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When light travels through a medium in which the refractive index is rapidly changing with time, the light will undergo
a shift in its frequency. Significant frequency shifting effects have recently been reported for transparent conductive
oxides. These observations have been interpreted as emerging from temporal changes to the propagation phase in a bulk
medium resulting from temporal variations in the refractive index. It is an effect referred to as temporal refraction. Here,
we show that the frequency shift in an epsilon-near-zero layer made of indium tin oxide originates not only from this
bulk response but includes a significant effect resulting from temporal changes to the spatial boundary conditions. This
boundary effect can lead to a dominant, opposing shift to the bulk effect for certain angles. Hence, this process gives rise
to a frequency shift that can be tailored through the angle, decoupling the amplitude and phase modulation.
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1. INTRODUCTION

All-optical signal processing requires the control of various param-
eters of light waves such as amplitude, phase, and frequency.
Recent work has painted a promising picture for all-optical switch-
ing, showing sub-ps and large amplitude modulation for various
platforms based on amorphous silicon [1], gallium phosphide [2],
plasmonic waveguides [3], and epsilon near zero (ENZ) layers
[4–6], including indium tin oxide (ITO) [7,8]. Even cavity-based
optical transistors have been demonstrated [9,10]. However, while
the amplitude of light can be straightforwardly controlled using
these different modulator materials, controlling the frequency of
light is more challenging. Control over the frequency is required
for applications such as laser tuning, temporal [11], and spectral
[12] pulse compression and optical switching of channels in tele-
comunications [13]. Meanwhile, the ability to control both the
amplitude and frequency of a wave independently is thought to
be important to generate the spatiotemporal modulation required
for nonreciprocal devices [14] and time crystals [15]. To modulate
the frequency of an optical signal, one can change its phase on
ultrafast time scales, effectively creating a temporal refractive index
boundary [16–18]. However, in many circumstances, changes
to frequency are necessarily and directly coupled to changes in
amplitude, making independent modulation difficult.

Recently, thin films of ENZ materials have offered a promising
route to frequency modulation [19–22]. In such materials, signifi-
cant (>unity) changes to the refractive index can be induced on

sub-100 fs timescales due to ultrafast heating of the electron gas
[5,7], an effect which can result in frequency shifts by up to a few
percent of the carrier frequency [20]. However, while observed
frequency shifts are large when temporal refraction occurs in these
systems, they are also directly linked to refractive index changes,
which leads to simultaneous amplitude modulation, preventing
independent optimization.

Here, we investigate spatiotemporal refraction for tailored
frequency shifting in thin ITO layers. We show that the frequency
shift arises not only from a bulk response but includes a signifi-
cant contribution from temporal changes to the spatial boundary
conditions. The frequency shift arising from boundary effects can
oppose the bulk effect and can even be the dominant contribution
for sub-µm layer thicknesses. We further show that for high inci-
dent angles, it gives rise to a dominant, opposing shift (i.e., shifting
to higher rather than the usual lower frequencies), while main-
taining an increase in differential transmission. This competition
between surface and bulk responses could have applications where
tuning the amplitude and direction of frequency shift is useful, or
decoupling of amplitude and phase modulation is required.

2. RESULTS

A. Temporal Changes to Phase

For temporal refraction, a bulk medium of homogeneous refractive
index n undergoes a temporal change in index [23]. The temporal
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shape of the phase change is determined by the nonlinear refractive
index change1n = n2 I , which depends on the nonlinear material
characteristics n2 and the pump pulse intensity I . Time translation
symmetry breaking leads to a change in frequency1 f , determined
by n f = (n +1n)( f +1 f ), predicting that the fractional fre-
quency shift 1 f / f should depend only on the material indices
through1n/(n +1n).

However, nonlinear media can be considerably thinner than the
spatial extent of a laser pulse, so only a part of a pulse is present in
the medium at any one moment in time. Under such conditions,
the time translation symmetry argument outlined above breaks
down. This is particularly true for films of ITO, which are highly
absorptive close to the ENZ frequency, so that transmission is very
low for film thicknesses >1 µm. When films of several hundred
nanometer thickness are excited by femtosecond pulses, the fre-
quency shifts measured in experiments are considerably smaller
than those predicted by time translation symmetry breaking [20].
Under these circumstances, one should instead calculate time-
dependent changes to the transmitted phase of the laser pulse.
Consider the change in phase for normal incidence, arising from
propagation through the bulk of the film. For a time-dependent
change to index 1n(t) one predicts a change in phase given by
18(t)=1n(t)k0d (see Fig. 1), where k0 is the wavenumber
of the incident radiation in free space. We see from this that the
thickness of the film d is expected to limit the phase change, and
therefore the observable frequency shift, which is determined by

1ω=−d8/dt . (1)

However, in thin films, interfaces also play an important role
in determining the transmission phase. Effects arising from a
temporal change of the Fresnel coefficients describing interfaces
have been suggested to contribute to frequency shifting [21], and
are expected to be independent of the film thickness. When the
complex ITO refractive index, or equivalently permittivity ε, varies
with time, as in Fig. 2(a), the Fresnel coefficients for the interface of
the ITO will also vary with time. This will result in time-dependent
spatial refraction at the interface, referred to here as spatiotem-
poral refraction. The temporal change to this boundary-induced
phase can be associated with a frequency shift, as per Eq. (1) above,
alongside the temporal refraction induced by the bulk.

We can predict temporal changes to the ITO thin layer
transmission coefficient (t13) using the Airy formula, given as

t13 =
1

1+ r12r23e2ik2d
t12t23eik2d , (2)

with the Fresnel coefficients of the front (r12, t12) and back inter-
face (r23, t23). Here, we treat the time-dependent changes to

Fig. 1. Temporal changes in an optical medium. The schematic of
the bulk propagation case highlights that the nonlinear refractive index
facilitates a temporally changing phase for intense laser pulses. The Fresnel
coefficients can be used to extract phase changes at a spatial boundary.
Temporal changes to the interface induced phase jumps also shift the fre-
quency. Finally, the thin layer case studied in this letter, which combines
these phenomena.

(a) (b)

Fig. 2. Spatiotemporal refraction simulation. We study the impact of
a typical ωp reduction by 10% for the 407 nm ITO sample parameters
at 200 THz. (a) Upper panel shows that the real part of the refractive
index n initially increases until the electron gas reaches the minimum ωp ,
while the imaginary part κ decreases. They cross roughly at the maximum
gradient, corresponding to the ENZ point as seen below for the real part
of the permittivity being zero (εr). The thermal decay is modeled with a
time constant of 300 fs, as described in Supplement 1, Sections S1 and
S2. The lower panel presents the same changes in terms of permittivity.
(b) For the case of normal incidence, the simulated thin layer transmission
phase (813) agrees very well with the bulk phase (8b = k2d ). However,
for an incoming angle of 70◦ a total thin layer phase shift of opposite sign
is expected.

permittivity as being homogeneous throughout the ITO layer. In
Supplement 1, Section S3, we will revisit this assumption and show
that spatial in-homogeneity due to the exponential decay of the
pump throughout the sample leads to relatively minor quantitative
differences. For non-normal incidence at angle θ , we label the angle
of the wavevector inside the ITO layer as θ2. Then, the bulk phase
change (8b) is determined by the multiplication of the ITO thick-
ness (d ) and the normal wavevector component inside the ITO
layer (k2 = nk0 cos θ2). Further phase contributions appear from
the Fresnel transmission coefficients (812, 823) and the internal
reflections term8ir = arg(1/(1+ r12r23e2ik2d )).

We consider a beam incident from air, followed by an ITO layer
(sample details in Supplement 1, Section S1), followed by a glass
substrate. Excitation of such a system near the ENZ frequency
heats the electron gas, introducing strong optical nonlinearity
thought to arise predominately from changes to plasma frequency
[5,7]. To gain qualitative insights into the expected behavior,
we define temporal changes to the bulk plasma frequency as a
convolution of our Gaussian pump pulse, with a pulse length of
107 fs, and an exponential decay of 300 fs, determined from optical
pump-probe measurements using the analysis presented in [8].
For a sample with an ENZ frequency at 211.5 THz, undergoing
an estimated 10% red shift of the plasma frequency ωp, a probe
frequency fpr = 200 THz will experience the temporal changes to
permittivity and refractive index plotted in Fig. 2(a). For such a red
shifting ωp, the real part of the refractive index n initially increases
on pumping, while the imaginary part initially decreases. For
the plotted example, the real part of the permittivity crosses zero
shortly after pumping, which corresponds to the ENZ condition.

Using Eq. (2), and for a sample with d = 407 nm, we can
extract the transmission coefficient of our thin layer based on the
time-dependent refractive index and plot the corresponding phase
in Fig. 2(b). For normal incidence (upper panel), we see that the
phase change due to the interfaces, 812 and 823, are opposite in
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Fig. 3. Experimental setup and measurement. (a) Setup consists of a TE polarized pump and a 45◦ probe that enables quick spectral measurement of
either polarization by choice of the analyzer. The samples of interest are ITO films of 407 nm or 115 nm thickness on top of a coverslip. The lower plots show
schematically how the measured spectra (left) at different time delays (blue, orange) can be used to extract changes in both transmission (middle) and central
frequency (left). (b) Measurements taken for three different angles. They correspond to an incident pump intensity of I0 = 400 GW cm−2, fpm = 250 THz,
fpr = 200 THz, and TM polarization. The transmission increases up to 200 to 300% for all angles, while the frequency shift is either negative (5◦), negli-
gible (50◦), or positive (70◦).

sign and approximately cancel. The resulting total time-dependent
phase for this normal case, 813, is then similar to that predicted
from8b, the change in phase expected due to propagation through
the bulk.

However, increasing the angle of incidence leads to a very differ-
ent phase response. For larger angles, the temporal gradient of the
transmission phase can even change sign, as seen in the example of
70◦ incidence presented in the lower panel of Fig. 2(b). This behav-
ior arises due to the interface contributions, which no longer cancel
each other. Moreover, these interface contributions also lead to a
change in phase that is opposite in sign to the to normal incidence
case; i.e., a decrease in phase for the permittivity transitioning
from negative to positive real values. This effect is fundamentally
different from the bulk response, demonstrating the importance
of the interfaces in determining changes in phase and frequency.
Interestingly, such a contrasting behavior of the phase results in
an apparent experimental signature: a blue shift of the frequency
instead of the red shift expected from a bulk. A more in-depth
guide to understand the model, the individual contributions, and
the different limits can be found in Supplement 1, Section S2.

B. Experimental Measurement

To experimentally investigate this signature, we carry out a
pump-probe measurement as depicted in Fig. 3(a), defined by
the parameters I0 (the peak intensity of the pump pulse in the inci-
dent air), fpm (the central frequency of the pump pulse), and fpr

(the central frequency of the probe pulse). Unless otherwise stated,
we use I0 = 400 GW cm−2, resulting in frequency red shifts of
1 THz. We note that our observed frequency shifts reported below
are lower than those reported in [20]. This is due to a higher Drude
scattering rate and a reduced thickness for our ITO samples.

A TE pump polarization is chosen because it provides only a
slight angle and frequency dependence in absorption. We use a
probe polarized at 45◦ to check the frequency shifting behavior
of either polarization by rotating an analyzer in front of a spec-
trometer. Spectra are recorded for different pump delay times. The
spectra form the data basis, which we translate into changes in fre-
quency and transmission of the central frequency of the pulse, both
presented relative to the initial probe spectrum without pumping.
The experimental data plotted in Fig. 3(b) show typical behavior
for a probe frequency slightly below the initial ENZ frequency:

a strong initial increase of the transmission as a function of time
for all three angles (5◦, 50◦, 70◦), up to 300% of the initial trans-
mission. Simultaneously, very different frequency shifting effects
are measured: For the low angle case (5◦), the typical red shifting
behavior is observed, while the high angle case (70◦) presents a
blue shift; as described above, this is a signature dominated by the
change in phase at the interface. This interface effect can act as an
opposing shift and may be used to tailor the frequency shift or even
suppress it entirely, as seen for 50◦.

C. Thickness Dependence

Intuitively, one would expect the effect of interfaces to be more
important for thinner samples. To investigate this, we repeat the
initial predictions shown in Fig. 2 for a varying thickness of ITO.
In Fig. 4(a), we plot the maximal frequency shift for the red shift
feature (θ = 0◦) and blue shift feature (θ = 70◦) as a function of
ITO thickness, predicted using the quasi-time harmonic model
introduced below. The red shift feature is predicted to scale linearly
with the thickness of the sample, which is in line with expecta-
tions that the signal is predominantly determined by the bulk
phase. However, the high angle blue shift feature is dominated
by surface effects, and is relatively thickness independent for
d > 200 nm. For d < 200 nm, internal reflections counteract
the blue shift, leading to a gradual decrease of the shift as d→ 0
(also see Supplement 1, Figure S3). For very thick films with
d > 1000 nm, the blue shift again decreases through the counter-
acting bulk contribution, which is comparatively small for large
angles, since8b ∝ cos(θ2).

To demonstrate this effect experimentally, we compare the mea-
sured frequency shifts for the d = 407 nm sample [Fig. 4(b)] to a
considerably thinner one with d = 115 nm [Fig. 4(c)]. Figure 4(c)
clearly shows a strongly reduced red shift feature, agreeing with
the expectation of a reduced bulk effect. Additionally, with the
decline of the red shift, the blue shift feature has become more
prominent. In the experiment, we observe that the frequency shift
in this region is even larger than that measured for the 407 nm thick
film, an effect explained primarily by a lower scattering rate for this
particular sample.
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(a) (b) (c)

Fig. 4. Thickness dependence. (a) To further investigate the thickness dependence, we model the ITO for the two angle extremes depending on the layer
size. The quickly saturating blue shift (high angle) and a linearly increasing red shift (low angle) are plotted (ωp reduction by 10%, 417 nm sample param-
eters, fpr = 200 THz). (b) Experimentally measured frequency shifts of the 407 nm layer, similar to the measurements in Fig. 3(b) with angles marked by
dashed lines of the corresponding colors (I0 = 400 GW cm−2, fpm = 250 THz, fpr = 200 THz, and TM polarization). (c) Experimentally measured fre-
quency shift of a 115 nm layer (I0 = 400 GW cm−2, fpm = 214 THz, fpr = 240 THz, and TM polarization).

D. Comparison between Experiment and Models

One can calculate the expected frequency shift by relating mea-
sured transmission changes to expected temporal changes in phase,
which can then be used to predict expected frequency shifts. The
simplest possible way to achieve this is using a quasi-time harmonic
model, where we first calculate expected temporal changes to
the permittivity of the material, relate this to expected temporal
changes to transmission phase, and directly predict from this
expected changes to the frequencies contained in a probe pulse
using Eq. (1). This is possible via the following steps: First, we use
a standard pump-probe measurement to determine the temporal
dynamics of transmission amplitude versus time, which we fit
using the convolution of a Gaussian and exponential decay. We
then calculate t13 for a given incident frequency f and angle θ via
Eq. (2) for different bulk plasma frequencies. The results from
this calculation are used as a spline function to convert the mea-
sured change in the amplitude of transmission into corresponding
changes of the bulk plasma frequency. We then convert from
plasma frequency versus time to transmission phase versus time,
again using Eq. (2). Finally, we calculate the temporal derivative of
the extracted phase, and use this to estimate the expected frequency
shift as per Eq. (1). Note that this model assumes all frequencies
in the pulse respond identically; hence, we refer to it as quasi-time
harmonic and we come back to this approximation later.

The frequency shifts predicted by this quasi-time harmonic
model are shown in Fig. 5(a). The qualitative behavior predicted
in Fig. 5(a), defined by the relative amplitudes of red- and blue-
frequency shifts, as well as the angle at which the frequency shift
changes sign, is in good agreement with our direct measurement
in Fig. 4(b). This is striking, especially considering there are no
fitting parameters used in our approach. For this simple quasi-time
harmonic model, we expect the most significant frequency shifts
to occur at the times corresponding to the maximal change in
the optical properties of the material. As shown in Fig. 5(c) (blue
line), we see the maximum in predicted frequency shift corre-
sponds to the maximum temporal gradient in index [blue arrow
in Fig. 5(c)]. This can also be seen in Fig. 3(b), where the largest
frequency shifts are measured for the largest slope of the transmis-
sion change. Similarly, we expect zero frequency change for the
times corresponding to zero gradient in index, as seen for the time
corresponding to the extremum in plasma frequency (red arrow).
These two behaviors explain the narrow temporal widths of the

frequency shift features seen in both the model [Fig. 5(a)] and the
experiment [Fig. 4(b)].

Nevertheless, we note that there are some approximations used
in our quasi-time harmonic modelling approach. First, the finite
penetration depths of the laser pulses results in an in-homogeneous
refractive index of the ITO throughout the thickness of the film.
We can take this effect into account by treating the ITO as a mul-
tilayer structure, with the index change in each layer determined
by the predicted pump intensity in that layer, as described in detail
in Supplement 1, Section S3. The resulting prediction shown in
Fig. 5(b), while qualitatively very similar, predicts a smaller blue
shift and larger red shift than the single-layer model presented in
Fig. 5(a), in better agreement with the measurement in Fig. 4(b).

For changes in refractive index that occur on the timescale of the
oscillating field, one should also convolve the probe field with the
time-dependent response of the medium. This approach, which
describes the full temporal dynamics of the interaction including
the broadband nature of the probe pulse, is discussed in detail in
Supplement 1, Section S4. As shown in Fig. 5(c), this full tempo-
ral model (orange line) shows only a small difference in terms of
the maximum predicted frequency shift. However, the response
is slightly broadened in time compared to that predicted by the
quasi-time harmonic response, curtailing the negative frequency
shift seen previously for times beyond 200 fs, which is again more
similar to the observation in the experiment in Fig. 4(b). This can
be understood to arise from two effects: First, the temporal width
of the probe pulse spreads the frequency shifting event in time.
Second, the Gaussian frequency distribution of the probe pulse is
reshaped not only by spatiotemporal refraction but also by the tem-
porally shifted spectral absorption peak of the ITO layer. This last
point is often ignored, but very important for absorbing materials,
where it can be difficult to separate changes in the absorption of the
material from effects arising from the temporal gradient in index.
For example, in Fig. 5(d) we see that the spectrum corresponding
to the maximal frequency shift (blue line) does not correspond to
the maximum change in transmission intensity (red line). In such
circumstances where the frequency shifts are small, the two main
signatures discussed above (i.e., the observation of the maximum
shift corresponding to maximum gradient in index, and the change
in sign of frequency shift with angle) are both clear indications that
can help distinguish spatiotemporal refraction.

Finally, we point out that a complete model that simultaneously
takes into account both the convolution between the temporal
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(a) (b)

(c) (d)

Fig. 5. Modeling of experimental data. Predicted frequency shifts under the quasi-time harmonic approximation (see text) assuming (a) homogeneous
and (b) inhomogeneous layer approximations, calculated assuming parameters: (I0 = 400 GW cm−2, fpm = 250 THz, fpr = 200 THz, and TM polari-
zation). (c) Comparison between the quasi-time harmonic (blue solid) and the full temporal (orange solid) model, described in detail in Supplement 1,
Section S4. The temporal response of the optical material assumes a reduction in plasma frequency of 10% (dashed black). The full temporal model takes
into account the spectral width of 5.3 THz FWHM. The times marked by arrows correspond to: before interaction (green), maximum gradient in index
(blue), and zero gradient in index (red). (d) Frequency distributions corresponding to the three marked times in (c), as predicted by the full temporal model.
Modeled frequency shifts are lower than those reported in [20] due to a higher Drude scattering rate and a reduced thickness in our samples.

dynamics and the field, as well as the complete spatial dependence
of the refractive index, is a complex computational task and lies
beyond the scope of this paper.

3. CONCLUSION

In conclusion, we show that spatiotemporal refraction provides a
frequency shift that is relatively strong compared to the temporal
refraction for sub-µm samples. This contribution remains roughly
constant down to film thicknesses of 100 nm. Most importantly,
we demonstrate that the frequency shift can now be controlled
not only by the temporal refractive index changes but also by the
angle. This enables tailoring the nonlinear frequency shift in thin
layers independent of other nonlinear modulations such as the
transmission. In future, more versatile layer choices or combining
multiple layers could provide a plethora of ultrafast amplitude and
frequency switching devices by tuning interface effects to obtain
the desired results.
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