour of the

atmosphere. The forecast then takes the form of a predictive distribution, which is itself

composed of component predictive distributions fr(y|x, r) that depend on the prevailing

weather regime. This chapter focuses on these regime-based extensions: the idea of

introducing a continuous metric to measure circulation is not investigated. Discretising

the flow like this places fewer restrictions on any post-processing parameters, allowing

for more flexibility in the statistical recalibration methods.
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Moreover, although we focus here on weather regimes, this approach is suitable for

any grouping of the forecasts in which different model biases might be expected. Simi-

lar extensions to statistical post-processing methods have been implemented previously

in the hope of attaining more skilful forecasts of extreme wind speed events. Lerch

and Thorarinsdottir (2013) and Baran and Lerch (2015), for example, apply a regime-

switching approach that issues a separate predictive distribution depending on whether

or not the ensemble median lies above some threshold, suggesting that biases in the

forecasts depend on the predicted values themselves. Rather than using a fixed thresh-

old, Baran and Lerch (2016) extends this idea further by utilising a continuous mixture

of predictive distributions, with weight parameters that are estimated simultaneously

with the coefficients of the component distributions. Although the regime-switching

approaches implicitly assume that forecast biases differ between two or more distinct

configurations of the atmosphere, they do not necessarily refer to weather regimes.

Gneiting et al. (2006), however, find that skilful short-range forecasts of wind speed

are obtained when separate recalibration models are fitted depending on the prevailing

local wind direction.

Statistical post-processing corrects systematic errors in the raw ensemble by ex-

ploiting relationships between archived forecasts and their corresponding verifications.

Thus, a training data set of historical forecasts and observations - forecast-observation

pairs - is required, from which relationships can be identified. Continual adjustments to

NWP models often limit the training data available to operational forecasters, whereas

the low-frequency circulation is a product of the atmosphere only and does not de-

pend on the forecast. Therefore, the regimes need not be estimated from the training

data, they can be discerned from a much larger set of observations. However, regimes

are latent and must be inferred from other, observable variables. As discussed in the

previous section, this can be circumvented by converting these dynamical phenomena

to statistical artefacts. There has been extensive work on regime detection and the

framework presented here assumes only that the statistical representations are reason-

able approximations of their dynamical counterparts - beyond this, the choice among

methods is arbitrary. The regimes are hereafter assumed to be known.

The regime-dependent approaches rely on the ascribing of forecasts to an underlying

regime. In doing so, the training data set can be stratified into R MECE subsets.

Relationships can then be identified between the forecasts and the observations from

each of the separate subsets (Scheuerer, 2014). However, the regime of a forecast

is not unique: the underlying regime may change throughout the forecast trajectory

and thus a time at which to define the regime must be chosen. We seek the time at

which the disparities in forecast errors between the regimes are largest. That is, when

the relationship between the numerical weather model and the atmosphere changes
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most drastically between the regimes. There are two intuitive options: the forecast’s

initialisation time or its validation time.

It is well-established that the predictability of the atmosphere depends on the initial

flow regime (Thompson, 1957), and hence biases in the forecast may themselves depend

on the atmospheric regime at the forecast initialisation time. In this case, the training

data can be stratified into subsets depending on the regime deduced from the forecast

model analysis and separate predictive distributions can be estimated over each subset.

This assumes that all ensemble members estimate the same regime at the initialisation

time and that a small perturbation to the analysis field is not sufficient to alter the

large-scale state of the atmosphere. Any new forecast would then be assigned to a

regime in the same way and post-processed using the predictive distribution estimated

from the corresponding training subset.

However, it may be the case that the spread of the ensemble members captures this

flow-dependent uncertainty (Leutbecher and Palmer, 2008). Moreover, since the length

of a medium-range weather forecast may exceed the average duration of a weather

regime, the atmospheric state will often change throughout the forecasting period.

Therefore, conditioning on the regime at the initialisation time may result in the loss

of information regarding the occurrence of different weather events in different regimes,

contradicting some of the reasons for believing this method may be successful, such as

extreme events occurring more frequently in certain regimes.

The regime of the atmosphere at the forecast validation time, on the other hand, does

not suffer from these problems and therefore may be associated with more heterogeneous

relationships between the model and the atmosphere. However, in order to exploit past

regime-dependent relationships, the regime of a new forecast should be defined in the

same way as those in the training data. Therefore, because the regime at the forecast

validation time is not known prior to issuing the forecast, it must instead be estimated

using information that is available to the forecaster at the initialisation time. Since the

dynamical weather model simulates the trajectory of the atmosphere, each ensemble

member provides an estimate of the future atmospheric state. Therefore, provided

forecast fields are of the same spatial scale as the regimes, each ensemble member can

be matched with the regime that is statistically the closest (Neal et al., 2016), generating

an ensemble forecast for the regime. This ensemble can then be used to estimate the

probability of the atmosphere residing in each regime at the forecast validation time,

which can in turn be employed as mixture model weights in Equation 18. In this case,

since every forecast-observation pair would not necessarily be assigned to exactly one

regime, rather than stratifying the training data into subsets for each regime and fitting

a separate predictive distribution to each subset, a model averaging technique could be

applied in which all component distributions are estimated simultaneously.
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Alternatively, methods that post-process each ensemble member separately, such as

Ensemble Dressing techniques (Roulston and Smith, 2003; Wang and Bishop, 2005),

Bayesian Model Averaging (Raftery et al., 2005), and member-by-member approaches

(Van Schaeybroeck and Vannitsem, 2015; Williams, 2016), could calibrate each ensem-

ble member using its own regime prediction. This accounts for the fact that the nature

of the biases in the NWP model will depend on whether or not the model accurately

predicts the regime that will occur, and ensemble members that correctly identify the

future regime can thus be post-processed differently to the members that do not. In

this sense, ensemble members that forecast different regimes are assumed not to be

exchangeable.

Furthermore, it would be possible to define the regime using the state of the atmo-

sphere at any intermediate time of the forecast, or even at any time prior to forecasting

if such information were available, though there is little reason to believe that fore-

cast errors would depend more strongly on the atmospheric regime at these instances.

As such, Section 3.5 reintroduces Non-homogeneous Gaussian Regression (NGR), also

commonly referred to as Ensemble Model Output Statistics (EMOS), and Bayesian

Model Averaging (BMA), and offers examples of possible extensions to these familiar

statistical post-processing methods using the regime paradigm. A separate extension

is considered when defining the regime at the initialisation time and at the validation

time.

3.4 Lorenz ’96 system

The methodology described in the previous section is implemented in a highly idealised

model of the atmosphere, the Lorenz (1996) system, whose chaotic nature lends itself to

simulations of weather forecasts and the trialling of statistical post-processing methods

(Roulston and Smith, 2003; Wilks, 2006; Williams et al., 2014). A coupled system

containing both larger-scale variables, Xk, and sub-grid-scale variables Wj,k is used to

emulate the atmosphere:

dXk

dt
= −Xk−1(Xk−2 −Xk+1)−Xk +D − hc

b

J∑
j=1

Wj,k;

dWj,k

dt
= −cbWj+1,k(Wj+2,k −Wj−1,k)− cWj,k +

hc

b
Xk,

(19)

for k = 1, ..., K and j = 1, ..., J , where each system exhibits cyclic boundary conditions,

Xk = Xk+K ,Wj,k = Wj,k+K and Wj+J,k = Wj,k+1.

The parameter values used here are K = 8, J = 32, D = 20, h = 1, b = 10 and

c = 10 and the system is numerically integrated forward in time using a fourth-order
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Parameter ξ0 ξ1 ξ2 ξ3 ξ4
Estimate 0.209 1.45 -0.0127 -0.00728 0.000312

Table 1: Parameter estimates for the quartic polynomial in the surrogate of the NWP
model (Equation 22).

Runge-Kutta scheme with a time-step of dt = 0.001. Christensen et al. (2015) show

that with these parameters, the system exhibits regime-like behaviour, transitioning

between two distinct states. The regimes are defined using a prespecified diagnostic:

K
2∑

k=1

cov
(
Xk, Xk+K

2

)
(20)

where cov(Xi, Xj) denotes the covariance between the i-th and j-th components of the

vector of state variables X, calculated over a time-series of length one model time unit

(MTU; corresponding to 5 days) directly preceding the time of interest. The system

is said to reside in regime A if this covariance diagnostic is positive, and regime B if

it is negative. As such, regime A is characterised by high amplitudes of wavenumber

2, whereas regime B is dominated by wavenumber 1. This diagnostic allows a regime

to be known with certainty, and thus removes the need to account for any uncertainty

regarding the current state of the system.

We represent the NWP model in this framework using the equations that resolve

only the large scales, since this is a common simplification of dynamical weather models:

dXk

dt
= −Xk−1(Xk−2 −Xk+1)−Xk +D. (21)

In an effort analogous to improving the NWP model, this equation can be extended by

including a quartic polynomial of the resolved variable, which acts as a kind of sub-grid

model, or parametrisation scheme to account for the effect of the neglected variables

Wj,k:

dXk

dt
= −Xk−1(Xk−2 −Xk+1)−Xk +D − (ξ0 + ξ1Xk + ξ2X

2
k + ξ3X

3
k + ξ4X

4
k). (22)

The parameters ξ0, ξ1, ..., ξ4 are estimated by minimising the mean squared difference

between true and parametrised tendencies (Wilks, 2005; Kwasniok, 2012). The resulting

coefficient estimates are shown in Table 1. This model is numerically integrated through

time using a fourth-order Runge-Kutta scheme with a time-step of dt = 0.005.

To trial the regime-dependent statistical post-processing approach, a training data

set is generated, comprised of forecasts initialised at points 0.15 MTU apart, from which

predictive distributions are estimated. A fixed training data set is used throughout,
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consisting of 20,000 forecast-observation pairs, and trajectories up to a lead time of 3

MTU (15 days) are considered. The resulting statistical post-processing methods are

evaluated over 50,000 ensemble forecasts initialised at intervals of 50 MTU, akin to

Wilks (2006). Along each margin, k, ensembles are generated by adding a stochastic

perturbation to the initialisation points, governed by a N(0, 0.12) distribution, and

integrating the NWP model through time starting at these perturbed points. Ensembles

of size 20 are used throughout, though the results were found not to depend on the

ensemble size. To allow for exchangeable members, these ensembles do not contain a

control, or analysis, forecast.

There are two different systems being considered: the ‘true’ system imitating the

atmosphere (Equation 19) and a deterministic NWP model with which ensemble fore-

casts can be generated (Equation 22). Table 2 shows the average persistence time of the

regimes, along with the corresponding proportion of time the system spends residing in

each regime. In the true system, regime A persists for 6.23 MTU (31 days) on average,

and regime B only 1.60 MTU (8 days). The NWP model captures the mean persistence

time of regime B but severely overestimates the persistence of regime A. Therefore, the

weather model spends a larger proportion of time in this state than the atmosphere.

The numerical weather model is used here to predict two different quantities. The

system is invariant under translation and hence all margins of X are statistically iden-

tical. Therefore, since we are interested in univariate post-processing approaches, only

X1 is considered. Secondly, the mean squared value of all Xk variables is also forecast.

This quantity is labelled E since it is proportional to the total energy of the system

(Lorenz, 1996):

E =
1

K

K∑
k=1

X2
k . (23)

To visualise the regime-like behaviour, Figure 1 shows a year-long time-period (73

MTU) of the predictands, X1 and E, along with the covariance diagnostic and the

corresponding regime. Large spells in regime A with intermittent periods in regime

B reinforce the features displayed in Table 2. There is no obvious disparity in the

behaviour of X1 depending on the regime of the system and this is confirmed by a plot

of the empirical distributions of the observations in Figure 2. E, on the other hand,

does appear to vary with the regime, with lower values coinciding with the occurrence of

regime B. Although the distributions of X1 are similar between the two regimes, nothing

can be deduced from Figure 2 about the behaviour of the forecasts nor the predictability

of the system in each regime. Therefore, regime-dependent post-processing may still

benefit forecasts made for this variable. One particularly interesting attribute is that the

covariance diagnostic appears less erratic during prolonged spells in regime B, perhaps
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Mean duration % of time
Reg. A Reg. B Reg. A Reg. B

True system 6.23 1.60 80 20
NWP model 12.13 1.61 88 12

Table 2: Average duration (MTU) of regimes A and B and the proportion of time the
systems spend in each regime.

implying that the system is more settled in this regime.

3.5 Statistical post-processing

Consider again a raw ensemble forecast x = (x1, x2, ..., xM) comprised of M members.

Numerous techniques exist to statistically post-process the ensemble, most of which are

variants of the two most eminent methods, Bayesian Model Averaging (BMA) and Non-

homogeneous Gaussian Regression (NGR). Whereas an ensemble forecast constitutes

a collection of point forecasts - instantaneous realisations of phase space - BMA and

NGR generate probabilistic forecasts in the form of parametric predictive distributions.

These methods both assume that each observation, or verification, y, is a realisation

of a random variable, Y , that follows a proposed statistical distribution conditional on

the M point predictions issued by the raw ensemble forecast.

Despite deviations from Gaussianity in the marginal distributions of the observed

values (Figure 2), suitable diagnostic checks, such as the quantile-quantile plots of the

standardised residuals in Figure 3, show that the normal distribution is an appropriate

choice for the predictive distribution for both Y = X1 and Y = E. E, by construc-

tion, is a positive quantity and using a normal predictive distribution issues a non-zero

probability of observing a negative response. In this case, however, this probability

is always negligibly small. A Gamma EMOS model (Scheuerer and Möller, 2015) was

also implemented when forecasting E, but was found to perform worse than NGR (not

shown).

3.5.1 Bayesian Model Averaging

BMA entails specifying a mixture of weighted component distributions that are centred

around a linear adjustment of each ensemble member (Raftery et al., 2005). Here, we

assume that all M members are interchangeable and hence equally weighted:

Y |x ∼ 1

M

M∑
m=1

N(α + βxm, σ
2). (24)
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Figure 1: Time series of the observed predictands for a year-long time period, along
with the concurrent regime and the associated value of the covariance diagnostic.
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Figure 2: Empirical distribution of X1 (left) and E (right) when the true system resides
in each regime.

The individual component distributions are Gaussian, and the parameters (α, β, σ2) are

estimated by numerically maximising the likelihood function, or, equivalently, minimis-

ing the logarithmic score (LS). The LS for a mixture distribution as in Equation 24 is

LS(FBMA, y) = − log

[
1

M

M∑
m=1

φ

(
y − α− βxm

σ

)]
, (25)

where φ(· ) is the standard Gaussian probability density function, y is the corresponding

observation, and FBMA is the cumulative density function (CDF) corresponding to

Equation 24. Equation 25 is then averaged over all forecasts in the training data to

obtain the overall logarithmic score.

In the regime paradigm, we propose two different extensions to BMA depending

on when the regime of the forecast is defined. If the atmospheric regime is defined
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Figure 3: Quantiles of a random sample of 1,000 standardised residuals from the NGR
forecasts plotted against the quantiles of a standard normal distribution.
Shown when predicting X1 (left) and E (right) at a lead time of three days. Similar
results are seen for forecasts associated with each regime, and also at other lead times.

67



at the forecast initialisation time then the training data can be divided into subsets

based upon the regime of the atmosphere at the forecast’s initialisation time, and a

separate set of parameters can be estimated for each regime (αr, βr, σ
2
r for r = 1, ..., R)

by minimising the logarithmic score over each training subset. A new forecast could

then simply be conditioned on one regime:

Y |x, r ∼ 1

M

M∑
m=1

N(αr + βrxm, σ
2
r). (26)

This method is referred to as RDBMA-init.

Alternatively, if the regime is defined at the validation time, then, since BMA spec-

ifies a separate distribution around each ensemble member, every member can be post-

processed conditional on its own regime prediction. Members corresponding to the

same regime are assumed to be statistically indistinguishable and hence an extension

of BMA to include groups of exchangeable ensemble members is implemented (Fraley

et al., 2010):

Y |x ∼
R∑
r=1

wr
∑
m∈Mr

N(αr + βrxm, σ
2
r), (27)

where Mr denotes the set of indices of the ensemble members that predict regime r, and

wr is the probability that the true system is in that regime at the validation time, with∑R
r=1wr = 1. Fraley et al. (2010) estimate this probability using maximum likelihood

via the Expectation-Maximisation (EM) algorithm (Dempster et al., 1977), but here

the groups of exchangeable ensemble members are determined by the outputs of the

NWP model and hence are not known prior to forecasting. As a result, Mr changes for

each ensemble. Taking the weight to be the fraction of ensemble members predicting

that regime, wr = |Mr|/M , thus allows the weight to vary for each forecast, providing

a more flexible weight function that was found to produce more skilful predictions.

In this case, forecast-observation pairs cannot be assigned to exactly one regime

and therefore the parameters corresponding to each regime must be estimated simulta-

neously. This method is termed RDBMA-val and the associated objective function is

LS(F val
BMA, y) = − log

[
1

M

R∑
r=1

∑
m∈Mr

φ
(y − αr − βrxm

σr

)]
, (28)

where F val
BMA denotes the CDF associated with Equation 27.
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3.5.2 Non-homogeneous Gaussian Regression

Recognising the presence of a spread-skill relationship, Gneiting et al. (2005) introduce

Non-homogeneous Gaussian Regression to extend the normal linear regression frame-

work to include a variance which is dependent on the spread of the ensemble members.

The mean and variance of the predictive distribution are linear functions of the ensem-

ble mean, x̄, and variance, s2x, respectively. The result is a heteroscedastic distribution

of the form

Y |x ∼ N(α + βx̄, γ + δs2x). (29)

To estimate the parameters (α, β, γ, δ; with γ and δ constrained to be positive) in the

regression equation, Gneiting et al. (2005) acknowledge that the coefficients should be

those that minimise a proper score and therefore propose minimum continuous ranked

probability score (CRPS) estimation. This aligns with the optimum score estimation

framework in Gneiting and Raftery (2007) (see also Section 2.3.3.3). Gneiting et al.

(2005) showed the CRPS for a forecast in the form of a Gaussian predictive distribution

to be

CRPS(N(µ, σ2), y) = σ

{
y − µ
σ

[
2Φ

(
y − µ
σ

)
− 1

]
+ 2φ

(
y − µ
σ

)
− 1√

π

}
, (30)

where Φ(· ) is the standard Gaussian CDF, and the total CRPS is again the average of

this score computed over all forecasts in the training data.

Similarly to BMA, if the regime is defined at the initialisation time then each forecast

is in either regime A or regime B and the model (labelled RDNGR-init) becomes

Y |x, r ∼ N(αr + βrx̄, γr + δrs
2
x) (31)

for r = 1, ..., R. Again, parameters are estimated by stratifying the training data set

using the regime of the system at the forecast initialisation time and minimising the

CRPS separately for each training subset.

However, if the regime is defined at the forecast validation time then it cannot be

determined with certainty and hence a probabilistic approach is applied. Let wr again

denote the proportion of ensemble members that predict regime r. Then, a mixture

model of R component distributions could be implemented, with weights determined

by wr. The predictive distribution is of the form

Y |x ∼
R∑
r=1

wrN(αr + βrx̄, γr + δrs
2
x). (32)

This approach, referred to as RDNGR-val, is essentially a model averaging technique
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that exploits the regime predictions of the ensemble members to calculate the model

weights. The CRPS for a forecast in the form of a mixture of Gaussian distributions is

CRPS

(
J∑
j=1

pjN(µj, σ
2
j ), y

)
=

J∑
j=1

pjA(y − µj, σ2
j )−

1

2

J∑
j=1

J∑
k=1

pjpkA(µj − µk, σ2
j + σ2

k),

(33)

where

A(λ, η2) = 2ηφ

(
λ

η

)
+ λ

[
2Φ

(
λ

η

)
− 1

]
(Grimit et al., 2006). For the conditional distribution in Equation 32, J is equal to

the number of regimes R, and the weights pj are given by the proportion of ensemble

members that predict each regime, wr.

3.5.3 Forecast verification

These statistical post-processing methods are applied to a sample of point forecasts

to obtain a predictive distribution conditional on the ensemble output. Forecasters

have come to seek predictive distributions that are sharp, subject to being calibrated,

and both of these qualities can be assessed by verifying forecasts using proper scoring

rules (Gneiting and Raftery, 2007). In the following section, the CRPS is used to

verify forecasts. NGR forecasts are assessed using the same loss function with which

parameters were optimised in the training data, while Equation 33 can also be used to

evaluate the forecast distributions generated from BMA. Although this might appear

to favour NGR, since parameters are estimated using the same score that is used to

verify the forecasts, similar results are obtained when using the logarithmic score to

assess forecasts, and also when BMA parameters are optimised using minimum CRPS

estimation.

These scores outline the overall forecast performance but concern lies more on

the improvement gained from the new methodology than on the raw scores them-

selves. Therefore the continuous ranked probability skill score (CRPSS) is also applied.

Whereas skill scores are typically implemented with a simple benchmark such as clima-

tology (Mason, 2004), the reference forecast is taken here to be the equivalent forecast

obtained via NGR or BMA at the same lead time. For example, if we let H denote the

predictive distribution obtained from regime-dependent post-processing, F denote that

obtained from conventional post-processing, and y the corresponding observation, then
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Figure 4: Average ensemble variance for forecasts of X1 (left) and E (right) against
lead time, shown when each regime occurs at the forecast initialisation time.

the continuous ranked probability skill score (CRPSS) is

CRPSS(H,F, y) =
〈CRPS(F, y)〉 − 〈CRPS(H, y)〉

〈CRPS(F, y)〉
= 1− 〈CRPS(H, y)〉

〈CRPS(F, y)〉
, (34)

with 〈· 〉 denoting the average CRPS over forecasts in the test data set (Wilks, 2019,

see also Section 2.4.4). The skill score in this case can thus be interpreted as the rela-

tive improvement in score upon current post-processing methods, gained from regime-

dependent post-processing.

3.6 Results

3.6.1 Forecasting X1

The statistical properties of the forecasts indicate that there are in fact disparities in

the forecast behaviour between the two regimes. Figure 4 shows that the ensemble

variance, computed from forecasts in the training data, is much smaller on average

when the system resides in regime B than in regime A. This is true when predicting

X1 or E. Such differences in the variance suggest either that weather events are more

predictable, or that the ensemble forecasts suffer more from overconfidence, when the

system resides in regime B.

Ensemble forecasts assume that the ensemble members arise from the same gen-

eration mechanism as the observation, and hence the rank of the verification when

pooled with the ensemble members should be uniformly distributed. This assumption

can be evaluated by using verification rank histograms to visualise the distribution of

the ranks across all forecasts in the test data (Anderson, 1996; Hamill and Colucci,

1997; Talagrand, 1997b). Rank histograms displayed in Figure 5 indicate that the raw

ensemble forecasts are highly overconfident, with observations falling outside the range

71



X1 αr βr γr δr
NGR 0.301 0.884 4.476 2.713

RDNGR-init
Reg. A 0.411 0.855 6.028 2.202
Reg. B -0.004 0.966 1.510 6.639

RDNGR-val
Reg. A 0.437 0.857 6.071 2.232
Reg. B -0.140 0.976 1.212 4.414

X1 αr βr σ2
r

BMA 0.450 0.861 8.260

RDBMA-init
Reg. A 0.569 0.831 9.499
Reg. B 0.091 0.961 4.065

RDBMA-val
Reg. A 0.603 0.829 9.583
Reg. B -0.106 0.985 2.831

Table 3: Post-processing parameters for NGR, BMA, and for both regime-dependent
extensions at a lead time of one week when forecasting X1.

of ensemble members for the vast majority of forecasts. This is yet more prevalent for

those initialised in regime B.

Figure 5 also displays Probability Integral Transform (PIT) histograms (Dawid,

1984) for the predictive distributions issued by NGR and RDNGR-init for the same

lead time. PIT histograms record the frequency with which values of the forecast CDF

evaluated at the verification, F (y), fall into a finite number of equally-sized bins. To

ensure comparability between the rank and PIT histograms, 21 bins between zero and

one were chosen. Likewise, a uniform PIT histogram implies calibrated forecasts. The

PIT histograms show that post-processing the forecasts using NGR yields considerably

more uniform histograms, and hence considerably better-calibrated forecasts, than the

raw ensembles. However, Hamill (2001) demonstrates that uniform rank histograms

can be obtained from a combination of poorly-calibrated forecasts, emphasising that

the uniformity of rank histograms is a necessary but not sufficient condition for reliable

predictions. In this case, forecasts in regime B become largely overdispersed as a result

of post-processing, indicating the forecasts are not calibrated conditional on the initial

regime. Estimating a new set of parameters for forecasts initialised in regime B, as in

RDNGR-init, reduces the underconfidence of these forecasts.

Table 3 presents the parameters estimated over the training data at a lead time of

one week for both NGR and BMA, and all regime-dependent extensions. Regardless of

the time at which the regime of the forecast is defined, the post-processing parameters

are noticeably different between the two regimes. For BMA, the parameter controlling

the variance decreases dramatically when forecasting an event in regime B, supporting

the belief that the system is more predictable in this regime. The regime A parameters,

on the other hand, are generally similar to those obtained via standard post-processing.
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Figure 5: Rank histograms for the raw ensemble forecasts and PIT histograms for NGR
and RDNGR-init forecasts at a lead time of one week.
Histograms are displayed for forecasts in each regime at initialisation time. The red
line corresponds to perfect uniformity.
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Figure 6: CRPS for the raw ensemble forecasts of X1 and for NGR and BMA (unbro-
ken), and RDNGR-init and RDBMA-init (dashed) against lead time when the forecast
is initialised in each regime.

This is not surprising given that the system spends 80% of its time in regime A (Table

2) and hence the vast majority of forecasts in the training data are defined to be in this

regime.

The regime-dependent NGR methods appear to adjust the variance of their predic-

tive distribution differently for the two regimes. The modest ensemble spread in regime

B forecasts is augmented by a larger variance inflation factor δ, whereas the variance

of regime A forecasts is increased by a larger additive, or nudging, parameter γ, thus

implying the presence of a stronger spread-skill relationship in regime B. There are

also slight differences between the parameters dictating the forecast mean; values of β

close to one, along with additive constants α close to zero, suggest the raw ensemble

mean contains more information when the forecast is defined to be in regime B. These

differences therefore support our theory that the relationship between forecasts and ob-

servations changes depending on the system’s regime. It is difficult, however, to deduce

the time at which this relationship is most varied, since there do not appear to be large

discrepancies between the regime-dependent approaches.

Having seen how the models are behaving in the different regimes, attention is turned

to formally assessing the forecasts. Figure 6 exhibits the CRPS against lead time for
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the raw ensembles and for NGR, RDNGR-init, BMA and RDBMA-init forecasts, along

with the breakdown of those defined to be in regime A and B at initialisation time.

The scores are considerably lower for forecasts initialised in regime B than they are

for regime A, but since only 20% of forecasts are attributed to regime B, the score

calculated across all forecasts is more similar to that for forecasts in regime A. The

post-processed forecasts unsurprisingly yield scores much lower than those for the raw

ensemble forecasts, while the extra improvements gained from regime-dependent post-

processing are noticeable in regime B but appear negligible for forecasts initialised in

regime A, rendering the overall improvement relatively unpronounced. The CRPS for

all methods at a lead time of seven days is displayed in Table 4.

Figure 7 displays the skill score for the regime-dependent forecasts defined to be in

each regime at the initialisation time, where the conventional NGR and BMA forecasts

are used as baselines. Figure 7 further reinforces what has already been seen: regime

B forecasts improve by as much as 6% upon standard post-processing, while those

initialised in regime A experience little improvement. Regime B forecasts are thus

responsible for the majority of improvement but the dominance of regime A means the

relatively large improvements seen in regime B forecasts account for only 20% of the
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Figure 7: CRPSS against lead time for both regime-dependent NGR and both regime-
dependent BMA approaches using NGR and BMA, respectively, as a reference forecast
when predicting X1.
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X1 Total Regime A Regime B
Raw 2.072 (0.007) 2.241 (0.008) 1.429 (0.011)
NGR 1.779 (0.005) 1.921 (0.006) 1.238 (0.008)

RDNGR-init 1.768 (0.005) 1.916 (0.006) 1.202 (0.009)
RDNGR-val 1.766 (0.005) 1.914 (0.006) 1.202 (0.008)

BMA 1.796 (0.005) 1.926 (0.006) 1.301 (0.008)
RDBMA-init 1.782 (0.005) 1.927 (0.006) 1.227 (0.009)
RDBMA-val 1.779 (0.005) 1.922 (0.006) 1.232 (0.008)

Table 4: CRPS for all forecasts of X1 and the breakdown between those identified to
be in regime A and regime B at initialisation time.
The scores are shown for the raw ensembles and for NGR, BMA post-processed fore-
casts, and all regime-dependent extensions, at a lead time of one week. The correspond-
ing standard errors are calculated using the central limit theorem and are displayed in
brackets next to the score.

total improvement. Therefore, the maximum overall percentage improvement is little

over 1%.

3.6.2 Forecasting E

Figure 8 displays the evolution of BMA and RDBMA-init parameters over forecast lead

time, when E is the predictand. The variance coefficients exhibit similar behaviour to

before, with σ2 significantly lower when the atmosphere is in regime B at initialisation

time. However, as seen in Figure 2, the location of the empirical distribution of E in

regime A is different to that in regime B, which is not the case for observations of X1.

There are now much larger distinctions in the location parameters, α and β, between

the regimes, indicating the NWP model exhibits both spread and location biases that

vary with the regime.

As a result, much larger improvements are gained from regime-dependent post-

processing. Figure 9 displays the CRPS for the raw ensemble forecasts, NGR, BMA

and their extensions that utilise the regime at the forecast validation time. The fore-

casts issued by RDNGR-val and RDBMA-val perform considerably better (in terms

of the CRPS) than those generated by NGR and BMA, respectively, particularly in

regime B. This improvement is also maintained for forecasts at longer lead times. The

corresponding skill scores are displayed in Figure 10. When the regime is defined at

the validation time, forecasts in regime B can improve by almost as much as 20% upon

NGR and BMA forecasts, with overall improvements close to 7% at lead times between

six and nine days.

Initially it was believed that RDBMA-val would have a slight advantage over its

NGR counterpart since it post-processes each ensemble member separately, not com-
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Figure 8: BMA parameters against lead time when forecasting E. RDBMA-init coeffi-
cients are also shown for forecasts initialised in each regime.
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Figure 9: CRPS for the raw ensemble forecasts of E and for NGR and BMA (unbroken),
and RDNGR-val and RDBMA-val (dashed) against lead time when the forecast is
initialised in each regime.
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Figure 10: CRPSS against lead time for both regime-dependent NGR and both regime-
dependent BMA approaches using NGR and BMA, respectively, as a reference forecast
when predicting E.

pressing all the regime information into a single weight. Figures 9 and 10, however,

suggest the improvements are similar for the two methods. When using the regime

at the initialisation time, if the forecasts issued by BMA performed better when the

system resided in one regime but NGR forecasts were preferable in the other, then it

would be possible to calibrate subsets of forecasts using separate post-processing meth-

ods depending on the regime (e.g. apply NGR to all forecasts in regime A and BMA

to all forecasts in regime B).

Given that regime A dominates the upper tail of the response distribution of E (Fig-

ure 2) and regime B the lower, we might also expect regime-dependent post-processing

to produce more informative predictions of extreme weather events. The Brier score,

or mean squared error of a probability forecast for a binary response (Brier, 1950), can

be used to assess the probability of the response falling above or below some threshold

of the data. Table 5 displays the Brier score, at lead times of three, five and ten days,

for the predicted probability of the verification falling below the first percentile of all

observations in the training data. This is hence a measure of the forecasts’ performance

when predicting the occurrence of extremely low values of E. Again, when the regime is

defined at the validation time regime-dependent statistical post-processing noticeably
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E 3 days 5 days 10 days
Raw 4.59 (0.23) 7.14 (0.32) 12.25 (0.42)
NGR 4.08 (0.20) 6.52 (0.28) 11.44 (0.44)

NGR-init 3.46 (0.18) 5.79 (0.26) 11.34 (0.44)
NGR-val 3.30 (0.17) 4.95 (0.22) 10.94 (0.40)

BMA 4.09 (0.20) 6.52 (0.27) 11.42 (0.44)
RDBMA-init 3.49 (0.18) 5.61 (0.24) 11.34 (0.44)
RDBMA-val 3.31 (0.18) 4.91 (0.22) 10.92 (0.40)

Table 5: Brier score for forecasts of the occurrence of extremely low values of E, for
NGR, BMA and both regime-dependent extensions.
Extremely low values correspond to values below 29.1, the first percentile of the obser-
vations. Scores are shown at lead times of three, five and ten days, with the associated
standard errors in brackets alongside. All values have been scaled by 103.

improves upon current post-processing approaches. Since the marginal distribution of

X1 varies less between the regimes, similar forecasts of extremely low values of X1 ex-

hibit less improvement, comparable to results seen for all forecasts in Figures 6 and

7.

3.7 Discussion

This chapter acknowledges that the inability to distinguish between distinct relation-

ships linking the NWP model and the atmosphere is a potential weakness of statistical

techniques of calibrating ensemble forecasts. In particular, it is proposed that, un-

der certain circumstances, the relationship between the model and the atmosphere

changes, and if such circumstances are identified, then post-processing forecasts con-

ditional on this extra information could yield more informative prognoses. Although

the methodology presented here extends to other appropriate and justifiable conditions,

past literature suggests that the occurrence of particular weather regimes is an example

of such a circumstance. This chapter therefore investigates how best to utilise regime

information when post-processing.

The preferred approach is to implement a mixture of predictive distributions, with a

separate component distribution designed to calibrate forecasts assigned to each regime.

Two different methods are used to assign forecasts to regimes. The first defines the

regime as that which materialises at the forecast initialisation time, while the second

uses that at the forecast validation time. For the former choice, the weight in the

mixture distribution is an indicator function. In this case, the forecast-observation

pairs in the training data are stratified depending on their associated regime, and the
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component forecast distributions are fit separately over the resulting training subsets.

The regime at the forecast validation time, on the other hand, cannot be known with

certainty. As such, the weights in the mixture model should be chosen to reflect the

probability that the system resides in each regime. There are numerous ways to obtain a

probabilistic forecast for the prevailing weather regime, and the proportion of ensemble

members that forecast each regime is used here to define the mixture model weights. In

this case, a forecast-observation pair in the training data cannot be attributed to exactly

one regime, and hence, rather than stratifying the data into MECE training subsets,

all coefficients for the mixture distribution are estimated simultaneously. Although

the predictions of the regime made by the ensemble forecast may themselves exhibit

biases, these could easily be addressed using statistical methods, akin to an application

of statistical post-processing to the regime forecast. Future work could consider the

benefit of such an approach.

Two extensions of both Non-homogeneous Gaussian Regression and Bayesian Model

Averaging are presented that are suitable for the regime paradigm, one corresponding

to each way of assigning forecasts to regimes, and these methods are trialled in the

Lorenz (1996) system, a highly idealised surrogate of the atmosphere that is known

to exhibit regime-like behaviour (Christensen et al., 2015). In particular, the system

favours two states: regime A and regime B. The results were compared for forecasts

made for two different variables, X1, a state variable of the system, and E, proportional

to the total energy in the system (Lorenz, 1996). The distribution of X1 does not change

considerably between the two regimes, whereas the opposite is true for E.

For both variables, regime-dependent post-processing methods improve the perfor-

mance of forecasts relative to conventional approaches. Since regime A occurs on the

majority of occasions, regime-dependent post-processing methods have less of an effect

on forecasts defined to be in this regime, whereas forecasts corresponding to regime B

improve substantially. This is particularly the case for forecasts of E, which are found

to exhibit systematic regime-dependent errors in both the location and dispersion of

the ensemble. Forecasts of more extreme values of E also benefit significantly from

regime-dependent post-processing, since the lower tail of the empirical distribution is

dominated by regime B, and the upper tail by regime A. Regime-dependent approaches

therefore address the tendency of conventional post-processing methods to focus on the

bulk of the data, which has been found to result at times in a decrease in the predictive

skill of forecasts for extreme weather events (Pantillon et al., 2018).

Furthermore, regardless of the predictand, the ensemble forecasts perform well at

short lead times, being highly concentrated around the ensemble mean (Figure 4), re-

sulting in CRPS values close to the optimum value of zero (Figures 6 and 9). In this

case, the ensemble forecasts already capture the effect the regimes have on the pre-
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dictands, and, as such, the improvements gained by regime-dependent post-processing

are small. As the lead time increases, however, the performance of the raw ensemble

worsens, and errors arise in the forecast owing to the regimes. Therefore, the benefit

of regime-dependent post-processing is considerable for forecasts at lead times between

roughly four and eight days. After this, the ability of the ensemble members to iden-

tify which regime occurs at the forecast validation time deteriorates. As a result, the

conditional distribution of the outcome given the ensemble forecast begins to depend

less on the forecast regime, and hence the post-processing coefficients corresponding to

each regime become progressively more similar to those estimated over the entire train-

ing data set. The improvements gained by regime-dependent post-processing therefore

tend towards zero as lead time increases. Due to their additional flexibility, the regime-

dependent methods should, in theory, always perform at least as well as conventional

approaches, provided there is sufficient training data on which to reliably estimate the

post-processing parameters.

The ensemble variances in Figure 4 indicate that the raw ensemble forecast cap-

tures the flow-dependent uncertainty in the system, with ensembles considerably less

dispersed in regime B than in regime A. Furthermore, the regime-dependent approaches

were also applied within the Model Output Statistics post-processing framework, which

is equivalent to NGR without incorporating the ensemble spread as a predictor for the

forecast variance, so that the δ coefficient in Equation 29 is constrained to equal zero

(Glahn and Lowry, 1972; Glahn et al., 2009). The forecasts issued by Model Output

Statistics benefited more from the regime information than those generated using NGR,

reinforcing the idea that the spread of the ensemble captures some of the uncertainty

present in the forecast situation owing to the prevailing weather regime. Moreover,

notwithstanding the tendency of the numerical weather model (Equation 22) to prefer

regime A (Table 2), the ensemble members provide a skilful prediction of the future

regime for all lead times considered here. The regime at the forecast initialisation time,

on the other hand, is less adept at predicting the future regime, despite the persistence

of the regimes in this system (not shown). As a result, the improvements in CRPS from

regime-dependent post-processing tend to be larger when the regime of the forecast is

defined at the forecast validation time, rather than at the initialisation time.

The results presented in this chapter therefore indicate that regime-dependent post-

processing can significantly enhance weather forecasts, especially when the variable

being forecast exhibits a pronounced dependence on the regimes. In particular, if

severe weather events occur more frequently in some regimes than others, such as ex-

treme temperatures during prolonged blocking episodes, then incorporating this regime-

dependency when calibrating forecasts could lead to refined predictions of these extreme

events. Larger improvements tend to occur when the forecast accurately predicts the
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regime at the forecast validation time, suggesting the regime-dependent forecast errors

in this system arise predominantly from the numerical weather model incorrectly sim-

ulating the relationship between the regime and the variable being forecast. It is not

clear, however, how this will translate to forecasts issued using operational numerical

weather models (i.e. not in a highly idealised system), and further investigation into

this is necessary.

Operational forecasters often suffer from a lack of historical data available, and it

has become common to use a sliding training window to estimate parameters. These

windows consist of forecast-observation pairs from a relatively short number of days

directly preceding the time of forecasting. The choice of the length of this window

is a compromise between using enough data from which reliable parameter estimates

can be obtained and using a length that is small enough for the training window to

reflect the seasonality and recent behaviour of the weather. It could be argued that

knowing how the model behaves in different regimes is more valuable when estimating

model coefficients than knowing how forecasts behaved more recently in potentially

very different atmospheric conditions. For example, if the atmosphere resides in an

anticyclonic regime then the model biases will likely be similar to occasions in previous

years when this pattern has occurred, rather than to the errors, say, twenty days prior to

forecasting when a different regime were present. The regime-dependent framework may

thus be better suited to retrospective forecasting (reforecasting) approaches that run

high resolution weather models from historical reanalyses to generate a large number

of hindcasts (Hamill et al., 2004).

Moreover, estimating all regime-dependent parameters simultaneously can be sig-

nificantly more computationally demanding than estimating BMA and NGR coeffi-

cients. This has been identified in previous implementations of mixture models in a

post-processing context (Baran and Lerch, 2016, 2018). On the other hand, despite

the statistical models being more elaborate, implementing RDBMA-init and RDNGR-

init was no more computationally expensive than the standard post-processing ap-

proaches in this study. Nonetheless, given that statistical post-processing is typically

performed off-line, after having integrated the numerical weather model, none of the

regime-dependent approaches considered here are expected to be prohibitively expen-

sive. Regardless, these approaches estimate more parameters and hence require larger

amounts of training data in order to attain reliable parameter estimates. Methods that

can account for parameter uncertainty in the post-processing models (Siegert et al.,

2016a), or augment the training data (Lerch and Baran, 2017; Hamill et al., 2017)

are thus particularly desirable in the regime paradigm. An excessively large amount of

training data was used in this simulation study to remove the necessity of such methods,

though smaller archives of data drew the same conclusions.
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Finally, we note that this study was repeated using a stochastic alternative to the

numerical weather model considered here. The primary goal of Christensen et al. (2015)

was to study the effects that stochastic parametrisations have on capturing the regime

structure of the Lorenz (1996) system. The result was that the introduction of a red-

noise stochastic parameter to the deterministic NWP model (Equation 22) allows a

good representation of the regimes. Similar patterns emerged to those identified here,

though the improvements were slightly more pronounced when using the deterministic

model: the method was better at correcting poor forecasts than improving the higher-

quality model. Indeed, this behaviour is intuitive for atmospheric data; the circulation

dictates the weather that we experience, so the distribution of the observations would be

expected to vary between the regimes, and hence we would anticipate more improvement

from regime-dependent post-processing if the NWP model output did not do the same.
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4 Recalibrating wind speed forecasts using regime-

dependent Ensemble Model Output Statistics

4.1 Introduction

The previous chapter presents a motivating example in which the regime-dependent

framework greatly outperforms established post-processing approaches when applied

to simulated data from a highly idealised atmospheric model. Hence, the aim of this

chapter is to investigate how the framework performs in more realistic settings. In

particular, we consider a regime-dependent extension of a method to post-process wind

speed forecasts, both in a simulation study involving a quasigeostrophic model of the

Northern Hemisphere, and using the output from a recently operational ensemble fore-

casting system over the Euro-Atlantic region.

High-quality forecasts of wind speed are particularly valuable due to their applica-

tion in decision making in areas such as transportation, insurance, and renewable energy

production. Therefore, several statistical post-processing methods have been proposed

to deal with systematic errors present in wind speed forecasts. Particular examples

include quantile regression (Bremnes, 2004, 2019) and implementations of Bayesian

Model Averaging (BMA) and Ensemble Model Output Statistics (EMOS) with various

choices of parametric family: truncated normal (Thorarinsdottir and Gneiting, 2010;

Baran, 2014), gamma (Scheuerer and Möller, 2015; Sloughter et al., 2010; Eide et al.,

2017), and truncated logistic distributions (Messner et al., 2014; Scheuerer and Möller,

2015), for example. Lerch and Thorarinsdottir (2013) and Baran and Lerch (2015)

blend together different choices of the parametric family in an attempt to improve the

upper tail of wind speed forecasts, and the resulting predictive distributions are partic-

ular examples of the mixture distributions considered by Baran and Lerch (2016) and

Baran and Lerch (2018).

Since the aim of forecast recalibration is to alleviate systematic biases in the dynam-

ical model output, it is common to use only the ensemble forecast for the variable being

predicted as an input variable when post-processing. Recently, however, techniques

have been proposed that utilise more predictors, highlighting the potentially useful in-

formation that can be gained from other sources. Scheuerer (2014) and Scheuerer and

Hamill (2015a), for example, exploit predictions at neighbouring grid points when re-

calibrating precipitation forecasts, while Eide et al. (2017) employ wind direction as

an additional predictor for wind speed. More data-driven approaches have also been

proposed that can deal with a large set of possible inputs, and automatically select

those most relevant for post-processing (Taillardat et al., 2016; Messner et al., 2017;
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Rasp and Lerch, 2018).

The underlying reason for adding predictors is that the additional variables provide

helpful indications as to when the relationship between the forecast and the observation

might vary. It may be the case that forecast accuracy is affected by the weather situation

at hand. Weather forecasters often adjust their predictions depending on the prevailing

large-scale atmospheric flow (Roebber, 1998) and incorporating the flow directly into

forecast recalibration methods serves as a way of automating this procedure. Synoptic-

scale patterns in the atmosphere’s circulation can also explain relationships between

certain weather variables and locations. Integrating the circulation into post-processing

therefore allows information from alternative weather variables to be utilised, without

including them directly in the calibration.

The atmosphere’s circulation is intimately connected to the Earth’s winds and there-

fore forecasts of wind speed might be susceptible to improvements if weather regime in-

formation were incorporated into the post-processing. The previous chapter introduced

regime-dependent statistical post-processing, proposing that if statistical techniques

can specify a probability model for the regime, then current post-processing methods

can be conditioned on the underlying weather regime:

f(y|x) =
R∑
r=1

wrfr(y|x, r), (35)

where wr is the probability of residing in regime r and f(y|x) is the conditional distri-

bution of the predictand given the ensemble forecast x = (x1, ..., xM). The forecast in

this case takes the form of a predictive distribution, but, rather than specifying just one

forecast distribution, a separate distribution must be estimated for each regime. The

regime-dependent framework would then be expected to be beneficial if the component

predictive distributions fr(y|x, r) were to change between the regimes.

The post-processing framework, including the regime-dependent approach consid-

ered in this chapter, is introduced in the following section. The post-processing meth-

ods are first implemented in a three-layer quasigeostrophic (QG) model of the Northern

Hemisphere in Section 4.3. The QG model used here is sufficiently realistic that it is

capable of generating atmospheric patterns that are present in climate reanalyses, but

is simple enough that a large amount of data can be simulated, allowing an extensive

investigation of regime-dependent approaches. In Section 4.4, the same approach is tri-

alled on retrospective wind speed forecasts (reforecasts) over the Euro-Atlantic region,

taken from the National Centers for Environmental Prediction Global Ensemble Fore-

casting System (GEFS; Hamill et al., 2013). The GEFS reforecasts are generated from

a higher resolution model than that used in the QG setting, yet still provide sufficient
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data from which regime-dependent forecast distributions can reliably be constructed

and assessed. Section 4.5 concludes and discusses the results presented throughout this

chapter.

4.2 Methodology

4.2.1 Statistical post-processing

To capture the relationship between the model and the atmosphere, statistical post-

processing relies on a set of historical forecasts and observations from which predictive

distributions can be estimated. This training set consists of pairs of data (x, y), where

x = (x1, ..., xM) denotes an ensemble forecast comprised of M members, and y is

the corresponding verification. Regime-dependent post-processing methods extend this

such that the training data pairs become triples of the form (x, y, ρ), where ρ represents

some information regarding the atmospheric flow associated with that forecast and

observation. This could be one weather regime, the probabilities of residing in each

identified regime, or a continuous measure of the atmospheric flow, for example. Post-

processing can then utilise this additional information. In the previous chapter, we

discuss ways of including the flow in forecast recalibration, arguing that partitioning

the phase space into a discrete number of regimes can allow for more flexible forecast

distributions. This approach is similarly considered here.

Thorarinsdottir and Gneiting (2010) introduce an Ensemble Model Output Statistics

(EMOS) approach that extends truncated regression models to include a non-constant

variance term. The method suggests that, given an ensemble forecast, the observed

wind speed is a realisation of a random variable Y that follows a normal distribution

truncated below at zero:

Y |x ∼ N0(α + βx̄, γ + δs2x). (36)

The location and spread of the distribution are then linear functions of the ensem-

ble mean x̄ and ensemble variance s2x respectively. This approach was found here to

outperform alternative families of statistical distributions.

We employ Equation 36 in the regime-dependent framework by using a mixture of

truncated normal forecast distributions that depend on the coinciding weather regime:

Y |x ∼
R∑
r=1

wrN0(αr + βrx̄, γr + δrs
2
x), (37)

where wr represents the probability of the atmosphere residing in regime r at the

forecast validation time. This method involves estimating post-processing parameters
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True Regime
NAO+ NAO- AR EB

NAO+ 0.740 0.070 0.094 0.095
Initial NAO- 0.105 0.664 0.147 0.083

Regime AR 0.163 0.137 0.565 0.134
EB 0.102 0.129 0.113 0.657

Table 6: Matrix of conditional probabilities of each regime occurring 48 hours after
observing a given regime at the forecast initialisation time.
The regimes under consideration are those introduced in Section 4.4.1. As lead time
increases every row tends to the climatological frequencies of the regimes. NAO+ and
NAO- represent, respectively, the positive and negative phases of the North Atlantic
Oscillation, AR denotes an Atlantic Ridge, while EB is European Blocking.

(α, β, γ, δ) for each of the regimes. The weight, on the other hand, is a function of time,

rather than a coefficient to be estimated.

4.2.2 Mixture model weights

It is, however, necessary to define these mixture model weight functions, wr. The

motivation for regime-dependent approaches assumes that there are differences in model

biases that depend on the prevailing weather regime. Results in the previous chapter

highlighted that, since the weather that materialises is dependent on the atmospheric

regime, the weights should provide probabilities that the atmosphere will reside in each

regime at the forecast validation time. The weights can thus be thought of as predictions

of the future atmospheric state.

Three choices for the weight are compared here. A first choice defines the weights

by a persistence forecast: if s is the regime present at the forecast initialisation time

then wr = 1 when r = s, and wr = 0 when r 6= s. These will be called ‘initial regime’

weights. The disadvantage of this approach is that as forecast horizon increases, so

does the probability of transitioning to another regime. The initial regime would thus

not be representative of the atmospheric conditions at the validation time. When the

forecast lead time is long relative to the regime persistence times, model biases would

not be expected to vary depending on the initial regime and hence the regime-dependent

mixture model would revert back to the conventional truncated normal distribution in

Equation 36, offering little improvement despite its added flexibility.

Since it is possible to determine which regime actually materialised for forecasts in

the training data, a second choice is to find conditional probabilities of each regime

occurring given the initial regime. That is, given a certain regime occurs at the ini-

tialisation time, one can calculate the proportion of instances in which each regime

materialises at the validation time. An example of this for the GEFS reforecast data in
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Figure 11: Brier skill score relative to climatology for different forecasts of the future
weather regime, plotted against lead time.

Section 4.4 is shown in Table 6. The data and identified regimes are described in detail

in Section 4.4.1. The initial regime weights assume that the probability of the positive

phase of the North Atlantic Oscillation (NAO+) occurring after two days given that it

transpired at the initialisation time is one, for example, whereas Table 6 suggests it is

only 0.740 in reality. This, in theory, provides a more realistic probability of the regime

at the forecast validation time. Such weights are called ‘conditional regime weights’.

The ensemble members are themselves simulated trajectories of the atmosphere, and

hence regimes can also be estimated from each ensemble member. As in the previous

chapter, the proportion of ensemble members that are assigned to a regime constitutes

a probability of residing in that state at the forecast validation time. This third choice

is called ‘ensemble regime weights’. Results in Chapter 3 indicate post-processing using

ensemble regime weights outperforms the initial regime weights.

Since the weights define a probabilistic forecast of the future atmospheric state,

they can be assessed by their ability to capture the regime that materialises. Figure

11 shows the Brier skill score (Brier, 1950) for the three different choices of weight,

averaged across the four identified regimes in the reforecast data. The climatological

frequencies of the different regimes are used as a reference forecast. Although useful at

very short lead times, the initial regime weights become detrimental to forecasts relative

to climatology (skill score less than zero) after only a few days. Unsurprisingly, they

are particularly poor at predicting the less persistent weather types. The conditional

regime weights, on the other hand, are designed to be at least as good as climatology

and hence always result in a positive skill score. However, they rely on information from

the initial regime, and the skill score therefore tends to zero as the lead time increases.

Output from the NWP model will also contain progressively less information as forecast

horizon increases, with studies highlighting model deficiencies in capturing the onset and

decay of atmospheric blocking events (Tibaldi and Molteni, 1990; Matsueda and Palmer,
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2018). Nonetheless, the weights defined by the ensemble members offer considerably

more skill than alternative approaches at all lead times considered here.

In a study such as this, where predictions are evaluated over a set of hindcasts,

forecasts can be conditioned on perfect knowledge of the regime at the validation time.

Although this information is not available a priori to forecasters, it is implemented here

to obtain a rough upper bound on the improvements to be gained from the regime-

dependent mixture model. This is henceforth referred to as the ‘true regime’. Fur-

thermore, although the conditional regime weights are found to offer better forecasts of

the atmospheric state, the performance of the resulting forecasts is found to be similar

to when using the initial regime. Therefore, in the subsequent analysis, results are

compared only for the initial regime, ensemble regime and the true regime weights.

Regime information is incorporated into post-processing via these mixture model

weights. Therefore, in order to obtain forecast distributions that utilise the regime

information, the weights are estimated first, prior to fitting the regime-specific predic-

tive distributions. Coefficients for these component distributions are then estimated

conditional on the regime weights. Furthermore, since the regime-dependent weights

considered here are functions of the atmospheric flow rather than constant parame-

ters, they can adapt to the current atmospheric conditions. This allows forecasts to be

post-processed differently to one another, even when trained using the same data.

This is in contrast to alternative approaches that have been introduced to combine

predictive distributions (Gneiting et al., 2013). Baran and Lerch (2016), for example,

estimate the mixture model weights simultaneously to the post-processing parameters.

Although the resulting wind speed forecasts are found to exhibit significantly better

calibration than the individual component distributions, the corresponding parameter

estimation step can result in optimisation problems that are complex and unstable,

and thus computationally expensive. Baran and Lerch (2018) therefore investigate the

use of forecast combination approaches that use a two-step procedure to estimate post-

processing parameters. The approaches discussed therein first fit two or more distinct

EMOS methods individually to all training data, and then find the optimal weights

to combine the resulting forecast distributions. The method presented in this chapter

similarly divides the parameter estimation into two stages, but distributional coefficients

are instead estimated after having obtained the mixture model weights. Doing so allows

the component distributions to capture separate features of the training data that arise

due to the occurrence of each weather regime.

4.2.3 Parameter estimation

Gneiting and Raftery (2007) introduce the notion of optimum score estimation, which
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identifies the parameter values that optimise a proper score over the available training

data. Maximum likelihood estimation fits into this framework since it is analogous to

minimising the logarithmic score. Another popular score in the forecasting literature is

the continuous ranked probability score (CRPS), defined as

CRPS(F, y) =

∫ ∞
−∞

[F (u)− 1{u ≥ y}]2du, (38)

where 1{· } denotes the indicator function, F is the forecast distribution, and y the

verification (Matheson and Winkler, 1976).

However, Baran and Lerch (2016) note that the CRPS for mixture models such as

that in Equation 37 cannot be evaluated analytically and hence must be approximated

numerically. As a result, parameter estimation with the CRPS becomes computation-

ally expensive. Although minimum CRPS estimation is often regarded as a more robust

choice than maximum likelihood for forecast recalibration, Gebetsberger et al. (2018)

suggest the resulting estimates should be similar, provided the distributional assump-

tions are valid. Maximum likelihood is therefore chosen to estimate parameters in this

study.

The probability density function of a normal distribution truncated below at zero,

N0(µ, σ
2), is

fTN(y) =
1

σ
φ

(
y − µ
σ

)[
Φ

(
µ

σ

)]−1
, (39)

where φ(· ) is the probability density function, and Φ(· ) the cumulative distribution

function, of the standard normal distribution. The density for a mixture of TN distri-

butions,
∑R

r=1wrN0(µr, σ
2
r), is then simply a weighted sum of the component densities:

fMM(y) =
R∑
r=1

wr
σr
φ

(
y − µr
σr

)[
Φ

(
µr
σr

)]−1
. (40)

The regime-dependent approaches estimate a set of parameters for each of the R iden-

tified regimes (αr, βr, γr, δr for r = 1, ..., R) by maximising the likelihood of the mixture

model over the training data, conditional on each choice of the regime weights.

If the weight takes the form of an indicator function, as is the case for the initial

and true regime weights, then the mixture model forecast at a given time is equivalent

to a truncated normal distribution with post-processing parameters that correspond,

respectively, to the initial or true regime. The CRPS thus reduces to that for a trun-

cated normal distribution, which is given in closed form in Equation 41. Nonetheless,

to retain correspondence between the different methods, all statistical models are fit

using maximum likelihood. Moreover, in the case of indicator weights, each forecast-

observation pair in the training data is assigned to exactly one regime, and the training
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data can be partitioned into R mutually exclusive, collectively exhaustive training sub-

sets. Post-processing parameters for the truncated normal distribution associated to a

regime are then estimated by maximising the likelihood only over the subset of data

containing forecast-observation pairs allocated to that regime.

Regime-dependent methods with indicator weights can thus also be interpreted as

analogue-based post-processing approaches (see Section 2.3.3.2), whereby a training

data set is constructed from forecast-observation pairs that are believed to exhibit

similar behaviour to the current forecast (Junk et al., 2015). In this case, the assumption

is that the forecast biases depend on the synoptic-scale behaviour of the atmosphere,

which aligns with the motivation for using regime analogues in Barnes et al. (2019).

If the probabilities of residing in each regime are not strictly zero or one then

the training data consists of all available forecasts and observations. Therefore, all

post-processing parameters are estimated simultaneously by numerically maximising

the likelihood associated with the mixture density in Equation 40. In this case, when

estimating the post-processing parameters corresponding to a regime, the probability

of each historical forecast-observation pair belonging to that regime determines the

leverage it has in estimating the coefficients. Although this can be considerably more

time consuming than parameter estimation for conventional methods, it is not found

to be prohibitively expensive. Furthermore, Thorarinsdottir and Gneiting (2010) find

a local EMOS approach, in which forecast recalibration occurs separately for each

individual location, to perform better than aggregating training data across several

spatial locations. Despite being more computationally demanding, this approach is

implemented here, allowing the post-processing to account for local biases.

4.2.4 Forecast verification

A forecast distribution is said to be calibrated if events materialise with the same

frequency with which they are forecast, while sharpness refers to the concentration

of the distribution. Forecasters have come to seek predictive distributions that are

sharp subject to being calibrated (Gneiting et al., 2007). The evaluation of forecasts

must thus account for these two qualities, something that is achieved through the use of

proper scoring rules (Gneiting and Raftery, 2007). The CRPS is used to verify forecasts

in the following sections of this thesis, though similar conclusions are drawn from the

logarithmic score.
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The CRPS for a truncated normal predictive distribution is

CRPS
(
N0(µ, σ

2), y
)

=

σ

[
Φ

(
µ

σ

)]−2{
y − µ
σ

Φ

(
µ

σ

)[
2Φ

(
y − µ
σ

)
+ Φ

(
µ

σ

)
− 2

]
+

2φ

(
y − µ
σ

)
Φ

(
µ

σ

)
− 1√

π
Φ

(√
2µ

σ

)}
(41)

(Thorarinsdottir and Gneiting, 2010). The CRPS (Equation 38) for a mixture model

forecast, on the other hand, is evaluated using Gauss-Laguerre quadrature, which is a

commonly used numerical integration scheme for non-negative data.

The CRPS is negatively oriented and hence larger values indicate poorer perfor-

mance. To compare the ability of the TN and regime-dependent (RD) TN frameworks,

the continuous ranked probability skill score (CRPSS) is also applied, with the conven-

tional TN approach as the reference forecast. The CRPSS is defined as

CRPSS(H,F, y) =
〈CRPS(F, y)〉 − 〈CRPS(H, y)〉

〈CRPS(F, y)〉
= 1− 〈CRPS(H, y)〉

〈CRPS(F, y)〉
. (42)

F denotes the predictive distribution obtained from TN, H denotes that obtained from

RDTN, y is the corresponding verification and 〈CRPS(· , y)〉 is the average CRPS over

forecasts in the test data set (Wilks, 2019). As mentioned in the previous chapter, the

skill score can be interpreted as the relative improvement in score upon current post-

processing methods, gained from regime-dependent post-processing. Skill scores are

bounded above by one and values below zero indicate the RDTN method is performing

worse than its reference. Therefore, unlike the CRPS, high values of the CRPSS are

desired.

4.3 Quasigeostrophic model

4.3.1 Data

In this section we present results for the regime-dependent post-processing methods

applied in a simulation study involving wind speed forecasts from a spectral quasi-

geostrophic three-level model of the atmosphere in the Northern Hemisphere, triangu-

larly truncated at wavenumber 21. The vertical levels are located at 250 hPa, 500 hPa

and 750 hPa. The governing equations are:

∂qi
∂t

+ J(Ψi, qi) = Di + Si, i = 1, 2, 3. (43)
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Here, Ψi and qi are the streamfunction and the potential vorticity at level i, respectively,

and J denotes the Jacobian operator on the sphere. The dissipative terms Di comprise

Newtonian temperature relaxation at all levels, Ekman damping at the lowest level and

hyperviscosity on the time-dependent part of the potential vorticity at all levels. The

time-independent but spatially varying forcing terms Si are diabatic sources of potential

vorticity.

The model parameters and forcing are tuned in a way that the model in a long-

term integration exhibits a remarkably realistic mean state and variability pattern of

streamfunction and potential vorticity. The model is integrated forward in time using

the third-order Adams-Bashforth scheme with a constant time step of one hour. Details

of the model configuration, parameter setting, parameter tuning procedure, and perfor-

mance versus reanalysis data can be found in Kwasniok (2007) and Kwasniok (2019).

The model configuration used here is exactly the same as described in Kwasniok (2019).

The streamfunction, Ψ, represents the trajectory of particles in this model and hence

the circulation of the atmosphere in the Northern Hemisphere on each of the vertical

levels can be represented instantaneously by the streamfunction in 1024-dimensional

space, comprised of grid point values at 64 equally-spaced longitudes and 16 Gaussian

latitudes. Regimes are therefore located by searching for quasi-stationary equilibria in

the streamfunction.

The system described above was first integrated forward in time for 50 years and

the atmospheric regimes were identified using the resulting time series of daily stream-

function fields. To construct the training and test data sets, the QG model was then

run for a further 30 years, with both the streamfunction and wind speed at all locations

recorded daily. Since this systems acts as a surrogate for the atmosphere, the recorded

wind speed fields are treated as observations, while the streamfunction field provides a

best guess of the atmospheric state at that time. These ‘observed’ states are then used

as forecast analyses. An ensemble forecast comprised of ten exchangeable members was

constructed by adding random perturbations from a N(0, 0.000252) distribution to the

streamfunction at every location on the domain, expressed in spherical harmonics, and

propagating the resulting initial conditions through time for seven days, using a version

of the quasigeostrophic model truncated at wavenumber 19. Perturbing the analyses

reflects uncertainty in the initial forecast state, while a more severely truncated model

is used to replicate an imperfect NWP model. The results were not dependent on

the ensemble size, and post-processing separately at each location means perturbations

that are not necessarily spatially independent should not have an adverse effect on the

results.

The resulting data therefore includes 30 years worth of daily forecast-observation

pairs, for daily lead times up to one week ahead. Half of this data is used to train
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the post-processing methods, while the remaining data is used to assess the resulting

predictions. For each locations, both the training and test data set thus consist of 5,475

ensemble forecasts of wind speed and their corresponding observations.

Quasigeostrophic models have previously been employed to investigate the behaviour

of planetary-scale flow regimes (Marshall and Molteni, 1993; Majda et al., 2006; Franzke

et al., 2008). Kondrashov et al. (2004), for example, used a similar model to study tran-

sitions between phases of the North Atlantic Oscillation and the Arctic Oscillation (or

Northern Annular Mode), two dominant flow regimes in the Northern Hemisphere. One

particular feature of the QG model is that it exhibits no seasonal cycle, residing perpet-

ually in winter. This is the season in which the regime behaviour of the atmosphere is

most pronounced and therefore this system has the added benefit that it could produce

more robust atmospheric states (Hannachi et al., 2017).

To reduce the dimension of the data, principal component analysis (PCA) is ap-

plied to the grid of streamfunction anomaly values at 500 hPa. PCA works by finding

orthonormal variables, z, that are themselves linear combinations of the original vari-

ables, allowing a large proportion of the variation in the data to be represented by a

comparatively small number of the transformed variables (Wilks, 2019). That is, rather

than representing the atmospheric circulation using a vector of streamfunction values

at each grid point

Ψ = (Ψ1,Ψ2, ...,Ψ1024), (44)

PCA allows the flow to be described by just a few of the uncorrelated, transformed

variables

z = (z1, z2, ..., zp), (45)

that explain a relatively large proportion of the low-frequency variability in the at-

mosphere. In this study, the norm streamfunction metric is used in the PCA. The

number of principal components is p � 1024; the leading three principal components

are retained here, which explain 22.0% of the variation in the hemispherical stream-

function. The synoptic-scale atmospheric state is projected onto the leading principal

components, and regimes are identified by performing an additional clustering step in

this reduced space. This nonlinear approach allows opposite phases of a mode of atmo-

spheric variability to exhibit spatial asymmetries, as is the case, for example, for the

North Atlantic Oscillation (NAO; Cassou et al., 2004).

In particular, the time series consisting of 50 consecutive years worth of daily stream-

function anomalies is projected onto its leading three principal components, and it is

from this sequence of 18,250 materialisations of z that the regimes are detected. This

archived data is sequential, and so a hidden Markov model (HMM) is used to discern the

regimes. Majda et al. (2006) first proposed the use of hidden Markov models in detect-

94



AO+ AO- PNA+ PNA-

Figure 12: Regime centres produced by fitting a hidden Markov model to the trans-
formed streamfunction anomalies from the quasigeostrophic model.
Blue regions represent negative contours, while positive anomalies are shown in red.
Contours are separated by intervals of 5× 105m2s−1.

ing atmospheric regimes, highlighting their ability to distinguish between distributions

despite the leading principal components exhibiting nearly Gaussian statistics: HMMs

are designed to detect more persistent regimes by exploiting the system’s underlying

dynamics.

A HMM assumes that the transformed variables in each regime follow a multivari-

ate normal distribution, z ∼ N(µr,Σr), and hence a mean vector, µ, and covariance

matrix, Σ, corresponding to each state must be estimated. A transition matrix, doc-

umenting the probability of transitioning between regimes, is also derived. The mean

vectors, covariance matrices and the transition matrix are all estimated over the 50

years of streamfunction fields, after transforming these fields to the leading 3 principal

components, and estimation is performed using maximum likelihood via the Baum-

Welch algorithm. The resulting hidden Markov model emits probabilities that the

atmosphere resides in each regime on every day throughout the 50 year period. By

taking the regime on each day with the highest probability of occurrence, it is straight-

forward to determine the most likely regime sequence over the data set, often known

as the Viterbi path.

The four regime centres identified by fitting a hidden Markov model to the archived

data are depicted in Figure 12. The number of clusters is chosen to be four due to the

similarity of the resulting patterns to recognised atmospheric regimes: the positive and

negative phases of both the Arctic Oscillation (AO+, AO-) and Pacific-North American

(PNA+, PNA-) patterns. The positive (negative) phase of the AO is synonymous with

a strong (weak) polar vortex over the Arctic Circle, surrounded by a band of above

(below) average streamfunction anomalies in the midlatitudes. The AO thus represents

a zonally symmetric seesaw in streamfunction, or pressure anomalies between the Arctic

basin and the extratropics (Thompson and Wallace, 1998). The positive (negative) PNA
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pattern, on the other hand, consists of below (above) average streamfunction anomalies

over the Aleutian Islands, and areas of high (low) anomalies over the Pacific basin

and the northwestern US (Wallace and Gutzler, 1981; Leathers et al., 1991). Mean

persistence times can be calculated from the Viterbi path. The AO- regime (which

occurs 24.9% of the time) has the longest mean persistence time, 10.7 days, followed

by the AO+ regime (26.0%) which lasts for 9.6 days on average. The PNA patterns

are comparatively less persistent, with the positive mode (29.2%) lasting for 6.1 days

on average and the negative mode (19.9%) only 5.6 days, making it the least stable.

4.3.2 Assigning forecasts to regimes

As mentioned above, HMMs assume a statistical distribution for the transformed stream-

function variables conditional on each underlying regime. As a result, having projected

the streamfunction anomaly field onto the leading three principal components, Bayes’

theorem can be used to calculate posterior probabilities of the atmosphere residing in

each regime given the streamfunction values. The probability of residing in regime r

given the reduced circulation, z, is

p(r|z) =
p(z|r)p(r)
p(z)

=
p(z|r)p(r)∑R
j=1 p(z|j)p(j)

. (46)

Here, p(z|r) is the likelihood of seeing the observed or predicted streamfunction values

given that the atmosphere resides in regime r, and can be calculated from the multi-

variate normal density with mean vector and covariance matrix associated with that

regime, µr and Σr. The climatology frequency of regime r is denoted by p(r). When the

forecast must be assigned to exactly one regime, that with the highest posterior prob-

ability is chosen. Therefore, the initial and true regimes can be determined by finding

the regime that maximises the posterior probability given the observed streamfunction

anomaly field at the forecast initialisation time and validation time, respectively. Sim-

ilarly, the predicted streamfunction fields from the ensemble members can be used to

allocate each member to a regime.

Obtaining a probabilistic distribution for the regime accounts for some of the in-

herent uncertainty present when identifying the latent atmospheric state. However,

Bayes’ theorem as given in Equation 46 does not make use of the estimated transition

matrix and hence does not perfectly utilise the HMM’s dependence on the system dy-

namics. A HMM produces a time series of posterior probabilities for each state given

all data in the sequence. Calculating the Viterbi path, the most probable sequence of

hidden states, then allows exactly one regime to be identified at each point in time.

In a forecast setting, if a window of recent values were available prior to the current
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forecast, then the initial regime could be determined from the Viterbi path over this

window, rather than the static posterior probability. This would exploit the dynamics

of the underlying states, and would therefore be particularly useful when the spatial

structures of the regimes were similar, so that the temporal behaviour was more impor-

tant when distinguishing between states. The regimes here differ considerably in space,

and hence the estimated regime is not sensitive to the choice of method (not shown).

Bayes’ theorem, however, can more easily be applied to determine the future regime

from each ensemble member, when the preceding states are also unknown. Therefore,

for ease of implementation, Bayes’ theorem is used here to ascertain the regime given

a streamfunction anomaly field.

4.3.3 Results

The spatial domain of the QG model consists of 64 longitudes and 16 latitudes in the

Northern Hemisphere and statistical post-processing is implemented at every grid point,

yielding calibrated forecasts at 1024 locations. No spatial aggregation is performed and

hence forecasts at each site are recalibrated using only previous forecast-observation

pairs at the same location.

Figure 13 displays the CRPS for the TN approach, plotted on a map of the Northern

Hemisphere at a lead time of six days. Forecast accuracy is worst towards the centres

of the Pacific and Atlantic oceans, areas which correspond to well-known storm tracks.

Maps of the CRPSS for the three regime-dependent methods, assessed using TN as

reference, are also shown in Figure 13 for the same lead time. RDTN-init denotes the

regime-dependent truncated normal approach conditioned on the initial regime, RDTN-

ens is that using the ensemble member weights to predict the regime, and RDTN-true

is dependent on the true weather regime at the forecast validation time. At locations

far removed from the centres of the weather regimes, the improvements unsurprisingly

fluctuate around zero. However, when the regimes strongly affect the local wind speeds,

the RDTN-true method produces noticeable improvements in forecast skill. Both the

RDTN-init and RDTN-ens methods appear considerably less effective than using the

true regime.

In the Northern Hemisphere, wind travels counterclockwise around large-scale low

pressure systems and clockwise around high pressure, with the strengths of the winds

related to the north-south pressure gradient (Hurrell and Deser, 2009). The improve-

ments gained from the RDTN-true approach in Figure 13 are therefore concentrated

in the North Atlantic and Pacific basins, and over northwest Canada: these regions

surround the regime centers of action, so that the wind direction and intensity vary

substantially depending on the prevailing regime. The wind speeds at these locations
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Figure 13: Map of the CRPS for the TN approach and the CRPSS for the RDTN
methods using TN as the reference forecast, at a lead time of six days.
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Figure 14: Scatter plot showing the measure of regime-dependency against the CRPSS
at all grid points on the QG model domain at a lead time of seven days.

Lead time (days)
1 2 3 4 5 6 7

RDTN-init 0.053 0.271 0.383 0.382 0.378 0.361 0.305
RDTN-ens 0.033 0.220 0.447 0.497 0.513 0.442 0.309
RDTN-true 0.064 0.390 0.651 0.770 0.820 0.842 0.855

Table 7: The correlation between the measure of regime-dependency and the CRPSS,
calculated over grid points on the QG model domain.
Results are shown for the three regime-dependent methods at lead times up to one
week.

are thus more heavily influenced by the different regimes, resulting in an increased need

for regime-dependent post-processing methods.

Historical observations at any given location can be grouped depending on the

coinciding regime. To describe the extent to which the regimes under consideration

affect the wind speeds at this location, it is helpful to introduce a measure of regime-

dependency. This measure is taken to be the between-group component of the empirical

law of total variance:
R∑
r=1

nr
n

(ȳr − ȳ)2, (47)

where nr/n is the proportion of days on which regime r occurs in the training data, ȳr is

the average wind speed given regime r, and ȳ is the overall temporal mean wind speed.

This metric quantifies the effect the regimes have on the wind speed at a particular

location. A scatter plot is displayed in Figure 14, showing the regime-dependency

against the CRPSS for all locations at a lead time of one week. Table 7 records the

associated correlation between this metric and the improvements gained from regime-

dependent post-processing at lead times up to seven days. Although the correlation

is initially fairly low, the improvements gained when the true regime is used in post-
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Figure 15: Empirical distribution of wind speed observations at one location on the QG
model domain when the atmosphere resides in each regime.

processing become highly correlated with the measure of regime-dependency at longer

lead times. This suggests that there is more potential for improvement upon current

post-processing approaches for forecasts further in advance. Neither the initial regime

nor the ensemble member weights capture this behaviour.

To highlight the potential improvements, we focus now on results at one location in

the west of the Atlantic Ocean. The marginal distribution of the wind speed, shown in

Figure 15 when the atmosphere resides in each regime, indicates the local wind speed is

dependent on the prevailing state. At this location, the AO+ corresponds to a strong

negative meridional gradient in streamfunction anomalies, in turn producing high zonal

wind speeds. Conversely, the negative phase of the Arctic Oscillation is synonymous

with low wind speeds in this area. The PNA patterns have less influence at this location,

though wind speeds that are slightly lower than average occur in the negative phase.

The shape of the empirical wind speed distributions also undergo noticeable changes

between the regimes: in the AO- regime the wind speeds are far more positively skewed
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Figure 16: CRPS for the TN method against lead time at one location on the QG
model domain when the atmosphere resides in each regime at the forecast validation
time.
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Figure 17: CRPSS against lead time for all three regime-dependent post-processing
models at one location on the QG model domain, with TN as the baseline.
Error bars indicate 95% confidence intervals for the skill score.

than in the AO+ pattern. Although the formulation of the mixture model in Equation

35 allows separate forecast distributions to be issued depending on the regime, the

truncated normal distribution is able to adapt for such changes.

The skill of the TN post-processing approach can be evaluated using the CRPS.

Figure 16 displays the breakdown of the CRPS depending on the weather regime that

occurs at the forecast validation time. There is a clear difference in forecast performance

depending on the prevailing weather type. Forecast accuracy is lowest when the AO+

regime materialises, in which extremely high wind speeds occur more frequently, while

the lower wind speeds in the AO- are more predictable.

Figure 17 illustrates the skill of the regime-dependent TN predictive distributions

relative to the conventional TN approach, assessed using the CRPSS. The uncertainty in

the skill score is described by errors bars representing 95% confidence intervals, obtained

via nonparametric bootstrap resampling. Although the improvements for all methods

are initially negligible, RDTN-true forecasts become substantially more skilful at longer

lead times: wind speed forecasts at this location improve by almost 5% by including the

synoptic-scale information. The RDTN-init approach, on the other hand, fails to make

any meaningful contribution to the forecast. The CRPSS for RDTN-ens is significantly

larger than zero for forecasts five and six days in advance, though the magnitude of

the improvement in both cases is small. Figure 16 suggests that forecast biases are

initially relatively insensitive to the underlying regime and hence incorporating regimes

would only be expected to benefit forecasts at longer lead times. However, by the time

the biases become dependent on the weather regime, the ability of the mixture model

weights to recognise the true regime deteriorates. The skill score for the RDTN-init

and RDTN-ens methods therefore consistently remains close to zero.

It is possible to decompose the CRPSS for the RDTN-true approach into the con-
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stituent regimes, as displayed in Figure 18. Although wind speeds are initially most

predictable in the AO-, improvements are also largest in this regime, reaching 12%

for forecasts one week ahead. Predictions of the higher wind speeds in the AO+ also

improve, becoming up to 6% more skilful than when regime information is neglected.

The PNA patterns have much less influence on the wind speed here and hence there is

little benefit to including information in these states. Nonetheless, the improvements

in forecasts in the AO regimes indicate that regime-dependent approaches may be more

capable of forecasting events that deviate substantially from the local climatology, in-

cluding extreme weather events.

For sufficiently large lead times, the raw forecast becomes uninformative, contain-

ing no information about the predictand. In this case, the statistical post-processing

methods should issue as a forecast the marginal distribution of the weather variable of

interest. It is believed that if the atmospheric regime could be forecast perfectly then

the improvement gained from regime-dependent post-processing would be present even

this far in advance, since the regime-dependent post-processing will issue the marginal

distribution of the wind speed in each regime. The additional flexibility of the mix-

ture model therefore allows it to capture more complex features that arise due to the

different regimes, such as multimodality of the marginal distribution.

Figure 19 displays the relative frequency with which the observation assumes each

rank when pooled with the ensemble members, at a lead time of five days. Rank

histograms are a commonly used tool for assessing the calibration of ensemble fore-

casts, with uniform histograms denoting reliable predictions (Anderson, 1996; Tala-

grand, 1997b; Hamill and Colucci, 1997). Clearly, however, the raw ensemble forecast

is underdispersed, with observations falling outside the range of ensemble members

more frequently than would be expected if the forecast were calibrated, regardless of
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Figure 18: CRPSS for RDTN-true forecasts against lead time at one location on the QG
model domain when the atmosphere resides in each regime at the forecast validation
time, with TN as the reference prediction scheme.
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Figure 19: Rank (left) and PIT (middle and right) histograms showing the relative
frequency of each bin for the raw ensemble forecasts, the TN and RDTN-true post-
processing methods at a lead time of five days.
Histograms are shown for forecasts grouped by the atmospheric regime at the forecast
validation time. A horizontal line is added in red at 0.091 to indicate perfect uniformity
across the bins.
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the underlying regime. Also shown in Figure 19 are Probability Integral Transform

(PIT) histograms, the continuous analogue of the rank histogram. The PIT histograms

evaluate the TN and RDTN-true forecast distributions at the verification, and record

the rate at which the resulting probabilities fall into each of a number of equally-sized

bins. There are eleven possible positions of the verification when pooled with the ten

ensemble members and hence the number of bins is also chosen to be eleven.

Although the PIT histogram for the TN approach over all forecast-observation pairs

is suitably uniform at this location, the predictive distributions estimated over the entire

training set do not fit the data well when the system resides in the Arctic Oscillation

patterns. In particular, oppositely skewed PIT histograms indicate that the observed

wind speed falls into the upper tail of the forecast distribution when the AO+ regime

occurs, and the lower tail when the AO- pattern materialises. The TN approach is

thus not calibrated conditional on the regime. The RDTN-true approach, on the other

hand, accounts for the varying model biases in the regimes, and the corresponding PIT

histograms are close to uniform in all of the four regimes.

4.4 GEFS reforecasts

4.4.1 Data

Previous occasions in which similar atmospheric behaviour has occurred will likely lead

to similar model biases. Therefore, regime-dependent statistical post-processing would

be particularly well-suited to use with reforecast data, where a large set of hindcasts

from a frozen operational model are available. These hindcasts, spanning several years

or decades, can be used to train statistical post-processing methods (Hamill et al., 2004).

In this section, the regime-dependent approaches are implemented on wind speed data

from version 2 of the National Oceanic and Atmospheric Administration’s Reforecast

project (Hamill et al., 2013). Forecasts are taken from a recent version of the National

Centers for Environmental Prediction’s (NCEP) global ensemble forecasting system,

and, although Hamill et al. (2013) note that they may also be prone to model biases,

the reanalyses are used as a best guess for the observed wind speed values. To lessen

these biases, the control member initialised from the reanalysis is omitted, resulting in

a forecast of ten statistically interchangeable ensemble members.

Since regime behaviour is most prominent during winter, the data set covers the

34 cold seasons (November to March inclusive) between 1985 and 2019. Results in the

previous section established that locations heavily affected by the identified weather

regimes are likely to improve as a result of regime-dependent post-processing. Therefore,

it is hoped that defining localised regimes over a smaller spatial domain will have

a larger effect on the recalibration. Following Ferranti et al. (2015), the atmospheric
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NAO+ NAO- AR EB

Figure 20: Regime centres identified by applying k-means clustering to the transformed
reforecast geopotential height anomalies.
Anomalies are displayed at 25hPa intervals, with blue regions indicating negative con-
tours and red regions representing positive anomalies.

regimes here are detected using k-means clustering over the Euro-Atlantic sector (80W−
40E, 30−90N). k-means clustering partitions data into a prespecified number of groups

by assigning data points to clusters such that the distance between the point and

the allocated cluster centroid is minimised (Michelangeli et al., 1995; Wilks, 2019).

The number of clusters must be chosen prior to implementing the algorithm, and four

regimes are again used here due to the similarity of the resulting patterns to those

identified in numerous studies of regime-behaviour over this domain (e.g. Michelangeli

et al., 1995; Cassou et al., 2004; Dawson et al., 2012; Ferranti et al., 2015; Matsueda

and Palmer, 2018).

Reanalyses of 500hPa geopotential height anomaly fields are used to represent the

atmosphere’s circulation in this domain. PCA is then applied, using the Euclidean

metric in grid point space, to these anomaly fields, and the clustering is performed in

this reduced space. The leading three principal components are chosen, which explain

48% of the variation in the flow. Figure 20 shows the geopotential height anomalies

that correspond to the regime, or cluster, centres identified using k-means clustering.

Despite fewer principal components being used than by Ferranti et al. (2015) (3 rather

than 10), there is similar evidence to support the use of four regimes which resemble

the positive and negative phases of the NAO, as well as European Blocking (EB) and

an Atlantic Ridge (AR). It has been proposed that the NAO corresponds to the same

mode of circulation variability as the Arctic Oscillation described in Section 4.3 (Hurrell

and Deser, 2009). The NAO thus constitutes a north-south dipole, characterised by

negatively correlated geopotential height anomalies between Iceland and the Azores,

though opposite phases of the NAO do not exhibit identical spatial structures. The AR

pattern represents an anticyclonic regime over the eastern North Atlantic Ocean, while

European Blocking consists of a dipole with positive geopotential height anomalies over

Scandinavia, and negative anomalies to the south of Greenland.
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The atmosphere resides in the NAO+ regime 30.8% of the time, making it the most

frequently occurring regime, the NAO- and EB regimes occur similarly often (24.2% and

24.3% respectively) while AR materialises least often (20.7%). There are unavoidable

gaps in the data between the winter periods in successive years, and hence a hidden

Markov model cannot readily be applied. The main benefit of k-means clustering, on

the other hand, is that forecasts can be assigned to a regime with ease. Franzke et al.

(2008) remark that, although clustering approaches find the states that have the highest

probability of occurring, the resulting regimes do not necessarily exhibit persistence.

As a result, the mean persistence times are much lower for these regimes than for the

patterns found using a HMM in the QG framework: AR events persist for only 3.8 days

on average, the EB for 4.9 days, and the NAO- and NAO+ regimes for 5.4 and 6.1 days

on average, respectively.

Forecasts are assigned to one of these four patterns by finding the regime for which

the Euclidean distance between the associated cluster centroid and the transformed

geopotential height anomaly field is minimised. As before, the initial and true regimes

make use of the observed geopotential height anomaly field at the forecast reference

time and validation time, respectively, while output from the ensemble forecast is used

to allocate each member to a regime. This approach fails to account for the inherent

uncertainty when assigning a forecast to a regime: every point allotted to a cluster is

assumed to exhibit the same biases and systematic errors, regardless of its distance to

the cluster centre, and hence a method that provides the probability of residing in the

different regimes, or a degree of membership, would be more informative in this respect.

Hamill et al. (2013) remark that the method for constructing the forecast analyses

in the GEFS changes in February 2011, and the forecast skill consequently improves.

Therefore, to maintain the homogeneity of the model biases in this study, only forecasts

in the 25 cold seasons from November 1985 to March 2010 are considered. Although

this model change also affects the observed geopotential height anomalies, it provides a

more informed estimate of the atmospheric state and hence data after this change are

still utilised when detecting the regimes. The resulting regimes are found to be more

robust when this additional data is included.

Although techniques have recently been proposed that include cyclic functions to

remove seasonal model errors (Messner et al., 2017; Dabernig et al., 2017; Lang et al.,

2019a), parameter estimation is typically performed operationally using a training win-

dow that consists only of the most recently available forecast-observation pairs. These

rolling windows account for the recent behaviour of forecast errors, and alleviate biases

owing to changes in the NWP model. The size of this window is clearly a compromise

between having enough data to obtain reliable parameter estimates without using too

much, so as to capture the recent behaviour of the atmosphere. The CRPS is found
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Figure 21: CRPS for the TN approach and CRPSS for the RDTN-init, RDTN-ens and
RDTN-true extensions relative to TN, plotted on a map of the spatial domain under
consideration at a lead time of seven days.

here to decrease as the amount of training data available increases, but is generally

insensitive to the window length (not shown). In fact, at the majority of locations

tested, more skilful forecasts are issued when a fixed training window is used, contain-

ing several years of past data. Therefore, for both the standard and regime-dependent

post-processing methods, the first 15 cold seasons (those beginning in 1985-1999) are

used as a fixed training window, while the remaining ten (2000-2009) are used as test

data. The advantages of using a rolling window diminish in this case since there are

no changes in the prediction system, and investigating only cold-seasons accounts for

some of the seasonality in the biases.

4.4.2 Results

Post-processing is performed here on a subset of the spatial domain under consideration,

which consists of 1353 locations over western Europe and the east of the North Atlantic

ocean (21W − 19E, 37 − 69N). Locations are separated by 1 degree of longitude and

latitude. The CRPS for the TN post-processing approach is displayed in Figure 21.

Wind speed forecasts are significantly more skilful over land than sea, and forecasts

at locations close to Iceland are particularly poor, since this corresponds to a mode of

North Atlantic storm track variability (Serreze et al., 1997). The CRPSS for RDTN-
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Lead time (days)
1 2 3 4 5 6 7

RDTN-init 0.025 0.067 0.038 0.069 0.044 -0.046 0.004
RDTN-ens -0.037 0.009 -0.042 0.069 0.052 0.010 0.013
RDTN-true -0.041 0.021 -0.000 0.153 0.225 0.455 0.585

Table 8: Correlation between the measure of regime-dependency and the CRPSS, cal-
culated over all grid points under consideration on the GEFS model domain.
Results are shown for the three regime-dependent methods at lead times up to one
week.

init, RDTN-ens and RDTN-true are also displayed in Figure 21 at a lead time of one

week. At this longer lead time, the CRPSS for RDTN-init and RDTN-ens remains close

to zero, though large improvements are seen when the true regime is used, particularly

at locations surrounding the North Sea. We postulate that the spatial structure of the

improvements in Figure 21 is again linked to how air flows around large-scale pressure

systems. The regime centres in Figure 20 suggest that the regions between the modes of

high and low pressure often intersect the area surrounding the North Sea, and therefore

the wind speeds at neighbouring grid points are more dependent on the prevailing

weather type. Calibrating forecasts separately in each regime thus produces larger

improvements at these locations.

Table 8 shows that the improvements are again correlated with the measure of

regime-dependency introduced in Equation 47. The magnitude of the metric tends to

be much smaller than in the QG study, suggesting the sectorial regimes have less effect

on the local wind speed than the hemispherical regimes. This is consistent with results

in Tibaldi and Molteni (1990), which show that intense blocking events occur more over

the Pacific than the Atlantic.

More detailed results are provided for one location close to Bergen, on the west coast

of Norway. The quality of the raw ensemble forecast can be assessed using the CRPS

to understand how the raw model errors change with the regime. Table 9 displays the

accuracy of the raw ensemble forecasts initialised in each regime. Forecasts initialised

in the NAO+ regime, which coincides with more extreme wind speeds, are considerably

less accurate than those in the other regimes. Differences in the skill of forecasts among

the regimes indicate conditioning the statistical post-processing on the prevailing regime

may therefore be expected to yield more skilful forecasts.

NAO+ NAO- AR EB Total
Raw ensemble 1.44 1.18 1.06 1.24 1.23

Table 9: CRPS for raw GEFS ensemble forecasts initialised in each regime, at a lead
time of three days, at a location close to Bergen, Norway.
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Figure 22: CRPSS against lead time for each of the three regime-dependent methods
relative to TN, applied to GEFS reforecasts at a location close to Bergen, Norway.
Scores for RDTN-ens have been offset by 0.1 days and RDTN-true by 0.2 days to
visualise 95% confidence intervals around the skill scores.

Figure 21 suggests that using the true regime at this location provides relatively

large improvements that are not present when conditioning forecasts on the regime at

the initialisation time. The CRPSS is shown for all lead times in Figure 22, with 95%

confidence intervals at each lead time estimated using nonparametric bootstrap resam-

pling; in particular, forecast-observation pairs are randomly sampled with replacement

from the test data set to construct a modified test set, and the CRPSS is then cal-

culated over this new set of forecasts and observations - this is repeated 1000 times,

and uncertainty in the skill score can be quantified using the variation in the result-

ing distribution of CRPSS values. A similar pattern emerges to that seen previously:

scores for the initial regime recede to zero as lead time increases, while there appears

to be more room for improvement at longer lead times, which is exploited when using

the true regime. The RDTN-ens approach performs significantly better than the TN

method, and is comparable to RDTN-true, for forecasts up to four days ahead, but
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Figure 23: Empirical distributions of wind speed observations at a location close to
Bergen, Norway, when each identified regime occurs in the reforecast setting.
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its skill declines as lead time increases. The fact that RDTN-ens produces a larger

CRPSS than RDTN-true at early lead times could indicate that the ensemble regime

may be exploiting a feature of the data that is not picked up by the true regime, though

it is more likely a result of sampling variation. Due to the large amounts of training

data available from reforecasts, no methods perform worse than when regimes are not

included in the post-processing, despite the increased complexity of the approach.

Figure 23 shows the empirical distributions of the wind speed at this location when

the atmosphere resides in each regime. Positive NAO indices are linked to more in-

tense and frequent storms in the Norwegian Sea (Serreze et al., 1997), and hence wind

speeds here are largest in the NAO+ regime. Comparatively low wind speeds are

associated with the NAO- regime, while the EB and AR regimes do not have much

effect on the wind speed at this location. As a result, the improvements gained from

regime-dependent post-processing are dominated by improvements in the two phases

of the NAO. Figure 24 shows the CRPSS for the RDTN-true approach for forecasts

corresponding to each regime at the forecast validation time. In particular, Figure 24

suggests that improvements at short lead times primarily occur in the NAO- regime,

while at longer lead times forecasts in the NAO+ regime improve by as much as 4%

upon the conventional TN approach. Since the positive phase of the NAO is associated

with particularly high wind speeds at this location and the negative phase with low

wind speeds, these results reinforce the idea that if the regime at the forecast vali-

dation time is correctly identified then regime-dependent post-processing can provide

better forecasts of extremely high and low wind speeds. The uncertainties in these skill

scores are non-negligible, as indicated by the error bounds for the overall improvement

in Figure 22, though the associated confidence intervals have been omitted for ease

of interpretation. Rank and PIT histograms for the various post-processing methods

display similar features to those shown in Figure 19: the observation falls into the up-

per tail of the TN forecast distribution more frequently than expected during NAO+

events, and less frequently during NAO- events, while the RDTN-true method appears

calibrated conditional on the regimes. However, since the improvements are smaller

here, deviations from uniformity are less pronounced (not shown).

4.5 Discussion

This chapter builds upon the work on the regime-dependent statistical post-processing

of ensemble forecasts presented in the previous chapter. It is suggested that NWP

models exhibit biases that change depending on the concurrent atmospheric regime, and

hence conditioning current statistical calibration methods on these regimes can enhance

forecasts. Wind speed is closely connected to the movement of air in the atmosphere
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Figure 24: Skill score for RDTN-true forecasts at a location close to Bergen, Norway,
partitioned by the true regime at the forecast validation time, shown at all lead times
with the TN method as the reference.

and is therefore dependent on the prevailing regime behaviour. Regime-dependent ex-

tensions of Non-homogeneous Regression are proposed that utilise a weighted mixture of

truncated normal predictive distributions. Mixture models of this form provide a more

flexible forecast distribution than the individual component distributions, and can thus

account for biases owing to changes in the atmosphere’s synoptic-scale circulation. The

mixture model weights represent the probabilities of residing in the identified weather

regimes, and results are presented here for three ways of defining them. The first is an

indicator function that depends on the regime at the forecast initialisation time, the

second is the proportion of ensemble members predicting each regime at the validation

time, and the regime that actually materialises at the validation time is also imple-

mented. Although the latter approach is not applicable in practice, it is regarded here

as an upper bound for the improvement and hence provides a useful comparison. It

could also be argued that if the true regime were known, then it might be more useful

to condition on both the true regime and the forecast regime: if the forecast predicted

one regime yet the actual regime was known to be different, then the biases would be

larger than if the forecast and atmosphere agreed on the regime.

The regime-dependent approaches are implemented on wind speed forecasts in two

scenarios: a quasigeostrophic model of the Northern Hemisphere, and on GEFS retro-

spective forecasts over the Euro-Atlantic sector. Regimes are identified by projecting

the large-scale flow, represented by a synoptic-scale variable at all spatial locations on

the domain, onto the leading three principal components, before detecting patterns in

the resulting variables. A hidden Markov model is fitted to streamfunction anomalies

in the QG setting, while k-means clustering is applied to geopotential height anomalies

in the reforecast data set. The retrospective forecasts are generated from a higher reso-

lution NWP model than that studied in the QG framework, but a data-rich simulation
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study is also helpful when trialling a new method since conclusions can be made that are

more resistant to sampling variation. Nonetheless, the results found in the reforecast

setting corroborate those in the QG study.

If a probabilistic approach is used to define the regimes at the initialisation time,

as is the case in the QG study, then it is possible to use these posterior probabili-

ties as weights in Equation 35. Results indicate that accounting for this uncertainty

slightly improves the performance of the RDTN-init approach, though these results

were not included to maintain comparison between the results in the different settings:

such a probabilistic approach is not immediately possible when using k-means cluster-

ing to identify regimes without making additional assumptions regarding the regime

behaviour. It would also be possible to use the training data to obtain conditional

probabilities of each regime occurring given the ensemble member regime weights. This

could itself be thought of as statistical post-processing applied to the forecast of the

regime.

Forecasters have noted that knowing the prevailing synoptic behaviour of the atmo-

sphere at the initialisation time can help to predict the forecast accuracy. It is found

here that in order to benefit post-processing at longer lead times, it is not enough to

know the behaviour at the initialisation time, instead a good estimate of the behaviour

at the validation time is required. As is discussed in the previous chapter, this is due

to the spread of the ensemble members accounting for the flow-dependent uncertainty,

so that the raw ensemble forecast already contains the regime information provided by

the initial state. As a result, using the regime defined at the forecast initialisation time

contains little information regarding the true regime at longer lead times, and therefore,

although there were small improvements for forecasts at short lead times, they were

significantly less pronounced for longer forecast horizons. Using the ensemble members

to predict the regime offered more skill than using the initial regime, though the benefit

of using this approach again reduced to zero as lead time increased.

The skill of regime-dependent methods that used the true regime, on the other hand,

appeared to increase with lead time, suggesting larger relative improvements upon

conventional post-processing methods are available for forecasts further in advance.

This is because, as the forecast lead time increases, the accuracy of the numerical

model output naturally decreases. To account for this loss of information at later lead

times, statistical post-processing methods typically downweight the influence of the

numerical model output on the resulting predictive distribution (i.e. by decreasing the

magnitude of β and δ in Equation 36). As a result, conventional methods issue forecast

distributions that do not capture the variation in the observations due to changes in the

regime. Regime-dependent methods that utilise the true regime, on the other hand, are

capable of achieving this, and hence, as the information present in the ensemble member
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diminishes, they contain progressively more information than standard post-processing

approaches.

If the numerical model output is not downweighted when post-processing then it

may be more informative to know both the regime that occurs at the forecast validation

time, as well as the regime that is predicted. This is illustrated in Figure 25, which

displays rank histograms for the raw ensemble forecast in the quasigeostrophic setting

of Section 4.3, for every possible combination of the forecast and observed weather

regime, at a lead time of one week. The forecast regime in this case is taken to be

that which is predicted by the largest number of ensemble members, and in the few

instances where two or more regimes are equally popular, one is selected at random. The

rank histograms along the leading diagonal correspond to when the forecasts accurately

predict the observed regime at the forecast validation time. In this case, the forecasts

are underdispersed, with a slight negative bias in the PNA+ regime, and a positive

bias in the PNA-. The fact that these biases change between the regimes indicates that

regime-dependent post-processing should be beneficial when the forecast accurately

predicts the regime. The biases are much larger, however, when the regime is not

correctly predicted. There is a considerable negative bias in the forecasts when the

positive phase of the Arctic Oscillation occurs, or when the negative phase of the AO

is predicted. Conversely, lower wind speeds than expected occur when the AO- regime

occurs, or when the AO+ regime is forecast. There are also biases related to the phases

of the PNA, though these are comparatively weaker. If the information present in

the ensemble were not downweighted when post-processing, then both the forecast and

observed regimes should be incorporated during the recalibration.

The fact that the weather regime that materialises at the forecast validation time

(i.e. the true regime) can be used successfully within post-processing methods may seem

trivial: the future atmospheric regime is not known in practice, and if it were predicted

correctly by the numerical weather model then the forecast biases may depend less

on the prevailing regime. However, the synoptic-scale atmosphere is considerably more

predictable than the more turbulent surface weather, and hence it may be comparatively

straightforward to obtain a more accurate forecast of the future weather regime. To do

so, one might utilise, for example, relationships between certain weather regimes and

larger-scale (and yet more predictable) circulation patterns, such as the Madden-Julian

Oscillation (Cassou, 2008) and the El-Nino Southern Oscillation. The improvements

gained from regime-dependent post-processing methods at longer lead times may be

attainable in practice if such relationships could effectively be used to obtain an accurate

forecast of the true regime.

A more accurate NWP model would likely be more adept at correctly identifying

the regime at the forecast validation time. However, if the NWP model is used to
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Figure 25: Rank histograms for the raw ensemble forecast in the Quasigeostrophic
setting at a single grid point.
The location is the same as that for which results are presented in Section 4.3. Rank
histograms are displayed for every combination of forecast and observed weather regime
at a lead time of one week. The forecast regime in this case is that which is predicted
by the most ensemble members, with ties between several regimes being decided at
random. The number of instances from which the histogram is constructed is given in
brackets on each plot.

114



identify the regime, then as the model produces more skilful forecasts of the large-

scale circulation (from which the regimes can be identified), it may also provide better

forecasts of other, smaller-scale variables, such as wind speed or temperature. The avail-

able improvements upon standard post-processing methods would therefore decrease as

the biases in the model become smaller and less varied between the different regimes.

This intuition also explains why the potential improvements of regime-dependent post-

processing are small at short lead times: the magnitude of model biases are generally

smaller and hence the differences between the regimes become insignificant. Nonethe-

less, Ferranti et al. (2015) show that high resolution ensemble prediction systems still

exhibit biases that depend on atmospheric regimes, and hence there is reason to be-

lieve regime-dependent approaches will be useful when calibrating these more accurate

forecasts. The GEFS reforecasts here were verified against model analyses, which may

be subject to the same limitations as the prediction system. Since the NWP model

may not correctly simulate the spatial and temporal characteristics of the observed

weather regimes, evaluating forecasts against station observations may result in larger

regime-dependent biases.

In addition, it may be the case that the choice of predictive distribution should vary

with the regime and hence future work could investigate which distributions are most

appropriate for certain weather types or situations. The numbers of regimes used in

this chapter were chosen subjectively, using results from previous studies as guidance.

Whether there exists a statistical procedure to estimate these regimes such that they are

optimal for use in post-processing is also a topic for further research. Furthermore, it

may be the case that the optimal regimes, or number of regimes, changes depending on

the location or predictand under consideration. The extent to which a regime affects the

wind speed at a certain location was found here to depend on its proximity to the regime

centers of action. Each regime thus provided valuable information at some locations,

but not others. If interest lies only in one location, then it may be preferable to estimate

more localised, or even site-specific regimes, which could also vary for each predictand

being forecast. This definition of a regime, however, differs slightly from synoptic-scale

patterns in the atmosphere. The weather regimes considered here are advantageous

because they are physically meaningful, which may not be the case for regimes estimated

separately at every location for each variable. As a result, considerable work has been

devoted to studying their dynamical and statistical properties, and such studies can

be used to identify situations where the inclusion of regimes may be most beneficial.

Previous work, for example, has noted the impact they have on local weather systems,

and how they can account for the dependence between meteorological variables and

multiple locations. They thus naturally lend themselves for use with post-processing in

a spatial or multivariate context.
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We therefore argue that the appropriate regimes, and number of regimes, should be

investigated prior to post-processing, utilising previous studies of low-frequency vari-

ability in the domain under consideration. The number of regimes to use also depends

on the amount of data available. Using a large number of weather types can result in

overfitting of the training data, leading to less informative out-of-sample predictions.

In the study reported in this chapter, estimating four times as many parameters as the

original truncated normal approach did not induce any problems of this sort. Alterna-

tively, atmospheric circulation could be incorporated into post-processing approaches

without the discretisation into a finite number of regimes. It is found that improve-

ments are only likely to be seen for regimes in which wind speeds differ severely from

the average wind speed at a location. If the local weather is believed to be strongly

dependent on one or two known regimes then using the continuous index for these

patterns, if such indices exist, could be incorporated as additional covariates in the

post-processing model. Since this requires fewer parameters to be estimated, it would

be more feasible to implement with a rolling training window, or when reforecast data

were not available.

We expect improvements from regime-dependent post-processing to be largest in

winter, since this is when the regime-behaviour of the atmosphere is most pronounced.

The regime-dependent model biases may themselves be dependent on the season. For

example, blocking episodes are associated with heat waves in summer and cold snaps

in winter and therefore temperature biases may be inconsistent between separate oc-

currences of the same regime. If all seasons are considered at once then these could

be treated as separate regimes, despite corresponding to the same large-scale mode of

variability. If a large number of regimes, or even smaller-scale weather patterns, were

used then other latent variable methods, such as hierarchical models, may be more

appropriate.

Lastly, as in Chapter 3, results here suggest that regime-dependent post-processing is

particularly adept at calibrating forecasts corresponding to regimes in which the weather

differs greatly from the local climatology. Further investigation into the use of regime-

dependent approaches when forecasting extreme events would therefore complement

previous comparison studies (Williams et al., 2014).
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5 Incorporating the North Atlantic Oscillation into

the post-processing of MOGREPS-G wind speed

forecasts

5.1 Introduction

Thus far in this thesis, regime-dependent post-processing methods have been proposed

and trialled in a variety of situations in an attempt to understand when and where such

methods would be beneficial. To do so, the post-processing methods have been applied

to ensemble forecasts in large, potentially simulated archives of data. In practice, how-

ever, regular updates of the numerical model configuration or the data assimilation

scheme are common, limiting the amount of data on which to train post-processing

methods. The goal of this chapter is thus to apply regime-dependent post-processing

approaches in an operational framework, where such a restriction on the available data

is in place, utilising results in the previous two chapters to do so. Moreover, we demon-

strate that the regime-dependent approaches can improve forecasts of extreme weather

events, which, despite their obvious significance, are commonly overlooked when im-

plementing conventional post-processing methods (Friederichs, 2010; Pantillon et al.,

2018).

Established post-processing methods tend to use only the ensemble members, or

ensemble mean and spread, as predictors in the statistical models. However, recent

studies have highlighted the potential benefits of utilising several sources of informa-

tion when post-processing (Taillardat et al., 2016; Messner et al., 2017; Rasp and Lerch,

2018). In Chapter 3, it is suggested that additional predictors could be selected us-

ing meteorological intuition. In particular, it is hypothesised that errors in numerical

weather prediction (NWP) model output are dependent on synoptic-scale structures in

the atmosphere, and hence this weather regime information should be utilised when

post-processing. In doing so, the recalibration can remedy conditional biases owing to

changes in the regime, which might otherwise be ignored.

Indeed, weather regimes are closely tied to the atmosphere’s predictability (Thomp-

son, 1957), and the effect they have on local weather systems is well-documented (Han-

nachi et al., 2017). They are thus, in themselves, of considerable interest to mete-

orological services. As such, it is common for weather forecasting centres to moni-

tor the occurrence and behaviour of circulation patterns over the local domain. The

UK Met Office, for example, have identified 30 synoptic patterns that influence the

UK weather, which are now used operationally in their Decider program (Neal et al.,

2016). It should therefore be straightforward to utilise this regime information in oper-
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Figure 26: Station locations over the UK at which post-processing is performed.
The average day-time wind speed (in m/s) is shown by the colour at each station,
calculated across all days in 2018 and 2019.

ational post-processing, and this chapter demonstrates how this could be achieved. To

do so, wind speed forecasts from the Met Office’s global ensemble prediction system,

MOGREPS-G, are subjected to regime-based post-processing approaches. The follow-

ing section introduces the data available and describes the weather regimes considered

throughout this chapter. The statistical post-processing methods are outlined in Sec-

tion 5.3, and are analysed in Section 5.4. Finally, a summary is available in Section

5.5, along with a discussion of potential avenues for future work on regime-dependent

post-processing.

5.2 Data

5.2.1 Forecasts and observations

This study utilises 10m wind speed forecasts extracted from the Met Office’s global

ensemble prediction system, MOGREPS-G (Walters et al., 2017; Porson et al., 2020),

issued in the two year period between the 1st January 2018 and the 31st December

2019. No major model upgrades have been performed since this period and hence the

model configuration is very similar to that currently in operation. The model employs a

20km horizontal resolution over the globe, with ensembles comprised of 18 constituent

members. We consider here lead times at 12 hour intervals up to six days ahead. The

forecasts are initialised at 12 UTC and thus validate at either midnight or midday,

allowing the evaluation of both day- and night-time wind speed predictions.
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Figure 27: Mean sea level pressure anomaly fields for the 8 weather regimes in the
Decider tool.
The component weather patterns are listed above each anomaly field. Taken from Neal
et al. (2016) with permission.

Forecasts are evaluated at 106 stations over the UK and Ireland, pictured in Figure

26. Output from the grid-based MOGREPS-G prediction system is bilinearly inter-

polated to the stations prior to post-processing; the merits of post-processing using

station data rather than weather model analyses are discussed in Hamill (2018) and

Feldmann et al. (2019). The colour of the points in Figure 26 reflects the average wind

speed at each location, from which it can be seen that larger average wind speeds tend

to occur at coastal locations, particularly on the west coast, whereas inland stations

record comparatively weaker winds.

5.2.2 Weather regimes

As discussed in Section 3.2, the synoptic-scale atmospheric flow can often be charac-

terised by just a few circulation patterns, such that the continuous evolution of the

atmosphere is represented by transitions between these distinct states (Franzke et al.,

2011). These regimes recur at the same geographical locations and persist beyond

the time scales of individual weather events, and can thus be thought of dynamically

as quasi-stationary equilibria in the atmosphere’s phase space (Charney and DeVore,

1979). Although a dynamical phenomenon, atmospheric regimes are regularly identified

using statistical methods, which search for recurring patterns in archives of large-scale

atmospheric variables (Hannachi et al., 2017).
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The circulation patterns used here are those implemented in the Met Office’s De-

cider tool, described in detail in Neal et al. (2016). That is, a set of 30 recurring

weather patterns over the Euro-Atlantic region, detected using a simulated annealing

clustering technique applied to 154 years of mean sea-level pressure (MSLP) anomaly

fields (Philipp et al., 2007). Eight larger-scale circulation types, hereafter referred to as

regimes, are then constructed by objectively grouping similar weather patterns in such

a way that patterns are matched with those that exhibit similar structural properties,

so that zonal flow patterns, for example, across different seasons may be clustered to-

gether. Figure 27 depicts the eight MSLP anomaly fields corresponding to the centres

of the weather regimes under consideration. The regime at any time is defined as that

which minimises the distance between the regime centre and the instantaneous MSLP

anomaly field. Descriptions of the eight regimes in relation to the flow over the UK are

available in Neal et al. (2016).

The regimes in Figure 27 are displayed in order of decreasing frequency, and their

mean persistence times during the two year period considered here range from 1.2

to 2.8 days, indicating fairly transient behaviour that corroborates findings in Neal

et al. (2016). The distributions of wind speeds across all locations are displayed for

each regime in Figure 28. There is some clear dependence on the regimes, particularly

between Regimes 1 and 2, which represent, respectively, the negative and positive phase

of the North Atlantic Oscillation (NAO). The NAO is known to have a profound effect

on the UK (and European) weather, with more extreme wind speeds related to the

occurrence of positive NAO events (Hurrell, 1995; Hurrell and Deser, 2009).

Furthermore, if there is insufficient data available on which to reliably train the

post-processing methods, then they may overfit the training data, resulting in poor

out-of-sample predictions. By including additional predictors, regime-dependent post-

processing methods are less parsimonious than conventional approaches, and hence

more susceptible to overfitting. This is especially pertinent in operational settings,

where the amount of available data is limited due to continual model upgrades. To

circumvent this, the eight regimes are condensed into just three. The opposite phases

of the NAO each have a significant effect on the observed wind speeds, whereas the

variation between the remaining six regimes is comparatively weak. Moreover, some of

the latter regimes occur fairly infrequently during the time period under examination.

Therefore, the remaining six regimes are grouped together; the three regimes considered

here are thus the NAO- and NAO+ regimes, as well as a third regime combining Regimes

3-8 of Figure 27. In the two year time period of interest, the NAO- regime occurs on

22.1% of the 730 days, the NAO+ regime occurs on 16.3%, and the third regime on the

remaining 61.6%. It is possible to utilise all eight regimes when post-processing, but

such an approach is found here to induce parameter uncertainty in the recalibration
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Figure 28: Boxplots of the wind speed distribution across all locations at 12 UTC when
the atmosphere resides in each regime.
The boxes display the lower quartile, median, and upper quartile of the observed wind
speeds. Values that exceed the upper quartile plus 1.5 times the interquartile range are
plotted as points.

methods that outweighs the benefits of including the regime information (not shown).

Although Figure 28 demonstrates that the wind speed depends on the prevailing

phase of the NAO, it may be the case that the MOGREPS-G ensemble forecasts capture

this dependence, rendering regime-dependent post-processing methods superfluous. To

assess whether or not this is the case, we evaluate the calibration of the forecasts in

each regime. For this purpose, we employ the reliability index, defined as

∆ =
M+1∑
m=1

∣∣∣∣∣ρm − 1

M + 1

∣∣∣∣∣ (48)

(Delle Monache et al., 2006), where M is the size of the ensemble, and ρm denotes the

relative frequency with which the observed wind speed exceeds m− 1 of the ensemble

members. If the ensemble prediction system is calibrated, then the verifying wind speed

should be equally likely to fall between any two members of the ensemble, meaning

ρm = 1/(M + 1), for all m = 1, ...,M + 1. The reliability index thus measures the

divergence between the relative frequencies and their ideal value, with a more reliable

prediction system attaining a lower index.

To evaluate whether or not biases exist in the MOGREPS-G ensemble forecasts

owing to the occurrence of certain weather regimes, we calculate this reliability in-

dex separately for forecasts associated with each regime under consideration. Figure

29 illustrates how this index varies for forecasts corresponding to the two phases of

the NAO. If the prevailing regime does not influence the errors in the prediction sys-

tem, then the reliability index should not change depending on the phase of the NAO,

meaning points would lie along the dotted line of equality in Figure 29. The index is
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Figure 29: Reliability index (Equation 48) calculated over forecasts defined to be in the
positive phase of the NAO, plotted against that calculated over forecasts defined to be
in the negative phase of the NAO, and shown for each of the 106 weather stations at a
lead time of 24 hours. The stations have been classified into coastal (C), inland (IL),
and mountainous (M) locations.

substantially greater than zero in both the NAO- and NAO+, reflecting the underdis-

persive nature of the forecasts, and, although there is weak positive correlation between

∆ in the two regimes (0.369), substantial deviation from the diagonal advocates the

implementation of regime-dependent post-processing methods.

Moreover, the reliability index is not distributed evenly about the diagonal in Fig-

ure 29, with larger forecast errors typically occurring in the positive phase of the NAO

than in the NAO-. Regime-dependent post-processing may therefore be more benefi-

cial for forecasts associated with this cyclonic regime. The miscalibration also varies

considerably with the spatial location, suggesting localised post-processing methods

are desirable, while the variation in the reliability index between the two regimes also

depends substantially on the station, even over the relatively small spatial domain

considered here. Hence, although there is evidence to suggest regime-dependent post-

processing is advantageous in this instance, it may not be necessary at all locations. To

better understand the spatial properties of the forecast errors, the weather stations in

Figure 28 have been classified into coastal, inland, and mountainous locations, though

it appears that regime-dependent biases in the MOGREPS-G output occur for all types

of locations at this lead time.

5.3 Statistical post-processing

5.3.1 Training and testing

Statistical post-processing seeks to exploit systematic errors in previous forecasts to

address those that might occur in the current prediction. To do so, a training set
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of historical forecasts and observations is required, where the choice of training data

should reflect the biases expected to manifest in the current forecast. Training windows

that adapt in the presence of new data assume that the error in the current forecast

will likely behave similarly to that of recent forecasts. Rolling, or sliding, windows, for

example, use only the most recent forecast-observation pairs available to train the post-

processing model. The length of the window is a compromise between using enough

data to obtain reliable parameter estimates, and not using too much data, so as to

capture the recent behaviour of the model biases.

The limited amount of data used in a rolling window can often result in unstable

parameter estimates (Scheuerer, 2014; Lang et al., 2019a). Although the window length

can be extended to avoid this, continually increasing the length contradicts the motiva-

tion for using a rolling window. Once the window can no longer account for the seasonal

cycle in the data, it may be more sensible to use a larger amount of data, spanning

several seasons or years. This data set could be fixed to obviate the need to update

parameter estimates for every new forecast. In this study, since the observed wind

speeds do not exhibit a strong annual cycle, the additional training data afforded by a

fixed window is found to outweigh the adaptive nature of a rolling window (not shown).

Therefore, the coefficients of all post-processing models described in this section are

estimated over a fixed window between the 1st January 2018 and the 31st December

2018. The remaining year of data is used as a test data set, on which to verify the

resulting forecasts.

Although there is little seasonal variability in the model biases, Figure 29 illustrates

that there is a considerable spatial dependency. Therefore, to account for locally-varying

biases, post-processing is performed separately at each station under consideration. De-

spite being more computationally expensive, this method performs significantly better

than a global post-processing approach, in which one set of model parameters is esti-

mated for every location, and the site-specific post-processing approach is thus favoured

here.

Just as the post-processing methods are trained using station observations, the re-

sulting forecasts are also verified against wind speed measurements at the locations of

interest. The resulting forecast distributions are assessed using the continuous ranked

probability score (CRPS). For a forecast with predictive cumulative distribution func-

tion (CDF) F and corresponding observation y, the CRPS is defined as

CRPS(F, y) =

∫ ∞
−∞

[F (u)− 1{u ≥ y}]2du (49)

(Matheson and Winkler, 1976). The CRPS is negatively oriented, so that a lower score

indicates a more accurate forecast, and, as a proper score, it assesses both the reliability
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and sharpness of the forecast (Gneiting and Raftery, 2007). The total CRPS is then

taken to be the average CRPS over all forecasts in the test data. The continuous ranked

probability skill score (CRPSS) is also used to measure the skill of the regime-dependent

approaches relative to conventional post-processing. The CRPSS can be interpreted in

terms of the percentage improvement in the forecast accuracy relative to a baseline

forecast, and hence larger values are desired (Wilks, 2019).

The CRPS and its skill score are commonplace in weather forecasting. In the fol-

lowing section, rank and Probability Integral Transform (PIT) histograms (Hamill and

Colucci, 1997; Dawid, 1984; Gneiting et al., 2007), as well as the coverage of 90% pre-

diction intervals, are also used to assess the reliability of forecasts. The sharpness, or

resolution of the predictive distribution is then considered using the width of the 90%

prediction intervals. A smaller width indicates a sharper, or more refined forecast, but

is desirable only subject to calibration (Gneiting et al., 2007).

In Chapter 4, it is suggested that if extreme wind speeds, or wind gusts, can be linked

to the occurrence of certain weather patterns, then regime-dependent post-processing

methods may be capable of improving forecasts of these high-impact weather events.

Therefore, predictive performance in the upper tail of the forecast distribution is evalu-

ated using the threshold-weighted continuous ranked probability score (twCRPS). The

twCRPS is defined as

twCRPS(F, y) =

∫ ∞
−∞

[F (u)− 1{u ≥ y}]2ω(u)du (50)

for some non-negative weight function ω(·) (Gneiting and Ranjan, 2011). As in Lerch

and Thorarinsdottir (2013), interest lies in the upper tail of the forecast distribution,

and hence the weight function used here is ω(u) = I(u ≥ t), for some threshold t.

When such a weight function is used, the twCRPS is a strictly locally proper scoring rule

(Holzmann et al., 2017) that considers only the performance of the forecast distribution

above this threshold, and it thus concerns predictions of the upper tail behaviour.

5.3.2 Non-homogeneous Regression

Non-homogeneous Regression (NR), or Ensemble Model Output Statistics (EMOS), is

possibly the most frequently implemented post-processing approach, owing largely to

its simplicity and the ease with which it can be modified for use in different situations.

NR assumes that the weather variable to be forecast, referred to as the predictand or

response variable, follows a statistical distribution that depends on the raw ensemble

output. The choice of predictive distribution is determined by the weather variable of

interest: wind speed, for example, is non-negative, and hence a sensible choice would

be a forecast distribution with a positive support, such as a gamma (Sloughter et al.,
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2010), truncated normal (Thorarinsdottir and Gneiting, 2010), or truncated logistic

(Messner et al., 2014; Scheuerer and Möller, 2015) distribution. The latter is found

here to outperform alternative options.

We therefore assume that the future wind speed is a random variable, Y , that follows

a truncated logistic distribution with location and scale that depend on the ensemble

mean, x̄, and variance, s2, respectively:

Y |x ∼ L0(α + βx̄,
√
γ + δs2), (51)

where x denotes the vector of ensemble members, and L0(µ, σ) denotes the logistic

distribution that has been truncated below at zero, with location parameter µ and

scale parameter σ. Hence, the square of the scale is expressed as a linear function of the

ensemble variance, while truncation at zero ensures the resulting forecast distributions

assign mass only to non-negative wind speed values. The post-processing parameters

(α, β, γ and δ) are estimated by finding those that minimise the total CRPS over the

training data, and, to ensure positive variance components, optimisation is performed

using ξ =
√
γ and κ =

√
δ rather than γ and δ directly.

The CRPS for a truncated logistic distribution with location µ and scale σ can be

given in closed form:

CRPS(L0(µ, σ), y) = σ

(
log

1− p0
1− py

− p20
(1− p0)2

log p0 −
1 + p0
1− p0

log py −
1

1− p0

)
.

(52)

This expression is identical to, but more compact than, that derived by Scheuerer and

Möller (2015). In keeping with the notation therein, p0 and py are the values of the

logistic, L(µ, σ), CDF evaluated at 0 and y, respectively. The total CRPS is then the

average CRPS across all forecast-observation pairs.

The twCRPS can similarly be derived in closed form. Our result, verified against

numerical integration, is that

twCRPS(L0(µ, σ), y) =
σ(pt − 1− log pt)

(1− p0)2
(53)

if y ≤ t, and

twCRPS(L0(µ, σ), y) = σ

(
log

1− pt
1− py

− p20
(1− p0)2

log pt −
1 + p0
1− p0

log py −
1− pt

(1− p0)2

)
(54)

if y > t. Here, pt is the logistic CDF evaluated at the threshold t. Again, the twCRPS

values of the individual observations are averaged to give the total twCRPS of the data

set.
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Although interest here is on the logistic distribution truncated below at zero, we

remark that Equations 52, 53 and 54 can be generalised to any truncation point l of

the logistic distribution by replacing p0 with pl, the CDF of the logistic distribution

at l. As l → −∞ and pl → 0, the logistic distribution L(µ, σ) is recovered from the

truncated logistic distribution. Correspondingly, Equation 52 tends to the well-known

CRPS for the logistic distribution,

CRPS(L(µ, σ), y) = −σ[1 + log py + log(1− py)] = y − µ− σ − 2σ log py, (55)

given by Taillardat et al. (2016) and Jordan et al. (2017). Similarly, the twCRPS of

the logistic distribution can be recovered from Equations 53 and 54:

twCRPS(L(µ, σ), y) = σ(pt − 1− log pt) (56)

if y ≤ t, and

twCRPS(L(µ, σ), y) = σ

(
pt − 1 + log

1− pt
1− py

− log py

)
(57)

if y > t, a result that, to our knowledge, has not previously been given in the literature.

5.3.3 Regime-dependent mixture model

Mixture models have previously been shown to be an effective way of combining in-

formation from several sources in a weather forecasting context (Wilks, 2002; Gneiting

et al., 2013; Baran and Lerch, 2016, 2018). In Chapter 3, we therefore propose a mix-

ture model to include regime information when post-processing. Mathematically, this

involves extending Equation 51 to

Y |x ∼
R∑
r=1

wrL0(αr + βrx̄,
√
γr + δrs2), (58)

where R is the number of regimes under consideration: in this case, R = 3. A separate

forecast distribution is associated with each identified regime, and, making the same

distributional assumptions about the predictive distribution in each regime, there are

4R parameters to estimate, one set for each regime. The weights associated with

each regime, wr, allow the model to account for uncertainty present when attributing

the forecast to a regime. It is important to note that the weights in this case are

functions of time, rather than parameters as such, highlighting that the weights will

change depending on the prevailing behaviour of the atmosphere. Potential approaches

to calculate the mixture model weights are discussed in Chapter 4, where it is found
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Observed regime
NAO- NAO+ Other Total

NAO- 111 1 57 169
Forecast regime NAO+ 0 72 47 119

Other 49 45 348 442
Total 160 118 452 730

Table 10: Contingency table for the forecast and observed regimes at a lead time of six
days.

that, in comparison with alternative choices, the regimes predicted by high resolution

numerical weather models provide a reasonable estimate of the future synoptic-scale

state.

As well as recording the regime that manifests, the Met Office stores the daily

regime that is forecast by their global deterministic model, up to six days in advance.

Therefore, the mixture model weight used here is an indicator function that takes the

value one only for the regime that is forecast by this deterministic model. In this case,

the mixture model reverts to a truncated logistic distribution with the appropriate

coefficients based on the regime that is forecast. Parameter estimation and forecast

verification can thus again be performed using the CRPS and twCRPS as given in

Equations 52, 53 and 54.

Although the large-scale atmospheric state is considerably more predictable than

the more turbulent weather, this forecast of the regime may itself exhibit biases. Table

10 presents the number of instances that each regime is predicted and observed in

the 730 days under consideration, shown at a lead time of six days. Even this far

in advance, the numerical weather model only once mistakes the phase of the NAO,

with the deterministic global forecast correctly estimating the future regime on roughly

70% of the 730 days. It is possible to address this error by applying a simple form of

post-processing to these regime forecasts: the mixture model weight corresponding to

a particular forecast could be given by the relative frequency of each regime occurring

given the regime that is forecast. For example, if the NAO- regime is forecast to occur

in six days time, then Table 10 suggests that the mixture model weight corresponding

to this regime should be 0.657 (111/169), whereas those for the NAO+ and ‘Other’

regimes should be 0.006 (1/169) and 0.337 (57/169), respectively. Since this weight is

not an indicator function, the post-processing coefficients associated with each regime

would be estimated simultaneously.

The ability of these two weight functions to forecast the future weather regime is

assessed using the Brier score (Brier, 1950) in Figure 30. Results are also shown for a

persistence forecast constructed from the regime at the forecast initialisation time, and

the climatological regime frequencies. From Figure 30, we see that the initial regime
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Figure 30: Brier score against lead time for the climatological frequencies of the regimes
(Clim), the initial regime (Init), the deterministic forecast regime (Det) and the condi-
tional regime probability (Cond), calculated between 2010 and 2016.

becomes no better than climatology after just two days, highlighting the transient

behaviour of the regimes considered here. The deterministic regime forecast, however,

maintains skill until six days in advance, at which point the recalibration becomes

beneficial. The recalibrated regime forecast is constrained to be always as good as

climatology, and hence will, in theory, always have non-negative skill, even after the

deterministic forecast on which it is based is completely uninformative.

Nonetheless, the forecasts resulting from the two choices of weight perform com-

parably (not shown), and hence results in the following section are for the simpler,

deterministic regime forecast. Since we are post-processing wind speed forecasts issued

by a global ensemble prediction system, it would also be possible to derive a forecast

of the future regime from each of the ensemble members, and use the proportion of

members predicting each regime to define the mixture model weights. However, these

regime forecasts have not been stored for the prediction system and date range under

consideration, and hence are not readily available. Therefore, although the distribution

of the ensemble members would capture some of the flow-dependent uncertainty in the

future regime, making them a sensible option when post-processing in real time (see

Chapter 4), the regime predicted by the deterministic global model is used to define

the weights in this study. Using a weight that is an indicator function means parame-

ters can be estimated separately by stratifying the training data into regime-dependent

subsets depending on the regime that is forecast, as described in Chapter 3. This is

more numerically stable than estimating all parameters simultaneously, and hence also

less computationally expensive (Baran and Lerch, 2018).
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5.3.4 A hybrid approach

The regime-dependent mixture model is more complex than the truncated logistic fore-

cast distribution, and is thus more susceptible to overfitting in the presence of limited

training data. Therefore, the mixture model, although offering more flexibility, could

potentially hinder forecast performance when the model biases do not depend on the

regimes under consideration. A more robust approach might involve identifying situa-

tions in which regime-dependent post-processing is expected to be most beneficial, and

implementing it only on such occasions. This emulates ideas in Lerch and Thorarins-

dottir (2013), whereby a separate post-processing model is applied depending on the

prevailing circumstances. Lerch and Thorarinsdottir (2013), and later Baran and Lerch

(2015), implement a post-processing model that switches between two predictive dis-

tributions depending on whether the ensemble median exceeds a predefined threshold.

In doing so, the forecast can better adapt to the biases expected of the current model

output.

It remains to identify circumstances in which regime-dependent post-processing

should be beneficial. In the previous chapter, we consider the spread of the average

wind speeds between regimes at a variety of locations, and show that improvements

gained by including the regime information are correlated with this between-regime

spread. That is, locations whose wind speeds are more heavily influenced by changes

in the weather regime tend to benefit most from regime-dependent post-processing.

Therefore, we calculate here a similar measure of regime-dependency from the obser-

vations in the training data, and record whether or not it exceeds a certain threshold.

The measure of regime-dependency is taken to be the between-group component of the

empirical law of total variance applied to the wind speed observations in the training

data:
R∑
r=1

nr
n

(ȳr − ȳ)2, (59)

where nr/n is the proportion of days on which regime r occurs in the training data,

ȳr is the average wind speed given regime r, and ȳ is the overall mean wind speed.

The measure is shown for each location in Figure 31. The stations have been divided

into coastal, inland, and mountainous locations, from which it can be seen that, just

as locations on the west coast of the UK and Ireland were earlier identified as being

associated with higher average wind speeds, they are also particularly affected by the

phase of the North Atlantic Oscillation.

The measure of regime-dependency introduced here is similar to that used in Chap-

ter 4, but can better account for the different climatological frequencies of the regimes.

Larger values suggest a stronger regime influence and hence advocate the use of regime-
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Figure 31: The regime-dependency (m2s−2; Equation 59) of the day-time wind speeds
at each station on the domain under consideration. The points have been classified into
coastal (C), inland (IL), and mountainous (M) locations.

dependent post-processing, whereas if this quantity lies below the chosen threshold,

then the truncated logistic distribution is issued as the forecast, and the regime in-

formation is ignored. Of course, there are several alternative ways to measure the

regime-dependency that may be more indicative of situations where regime-dependent

post-processing is desirable. A brief comparison of possible measures is performed in

the following section.

Lerch and Thorarinsdottir (2013) estimate the threshold for their combination-based

method by finding that which minimises the CRPS in the training data. This approach

fails here since the motivation for pooling together the two post-processing methods is to

avoid situations in which the mixture model overfits the training data; in the training

data, the mixture model almost always performs better than the truncated logistic

method, and hence the optimal threshold in terms of the CRPS is zero, suggesting

regime-dependent post-processing should always be implemented. However, this does

not necessarily translate to better out-of-sample forecasts, and an alternative method

of choosing the threshold is thus required. The threshold used here is the same for all

lead times, and is chosen subjectively such that the regime-dependent mixture model

is applied to roughly 50% of forecasts.
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Figure 32: Rank and Probability Integral Transform (PIT) histograms for the raw
ensemble forecast, along with the three post-processing methods, shown at lead time
of 4 days. A horizontal red line is drawn at 1/19, indicating perfect calibration.

5.4 Results

Firstly, consider the calibration of the post-processed forecasts. Figure 32 shows rank

and probability integral transform (PIT) histograms for the ensemble forecast, and for

the various post-processing methods. The raw ensemble is again found to be under-

dispersed, with the observation falling either above or below all ensemble members

with a disproportionately high frequency, whereas the post-processing methods yield

PIT histograms that are approximately uniform, indicating well-calibrated forecasts.

There appears, however, to be some systematic deviation from uniformity in the tails

of the post-processed predictive distributions, though this is not remedied when using

alternative families of parametric distributions.

Table 11 displays the average coverage and width of the 90% prediction intervals

obtained from the various post-processing methods. The truncated logistic distribution

generates a coverage that is close to, but slightly larger than, the optimal 90% coverage,

and the regime-dependent approaches improve on this slightly. We see, however, that

the standard post-processing method tends to be overdispersed in the more predictable

NAO- regime, but underdispersed in the NAO+, suggesting it does not fully capture the

changes in predictability arising due to the regimes. The regime-dependent approaches

decrease the spread of the forecast distribution in the NAO- regime and increase the

spread in the NAO+ regime, thus yielding a coverage closer to the optimal value. Being
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Figure 33: CRPSS for the regime-dependent mixture model forecast (MM), as well as
the hybrid approach, relative to the conventional truncated logistic forecast distribution,
shown against lead time.
Error bars indicate 95% confidence intervals for the skill score, obtained via non-
parametric bootstrap resampling.

a combination of the two, the hybrid method exhibits prediction intervals that are a

compromise between those of the truncated logistic distribution and the mixture model.

Looking now at the improvement in skill gained by including regime information,

Figure 33 shows the continuous ranked probability skill score (CRPSS) against forecast

horizon for the two regime-dependent methods, with the truncated logistic forecast

used as a baseline. The score is averaged over all locations and forecast instances in the

test data set. Neither method performs consistently worse than the standard approach,

though the improvements are always relatively small. This is to a lesser extent when

the hybrid method is used, despite the CRPSS being constrained to equal zero at a

large proportion of locations. The improvements are largest at short lead times, before

receding to zero as the forecast horizon increases. As is apparent in Figure 30, the

quality of the regime forecasts deteriorates with lead time, and hence the biases in the

forecast become less dependent on the regime that is predicted by the deterministic

NAO- NAO+ Other Overall
TL 92.03 87.69 91.56 91.01

Coverage MM 90.26 89.86 90.17 90.14
Hybrid 91.02 88.47 91.16 90.67
TL 5.61 6.09 5.76 5.78

Width MM 5.37 6.66 5.50 5.67
Hybrid 5.43 6.28 5.66 5.71

Table 11: Average coverage (%) and width (m/s) of 90% prediction intervals derived
from the truncated logistic (TL), mixture model (MM), and hybrid forecasts at a lead
time of 24 hours.
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Figure 34: CRPSS of the hybrid approach relative to conventional post-processing for
different choices of threshold, at a lead time of 5 days.
The threshold relates to the value of the regime-dependency defined in Equation 59,
above which the regime-dependent mixture model will be implemented.

weather model, meaning there is less benefit to post-processing using this definition

of the regime. As was the case in Chapter 4, at these longer lead times it is found

that significant improvements are available if post-processing is conditioned on the true

regime at the forecast validation time (not shown); the forecast accuracy across all

locations improves by almost 1% in this case. Although this future regime is unknown

in practice, this result highlights that a more accurate prediction of the future regime

would be informative when post-processing medium- and long-range weather forecasts.

Despite its simplicity, the threshold for switching between the truncated logistic

distribution and the mixture model appears to distinguish well between situations when

regime-dependent post-processing is, and is not, desirable. The skill score for the hybrid

approach is shown in Figure 34 for a range of possible threshold choices at a lead time of

five days. A threshold of zero corresponds to always implementing the regime-dependent

mixture model, and, conversely, as the threshold increases, this is equivalent to always

enforcing the truncated logistic forecast, and hence never utilising regime information.

As a result, the CRPSS tends to zero for higher thresholds. A threshold of 0.4 was used

here, which appears suitable at this lead time.

The effect of changing the threshold can also be seen in Figure 35. Since the post-

processing methods are trained using a fixed, site-specific window, each location is

associated with only one value of the regime-dependency (Equation 59). The top panel

of Figure 35 shows the forecast skill for the mixture model at each location under con-

sideration, plotted against this measure of regime-dependency. A vertical line is drawn

at the chosen threshold. As anticipated, locations whose wind speeds are highly depen-

dent on the prevailing NAO phase tend to exhibit larger skill scores, with improvements

at individual locations reaching 4% at this lead time. A distinction has also been made
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Figure 35: CRPSS of the regime-dependent mixture model (left) and hybrid (right)
approaches relative to conventional post-processing, plotted for each of the 106 locations
against the climatological, between-regime wind speed variation (Equation 59).
Shown at a lead time of 5 days. Points are coloured depending on their classification
into Coastal (C), Inland (IL) and Mountainous (M) locations. A solid vertical line is
drawn at the chosen threshold used for switching between the truncated logistic and
mixture model forecast distributions.

between coastal, inland, and mountainous sites, from which it can be seen that regime-

dependent post-processing is typically most beneficial at locations on the coast of the

UK and Ireland for this lead time. However, there are several negative skill scores to

the left of the chosen threshold in Figure 35, suggesting the mixture model tends to do

more harm than benefit at sites where the regime-dependence is weak.

The lower panel of Figure 35 shows the analogous plot for the hybrid approach.

Below the threshold, the skill scores are zero, since the same forecast is being issued as

the reference. This removes the largely negative effect the more complex model has at

these locations. Conversely, the larger, positive skill scores that tend to occur at stations

heavily influenced by the regimes are still present. This approach thus combines the

benefits of the established post-processing with the more complex, yet more flexible,

regime mixture model. Note, however, that some negative skill scores still occur for the

hybrid approach, and some positive skill scores below the threshold are nullified. This

could be avoided if an alternative way to choose the threshold exists that can better

recognise when regime-dependent post-processing is desirable.

With this in mind, we look to compare various choices of the measure of regime-

dependency. Six different measures are evaluated, all of which assume the following

form:
R∑
r=1

nr
n

(z̄r − z̄)2, (60)

where z̄ denotes the mean of a quantity z calculated over the entire data set, while

z̄r is the average of the same quantity estimated only from forecast-observation pairs
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WS B SE AE EV RI

z y x̄− y (x̄− y)2 |x̄− y| s2
∑M

m=1 |ρm −
1

M+1
|

SRCC 0.503 0.321 0.305 0.243 0.305 0.072

Table 12: Spearman’s rank correlation coefficient (SRCC) between various measures
of regime-dependency and the relative improvement gained by regime-dependent post-
processing, as measured using the CRPSS.
Results are shown at a lead time of five days. The measures considered are the variations
in the following quantities arising due to changes in the regime (Equation 60): the wind
speed observations (WS), the bias of the ensemble mean forecast (B), the squared error
of the ensemble mean forecast (SE), the absolute error of the ensemble mean forecast
(AE), the ensemble variance (EV) and the reliability index of the raw ensemble forecasts
(RI).

associated with regime r. Hence, all of these measures of regime-dependency represent

the amount of variation in a metric that can be explained by changes in the regime.

Clearly, Equation 59 is a particular example of this with z equal to the observed wind

speed. In addition to the regime-dependent variation of the wind speed itself, we also

consider the variation in the bias of the ensemble mean forecast, the squared error of the

ensemble mean forecast, the absolute error of the ensemble mean forecast, the ensemble

variance, and the reliability index of the raw ensemble forecast (Equation 48). These

are summarised in Table 12.

For use within the hybrid method proposed here, a measure is desired that generates

a monotonic relationship between the regime-dependency and the improvement gained

by the regime-dependent mixture model relative to the conventional truncated logistic

EMOS approach. Hence, to assess the utility of the various measures, we report Spear-

man’s rank correlation (Wilks, 2019) between each measure and the improvement, as

quantified using the CRPSS; a higher absolute correlation indicates a more monotonic

relationship. To maintain comparison with Figure 35, Table 12 displays the results at

a lead time of five days. The measures of regime-dependency have been calculated over

the training data, since this information would be available to practitioners at the time

of forecasting. Although post-processing is concerned with forecast errors rather than

the observations themselves, the improvements are most strongly correlated with vari-

ations in the observed wind speed owing to the regimes. This highlights the extent to

which climatological information is used by the post-processing model to recalibrate the

ensemble forecasts. This is particularly pertinent at longer forecast horizons, where less

information is contained in the ensemble prediction system, and hence post-processing

methods should decrease the influence that the numerical forecasts assert on the result-

ing predictive distribution and use instead more information from the climatological

distribution of the wind speeds.
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Figure 36: Left: CRPS for the hybrid approach (solid) and the truncated logistic
forecast (dashed) when each regime occurs. Right: CRPSS for the hybrid approach
relative to the truncated logistic forecast when each regime occurs.
Both metrics have been averaged over all stations, and 95% confidence intervals for the
total skill score are shown as grey error bars.

Moreover, since Equation 59 is not dependent on the forecasts, it would be possible

to calculate this quantity over a larger set of historical observations, rather than only

the training data. This is not possible if forecast biases were used to calculate this

measure of regime-dependency instead. In any case, the bias in the ensemble mean

forecast exhibits a lower correlation with the CRPSS, and this decreases further when

considering the squared or absolute forecast error. Similar conclusions are drawn for

other lead times. Surprisingly, the correlation is lowest between the improvements

and the reliability index of the raw ensembles. One reason for this is that the index

does not distinguish between the direction of any errors. For example, the reliability

index generated by a negatively biased prediction system would be the same as that

produced by forecasts exhibiting a positive bias of the same magnitude, behaviour that

was observed in the previous chapter for wind speed forecasts associated with different

regimes; particularly when the regimes correspond to the same mode of synoptic-scale

variation, as is the case here. More complex measures of regime-dependency could be

derived to exploit this, but this is not considered here.

We now focus further on the behaviour of the hybrid approach. Figure 36 displays

the CRPS for the truncated logistic EMOS and the hybrid methods, evaluated sepa-

rately for days associated with each regime. The corresponding skill score of the hybrid

approach relative to the truncated logistic forecast is also shown. Note first that the

fluctuations between lead times indicate forecasts verifying during the night are gener-

ally more accurate than those made for midday. There is also a noticeable structure

to the improvements. Although there is little difference in the CRPS between the ap-

proaches in the NAO- and ‘Other’ regimes, in the NAO+ the hybrid approach improves

upon the conventional method by as much as 3%, even when averaged over all locations.
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Figure 37: Same as in Figure 36 but for one location on the southwest coast of Wales.

This agrees with results in the previous section, whereby forecasts assigned to regimes

that differ most from climatology are those most likely to improve. As seen in Figure

28, the NAO+ is associated with higher wind speeds, suggesting the regime-dependent

approaches may help to forecast the occurrence of high-impact wind speed events.

The improvements in the NAO+ reach 3% across all locations, but the CRPSS at

particular stations can be much larger than this. Figure 37 displays the CRPS and

its skill score for the hybrid approach relative to the truncated logistic forecast at one

location on the south-west coast of Wales. When neither the NAO- nor NAO+ regime

occurs, the improvements are negligible and tend to fluctuate around zero for all lead

times. During NAO+ events, on the other hand, the regime-dependent approach greatly

outperforms the standard post-processing method, with improvements reaching almost

20% at a lead time of 36 hours. Large CRPSS values are also observed in the NAO-

regime, though the improvement in this regime depends strongly on the lead time of

interest. Overall, the improvement gained from regime-dependent post-processing at

this location remains above 5% until 3 days in advance, before decreasing somewhat

for longer lead times. As noted in Chapters 3 and 4, this decrease in skill is due to the

mixture model weight becoming less adept at predicting the future weather regime as

the forecast horizon increases.

These results suggest that the hybrid approach better captures the upper tail be-

haviour of the observed wind speeds. This is confirmed in Figure 38, where the skill

score of the twCRPS is displayed for the two regime-dependent approaches relative to

the truncated logistic EMOS forecasts. The twCRPS in Figure 38 is calculated using

a threshold equal to 8m/s, roughly corresponding to the 90th percentile of the wind

speed observations across all locations. The improvements now reach almost 3% when

averaged over all locations and all regimes at a lead time of 36 hours, indicating that

the upper tail of the forecast distribution displays a more pronounced improvement

than that observed when considering the entire predictive distribution. Similar results
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Figure 38: Threshold-weighted CRPSS for the regime-dependent mixture model fore-
cast (MM), as well as the hybrid approach, relative to the conventional truncated logistic
forecast distribution, shown against lead time.
Error bars indicate 95% confidence intervals for the skill score, obtained via non-
parametric bootstrap resampling. The threshold used in the twCRPS is 8 m/s, roughly
corresponding to the 90th percentile of the marginal distribution of the observed wind
speeds.

are also found using thresholds of 10 and 12m/s, which are respectively close to the

95th and 98th percentiles of the distribution of observations

5.5 Discussion

This work investigates how weather types can be used to calibrate ensembles of weather

forecasts, focusing in particular on how such approaches can be applied in an opera-

tional setting. A mixture model approach to include regime information into statistical

post-processing methods has previously been proposed in Chapters 3 and 4, though

these studies have utilised large sets of data, which are not always readily available to

forecasting centres. To circumvent this lack of data, this work combines a conventional

ensemble model output statistics approach with a regime-dependent method, producing

a prediction system that can adapt to issue the most relevant forecast given the current

circumstances.

For example, always implementing a regime-dependent mixture model is found here

to outperform a truncated logistic post-processing method when averaged over all loca-

tions, though at several locations at which the regime-dependence is small, the mixture

model results in a less accurate forecast. The reason for this is that the small ben-

efits that would be obtained by regime-dependent post-processing at these locations

are outweighed by the additional parameter uncertainty induced by the more complex

approach. To alleviate this issue, the study presented here has looked at implement-

ing regime-dependent post-processing models only when it is expected to be beneficial.
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A measure of regime-dependency is calculated over the training data, and a regime-

based approach is applied only if this measure exceeds a certain threshold. If not, then

standard post-processing is implemented.

This hybrid approach offers consistent improvements over a conventional truncated

logistic-based EMOS approach, with the forecast accuracy at particular locations, mea-

sured using the continuous ranked probability score, improving by over 5%. These

locations tend to be stations on the west coast of the UK and Ireland, which are

heavily affected by the movement of air masses across the Atlantic Ocean. This im-

provement becomes larger yet when considering forecasts linked to particular regimes.

The regimes considered here are the opposite phases of the North Atlantic Oscillation,

along with a third group corresponding to when neither of these NAO regimes occur.

If the positive phase of the NAO, generally associated with wind storms and more ex-

treme wind speeds, is predicted, then the regime-based methods yield forecasts that are

3% more accurate than those generated using the conventional EMOS approach when

averaged over all locations, with improvements at individual stations reaching 20%.

Similar results are also observed when the threshold-weighted CRPS is used to assess

the upper tail of the forecast distributions, demonstrating that regime information can

benefit predictions of high-impact wind speed events, which, despite their obvious sig-

nificance, are commonly overlooked when implementing conventional post-processing

methods (Williams et al., 2014; Friederichs et al., 2018; Pantillon et al., 2018). This re-

sult also has implications for multivariate post-processing approaches, since compound

weather events - combinations of multiple weather hazards - are often associated with

the occurrence of certain atmospheric regimes.

The NAO regimes considered in this study are utilised operationally in the Met

Office’s Decider tool, described in detail in Neal et al. (2016). As discussed in Sec-

tion 5.2.2, this product in fact consists of eight weather regimes, which are themselves

constructed by clustering together a further 30 weather patterns. However, the regime-

dependent mixture model estimates a separate predictive distribution corresponding

to each regime. Therefore, for the relatively small amount of data used here, post-

processing with the set of eight regimes induces parameter uncertainty that outweighs

the benefits of including these additional regimes. As a result, if the mixture model of

Section 5.3.3 is applied using the eight regimes, then the resulting forecasts are found

to perform worse than those discussed here (not shown).

Alternatively, more parsimonious approaches could be applied to add the regime

information into post-processing that do not involve specifying an entirely new forecast

distribution for each regime. Since the focus here is on the North Atlantic Oscilla-

tion, one example is applied (not shown) that employs a NAO index as an additional

predictor in the EMOS model (along with an interaction with the ensemble mean).
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Such an approach requires fewer model parameters and is thus yet more suitable for

use with limited data sets, but is found to be less informative than the mixture model

described herein. Instead, data-driven post-processing methods may be an effective

way to model more complex relationships between the weather regimes and the exist-

ing predictors (e.g. Rasp and Lerch, 2018). For example, the influence that weather

regimes assert on the biases of ensemble prediction systems may itself depend on the

time of the year, and regime-dependent post-processing methods should be capable of

addressing this. We anticipate that this would be more prevalent for weather variables

that exhibit a particularly pronounced seasonal cycle, such as temperature, than for

wind speed or precipitation, though more data-rich studies may wish to investigate

this. The seasonal dependence of the weather regimes could also be incorporated into

post-processing using mixture model-based approaches by utilising regimes that are

more closely linked to particular seasons (Grams et al., 2017), thereby assuming that

seasonality in the weather variable of interest can be attributed to the occurrence of

particular atmospheric regimes (Scheuerer, 2014).

Nonetheless, in this study, it is found that wind speed forecasts benefit more from

larger training data sets than from the inclusion of seasonal information. Hence, the

regime-dependent approach proposed here uses weather regimes as a basis from which

to select the training data for the post-processing method, in place of more contempo-

rary approaches that rely on the season. It is demonstrated that operational weather

forecasts may exhibit biases that depend on the prevailing weather regime, and hence

it is necessary to investigate the presence of conditional biases prior to post-processing.

If such biases are identified, as is the case for the MOGREPS-G prediction system

considered here, then regime-dependent approaches are necessary to remove them. As

such, work is now ongoing to integrate the regime-dependent hybrid approach proposed

here into IMPROVER (Evans et al., 2020), a library of algorithms implemented by the

Met Office that utilise Rose and Cylc suites (Oliver et al., 2018, 2019) to post-process

and verify weather forecasts (https://github.com/metoppv/improver).
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6 Accounting for skew when post-processing tem-

perature forecasts

6.1 Introduction

The previous chapters have considered regime-dependent statistical post-processing

methods, focusing in particular on applications to wind speed forecasts. This chap-

ter, on the other hand, concerns gridded temperature forecasts over the UK, issued

by the Met Office’s high resolution, convection permitting MOGREPS-UK ensemble

prediction system. MOGREPS-UK ensemble forecasts can be post-processed using the

IMPROVER system described in Section 5.5 (https://github.com/metoppv/improver),

and the work presented in this chapter therefore builds upon the existing functionality

within IMPROVER.

Results in Chapters 3 - 5 indicate that the way in which regimes affect the local

weather depends heavily on the location under consideration, and hence the influence of

the regimes can vary drastically even within a relatively small spatial region. Therefore,

although temperature is expected to exhibit a strong dependence on the prevailing

weather regime, this may not be the case for temperature observations amalgamated

over a large number of locations. However, in generating a calibrated forecast field,

IMPROVER utilises simultaneously information regarding all spatial locations on the

domain under consideration. Hence, due to the paucity of methods to address spatial

biases when post-processing gridded forecasts (Dabernig et al., 2020), applying the

regime-dependent statistical post-processing framework to entire temperature fields is

not expected to be beneficial in this instance. Therefore, we consider in this chapter

alternative methods to extend the capabilities of IMPROVER when post-processing

gridded temperature forecasts.

These surface temperature forecasts are of high demand to several industries, and

also to the general public. It is therefore imperative that these forecasts are accurate

and reliable, something that is typically not true for forecasts (either point forecasts or

ensembles) generated from operational prediction systems. An a posteriori adjustment

of the forecast is therefore necessary to alleviate systematic errors, whilst simultane-

ously quantifying the predictive uncertainty. To achieve this, state-of-the-art statistical

post-processing methods issue probabilistic forecasts in the form of predictive distribu-

tions. Although non- and semi-parametric post-processing approaches have recently re-

ceived increased attention in the literature (e.g. Van Schaeybroeck and Vannitsem, 2015;

Taillardat et al., 2016; Henzi et al., 2019; Bremnes, 2020), established post-processing

methods usually make distributional assumptions regarding the weather variable being
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forecast.

Several studies have therefore considered the appropriate statistical distributions to

employ when post-processing a range of weather variables. For non-negative variables

such as wind speed, the distribution should have a non-negative support (Thorarinsdot-

tir and Gneiting, 2010; Messner et al., 2014; Scheuerer and Möller, 2015), while that for

precipitation should be non-negative, but also contain a positive probability of being

exactly zero (Sloughter et al., 2007; Scheuerer, 2014; Scheuerer and Hamill, 2015a). For

temperature, on the other hand, the normal distribution is almost invariably employed,

both in a post-processing context and throughout the wider field of atmospheric science

(Von Storch and Zwiers, 2001).

This is in part due to the appealing properties possessed by the normal distribution,

which has led to its implementation in various branches of statistical modelling. For

example, the normal distribution is widely used in linear regression (Klein et al., 1959;

Glahn and Lowry, 1972; Gneiting et al., 2005), time series models (Möller and Groß,

2020), and spatial statistics (Scheuerer and König, 2014; Scheuerer and Büermann,

2014; Feldmann et al., 2015); it is conjugate to itself, and is thus convenient for Bayesian

approaches (Stephenson et al., 2005; Siegert et al., 2016b; Barnes et al., 2019); while

it also generalises easily to multiple dimensions, making it the canonical choice for

multivariate analysis (Schuhen et al., 2012; Feldmann et al., 2015; Barnes et al., 2019).

Because the normal distribution is so widely applied in studies concerning temper-

ature, theoretical developments in statistical post-processing models are often trialled

first on temperature forecasts. The studies listed above are numerous examples of

this, as are more recent approaches to ameliorate conventional post-processing meth-

ods (Messner et al., 2017; Rasp and Lerch, 2018; Schuhen et al., 2020). Nonetheless,

Gebetsberger et al. (2018) have recently questioned the uninhibited use of the normal

distribution as a means for post-processing temperature forecasts. In particular, the

authors suggest instead that the logistic and Student’s t distributions are at times more

appropriate, potentially because their heavier tails can account for the additional un-

certainty that arises when estimating post-processing parameters (Siegert et al., 2016a).

Moreover, the empirical distribution of temperature observations is regularly found

to exhibit skew, often in particular seasons (Von Storch and Zwiers, 2001). Although

post-processing is concerned with the conditional distribution of temperature given

the numerical weather model output (and potentially other predictors) rather than

its unconditional, or climatological distribution, it is common to post-process using a

parametric distribution that resembles the climatological distribution of the response

variable. In doing so, the forecast avoids assigning non-zero probabilities to weather

events that cannot occur, while also capturing the limiting case where the outcome is

independent of any predictors, in which instance the conditional distribution reverts to
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the variable’s climatological distribution.

Therefore, Gebetsberger et al. (2019) propose recalibrating temperature forecasts

using a Type-I generalised logistic distribution within the Non-homogeneous Regression

(NR), or Ensemble Model Output Statistics (EMOS), framework (Gneiting et al., 2005).

The Type-I generalised logistic distribution extends the ordinary logistic distribution

by including an additional shape parameter, thereby permitting skewed predictive dis-

tributions. Alternatively, asymmetric predictive distributions could be obtained by

transforming the temperature forecasts prior to post-processing, so that they conform

to the assumptions made by more recognisable and convenient statistical methods,

before applying the inverse transformation to the recalibrated forecasts. Hemri et al.

(2015), for example, apply the well-known Box-Cox transformation to rainfall runoff be-

fore implementing Non-homogeneous Gaussian Regression. There has previously been

little interest in applying such transformations to temperature.

In this chapter, we post-process short-range MOGREPS-UK temperature forecasts

using both the generalised logistic approach of Gebetsberger et al. (2019), and the

Non-homogeneous Gaussian Regression method after having applied a suitable trans-

formation to the temperature forecasts. In particular, we post-process MOGREPS-UK

temperature forecast fields using EMOS with a normal, logistic and Type-I generalised

logistic distribution, and compare the resulting forecasts to those generated using Non-

homogeneous Gaussian Regression after having first applied a non-linear transforma-

tion to the MOGREPS-UK ensemble output. It is demonstrated that relaxing the

assumption of symmetry in the predictive distribution when post-processing temper-

ature ensemble forecasts can enhance the performance of the resulting forecast fields,

particularly during summer and winter and in mountainous regions.

The model and data used to illustrate this are discussed in the following section. In

Section 6.3, we briefly discuss asymmetric variants of the normal and logistic distribu-

tions, as well as transformations that can be applied to address skew within samples

of data. These approaches are then extended for use within the Non-homogeneous

Regression framework in Section 6.4. Methods for parameter estimation and forecast

verification are also discussed in Section 6.4. Section 6.5 presents the performance of

forecasts post-processed using these variants of NR and comments on the choice of data

to use when evaluating the performance of the gridded forecast fields. Finally, Section

6.6 concludes.

6.2 Data

This study utilises daily 2m temperature forecasts extracted from the Met Office’s

MOGREPS-UK ensemble forecasting system (Hagelin et al., 2017) at lead times of 12,
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24 and 36 hours. The forecasts were issued in the one year period between the 1st

January and the 31st December 2018, during which time the model employed a 2.2km

horizontal resolution over the UK, and generated ensemble forecasts comprised of 12

members. The forecasts are initialised at 03 UTC and thus validate at 15 or 03 UTC,

allowing both day- and night-time temperature predictions to be assessed.

Commonly, the aim of operational forecasting centres is to obtain a calibrated fore-

cast field, from which predictions can be made for any location of interest. To do so,

statistical post-processing methods rely on an archive of historical forecasts and ob-

servations that adequately span the spatial domain under consideration, from which

to learn previous errors of the prediction system. The spatial coverage afforded by

weather recordings at synoptic stations, however, is typically inadequate: recordings

over seas and oceans are generally particularly sparse (Hamill, 2018). Post-processing

methods that utilise only the observations provided by this irregular network of sta-

tions are therefore unsuited to address the forecast biases at all locations on the domain,

meaning systematic errors remain present in the post-processed forecast field.

Instead, it would be desirable if the observations were available on a grid, similar

to that of the forecasts. For this purpose, it is common to treat the analysis fields of

a high resolution numerical weather prediction model as the observations when post-

processing, rather than the recordings available at synoptic stations. The model analysis

is the ‘best guess’ of the atmospheric state at a particular time given the meteorological

data to hand, as identified using data assimilation (Kalnay, 2003). Although recent

advances in data assimilation have made a significant contribution to the improved

performance of numerical weather models (Alley et al., 2019), the analysis field is still

prone to errors. Therefore, although using model analyses to train post-processing

methods accounts for data scarcity, the resulting forecasts typically underestimate the

uncertainty present in reality (Feldmann et al., 2019).

An approach to combine both the model analyses and the weather observations

at synoptic stations might be desirable when training post-processing methods, but

given the lack of such an approach, the post-processing methods discussed herein are

trained using model analyses. The analyses used are from the Met Office’s determinis-

tic, convective-scale UKV model, which operates on a domain with varying resolution,

comprised of an inner domain with a resolution of 1.5km, and a surrounding 4km resolu-

tion area (Tang et al., 2013). Bilinear interpolation is used to map the MOGREPS-UK

ensemble forecasts onto the smoother, inner domain of the UKV grid-space prior to

post-processing, and any further references to the UKV model domain relate to its in-

ner domain. The result is a forecast grid consisting of roughly half a million grid points

(810 latitudes, 621 longitudes).

The UKV model domain is displayed in Figure 39, along with the mean observed
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Figure 39: Average observed temperature (K) across 2018 at 15 UTC on the UKV
model domain.
The black points represent the 116 weather stations at which temperatures are consid-
ered in Section 6.5.2.

temperature field estimated over 2018. The average temperature generally decreases

as latitude increases, with highest temperatures in the southeast of the UK and north-

ern France, as expected. To demonstrate that the annual climatological temperature

distribution is skewed, Figure 40 displays the sample skewness of the temperature ob-

servations at each grid point, estimated over the same period. The sample skewness is

defined as the Fisher-Pearson coefficient of skew, equal to√
n(n− 1)

n− 2

1
n

∑n
i=1(yi − ȳ)3

[ 1
n

∑n
i=1(yi − ȳ)2]

3
2

, (61)

where the temperature observations are denoted by y, with local mean ȳ, and n repre-

sents the number of observations from which the skewness is estimated. The empirical

temperature distribution across the entire year is generally negatively skewed in the

northwest region of the domain, whereas inland temperatures tend to be slightly posi-

tively skewed. The ensemble member forecasts tend to capture this general behaviour

well (not shown). Figure 40 also illustrates that the skew varies further in particular

seasons, with the temperature more negatively skewed in winter and more positively

skewed in summer. Since the negative skew in winter and the positive skew in summer

are a result of the occurrence of more extreme low or high temperatures in these sea-

sons, post-processing methods that account for skew may be better suited to capture

these more extreme weather events (Williams et al., 2014).
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Figure 40: Average sample skewness at 15 UTC on the UKV model domain, shown for
all days (left), all summer days (middle), and all winter days (right) during 2018.
The sample skewness is defined as the Fisher-Pearson coefficient of skew, as given in
the text.

6.3 Accounting for skew

6.3.1 Skewed distributions

Although skewed distributions are not at all uncommon, recognised extensions of sym-

metric distributions, such as the normal and logistic distributions, to account for possi-

ble skewness are comparatively sparse. Azzalini (1985) introduced a very general class

of skewed distributions whose probability density function (PDF) is of the form

g(y;λ) = 2f(y)F (λy), (62)

where f denotes a PDF that is symmetric about zero (e.g. the normal or logistic PDF),

with corresponding cumulative distribution function (CDF) F . The shape parameter

λ controls the skew of the distribution and, since f is symmetric, g encompasses f

when this shape parameter is zero. Although distributions of this type are theoretically

appealing, the resulting distribution functions are typically complex and difficult to

manipulate (Gupta and Kundu, 2010). Instead, the Type-I generalised logistic distri-

bution (Johnson et al., 1995) provides a convenient, more accessible alternative that

Gupta and Kundu (2010) argue is considerably more appropriate for practical studies.

As such, Gebetsberger et al. (2019) propose employing this distribution to post-process

temperature forecasts.

The probability density function of the Type-I generalised logistic distribution is

fGL(y;µ, σ, λ) =
λexp

(
− y−µ

σ

)
σ
[
1 + exp

(
− y−µ

σ

)]λ+1
, (63)
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Figure 41: Examples of the probability density function of the standard (i.e. location
equal to zero, scale equal to one) Type-I generalised logistic distribution for various
values of the shape parameter.
The density function of the standard normal distribution is also displayed (dotted black
line).

and its CDF is

FGL(y;µ, σ, λ) =
1[

1 + exp
(
− y−µ

σ

)]λ . (64)

The distribution is governed by a location parameter µ and positive scale σ and shape

λ parameters. Unlike the skewed logistic distribution in the form of Equation 62, the

first four central moments of this generalised logistic distribution can all be expressed

in closed-form, in terms of the polygamma function (Gupta and Kundu, 2010).

However, examples of this distribution’s PDF in Figure 41 suggest that it is unsuited

to model heavily positive skew. Indeed, using the equation for the skew of the Type-I

generalised logistic distribution presented in Gebetsberger et al. (2019) and properties

of polygamma functions, it is possible to prove that the skewness of this distribution

increases monotonically with the shape parameter λ, is bounded below by -2 and is

bounded above by about 1.14. Yet further extensions of the logistic distribution exist -

Johnson et al. (1995), for example, outlined four types of generalised logistic distribu-

tions, the simplest of which is the Type-I generalised logistic distribution characterised

by Equations 63 and 64 - though, as with Equation 62, increasing the complexity of

the parametric distribution makes inference increasingly difficult.

6.3.2 Transformations

Alternatively, rather than changing the distribution with which to represent tempera-

ture, transformations could be applied to temperature values so that they more readily

conform to the assumptions made by particular, more desirable distributions. For exam-

ple, it is often convenient to transform variables so that they appear more symmetric,
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allowing the implementation of more familiar statistical methods (Wilks, 2019). As

such, general purpose transformations have been developed to transform data sets so

that they more closely resemble a sample from a Gaussian distribution. Arguably the

most well-known example of this is the Box-Cox transformation (Box and Cox, 1964).

However, the Box-Cox transformation is only suitable for non-negative quantities.

Although it is possible to include an additional shift parameter in the Box-Cox trans-

formation that ensures all data are positive, Yeo and Johnson (2000) introduced a more

unified approach to transform quantities defined on the entire real line R:

ψ(z; τ) =



[(z + 1)τ − 1]/τ, z ≥ 0, τ 6= 0,

log(z + 1), z ≥ 0, τ = 0,

−[(−z + 1)2−τ − 1]/(2− τ), z < 0, τ 6= 2,

−log(−z + 1), z < 0, τ = 2,

(65)

where τ ∈ R is a parameter that controls the shape of the resulting distribution. When

τ is equal to one, we recover the identity transformation. For values of τ smaller than

one, on the other hand, the upper tail of the support is contracted, while the lower tail

is extended, suggesting the variable at hand is positively skewed, whereas the opposite

is true when τ > 1. In the following sections, we compare this transformation with

the Type-I generalised logistic distribution as a means of generating skewed predictive

distributions when statistically post-processing temperature forecasts. To maintain

consistency with Gebetsberger et al. (2019), the Type-I generalised logistic distribution

is hereafter referred to as the skew-logistic distribution.

6.4 Statistical post-processing

6.4.1 Non-homogeneous Regression

The Non-homogeneous Gaussian Regression (NGR) approach introduced by Gneiting

et al. (2005) assumes that the future temperature is a random variable Y that follows

a normal distribution with a mean that depends linearly on the mean of the ensemble

member temperature forecasts, x̄, and a variance that depends linearly on their variance,

s2:

Y |x ∼ N(αN + βN x̄, γN + δNs
2), (66)

where x denotes the vector of M ensemble members (x1, ..., xM), and (αN , βN , γN , δN)

are parameters to be estimated. We discuss the nature of the parameter estimation

in the following section. The two regression parameters for the distribution’s location

(αN and βN) address the biases in the ensemble mean forecast, while the two regression
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parameters controlling the spread of the forecast distribution (γN and δN) account for

dispersion errors in the ensemble.

This approach, which falls into the broad class of distributional regression methods

(Klein et al., 2015), can be extended to employ alternative parametric distributions,

in which case it is more generally referred to as Non-homogeneous Regression (NR) or

Ensemble Model Output Statistics (EMOS). Gebetsberger et al. (2018), for example,

propose utilising a logistic distribution within this framework:

Y |x ∼ L
(
αL + βLx̄,

√
γL + δLs2

)
. (67)

As in Equation 66, the location parameter and the square of the scale parameter depend

linearly on the ensemble mean and variance, respectively.

The skew-logistic distribution then extends Equation 67 through the inclusion of an

additional shape parameter:

Y |x ∼ L
(
αS + βSx̄,

√
γS + δSs2, λS

)
, (68)

where L(µ, σ, λ) represents the skew-logistic (i.e. Type-I generalised logistic) distribu-

tion with location µ, scale σ, and shape λ, whereas L(µ, σ) denotes the ordinary logistic

distribution with location µ and scale σ (and shape equal to one).

Lastly, rather than changing the distribution to be used within NR, we consider

a suitable transformation of the temperature forecasts and observations prior to post-

processing. Hemri et al. (2015) implement a similar approach whereby the Box-Cox

transformation is applied to rainfall runoff before post-processing the transformed fore-

casts using Non-homogeneous Gaussian Regression. Since temperature is not con-

strained to be positive, we instead apply the Yeo-Johnson transformation (Equation

65) to the temperature data, but similarly implement Non-homogeneous Gaussian Re-

gression to post-process the transformed forecasts. In particular, the approach proceeds

as follows. The forecasts and observations in the training data set are first standardised

by removing the mean temperature observed in the training data, and dividing by the

standard deviation of these temperature observations:

y∗j =
yj − ȳ√
vy

, x∗m,j =
xm,j − ȳ√

vy
(69)

∀ m = 1, ...,M, j = 1, ..., N , where j indexes over the N forecast-observation pairs in

the training data set, and xm,j represents them-th ensemble member on the j-th forecast

instance. The sample mean and variance of the N observations yj in the training data

are represented by ȳ and vy, respectively. Although this standardisation could be
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performed individually for each grid point under consideration as a way to incorporate

localised information (Dabernig et al., 2020), the mean and standard deviation are

calculated across all grid points here to ensure a fair comparison with the alternative

NR approaches considered in this study. Moreover, this standardisation may not always

be necessary, but it means the resulting temperature forecasts do not depend on the

original unit of measurement.

Having standardised the forecasts and observations, the shape parameter of the

Yeo-Johnson transformation is estimated by finding the value τ̂ that maximises the

(profile) likelihood of a Gaussian distribution given the transformed and standardised

temperature observations in the training data set, ψ(y∗j ; τ), as described in Yeo and

Johnson (2000). The standardised temperature observations y∗j and ensemble members

x∗m,j in the training data set are then transformed according to ψ(· ; τ̂), before fitting

a Non-homogeneous Gaussian Regression model (Equation 66) to these transformed,

standardised forecasts and observations. Using the same value of τ to transform the

temperature forecasts and observations ensures they remain on the same scale.

Unlike the variations of NR described above, this approach does not assume that

the future temperature follows a particular parametric distribution, but rather that

the standardised and Yeo-Johnson transformed temperature is normally distributed.

Therefore, in order to generate a forecast for the future, un-transformed temperature,

it is necessary to sample from the predictive distribution issued by NGR for the trans-

formed temperature, before applying the inverse of the Yeo-Johnson transformation,

and finally recentring and rescaling using ȳ and vy.

6.4.2 Parameter estimation

The normal and logistic NR methods described above require four post-processing co-

efficients to be estimated, whereas the skew-logistic distribution includes also a fifth.

These parameters are generally estimated by minimising a loss, or penalty function

over a set of past forecasts and observations, referred to as the training data set. The

training data set used in this study consists of forecasts issued during a rolling time

window comprised only of the 30 days directly preceding the current forecast initialisa-

tion time. In estimating a new set of coefficients for each forecast, this time-adaptive

training window can account for the behaviour of recent model errors (Gneiting et al.,

2005).

To address locally-varying biases when post-processing, on the other hand, it is

common to fit separate post-processing models either at every location under consider-

ation (Thorarinsdottir and Gneiting, 2010), or for groups of locations based on proxim-

ity (Scheuerer and Hamill, 2015a), local climatological properties (Hamill et al., 2017;
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Friedli et al., 2020), or local characteristics of the forecast (Lerch and Baran, 2017).

Due to the extensive number of grid points considered here, elaborate methods to group

together locations are computationally expensive, while site-specific post-processing is

infeasible. For this reason, one post-processing model is fit to temperature forecasts

across all grid points, which is the current framework implemented within IMPROVER.

Such an approach has the benefit that the resulting post-processing model can be ap-

plied to forecasts at all locations, including those for which past observations are not

available. Moreover, because the post-processing methods are applied to temperature

forecasts aggregated over a substantially large number of grid points, there is always

sufficient data from which to estimate reliable post-processing coefficients: a 30 day

rolling window consists of over 15 million temperature forecast-observation pairs (30 ×
810 × 621). Results presented in the following section are thus insensitive to the length

of the training window (not shown).

There are two common choices for the loss function to use when estimating the coef-

ficients over the training window. The first is the logarithmic or negative log-likelihood

score, the minimisation of which is equivalent to maximum likelihood estimation. Max-

imum likelihood estimation is used consistently throughout statistics due to its attrac-

tive theoretical properties (Gebetsberger et al., 2018; Wilks, 2019) and it can easily

be implemented for the skew-logistic forecast distribution using the probability den-

sity function given in Equation 63. However, it has become routine in post-processing

studies to estimate parameters by minimising the continuous ranked probability score

(CRPS), since the resulting forecast distributions tend to be sharper (Gneiting et al.,

2005). The CRPS is defined as

CRPS(F, y) =

∫ ∞
−∞

[F (u)− 1{u ≥ y}]2 du, (70)

where 1{· } denotes the indicator function. Due to its continued use as a tool for

both parameter estimation and also forecast verification, analytical solutions to this

integral have been derived for several parametric distributions. Gneiting et al. (2005),

for example, present a closed-form expression for the CRPS of a Gaussian predictive

distribution:

CRPS(N(µ, σ2), y) =σ

{
y − µ
σ

[
2Φ

(
y − µ
σ

)
− 1

]
+ 2φ

(
y − µ
σ

)
− 1√

π

}
, (71)

where φ(·) and Φ(·) represent the PDF and CDF, respectively, of the standard normal

distribution, while Taillardat et al. (2016) and Jordan et al. (2017) derive the CRPS

151



for the logistic distribution:

CRPS(L(µ, σ), y) = y − µ− σ − 2σlogFL

(
y − µ
σ

)
, (72)

where FL is the CDF of the standard logistic distribution, L(0, 1). To evaluate the CRPS

for the skew-logistic distribution, Gebetsberger et al. (2019) use numerical integration

techniques. In Appendix 6, we show that the CRPS for the standard skew-logistic

distribution can be expressed as the following infinite series:

CRPS(L(0, 1, λ), y) = −logFL(y) +
∞∑
k=1

1

k
[1− F k

L(y)]

− 2
∞∑
k=0

1

k + λ
[1− F k+λ

L (y)] +
∞∑
k=0

1

k + 2λ
.

(73)

The convergence of this series is fast, but becomes slower if there exist observations in

the training data that lie in the extreme upper tail of the forecast distribution, that is,

observations for which FL(y) approaches the radius of convergence, 1.

It is also shown in Appendix 6 that there is an analytical representation of the

CRPS for all rational values of the shape parameter (i.e. λ = a/b with a, b ∈ N). For

example, if a = 1 and b = 2, then the CRPS becomes

CRPS(L(0, 1, 1/2), y) = y + 4log
1 + F

−1/2
L (y)

2
. (74)

Similarly to the CRPS of the logistic distribution, we have that

CRPS(L(µ, σ, λ), y) = σCRPS
(
L(0, 1, λ),

y − µ
σ

)
, (75)

and Equations 73 and 74 therefore easily extend to all possible values of the location

and scale parameters.

Gebetsberger et al. (2018) argue that, since both estimators are consistent, maxi-

mum likelihood and minimum CRPS estimation should both yield calibrated forecasts if

a suitable parametric distribution is employed in the statistical post-processing model.

However, if invalid distributional assumptions are made by the statistical model, then

training the approach by minimising the CRPS results in overly sharp forecasts, whereas

the logarithmic score, in penalising poorer forecasts more heavily, encourages the post-

processing method to overestimate the forecast spread. Therefore, to assess the distri-

butional assumptions made by the different post-processing methods compared in this

study, parameter estimation is performed using both minimum CRPS and maximum

likelihood estimation.
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In all cases, to ensure the regression coefficients for the scale of the predictive distri-

butions are positive, the loss function is minimised with respect to ξ =
√
γ and κ =

√
δ

rather than γ and δ directly, and the shape parameter of the skew-logistic distribution

is similarly estimated using a square-root link function to ensure positiveness. This

shape parameter is estimated simultaneously to the model’s other regression parame-

ters, while the coefficients of the NGR post-processing method applied to Yeo-Johnson

transformed temperatures are estimated after having obtained τ̂ , as described previ-

ously. However, due to the extensive amount of data provided by the high resolution

MOGREPS-UK forecast fields, minimum CRPS estimation for the skew-logistic distri-

bution becomes computationally infeasible here, and results are therefore only presented

using maximum likelihood estimation for this approach. Nonetheless, we demonstrate

in Section 6.5.2 that minimum CRPS estimation with the skew-logistic distribution is

readily applicable to other settings where smaller training data sets are in place.

6.4.3 Forecast verification

Although Non-homogeneous Regression issues forecasts in the form of predictive dis-

tributions, it is often more practical, and thus more common, to deal with a finite

number of ensemble members. Therefore, after having post-processed the raw forecast

using Non-homogeneous Regression, an ensemble is generated from the 12 evenly spaced

( 1
13
, 2
13
, ..., 12

13
) quantiles of the post-processed forecast distribution. In the case of the

transformed temperatures, these sampled quantiles are then subjected to the inverse

Yeo-Johnson transformation to generate forecasts for the (un-transformed) tempera-

ture, as is described at the end of Section 6.4.1.

Methods to verify ensemble forecasts can then be applied. The most common tool to

assess ensemble forecasts is the rank histogram, which counts the frequency with which

the observed temperature value assumes each rank when pooled among the ensemble

members (Thorarinsdottir and Schuhen, 2018). Deviation from uniformity in the rank

histogram indicates a miscalibrated ensemble forecast, and systematic structures to this

deviation can be used to diagnose the nature of any deficiencies in the prediction system

(Hamill, 2001).

Furthermore, the goal of probabilistic forecasting is often stated as increasing the

sharpness of the forecast, subject to calibration (Gneiting et al., 2007). The coverage of

the ensemble forecast is the proportion of instances in which the observed temperature

falls between the lowest and highest ensemble members - more formally, this is the

coverage of the forecast’s 100(M − 1)/(M + 1)% prediction interval; in our study, with

M = 12, this corresponds to the forecast’s 85% prediction interval. If the observation

is equally likely to assume any rank among the ensemble members, then this coverage
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should be equal to (M − 1)/(M + 1), the proportion of ranks the observation can take

on while remaining between the lowest and highest ensemble member. The range, or

width, of the ensemble members then provides a measure of the forecast sharpness,

and Gneiting et al. (2007) suggest that this spread should be minimised, subject to

achieving the optimal coverage.

To rank and compare the competing forecast distributions, it is useful to employ an

objective measure of forecast performance. For this purpose, several scoring rules have

been proposed. A scoring rule maps the predictive distribution and its corresponding

observation to a numerical value, thereby objectively quantifying the forecast accuracy.

Such a scoring rule is said to be proper if its statistical expectation is minimised when

the forecast distribution is equivalent to the distribution from which the observations

arose (Gneiting and Raftery, 2007). Therefore, if a forecaster has access to the gener-

ation mechanism behind the observations, then there is no incentive for them to issue

anything else as their forecast.

Both the logarithmic score and the CRPS are examples of proper scoring rules. The

logarithmic score is a local score and thus relies on the predictive density function of

the forecast, which is not readily available for forecasts in the form of an ensemble.

Therefore, although Tödter and Ahrens (2012) propose a continuous ranked extension

of the logarithmic score that is applicable to ensemble forecasts, the CRPS is more

commonly implemented, since it reduces conveniently to

CRPS(x, y) =
1

M

M∑
j=1

|y − xj| −
1

2M2

M∑
j=1

M∑
k=1

|xj − xk|, (76)

for an ensemble forecast x with M members. The CRPS is negatively oriented, so

that a lower CRPS indicates a more skilful forecast. The CRPS thus rewards spread

among the ensemble members while penalising any deviation between the ensemble

members and the observation, thereby assimilating both the reliability and sharpness

of the forecast (Gneiting and Raftery, 2007). The total CRPS is then taken to be the

average CRPS over all forecasts.

The continuous ranked probability skill score (CRPSS) is also applied here to assess

the difference in accuracy between the various prediction schemes. This skill score is

calculated as the difference between the total CRPS for a reference forecast scheme

and for a competing scheme, divided by the score for the reference (e.g. Wilks, 2019).

The skill score is positively oriented and bounded above by one, with values below zero

indicating that the forecast under consideration performs worse than the reference to

which it is being compared.

Since the aim is to obtain a calibrated forecast field over the region of interest,
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the forecasts are evaluated using UKV model analyses. For computational efficiency,

rather than assessing the forecasts at every grid point on the UKV model domain,

we consider forecasts at every 8-th latitudinal coordinate and every 6-th longitudinal

coordinate on the domain. Results in the following section have thus been calculated

on a grid of roughly 10,000 locations over the UK. Moreover, to better understand

the qualitative behaviour of the forecasts, the performance of the forecasts relative to

weather observations at 116 station locations over the UK is also illustrated, having

bilinearly interpolated the forecast field to these sites. The synoptic stations considered

here are displayed in Figure 39.

6.5 Results

6.5.1 Gridded forecast performance

Rank histograms for the raw ensemble forecasts and those generated using the various

post-processing methods are displayed in Figure 42 at a lead time of 36 hours. The

MOGREPS-UK ensemble prediction system in this case exhibits a pronounced negative

bias, failing to capture the higher temperature observations; this is particularly perti-

nent in summer. Post-processing using Non-homogeneous Gaussian Regression trained

using minimum CRPS estimation addresses this bias, though the observed tempera-

ture is found to lie outside the range of ensemble members more often than would be

expected if the ensemble were calibrated, indicating the forecast is underdispersed and

hence overconfident. Conversely, when the NGR approach is trained by minimising the

logarithmic score, the resulting forecasts become overdispersed, reflecting the higher

penalty that the logarithmic score assigns to overconfident forecasts.

A similar result is presented in Gebetsberger et al. (2018). The authors therefore

propose employing a similar post-processing framework featuring distributions with

heavier tails, such as the logistic distribution. However, when the CRPS is chosen

as the loss function, the resulting forecasts are also found here to lack dispersion.

When trained by minimising the logarithmic score, on the other hand, both the logistic

and skew-logistic NR approaches appear reasonably well calibrated, whereas the NGR

forecasts applied to Yeo-Johnson transformed temperatures are slightly overdispersed.

Conversely, this transformation-based approach appears to rectify deficiencies in the

alternative methods when trained using minimum CRPS estimation, though there ap-

pears to be some remaining structure in the histogram that indicates a heavier-tailed

forecast distribution may be more appropriate even after transformation. As such, given

the large number of forecasts used to construct these rank histograms, a chi-squared

test for uniformity (e.g. Wilks, 2019) indicates that none of the post-processing methods

produce forecasts that are perfectly probabilistically calibrated.
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Figure 42: Rank histograms for the raw ensemble forecasts and the various post-
processing methods, trained by minimising the CRPS (left column) and minimising
the logarithmic score, LS (i.e. maximum likelihood; right column) at a lead time of 36
hours.
The UKV model analyses are treated as the observed values and the ranks have been
aggregated over all dates and locations. The horizontal red line shown at 1/13 is
indicative of perfect calibration.
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The rank histograms in Figure 42 are constructed using the UKV model analyses

as the observed temperature values. Figure 43 shows the analogous histograms when

verifying the ensembles against temperature recordings at synoptic stations over the

UK. Since the post-processing methods are trained using UKV model analyses, they

are suited to address the discrepancies between the MOGREPS-UK ensemble forecasts

and these analysis fields. The post-processing methods do not, however, represent the

additional uncertainty that arises due to error in the analysis, and also that induced

by downscaling the gridded forecasts to individual sites. As such, the rank histograms

in Figure 43 suggest the ensembles, even after post-processing, are subject to consider-

able bias and dispersion errors, corroborating recent results in Feldmann et al. (2019).

Nonetheless, the approaches based on Yeo-Johnson transformations reduce the under-

dispersion relative to the alternative methods.

The accuracy of the different post-processing methods can be compared more for-

mally using the CRPSS (again calculated across all locations and dates under consid-

eration), available in Figure 44. IMPROVER currently implements the NGR approach

trained using minimum CRPS estimation, and this thus constitutes a canonical choice

for the reference scheme when computing the skill scores. Results are shown for the

forecasts evaluated against both the UKV model analyses and the station data. In the

former case, the two post-processing methods applied to Yeo-Johnson transformed fore-

casts provide the largest benefit, with skill scores roughly equal to 2% at all lead times,

and the improvements are yet larger when the forecasts are assessed using station data,

reaching almost 5% for forecasts 12 hours in advance. Surprisingly, the approaches

trained by minimising the logarithmic score marginally outperform those designed to

minimise the CRPS, even though forecast accuracy is assessed here using the CRPS.

We note, however, that this is not surprising when the forecasts are evaluated relative

to station observations, since Figure 42 illustrates that these approaches tend to be more

overdispersed than those trained using minimum CRPS estimation. These methods thus

inadvertently account for some of the additional uncertainty present when forecasting

the less predictable station data, leading to an increased accuracy when assessed using

observations of this type. More generally, this highlights that evaluating post-processing

methods against observations that exhibit markedly different characteristics to those

used to train the methods can lead to invalid inferences regarding the quality of the

post-processing models. For example, even if a post-processing method were capable of

determining the exact generating process underlying the analysis fields in the training

data set, this method would not necessarily perform best when assessed using weather

recordings at synoptic stations.

Of course, provided a suitable scoring rule is employed, the forecasts generated

by the post-processing methods can reliably be compared regardless of the choice of

157



Figure 43: As in Figure 42, but with temperature recordings at synoptic stations treated
as the observed values.
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Figure 44: The CRPSS for the different post-processing methods at each lead time,
relative to the NGR approach trained using minimum CRPS estimation.
The forecasts are verified against both UKV model analyses (left) and weather station
observations (right). The colours distinguish between the different parametric assump-
tions, while the line type reflects the loss function used to train the post-processing
methods. All standard errors in the first plot are negligible (see Table 14), while those
in the second plot are all roughly 0.002 for all lead times. These have been omitted
from the plot to aid interpretation.

observations on which the comparison is based. But if the goal of the study is to gauge

the effectiveness of various post-processing methods, in terms of their ability to address

the errors that they encounter in the training data set, then the different methods

should be evaluated using the same type of observations as those with which they are

trained. On the other hand, of course, if the principle goal is to employ a post-processing

method that provides the most accurate forecasts at the synoptic weather stations, but

practical constraints mean only model analyses are available to train the post-processing

methods, then it might be worthwhile to choose a post-processing framework that is

known to over-predict forecast uncertainty.

Since the interest here is on comparing the competing post-processing methods,

all results are henceforth presented when evaluating forecast performance against the

UKV model analysis fields. Table 13, for example, displays the average CRPS over

all locations at a lead time of 12 hours. The mean squared error (MSE) of the en-

semble mean forecast is also presented, as is the average range of the ensemble and

the corresponding coverage. The CRPS for all post-processing methods improves upon

that of the raw ensemble by over 20%, while the Yeo-Johnson transformed predictive

distributions generate further improvements upon the other approaches. The MSEs,

on the other hand, are largely indistinguishable between the different post-processing

methods, suggesting the improvements are mainly due to a better representation of

the shape of the predictive distribution. The coverage in this case is the proportion of

instances in which the observed temperature falls within the ensemble members. Since

the ensembles are each comprised of 12 members, the optimal coverage is 11/13 = 0.85.
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CRPS MSE Width Coverage
Raw ensemble 0.5096 0.7640 1.4372 0.6078

Normal - CRPS 0.3988 0.5408 1.7445 0.7780
Logistic - CRPS 0.3985 0.5408 1.7927 0.7875

Yeo-Johnson - CRPS 0.3902 0.5429 1.8821 0.8367
Normal - LS 0.3909 0.5415 2.0197 0.8654
Logistic - LS 0.3913 0.5406 1.8965 0.8453

Yeo-Johnson - LS 0.3896 0.5440 2.0851 0.8714
Skew-Logistic - LS 0.3913 0.5410 1.8891 0.8439

Table 13: CRPS, MSE, and the average width and coverage of 85% prediction intervals
defined by the range of the ensemble members
The corresponding standard errors for the scores are available in Allen et al. (2021a).
Since the ensembles comprise 12 members, an optimal coverage would be 11/13 =
0.8462. All metrics have been computed at a lead time of 12 hours using the UKV
model temperature analyses as observations, and are averaged over all locations and
days under consideration. The optimum CRPS, MSE and coverage among the different
methods is shown in bold.

As was observed in the rank histograms, the normal and logistic distributions trained

using minimum CRPS estimation are underdispersed, issuing coverages that fall be-

low the optimal value. Estimating coefficients using maximum likelihood, or allowing

the predictive distribution to exhibit skew, on the other hand, increases the spread of

the ensemble members, and, in turn, produces forecasts that are well-calibrated with

respect to this measure.

The extra flexibility in the skewed forecast distributions is attributable to the in-

clusion of an additional parameter: λ for the skew-logistic distribution and τ for the

Yeo-Johnson transformation. A time series of this parameter, estimated for each fore-

cast day in the test data set, is shown in Figure 45 for both day- and night-time predic-

tions. The distributions of these parameters indicate that at 15 UTC, the conditional

distribution of the temperature observations given the ensemble output is negatively

skewed in winter (λ < 1, τ > 1), and positively skewed in summer (λ > 1, τ < 1). In

autumn and spring, both coefficients are closer to one, suggesting the more parsimo-

nious normal and logistic distributions are suffice during these seasons. For night-time

temperature forecasts, there is less variation in the shape coefficients, and the predictive

distributions appear slightly negatively skewed throughout the year. These results are

reinforced by the continuous ranked probability skill score (CRPSS), which is used here

to measure the improvement of the various NR approaches relative to the normal fore-

cast distribution trained by minimising the CRPS. The CRPSS, displayed separately

for each season in Table 14, indicates that improvements are largest in summer and

winter, though still noticeable in autumn and spring. The large negative bias in the
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Autumn Spring Summer Winter Total
Raw ensemble -19.24 -32.73 -42.73 -10.57 -27.81

Logistic - CRPS -0.10 0.12 0.04 -0.01 0.07
Yeo-Johnson - CRPS 1.12 1.01 3.29 3.18 2.16

Normal - LS 1.47 1.65 1.94 2.92 1.97
Logistic - LS 1.39 1.15 2.38 2.67 1.89

Yeo-Johnson - LS 1.39 1.22 3.14 3.49 2.31
Skew-Logistic - LS 1.32 1.22 2.38 2.59 1.88

Table 14: CRPSS (scaled by 100) for the prediction systems relative to Non-
homogeneous Gaussian Regression trained using minimum CRPS estimation, displayed
separately for each season.
The skill scores have been computed at a lead time of 12 hours using the UKV model
temperature analyses as observations, and are averaged over all locations and days
under consideration. Standard errors corresponding to the skill scores are available
in Allen et al. (2021a). The optimum skill score in each season among the different
methods is shown in bold.

raw MOGREPS-UK ensemble forecasts is also apparent in Table 14, with statistical

post-processing offering the most benefit in spring and summer. Analogous conclusions

are drawn when verifying the forecasts against the station data (not shown).

Perhaps surprisingly, although the forecasts benefit from the increased flexibility

provided by the Yeo-Johnson transformation, the skew-logistic forecast distributions

perform comparatively to the logistic NR approach, both quantitatively and qualita-

tively. This is in part explained by the upper bound on the positive skewness of these

forecast distributions, as discussed in Section 6.3, which can be seen from the fluctu-

ating behaviour of the shape parameter during summer in Figure 45. This is further

Figure 45: Time series of the shape coefficient of the Yeo-Johnson transformation, τ ,
and skew-logistic predictive distributions, λ as estimated over a time-adaptive 30 day
training window.
The shape is displayed for both day- (15 UTC; 12 hour forecasts; left panel) and night-
time (03 UTC; 24 hour forecasts; right panel) temperatures. The shapes corresponding
to 36 hour forecasts are very similar to those displayed for 12 hour forecasts.
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Figure 46: Map of the continuous ranked probability skill score (CRPSS) for the Yeo-
Johnson transformed NGR approach, relative to the standard NGR forecasts, at each
grid point.
The skill score is shown at a lead time of 12 hours and has been estimated over all of
2018. Both methods are trained using minimum CRPS estimation, and the gridded
UKV model analysis fields are treated as the observations.

reinforced by the seasonal skill scores in Table 14, where the quantitative performance

of the skew-logistic forecasts in summer is almost identical to that of the original logistic

forecasts.

Lastly, not only does the skewness of the unconditional temperature distribution

change for different seasons, but Figure 40 indicates that it varies also for different lo-

cations. Figure 46 therefore displays the CRPSS for the forecasts generated using NGR

applied to Yeo-Johnson transformed temperatures, relative to those using conventional

NGR, calculated separately for each grid point. Both methods are trained here by

minimising the CRPS over the training data, allowing focus to be placed on the ben-

efits gained by the more flexible distribution. The Yeo-Johnson based post-processing

approach performs marginally worse than NGR at a band of locations over the North

Atlantic and the North Sea, but significantly improves the performance of the resulting

forecasts at inland locations across the UK. The accuracy of forecasts at individual grid

points improves by as much as 10%, with the largest benefits appearing in mountainous

regions in northern Scotland, which agrees with results in Gebetsberger et al. (2019).

Schuhen et al. (2020) have also recently identified deficiencies in the MOGREPS-UK

output and associated NGR post-processed forecasts when predicting the temperature

at mountainous locations.
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6.5.2 Local forecast performance

Based on Figure 46, a suitable extension of the post-processing framework implemented

herein would be to calibrate grid points over land and sea separately. More generally,

since the post-processing methods are trained using temperature forecasts and obser-

vations aggregated across all (over 500,000) grid points on the UKV model domain, it

could be the case that the error distribution of the ensemble mean forecast becomes

skewed due to the combination of (potentially symmetric) forecast error distributions

across several locations. In this respect, although the previous section demonstrated

that skewed predictive distributions can help to account for this behaviour, the bene-

fits of these approaches may diminish if spatial information were incorporated into the

post-processing models.

To investigate whether or not this is the case, we restrict attention to the temper-

ature forecasts at 116 grid points over the UKV domain, which correspond to the grid

points associated with the station locations displayed in Figure 39. The post-processing

set up is largely similar to before: all methods considered in the previous section are

also compared here, trained using both maximum likelihood and minimum CRPS es-

timation over a rolling 30 day window, with the UKV temperature analysis fields still

treated as the observations. However, in contrast to the previous setting, a local post-

processing framework is applied, whereby the coefficients of the various post-processing

methods are estimated separately at each of the 116 grid points. In addition, results are

also presented here for the skew-logistic NR approach trained using minimum CRPS

Figure 47: Boxplots of the CRPS for the raw ensemble forecast and the various local
post-processing methods (as described in Section 6.5.2).
Results are shown for forecasts verified against UKV model analyses (left) and weather
station observations (right) at a lead time of 36 hours. The boxes contain the median
(orange line) and the lower and upper quartiles of the empirical CRPS distribution.
Values of the CRPS that exceed (fall below) the upper (lower) quartile plus (minus)
1.5 times the interquartile range are defined as outliers, and have been removed from
both plots. The methods have been ordered by decreasing median CRPS.
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Figure 48: Rank histogram for the local NGR forecasts trained using minimum CRPS
estimation (left) and maximum likelihood (right) at a lead time of 36 hours.
The UKV model analyses are treated as the observed values and the ranks have been
aggregated over all dates and locations. The horizontal red line shown at 1/13 is
indicative of perfect calibration.

estimation, which can feasibly be implemented using the reduced amount of training

data; the training data set now consists of only 30 forecast-observation pairs. Details

regarding how this approach is implemented are discussed in Appendix 6.

Figure 48 displays the rank histograms for the two post-processing methods that

employ a normal predictive distribution in this localised setting, at a lead time of 36

hours. A similar pattern manifests to that observed in Figure 42: the forecasts trained

by minimising the CRPS are noticeably underdispersed, whereas those trained using

maximum likelihood overestimate the forecast uncertainty. This is the case also for the

logistic NR approaches (not shown), suggesting even when grid points are considered

individually, there is still the need to make more flexible parametric assumptions when

post-processing.

Boxplots of the CRPS for all post-processing methods, averaged over all locations

and test days, are presented in Figure 47 for the same lead time. Firstly, we note

that when applying a local post-processing approach, the discrepancy between the

predictability of model analyses and station recordings is still apparent. The CRPS,

which is defined on the same scale as the temperature values, is larger for forecasts

assessed using the weather station data, reiterating that the post-processing methods

are less adept at capturing the station-specific temperatures than they are at predicting

the UKV analyses. This is also true for the raw MOGREPS-UK output. In both cases,

however, all post-processing methods offer substantial improvements upon the raw,

uncorrected ensemble forecast, as expected. The post-processing methods in Figure

47 have been ordered according to their median CRPS value, which is lowest for the

two methods that employ a Yeo-Johnson transformation, regardless of whether UKV

analyses or station recordings have been used to assess the forecasts.
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12 hours (SE) 24 hours (SE) 36 hours (SE)
Raw ensemble -42.01 (0.61) -12.22 (0.31) -21.72 (0.42)

Logistic - CRPS 0.30 (0.18) 0.30 (0.11) 0.01 (0.09)
Yeo-Johnson - CRPS -0.04 (0.08) -0.63 (0.15) -0.80 (0.18)
Skew-Logistic - CRPS -0.17 (0.18) -2.31 (0.15) -2.31 (0.14)

Normal - LS -0.83 (0.13) -0.79 (0.14) -0.49 (0.11)
Logistic - LS 0.32 (0.20) 0.47 (0.12) 0.10 (0.06)

Yeo-Johnson - LS -1.50 (0.14) -1.00 (0.17) -0.87 (0.18)
Skew-Logistic - LS -1.65 (0.23) -2.06 (0.18) -1.78 (0.18)

Table 15: CRPSS (scaled by 100) for the prediction systems relative to Non-
homogeneous Gaussian Regression trained using minimum CRPS estimation, when a
localised post-processing method is implemented.
Standard errors (computed using 1000 non-parametric bootstrap resamples and scaled
by 100) are displayed in brackets next to the score. The skill score is shown at all
lead times using the UKV model temperature analyses as observations, and is averaged
over all grid points and days under consideration. The optimum skill score among the
different methods is shown in bold.

The corresponding skill scores for all methods are displayed in Table 15, with the

NGR approach trained using minimum CRPS estimation again chosen as the reference

scheme. Although Figure 48 suggests that the assumption of normality is invalid, the

skill scores indicate that the alternative NR approaches offer little improvement upon

this baseline approach. The reason for this appears to be a result of the more flexible

post-processing methods becoming overfit on the reduced training data set, since they

require the estimation of an additional shape parameter. As such, there are a few fore-

cast cases in which these approaches perform particularly poorly in comparison with the

reference approach, resulting in heavier tailed distributions of the CRPS values (see Fig-

ure 47). Hence, although the median CRPS value of the Yeo-Johnson based approaches

is lower than that of the reference scheme, the mean is higher, leading to negative skill

scores. This sensitivity to the amount of training data is particularly pertinent for

the skew-logistic approach, since the shape coefficient is estimated simultaneously to

the other post-processing parameters. The post-processing approach applied to Yeo-

Johnson transformed temperatures, on the other hand, could more easily be adapted

to account for the amount of training data by estimating the shape coefficient over an

augmented data set, possibly utilising information from several locations. The remain-

ing post-processing parameters could then be estimated locally, after obtaining a more

reliable estimate for τ .
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6.6 Discussion

This chapter has studied the performance of short-range temperature forecast fields over

the UK, issued by the Met Office’s MOGREPS-UK ensemble prediction system. The

MOGREPS-UK forecasts exhibit a strong negative bias, and statistical post-processing

is therefore necessary to recalibrate the numerical model output. To do so, a Non-

homogeneous Regression approach is implemented here with four different choices of the

parametric assumptions. Focus is particularly on the performance of skewed predictive

distributions, including a variant of the logistic distribution that has recently been

proposed to account for changes in the shape of empirical temperature distributions

(Gebetsberger et al., 2019), as well as a novel approach that non-linearly transforms the

temperature forecasts prior to post-processing, which can similarly generate asymmetric

predictive distributions. Regardless of the choice of parametric family that is employed

in Non-homogeneous Regression, post-processing yields forecasts that are significantly

more accurate and reliable than the raw temperature ensemble forecasts, particularly

in summer.

However, it is common to employ a normal distribution within the NR framework

when post-processing temperature forecasts, whereas such an approach is found here to

be inappropriate. In particular, the resulting forecasts are found to be either under or

overdispersed, depending on the loss function used to train the forecasts, corroborating

results in Gebetsberger et al. (2018). Instead, the most accurate forecasts, as measured

using the continuous ranked probability score, are generated by an approach that ap-

plies Non-homogeneous Gaussian Regression after having transformed the temperature

forecasts and observations in the training data set so that they appear more symmetric.

This is true when using both high resolution UKV model analyses and station data to

assess the resulting forecasts, though we argue that conclusions should be treated with

caution in the latter case, since these observations are less predictable than the analysis

fields, meaning post-processing methods that overestimate the predictive uncertainty

appear more appealing. The non-linear transformation implemented here is the Yeo-

Johnson transformation (Yeo and Johnson, 2000), which belongs to the more general

class of power transformations frequently used in the wider field of statistical modelling

(Wilks, 2019). As such, although applied here to temperature forecasts, power trans-

formations could also easily be implemented when post-processing several alternative

weather variables (Hemri et al., 2015).

In any case, as in Gebetsberger et al. (2019), the results presented herein demon-

strate the potential benefit provided by more flexible parametric assumptions when

post-processing temperature forecasts. We illustrate this when applying a global post-

processing approach, whereby several grid points are re-calibrated simultaneously, but
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demonstrate that deficiencies in conventional methods exist also in more local settings.

However, as when incorporating additional predictors into the post-processing model,

more complex predictive distributions render the post-processing methods more de-

pendent on the amount of available training data. Moreover, it may be the case that

the more flexible parametric assumptions add information to the forecast that could

alternatively be introduced via additional predictors, and future studies may wish to

investigate this. Nonetheless, as long as the unconditional temperature distribution

exhibits skew, we anticipate that asymmetric predictive distributions will be benefi-

cial at longer lead times than those considered here; as the lead time increases, the

observed weather variable becomes independent of the inputs to the post-processing

model, meaning the conditional distribution of the weather variable reverts to its cli-

matological, or unconditional distribution (Allen et al., 2020).

Furthermore, all forecasts in this study have been evaluated using both UKV model

analyses, as well as temperature recordings at synoptic stations over the UK. Assessing

the forecasts against model analyses allows the spatial characteristics of forecast perfor-

mance to be better understood; as in Gebetsberger et al. (2019), the benefits of issuing

skewed predictive distributions were particularly large in mountainous regions, with

improvements at individual grid points reaching almost 10%. Similar improvements

were also observed when verifying forecasts against temperature recordings at synoptic

stations over the UK. Although there is still error in these recordings (Ferro, 2017), they

generally provide a much more accurate reflection of the weather that actually materi-

alises. However, since the post-processing methods are trained against high resolution

model analyses, they are designed to correct forecast biases relative to these gridded

analysis fields. As such, the post-processing methods are poorly suited to capture the

additional uncertainty present when predicting the station-based temperature record-

ings, resulting in underdispersed forecast distributions. Rank histograms suggest that

this underdispersion is less acute for the approaches that over-predict the uncertainty

in the training data, and this is reflected by measures of forecast accuracy. The results

presented herein therefore call for more effective approaches of combining the station

data and the analysis fields when post-processing. This could be achieved, for example,

by treating the post-processed predictive distributions trained using the analysis fields

as prior distributions when forecasting the station data, or by suitably assimilating the

two sources of information prior to fitting the post-processing model.

Finally, this study has considered forecast distributions constructed using the Non-

homogeneous Regression (NR) framework, which generally relies on specifying a uni-

modal predictive distribution centred around the (bias-corrected) ensemble mean, and

with scale or variance that depends on the ensemble spread. One benefit of the skew-

logistic forecast distribution is that the shape parameter of these forecast distributions
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could similarly be estimated using the ensemble sample skewness as a predictor, to

incorporate flow-dependent shape information provided by the numerical model out-

put. This was not considered here to maintain comparison with alternative approaches,

though this could easily be investigated in future studies. Alternatively, it might be

the case that if the ensemble members naturally reflect the skew in the temperature

distributions then a post-processing approach that dresses each ensemble member in-

dividually, such as Bayesian Model Averaging (BMA; Raftery et al., 2005), might be

able to utilise symmetric component distributions while also capturing this asymme-

try. This reflects the additional flexibility provided by the mixture distribution used

in BMA compared to NR, since it uses information independently regarding each en-

semble member. In this sense, post-processing methods that make simple assumptions

about the conditional distribution of the weather variable being forecast are at times

inadequate. Suitably transforming the data or utilising more flexible parametric distri-

butions (e.g. Allen et al., 2019) are potential ways of alleviating this, as might be non-

or semi-parametric approaches, which have recently received increased attention in the

field of post-processing (Van Schaeybroeck and Vannitsem, 2015; Taillardat et al., 2016;

Henzi et al., 2019; Bremnes, 2020).

Appendix 6: Minimum CRPS estimation with the Type-I gen-

eralised logistic distribution

In this appendix we derive expressions of the continuous ranked probability score

(CRPS) for forecasts in the form of Type-I generalised logistic distributions, with proba-

bility density function (PDF) and cumulative distribution function (CDF) as defined in

Equations 63 and 64. Let Fλ denote the CDF of the standard skew-logistic distribution,

L(0, 1, λ). The CRPS for forecasts in this form is defined as

CRPS(L(0, 1, λ), y) =

∫ ∞
−∞

[Fλ(u)− 1{u ≥ y}]2 du

=

∫ y

−∞
F 2
λ (u) du+

∫ ∞
y

[1− Fλ(u)]2 du.

(77)

Without loss of generality, we restrict attention to the standard skew-logistic distribu-

tion, with µ = 0 and σ = 1, since the CRPS in this case can easily be extended for

other location and scale parameters using Equation 75. Note now that the CDF of the

standard generalised logistic distribution, Fλ, is simply the standard logistic CDF, FL,

raised to the power of the shape parameter λ. Substituting s = FL(u) gives sλ = Fλ(u)
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and ds = s(1− s) du, so that Equation 77 becomes

CRPS(L(0, 1, λ), y) =

∫ FL(y)

0

s2λ−1

1− s
ds+

∫ 1

FL(y)

(1− sλ)2

s(1− s)
ds. (78)

If the shape parameter λ is a rational number, that is, λ = a/b with a, b ∈ N,

then the CRPS is available in closed-form. Let v = F
1/b
L (u) so that va = Fλ(u) and

dv = [v(1− vb)/b] du. Then Equation 78 can be written as

CRPS(L(0, 1, a/b), y) = b

∫ F
1/b
L (y)

0

v2a−1

1− vb
dv + b

∫ 1

F
1/b
L (y)

(1− va)2

v(1− vb)
dv. (79)

The two integrands are now rational functions and the integrals can be calculated

analytically using partial fractions. For b = 1, we recover Equation 78 with λ = a, and

for all a ∈ N we get

CRPS(L(0, 1, a), y) = y − 2 logFL(y) +
a−1∑
k=1

1

k

[
1− 2F k

L(y)
]
−

2a−1∑
k=a

1

k
. (80)

For a = 1, this together with Equation 75 gives Equation 72 and, e.g., for a = 2 we get

CRPS(L(0, 1, 2), y) = y +
1

6
− 2FL(y)− 2 logFL(y). (81)

For b = 2, the expression valid for all odd a ∈ N is still rather simple:

CRPS(L(0, 1, a/2), y) = y + 4 log
1 + F

−1/2
L (y)

2

+ 4

(a−3)/2∑
k=0

1

2k + 1

[
1− F (2k+1)/2

L (y)
]
−

a−1∑
k=1

1

k
.

(82)

For a = 3, for example, we get

CRPS(L(0, 1, 3/2), y) = y +
5

2
− 4F

1/2
L (y) + 4 log

1 + F
−1/2
L (y)

2
. (83)

Furthermore, there is an infinite series representation of the CRPS for all positive

real values of λ. Going back to Equation 78 and using the power series 1/(1 − s) =∑∞
k=0 s

k we find

CRPS(L(0, 1, λ), y) =
∞∑
k=0

∫ FL(y)

0

sk+2λ−1 ds+
∞∑
k=0

∫ 1

FL(y)

sk−1(1− 2sλ + s2λ) ds. (84)

Integrating the terms of these series is straightforward, and the resulting components
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combine to produce

CRPS(L(0, 1, λ), y) = − logFL(y) +
∞∑
k=1

1

k

[
1− F k

L(y)
]

− 2
∞∑
k=0

1

k + λ

[
1− F k+λ

L (y)
]

+
∞∑
k=0

1

k + 2λ
.

(85)

We remark that both the integration technique for rational λ and the infinite series

technique are immediately applicable also to the CRPS in a couple of other settings.

These are (i) the CRPS of a truncated skew-logistic distribution with any truncation

point, (ii) the threshold-weighted CRPS (twCRPS; Gneiting and Ranjan, 2011) of the

skew-logistic distribution with any threshold (when using an indicator weight function)

and (iii) the twCRPS of any truncated skew-logistic distribution. This might be useful

in future work when post-processing non-negative meteorological variables such as wind

speed or precipitation and/or evaluating the tail of a forecast distribution. Compact

expressions for the CRPS and the twCRPS of the truncated logistic distribution (λ = 1)

have been used in Chapter 5 in the post-processing of ensemble wind speed forecasts.

However, it is not immediately obvious how to efficiently utilise these expressions

when numerically optimising the CRPS for a skew-logistic distribution. One approach

would be to employ symbolic algebra packages to evaluate the CRPS of the skew-

logistic distribution analytically for a sequence of rational shape parameters, at a range

of possible values of y. Interpolating this output would then provide a smooth function

that approximates the CRPS at values of λ and y. Then, using Equation 75, numerical

optimisation routines could be used to optimise the smooth interpolant with respect to

the location, scale and shape parameters over the training data set.

Alternatively, numerical optimisation routines could use finite approximations of the

infinite series in Equation 85. However, the repeated evaluation of this series is more

time consuming than computing the CRPS for normal and logistic distributions in

Equations 71 and 72. This is especially true when large volumes of data are considered,

as is the case here, since the convergence of the series is slow when observations in the

training data lie in the extreme upper tail of the forecast distribution, which is more

likely to occur when considering larger archives of data. To illustrate this, Figure 49

displays the CRPS for a standard skew-logistic distribution with shape parameter equal

to one half, approximated using the infinite series in Equation 85 truncated at term K.

Even with K = 500, the series approximation is not accurate in the extreme upper tail,

and a considerably larger number of terms is required to avoid this.

Increasing the number of terms in the series obviously increases the time it takes

to approximate the CRPS, prohibiting its use in numerical optimisation routines. To
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Figure 49: CRPS of a standard skew-logistic predictive distribution with shape param-
eter equal to one half, plotted as a function of the observation y.
The CRPS is approximated using the infinite series representation in Equation 73 trun-
cated at K terms, for various choices of K.

circumvent this, we introduce an approximation of the infinite series in Equation 85

that uses a variable number of terms, K, depending on the value of y:

K =


25, y ≤ 1.5,

100, y ≤ 3,

500, y ≤ 5.

(86)

If y > 5, then we make use of the linearity of the CRPS for large y, and approxi-

mate CRPS(L(0, 1, λ), y) using CRPS(L(0, 1, λ), 5) + y − 5, where CRPS(L(0, 1, λ), 5)

is evaluated using the series with 500 terms. Figure 49 illustrates that even though at

most 500 terms are used in the series using with approach, the resulting approximation

of the CRPS performs just as well as that obtained using 100,000 terms in the series

without employing a linear extrapolation in the upper tail. Hence, the optimisation of

the skew-logistic forecast distributions in Section 6.5.2 has been performed using this

approximation to the CRPS.
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7 A sequential decomposition of proper scoring rules

7.1 Introduction

Thus far, we have considered only ways of extending established methods to statistically

post-process weather forecasts. Just as important as generating the forecasts themselves

is the ability to evaluate their performance. The objective assessment of forecasts plays

an integral role in the development of a prediction system, and numerous scoring rules

have thus been devised to quantify a forecaster’s ability. Scoring rules condense all

information regarding forecast performance into a single numerical value, allowing an

objective framework that can easily rank and compare competing schemes. However,

the value of a forecast may depend on how it is to be used, and it is therefore necessary to

consider several different aspects of a forecast’s performance (Jolliffe and Stephenson,

2012). To fully understand the strengths and limitations of a prediction system, a

variety of diagnostic tools should be employed, including graphical displays, summary

statistics and numerical performance measures.

Although scoring rules provide only a single measure of forecast quality, they can

often be decomposed into components that each assess a distinct aspect of the forecast.

These components are typically related to the marginal and conditional distributions

of the forecasts and observations, and score decompositions therefore connect scoring

rules to the distributions-oriented framework for verification introduced in Murphy and

Winkler (1987). A thorough history of the use of decompositions in forecast evaluation

is available in Mitchell (2020).

The most commonly applied decomposition is the partitioning of a score into terms

quantifying the uncertainty, resolution and reliability of the forecast. This has been

studied in most detail using the Brier score (Brier, 1950; Murphy, 1973b), and is often

posited as a reason for the score’s popularity. The uncertainty describes the inher-

ent variability in the forecasting scenario, while the resolution measures the extent to

which this variation is captured by the forecast. The reliability, or (auto-)calibration of

a forecast, on the other hand, refers to how well predictions align with their correspond-

ing observations. Several alternative scores have been similarly decomposed, including

the weighted Brier score (Young, 2010), the discrete and continuous ranked proba-

bility scores (Sanders, 1963; Murphy, 1972; Candille and Talagrand, 2005; Hersbach,

2000), the error-spread score (Christensen et al., 2015), the quantile score (Bentzien and

Friederichs, 2014), and the logarithmic, or ignorance score (Weijs et al., 2010; Tödter

and Ahrens, 2012). Bröcker (2009) builds on work by DeGroot and Fienberg (1983)

to show that any proper scoring rule can be partitioned into terms that represent the

uncertainty, resolution and reliability of the forecast, using the entropy and divergence
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functions associated with that score. A simple and interpretable generalisation of this

result is provided by Siegert (2017).

Partitions of the score provide additional feedback to the forecaster, which can then

be used to identify strengths and limitations in the prediction scheme, and, in turn, help

to improve future forecasts (Murphy et al., 1989). Other partitions have therefore also

been proposed that supply the forecaster with alternative information to that contained

in the uncertainty, resolution and reliability terms (Yates, 1982; Mitchell, 2020), and

the most suitable choice of decomposition depends on what information would be most

beneficial to the forecast users. Atger (2004), for example, remarks that the reliability

component provides limited information regarding forecast quality to end users, since

a forecast that is reliable according to this criterion can still exhibit large conditional

biases. Forecast quality could depend, for example, on the time of the year, the spatial

location, or on the value of the forecast itself, and it is therefore useful to evaluate

the performance of a forecast under different circumstances. If forecasters were able

to identify situations in which performance is particularly poor, then they could more

easily develop their forecast strategy to account for these deficiencies.

Murphy (1995) extends the distributions-oriented framework to account for the ad-

ditional information provided by an auxiliary weather variable, and the aim of this

chapter is to extend score decompositions in a similar manner. In the following section,

we propose a novel decomposition that allows one to analyse the uncertainty, resolu-

tion and reliability terms of a proper scoring rule under different circumstances, whilst

maintaining a connection to the standard definitions of the components. A similar prob-

lem has recently been considered by Ehm and Ovcharov (2017), and this is discussed

in Appendix 7.1. The new decomposition allows for a more rigorous examination of

the sources of information in a forecast, and thus further extends the analogy between

scoring rules and the well-known analysis of variance framework. This is examined in

Section 7.3. The decomposition is applied to the Brier score in Section 7.4, which is

then used to assess probability of precipitation forecasts from the Met Office’s convec-

tion permitting MOGREPS-UK ensemble prediction system in Section 7.5. Finally,

Section 7.6 concludes.

7.2 Decompositions of proper scoring rules

7.2.1 A sequential decomposition

Suppose we are interested in assessing a probabilistic forecast F via a scoring rule S.

Let s(F,G) denote the expected score for the forecast under S, when the outcome Y

is distributed according to G, i.e. s(F,G) = EY∼G[S(F, Y )]. Bröcker (2009) shows

that the forecast’s expected score, for any choice of S, can be factorised into terms
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representing the uncertainty, resolution and reliability of the forecast. In keeping with

the notation therein, the entropy of distribution G is denoted by e(G) = s(G,G), and

the divergence between two distributions by d(G,H) = s(G,H)− s(H,H):

EY [S(F, Y )] = e(p(y))− EF [d(p(y), p(y|F ))] + EF [d(F, p(y|F ))],

= UNCY −RESF +RELF ,
(87)

where p(y) denotes the marginal distribution of the response variable, and p(y|F ) the

conditional distribution of the response variable given the forecast. Throughout this

work, any expectation operator will use a subscript to denote the variable(s) over which

the expectation is calculated, so that EY signifies the expectation with respect to the

distribution of Y , for example. The above decomposition holds for all scoring rules,

though propriety ensures that the components are non-negative. A scoring rule is said

to be proper if an optimal score is expected when the forecast issued is equivalent to

the distribution from which the verifying observation is drawn. Proper scoring rules

therefore encourage forecasters to issue their true beliefs, rather than hedging (DeGroot

and Fienberg, 1982; Bröcker and Smith, 2007b). Scoring rules considered here are

assumed to be proper and negatively oriented, so that a smaller score is preferable.

The first term of the decomposition expresses the inherent variability of the predic-

tand, and is thus known as the uncertainty, UNCY . This term is independent of the

forecast, and a subscript Y indicates that this is a property of the outcome variable

rather than the forecasts. The uncertainty is quantified by the entropy of the marginal

distribution of the outcome, and a larger uncertainty is indicative of a less predictable

forecast scenario, which in turn leads to a higher (worse) score. The second compo-

nent is the resolution, RESF , which loosely measures the information content in the

forecast (Bröcker, 2009). The resolution acts negatively on the score, so that more

informed predictions correspond to larger resolution terms, and hence result in smaller

scores. If the score attained for a perfect forecast is zero, as is often the case, then

the ratio of the resolution to the uncertainty provides the proportion of uncertainty

that can be explained by the forecast. Furthermore, the uncertainty and resolution are

often considered together, as a measure of the sharpness or refinement in the forecast

(Blattenberger and Lad, 1985; DeGroot and Fienberg, 1982; Mitchell, 2020).

The final term, RELF , assesses the statistical consistency between the forecasts

and observations. Since it acts positively on the score, this component can be thought

of as the extent to which the forecast is miscalibrated, and hence a lower reliability

term is desired. The component is equal to zero only if the conditional distribution of

the predictand given the forecast, p(y|F ), is equal to the forecast itself. For example,

if a forecast predicts the occurrence of an event with probability P , then the event
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should materialise on 100P% of occasions when such a forecast is issued. The forecast

in this case is said to be reliable, or calibrated. Statistical methods can often be used

to calibrate predictions, and hence the resolution can be thought of as the potential

information in the forecast, while the reliability represents the information that is lost

via miscalibration. Although the resolution and reliability depend on both the forecasts

and the outcome, a subscript F is used to highlight that these terms measure to what

extent the forecasts capture the behaviour of the predictand. This notation is useful to

distinguish between different decompositions of the expected score.

The factorisation of the expected score into uncertainty, resolution and reliability

terms is informative, but it may be useful to investigate how these terms change under

different circumstances. In doing so, forecasters can more easily identify and then rectify

deficiencies in their prediction scheme. Consider a set of possible states {A1, ..., AJ} of

the forecasting system, representing some auxiliary information on which to condition

the forecast evaluation (Ehm and Ovcharov, 2017). The states are assumed to be

mutually exclusive and collectively exhaustive, so that the prevailing state, A, must

always manifest as one of these J possible options: A ∈ {A1, ..., AJ}.
A state-dependent, or local decomposition can similarly be applied to the expected

score for the forecast conditional on each state:

EY [S(F, Y )|A = Aj] =e(p(y|Aj))− EF [d(p(y|Aj), p(y|F,Aj))|Aj]

+ EF [d(F, p(y|F,Aj))|Aj],

=UNCY |j −RESF |j +RELF |j.

(88)

Possible choices for the auxiliary information, or states, include partitions of time (e.g.

seasons or weather regime occurrences), space (e.g. spatial regions or grid points), or

realisable values of a meteorological variable. Note, however, that choosing states that

depend on the observations will raise the forecaster’s dilemma (Lerch et al., 2017).

To avoid this, the states must be chosen such that the state assigned to a forecast is

identifiable prior to the forecast being issued.

The expected score is recovered from Equation 88 by taking the expectation over all

possible states. This is akin to calculating the score separately for forecasts pertaining

to each state, and then summing the resulting scores, each weighted by the relative

frequency with which that state occurs. Likewise, uncertainty, resolution and reliability

components can be calculated using a weighted sum of the terms corresponding to each
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state:

EY [S(F, Y )] = EA[EY [S(F, Y )|A = Aj]]

= EA[UNCY |j]− EA[RESF |j] + EA[RELF |j],

= UNCY |A −RESF |A +RELF |A.

(89)

This generates a decomposition of the expected score that contains three components

representing the expected uncertainty, UNCY |A, resolution, RESF |A, and reliability,

RELF |A, within the chosen states.

A similar factorisation is used, for example, to decompose the ranked probability and

ranked ignorance scores, where the states correspond to the thresholds being forecast

(Murphy, 1972; Candille and Talagrand, 2005; Tödter and Ahrens, 2012). However,

the terms in Equation 89 are not equivalent to those in Equation 87. For example, the

three terms vary depending on the choice of states, and a forecast is reliable according

to this definition only if it is calibrated conditional on the occurrence of each possible

state. Equation 89 therefore provides a stronger criterion for reliability than Equation

87 (Candille and Talagrand, 2005), and it follows that the conditional reliability term

RELF |A must be at least as large as the overall reliability, RELF .

Equations 87 and 89 thus form two distinct decompositions, each assessing slightly

different characteristics. Terms that are independent of the forecast states, as in Equa-

tion 87, allow for definitions of the components that are easy to interpret, and are

robust to the choice of states. Yet Equation 89 provides helpful information regarding

the forecast performance in different situations that is not available from Equation 87.

We therefore propose an alternative decomposition that amalgamates the two expres-

sions, thereby possessing the benefits of both:

EY [S(F, Y )] = {UNCY |A +RESA} − {RESA +RESF |A −RESA|F}

+ {RELF |A −RESA|F}.
(90)

The first, fourth and sixth components (UNCY |A, RESF |A and RELF |A) are those

present in Equation 89, while the first, second and third sets of curly braces are equiv-

alent, respectively, to the classical uncertainty, resolution and reliability components in

Equation 87. A proof of this is available in Appendix 7.2. This decomposition consists

of five terms, rather than three, and contains two terms, RESA and RESA|F , that are

both added and subtracted from the decomposition, and therefore have no effect on the

overall score:

RESA = EA[d(p(y), p(y|A))],

RESA|F = EA[EF [d(p(y|F ), p(y|F,A))|A]].
(91)
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Although these extra terms contribute nothing to the score, they are themselves use-

ful, in that they represent supplementary information regarding the behaviour of the

forecasts and the response variable conditional on the possible states.

For example, RESA is the expected divergence between the marginal distribution

of the outcome and the conditional distribution of the outcome given each state. It

thus describes the variation in the outcome due to changes in A, and can be thought

of as the resolution of the states (note the similar form to the forecast resolution in

Equation 87). The uncertainty has thus been divided into within-state (UNCY |A) and

between-state (RESA) contributions.

On the other hand, RESA|F can be thought of as the variation in the response

variable that arises due to changes in the state and is not captured by the forecast. Or,

equivalently, the increase in resolution that would be attained if the forecast perfectly

captured the dependence of the predictand on A. Moreover, the sum of RESA and

RESF |A is equal to the joint information provided by both the forecast and the states.

That is, RESF,A = RESA + RESF |A, where RESF,A = EA[EF [d(p(y), p(y|F,A))|A]].

The labelling of terms provides an intuitive interpretation here - the uncertainty resolved

by F and A can be written as the uncertainty resolved by A, plus the additional

uncertainty resolved by F after accounting for A, or vice versa. Hence, by expressing the

forecast resolution as the joint information provided by the forecasts and states minus

the resolution of the states given the forecast, Equation 90 allows for the sequential

analysis of sources of information in the forecast.

The reliability component is now equal to the difference between RESA|F and the

expected reliability of the forecast F with respect to A, RELF |A. These two terms

are equal, and hence the reliability is zero, when F = p(y|F ), which is the standard

requirement for calibration. Note, however, that a reliable forecast is not necessarily

calibrated with respect to the possible states. An example of this occurs when positive

and negative errors cancel each other out, leading to a system that is calibrated on the

whole, but is subject to conditional biases (Hamill, 2001). If the forecast is reliable with

respect to the possible states, then F = p(y|F,A), for all possible A, and both terms

in the reliability become zero. In this case, the forecasts satisfy a stronger criterion

of calibration, but the absence of conditional biases manifests in the score via the

resolution term, since the negative impact of RESA|F is eliminated.

7.2.2 Conditioning on several states

The decomposition in Equation 90 has the desirable property that it can easily be

extended further to assess the forecast simultaneously on two separate sets of states, say

{A1, ..., AJ} and {B1, ..., BL}. For example, we may be interested in assessing how well
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the forecasts can capture variation in the predictand due to changes in both the season

and weather regime. This could be achieved using separate applications of Equation

90 for each choice of state, but these states are unlikely to be independent, with some

variations in weather regime likely linked to changes in the season. If the two states

are considered simultaneously, then we can evaluate how well the forecasts capture the

seasonality in the outcome, as well as the remaining variation due to changes in regime

after having accounted for the seasonal cycle.

Another example of this is given in Ehm and Ovcharov (2017), where the score

is conditioned on values of the forecast as well as some additional information - i.e.

the possible values of B ∈ {B1, ..., BL} correspond to the possible values of the fore-

cast. However, there are other differences between Equation 90 and the decomposition

presented in Ehm and Ovcharov (2017), and this is discussed further in Appendix 7.1.

For any two choices of states, the decomposition becomes

EY [S(F, Y )] ={UNCY |A,B +RESA,B} − {RESA,B +RESF |A,B −RESA,B|F}

+ {RELF |A,B −RESA,B|F},
(92)

where the terms of this decomposition are defined similarly to those in Equation 90,

but with A replaced with the union of A and B. This decomposition does not separate

the individual effects of the two sets of states, but rather considers their joint effect.

However, as mentioned previously, the joint resolution of A and B can be decomposed

further using the fact that RESA,B = RESA +RESB|A = RESB +RESA|B. Note that

if the two sets of states are independent then the joint information can be expressed

as the sum of the individual resolutions. An analogous breakdown also holds for the

conditional resolution, RESA,B|F . This result can similarly be used in the presence

of more than two states, though, in practice, considering more states requires further

stratification of the data at hand, and hence may only be feasibly implemented when

large data sets are available.

This partitioning of the joint resolution allows for the sequential analysis of the

information content provided by a set of states: the uncertainty can now be written as

the expected variation in the outcome for a fixed A and B, plus the variation that arises

due to changes in A (or B), and that due to changes in B given a fixed A (or A given a

fixed B). We can thus sequentially quantify the amount of uncertainty attributable to

A and B. Similarly, in the resolution term we are sequentially quantifying the amount

of uncertainty attributable to A and B that is captured by the forecasts.
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7.3 Analysis of Information

The previous section discussed how the terms of Equations 90 and 92 can be used to

quantify the amount of uncertainty attributable to different sources. The interpreta-

tions of these terms therefore bear resemblance to those in the well-known analysis

of variance (ANOVA) framework, which seeks to quantify how much variation in the

response variable can be explained by changes between different factors. A duality

between decompositions of scoring rules and the analysis of variance has already been

noted for quadratic scores (Blattenberger and Lad, 1985).

Consider a set of n observations and K factors, or treatment groups. The observa-

tions are written as yk,j, where k ∈ {1, ..., K} denotes the associated treatment group,

and j ∈ {1, ..., nk•} is the unit within the group of interest, with nk• denoting the

number of observations given treatment group k. The sum of the nk• across all possible

groups is equal to the total number of observations. A one-way analysis of variance

then decomposes the variance in the observations into between-factor and within-factor

effects. The decomposition is typically expressed as:

K∑
k=1

nk•∑
j=1

(yj,k − ȳ)2 =
K∑
k=1

nk•(ȳk• − ȳ)2 +
K∑
k=1

nk•∑
j=1

(yj,k − ȳk•)2, (93)

where ȳk• is the mean observation given treatment k (Wilks, 2019). The first term is

the sum of squared differences between the observations and their global mean, termed

the total sum of squares (TSS). This term is written as the sum of the treatment sum

of squares (SST), denoting the weighted deviation between the conditional and global

means, and the sum of squared error (SSE), the variation of the observations from the

conditional means. Dividing these terms by the total number of observations recovers

the law of total variance: the variance in the observations (scaled TSS) is decomposed

into the between-treatment group variation (scaled SST) and the within-group variation

(scaled SSE). That is, the (scaled) treatment sum of squares, represents the amount

of variation in the observations that is captured by the treatment groups, whereas

the (scaled) sum of squared error is the remaining, unexplained variance. A common

analysis might then test whether SST is significantly different from zero, which would

suggest the treatment groups explain a non-negligible amount of variation in the data.

This decomposition does not depend on a specific prediction as such, but only the

extent to which the treatment groups can distinguish between different observations.

However, the sum of squared error can be decomposed further into two terms:

K∑
k=1

nk•∑
j=1

(yj,k − ȳk•)2 =
K∑
k=1

nk•∑
j=1

(yj,k − Pk)2 −
K∑
k=1

nk•(Pk − ȳk•)2, (94)
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where Pk represents a prediction pertaining to treatment group k (Brook and Arnold,

2018). The first term on the right-hand side is the squared forecast error, while the

second term is often termed the sum of squares due to lack of fit (SSLF), which repre-

sents the deviation between the forecasts and the conditional mean given the treatment

group (Brook and Arnold, 2018). Note, however, that the ANOVA decomposition is

typically applied in-sample, with the forecasts constructed to equal the conditional

means observed in the data. Hence, the SSLF component is typically zero, and this

decomposition of the SSE is rarely considered in practice. Combining and rearranging

Equations 93 and 94, and scaling by the number of observations gives

1

n

K∑
k=1

nk•∑
j=1

(yj,k−Pk)2 =
1

n

K∑
k=1

nk•∑
j=1

(yj,k−ȳ)2−
K∑
k=1

nk•
n

(ȳk•−ȳ)2+
K∑
k=1

nk•
n

(Pk−ȳk•)2. (95)

Here, the mean squared error of the predictions has been decomposed into the variance

of the observations, minus the expected squared deviation between the conditional

and global means, plus the expected squared difference between the predicted value in

treatment group k and the associated conditional mean. These terms clearly resemble

the uncertainty, resolution and reliability of the forecast, respectively, as defined in

Section 7.2. The (scaled) ANOVA decomposition is thus equivalent to a factorisation

of the mean squared error into uncertainty, resolution and reliability terms, where the

treatment groups correspond to the possible forecast values. In the case of binary

outcomes, Equation 95 is equivalent to the well-known decomposition of the Brier score

(Murphy, 1973b).

As noted by Blattenberger and Lad (1985), however, one key difference between the

ANOVA and Brier score decompositions is the way in which they are implemented: the

ANOVA framework is typically applied in-sample, whereas the Brier score decomposi-

tion is almost always used to assess out-of-sample forecast performance. Moreover, the

decomposition in Blattenberger and Lad (1985) differs slightly from that discussed here.

In particular, ȳ in Equation 93 is replaced by a hypothesised conditional mean, which

acts as the forecast. As a result, TSS as defined in Blattenberger and Lad (1985) is akin

to the squared forecast error here, and hence their SST denotes the forecast reliability,

rather than resolution. The final term of Equation 93 is also not decomposed further,

and is interpreted as the refinement, or sharpness of the forecast.

In general, for other scores, the uncertainty, resolution and reliability terms are not

equivalent to those in Equation 95, and hence the exact mathematical equality of the

analysis of variance and score decomposition frameworks does not hold. Nevertheless,

the broad interpretation of the terms remains similar regardless of the score used to

assess the forecasts: the resolution represents the amount of uncertainty that can be
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explained by the forecast, the reliability quantifies the information that is lost due

to miscalibration, and, in both cases, the aim of the forecaster is to maximise the

proportion of uncertainty that is explained by the forecast. The decomposition of

scoring rules therefore provides a generalised analysis of variance framework.

Furthermore, there are parallels in some common applications of the ANOVA de-

composition. For example, the terms of Equation 93 are often used to calculate the

coefficient of determination, or R2 value of a prediction system. This is a well-known

goodness-of-fit statistic that quantifies the proportion of variation in the observations

that is explained by the forecasts, defined mathematically as the ratio of the explained

variance (SST − SSLF 1) to the total variance (TSS). Analogously, the proportion of

uncertainty that is captured by the forecast is equivalent to the ratio of RESF −RELF
to UNCY , which is equivalent to the skill score obtained when using the unconditional

(i.e. climatological, in the context of meteorology) forecast distribution as a reference

(Mason, 2004).

The terms of the new decomposition (Equation 90) also align with the analysis of

variance framework. Another common application of the ANOVA decomposition is to

aid the comparison of statistical models by testing whether or not additional variables

should be included to capture some of the remaining, unexplained variation in the data.

In particular, a sequential ANOVA approach can be used to test whether potential

covariates have a significant effect on the model fit, given those already included. The

proportion of previously unexplained variation that is captured by the extra predictor

is quantified by the coefficient of partial determination.

Consider now a reliable forecast. In the case of reliable predictions, the squared

forecast error is equal to the sum of squared error (Equation 94). In this sense, the

average score can be thought of as the amount of variation in the observations that

is not explained by the forecast. As remarked in the previous section, the RESA|F

component represents the extent to which the forecast does not accurately model the

dependence between the observations and the chosen states. Therefore, the ratio of

RESA|F to the forecast’s score is the proportion of unexplained variation that would be

explained if the forecast captured all uncertainty in the observations due to changes in

the state. This is equivalent to the skill score for a prediction obtained by (perfectly)

recalibrating the original forecast with respect to the states, relative to the original

forecast itself. The terms of Equation 90 thus help to quantify the improvement in

score gained from utilising a larger information set (Holzmann and Eulert, 2014; Strähl

et al., 2017). More generally, the skill score of one forecast relative to another represents

the proportion of previously unexplained uncertainty that has now been captured, and

1The SSLF component is rarely included since ANOVA models are generally constructed to be
unbiased.
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this thus constitutes a natural analogue of the partial coefficient of determination.

In the field of weather forecasting, the decomposition presented here is therefore rel-

evant for use alongside statistical post-processing methods, where recent advances have

focused on including additional variables into recalibration models. The decomposition

can be applied several times with different choices of the states, and those that result

in a large RESA|F component may be a source of significant conditional biases in the

forecast. Incorporating information regarding these states into post-processing models

should in turn yield significant improvements. However, this is true only in theory,

and errors may occur in practice due to a finite sample size. Commonly, the aim of

post-processing methods is to calibrate the weather model output without sacrificing

the information content in the numerical forecast. Conversely, adding more informa-

tion seeks to increase the forecast resolution without using a model that is so complex

that it overfits the data, and thus hinders calibration. This aligns with the notion of

yielding predictive distributions that are sharp subject to being calibrated (Murphy

and Winkler, 1987; Gneiting et al., 2007).

7.4 The Brier score

7.4.1 Decomposition of the Brier score

In this section the (half-)Brier score is decomposed according to both Equation 87

and Equation 90. The Brier, or probability, score is used to assess forecasts for the

occurrence of a binary event, and is defined as the average squared difference between

a probability forecast and the corresponding binary outcome (Brier, 1950):

BS(P, y) = (P − y)2. (96)

Here, P is the forecast probability of the event occurring, and y is the associated

observation, which takes the value one if the event under consideration occurs, and

zero otherwise. A smaller score clearly indicates closer alignment between the forecasts

and observations, and a perfect forecast is one that can always recognise when the event

will and will not occur, so that P is always equal to y.

Consider the case where the forecast P can only take one of a finite number of values,

P ∈ {P1, ..., PK}. Murphy (1973b) shows that in such circumstances, the average Brier

score over n forecast instances can be divided into three components. Let nk• represent

the number of times forecast Pk was issued, with
∑K

k=1 nk• = n, and let ok• denote the

frequency with which the event occurred given that the k-th forecast was issued. The

average event frequency given the k-th forecast is then defined as the ratio of ok• to
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nk•, denoted by ȳk•, while the climatological event frequency is

ȳ =

∑K
k=1 ok•∑K
k=1 nk•

=

∑n
i=1 y

(i)

n
.

The classical decomposition (Murphy, 1973b) into uncertainty, resolution and reli-

ability components is then

1

n

n∑
i=1

BS(P (i), y(i)) = ȳ(1− ȳ)−
K∑
k=1

nk•
n

(ȳk• − ȳ)2 +
K∑
k=1

nk•
n

(Pk − ȳk•)2, (97)

where P (i) and y(i) represent, respectively, the predicted probability and observation

on the i-th forecast case. The first term is an estimator for the uncertainty component

ÛNCY , the second estimates the resolution R̂ESF , and the final term the reliability

R̂ELF . This is equivalent to the ANOVA decomposition in Equation 95.

Suppose now that, as before, we wish to assess the forecast conditional on the J

possible states that could arise. Let n•j denote the number of times state j occurred,

and nkj the number of times forecast k was issued given that state j occurred. Define

also ȳ•j as the climatological event frequency given state j, and ȳkj as that given the

j-th state and the k-th forecast value. The terms of Equation 90 for the Brier score

can then be expressed as

ÛNCY |A =
J∑
j=1

n•j
n
ȳ•j(1− ȳ•j),

R̂ESA =
J∑
j=1

n•j
n

(ȳ•j − ȳ)2,

R̂ESF |A =

J,K∑
j,k

nkj
n

(ȳ•j − ȳkj)2,

R̂ESA|F =

J,K∑
j,k

nkj
n

(ȳk• − ȳkj)2,

R̂ELF |A =

J,K∑
j,k

nkj
n

(Pk − ȳkj)2,

(98)

with
∑J,K

j,k denoting the double summation over all possible forecasts and states. A hat

is again used to emphasise that these terms are estimators in the presence of a finite

amount of data. We show in Appendix 7.3 that when these terms are combined as in

Equation 90, then we recover the terms in Equation 97.
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7.4.2 Bias corrected components

In practice, the score and its constituent terms can only be estimated from a finite

amount of data. The sample mean score is an unbiased estimator for the expected

score, but, in general, the empirical uncertainty, resolution and reliability terms are

biased (Bröcker, 2012a). Although no unbiased estimators exist for the resolution and

reliability components of the Brier score (Ferro and Fricker, 2012), both Bröcker (2012a)

and Ferro and Fricker (2012) have proposed bias corrections whose biases decay at a

much faster rate than those of Equation 97. In the following section, the bias corrected

decomposition of Ferro and Fricker (2012) is utilised:

ŨNCY = ÛNCY +
ȳ(1− ȳ)

n− 1
,

R̃ESF = R̂ESF +
ȳ(1− ȳ)

n− 1
− 1

n

K∑
k=1

nk•
nk• − 1

ȳk•(1− ȳk•),

R̃ELF = R̂ELF −
1

n

K∑
k=1

nk•
nk• − 1

ȳk•(1− ȳk•).

(99)

We use similar ideas to obtain bias corrections for the terms in Equation 98. In

doing so, the resulting estimates are less sensitive to the amount of data available:

ŨNCY |A = ÛNCY |A +
1

n

J∑
j=1

n•j
n•j − 1

ȳ•j(1− ȳ•j),

R̃ESA = R̂ESA +
ȳ(1− ȳ)

n− 1
− 1

n

J∑
j=1

n•j
n•j − 1

ȳ•j(1− ȳ•j),

R̃ESF |A = R̂ESF |A +
1

n

J∑
j=1

n•j
n•j − 1

ȳ•j(1− ȳ•j)−
1

n

J,K∑
j,k

nkj
nkj − 1

ȳkj(1− ȳkj),

R̃ESA|F = R̂ESA|F −
1

n

J,K∑
j,k

nkj
nkj − 1

ȳkj(1− ȳkj) +
1

n

K∑
k=1

nk•
nk• − 1

ȳk•(1− ȳk•),

R̃ELF |A = R̂ELF |A −
1

n

J,K∑
j,k

nkj
nkj − 1

ȳkj(1− ȳkj).

(100)

It is assumed here that the forecast-observation pairs are independent and identically

distributed, and also that the forecasts and states are chosen such that none of nk•, n•j,

and nkj are equal to one. It is straightforward to verify that the bias corrections above

cancel each other out so that the estimator for the expected score is unbiased, and also

that the bias corrections for the corresponding UNCY , RESF and RELF estimators

agree with those in Equation 99. A more thorough investigation of the properties
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of these bias corrections is conducted in Appendix 7.4. In the next section, we use

these bias corrected components of the Brier score to assess probability of precipitation

forecasts.

7.5 Case study

7.5.1 Data

This section demonstrates how the Brier score can be applied to assess forecasts under

a variety of different circumstances, highlighting the merits of the novel decomposition

discussed in Section 7.2. Several competing probability of precipitation forecasts are

assessed using both the classical and novel decompositions. Forecast performance is

evaluated conditional on three different choices of states: the season at the forecast

initialisation time, the predicted weather regime at the forecast validation time, and

the spatial region to which an observing station belongs.

Ensemble forecasts for 24 hour precipitation accumulation are obtained from the

Met Office’s MOGREPS-UK ensemble prediction system. The model operates at a

2.2km resolution over the UK and surrounding area, and the forecasts are bilinearly

interpolated to 140 synoptic stations across the UK and Ireland. The locations con-

sidered are shown in Figure 50. Precipitation measurements at these sites are used to

verify the forecasts. In particular, interest lies on the precipitation accumulation at

each station between 24 and 48 hours after the forecast is initialised.

Since the accumulations must be non-negative, interpolation schemes may inflate

forecasts of zero precipitation (Accadia et al., 2003). To counteract this, a nonzero

precipitation event is said to occur only if the 24 hour accumulation exceeds 0.3mm.

Forecasts are considered daily, initialised at 0300 UTC between the 1st January 2017

and the 31st December 2018. The two year period is chosen since it lies between two

major model upgrades, ensuring fairly homogeneous forecast errors. After accounting

for missing data, the total number of forecast-observation pairs available is roughly

100,000.

7.5.2 States

The first set of states considered are the seasons. Forecasts initialised between December

and February are classified as Winter, March to May as Spring, June to August as

Summer, and Autumn is those in September, October or November. There are hence

four states that occur with very similar frequencies.

Alternatively, time can be stratified by the occurrence of synoptic-scale weather

regimes. Neal et al. (2016) identify 30 weather patterns over the UK from mean sea
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Figure 50: The 140 station locations where precipitation forecasts are considered.
The five different shapes are used to distinguish between stations assigned to different
regions, while the colours represent the average 24 hour precipitation accumulations
at each site (in mm). One location in northwest Wales has a mean precipitation ac-
cumulation of 7.3, which is shown in grey to allow comparison between the remaining
stations.

level pressure anomaly fields, which are later condensed to eight more general regimes.

These regimes are used operationally in the Met Office’s Decider tool, and they are used

here as states to investigate how forecast quality depends on the prevailing atmospheric

behaviour. A plot of the regime centres is shown in Figure 27 in Chapter 5, and a

thorough interpretation of the regimes is available in Neal et al. (2016). Regimes 7

and 8 occur only a handful of times over our verification set and hence are merged

with other regimes, those to which they are most similar. Occurrences of Regime 7 are

instead classified as Regime 5, and those of Regime 8 are mapped to Regime 6. This

results in six weather regimes that all occur with similar frequencies.

Studies of model performance in different weather regimes typically define the

regimes as those that materialise at the forecast initialisation time. Results in Chapter

4, however, suggest that model biases vary more depending on the regime predicted

by a numerical weather model at the forecast validation time. Therefore, we assign

forecast-observation pairs to a weather regime depending on the regime that is pre-

dicted to occur by the Met Office’s global deterministic model at 1200 UTC on the day

of validation. This is equivalent to how the regime of a forecast is defined in Chapter

5.

Figure 51 displays the distribution of 24 hour precipitation accumulations in each

season and weather regime at all locations under consideration. There is a clear de-
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Figure 51: Distribution of 24 hour precipitation accumulations in each season and
weather regime, across all locations.
Outliers, defined as precipitation values more than 1.5 times the interquartile range
above the upper quartile, have been omitted for ease of comparison.

pendence on season, with large accumulations occurring in winter and autumn, and

comparatively less precipitation in spring and summer. There is also a reliance on the

prevailing weather regime, which may itself depend on the season. Regime 2, corre-

sponding to the positive phase of the North Atlantic Oscillation (NAO; see Chapter

5) is associated with relatively high precipitation accumulations throughout the year,

whereas the negative phase of the NAO (Regime 1) is linked to drier periods in the UK.

Lastly, we examine how forecasts perform over distinct spatial regions across the UK

and Ireland. The locations are stratified into five clusters using a k-means clustering

approach applied to the latitude-longitude coordinates of the stations, minimising the

average distance between points in the same cluster (Wilks, 2019). These clusters then

act as the states. The grouping is shown in Figure 50, with the five clusters roughly

corresponding to the south-east of England, the south-west of the UK, northern England

and Wales, Scotland, and Ireland and Northern Ireland.

Of course, there are several alternative ways to partition the stations, perhaps based

on geographical properties (Hamill et al., 2017), local orography (Friedli et al., 2020),

or historical model biases (Lerch and Baran, 2017). For this data set, however, results

suggest that the conclusions drawn from these more advanced methods would be similar

to those obtained from the simple approach implemented here. The number of clusters

is also chosen arbitrarily, though this is again not found to have a large effect on the

results.
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7.5.3 Forecasts

For the time period considered here, the MOGREPS-UK model issues ensemble fore-

casts comprised of M = 12 members. A probability of precipitation forecast is then

extracted from the ensemble using the following formula:

P =
(M+ + 1)− 1/3

(M + 1) + 1/3
, (101)

where M+ denotes the number of ensemble members that predict non-zero precip-

itation, and the adjustments of ±1/3 ensure the forecast probability is never 0 or 1

(Wilks, 2006; Williams et al., 2014). The resulting probabilities range from 2/40 to

38/40, and intermediate forecast values differ by a probability of 3/40, resulting in 13

(M + 1) evenly spaced possible forecasts.

If the range of possible forecast values were continuous, it may be necessary to

group together similar forecasts in order to estimate the conditional event frequencies.

Stephenson et al. (2008) show that such a binning can introduce biases, and two ad-

ditional terms should be included in the Brier score decomposition (Equation 97) to

address this. Since the number of possible forecast values here is discrete, the Brier

score components can easily be calculated without any grouping of the forecasts.

7.5.4 Results

One of the most simple forecasts to issue is the unconditional distribution, or the

historical, long-run average event frequency. Such a forecast is known to be reliable,

but also uninformative, and it is hence often considered as a baseline to which other

forecast schemes can be compared (Mason, 2004). In this case, the unconditional, or

climatological forecast probability of precipitation is obtained on each day via leave-

one-out cross-validation, whereby it is estimated by the proportion of precipitation

event occurrences over all other days in the two-year verification period. Data from

all locations is amalgamated, and the climatological forecast therefore does not react

to changes in the location, season or regime. The forecast is then mapped to the

permissible forecast to which it is closest. In all cases, this forecast is equal to 0.5,

suggesting precipitation occurs on roughly half of the days under consideration. The

Brier score for this climatological forecast is decomposed in Table 16. Firstly, note that

the terms of the classical decomposition, as well as the overall score, are independent

of the choice of states, with both the forecast resolution and reliability almost equal

to zero, as would be expected from a climatological forecast. The ratio of RESA to

UNCY then provides the proportion of variation in the observations that is attributable

to changes in the state. This term is larger for the regime states than for the seasons
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State UNCY RESF RELF UNCY |A RESA RESF |A RESA|F RELF |A
Seasons 2499.8 0 0.2 2454.9 44.9 0 44.9 45.1
Regimes 2499.8 0 0.2 2368.7 131.1 0 131.1 131.3

Locations 2499.8 0 0.2 2439.0 60.8 0 60.8 61.0

Table 16: Brier score for a climatological forecast decomposed using three choices of
states.
Terms have been scaled by 104 to aid interpretation. The total Brier score is equal to
2500 (±0.0).

State UNCY RESF RELF UNCY |A RESA RESF |A RESA|F RELF |A
Regimes 2499.8 130.7 1.3 2368.7 131.1 0 0.3 1.7

Table 17: Brier score for a climatological forecast that has been conditioned on the
predicted weather regime, decomposed using the regimes as states.
Terms have been scaled by 104 to aid interpretation. The total Brier score is equal to
2370.4 (±3.3).

and locations, with changes in the regime accounting for just over 5% of the variation

in the observed precipitation distribution.

Secondly, we notice that the RESA and RESA|F components are equal. The differ-

ence between these terms can be interpreted as the amount of state-dependent variation

that is captured by the forecast. As expected from a climatological forecast, this differ-

ence is zero, since the forecast is constructed to not depend on the prevailing state. The

RESA|F component is also very close to RELF |A, resulting in a reliability term that

has a negligible impact on the score. However, both of these terms are positive, which

suggests that, although the forecasts are reliable, they are not reliable with respect

to the chosen states. For a climatological forecast, this miscalibration is, in theory,

equivalent to the total variation in the observations due to changes in the state, which

is largest for the regimes in this data set.

Just as the climatological forecast is reliable overall, a forecast that is calibrated

with respect to the states could be constructed by deriving a separate climatology

for each state, and issuing that which corresponds to the prevailing state. Results in

Table 17 show the decomposition that would be obtained from a regime-dependent

climatological forecast. In this case, the RESA|F and RELF |A components are again

almost the same, suggesting a reliable forecast, but they are now very close to zero

as well. This highlights how the forecasts are calibrated with respect to the regimes,

and the resulting forecasts exhibit an increased resolution, and hence better score, as a

result.

However, using information from the states alone means the forecasts now explain

at most 5% of the variation in the data, and hence are still not particularly useful.
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State UNCY RESF RELF UNCY |A RESA RESF |A RESA|F RELF |A
Seasons 2499.8 1393.7 1.8 2454.9 44.9 1352.0 3.2 4.9
Regimes 2499.8 1393.7 1.8 2368.7 131.1 1264.1 1.4 3.2

Locations 2499.8 1393.7 1.8 2439.0 60.8 1336.0 3.1 4.8

Table 18: Brier score for a Met Office MOGREPS-UK ensemble forecast decomposed
using three choices of states.
Terms have been scaled by 104 to aid interpretation. The total Brier score is equal to
1107.9 (±6.6).

Numerical weather prediction models, on the other hand, aim to reproduce the physi-

cal processes governing the atmosphere’s evolution, and thus should contain consider-

ably more information than a purely statistical forecast, particularly in the short- and

medium-range. Indeed, this is highlighted in Table 18, which shows the decomposed

score for this ensemble forecast: as expected, the resolution term is considerably larger

than for the climatological forecasts.

Table 19 shows the Brier scores for the forecasts discussed above, as well as the Brier

skill score relative to climatology. Incorporating regime information into the climato-

logical probability of precipitation improves forecast performance (as assessed using the

Brier score) by roughly 5%, whereas the numerically driven forecast explains 55% of

the variation in the observations, resulting in a considerably lower score. The increase

in information from the numerical forecast often comes at the expense of reliability,

though in this example the forecasts are also well-calibrated. This is reinforced by the

reliability diagram in Figure 52, displaying the forecast probability plotted against the

conditional event frequency (Bröcker and Smith, 2007a). These quantities should coin-

cide if the forecast is reliable, and hence points that lie along the diagonal, as is seen

here, are synonymous with a well-calibrated prediction.

As has been discussed extensively throughout the previous chapters of this thesis,

a recalibrated forecast could be obtained by issuing the conditional distribution of

the outcome given the forecast. Standard recalibration methods do not utilise any

additional information, other than that already present in the forecast, and hence they

are only beneficial when the initial prediction is highly unreliable. This suggests a

recalibration of the forecast here would be redundant. However, although the forecast

is reliable, it may still exhibit conditional biases, which may partially account for some of

the unexplained variation in the observations. Table 18 again reveals that RELF |A and

RESA|F are both very close to zero for all choices of states, and hence the MOGREPS-

UK forecasts already explain most of the uncertainty owing to the seasons, regimes and

spatial regions. Recalibrating the forecasts conditionally on these states would therefore

also provide little benefit. A yet more detailed description of forecast performance could

be obtained by looking at the decomposition components specific to each state (i.e.

190



●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0
Forecast

O
bs

er
ve

d

●

●

●

●

●

All

Au

Sp

Su

Wi

Figure 52: Reliability diagram for the MOGREPS-UK ensemble forecast for the prob-
ability of precipitation.
A dotted line is drawn along the line of equality to indicate a perfectly reliable forecast.
The forecast and observed event frequencies are displayed separately for each season:
autumn (Au), spring (Sp), summer (Su) and winter (Wi), and also for all days (All).

UNCY |j, RESF |j, RELF |j in Equation 88). However, since the forecasts are almost

perfectly reliable conditional on all choices of the states, the ensemble forecast in all

cases explains between 50 and 60% of the uncertainty in the observations (not shown).

7.6 Discussion

This chapter has studied decompositions of proper scoring rules into uncertainty, res-

olution and reliability components. We distinguish between two alternative partitions,

and propose an extension that utilises information from both. The decomposition in-

troduced here maintains the established interpretation of the components, while also

allowing the forecast quality to be assessed in different situations. The motivation

behind such an extension is that it provides additional information to forecasters, help-

ing them to identify when and why forecast performance changes. In particular, the

decomposition divides both the uncertainty and the resolution into within-state and

between-state contributions, while also allowing for the simultaneous evaluation of the

Forecast Scheme BS BSS
Climatology 2500.0 0.0

Regime-dependent Climatology 2370.4 5.2
MOGREPS-UK Ensemble 1107.9 55.7

Table 19: Brier score (BS) and Brier skill score (BSS) relative to climatology, for the cli-
matological forecast, the regime-dependent climatological forecast, and the MOGREPS-
UK Ensemble.
BS has been scaled by 104 to aid interpretation, and BSS by 102 so it can be interpreted
as a percentage improvement.
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overall and the conditional calibration. It thus becomes easy to identify states on

which the outcome depends strongly, yet the forecasts do not. Such information can

then easily be incorporated into the forecast, potentially via statistical post-processing

methods.

The extended decomposition therefore also allows the user to quantify the contri-

butions from several sources of uncertainty in the observations. This aligns with the

idea that score decompositions can be thought of as a generalised analysis of variance

framework, with further analogies related to the coefficients of determination and par-

tial determination. More precisely, Equation 90 allows for a sequential breakdown of

the forecast information, which means several sets of states can be considered in the

decomposition simultaneously, as is discussed in Section 7.2.2.

An example of the decomposition is provided for the Brier score, including formu-

lae for appropriate bias corrections when estimated over a finite sample size. This is

then applied to 24-48 hour probability of precipitation forecasts from the Met Office’s

MOGREPS-UK ensemble prediction system, at several synoptic stations over the UK

and Ireland. The decomposition is applied using three choices of the state, including

both temporal and spatial information. At this short lead time, the forecast is found

to be almost perfectly reliable, so that a recalibration scheme would not provide sub-

stantial benefit to the prediction. The forecast explains 55% of the uncertainty in the

observations, and also accurately captures the seasonality and spatial structure of the

data, and hence only minimal additional information would be provided by including

these factors into post-processing models. Similarly, the ensemble prediction system

represents well the dependence of the precipitation on a set of local weather regimes,

meaning the regime-dependent post-processing methods presented in Chapters 3 - 5

would not be beneficial in this instance.

Future research in this area could consider the decomposition of multivariate scores.

The partition presented here is able to separate contributions to the score components

from different sources, and it would be interesting to study whether this could be used

to extract the marginal contributions to a score used to assess several variables simul-

taneously. This would also help to alleviate well-documented shortcomings in decom-

positions of the discrete and continuous ranked probability scores (Ferro and Fricker,

2012). Finally, to estimate the terms of this decomposition in practice, it is generally

necessary to assume the forecasts can manifest as only a finite number of possible op-

tions. This can often easily be achieved by grouping together similar forecasts, but a

way to include the state-dependent information without some binning of the forecasts

may be more convenient for forecasts in the form of predictive distributions.
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Appendix 7.1: Ehm and Ovcharov (2017) decomposition

Ehm and Ovcharov (2017) introduce a similar factorisation of scoring functions in the

presence of auxiliary information to that presented in Section 7.2. We show in this

section how Equation 90 relates to the decomposition presented therein. The framework

differs slightly in that Ehm and Ovcharov (2017) consider consistent scoring functions

that assess point forecasts obtained by applying a functional to a predictive distribution.

Nonetheless, there is a clear duality between consistent scoring functions and proper

scoring rules (Gneiting and Ranjan, 2011; Thorarinsdottir and Schuhen, 2018), and the

decompositions can thus easily be compared.

As alluded to in Section 7.2, Ehm and Ovcharov (2017) consider pairs of the form

W = (F,A), where A again denotes the possible states, while F represents the forecast.

The decomposition thus allows predictions to be assessed separately depending on the

value of the forecast as well as the prevailing state. This leads to the following local

decomposition:

EY [S(F, Y )|W ] = e(p(y|W )) + d(F, p(y|W )). (102)

The entropy and divergence are defined similarly to before, with e(G) = s(T (G), G)

and d(H,G) = s(T (H), G)− s(T (G), G) for the functional of interest T . This partition

conditions the expected score on both the forecasts and some auxiliary information,

whereas the local decomposition in Equation 88 depends only on the states. Therefore,

Equation 88 can be obtained by taking the expectation of the components in Equation

102 with respect to the possible forecasts, and rearranging the expected entropy into

the local uncertainty and resolution.

Ehm and Ovcharov (2017) then note that taking the expectation of Equation 102

with respect to W yields the overall score:

EW [EY [S(F, Y )|W ]] = EW [e(p(y|W )] + EW [d(F, p(y|W ))],

= EW [s(T (p(y)), p(y|W ))− d(p(y), p(y|W ))] + EW [d(F, p(y|W ))],

= e(p(y))− EW [d(p(y), p(y|W ))] + EW [d(F, p(y|W ))].

(103)

Writing W = (F,A), this can be expressed in the terms of Equations 87 and 90.

The first term is clearly equivalent to the uncertainty, UNCY , while the third term

is equal to RELF |A. The second term, on the other hand, is the resolution of W ,

which, using results in Section 7.2, can itself be decomposed into RESA + RESF |A.

We therefore note that the latter two terms of Equation 103 are not equivalent to the

resolution and reliability as defined in Equation 87 (Bröcker, 2009). Instead, they are

both overestimated, by an amount equal to RESA|F .

193



Appendix 7.2: Conditional decomposition of proper scoring

rules

We demonstrate here how the components of the classical decomposition of proper

scores can be expressed as the terms in Equation 90.

Firstly, the uncertainty term can be rewritten as

UNCY = e(p(y)),

= EY [S(p(y), Y )],

= EA[EY [S(p(y), Y )|A]],

= EA[s(p(y), p(y|A))],

= EA[s(p(y|A), p(y|A)) + d(p(y), p(y|A))],

= EA[e(p(y|A))] + EA[d(p(y), p(y|A))],

= UNCY |A +RESA.

(104)

The reliability term can similarly be decomposed:

RELF = EF [d(F, p(y|F ))],

= EF [s(F, p(y|F ))− s(p(y|F ), p(y|F ))],

= EF [EY [S(F, Y )− S(p(y|F ), Y )|F ]],

= EA[EF [EY [S(F, y)− S(p(y|F ), Y )|F,A]]],

= EA[EF [s(F, p(y|F,A))− s(p(y|F ), p(y|F,A))|A]],

= EA[EF [d(F, p(y|F,A))− d(p(y|F ), p(y|F,A))|A]],

= EA[EF [d(F, p(y|F,A))|A]]− EA[EF [d(p(y|F ), p(y|F,A))|A]],

= RELF |A −RESA|F .

(105)

Finally, combining Equations 89 and 90 we get

EY [S(F, Y )] = UNCY −RESF +RELF = UNCY |A −RESF |A +RELF |A,

into which we can substitute the expressions for UNCY and RELF derived above.

Rearranging this obtains the breakdown of the resolution as given in Equation 90:

RESF = (UNCY − UNCY |A) +RESF |A + (RELF −RELF |A),

= RESA +RESF |A −RESA|F .
(106)
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Appendix 7.3: Conditional decomposition of the Brier score

The uncertainty component of the classical Brier score decomposition is

ȳ(1− ȳ) =
J∑
j=1

n•j
n
ȳ•j −

J∑
j=1

n•j
n
ȳ•j ȳ

=
J∑
j=1

n•j
n
ȳ•j(1− ȳ•j) +

J∑
j=1

n•j
n
ȳ2•j −

J∑
j=1

n•j
n
ȳ•j ȳ

=
J∑
j=1

n•j
n
ȳ•j(1− ȳ•j) +

J∑
j=1

n•j
n

(ȳ2•j − 2ȳ•j ȳ + ȳ2)

=
J∑
j=1

n•j
n
ȳ•j(1− ȳ•j) +

J∑
j=1

n•j
n

(ȳ•j − ȳ)2,

= UNCY |A +RESA.

(107)

where we use the fact that

ȳ =
J∑
j=1

n•j
n
ȳ•j, and hence ȳ2 =

J∑
j=1

n•j
n
ȳ•j ȳ.

The reliability component can be expressed as

K∑
k=1

nk•
n

(Pk − ȳk•)2 =

J,K∑
j,k

nkj
n

(Pk − ȳk•)2

=

J,K∑
j,k

nkj
n

(Pk − ȳkj + ȳkj − ȳk•)2

=

J,K∑
j,k

nkj
n

[
(Pk − ȳkj)2 + (ȳkj − ȳk•)2 + 2(Pk − ȳkj)(ȳkj − ȳk•)

]

=

J,K∑
j,k

nkj
n

[
(Pk − ȳkj)2 + (ȳkj − ȳk•)2 − 2(ȳkj − ȳk•)2

]

=

J,K∑
j,k

nkj
n

[
(Pk − ȳkj)2 − (ȳkj − ȳk•)2

]

=

J,K∑
j,k

nkj
n

(Pk − ȳkj)2 −
J,K∑
j,k

nkj
n

(ȳk• − ȳkj)2,

= RELF |A −RESA|F .

(108)
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Lastly, for the resolution,

K∑
k=1

nk•
n

(ȳk• − ȳ)2 =

J,K∑
j,k

nkj
n

(ȳk• − ȳ)2

=

J,K∑
j,k

nkj
n

(ȳk• − ȳkj + ȳkj − ȳ)2

=

J,K∑
j,k

nkj
n

[
(ȳk• − ȳkj)2 + (ȳkj − ȳ)2 + 2(ȳk• − ȳkj)(ȳkj − ȳ)

]

=

J,K∑
j,k

nkj
n

[
(ȳk• − ȳkj)2 + (ȳkj − ȳ)2 − 2(ȳk• − ȳkj)2

]

=

J,K∑
j,k

nkj
n

[
(ȳkj − ȳ)2 − (ȳk• − ȳkj)2

]

=

J,K∑
j,k

nkj
n

(ȳkj − ȳ)2 −
J,K∑
j,k

nkj
n

(ȳk• − ȳkj)2.

(109)

The first term is the joint resolution of the forecasts and the states, RESF,A, while the

second term is RESA|F . The former component can be partitioned into

J,K∑
j,k

nkj
n

(ȳkj − ȳ)2 =

J,K∑
j,k

nkj
n

(ȳkj − ȳ•j + ȳ•j − ȳ)2

=

J,K∑
j,k

nkj
n

[
(ȳkj − ȳ•j)2 + (ȳ•j − ȳ)2 + 2(ȳkj − ȳ•j)(ȳ•j − ȳ)

]

=

J,K∑
j,k

nkj
n

[
(ȳkj − ȳ•j)2 + (ȳ•j − ȳ)2

]

=

J,K∑
j,k

nkj
n

(ȳkj − ȳ•j)2 +

J,K∑
j,k

nkj
n

(ȳ•j − ȳ)2,

= RESF |A +RESA.

(110)

Finally, it follows that

K∑
k

nk•
n

(ȳk• − ȳ)2 =

J,K∑
j,k

nkj
n

(ȳ•j − ȳ)2 +

J,K∑
j,k

nkj
n

(ȳkj − ȳ•j)2 −
J,K∑
j,k

nkj
n

(ȳk• − ȳkj)2,

= RESA +RESF |A −RESA|F ,
(111)
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as desired.

Equations 108 - 110 all make use of the fact that

J∑
j=1

nkj
nk•

(ȳkj − ȳk•) =
K∑
k=1

nkj
n•j

(ȳkj − ȳ•j) = 0.

Appendix 7.4: Bias of Brier score estimators

In this section we discuss the nature of the biases of the Brier score components, making

extensive use of results in Bröcker (2012a) and Ferro and Fricker (2012). To study the

biases of the decomposition terms, it is first necessary to consider the components in

the presence of unlimited data. To do so, let µ = E[Y (i)], µk• = E[Y (i)|P (i) = Pk],

µ•j = E[Y (i)|A(i) = Aj], µkj = E[Y (i)|P (i) = Pk, A
(i) = Aj], be the expected value

of the outcome conditional on the possible scenarios, for every possible i. A(i) here

represents the state corresponding to the i−th forecast and observation. Define also

the probability of forecast k occurring as φk•, the probability of state j occurring as

φ•j, and the probability of forecast k and state j both occurring as φkj. Then the

components of Equation 97 become:

UNCY = µ(1− µ),

RESF =
K∑
k=1

φk•(µ− µk•)2,

RELF =
K∑
k=1

φk•(Pk − µk•)2,

(112)

and the components of the new decomposition become:

UNCY |A =
J∑
j=1

φ•jµ•j(1− µ•j),

RESA =
J∑
j=1

φ•j(µ− µ•j)2,

RESF |A =

J,K∑
j,k

φkj(µk• − µkj)2,

RESA|F =

J,K∑
j,k

φkj(µ•j − µkj)2,

RELF |A =

J,K∑
j,k

φkj(Pk − µkj)2.

(113)
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Bröcker (2012a) proves that in the presence of finite data, the estimators of Equation

97, although commonly used in practice, are biased:

E[ÛNCY ]− UNCY = −µ(1− µ)

n
,

E[R̂ESF ]−RESF =
1

n

K∑
k=1

vk,•,nµk•(1− µk•)−
µ(1− µ)

n
,

E[R̂ELF ]−RELF =
1

n

K∑
k=1

vk,•,nµk•(1− µk•),

(114)

where vk,•,n is the probability that nk• is zero. Assuming independent and identi-

cally distributed forecast-observation pairs, both Bröcker (2012a) and Ferro and Fricker

(2012) introduce bias corrections that yield estimators for these terms with biases that

decay considerably faster than those of the standard decomposition. The bias corrected

estimators of Ferro and Fricker (2012) (which are implemented here in Section 7.5) are

given in Equation 99. Ferro and Fricker (2012) prove that the resulting uncertainty

component is unbiased, but no unbiased estimators exist for either the resolution or

reliability of the decomposition. Since the uncertainty is unbiased, the biases in the

resolution and reliability must be the same, and are equal to:

E[R̃ESF ]−RESF = E[R̃ELF ]−RELF =
K∑
k=1

φk•(1− φk•)n−1µk•(1− µk•). (115)

Although the biases have not been eradicated, they decay exponentially, at a much

faster rate than those in Equation 114.

Using a very similar approach to that of Bröcker (2012a), it is possible to quantify

the biases of the new decomposition terms:

E[ÛNCY |A]− UNCY |A = − 1

n

J∑
j=1

v•,j,nµ•j(1− µ•j),

E[R̂ESA]−RESA =
1

n

J∑
j=1

v•,j,nµ•j(1− µ•j)− µ(1− µ),

E[R̂ESF |A]−RESF |A = − 1

n

J∑
j=1

v•,j,nµ•j(1− µ•j) +
1

n

J,K∑
j,k

vk,j,nµkj(1− µkj),

E[R̂ESA|F ]−RESA|F =
1

n

J,K∑
j,k

vk,j,nµkj(1− µkj)−
1

n

K∑
k=1

vk,•,nµk•(1− µk•),

E[R̂ELF |A]−RELF |A =
1

n

J,K∑
j,k

vk,j,nµkj(1− µkj).

(116)
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Here, v•,j,n and vk,j,n similarly represent the probabilities that n•j and nkj, respectively,

are zero. It is straightforward to verify that these biases cancel out to reproduce the

biases of the standard decomposition terms above. Noting the similar form of the bias

of UNCY |A and RELF |A to that of RELF , results in Ferro and Fricker (2012) can

easily be extended to show that no unbiased estimator exists for these terms. Since an

unbiased estimator is attainable for UNCY but not UNCY |A, there is also no unbiased

estimator for RESA; if there were an unbiased estimator for both UNCY and RESA

then an unbiased estimator for UNCY |A could be obtained, which we have argued is

impossible. It is not immediately obvious whether an unbiased estimator exists for

RESF |A or RESA|F .

Nonetheless, the terms of Equation 100 seek to reduce the bias of the estimators.

Again, using the similarity between these bias corrections and those of Equation 99,

along with results in Ferro and Fricker (2012), the biases of these terms can easily be

calculated:

E[ŨNCY |A]− UNCY |A = −
J∑
j=1

φ•j(1− φ•j)n−1µ•j(1− µ•j),

E[R̃ESA]−RESA =
J∑
j=1

φ•j(1− φ•j)n−1µ•j(1− µ•j),

E[R̃ESF |A]−RESF |A = −
J∑
j=1

φ•j(1− φ•j)n−1µ•j(1− µ•j)

+

J,K∑
j,k

φkj(1− φkj)n−1µkj(1− µkj),

E[R̃ESA|F ]−RESA|F =

J,K∑
j,k

φkj(1− φkj)n−1µkj(1− µkj)

−
K∑
k=1

φk•(1− φk•)n−1µk•(1− µk•),

E[R̃ELF |A]−RELF |A =

J,K∑
j,k

φkj(1− φkj)n−1µkj(1− µkj).

(117)

It is again straightforward to confirm that when combined as in Equation 90, these

formulae give the same biases as previously derived for ŨNCY , R̃ESF and R̃ELF .

Furthermore, although biases are still present for all terms, they again decay at a much

faster rate than those in Equation 116.
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8 Concluding remarks

Numerical weather prediction (NWP) models aim to replicate the physical laws gov-

erning the atmosphere’s trajectory. Due to computational advancements, these models

are becoming progressively more complex, operating at higher resolutions and incor-

porating more intricate model physics. Nonetheless, systematic biases remain present

in the model output due to incomplete knowledge of atmospheric dynamics, and errors

when specifying the initial forecast state. To address this, NWP models are run from

a variety of initial conditions to obtain a sample of distinct forecasts (Leith, 1974),

possibly also with differing model physics. Although this ensemble of model runs can

account for the flow-dependent uncertainty in the forecast (Leutbecher and Palmer,

2008), the comprising members are products of an imperfect prediction system. The

result is a biased, typically overconfident ensemble forecast. Hence, to avoid misguided

conclusions drawn directly from the model output, it has become imperative that the

forecast undergoes some form of post-processing, or recalibration (Vannitsem et al.,

2018).

This thesis has considered a range of approaches suitable for extending estab-

lished statistical post-processing methods, which have become an integral component

of weather forecasting over the last two decades. Chapter 6, for example, extends the

existing functionality within IMPROVER, a post-processing suite currently in devel-

opment at the UK Met Office, to permit asymmetric predictive distributions when

recalibrating temperature forecast fields over the UK. The primary focus of the work

presented herein, however, concerns a framework for incorporating atmospheric regimes

into statistical post-processing methods, thus continuing a recent trend in the field of

post-processing whereby additional sources of information are utilised in the statistical

models. Atmospheric regimes are known to have a profound influence on the behaviour

of local weather systems, and incorporating this information into post-processing meth-

ods can account for biases that occur due to an incorrect representation of the regimes

by numerical weather models.

To incorporate weather regimes into established post-processing methods, we em-

ploy a mixture distribution that comprises a separate predictive distribution corre-

sponding to each regime under consideration. To understand the behaviour of these

regime-dependent mixture distributions, they have been implemented in a hierarchy

of progressively more realistic scenarios in Chapters 3 - 5. To summarise the results

presented in these chapters, it is convenient to distinguish between two categories of

regime-dependent forecast errors. Errors of the first type materialise when the out-

put from the numerical weather model accurately predicts the future weather regime.

Although high resolution weather models are typically able to simulate the regimes ob-
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served in the atmosphere, they may not exactly reproduce the spatial structure of the

regime centres, or the intensity of the corresponding pressure systems (Dawson et al.,

2012), leading to forecast biases that are specific to particular weather regimes. This

type of regime-dependent biases tends to occur more regularly at short lead times, when

the information content in the dynamical weather model is largest.

Conversely, the second category of regime-dependent forecast errors corresponds to

when the numerical weather model does not correctly predict the future weather regime.

In this case, there is additional error in the forecast owing to differences between the

climatological distribution of the outcome variable associated with each regime. Hence,

if the outcome depends strongly on the prevailing weather regime, then the errors

belonging to this second category are typically much larger than those in the first.

Moreover, as lead time increases, the quality of the dynamical becomes progressively

worse, meaning it is less capable of predicting the future atmospheric state, resulting

in regime-dependent errors that are dominated by those in this second category.

At these larger lead times, the regime at the forecast initialisation time is not rep-

resentative of the regime that will occur in the future, and, as such, the forecast biases

become independent of the initial flow regime. Therefore, incorporating this initial

regime into statistical post-processing methods is not found to be particularly useful

for forecasts beyond a few days in advance. The regime predicted by a numerical model,

on the other hand, provides a better indication of the future atmospheric state at longer

lead times. As such, using the forecast regime within regime-dependent post-processing

methods results in improvements upon conventional approaches at a larger range of lead

times compared with the initial regime. However, as the quality of the raw forecast

deteriorates, most state-of-the-art post-processing methods reduce the influence that

the numerical model output has on the resulting forecast, using instead more informa-

tion from the climatological distribution of the observations in the training data. As a

result, although errors in the numerical weather model depend on both the predicted

and realised, or ‘true’, weather regimes, conventional post-processing methods exhibit

biases at longer lead times that are dominated by the true regime at the validation

time.

The lead time at which improvements diminish when using the forecast regime

depends on the regimes under consideration, and the ability of the weather model to

predict them. In Chapter 3, for example, the regimes are persistent and hence more pre-

dictable, and improvements thus extend to forecast horizons beyond one week, whereas

improvements curtail after only a couple of days for the more transient weather pat-

terns considered in Chapter 5. Moreover, if a post-processing method is applied that

does not reduce the influence of the weather model output on the post-processed fore-

cast as its quality deteriorates, then regime-dependent extensions of such an approach
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would benefit from utilising both the observed and forecast regimes simultaneously, as

is discussed in Chapter 4.

Furthermore, Chapter 4 also demonstrates that if the regime that manifests at the

forecast validation time were known, then regime-dependent post-processing methods

can account for the second category of regime-dependent forecast errors, in turn offer-

ing considerable improvements upon conventional post-processing methods when the

prevailing regime markedly affects the behaviour of the response variable. In this sense,

utilising the true regime when post-processing can account for biases that arise even

when the forecast does not correctly predict the regime that will occur. The improve-

ments gained by regime-dependent post-processing in this case tend to increase with

forecast lead time, rather than deteriorating: progressively less information regarding

the future atmosphere is contained by the raw model output, and hence incorporat-

ing additional, external information into post-processing methods is more beneficial at

these longer lead times. In the limiting case, when the response variable is independent

of the model output, statistical post-processing should issue the climatological distribu-

tion of the outcome. The regime-dependent post-processing methods considered here,

on the other hand, tend towards the climatological distribution of the outcome given

the weather regime on which the post-processing methods are conditioned. Hence,

in general, to generate the largest improvements upon conventional methods, post-

processing should be conditioned on the most accurate forecast of the weather regime

at the forecast validation time.

The fact that the true weather regime can be used successfully within post-processing

methods may seem trivial, since, fundamentally, the future state of the atmosphere is

unknown. However, the synoptic-scale atmosphere is considerably more predictable

than the more turbulent surface weather, and hence it may be comparatively straight-

forward to obtain a more accurate forecast of the future weather regime. To do so, one

might utilise the regime transition matrix alongside the sequence of preceding weather

regimes to account for the regime persistence, while previous studies have also recog-

nised that the occurrence of certain weather regimes depends on larger-scale circulation

patterns, such as the Madden-Julian Oscillation (Cassou, 2008) and the El-Nino South-

ern Oscillation (Robertson and Ghil, 1999). If this information could be used effectively

to obtain an accurate forecast of the regime that will occur at the forecast validation

time, then the large improvements gained from regime-dependent post-processing meth-

ods in Chapter 4 may be attainable, particularly if the numerical weather model alone is

unable to predict the regime. Future applications of regime-dependent post-processing

may wish to investigate this.

Nonetheless, results presented throughout this thesis have indicated that forecasts

of surface weather variables exhibit biases that depend on the atmospheric regime, re-
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gardless of whether the dynamical model correctly simulates the regime that will occur

at the forecast validation time. Regime-dependent post-processing is found to be most

beneficial at locations and times of the year where the weather depends strongly on the

prevailing weather regime, a result identified in all applications of regime-dependent

post-processing presented here. Furthermore, since more extreme weather events are

often associated with the occurrence of particular weather patterns, incorporating these

regimes into statistical post-processing methods can significantly enhance forecasts

made for these high-impact events, which are of a high societal importance. This is

demonstrated in Chapter 5, where extreme wind speed events over the UK and Ireland

are associated with the occurrence of the positive phase of the North Atlantic Oscilla-

tion (NAO), and hence incorporating information regarding the prevailing phase of the

NAO into post-processing methods significantly enhances predictions of these extreme

events.

This summarises the situations in which regime-dependent post-processing is ex-

pected to be beneficial, though the exact instances in which operational weather fore-

casts will improve as a result of these methods will depend on a variety of factors,

including, for example, the prediction system, spatial domain, lead time, and weather

variable under consideration. The results presented herein can therefore be used as a

general indication as to when incorporating regime information will enhance the result-

ing forecasts, but to fully appreciate whether regime-dependent approaches should be

applied in practice requires a detailed analysis of the performance of particular predic-

tion systems.

Future work into regime-dependent post-processing methods could also consider the

dependence of the forecast biases on the duration of the weather regimes. As noted by

Woollings et al. (2018), “the strongest impacts of (atmospheric) blocking occur due to

its persistence, which can allow temperature and moisture anomalies to build up over

one or more weeks.” The biases in numerical weather models may thus be dependent

not only on the weather regime that occurs, but also for how long it has resided. As well

as considering the temporal behaviour of the regimes, weather regimes could also affect

the multivariate dependencies between different weather variables and spatial locations,

and this may translate to the forecast biases. If so, then applying the regime-dependent

framework within multivariate post-processing methods should be beneficial, helping

to achieve a more coherent forecast field. This could easily be achieved, for example,

by implementing a separate dependence structure corresponding to each regime within

copula-based post-processing approaches.

Furthermore, we have focused in particular on the application of these regime-

dependent post-processing methods to wind speed forecasts. Other weather variables,

including temperature, precipitation, and cloud cover are also likely to depend on the
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prevailing weather regime, and hence it would be of interest to apply the regime-

dependent frameworks presented herein to forecasts of these variables. In particular,

extreme temperature and precipitation events are both closely linked to the occurrence

of certain weather regimes - heatwaves and cold snaps tend to occur during anticy-

clonic weather regimes, whereas extreme rainfall is associated with cyclonic patterns

- and hence regime-dependent statistical post-processing is expected to generate more

accurate predictions of these high-impact events.

Throughout this thesis, weather regimes have been incorporated into statistical

post-processing methods through a mixture distribution, which provides an appealingly

flexible framework. Alternative approaches to utilise weather regimes, however, may

also be of interest. It may be the case, for example, that the effect the regimes have

on a particular weather variable can be described reasonably well by the behaviour

of a few auxiliary variables. Using these auxiliary variables as predictors in more

data-driven post-processing approaches, such as neural networks, may thus generate

predictive distributions that capture the information provided by the regimes. Com-

parisons of approaches to include this regime information would therefore be revealing.

Nonetheless, regardless of the framework used to post-process weather forecasts, the

results presented in this thesis have illustrated that it is necessary to evaluate the per-

formance of weather forecasts conditional on the occurrence of local weather regimes.

A theoretically desirable method to achieve this based on the decomposition of proper

scoring rules is introduced in Chapter 7. If the post-processed forecasts are not found

to be calibrated conditional on the local weather regimes, then an improvement in pre-

dictive performance may be realisable through the application of the regime-dependent

statistical post-processing methods presented herein.
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