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Abstract. Buried magnetic fields at the base of the convection zone and in the anchoring zones of sunspots are presumed to
vary over the solar activity cycle. Their effect on p-mode oscillations is explored in detail, through theoretical modelling. The
helioseismic signature from a “tachocline” or “shallow” horizontal layer of magnetic field, buried in a plane-stratified model
of the Sun, is explored by examining frequency shifts of various order and degree. p-modes propagating perpendicular to the
magnetic field lines are found to yield the largest frequency shifts. However, frequency shifts due to buried magnetic fields
are considerably smaller than observationally determined shifts over the solar cycle. Nonetheless, an analytical approach to the
problem provides useful insight for solar and stellar applications.
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1. Introduction

The influence of a magnetic field on p-modes may be thought
of in several ways (see, e.g., Roberts 2001). With the view
that such an influence can explain observed cyclical variations
in global mode frequencies (e.g., Libbrecht & Woodard 1991;
Chaplin et al. 1998; Howe et al. 1999), it is of interest to ex-
plore how magnetic changes occurring over the solar cycle may
induce frequency shifts. Three magnetic regions have been in-
vestigated as responsible for the changes: (a) the canopy field
of the chromosphere and coronal atmosphere (e.g., Campbell
& Roberts 1989; Evans & Roberts 1990, 1992; Jain & Roberts
1994, 1996; Vanlommel 2001); (b) the fibril fields of the pho-
tosphere (Bogdan & Zweibel 1985; Zweibel & Bogdan 1986);
and (c) the strong fields that reside in the convective overshoot
region, at the base of the convection zone (Roberts & Campbell
1986; Campbell 1987; Daniell 1998). A fourth region is now
considered: the anchorage zone of sunspots some 50 Mm be-
low the surface.

Magnetic fields, as well as temperature changes, in-
troduce pressure deviations that play a significant role in
modulating the resonant frequencies of p-mode oscillations.
Those pressure deviations occurring in the atmosphere or
below the surface of the Sun can explain the frequency
shifts observed on the timescale of the solar activity cycle

� All appendices are only available in electronic form at
http://www.edpsciences.org
�� Present address: Department of Physics, University of Warwick,
Coventry CV4 7AL, UK.

(see, e.g., Campbell & Roberts 1989; Evans & Roberts 1990,
1992; Goldreich et al. 1991; Jain & Roberts 1994). A separate
study of the contribution of internal magnetic layers can clarify
the relative importance of surface effects.

Results from helioseismology provide realistic constraints
for choosing parameters suitable to represent the magnetic lay-
ers buried in the solar interior. Important clues are given in
particular by the even-index splitting coefficients, which dis-
play changes over the solar cycle. Gough & Thompson (1990)
solved the adiabatic oscillation equation in a slowly rotating
Sun that includes a toroidal field at the base of the convection
zone, and noted that the amplitudes of the even-order splitting
coefficients vary as the square of the magnetic field strength.
By comparing the theoretical results of Gough & Thompson
(1990) with changes observed by GONG, Basu (1997) de-
duced that the toroidal field at the base of the convection zone
would have a strength not larger than 3 × 105 G. This result
was further supported by Antia et al. (2000), who extended the
formulation of Gough & Thompson (1990) by including the
perturbation in the gravitational potential and allowing for dif-
ferential rotation in the interior, and used more recent GONG
and MDI data. The value of 3 × 105 G is slightly above but
in broad agreement with the range 3 × 104−105 G suggested
by numerical simulations of active region emergence and evo-
lution at the solar surface (see, e.g., Choudhuri & Gilman
1987; Schüssler et al. 1994; Fisher et al. 2000, and references
therein). These values are somewhat lower than the estimate of
8 × 105 G deduced by Roberts & Campbell (1986) from match-
ing theoretical frequency shifts with observed shifts in low de-
gree modes (Woodard & Noyes 1985).
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Signatures of a significant perturbation at a shallow
depth below the photosphere (30 Mm or ranging between
25–100 Mm with a peak at 45 Mm) have also been reported
(Dziembowski et al. 2000; Antia et al. 2000) but it was not
possible to distinguish between a thermal or a magnetic pertur-
bation. If magnetic, estimates for the magnetic field strength
ranged from 2−3 × 104 G (Antia et al. 2000) to 6 × 104 G
(Dziembowski et al. 2000).

It is of interest to develop a model of such magnetic lay-
ers located at the base of the convection zone or in the sunspot
anchoring zone. A general model is described in Sect. 2, fol-
lowed by a description of the governing equations and wave
solutions in Sect. 3. In Sect. 4 a dispersion relation is obtained
and solved numerically. Analytical properties of the frequency
shifts are elaborated in Sects. 5 and 6. An analytical approxi-
mation of these effects developed in Sect. 7 offers support for
the numerics and serves to evaluate the amplitude of the shifts
for perpendicular propagation. Limits of the model and possi-
ble implications of the results are discussed in Sect. 8.

2. General model

Diagnostics of the internal magnetic layers are obtained
through a plane-parallel model, which corresponds to a de-
scription of a spherically symmetric Sun, stratified and struc-
tured radially. Let x, y and z represent Cartesian coordinate
unit vectors: xy represent a local horizontal plane, while the
depth is given in terms of the unit vector z, measured down-
wards from the solar surface (gravity g acting in the positive
z-direction). The model includes three separate plasma layers:
the magnetic layer is a slab of horizontal magnetic field lying
between depths z = zp and z = zq, and the field-free regions
are hydrostatically stratified polytropes (see Fig. 1). Within the
magnetic slab, the plasma is assumed to be isothermal and the
horizontal field is structured in such a way as to produce a con-
stant Alfvén speed, vA. The polytropic index of the adiabati-
cally stratified field-free media is m = 1/(γ − 1) = 3/2, where
γ = 5/3 is the ratio of specific heats. In the polytropes, the
square of the sound speed, c2

s (z), has a linear profile with slope
A = g/m, with A = 0.183 m s−2 for constant gravitational ac-
celeration g = 274 m s−2 (taken at the solar surface z = 0).
The sound speed is zero at the solar surface z = 0 and is as-
sumed to be continuous across each magnetic interface, giving
c2

s (z) = c2
c = Azp within the slab (for zp ≤ z ≤ zq). At an in-

terface between a magnetic region and a field-free region, there
is a jump in the hydrostatic pressure po, changing from pmag

o

to pfree
o :

pmag
o

pfree
o
=

(ρoc2
c) |mag

(ρoc2
c) |free

=
1

1 + γ
2β

=
Γo

γ
, (1)

where ρo is the equilibrium density, Γo = γ/(1 + γ/2β) is the
magnetically-modified adiabatic exponent and β = c2

c/v
2
A is

the ratio between the squared sound and Alfvén speeds within
the magnetic region.

One may note that the jump in hydrostatic pressure across
a magnetic surface implies that if the sound speed is taken to
be continuous, the field-free fluid is always denser than in the

Fig. 1. Sketch of equilibrium configuration for the three-layer model
and whose conditions are specified in Table 1.

Table 1. Model conditions used in the investigation of the modes of
Fig. 1. The first list of parameters are related to the field-free side
of the upper magnetic interface: the depth zp, the sound speed cc,
the pressure scale-height H(zp), and the hydrostatic pressure pfree

o .
The second set of parameters relate to the magnetic region: the field
strength Bo(zp), the constant Alfvén speed vA, the ratio β between the
squared sound speed and the Alfvén speed and the density jump at
the magnetic interface ρfree

o /ρ
mag
o . The third set of parameters describe

properties of the model below the magnetic field: the ratio h/zp and
the depth zq of the lower magnetic interface.

Model parameters Tachocline
model

Shallow
field model

zp (km) 272 239 35 036
zp/R� 0.3911 0.0503
cc (km s−1) 223 80
H(zp) (km) 108 896 14 014
H(zp)/R� 0.1564 0.0201
pfree

o (Pa) 5.25855 × 1012 5.23298 × 1010

Bo(zp) (kG) 300 30
vA (km s−1) 2.016 0.725
β (=c2

c/v
2
A) 12 236.368 12 176.864

ρfree
o

ρ
mag
o
− 1 (×10−5) 6.8103 6.8436

h/R� 0.05 0.05
h/zp 0.128 0.994
zq (km) 307 039 69 836
zq/R� 0.4411 0.1003

magnetic region at such interface. In the general layered mod-
els that are investigated here, the field-free polytropic upper
layer overlies a magnetic layer at the interface z = zp. At this
interface, the jump in density (1) yields a magnetic buoyancy
force of (ρfree

o −ρmag
o )g per unit volume. Consequently the “top-

heavy” equilibrium state may be unstable. This effect causes
magnetic field to erupt through the convection zone and into
the upper layers. We do not explore this effect here.

Two situations are considered: those of a tachocline model
and those of a shallow field model. The parameters for these
models are chosen to best represent the two magnetic field con-
figurations; see Table 1. The tachocline model includes a mag-
netic layer assumed to reside at the base of the convection zone,
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with a field strength of 300 kG at z = zp; the shallow field model
includes the sunspot’s anchoring zone, with a field strength of
30 kG at z = zp. The value for the sound speed at the base
of the convection zone is determined, from helioseismic inver-
sion techniques, by Christensen-Dalsgaard et al. (1991), who
give cc = 223 ± 2 km s−1. The depth zp is deduced through
the relation c2

c = Azp. For the shallow field model, the sound
speed cc = 80 km s−1 was chosen so as to obtain zp and zq in
the range identified to be the seat of a significant perturbation
(Dziembowski et al. 2000; Antia et al. 2000). In both models,
the thickness of the magnetic layer is taken to be 0.05 R�. For
the shallow field model, this corresponds to a magnetic layer
extending from a depth of 35 Mm down to 70 Mm. It may
be noted that this shallow layer extends up to where the tor-
sional oscillations appear to be significant (see, e.g., Hathaway
et al. 1996; Schou et al. 1998; Howe et al. 2000; Antia & Basu
2000). The hydrodynamic pressures are chosen to match the
sound speeds in the solar model of Guenther et al. (1992), thus
setting conditions as close as possible to those in the solar in-
terior. The value of the Alfvén speed vA is obtained from the
magnetic field strength Bo at depth zp through

vA =

(
B2

o(zp)

µρ
mag
o (zp)

)1/2

, (2)

where µ (=4π × 10−7 H m−1) is the magnetic permeability.

3. Wave equations and solutions

In the Cartesian system (x, y, z), the applied horizontal mag-
netic field is taken to be directed along the x-axis. The per-
turbations of the ideal linearised MHD equations (for constant
gravitational acceleration g and without background flow) are
Fourier analysed proportionally to exp i(ωt − kxx − kyy), where
ω is the angular frequency of a mode of horizontal wavenum-
ber kh with kh = (kx, ky, 0). The horizontal wavenumber kh is
related to the degree l through kh = L/R�, for L =

√
l(l + 1)

and solar radius R�.

3.1. Fundamental wave equation

Wave propagation can be described in terms of the vertical ve-
locity perturbation Vz and the Lagrangian rate of change in total
pressure perturbation,PT.

The governing differential equation satisfied by the vertical
velocity component Vz may be written in the form

1
ρo(z)

d
dz

[
A1(z)ρo(z)

dVz

dz

]
+ A2(z)Vz = 0, (3)

where the coefficients A1 and A2 are given by

A1(z) =
(c2

s + v
2
A)(ω2 − k2

xc2
T)

ω2 − k2
xc2

s − k2
yc2⊥

, (4)

A2(z) = (ω2 − k2
xv

2
A) − g2(k2

x + k2
y)

(ω2 − k2
xc2

s − k2
yc2⊥)

+
g

ρo

d
dz

ρo(z)
k2

xc2
s + k2

yc
2⊥

ω2 − k2
xc2

s − k2
yc2⊥

 · (5)

Here cT is the magnetoacoustic cusp speed, expressed through

c2
T =

c2
s v

2
A

v2
A + c2

s
; (6)

c⊥ is independent of ky and defined through

c2
⊥ =

ω2

ω2 − k2
xv

2
A

(
c2

s + v
2
A −

k2
x

ω2
c2

s v
2
A

)
. (7)

A detailed derivation of Eq. (3) is given in Goedbloed (1971),
Nye & Thomas (1976) and Foullon (2002a). Here and in
Foullon (2002a) we emphasise the use of c⊥(z). In the field-
free limit, c⊥ → cs. The pressure perturbations are given in
Appendix A.

3.2. Polytropic layers

The governing equation for Vz in a field-free plasma follows
from Eq. (3), taking vA and cT to be zero. But this equation pos-
sesses a complex structure, even in the field-free limit. It proves
more convenient to describe the motion in terms of the com-
pressibility ∆ by way of Lamb’s equation (Lamb 1932) rewrit-
ten in the standard form (see, e.g., Deubner & Gough 1984)

d2Q
dz2
+ K2(z)Q = 0, (8)

where Q(z) =
√
ρo(z)c2

s (z)∆ and

K2(z) =
ω2 − ω2

a

c2
s (z)

+ k2
h

ω
2
g

ω2
− 1

 . (9)

Here the buoyancy frequency ωg is given by

ω2
g =

g

Hρ
− g2

c2
s (z)
=

g

c2
s (z)

[
(γ − 1)g − [c2

s (z)]′
]

(10)

and ω2
a is the squared acoustic cut-off frequency (Lamb 1909,

1932) defined through

ω2
a = ω

2
o(1 + 2H′ρ), ω2

o =
c2

s (z)

4H2
ρ

· (11)

Lamb’s equation applied to a polytrope (Lamb 1932) has
solution

∆ = e−
Z
2
[
α1 M(−Υ,m + 2, Z) + β1U(−Υ,m + 2, Z)

]
, (12)

where α1 and β1 are arbitrary constants and 2Υ = mΩ2 − (m +
2) where Ω is the normalised eigenfrequency such that Ω2 =

ω2/(gkh); the functions M and U are respectively the Kummer
and Tricomi confluent hypergeometric functions (Slater 1965),
evaluated at Z = 2khz ≥ 0.

The case of a vanishing sound speed at the surface
leads to the selection of the Kummer M function. In a
simple field-free polytrope model (Spiegel & Unno 1962;
Christensen-Dalsgaard 1980), which does not contain a mag-
netic slab, the condition of boundedness as z→ ∞ requires the
M functions to terminate in the form of generalised Laguerre
polynomials, and the parameter Υ has to be a non-negative in-
teger. The solutions are the p-modes, given by

Ω2 = Ω2
n ≡ 1 +

2n
m

(13)

for integer n ≥ 0.
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Table 2. Elements of the magneto-atmospheric wave equation in cer-
tain limiting cases, corresponding to the field-free limit (vA = 0), par-
allel propagation (ky = 0) and perpendicular propagation (kx = 0).

vA = 0 ky = 0 kx = 0

c2⊥ c2
c c2⊥ c2

c + v
2
A

Ho
c2

c
γg
= H Ho Ho

�2 ω2 �2 (c2
c+v

2
A)

c2
c

ω2

ω̃2
a

c2
c

4H2 = ω
2
a ω̃2

a
c2

c+v
2
A

4H2
o
= ω̃2

a⊥
ω̃2

g
g

H − g2

c2
c
= ω2

g
g

Ho
− g2

c2
c
= ω̃2

g‖
g

Ho
− g2

c2
c+v

2
A
= ω̃2

g⊥

κ2 ω2−ω2
a

c2
c
+ k2

h

ω2
g−ω2

ω2

ω4

�2 −ω2
ao

c2
c
+ k2

x

ω̃2
g‖−�2

�2

ω2−ω̃2
a⊥

c2
c+v

2
A
+ k2

y

ω̃2
g⊥−ω2

ω2

3.3. Isothermal layers

It is instructive to simplify the fundamental Eq. (3) when the
sound and Alfvén speeds are constant, viz.

d2Vz

dz2
+

1
Ho

dVz

dz
+ AoVz = 0, (14)

where

Ao =
A2

A1
=

ω2 − k2
xc2

c − k2
yc

2⊥
c2⊥

+
k2

xc2
c + k2

yc
2⊥

c2⊥(ω2 − k2
xv

2
A)

 gHo
− g2(k2

x + k2
y)

k2
xc2

c + k2
yc2⊥

 (15)

and Ho is the density scale-height, viz.

Ho = ρo

(
dρo

dz

)−1

=
c2

c

Γog
=

c2
c

γg

(
1 +

γ

2β

)
· (16)

With the transformation

W(z) = Vze
z−zp
2Ho , (17)

where zp is an arbitrary reference depth in the stratified
medium, Eq. (14) assumes the standard form

d2W(z)
dz2

+ κ2W(z) = 0 (18)

with κ2 a constant.
Table 2 gives a summary of the elements of the magneto-

atmospheric wave equation for an isothermal field-free limit,
as well as for the limiting cases of parallel and perpendic-
ular propagation, noting the following identifications: ω̃a is
the magnetically modified acoustic cut-off for an isothermal
medium, defined through

ω̃2
a =

c2⊥
4H2

o
= ω2

ao
�2

ω2 − k2
xv

2
A

, (19)

with

ω2
ao =

c2
c

4H2
o
=
g2Γ2

o

4c2
c

; (20)

ω̃g is the magnetically modified buoyancy frequency given by

ω̃2
g =

g

Ho
− g2(k2

x + k2
y)

k2
xc2

c + k2
yc2⊥

; (21)

�2 is the squared magnetically modified frequency:

�2 =
c2

c + v
2
A

c2
c

(ω2 − k2
xc2

T) = ω2

(
1 +

1
β

)
− k2

xv
2
A. (22)

The vertical velocity amplitude Vz is a solution of the wave
equation in the magnetic region (cf. Campbell & Roberts 1989,
when ky = 0)

Vz = D1eΛ
+z + D2eΛ

−z, (23)

with

Λ± = −1/(2Ho) ± κ; (24)

the scale κ is real for surface modes and imaginary for oscilla-
tory modes in the layer.

4. Dispersion relation

At an interface z = zi, i ∈ {p, q}, the wave dynamics is coupled
by the condition

Vz

PT
|mag=

Vz

PT
|free; (25)

the field-free part is

Vz

PT
|free=

Vz

−ρoc2
c∆
|free, (26)

while the magnetic part is (see Eq. (A.16))

Vz

PT
|mag=

Vz

−ρoc2
c

(
∆ + 1

β
∆⊥

) |mag . (27)

Here ∆ is the compressibility of the plasma and ∆⊥ gathers
the componenents of compressibility perpendicular to the mag-
netic field lines, viz.

∆⊥ =
∂Vy

∂y
+
∂Vz

∂z
= ∆ − ∂Vx

∂x
· (28)

Equating expressions (26) and (27), and substituting in the
jump in hydrostatic pressure (1), the coupling relation at the
magnetic interface (25) is reduced to

D |free= Do |mag, (29)

whereD(Ω2, kh, c2
s (z)), the non-magnetic part, is the ratio Vz/∆

for a field-free medium, viz.

D = 1
Ω4 − 1

[
c2

s

g
− γΩ

2

kh
− c2

sΩ
2

gkh

1
∆

d∆
dz

]
, (30)

andDo(Ω2, kx, ky, c2
c , β) is the magnetic part

Do =
Q

P 1
Vz

dVz

dz + R
, (31)
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where

P =

(
1 +

1
β

) Ω2 − k2
xc2

T

gkh

 , Q =
γ

Γo

Ω2 − k2
xc2

c + k2
yc2⊥

gkh

 ,

R =
k2

xc2
c + k2

yc2⊥
c2

c
· (32)

To obtain the dispersion relation, we develop the coupling con-
dition (29) at an interface z = zi:

D
(
R + P

1
Vz

dVz

dz

)
− Q = 0. (33)

With 1
Vz

dVz

dz evaluated at z = zi, viz.

1
Vz

dVz

dz
=

D1Λ
+eΛ

+zi + D2Λ
−eΛ

−zi

D1eΛ+zi + D2eΛ−zi
, (34)

the requirement (33) yields

D1[(R+PΛ+)D− Q]eΛ
+zi+D2[(R + PΛ−)D−Q]eΛ

−zi = 0. (35)

Taking zi = zp and zi = zq in turn leads to the dispersion relation

E−pE+q e2κ(zq−zp) − E+pE−q = 0, (36)

where

E±p = (R + PΛ±)Dp − Q, E±q = (R + PΛ±)Dq − Q. (37)

The dispersion relation (36) may be compared to the trans-
mittance of a four-terminal network, where the magnetic slab
corresponds to an electrical system or black box with two in-
put and two output terminals. The respective input and output
impedances are given by the field-free parts Dp and Dq, ob-
tained by considering the general expression (30) at z = zp and
z = zq.

The requirement of a free-moving surface leads to a study
of the isolated effect of a buried magnetic field on p-modes.
This is readily obtained for the case of a vanishing sound speed
at the surface, leading to the selection of the Kummer M func-
tion; then

Dp =
zp

m(Ω4 − 1)

[
1 − (m + 1)

khzp
Ω2 + Ω2 − 2Ω2 M′

M

]
· (38)

For a polytrope below zq, the requirement of vanishing kinetic
energy density at z→ ∞ is satisfied by selecting the Tricomi U
function; then

Dq =
zp

m(Ω4 − 1)

[
1 − (m + 1)

khzp
Ω2 + Ω2 − 2Ω2 U ′

U

]
· (39)

In Eqs. (38) and (39), M, U, M′ and U ′ are evaluated at Z =
2khzp, and we have written

M = M(−Υ,m + 2, Z), U = U(−Υ,m + 2, Z), (40)

M′ = M′(−Υ,m + 2, Z), U′ = U ′(−Υ,m + 2, Z), (41)

where the prime denotes the derivative of M or U with respect
to Z.

Eigenfunctions in the respective layers are derived in
Appendix B.

5. General analytical properties

Some properties of the frequency shifts can be explained an-
alytically. For example, an increase in magnetic field strength
raises the frequency shift proportionally to the square of the
field strength: a magnetic slab of field strength ten times larger
than the original yields shifts of amplitude hundred times big-
ger. This property was first obtained analytically for fibril mag-
netic fields (Bogdan & Zweibel 1985; Zweibel & Bogdan
1986), and for propagation parallel to an horizontal magnetic
layer (Roberts & Campbell 1986; Campbell 1987; Daniell
1998). In Zweibel & Bogdan (1986), the dependence on the
magnetic field strength was also expressed for a polytropic slab.

The property can be understood as follows. As the fre-
quency relates to the local sonic speed c (ω = c/k), a change
in frequency indicates a change in local sonic speed. For a
Lagrangian change in pressure δp in a medium of density ρo

and compressibility ∆, the local sonic speed c is given by

c2 =
δp
−ρo∆

· (42)

In the presence of a horizontal magnetic field, the wave ex-
periences an effective magnetosonic speed c given by (see
Eq. (A.16))

c2 = c2
s

1 + v
2
A

c2
s

∆⊥
∆

 , (43)

indicating that the resulting change in frequency due to the
presence of a magnetic field is proportional to v2

A/c
2
s and

so broadly proportional to the square of the magnetic field
strength.

However, one cannot argue that the change in frequency
is generally inversely proportional to the plasma β (= c2

s/v
2
A):

Eq. (43) shows that the effect increases with the normalised
component of compressibility perpendicular to the magnetic
field lines, ∆⊥/∆. Gough & Thompson (1990) obtained a sim-
ilar result through perturbation theory. They found (see their
Eq. (4.10)) that the effect increases instead with sin2 ψ, where
ψ is the angle between the magnetic field and the direction of
propagation of the wave. Hence the magnitude of the perturba-
tion depends on the direction of propagation of the wave.

Zweibel & Bogdan (1986) showed that for a submerged
layer of horizontal flux tubes, modes which turn within the
layer are more strongly affected. At the turning depth of the
mode, the propagation is parallel to the horizontal direction, but
not necessarily to the magnetic field lines. Zweibel and Bogdan
also showed clearly that the effect is larger for modes propa-
gating perpendicular to the symmetry axis of the tubes at the
turning depth (i.e. ky → ∞), rather than parallel propagating
modes (ky = 0).

The dependence of ∆⊥/∆ on β must be studied more care-
fully. The ratio ∆⊥/∆ is given by

∆⊥
∆
= 1 − k2

xc2
s

ω2
− gk2

x

ω2

Vz

∆
· (44)

If kx = 0, the mode propagates perpendicular to the magnetic
field lines and ∆⊥ = ∆, so the characteristic speed of this mode
(see Eq. (43)) is the fast magnetoacoustic speed (c2

s + v
2
A)

1
2 .
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Thus, for propagation perpendicular to magnetic field lines, the
effective fast magnetoacoustic speed serves to increase the fre-
quency of the mode.

Equation (44) supports the idea that the parallel propagat-
ing modes (kx � 0) would be less affected by the magnetic
field. In the limit of zero gravity, this is clear, viz.

∆⊥
∆
= 1 − k2

xc2
s

ω2
, (g = 0), (45)

but in the general case, unless Vz and ∆ have the same sign, the
effect requires further study.

Gravity brings about changes that depend on ky. The com-
pressibility ∆ and the vertical velocity Vz are related through
1 − k2

xc2
s + k2

yc2⊥
ω2

∆ = g(k2
x + k2

y)

ω2
Vz +

dVz

dz
· (46)

The correction to Eq. (45) due to gravity is obtained by rewrit-
ing the right-hand side of Eq. (44) in replacing ∆ from Eq. (46),
viz.

∆⊥
∆
=

(
1 − k2

xc2
s

ω2

)
×

1 −
1 − k2

yc2⊥
(ω2−k2

xc2
s )

1 +
k2
y

k2
x
+ ω2

gk2
x

1
Vz

dVz

dz

 · (47)

This expression indicates that the correction due to gravity in-
volves the ratio between the gradient in vertical velocity ampli-
tude with depth to the amplitude itself. The effect due to this
term is amplified for low parallel wavenumbers (kx → 0).

Furthermore, the effect of the buried magnetic layer is re-
lated to the internal and external environment of the layer, as
can be seen through the ratio 1

Vz

dVz

dz at depth z in the layer (see
Eq. (B.12)):

1
Vz

dVz

dz
= − 1

2Ho
+ κ

e2κ(z−zp) +
E+p
E−p

e2κ(z−zp) − E+pE−p
· (48)

For a mode with long wavelength, viz. κ  1, the ratio
E+p
E−p ≈ 1.

For modes of wavelength much longer than the thickness of
the layer, i.e. κh  1, the exponential term can be expanded
e2κh ≈ 1 + 2κh, and the expression (48) approximated by

1
Vz

dVz

dz
∼ 1

h
− 1

2Ho
· (49)

If h ∼ 2Ho, the vertical velocity amplitude stays constant. If
h � Ho, then the vertical velocity amplitude decreases. For
a thin layer with h  Ho, the vertical velocity amplitude in-
creases on the spatial scale of the layer.

The pressure or density scale-height in the isothermal layer
is increased by the presence of the magnetic field, which adds
support to the plasma through the finite plasma β (see Eq. (16)).
Hence, through the background equilibrium the magnetic field
helps to increase the vertical gradient of the vertical velocity.
As regards Eq. (47), this globally illustrates a rather complex
dependence of ∆⊥/∆ on β, which may be avoided for large
plasma β.

The wave equation in the magnetic layer was greatly sim-
plified by assuming the sound and Alfvén speeds to be constant.

This assumption is justified for a thin magnetic layer, h  Ho.
Note that the ratio β = c2

c/v
2
A is very large. In these conditions,

because Ho � H(zp) (where H(z) = c2
s (z)/(γg); see Eq. (16)),

only the tachocline model meets the assumption of a thin mag-
netic layer, as can be seen in Table 1.

The consideration of equations in the plane-wave approxi-
mation is not strictly valid for low-degree modes. However, the
plane-wave approximation may be considered valid locally if
there is no significant variation along a wave front over a dis-
tance comparable to the local wavelength λ. In the isothermal
layer, this condition corresponds to λ  Ho, where Ho is both
the density and pressure scale-heights. The local wavelength of
a p-mode in the isothermal layer is roughly λ � cc

ν . With a fre-
quency ν � 3.3 mHz and cc = 223 km s−1 at the base of the con-
vection zone, λ � 0.1 R�. For the tachocline model, this is a rea-
sonable approximation since Ho � 0.15 R�. But for a shallow
field model, with cc = 80 km s−1, λ � 0.03 R� > Ho � 0.02 R�
(see Table 1). This should be bear in mind when interpreting
the resulting frequency shifts.

6. Frequency shifts for parallel propagation

The confluent hypergeometric functions are computed numeri-
cally and the dispersion relation (36) is solved via a root finding
program. We consider the case of parallel propagation (ky = 0)
and examine the two model conditions described in Table 1.
Results for the tachocline model are given in the form of nor-
malised and dimensional diagnostic diagrams in Fig. 2.

The dispersion relation considered is function of the di-
mensionless combination kxzp and the dimensionless ratio h/zp.
Thus increasing l, i.e. increasing kx, amounts to increasing zp

and h in the dispersion relation. In other words, the investi-
gation of the dispersion relation through a range in degree l is
equivalent to increasing zp and h at fixed l. In the normalised di-
agnostic diagram, the roots (in full circles) of the dispersion re-
lation converge for increasing l to discrete horizontal ridges Ω2

n
in broken lines, given by Eq. (13) and such thatΩ2

n = 1+ 2n
m for

radial order n. Similarly, in the dimensional diagnostic diagram
(cyclic frequency ν against degree l), these roots are aligned
on the ridges of p-modes for high degree l and deflected from
them as the degree decreases. That the roots collapse on the
ridges of p-modes for high degree l or when kx → ∞ confirms
the results (13) on the basis of a simple polytrope model where
zp → ∞. Thus, in the absence of a layer, the model spectrum
recovers the field-free one.

The isothermal layer may support (oscillatory) body waves
(κ2 > 0), which exist in the shaded domains, shown in Fig. 2,
separated by two cut-offs of high and low-frequency. The two
cut-offs, given by the equation κ2 = 0 and denoted ω2

+ and
ω2−, correspond to the “plus” and “minus” modes with no ver-
tical propagation discussed in Nye and Thomas (1974), where
the wave equation is Fourier analysed in the vertical direction.
g-modes, which are allowed by the presence of the isothermal
layer, propagate in the oscillatory domain below the minus cut-
off, ω−. For kx → ∞ and a weak magnetic field, the high fre-
quency separation ω+ approaches the line ω = kxcc (the Lamb
mode in the field-free case), while the low frequency separation
ω− approaches the line ω = kxvA.
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Fig. 2. Diagnostic diagrams for the tachocline model (left) normalised (mΩ2 against kxzp) and (right) dimensional (cyclic frequency ν against
degree l). In both types of diagram, each full circle represents a mode of degree l, where l has been increased from the degree l = 1. The
“plus” and “minus” cut-off frequencies, ω+ and ω−, separate the shaded domain of propagation from the unshaded domain of evanescence in
the isothermal layer. The limits of the range examined, 0.1 ≤ Ω2 ≤ 15, are indicated by thin lines in the dimensional diagram.

The roots are deflected from the ridges as the degree de-
creases and in particular close to the Lamb dispersion line. The
modes for a model with magnetic field differ slightly from its
field-free counterpart, but the diagnostic diagrams are indistin-
guishable. The tiny frequency shifts which one can obtain by
comparing the two are the object of the following discussion.
But, it may be noted at this point that the shifts are more promi-
nent close to the Lamb dispersion line and that the shifts peak
mostly on the oscillatory side of the Lamb separatrix.

The frequency shifts considered are generally the cyclic
frequency difference ∆νnl(= ∆νnl), between νnl(max) obtained
with a magnetic field and νnl(min) in the absence of a magnetic
field (i.e. obtained with a field-free isothermal layer); no aver-
aging of ν is made. The shifts are shown in Figs. 3 and 4 for
individual modes in radial order n as a function of horizontal
phase speed ω/kx, where ω is the base frequency 2πνnl(min);
the bottom two rows of Fig. 4 give summed results. This rep-
resentation is helpful when comparing our results with a per-
turbation theory approach, which is explored in Appendix C.
Modes with turning points located within the isothermal layer,
at depths zt between zp and zq, have an horizontal phase speed
given by the sound speed cc in the field-free layer and indicated
as a vertical dashed line in Figs. 3 and 4. For modes with turn-
ing points outside the layer, the turning depth goes as the square
of the horizontal phase speed (see Fig. 1). From the summed re-
sults of Fig. 4, one can see that the amplitude of the shifts cul-
minates for modes with horizontal phase speeds slightly above
the sound speed cc.

In the long wavelength approximation (κh  1), the ef-
fect of the modified background equilibrium is balanced by the
thickness of the layer (see Eq. (49)) and in the case of parallel
propagation (ky = 0), Eq. (47) is then

∆⊥
∆
∼

(
1 − k2

xc2
c

ω2

) 1 − 1

1 + ω2

k2
x

(
1

hg − 1
2Hog

)
 · (50)

The sign of ∆⊥/∆ depends also whether ω2 > k2
xc2

c or ω2 <
k2

xc2
c. The right-hand side of Eq. (50) is small if h ∼ 2Ho or

for frequencies around the Lamb mode (ω2 ≈ k2
xc2

c) as in the
case of no gravity. The effect for modes with large horizontal
phase speeds (ω/kx � cc) would be a change in frequency that
is inversely proportional to β.

For a thin layer or a weak magnetic field, the geometry
is dominant, and ∆⊥/∆ does not depend much on β but de-
pends on h: the thinner the layer is, the larger the effect. This
is why for the tachocline model, which has h  Ho, we obtain
a change in frequency inversely proportional to β (Roberts &
Campbell 1986; Campbell 1987; Daniell 1998). On the other
hand, for a relatively intense magnetic field or a relatively thick
layer, the wave is more affected by the modified background
equilibrium in the presence of the magnetic field than by the
geometry (as long as h � Ho). This concerns in particular
the shallow field model, which, despite a plasma β almost as
large as in the tachocline model, marks its difference by hav-
ing h � Ho. Then the effect of ∆⊥/∆ is the largest for modes
with Ω2 ∼ 2kxHo, i.e. ω2

k2
x
∼ 2

γ
c2

c. These modes have horizontal
phase speeds slightly above the sound speed cc. In Fig. 4, for
the highest radial orders in the shallow field model, the loca-
tion of such a perturbation (ω/kx ∼ 87.6 km s−1) is identified as
corresponding to the highest peak in the shifts.

Returning to Eq. (50), it is possible to reduce the expres-
sion, when β is large and h/zp � 1 (i.e. gh � c2

c) for ω/kx � cc,
viz.

∆⊥
∆
∼ 1 − m

h
zp

k2
xc2

c

ω2
· (51)

One can see that the effect depends now on the thickness of the
magnetic layer as seen from the surface. This explains why the
amplitude of the shifts decreases with an increase in the mode
turning depth below the layer (or the corresponding horizontal
phase speed).

Considering the individual ridges of very low degree l,
increasing in radial order n as the frequency increases, the
above analytical descriptions in terms of frequency rather than
horizontal phase speed is also observed in the numerical re-
sults. In Fig. 5, fractional frequency shifts ∆ν/ν are plotted in
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Tachocline model Shallow field model
p1

p2

p3

p4

Fig. 3. The difference ∆ν in cyclic frequency between frequencies νnl(max) obtained with a magnetic slab and frequencies νnl(min) obtained
in the absence of a magnetic field. ∆ν is plotted as a function of horizontal phase speed ω

kx
, where ω is the base frequency 2πνnl(min) and

kx =
√

l(l + 1)/R�, for the tachocline model (left) and the shallow field model (right) and p-modes of radial orders n = 1 to n = 4. The sound
speed cc in the magnetic layer is indicated as a vertical dashed line.
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Tachocline model Shallow field model
p5

p6

p12

...

p1

p17

...

po

p12

...
p1

p12

...
p1

Fig. 4. As in Fig. 3, the difference ∆ν as a function of horizontal phase speed ω
kx

for p-modes of radial orders n = 5 and n = 6, and for all
p-modes with n = 1, 2, . . . , 12 for the tachocline model or from n = 0 to n = 17 for the shallow field model; also shown is ∆ν as a function of
base frequency ν = νnl(min) for all p-modes of radial orders n = 1 to n = 12.
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Tachocline model Shallow field model

Fig. 5. Fractional percentage frequency shifts versus radial order n, with lines joining shifts from modes of same degree l, for l = 1 (filled
circles), l = 2 (crosses) and l = 3 (open squares); (left) is for the tachocline model and (right) is for the shallow field model.

percentages with respect to the base frequency ν(min), against
the radial order n of the mode. At low radial order n, the nega-
tive dips are consistent with Eq. (51) and the difference of am-
plitude between the two models is explained by the difference
in the ratio zp/h. As the radial order increases, the shifts become
positive, again consistent with the approximate result (51).

The oscillatory patterns and their negative extrema may be
interpreted as manifestations of the resulting adjustment of the
nodes at the interfaces of the layer. It is interesting to note that
these results are consistent with numerical results by Gough
& Thompson (1990), who noticed an “irregular” behaviour
of central frequency shifts for modes with degree l = 2 and
stated that “with better sampling of points these results would
exhibit an oscillatory behaviour” (see their Fig. 14b and last
paragraph in Sect. 7 of Gough & Thompson 1990). Recent ob-
servations perhaps indicate the existence of such an oscillatory
pattern in low-l shifts (Jiménez-Reyes et al. 2001). These new
details need further investigation, but if confirmed they may
prove of interest for linking theoretical interpretations to the
observations.

For modes with turning points above the layer, the first
peaks in the shifts of successive p-modes mark the separation
between evanescent and oscillatory behaviour of the p-mode
inside the layer. This shows that a given mode which propa-
gates in the solar interior, with a cavity depth above the per-
turbative layer, may still be affected by the presence of the
layer, through its evanescent tail sweeping the lower region.
The acoustic oscillations are modulated by changing conditions
in a region in which the waves are evanescent.

7. Analytical approximation

The analytical approximation to the dispersion relation derived
below proves useful as an insight into the numerical results.
Also, the approximated shifts turn out to have properties that
reproduce the main shape of the oscillatory pattern in the shifts
obtained numerically. This property of the approximation of-
fers encouragement to deduce analytically shifts for modes
with perpendicular propagation.

7.1. The hydrodynamical effect of a thin isothermal
layer

Consider first the hydrodynamical effect of a thin non-
magnetised isothermal layer. The dispersion relation (36) is
simplified for a field-free (β→ ∞) isothermal slab to

ε−p ε
+
q e2κh − ε+p ε−q = 0, (52)

where

ε±p =
(
kh + Λ

±) M − 2khM′, ε±q =
(
kh + Λ

±) U − 2khU ′; (53)

κ is real for surface modes and imaginary for oscillatory modes
in the layer. Two first order approximations are applied.

First, the isothermal layer of thickness h = zq − zp is con-
sidered to be thin so that h  zp. Then e2κh ≈ 1 + 2κh, and the
dispersion relation can be expanded in the form

D ≈ D0 +
h
zp

D1, (54)

where D0 corresponds to the dispersion relation for a model
without an isothermal layer (i.e., a simple polytrope with
p-mode solutions given by Eq. (13)) and D1 is the first or-
der correction to that dispersion relation in the presence of an
isothermal layer of thickness h.

The eigenfrequency ω is the result of the effect of this thin
layer on the original eigenfrequency ω0, so that ω = ω0 + ∆ω.
The second analytical approximation comes from assuming
a priori that the frequency change is small, so that ∆ω  ω,
a result found numerically. Then, a first order Taylor expansion
can be applied to the D0 term around the base frequency ω0,
viz.

D0(ω) ≈ D0(ω0) + D′0(ω0)∆ω. (55)

Since D(ω) = 0 and D0(ω0) = 0, Eqs. (54) and (55) combine
to give an analytical approximation to the frequency shift, viz.

∆ω ≈ − h
zp

D1(ω)
D′0(ω0)

≈ − h
zp

D1(ω0)
D′0(ω0)

· (56)

Thus, ∆ω is directly proportional to the thickness h of the layer.
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Fig. 6. (Left) Percentages of fractional frequency shifts versus degree l, due to the hydrodynamical effect of a buried layer below the convection
zone. Numerical and analytical results are shown respectively in bold and dotted lines, joining shifts of the same radial order n, from n = 1
(confined to low l) to n = 12 (seen at higher l). (Right) The analytical results are determined frequency shifts as a function of horizontal phase
speed ω/kh.

From

D(ω) =
ε−p ε+q e2κh − ε+p ε−q

4khκ
= 0, (57)

the terms D0 and D1 are

D0 =
ε−p ε+q − ε+p ε−q

4khκ
, D1 = zp

ε−p ε+q
2kh
· (58)

Developing D0 yields

D0 = MU ′ − UM′ = −Γ(m + 2)
Γ(−Υ)

e2khzp

(2khzp)m+2
, (59)

where Υ = [mΩ2 − (m + 2)]/2. When taking the first derivative
of D0 with respect to ω, only the term in Υ is variable. Writing
u = −Υ, it is necessary to consider

∂ 1
Γ(u)

∂u
= − Γ

′(u)
(Γ(u))2

= −Ψ(u)
Γ(u)
· (60)

This derivative must be estimated around u ≈ 1 − n, where n is
a non-zero and positive integer. For such points, the functions
Ψ and Γ are two poles. The problem is solved by applying re-
flection formulae, so that (see Foullon 2002a, for details)

lim
u→1−n

∂ 1
Γ(u)

∂u
= (−1)n−1(n − 1)!. (61)

This finally gives the derivative of D0 with respect to ω evalu-
ated at ω0,

D′0(ω0) =
mω0

gkh
(−1)n−1(n − 1)!Γ(m + 2)

e2khzp

(2khzp)m+2
· (62)

In D1(ω0), the confluent hypergeometric functions can be sim-
plified in terms of generalised Laguerre polynomials.

After some algebra, the fractional frequency shift is deter-
mined as

∆ν

ν
= − h

kh
· (2khzp)m+2

e2khzp
· Re(Π)(L1)2(n − 1)!

2m(1 + 2n
m )Γ(n + m + 1)

, (63)

where

Π =

[(
1 + 2

L2

L1

)
kh − 1

2Ho
− κ

]
·
[(

1 + 2
L2

L1

)
kh − 1

2Ho
+ κ

]
(64)

and L1, L2 are generalised Laguerre polynomials

L1 = Lm+1
n−1 (2khzp), L2 = Lm+2

n−2 (2khzp). (65)

These polynomials and Eq. (63) were evaluated with the math-
ematical software Mathematica. As shown in Fig. 6, the an-
alytical approximation to account for the presence of a thin
isothermal field-free layer in a polytrope (h = 0.05 R� and
zp ≈ 0.39 R�) confirms the shape and the magnitude of the
shifts obtained numerically.

7.2. The magnetohydrodynamical effect of a thin
isothermal layer

The numerical results contain tiny shifts, not discernible on the
graph, due only to the presence of a magnetic field (β ≈ 12 236
for Bo(zp) = 0.3 MG). These effects are difficult to determine
analytically from Eq. (36). However, by considering the case of
a field-free layer we may provide a useful analytical estimate
of the frequency shifts. To do this we replace the layer terms
Ho and κ in Eq. (64) by their magnetic counterparts given in
Table 2. The result is an approximation to the shifts between
the model including the magnetic layer and the simple poly-
trope. Subtracting from them the analytical shifts due to the
field-free layer, one can find the magnitude of these tiny shifts,
as shown in Fig. 7 for parallel propagation (Foullon 2001).
Because our approximation is based on the dispersion relation
for a field-free slab (Eq. (52)) and not on the dispersion rela-
tion (Eq. (36)) yielding the numerical results, we do not expect
the shifts derived analytically by this process to match exactly
the form found from solving the full dispersion relation nu-
merically. However, we do expect the magnitude of the shifts
to be similar. In Fig. 7, the analytical results confirm the mag-
nitude of the numerical results for modes propagating imme-
diately below the layer, which yield the largest shifts, and for
modes propagating beyond. There is not such a good agreement
for modes yielding lower shifts, propagating above and inside
the magnetic layer.

For realistic parameters in the solar interior, the sole effect
of a magnetic field on central p-mode frequencies is negligible
for parallel propagation: ∆ν/ν ∼ 2 × 10−6 for the tachocline
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Fig. 7. Fractional frequency shifts versus horizontal phase speed ω/kx, due to the sole effect of a magnetic field in a buried layer below the
convection zone (Bo(zp) = 0.3 MG), for parallel propagation (ky = 0): (left) numerical and (right) analytical results are shown by lines joining
shifts of the same radial order n, from n = 1 to n = 11.

Fig. 8. Fractional frequency shifts due to the sole effect of a magnetic field in a buried layer below the convection zone (Bo(zp) = 0.3 MG), for
perpendicular propagation (kx = 0). The shifts are shown by lines joining shifts of the same radial order, from n = 1 to n = 11, and plotted as a
function of (left) the horizontal phase speed ω/ky or (right) the base frequency.

model, which includes a buried layer of thickness h = 0.05 R�,
with maximum field strength Bo(zp) = 0.3 MG; ∆ν/ν ∼ 10−5

for a shallow layer of same thickness at zp ≈ 0.05 R� for
Bo(zp) = 30 kG (with β ≈ 12 176). These shifts are to be com-
pared with the observations,∆ν/ν ∼ 2×10−4 over a solar cycle.

Moreover, for the tachocline model, the relative effect on
p-mode frequencies of a buried magnetic layer is much larger
for waves propagating perpendicular rather than parallel to the
magnetic field lines (see Fig. 8).

As the solar cycle rises, the x and y-directions are presumed
to flip by 90 degrees – the field lines passing from poloidal to
toroidal at the base of the convection zone (see, e.g., Dikpati
& Charbonneau 1999). Thus, instead of searching for an ex-
planation through a variation in field strength, one may also
interpret the observed shifts in global frequencies by a change
in orientation of the magnetic field lines (Foullon 2002b). At
some reference time in the solar cycle, the “global” waves (i.e.
as if the Sun were not rotating) propagate perpendicular to a
toroidal field; at a time in opposite phase, they propagate paral-
lel to a poloidal one. This change of configuration would pro-
duce maximum relative frequency shifts almost as large as the
sole effect of the field strength on perpendicularly propagat-
ing waves (see Fig. 9). These last results lead essentially to
the conclusion that at the base of the convection zone the pre-
sumed cyclical change of orientation of magnetic field lines has
a larger effect on global mode frequencies than an increase in

field strength alone would have on modes propagating paral-
lel to the magnetic field lines. However, an effect as large as
∆ν/ν ∼ 9 × 10−6 at the peak shift frequency 3900 µHz (see
right diagram of Fig. 8) is still negligible in comparison to the
observations.

The analytical approximation to the frequency shifts can-
not be applied to the shallow field model, for which h ≈ zp. It
is likely that, as for the tachocline model, shifts for perpendic-
ular propagation would be larger than for parallel propagation.
One should then rely on numerical methods to assess whether
the sunspot’s anchoring zone could contribute efficiently to the
global frequency shifts observed over the solar activity cycle.
However, more careful modelling is needed: it would be rele-
vant to include the superadiabatic gradient below the surface as
well as an atmosphere above the surface; these effects are likely
to be more crucial for the shallow field model.

8. Discussion and conclusions

8.1. On the choice of the constant value
of gravitational acceleration

The depth of the base of the convection zone zp has a non-
negligible effect on the frequency shifts, but does not have
a straight-forward proportional dependence, as illustrated by
the analytical approximation (63). However, for parallel prop-
agation, zp appears in the dispersion relation through the
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Fig. 9. Fractional frequency shifts versus horizontal phase speed, due
to the effect of perpendicular propagation (kx = 0) with respect to
parallel propagation (ky = 0), for a magnetic field at the base of the
convection zone (Bo(zp) = 0.3 MG), are shown by lines joining shifts
of the same radial order n, from n = 1 to n = 11.

wavenumber combination kxzp and in the ratio h/zp. The
roots obtained numerically are the normalised eigenfrequencies
Ω2 = ω2/(gkx), and g is not directly specified in the dispersion
relation. Without changing the value of the sound speed at the
base of the convection zone, viz. cc =

gzp

m = 223 km s−1, nor the
ratio h/zp ∼ 0.125, it is therefore possible to obtain results for
a new tachocline model just by scaling the numerical results
through a change in g, where zp and h are scaled accordingly.
If α is the scaling factor between two different values for the
gravitational acceleration, denoted by the subscripts 1 and 2,
viz. (g)2 = α(g)1, then the conditions that

(gzp)2 = (gzp)1 = [α(g)1]

[
(zp)1

α

]
,

(kxzp)2 = (kxzp)1 = [α(kx)1]

[
(zp)1

α

]

lead to (∆ω)2 = α(∆ω)1.
If g = 530 m s−2 (Basu et al. 1994, p. 214), the scale factor

is almost two (α ∼ 1.934); zp ∼ 0.202 R� and h ∼ 0.026 R�.
The resulting shifts are shown in Fig. 10. Comparing with
Fig. 4, one can see that although the layer is almost half as wide
the change in g from 274 m s−2 to 530 m s−2 produces shifts that
are almost twice as large, and the change in zp from 0.391 R�
to 0.202 R� extends the shifts from a range of degree l = 0 to
l = 70, doubled to l = 140. This points to the need to consider
a spherical geometry treatment with non-uniform gravitational
acceleration.

8.2. Solar buried magnetic layer

We have examined the influence of a buried magnetic layer.
The horizontal layer of field is located either at the base of
the convection zone or higher up at the supposed anchoring
zone for sunspots. In either case, frequency shifts due to an
evolving buried magnetic field are found to be of order ∆ν/ν =
(2−10) × 10−6, much smaller than the observed shifts over the
solar cycle (∆ν/ν = 2 × 10−4). Shifts due to changes in ori-
entation of the field are found to be larger than those brought
about by field strength changes. Nonetheless, buried magnetic

Fig. 10. Frequency shifts for p-modes propagating parallel to the mag-
netic field lines of the tachocline model (with Bo(zp) = 0.3 MG), but
with g = 530 m s−2, h ∼ 0.026 R� and zp ∼ 0.202 R�.

fields are unable to produce frequency shifts that are compa-
rable with those observed. Consequently, it would appear that
other effects, such as the influence of the magnetic atmosphere
(e.g., Campbell & Roberts 1989; Evans & Roberts 1992; Jain
& Roberts 1996), are more significant.

There are grounds for inferring the signature of the buried
layers through examining shifts of various degree. Several as-
pects may be distinguished. First, the p-mode frequencies are
increased proportionally to 1/β, where β is the squared ratio
between the sound and Alfvén speeds in the magnetic layer.
This effect may be directly related to the Lagrangian rate of
change in magnetic pressure perturbation, which compresses
the volume perpendicular to the magnetic field lines. When the
plasma β is large, one can say approximately that magnetism
acts only through the dynamics (the magnetic pressure pertur-
bation), but in general the effect is more subtle because the
magnetic field affects also the equilibrium pressure distribu-
tion. This second aspect involves the variation of the vertical
velocity amplitude, which approximately increases on the spa-
tial scale of the layer thickness and decreases on a scale of two
(magnetically-modified) density or pressure scale-heights. In
particular, when the plasma β is large, it may be said that the
frequency changes depend upon the layer thickness “as seen
from the surface”.

The form of the dispersion relation derived proved useful in
obtaining an analytical approximation to the effect of the buried
layer in a polytrope. This analytical approximation was con-
sistent with the numerical results for parallel propagation and
served to evaluate the amplitude of the shifts for perpendicu-
lar propagation. For realistic solar parameters at the base of the
convection zone (with maximum field strength Bo = 0.3 MG),
the relative effect on p-mode frequencies of a buried magnetic
layer of thickness h = 0.05 R� is much larger for waves prop-
agating perpendicular rather than parallel to the magnetic field
lines. These last results opened a new possibility to obtain fre-
quency shifts, not through a variation in magnetic field strength
as usually explained, but by a change in orientation of the mag-
netic field lines. For a change of magnetic topology at the base
of the convection zone, it is expected that the “global” waves
(i.e. as if the Sun were not rotating) would propagate perpen-
dicular to a toroidal field at a time which was out of phase
with the maximum of solar activity seen at the surface, and
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that they would propagate parallel to a poloidal field at a time
with about the same phase difference with solar minimum. This
change of configuration would produce frequency shifts anti-
correlated or out of phase with the solar cycle. Nonetheless, for
the tachocline model, an effect as large as ∆ν/ν ∼ 9 × 10−6 at
the peak shift frequency 3900 µHz is still negligible in compar-
ison to the observed fractional frequency shift (∆ν/ν ∼ 2×10−4

over a solar cycle), suggesting that the observed shifts are much
more likely to be explained by the influence of the changing
chromospheric and coronal atmosphere. However, the sunspot
anchoring zone might be relevant, and a more thorough mod-
elling of this region is needed.

8.3. Advantages and potentials

1. Our numerical and analytical results show that the ampli-
tude of the shifts culminates for modes with horizontal phase
speeds slightly above the sound speed in the field-free layer.
For modes with increasing turning depths below the layer, the
amplitude of the shifts is expected to decrease. These proper-
ties of the frequency shifts are consistent with a perturbation
theory approach, as shown in Appendix C. However, in con-
trast, our results show the details of an oscillatory pattern in
the shifts, which may prove of interest to explain observations
of similar patterns in low-l shifts (Jiménez-Reyes et al. 2001).
Moreover, we have shown that, like the chromosphere and even
the corona, the buried layers are able to influence the proper-
ties of p-modes with turning points above the magnetic layer,
by acting on the evanescent tail of the modes.

2. Through analytical derivations, we have obtained agree-
ment between our numerical and analytical results, reproducing
quantitative estimates of the frequency shifts. Unlike the pertur-
bation theory approach, our method is applicable to low degree
modes. Our analytical approach provides a useful alternative to
this theory.

3. Modelling similar to that presented here could also
be developed for astrophysical plasmas. In particular, p- and
g-modes in polytropic accretion disks (Korycansky & Pringle
1995), and the effect of an isothermal atmosphere that joins
smoothly on to the underlying polytropic layer, may be ex-
plored (Ogilvie & Lubow 1999). Besides, the analytical ap-
proach developed in the linear theory provides a basis for the
study of nonlinear effects. It could then be extended to other
stars where magnetic effects are significant (e.g. Ap stars).
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Appendix A: Pressures

The distributions of the physical variables in the unperturbed
configuration are denoted by a subscript o and the amplitudes
of the perturbations are denoted by a hat.

The total (plasma plus magnetic) pressure

poT = po + pm, (A.1)

obeys the equation of magnetostatic equilibrium,

∇poT = ρog +
1
µ

(Bo · ∇)Bo, (A.2)

where the gradient in magnetic pressure is equal in magnitude
and of opposite direction to the magnetic pressure contribution
of the Lorentz force, viz.

∇pm = ∇B2
o

2µ
· (A.3)

The total pressure perturbation p̂T is

p̂T = p̂ +
Bo · B̂
µ
· (A.4)

Then, using the adiabatic energy equation and the induction
equation to eliminate ∂ p̂/∂t and ∂B̂/∂t,

∂ p̂T

∂t
=

∂ p̂
∂t
+

Bo

µ
· ∂B̂
∂t

= −V̂ · ∇po − γpo∇ · V̂ + Bo

µ
· ∇ × (V̂ × Bo). (A.5)

Hence, the Lagrangian rate of change in total pressure pertur-
bation P̂T, defined by

P̂T ≡ Dp̂T

Dt
=
∂ p̂T

∂t
+ V̂ · ∇poT, (A.6)

can be expressed (through Eq. (A.5)) as

P̂T =

(
∂ p̂T

∂t
+ V̂ · ∇po

)
+ V̂ · ∇pm

= −γpo∇ · V̂ + Bo

µ
· ∇ × (V̂ × Bo) + V̂ · ∇pm

= P̂ + P̂m. (A.7)

Here the first term is the Lagrangian rate of change in pressure
perturbation due only to the plasma, viz.

P̂ = −γpo∇ · V̂, (A.8)

and the second term is the component of Lagrangian rate of
change in pressure perturbation due only to the magnetic field,
viz.

P̂m =
1
µ

[
Bo · ∇ × (V̂ × Bo) + V̂ · ∇B2

o

2

]
· (A.9)

Using the expression for the adiabatic sound speed cs(z), the
Lagrangian rate of change in pressure perturbation due only to
the plasma (A.8) can be rewritten

P̂ = −γpo∆̂ = −ρoc2
s ∆̂ = −E∆̂, (A.10)

where E = ρoc2
s is the medium’s modulus of elasticity and

where the compressibility ∆̂ is defined as

∆̂ = ∇ · V̂ = ∂V̂x

∂x
+
∂V̂y

∂y
+
∂V̂z

∂z
· (A.11)

For a magnetic field directed along the x-axis, the induced mag-
netic perturbation B̂ satisfies

∂B̂
∂t
= ∇ × (V̂ × Bo)

= ∇ × (V̂zBoy − V̂yBo z)

=

−Bo
∂V̂y

∂y
− ∂

∂z
(V̂zBo), Bo

∂V̂y

∂x
, Bo

∂V̂z

∂x


=

−Bo∆̂⊥ − V̂z
dBo

dz
, Bo

∂V̂y

∂x
, Bo

∂V̂z

∂x

 , (A.12)

where ∆̂⊥ gathers the components of compressibility perpen-
dicular to the magnetic field lines, viz.

∆̂⊥ =
∂V̂y

∂y
+
∂V̂z

∂z
· (A.13)

Note that the induced magnetic perturbation shows components
not only in the x- and z-directions, but also in the y-direction.

The Lagrangian rate of change in pressure perturbation due
only to the magnetic field (A.9) becomes

P̂m =
1
µ

(
−B2

o∆̂⊥ − BoV̂z
dBo

dz
+ V̂z

d
dz

B2
o

2

)

= −B2
o

µ
∆̂⊥ = −ρov

2
A∆̂⊥. (A.14)

The extent to which increasing magnetic pressure decreases the
volume perpendicular to the magnetic field lines is the modulus
of magnetic elasticity

Em = ρov
2
A. (A.15)

Hence the Lagrangian rate of change in total pressure perturba-
tion is

P̂T = −
(
E∆̂ + Em∆̂⊥

)
= −ρo

(
c2

s ∆̂ + v
2
A∆̂⊥

)

= −ρoc2
s

(
1 +

1
β

∆̂⊥
∆̂

)
∆̂, (A.16)

and so the medium’s effective modulus of elasticity is

ET = ρoc2
s

(
1 +

1
β

∆̂⊥
∆̂

)
= E

(
1 +

1
β

∆̂⊥
∆̂

)
· (A.17)

Appendix B: Eigenfunctions

B.1. Polytropic layers

The solution for ∆ in the field-free layers are:

∆(z) =

{
α1e−khzM(−Υ,m + 2, 2khz), 0 ≤ z ≤ zp,
β1e−kh(z−h)U(−Υ,m + 2, 2kh(z − h)), z ≥ zq,

(B.1)
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where α1, β1 are arbitrary constants. It is then possible to de-
termine the vertical velocity amplitude Vz from Eq. (30), viz.

Vz = ∆D = 1
Ω4 − 1

[(
c2

s (z)

g
− γΩ

2

kh

)
∆ − c2

s (z)Ω2

gkh

d∆
dz

]
, (B.2)

and the rate of change of Vz with respect to depth (see Eq. (46))

dVz

dz
=

1
Ω2

[(
Ω2 − khc2

s (z)

g

)
∆ − khVz

]
. (B.3)

B.2. Isothermal layer

In the isothermal layer, the vertical velocity amplitude Vz is
given by Eq. (23). Vp and Vq are defined as the values of Vz at
depths z = zp and z = zq, respectively:

Vp = Vz(zp) = D1eΛ
+zp + D2eΛ

−zp ; (B.4)

Vq = Vz(zq) = D1eΛ
+zq + D2eΛ

−zq . (B.5)

Besides Eq. (35) is verified for the eigenvalues of the dispersion
relation. Hence

D1E+p eΛ
+zp + D2E−p eΛ

−zp = 0; (B.6)

D1E+q eΛ
+zq + D2E−q eΛ

−zq = 0. (B.7)

In order to eliminate the constant D2, Eqs. (B.4)–(B.7) are com-
bined. This gives

Vp = D1eΛ
+zp

(
1 − E

+
p

E−p

)
; (B.8)

Vq = D1eΛ
+zp

(
1 − E

+
q

E−q

)
· (B.9)

The constants D1 and D2 are obtained from Eqs. (B.8) and
(B.6), giving

Vz =
Vp

1 − E+pE−p

(
eΛ
+(z−zp) − E

+
p

E−p eΛ
−(z−zp)

)
. (B.10)

Hence

dVz

dz
=

Vp

1 − E+pE−p

(
Λ+eΛ

+(z−zp) − Λ− E
+
p

E−p eΛ
−(z−zp)

)
, (B.11)

and the ratio 1
Vz

dVz

dz reduces to

1
Vz

dVz

dz
=
Λ+e2κ(z−zp) − Λ− E+pE−p

e2κ(z−zp) − E+pE−p

= − 1
2Ho
+ κ

e2κ(z−zp) +
E+p
E−p

e2κ(z−zp) − E+pE−p
· (B.12)

Appendix C: Perturbation theory

We apply the perturbation theory for a magnetic field, as de-
rived in Zweibel & Gough (1995) in spherical geometry, to the
problem treated here (in Cartesian geometry). Taking the az-
imuthal degree m = 0 and expressing the spherical components

Fig. C.1. Frequency shifts ∆ω/ω versus the phase speed ω/kh, ob-
tained through a perturbation theory approach to the the shallow field
and tachocline models, shown respectively in dotted (top curve) and
thin (lower curve) lines. In each case, the sound speed cc in the mag-
netic layer is indicated as a vertical dashed line.

for the magnetic field by Br = 0 and B2
θ + B2

φ = B2
o(z), we find

that the fractional frequency change, given by Eqs. (2.4)–(2.5)
in Zweibel & Gough (1995), reduces to

∆ω

ω
=

∮
du δq/c

(du/dz)(u(1 − u))1/2
/

∮
du

(du/dz)(u(1 − u))1/2
, (C.1)

for a perturbation δq to the sonic speed, given by

δq
c
=
v2

A

2c2
c

(1 − u), (C.2)

and where the variable

u =
c2(z)
c2(zt)

; (C.3)

c represents the phase speed or the effective wave speed at
which the mode travels at the considered depth z, and a mode
is characterised by its lower turning point zt, given when the
horizontal phase speed ω/kh = c(zt).

For modes reaching the layer, we assume c2(z) ∼ c2
s (z) =

gz/m. In the layer, at u = uc = c2
c/c

2(zt), the derivative
du/dz = 0. Outside the layer, du/dz = g/(mc2(zt)). Therefore,
Eq. (C.1) becomes in this case

∆ω

ω
∼ v2

A

2c2
c

(1 − uc)

S (uc(1 − uc))1/2
, (C.4)

where

S =
mc2(zt)
g

∫ uc−ε

0

du

(u(1 − u))1/2

+
1

(uc(1 − uc))1/2

+
mc2(zt)
g

∫ 1

uc+ε

du

(u(1 − u))1/2
· (C.5)

Frequency shifts computed from Eqs. (C.4) and (C.5) are
shown in Fig. C.1 as a function of the mode horizontal phase
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speed, for the shallow field and tachocline models. Despite
differences between methods, the asymptotic solution for the
tachocline model (lower curve in Fig. C.1) may be compared
directly with our numerical and analytical results in Fig. 7 for
parallel propagation and with our analytical results in Fig. 8
for perpendicular propagation. It appears that the perturbation
theory approach reproduces the trend of the general upper en-
velope of the frequency shifts, with an order of magnitude
higher but approaching peak values of the shifts for perpendic-
ular propagation. The maximum amplitudes of the fractional
shifts in our solutions obtained in Cartesian geometry for the
tachocline model are 2×10−6 and 8×10−6 for respectively par-
allel and perpendicular propagation. Perpendicular propagation
yields the largest shift, which is comparable to the maximum
amplitude of the asymptotic solutions for spherical geometry
(10×10−6 in Fig. C.1). The curve for the shallow field model is
also of higher magnitude (at least 2.5 times higher) than our nu-
merical results for parallel propagation (∆ν/ν = 10−5). The per-
turbation theory approach ignores the oscillatory pattern and
negative extrema of the shifts and do not deal with frequency
shifts from modes with turning points above the magnetic layer.

Such results can be expected given the differences between
the two geometries and between the respective expressions for
the perturbation to the sound speed. The asymptotic solutions
to Eqs. (C.4) and (C.5) do not distinguish between parallel
(kx � 0) or perpendicular (ky � 0) propagation to the magnetic
field lines. They are solutions obtained in spherical geometry
taking the azimuthal degree m = 0. Moreover, the asymptotic
solutions in spherical geometry are based on a perturbation for
the sonic speed δq/c given by Eq. (C.2), while our numerical
results in Cartesian geometry correspond to a perturbation for
the sonic speed given by Eq. (43), viz.

δc
c
∼ v2

A

2c2
c

∆⊥
∆
, (C.6)

that is δq/c multiplied by a correction factor. Expression (47)
for ∆⊥/∆ consists of two terms: the first term corresponds to
1 − u (by replacing k2

xc2
c/ω

2 = u), and the second term is the
correction factor, which involves the ratio 1

Vz

dVz

dz at depth z in
the layer (Eq. (B.12)).


