VORONOI SUMMATION FOR HALF-INTEGRAL WEIGHT
AUTOMORPHIC FORMS

EDGAR ASSING AND ANDREW CORBETT

ABSTRACT. A general Voronol summation formula for the (metaplectic) dou-
ble cover of GLg is derived via the representation theoretic framework a la
Ichino—Templier. The identity is also formulated classically and used to estab-
lish Voronoi summation formulae for half-integral weight modular forms and
Maaf forms.

1. INTRODUCTION

The Voronoi summation formula for classical modular forms has a long history.
This formula and its generalisations are crucial technical tools in the proofs of many
deep results of analytic number theory. One such example is Jutila’s treatment of
exponential sums involving Hecke eigenvalues [17], which implies a sixth moment
bound for the L-function of a Hecke eigenform of level 1 on the critical line. Other
applications include shifted convolution problems, spectral reciprocity formulae,
estimates of the L*-norm of Maafl forms and many more. A rolling history and
other applications of Voronoi summation are collected in [20].

Such classical Voronoi formulae are very well understood. Their manifestation
is closely related to the functional equation of the underlying L-function and as-
sociated Atkin-Lehner theory [19]. However, they can also be formulated more
abstractly in the language of automorphic representations for GLy; see [1,29].
Adopting a representation theoretic stance permits greater generality in describ-
ing local aspects, such as non-trivial levels, old forms and local p-adic test function.
For example, for all n > 2, the benchmark classical formula for GL,, [21] has been
completed to the greatest generality permitted by the representation theoretic
approach [6, 14].

Our goal here is to overhaul the theory for half-integral weight automorphic
forms. From a classical angle, recall the construction of half-integral weight holo-
morphic modular forms and half-integral Maafl forms. These correspond to smooth
functions of moderate growth on the upper half-plane $§ = {z € C : Im(z) > 0}
which, up to a character y, transform under the action of the congruence lat-
tice I'g(4N) C SLy(R) with respect to the ¥ multiplier. If f is such a form of
weight k + %, level 4N, and character y, then f has a Fourier expansion at the
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cusp oo, given by f(z +iy) = > ., ar(n)rs(ny)e(nz). Here, ry is used to ho-
mogenise notation between Maafl and holomorphic forms. One might refer to x;
as the “archimedean part” of the Fourier coefficient of f: if f is holomorphic then
ke(y) = (2my) "5 e 2™; if f is a MaaB form then ke(y) = ngn(y)m%lé<47r’y‘)
where Wy, ,,(2) is the classical Whittaker function introduced in [33] and s is the
spectral parameter of f. The Fourier coefficients as(n) have strikingly different
properties in contrast to their integral weight contemporaries. One being that,
even for Hecke eigenforms, the associated Dirichlet series ) _ar(n)n™® is not
Eulerian.

Using the modularity properties of a holomorphic half-integral weight modular
form f, Duke-Iwaniec [9, Theorem 4] derive a preliminary case of such a formula
which they then use to determine cancellation in the sum »_ _y x(p)as(p) for a
(principal or primitive) Dirichlet character y. A different Voronoi formula has been
given for Hecke-MaaBl forms by Bykowskii [5]. This formula has recently found
an application to the mass distribution of Saito-Kurakawa lifts amongst Siegel
modular forms; see [4]. These are two specific examples of Voronoi-type summation
formulae for half-integral weight. In general, such formulae are sparsely available
and, to the best of our knowledge, there is no unified approach to be found in the
literature.

In this work we give a general Voronol formula which applies to any automorphic
form arising from the representation theory of GLy(A); see Theorem 4.2. We also
give an explicit classical formulation of the result, applying to both the modular
and Maaf} cases, alongside various related formulae in §5.8. We intend the “oven
ready” classical formulae to carry sufficient generality whilst remaining explicit
enough for applications.

To preview the main classical result (Theorem 5.9), let k& be a non-negative
integer, N a positive multiple of 4 and y a Dirichlet character modulo N. Let
f denote a cuspidal weight k + % autormorphic form of level N and character y
as described in Definition 5.1, which includes (normalised) holomorphic modular
forms and MaaB forms. Let F': R — R be a smooth (test) function with compact
support in R-g. Further take b € N and a € Z with ged(a,bN) = 1. Then we have
the half-integral Voronoi summation formula

> (5 Jartmrm = X e (“np ) artmom ™ F (505

nGZ;ﬁo TLGZ#()

where as(n; b) is the Fourier coefficient of f at the cusp b = ¢ (see (25)) and the

Bessel transform H?’JFF of F', determined by the archimedean type of f alone, is
given in §5.7.

1.1. From automorphic forms to metaplectic representations. Automor-
phic forms of half-integral weight correspond to automorphic representations of
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the metaplectic cover éig of GLjy. The characterising feature of the metaplectic
group is that the 2-group of rotations Cy = {£1} C GL, is projected onto by the

cyclic 4-group Cy C GLy. A physicist might understand the 2-group of rotations
by revolving a particle by 7 degrees and then again back to 27 degrees, complet-
ing a full turn. Whereas if the particle were to carry a genuine action of Cy then
it must complete two full turns, a 47 revolution, before returning to the origin.
The particle is said to have the property of ‘half-integral spin’. In the theory of
automorphic forms, the genuine action of Cy-representations is realised though the
structure of the related cocycles, originally defined via the J-multiplier system.

Such a theory of representations of GLs plays a crucial role in identifying the
local-global framework of automorphic forms of ‘half-integral weight’. The beau-
tiful line of work of S. Gelbart and I. Piatetski-Shapiro [11-13] establishes all the
basics needed to build a foundational theory on which one may construct Voronoi-
type formulae. We give a concise review of this theory in §2 and §3. It is on
these bases that we are able to prove Theorem 4.2, our main theorem. This result,
derived in §4, provides a flexible adelic identity which may be specialised to give
various Voronoi-type formula. Finally, in §5 we move to the classical setting and
derive two more specific, but still quite general, Voronoi formulae. To produce our
classical formulae we require the necessary adelisation procedure for half-integral
weight forms. Whilst standard in the GLy case and certainly well-known to ex-
perts for GL,, the literature seems only to contain incoherent parts of the story.
We give a complete, modern account of the process in §5.

To conclude this introduction, we sketch the basic Voronoi mechanism in the
familiar world of ‘integral spin’; that is, for automorphic representations of GLs
giving action only to the two-group of rotations Cj, resulting in whole integral
weight at infinity. This will serve as a guide by which to navigate the metaplectic
situation Cy ~» Cy and motivate the constructions we recall in §2-3.

1.2. Strong Gelfand pairs as a source of Voronoi summation. To give
insight into the big picture, recall the interpretation of Voronoi summation in the
setting of strong Gelfand formations for GLg. This will serve as a guide, since we
shall rely on similar ideas in our treatment of the GL, case.

A ‘strong Gelfand pair’ consists of a topological group G and a subgroup H C G
such that

dimc Hompy (7|, 0) <1
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for all irreducible representations w of G and o of H. We call the diagram
G
H1 H2
E

a ‘strong Gelfand formation’ if each contained edge corresponds to a strong Gelfand
pair. It is well known that such formations can be used to study periods; that
is, elements of Hompg(|g,d) where m and 0 are irreducible representations of G
and FE, respectively. This is achieved by taking spectral expansions along both
intermediate sides of the formation.

It was pointed out in [25], and elaborated on in [29], that the strong Gelfand
formation

/G:GLQ\
=16 ;
\ /

=6 1)

can be seen as the source of Voronoi summation. If, in the case of the metaplectic
cover GLy, we naively replace N by a realisation, N* of N inside GLs (see (7)), the

1)

fact that N* C GLs is not a strong Gelfand pair becomes apparent. The formulae
presented in this work are instead motivated by the strong Gelfand formation

*

T
~

where 2; C é\ig Ai/s the pre-image of the centre of GLy under é\ig — GLs. The
groups ZN* C GL, form a strong Gelfand pair by the uniqueness of an analogue
of the Whittaker model in the metaplectic setting; see §3.
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The technique enabling the GL, formation to give rise to Voronoi summation is
sketched below in §1.3. We pick up the story for GL; again in §4.

1.3. The integral weight case for GL, revisited. Now let G = GL,, F' be a
number field, A its adele ring and w a Hecke character of Aj.. Given a suitable el-
ement ¢ € L?(G(F)\G(AF),w) which transforms with respect to some irreducible
automorphic representation 7, we expand the period ¢ — ¢(e) through the right
side of the formation to get

dle) = > Wy(d)-le)

J—

YEN(F)
where
o Woo) = | S(n)0m)dn
N(F)\N(Ar)

is the Whittaker period, the adelic realisation of a Fourier coefficient. Of course,
so far we have done nothing more than write down the Whittaker expansion in a
strange way. In particular, since e is the identity we have ¢)(e) = 1 and this term
is only included for completeness. Performing the same procedure on the right
hand side of the formation results in the identity

(1) S W@ vle)= > W) ¥(e).
YEN(F)\N(A) W EN(F)

Here we encounter the complementary periods
o Wul@) = [ smuman
N(F)\N(AF)

Up to this point the formula is essentially a triviality and there are two key steps
remaining before deriving a useful Voronoi summation formula.

Step 1 is to set up the left-hand side. We introduce the notation a(y) = (¥ ),
as used for matrices throughout. First of all let us observe that we can identify

F with N (m (A) by fixing some N (F)-invariant character ¢ explicitly realised
via

= [n = de(n) = d(a(@)na(§)™)] .
For £ € F'* we can now write
Wie(6) - 0le) = Wala(©) = [ [n(a(€))g](m)iman.
N(F)\N(AF)
Thus the 1p¢-Whittaker period of ¢ is nothing but the evaluation of the 1)-Whittaker

function associated to ¢ at a(£). In general the ¢»-Whittaker function of ¢ is a
function on G(Ar) defined by Wy(g) = Wy(m(g)¢). For pure tensors ¢, we get

Wy(a(€)) = [ Wew(a&)).
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This is a consequence of muliplicity one results for local and global Whittaker
models. For a fixed place v we can define a smooth function f, € C®(F)) by

(2) Wiu(al€,)) = €2 £,(&).

Now the function f, determines the full Whittaker function Wy,: G(F,) — C
uniquely and the image of the map Wy, — f, in C*(F,) contains the Schwartz
space S(F)). Note that, if v is non-archimedean, then S(F)) is also referred to
as Bruhat-Schwartz space and consists of smooth (i.e. locally constant) functions
from F to C whose support is compact in F*.

This phenomena allows us to make the following choice. Let S be a finite set of
places, including each place at which 7 ramifies and all archimedean places. We fix
Wy by choosing f, € S(F)) for v € S. For v ¢ S we assume that W, (-) is the
unique spherical element in the local Whittaker model normalised by Wy, (1) = 1.
Note that ¢ is completely determined by these data. The left hand side of (1)

reads
S, (((&H@ ) T1/.)

o0
EEFX VES<oo pv ) vES

where (§) is the embedding of £ € F* < A} and the argument of A, is the

maximal factor of £ which is a unit at each place v € S < .

Step 2 is to explicate the right hand side. Using N = (1) (1) N (1) (1) an

making the correct identifications we can rewrite the period on the right-hand side

) ng(@'@/}é(e):W(b((? 3) a(@) =IU[W¢,U((? (1)) a(f))-

For v ¢ S this enables us to evaluate the local Whittaker function simply by using
right-GLs(0,) invariance, where o, is the ring of integers of F,. If v € S, one can
either use the known transformation behaviour of W, ,, for example local Atkin-
Lehner /new-vector theory, or derive an integral representation for Wy, ((93) a(€))
featuring a Bessel kernel and the original function f,. Note that the Bessel-
transform can be constructed solely by using Fourier analysis and the unique-
ness of (N,v) and (N,’) Whittaker models. Nevertheless, it has a well known
connection to the local functional equation.

Indeed, it seems that all Voronoi type formulae concerning Maafl forms and
classical holomorphic modular forms can be deduced from this general strategy
using adelisation and de-adelisation.

The reason we discuss this strategy in quite some detail is because we now follow
the same ideas in the metaplectic/half-integral weight world. The main issue that
arises is that multiplicity one fails for the Whittaker model of representations of

GL, (A) and we constantly have to account for this.

d
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Remark 1.1. In the context of covering groups, the difference between SLy and
GL, is more nuanced than for in the base setting. There are detailed theories of
automorphic representations for both: Waldspurger, in his seminal work on the
Shimura correspondence, described the representations for SLy in terms of their
Whittaker and Kirillov models; see [30,31]; whilst Gelbart and Piatetski-Shapiro
in their series of papers [10-12] give a comprehensive theory of representations for
GLy. For the interested reader, the passage between these two coherent theories
is described in detail in [13].

In this work we elected to use the theory of GLs; wherever possible. This is for
several reasons: foremost, it allows a straight forward adelisation of classical half-
integral weight modular forms of arbitrary nebentypus, which does not deviate
far from the well known procedure for GLj. Secondly, and more technically, a
complete Bessel-inversion in the Whittaker model of a local SLy representation o
requires data from all the twisted representations § - o, where { essentially ranges
over all quadratic characters. This is of course seen in the GLo-world through
the appearance of the different y-Bessel functions. We see it as an advantage of
GL, representation that they package all relevant twists of the underlying SLo-
representation together.

Acknowledgments: We would like to thank the anonymous referees for many
useful suggestions, which led to a significant improvement of this work.

2. NOTATION AND METAPLECTIC CONSTRUCTIONS

For two integers a and b, we write a|b to denote that a divides b and moreover
a|b> shall denote that a|b” for some positive integer n. We start counting N at
inf N = 1. We shall use the standard exponential notation e(z) = €2™* for z € C.
For each z = re € C we define a branch cut of the square root by letting 2'/2
denote the complex number \/|z]e??" where —7/2 < ¢ < 7/2. If k € Z then
let 2Ft3 = 2hzz. If f: X — C is a function on a monoid X then denote the
right-translates of f by R(y)f(x) = f(xy) for each y € X.

Let F be aring with unit 1 € F'. We introduce the following matrices in GLy(F).
For A\ e F’*,x € F, and y € F* let

=" ) o= (") w1 ) e= ()

These matrices determine the subgroups Z(F') = {z(A) : A € F*}, N(F) = {n(z) :
v e F} AF) ={aly) :y € F*}, Ao(F) = {d'(y) : y € F*}, and B = ZNA,
omitting the parenthetic F' when convenient. We denote the square-roots of unity
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in F' by Zy(F) = {e € F: e =1} = Cy. We also encounter the cyclic group of
order four, which we denote by Cj.

Over the real numbers R we define the rotation matrix

[ cos(f) sin(0)
k(0) = (— sin(0) cos(@))

and the corresponding group SO(2) = {k(0): 0 € [—m,m)}. We further define
A ={d'(y): y € R.} C Ap(R). We write GL3 (R) for the subgroup of matrices
with positive determinant in GLa(R).

As usual, let I'o(N) denote the group of matrices (2%) € SLy(Z) such that
¢ =0 (mod N). The subgroup I'1(/V) consists of those matrices in I'o(N) with
the additional property that a = d =1 (mod N).

2.1. The metaplectic group over local fields. We specify the local field F
of characteristic 0 that we consider. If F' is archimedean, it is either R or C. If
non-archimedean we assume F' to be a finite extension of @@, in which p is the
residual characteristic of F'. .

We will construct the double cover GLo(F') following [10, Section 2.1]. Our
explicit co-cycle appearing in (5) is as in [10, Definition 2.10]. Note that at (odd)
finite places our choice is made such that the maximal compact splits trivially.
2.1.1. Definitions. If F' # C then the group SLy(F) admits a unique, non-trivial
two-fold cover SLy(F), see [22,32]. This group is known as the ‘metaplectic group’
and is defined by the exact sequence

1 — Zy(F) — SLy(F') — SLy(F) — 1.

If FF=C we set éig(F) = SLy(C) x Z5(C), whence the above sequence splits.
Any automorphism of SLy(F) lifts uniquely to an automorphism of SLy(F).

In particular, A(F) = {a(y) : y € F*} acts on SLy(F') by conjugation, lifting

uniquely to an action of A(F) on SLy(F). We thus define the metaplectic cover

of GLy(F) to be the semi-direct product GLy(F) = SLy(F) x A(F), once again

obtaining an exact sequence of locally compact groups

(3) 1 — Zy(F) — GLy(F) — GLy(F) —> 1.

As before, (3) splits if and only if F = C. If H < GLy(F) then let H < GLy(F)
denote the pre-image of H under GLy(F') — GLo(F'). We say (3) splits over H if

H = H x Zy(F); for example, (3) splits over the subgroups N and A defined as in
§2.

2.1.2. Explicit form of the metaplectic group. More concretely, arbitrary elements
of GLy(F) may be denoted as pairs (g,¢€) for g € GLy(F) and € € Zy(F). Multi-
plication in GLy(F') is then given by

(4) (91, €1) - (92, €2) = (9192, B(g1, g2)€1€62)
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where 5: GLo(F') x GLo(F) — Zy(F) is the co-cycle defined by

U(g192) (g192)
5 = det
) Bl a0) = | 2 S den(g) | stan)s()sne)
where [-,-] = [+, :]r is the quadratic Hilbert symbol,
1 if 22 = ax? + by? for some non-trivial (z,y,2) € F?
®  lab={ _ o 02
1 otherwise

for a,b € F*, and ¢,s: GLy(F) — F* are the functions

ol (@ b e iftc#0
c d)) | d ife=0
and, denoting the valuation of ¢ at v by v(c),

( a b ) ~ Jle,d(ad —bc)]  ifed #0, F # R,C and v(c) is odd,
’ (C d) |1 else.

Note that the main part, (g1, 92)s(g1) " s(g2) 's(g1g2)"?", is presented as in [2,

Section 7]. However, a simple computation shows this main part agrees with the
expression given in [10, (2.8)].
For each g € GLy(F'), we introduce the notation

(7) g = (g,1) € GLo(F).

We shall apply this notation to subgroups H < GLy(F') so that H* = {h*: h € H}.
Note that H* is not necessarily a subgroup of GLy(F'). An important example is

N*, which with our choice of co-cycle is a subgroup of GLy(F). Thus, n — n*
is a splitting of N. We also abuse terminology and let € denote the element

(1,€) € GLy(F) for € € Zy(F). For reference, we explicitly list some commutation
relations between commonly used metaplectic matrices:

y
(8) a(y
y

2.1.3. Genuine functions and representations. We say a function ® on C/}VLQ(F),
valued in any module containing Z(F'), is genuine if ®(g(1,¢)) = eP(g) for all

g€ é‘:ig(F) and € € Zy(F'). Otherwise, we say that ® factors through GLy(F'). In
what follows we shall only consider genuine representations of GLa(F').



VORONOI SUMMATION FOR HALF-INTEGRAL WEIGHT AUTOMORPHIC FORMS 10

2.1.4. The centre. The sequence (3) does not split over the centre Z of GLy(F).
Whilst Z itself is abelian, it commutes with the rest of g € GLs via the identity
g z(N)* = z(N)*(g, [\, det g]) for all A € F*. It is then evident that (3) does split
over Z2(F) = {z()\2): A € F*} < Z and in fact the centre of GL; is given by the
pre-image of Z?(F):

Z2(F) = Z*(F) x Z»(F).

For the quotient, we identify a set of representatives given by Z(F)/Z*(F) =
{z(A\)* : X € F*/(F*)?}. Given a character w of Z?(F) we define the set Q(w) =

{p: Z(F) = C: plz2ry = w}- B
Note that any genuine function f: Z(F) — C is of the form e f((z()\),€)) = f(A)
for A € ¥ and € € Zy(F). We make the convention of taking the normalised

counting measure dz on Z(F)/Z*(F). Explicitly, for f: Z(F)/Z2(F) — C define

I .

NEFX J(FX)2

2.2. Non-archimedean local fields: notations and conventions. In this sec-
tion we suppose that F'is a local field subject to the ultrametric property. Denote
by o the ring of integers of F' and by p the maximal ideal of 0. We fix a ‘uni-
formiser’, that is an o-generator of p, and denote it by w; we let ¢ = #(0/p). Let
|-| = |- |r be the absolute value on F, normalised so that |w| = ¢!, and v = vp
the valuation on F defined via |z| = ¢~*@®),

For a multiplicative character x of F* we define its ‘(exponent) conductor’ to
be the integer

a(x) =min{k >0 : x(u) =1 for all u € 0* N (14 p*)}.

Once and for all fix an additive character 1) of F' which we assume to be unramified;
that is, min{r > 0 : 9|, = 1} = 0. The additive group F is self-dual. After making
our choice of 1, we identify the dual group of F' by defining ¢, (z) = ¥ (Az) for
each A € F.

2.2.1. Congruence subgroups. The group GLy(F') contains the maximal compact
subgroup K := GlLy(0) and, for each integer n > 0, the congruence subgroups

Ko(n)z{@ Z)EK:cep”}gK

Kl(n):{(z Z) €K : cEp",d€(1+p”)ﬁ0X}§K0(n),

components of the filtrations K;(n) C K;(n —1) C --- C K;(0) = K for i =0, 1.
Similarly we define K'(n) by assuming a € (1 + p™) N o* rather than d. Over
the metaplectic group, (3) splits trivially over K'(n) (see [10, Prop. 2.8]) as long

and
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as vy(4) < n. In other words Ky(n)* (see (7) for notation) defines a subgroup of
GLy(F) as long as F' has odd residual characteristic.

2.2.2. Measure considerations. Let dx be the Haar measure on F', normalised
so that Vol(o,dxr) = 1, and d*y the Haar measure on F* | normalised so that
Vol(0*,d*y) = 1. Let ((s) = (1 — ¢ *)~" denote the (local) zeta-function of F.
Note that d*y = ((1)|y|~tdy.

Let us normalise a right-Haar measure dgb on B = ZN A via the formula

drb = d*udxd”y

for b = z(u)n(z)a(y) with u,y € F* and x € F. Then drb := |y|~*dgb determines
a left-Haar measure on B. We denote the unique Haar probability measure on K
by dk. The group GLs is unimodular, thus it posesses a bi-invariant Haar measure
dg. Using the Iwasawa decomposition we can make the identification

dg = dkdrb = dbdk.

Note that this identification determines a canonical normalisation of dg.

2.3. Global aspects of the metaplectic group. To introduce @Q(A) we follow

the discussion in [10, §2.2]. We define the adele group GLy(A) = GLy(A) X Zy(F)
and equip it with the product

(9761) . (hv 62) = (g . hv €1€2 Hﬁv(gvvhﬂ))‘

Note that if g,, h, € K, and v has odd residual characteristic, then (,(g,, h,) = 1.

Thus, by construction of the adeles as a restricted direct product we are always

encountering only finite products of co-cycles. This makes our group well-defined.
Another more conceptual construction is given by quotient

GLy(A) = Zewo\[ [ GLa(F),

where

Zeve = {(€v)y € [[,Z2(F): €, = 1 for all but a finite, even number of places v} .

In order to discretely embed GLy(F') we have to construct another lifting other
than ¢* = (g,1) € GLy(A) for g € GL2(A) as given in (7). We define a function
on v € GLy(F) by setting s(y) = [[, sv(7); note that this product is indeed
finite since the valuation v(c) = 0 for almost all v. Now define an embedding

¢: GLy(F) — é\ig(A) by mapping v € GLy(F) to
(9) 7* = (7,5(7)) € GLa(A)

such that « is embedded diagonally into GLy(A) in the first variable. Then ¢ is in
fact an injective group homomorphism.
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3. WHITTAKER MODELS, KIRILLOV MODELS AND BESSEL TRANSFORMS

We now recap some necessary prerequisites concerning local and global Whit-
taker models and their corresponding Bessel transforms.

3.1. Local Whittaker and Kirillov models. We let I’ be a local field and
recall some background from [12, §3]. Let (m,V;) be an irreducible admissible
genuine representation of GLo(F'). If F is archimedean, this includes a slight
abuse of notation. Indeed in this case V actually stands for the Garding space of
the representation, which is topologised in the usual way. The space W(w, 1) of
smooth functions on GLy(F'), invariant under right translation by GLy(F), such
that

W(n(z)"g) = ¥ (x)W(g)
forallz € F, g € GLy(F), and W € W(rr, ¥) is called a 1- Whittaker model for r if

—~

the representation of GLy(F') given by right translation R on W(m, ) is equivalent
to m. Such models always exist. However, in contrast to the GLy setting they are
not necessarily unique. Therefore we call 7 ‘distinguished’ if W(mr, ) is unique.

To fix this lack of uniqueness we make the following definitions. Let p be a
character of Z(F). A (¢, u)-Whittaker functional on 7 is a linear map I*: V; — C
such that

H(m(zn(z))E) = p(2)e(x)"(E)

forallz e F, 2 € Z (F), and £ € V. Such functionals are unique and for each
representation 7 there exists at least one p € Q(w,) such that [* # 0; recall the
definition of Q given in §2.1.4. Thus, we define the non empty set Q(7) = {u €

Q(wx)|I" # 0}. Given such a I* we can construct the unique (¢, u)-Whittaker
model by defining

W(rm, o, 1) = {W{: g = 1H(m(g)§): £ € Va}.
In particular the elements W € W(m, v, u) are smooth and satisfy
W (zn(z)"g) = p(2)y(x)W (g)

forall z € F, 3 € Z(F), and g € (Eig(F) The representation of éig(F) on
W(m, 1, ) is equivalent to .
If F' is non-archimedean we have the following useful result.

Lemma 3.1. Assume that F' is non-archimedean. On the set A*(F'), the Whittaker
functions W € W(m, 1, u), which are right-invariant by N(0)* satisfy W(a(y)*) =
0 for ally € F* with |y| > 1.

Proof. Let y € F*. Then for all x € 0 we have
Wia(y)") = W(a(y)n(x)") = W(n(zy)*a(y)”) = Y(xy)W(a(y)").
If |y| < 1, we can always find = € o such that ¢ (zy) # 1. O
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We now define the ‘Kirillov map’ by
(10) & (W a(-)"))peaem € C(F*).

for £ € V. As explained in [11, §3] this map is injective. Therefore, its image
is equivalent to V; and is called the ‘¢-Kirillov model’ of m. We write K (m,)
for this space. Moreover, one can show that it contains the subspace Ko(m,¢) =
BpeamS (F7).

For each p € Q(7) we can project onto the p-fibre of the (m,1)-Kirillov model.
This leads to the function space {y — Wi(a(y)*) : W € W(m, ¢, )}, which
contains the Schwartz—Bruhat functions S(F*). We refer to the latter space as
‘(¢, p)-Kirillov space of n’. Note that the (¢, u)-Kirillov space is not a proper
model for .

3.2. Archimedean Bessel transforms. In this section we introduce the Bessel
transform for genuine representations of GLy(F'). The goal is to describe the
action of w in the Kirillov model as an integral transform. We outline this theory
following [2, 3].

3.2.1. The real Bessel transform. First consider F' = R. We start by quickly
recalling the classification of representations in this case.

Proposition 3.2 (Classification of representations of GL, (R)). Ewvery irreducible,
admissible, genuine, unitary representation m of GLy(R) is equivalent to

GL2(R)

m(p,0) == indE(R)ﬁ2(R) (1 x o)

for some genuine character p of Z(R) and some genuine irreducible admaissible
representation o of SLa(R) satisfying o|c, = plc,. We distinguish several cases:

(1) The Principal (or Continuous) Series representations. Let 0 = 045 be the
representation induced from

CuN* (A7) 3 min(a)"d (y)* = y™'e(F) € C.

for a = 1,3 and s € iR,. We write n(u,s) for the equivalence class of
representations represented by

ﬂ-(:ua 01,8) = W(sgn ez 03,5)-

Here we abuse notation and view sgn as a genuine character of Z(R) Note
that

(1t 8)| zat,m) = 1 X 01,6 © (381 -11) X 035

The action of a(—1)* is easily determined by permuting the two components.
Further we must have pu(z(—1)*) = 1.



VORONOI SUMMATION FOR HALF-INTEGRAL WEIGHT AUTOMORPHIC FORMS 14

(2) The Complementary Series representations. These are given by 0 = 04
for s € R with 0 < s < 1/2 and o € {1,3}. As in the Principal series
case we write w(u, s) for the equivalence class of representations generated
by m(p, 01,6) = w(sgn 41, 03.5).

(3) The Discrete Series representations. If k is a positive integer, the represen-
tation oy, 1 contains a unitary irreducible subspace Oy p1- If k is even this

18 a holomorphic discrete series and if k is odd it is a anti-holomorphic dis-
crete series. A similar statement with holomorphic and anti-holomorphic
reversed holds for 031 We write o(u, k) for the equivalence class of repre-

sentations given by w(u, 51,14—%) = m(sgn -u, &3,k—%)' We can always arrange
that

[

0151 @03, 1 if kis even,
o(u, k)|§EQ(R) = { ? ?

The point is that the first component is always the holomorphic discrete
series of lowest weight k + % In practice we can realise this discrete series

representation as a subspace in a suitable model of mw(p,s) for s =k — %
(4) The Weil representation. If o is the irreducible subspace of Ol then

7(p, o) is determined by a character x of R* and known as the r;-Weil
representation.

Over R we have to consider the Whittaker models associated to the data (v, u*),

where pu* = sgn% 1. At least one of them will be non-zero. In particular we have
the Whittaker models W(7 (1, s), 1, u®). In order to fix two standard Whittaker
functionals we model 7(u, s) on

Fr = {F € ¢=(GL, (R)x GLa(R), C): [h — F(h, g)] € pxo for all g € GLy(R)

and F(hiha, g) = F(hy, hag) for all hy, hy € GL, (R), g € éiz(m)}.

Set ¥n(z) = e(\x). The standard (i)y, u®)-Whittaker functionals (agreeing with
those defined in [3, §13]) are given by

(11) L¥(F) :/F(w*n(m)*,a(j:l)*)e(:F)\px)|/\|§dx,
R
We now turn towards the action of the element w* = (w,1) on the Kirillov

model. This action is given by several Bessel transforms.

Proposition 3.3. Let m = m(u,0) be a genuine, irreducible representation of
GLy(R) as in Proposition 3.2. For e € {£1} there exist functions j~** : R* — C
such that

W ooy = 3 [ il G W ) )iy
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whenever WE* (a(-)*) € S(RX). Here d*y = dy/ly| = C(1)Y, where dy is the

lyl”
usual Lebesque measure on R.

To ease notation we will sometimes write 5+ = j##*_ Note that Q(u) = {u*}.
Proof. This follows from [3, Theorem 13.2] and the identification
(=, ylu(y ™) (wy) = [—2, ylus (y™ ) (alzy) w*) = 2 (aly) wia(z™)"),
where ¢/ € {u*, u}. O

Note that in contrast to the GL, situation we obtain a linear combination of
two Bessel transforms. This is a reflection of the non-uniqueness of the Whittaker
model and can be directly seen from the more complicated structure of the Kir-
illov model. Moreover, if y1 # g/, then the Bessel function j**" depends on the
normalisation of the two Whittaker functionals L*. Otherwise the Bessel function
depends only on the measure normalisations.

We finish this section by listing explicit formulae for these functions in some
cases. We will consider the additive character ¢(z) = )\(z) = e(Az) and write
j;f(:c) to highlight the additional dependence. The following expressions are ex-
tracted from [3, p.53].

For discrete series representations, s € —% + N, we have jff(x) = 0 and

Jax (T) = j:rr, "\ (x). Therefore, it is enough to describe the +-+-case. We have

e—3mis/2 1 .
12) ) = {2 (VDA L@\ al) i 24> 0,
™ 0

else.

For principal series representations, s € iR, and complementary series, 0 < s <
, we have

N =

Jas (@) = Soso2u(l]2) x| 2 (KA - dmile|2) — iR (=X - dmil|2)],

Jax (@) = Oaso2p(l2]2) [ Ax]2[(sgn(A)i) =" ~F — i(—sgn(N)i) = K (4| Nz |2)
where we consider the situation 7 = 7(u, 01,). In particular we have u(—1) = 1.
The other Bessel transforms are obtained by the relations j_\ (z) = j; " (7) and
Jux (@) = J2 2\ (@).

Remark 3.4. We skip the case of the even Weil representation, as this can be easily
excluded in most global applications.

3.2.2. The complex Bessel transform. 1f F' = C, we are in the split situation where
GL2(C) = GLy(C) x Z3(C). Thus, every genuine, irreducible, unitary representa-
tion is given by

7((g,€))v = em(g)v,
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where 7 is an irreducible, unitary representation of GLy(C) and v € 7. The latter
representations have been classified in [16, Theorem 6.2]. Also the complex Bessel
transform reduces to the GL2(C) case, which has been studied in [24].

In contrast to the real situation we have Q(w,) = {w,} and there is just one
Bessel function associated to each representation 7. In order to have a consistent
notation for all local fields we call this Bessel function j@=“=: C* — C. The
defining property is

vV3“<a<x>*uﬁ>::u/:<wﬂ<y1>jﬂ<xy>vvxm<a<y>*y1Xy

for W¥(a(-)) € S(C*). Here we normalise d*y = le‘Q = (1 )| %, where dy is

the Lebesgue measure on C = R?. This can be compared to [24, (3.2.4)] and the
corresponding Bessel functions are given in [24, Proposition 3.2.5].

3.3. Bessel transforms over non-archimedean fields. Let F denote a non-
archimedean local field and fix an irreducible, admissible representation (m, V) of

@Q(F) For p € Qw,), fix a (¢, u)-Whittaker functional for 7 and call it *.
By [2, Lemma 7.1], the (w, )—Whittaker space may be decomposed as

= P Wulmd.p

weQ(wr)
where we define the space W, (m, 9, 1) to be the set of functions W € W(m, 9, )
satisfying W (gz) = 1/ (2)W (g ) for all g € GLy(F) and Z € Z(F).
For W € W(m, ¢, ) and ' € Q(w,) we define the function

J.(W.il'g) - /‘/Wﬁ W (gn(z)*2) (z) ™" 1 (2)~" d2 da

By [2, Theorem 8.2] the sequence stabilises as n — oo. Thus,
(13) JW, 15 9) = lim J,(W, 15 g)
n—o0

converges for each g € éz/u*N *, is locally constant on this set, and defines a locally
integrable function on GLy(F).
Note that by construction .J (Wg 15 g) gives rise to a (v, u')-Whittaker func-

tional on @Q(F ). By the uniqueness property for such functionals we conclude
that there exists a value j** (g) € C such that

(14) T(WE s g) = i (9) WE (1)

for each g € Bw*N*. The consequent function jﬁr‘f{, (g9) also depends on the fixed

choice of character ¢); Whittaker functional I*"; and Haar measure dz present in
(13), though is independent of the vector &. If [#° = 0 simply define j##'(g) = 0
identically.
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We call the function j#* the ‘(u, u')-Bessel function’ associated to 7. We are
interested in these functions because they can be used to evaluate the Whittaker
functions Wg away from the diagonal. By [2, Proposition 8.3] the Bessel transform

is given as follows (noting that a factor of (#(1)~! appears because our measure is
normalised differently).

Proposition 3.5. Let £ € V. such that for all i/ € Qw,) the function y +—
Wg"/(a(y)*) has compact support in F*. Then for each g € Bw*N* we have

W) = () Y / 75 (galy™t)") WE (a(y)”) d*y.
)

wEeQ(wr

The left- and right-translates by Z(F)N* of the (u, i')-Bessel function are easily
described. Thus, by the Bruhat decomposition for GLy(F'), it suffices to under-

stand the Bessel functions on elements (a(y), €)w* € G for y € F* and € € Zy(F).
Abusing notation, we define

(g €)= e ((aly), w"); e (y) = g+ (y, 1),
These functions immediately satisfy the following support condition.
Lemma 3.6. Ify € F* then j** (y) = 0 unless pi'(u) = [u, y]p(u) for allu € F*.

Proof. By (14) it suffices to consider the function of J(W, u; w*a(y)*) for some
W € W(r, 1, ). By reordering integration in (13), for each u € F* we obtain

3 (w*aly) ) (w) = [u,y] plu) j24 (w*aly)),
whence the claim follows. O

Remark 3.7. If 7 is distinguished, then there is a unique (genuine) character pi,
satisfying [#= # 0. Therefore, the only non-trivial Bessel function is j#=#=. This
function does not depend on the choice of [*x but only upon the choice of Haar
measures in (13). An explicit formula for this Bessel function is given in [11, Propo-
sition 4.4.2]. Even more interesting is that for such distinguished representations
there is a local functional equation, which closely mimics the GLo(F') analogue.
Indeed, there exist constants (s, m,1) € C*, for s € C, known explicitly in terms
of local L- and e-factors, which are shown to equal

(15 Asimw) = [t ) ol d

(See [11, p. 170].)
For non-distinguished representations 7 such a compact formula relating the
Bessel functions j** to some 7-factors is not available. However, adapting the
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proof of [27, Lemma 4.5] one can show that
Vs, o w) = Ce(1)7 [ () g (u) " Hu20 )
X

R ) oy
u—epT

for n > 1 and a distinguished representation 7’. Here the v-factor appearing
on the left hand side is defined in [12, 5.5]. Such v-factors arise from the local
functional equation of Shimura-type, see [12, Theorem 5.3|, and play a key role in
the representation theoretic description of the Shimura correspondence.

3.4. Global aspects. Let m be a genuine cuspidal automorphic representation
of @Q(A). These are irreducible constituents of the space of genuine cuspidal
automorphic forms A°(GLy(A)) on which GLy(A) acts by right translation; see [12,
§9.3]. We write w, for its central character. It can be shown that each genuine
irreducible admissible representation 7 of (/}VLQ(A) has a factorisation

=@
v

where 7, are genuine irreducible admissible representations of GLy(F),), which are
spherical for almost all v. Note that the tensor product is actually a representation
of [,'GLa(F,) but, since all the local representations are genuine, the action of
Zeve 1s trivial so that the product descends to a representation of GLg(A) viewed
as a quotient.

Let ¢ = ®,%, be an additive character of A which is invariant under F'. Using
Fourier analysis on the compact quotient £\ A, one finds that any genuine cuspidal
automorphic form ¢ has a Fourier, or Whittaker, expansion

(16) dg) = > Wyla(§)*g)
EEFX

for

Wolg) = | o(n(z)"g)v(z)dz.
F\A

Here we equip A = H; F, with the product measure and write dz for integra-
tion with respect to natural quotient measure on F'\A. Note that we introduced
the normalised Haar measures for F, non-archimedean in Section 2.2. If F), is
archimedean we equip it simply with the Lebesgue measure.

The definition of Wy(g) resembles the GL; situation and for obvious reasons we
call W, the 1-Whittaker function of ¢. Guided by the local situation we define

the set Q(w,) as the set of genuine characters p: Z(A) — C* such that pu? = w,.
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Furthermore we define the (¢, u)-Whittaker function of ¢ by

W)= [ [ dena)r i) e
Z(A)2\Z(A) J F\A

Of course we have

Walg) = Y. Wi(g).

HEQ(wr)

We obtain the refined Whittaker expansion

(17) dlg)= Y. > Whal&)"g)

HEQ(wr) EEFX

As we did in the local case, we can associate the global (1, u)-Whittaker model
W(m, ¢, ) to m. We define Q(7) C Q(w,) to consist of those u for which W(w, 1, u)

exists and is non-trivial. We call 7 distinguished if §Q2(7) = 1.

Remark 3.8. Let m = ®,m, be a genuine cuspidal automorphic representation of
GL2(A). Then the following are equivalent:

e 7 is distinguished.

e 7 is a theta representation. In other words, it is constructed from a global
Weil representation.

e 7, is distinguished for every v.

This is the content of [12, Theorem A]. Furthermore if ¢ transforms with respect
to a distinguished cuspidal automorphic representation 7 with Q(7) = {u}, then
(17) reads

dlg) = > Wh(al(§)"g)

ceFx

and we have Wy(g) = W[(g) for all g.

We have now gathered all the necessary representation theoretic background
and turn towards the derivation of our main Voronoi formula.

4. THE MAIN ADELIC THEOREM

As suggested in the introduction, we follow the strategy for GL, as outlined
in §1.3. For distinguished (cuspidal) automorphic representations 7 this can be
executed verbatim. However, such a result is not so interesting as it is essentially
just a reformulation of Poisson summation. Therefore our focus will be mainly on
non-distinguished representations. For such representations, the fact that N* C
GLy is not a strong Gelfand pair becomes apparent. We instead consider the
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following Gelfand formation:

*

I
N,

Note that ZN* C GNLQ is a strong Gelfand pair by uniqueness of (1, u)-Whittaker

functionals. Furthermore we have w*ZN*(w*)™* = ZN". This follows from the
elementary computation

wzn(z) (w*) ! = zn(—xz)*, for 2 € Z and z € A.

Note that
w® = (w,1) € GLy(F)°* C GLy(A).

We now give the fundamental identity by expanding the period ¢ — ¢(e) through
both sides of the formation. Equivalently, the fundamental identity may be viewed
as the Fourier expansion of both sides of the equality ¢(1) = ¢(w"), which holds
for example for automorphic forms ¢. This is the point of view we adopt in the
following proof.

Proposition 4.1. Let ¢ be a cuspidal automorphic form transforming with respect

to some cuspidal automorphic representation m = ®,m, of GLo(A). Further assume
that ¢ is right-N(0)*-invariant. Let { = ((,) € A and let S denote the set of places
containing the archimedean places v for which (, # 0 and the non-archimedean
places v for which |(,|, > 1. Let ¢p = ®,1, be an additive character of A/F. Then
we have

SN WH@O)eE) = Y > Wha@)whQ) [ vo(—¢6"

HEQ(wr) EEFX HEQ(wr) EEFX veS

where h(C) = (hy) € GLy(A) is given by

(1 QY
h”‘(—c;l 0)

forve S and h, =1 forv ¢ S.
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Proof. Define ¢¢ := R(n(¢)*)¢, where R denotes right-translation, and consider
its Whittaker expansion. On the one hand,

) = Y Y W€ (<))

HEQ(wr) EEFX

= ) D> w(E) Wha(§)")

HEQ(wr) EEFX

since a(&)*n(¢)* = n(&¢)*a(€)*. On the other hand, by the automorphy of ¢¢, we

have
o) = (w) = Y > Wia(§)wn(()).
nE(wr) EEFX
The lemma is now proved by inspecting the argument place-by-place. For instance,
if v € S then m,(n(¢,)*) stabilises ¢. Otherwise note that

(18) (e, a(©)usn(G)” = al@)n(G; "V usn(G.)
= a(© w6 e = a©w (L §)

We now come to our main adelic theorem. Up to choosing ¢ and thus W/’ (in
other words Step 1 of our model strategy) this is a very general summation formula
to accommodate various application settings.

Theorem 4.2. Let ¢ be a cuspidal automorphic form with respect to some cuspidal
automorphic representation m = ®,m, of GLg(A). Further assume that ¢ is right-
N(0,)*-invariant, where o, is the ring of integers of F, for all finite places v of F,
and that it corresponds to a pure tensor. Let ( = ((,) € A and fiz the following
sets of places: let S¢ be the set of non-archimedean places v for which |(,|, > 1 and
at which ¢, is spherical; let Sy be the set of places v for which ¢, is not spherical
together with all the archimedean places. Let ¢ = ®,1, be an additive character
of A/F. Then we have

> Wha©) ) e(&0) =

HEQ(wr) EEFX

> D HEWENa() s (al¢ ™)) TT G0 €l (C)wn (—6671)

HEQ(wr) EEFX vES,

where 15, denotes the map from HUEsC G(F,) — GLy(Ap), and

M W) = [T Whote) - TT D0 e wisl(an),

VS vES y€Qwn,v)
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for local transforms given by
[ oW ]((a(€)") =
GO [ WL ) €l ~ U )

where (! = (, if v is archimedean or |(,|, > 1 and () = 0 otherwise.

Proof. This is a combination of Proposition 4.1 alongside evaluating W place-by-
place according to the local Bessel transform results (Propositions 3.3 & 3.5 and
§ 3.2.2) which we now detail.

Let h(¢) be as in Proposition 4.1. Starting from Proposition 4.1, in which the
fundamental identity for W(f is established, it remains to evaluate

Wi a(€)wh(C)) = [ Wi (a(€) wh,).

We do so by considering several cases.
First, we treat v ¢ Sy U S¢. In this case we simply observe that

Wi(a(§) why) = Wi (a(§)"),
since h, = 1 and w* € K.
Second, we consider v € S;. We have the decomposition

b= 66 -1t (4 5)

Together with w*a@(z)*(w*)™' = (a(x), [z, —1]) and noting how z € Z commutes
with other elements we find

a(f)gwghv = (Z(Cv)a [va _5])a(£<;2)*w* (C_U_ll é) .

Using the transformation properties of (1,, u$)-Whittaker functions and right- K-
invariance we get

W ()" hy) = (o —Ep(GIWES (alEG D)),
Finally, if v € S, and |C,], > 1, we have
W (a(6) wh,) =
GGG ST [ W ) ) € )
This follows from thﬁ, e(j«(l;n)al construction
() w'h, = n(€G Y a(€) wn(C,)",

see (18). In the remaining case, |(,|, < 1, we have h, = 1, so that the computation
is even easier. The result then follows after re-assembling all the pieces. U
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5. THE CLASSICAL FORMULATION

We now recall the adelisation and de-adelsiation procedure and give some in-
terpretations of our Voronoi formula in the classical language. We assume some
familiarity with the theory of half-integral weight modular forms. Nonetheless we
start by recalling some basics, mostly following [26].

5.1. Automorphic forms of half-integral weight. It is convenient here to give
an alternative definition of the metaplectic cover of GLJ (R). Let GLJ (R) denote
the set of pairs (g, ¢(-,g)) such that g = (¢%) € GL3 (R) and ¢(-,g): $ — C is

a holomorphic function satisfying ¢(z, g)? = t,—2=2 for t, € {£1}. Define the

4/ det(g)

multiplication law

(19) (91, 1(2,9)) - (92, P2(2, 9)) = (9192, P1(922, 9192)P2(2, 9192)),

and write SLy(R) for the subgroup of those tuples (g, ¢(-, g)) with det(g) = 1.
Explicitly, recalling our choice of the branch cut of the complex square root, one
obtains an embedding

SLy(R) 3 (g, €) — (g, e(cz + d)2) € SLy(R).

By [10, Lemma 3.3] this is well defined. Thus we can view SLy(R) as a subset of
GLJ (R).

For each integer k > 0, we let the group GLJ (R) act on the set of meromorphic
functions f: $ — C by defining the ‘half-integral weight slash operator’

20) i) = (220 s

?(z,9)

for g = (g,¢(-,9)) € GL3 (R). This action is genuine if and only if k is odd, which
we exclusively assume in our construction.
The prototypical example of a modular form of half-integral weight is the theta

function
U(z) = Z e(n?z)

neZ
for z € . See [15, Theorem 10.10] for example. Its square is a modular form of
weight 1, level 4, and character x4, the primitive Dirichlet character of conductor
4 such that y4(z) = e(*3?) if # € Z is odd. To pick out a lattice in SLy(R), define
the co-cycle

Jol1,2) 1= %Z,f)) =" (5) ez + )}

for eg = xa(d)z, v € Ty(4) and z € §. Here (£) is the (modified) quadratic residue
symbol as defined in [26, Notation 3]. For odd d and even c this agrees with (%)
as defined in [10, Proposition 2.16]. The functional equation for #* implies that

Jo((2§),2)* = xa(d)(cz + d).

S
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The projection SLy(R) — SLo(R) splits over I'y(N) whenever N is a positive
multiple of 4. We observe this splitting by virtue of

Ar(N) = {7 = (7,59(7,2)) = v € [1(N)} C SLy(R).

Since jy(n7y2, 2) = Jo(11,722)J9(72, 2), as required by (19), A;(N) defines a sub-
group of SLy(R). For notational convenience we also define

Ao(N) = {7 = (7,59(7,2)) = v € Lo(N)} C SLy(R).

We define a modular form of half-integral weight to be a meromorphic function
which is stabilised by A;(N) under (20). For each integer k£ > 0, and f: $ — C
we introduce the straightforward extension of the usual slash operation, as in [8]
(this might be unfamiliar for those used to classical holomorphic modular forms,
but is very natural from a spectral point of view):

1) Ay = (2 s

for v € T'y(4).

Definition 5.1. Let £ > 0 be an integer and let N be a positive multiple of 4.
Let x be a Dirichlet character modulo N. We call a smooth function f: $ — C
an automorphic form of weight k + %, level N, and character y if the following are
satisfied:

e One has f|, 17 = x(d)f for all v = (¢ ]) € o (V).

e The function f is a function of moderate growth on I'y(N)\$.

e As a function of é\iz (R) it is an eigenfunction of the weight k + % Laplace
operator

02 0? 1, 0
a2 ; Ny —
(22) Apyri=—y (a 5+ 8y2) +i(k + 2)yax

T
with eigenvalue A = s(1 —s). (e Ay 1 f = Af.)

We consider the eigenvalue A as fixed and denote the set of such functions f
by A 1(N,x). Let A7 (N, x) denote the set of f € Ay 1(N,x) such that
2 5 2

lim, ., f(z) = 0 for each cusp a of I'y(N)\$. Note that AZ#(N, X) is empty
2
unless x(—1) = 1.

In some situations it is convenient to relax the first condition in Definition 5.1
to

f|k+%ﬁ = f for all v € T'{(N),
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whilst keeping the remaining conditions with the necessary modifications. The
resulting spaces of such functions are denoted by A, | 1 (N) and A7, (N) respec-
2

tively. One can show that

LN = @ AL (Nx).

x mod N

We are thus naturally led to modular forms that transform with respect to char-
acters under Ag(N).

5.2. Relation to the literature. Since our notion of a half-integral weight mod-
ular form slightly deviate from the standard ones, let us give some examples of
how it relates to the usual classical constructions.

Remark 5.1. We start by recalling the classical definition of weight % Maafl forms
as given by S. Katok and P. Sarnak in [18]. The theta function used by loc. cit. is
J(2) := Im(2)19(z). The resulting co-cycle is

~Ovz) o ge(yz)  ge(v,2)
(23) TR =5 T e dE  liotn o)

The space considered in [18] now translates into

L2,y (Co(N\$, ) = A3 (4, 1d)

cusp

= {f: $ — C: square-integrable and cuspidal with f\%’y = f, Vv e F0(4)} .
In particular they are interested in eigenfunctions of —A 1.

Remark 5.2. Even though our notion of an automorphic form includes holomorphic
modular forms of half integral weight, it differs slightly from the classical definition.
Indeed, a classical modular form F' of weight k + % is usually defined by requiring
o F(yz) = x(d)jo(y, ) F(2) for all v € To(N),
e F'is holomorphic in $ and at the cusps.
Given such a form F we claim that f(z) = Im(z)%F(z) satisfies the definition
of a weight k + %, level N automorphic form of character x. To see that f exhibits
the correct transformation behaviour is straightforward. Using the fact that holo-

morphic functions are harmonic in that they are annihilated by Agz = 86—;2 ;—;2,
we compute that

2k+1 2k+1
(24) Bt =2 (1- 2 1

Additionally the Cauchy—Riemann equations for F' imply that

.0 0 2k +1
Apyrf = {Zy%_y(‘?_y—'_ 1 }fzo-
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Thus, f lives in the kernel of the Maafl weight lowering operator. Moreover, the
two conditions (24) and A, +1f = 0 characterise the holomorphy of F. This is a

nice exercise involving the Cauchy-Riemann equations.

5.3. Fourier expansions. For a cusp a of I'((N)\$ let ¢ € SLy(Z) such that
oa = oo. Suppose that v € T'o(N) satisfies ya = a. Then oyo~! fixes the cusp oo
implying it is a matrix of the form 4+n(z) for some x € Z. Since v 'a = a, we can
make the definition

w(a):=min{z >1: oyo ' =n(z) for some v € [y(N) }.

The positive integer w(a) is called the ‘width’ of the cusp a. It is defined inde-
pendently of the choice of o. If the cusp a has denominator ¢ and numerator a,
so that a = ¢ € PY(Q) with ¢ | N and ged(a, N) = 1, it is well known [23, §3.4.1]
that w(a) = N/ ged(q? N).

Let M | N denote the conductor of x. For any x € Z we have (f|k+%0_1)(z +
zw(a)) = x(1+ axw(a)q)(f|k+%0*1)(z). Note that x(1 + azizow(a)g) = 1 for all

(x1, M) =1 if and only if M | qw(a)zs, or equivalently, m | 3. Define

qu
M ~ lem(q®, N, qM)

ged(qu(a), M) ¢ '

Then d(a) is the least integer d > 1 such that (f|,,107)(z +1d) = (fle1107")(2)

for all [ € Z. Consequently any f € flk +1 (N, x) admits a Fourier expansion at the
cusp a as given by

(25) (flie 18 D) = ap(O;0,9) + Y ag(n;a) sg(ny/d(a))e(nz/é(a))

0#n€eZ

d(a) :=w(a)

1
2

where ry(-)is a function depending on the Laplace eigenvalue of f as well as the
weight. By separation of variables we show

(47lyl)

for y # 0. Here Wy, ,,,(2) is the classical Whittaker function as introduced in [33].
A function f € AH%(N, X) is cuspidal if and only if as(0;a,-) = 0 for all cusps
a. Since we are mostly interested in cuspidal functions we can ignore the constant
term function ¢ for now. We write ag(n) = ag(n;00). It is important to remember
that the coefficients depend on the choice of the scaling matrix o. Even though this
is a weak dependence it also depends on how we lift o € SLy(Z) to & € SLy(R).

/if (y) - ngn(y) 2k+1

s
4 2

Remark 5.3. Suppose f has eigenvalue A\ = 2’“4—_1 (1 — 2’iT_l) Then

2k+1

Rf(Yy) = Woens s (dy) = (dmy) e

—2my
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for y > 0. Furthermore, the condition A, 1 f = 0 implies that af(n;a) = 0 for
n < 0. Therefore one recovers the classical Laurent expansion at the cusps, which
is well known for classical holomorphic modular forms of weight k + %

5.4. Connection to the adelic theory. We now determine an embedding of
A, L1 (N, x) into the subset of adelic automorphic forms. We need the subgroups
2

(26) Ki(N) = H Kip(vp(N));  K'N) = H K;(UP(N))

and

of the adele group GLy(A). (Note that K'(N) corresponds to K{¥ in the notation
of [10].) Our local co-cycles are set-up such that K'(N)* defines a subgroup of

GL3(A). The following lemma connects the splitting of GLy(Q) with the (modified)
Legendre-symbol.

Lemma 5.4 (Proposition 2.16, [10]). For all v = (z 2

(-

Next we need a version of strong approximation that applies to @ig (A).

Lemma 5.5 (Lemma 3.2, [10]). We have

~ ~+
(27) GLy(A) = GLy(Q)* - (GL, (R) x K'(N)*).
Furthermore, if we write (g, () = Y (goo, (oo ) k™ accordingly, then (goo, Coo) 1S unique
up to left multiplication by (7o, s(Y0)) for 70 € T1(N). Note that the image of
(70, 5(70)) under the natural embedding SLa(R) — SLo(R) lies in Ay (N).

Finally, it will be important to understand how the decomposition of strong
approximation is affected by right multiplication by Ky(N).

Lemma 5.6. Let g = 75 (goo; Coo )k € GLy(A) and k € Ko(N) N K(4). Then we

have
gk = (7)*[(6,5(6)) - (9sc, Coo)IK3
fO?" o€ Fo(N) with Lfm<5) = ]{/’Qk’ilkl_l c K()(N)
Let f € /le, 11 (N, x). We will adelise a Dirichlet character x to a Hecke character

wy: Q*AX — S' so that the completion of the Dirichlet L-function agrees with
the L-function of w, as defined by Tate, see [28]. We extend this character to
Ky(N) by defining

) € I'1(4) one has

wy (k) = H wy,o(dv)

v|M
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for k € Ko(N). Define the function ¢;: é‘ig(A) — C by
(28) 1(9) = Wy (k) (flrs+1900) (7)

where g = 752(A)*gook™ for v € GLy(Q), A € R, goo € SLy(R), and k = (2t) €
K'(N). Let us check several issues.

o s is well defined. Indeed, if g = y12(A\1)goo1k1 = 722(A2)goo2k2, then
Goo1 = (7, 8(7))goo2 for v € T'1(N). With this to hand we check that

©r(712(A1))goo k1) = wy (k1) :f|k+%goo’1} (7)
= wy (k1) :f|k+{~79°°»1} (%)
= (,ux(]ﬁ) :f|k+%goo,2i| (Z)

= wy(kiky ) er(122(X2)) goo,2ka).

But w, (kik; ') = 1. Thus we have shown that the definition of ¢, is inde-
pendent of choices made whilst using strong approximation.
e For k € Ko(N)N K*'(4) and g € GLy(A) we have

pr(gk™) = wy(k)er(9)-
Indeed by Lemma 5.6 and the definition we have

pr(gh™) = wy (ki k2)x(9)ps(9).
However x(0) = w, (k; 'kk;) and the claimed equality follows.
o Writing r = qroorpin € QRLZ* = AX we find that (2(r?), €)g = (2(¢?)7)* -
2(Ar2) (1, €)goo) - (2(7F:,,)k)*. According to our adelisation procedure we

find

pr((2(r%),€)g) = ewy (2(rfin)) s (9) = ewy (r*) o4 (9)-
In other words, ¢y is genuine and transforms with respect to the central

character w,.
e Furthermore, we check that by definition we have

0r(gk(0)) = "2, (g),

for all g € é\fq(A) and k(0) € SO, with 6 € [—2m, 27); such elements are
explicitly defined by we identify

H0) = (500 i) (V] <0

In particular, using Iwasawa coordinates we write

Goo = (y2 wy_f) k(0) € SLa(R)
0 y 2
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for y € Rog, z € R, and 0 € [0,47). One thus computes that
(29) 1(Goo) = 5T f(z + ).
e In Iwasawa coordinates the Casimir operator of SLy(R) is given by
0? 0? 0?
0= —y? .
v (8952 + ay2> Y00

In particular, according to (29), we have QSOf‘sTEQ(R) =D f =AM

Moreover, it turns out that ¢; has moderate growth and, additionally, if f is
cuspidal then so is . In particular we have an injection

A (Nx) 3 f = pf € A°(GLa(A)),

which respects the cuspidal subspaces. Taking all weights k + %, levels N, and
characters x into account, this exhausts the space A°(GLy(A)).

5.5. Connection to automorphic representations. From now on we assume
that f € A} ! (N, x) is an eigenfunction of the Hecke operators T)2 for all primes
p 1 N. If this is the case, ¢ generates an (irreducible) genuine cuspidal automor-
phic representation of GLy(A) in the sense of [10, Def. 3, p. 58]; we denote this

representation by ;. This follows directly from strong multiplicity one. In par-

ticular, there exist irreducible, unitary, genuine representations 7, of GL(Q,), for
each place v of Q, such that 7, is class one for all finite v { N; and 7y decomposes
as a restricted tensor product 7; = ®,m,. The central character of 7 is given by
Wy

At the archimedean place v = co we can give a more detailed description of m
depending on the type of f. To this end, observe that if f is a Maafl form—which
is distinguished by the fact that it is not annihilated by any iterate of the Maafl
raising and lowering operators—of weight k+% with Laplace eigenvalue A = s(1—3s),

then
1

Too = (sgn®, s — 5)
This can be an irreducible principal series if s — % € 1R or a complementary series
if s — 3 €(0,3).
Furthermore, let f(z) = Im(z)“% F(z) for a classical holomorphic modular form
F of weight k + %; in which case f is annihilated by A, 11 Then we have that

Too = o(sgn”, k)

is a discrete series representation.
In all these cases the archimedean component vy, € T of @ is of the form

Vfoo = (C1¢r,0) Ec BT
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where T |7, z) = 0 @ 7. Here Cy € C* is a constant (depending on f) and ¢y is
defined in the induced picture by

¢k(k(9)) _ ei(kz-&-%)e'
Note that according to the discussion in Proposition 3.2 we arrange that

sgn® xo, . 1 if f is a MaaB} form,
)

(30) 0 =190, 1 if f is holomorphic of even weight k,
63,,9_% 4 if f is holomorphic of odd weight k.

5.6. Fourier vs. Whittaker expansion. Consider the adelic Whittaker func-
tions W,,. If ¢ comes from a classical object, these relate to the standard Fourier
coefficients as follows. Fix the additive character ¢ = ®,1, on A/Q = (R/Z) x

1,00 Zp by ¥oo(x) = e(x) for x € R and 4|z, = 1 but ¢, (p~") # 1 for p < occ.

Proposition 5.7. Let f € .,Zlk%(N, X) and let a be a cusp of I'o(N)\$H with
scaling matriv oa = oo. Then for § € Q* we have W, (a(6)*gits(0)*) = 0 unless
d =n/d(a) for somen € Z, n # 0, in which case

W (a(0) gZep(0)") = s(o)ay(n;a) ky(ny/d(a)) e(na/d(a))

where

12 . —1/2
g. = n(x)d (y/?) = (y xyy_l/Q ) € SLy(R) with z = x + iy

and we consider the (lifted) scaling matriz & = (o, (cz + d)2) € SLy(R).

Proof. This is proved in [7, Lemma 3.1] in the GLy case. This proof, taking the
correct definition and co-cycle computations into account, may be applied mutatis

mutandis to the case at hand for GLs. O

Note that when a = oo we simply recover [31, Lem. 3, p. 388] which states that

W, (a(n)) = ry(n)ag(n).

Suppose that f is a classical cusp form which is an eigenfunction of all Hecke opera-
tors. Therefore, as discussed in the previous section, the corresponding adelisation
5 generates a genuine cuspidal automorphic representation 7, which factors into
local parts. Since we assume that the nebentypus of f satisfies xy(—1) = 1, we
must have wr, o = 1. This follows from the standard adelisation procedure for
Dirichlet characters. In particular we have Q(wr; o) = {1,sgn}.

We have ¢ = (Cf - ¢, 0) and we normalise the Whittaker functionals such
that

(31) Wy, 00(a(y)”) = ym0ris (y) and W (a(y)") = dy<oris(y).
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In particular, according to Proposition 5.7 we find

@ s = S T (o(5s) uler).

HEQ(w f v<00

)

froo (—1)=sgn(n)

5.7. Bessel functions revisited from a classical perspective. With the map-
ping from classical to adelic automorphic forms given in §5.4, here we revise the
definition of the adelic Bessel functions to fit the classical context. In particular
we need to be careful with the normalisation of the Whittaker functional. In the
classical setting we implicitly use Whittaker functionals normalised by (31).

We now give an explicit, directly applicable formula for the Bessel transform in
the cases needed for the present applications. The missing cases are straightforward
to establish using the same recipe.

Lemma 5.8. Suppose the Whittaker functionals are normalised as in (31) and let
¢ € mp with Wy o(a(y)*) = F(y) for F € C*(R) with compact support in Rsy.
Then

l1—e
W (aleyw?) = (45 Fl() = [ 77 o) Py
for a € R*.

o Iff= Im™ 1 F for a classical holomorphic modular form F of weight k;—l—
then we have J;~ (z) =0 and

Te —3mik/2

“cos(rk) ¢ _%Jk—%(47r\/§)'

o If [ is a classical Hecke—Maaf$ form of weight k + %, then we have

T (@) = BroV2(1 — i)

T (@) = Gus0227 2 [K,((—1)F - dmin?) — iK,(—(—1)" - 47ia?)] and
—s—1 F—S F(%—%—%)

o Soco2la] "2 [(=i) 7" — i) gty

f (.CC - F($+E+g)

Spco2l| "2 [ 4 (=) Tty

K,(4x|z|2), if k is even,
K,(4x|z|2), if k is odd.

Proof. The existence of the Bessel transform follows directly from Proposition 3.3
and the support of F. We need only to look up the correct formulae for ]W ++ and
take care of the correct normalisation. We do so case by case.

If f is a holomorphic modular form of weight k, then 7 = o(sgn”, k). In this
case only ji f; is non-zero. Moreover, the Bessel functions of the same sign are
mdependent of the normalisation of the Whittaker functlonals Thus the desired
formula can be read off directly from (12) with s =k — 3.

If f is Hecke—Maaf} form of even weight k, we again read off the Bessel function
with equal signs directly. For the remaining situations we recall the definition of
the model Whittaker functionals L* from (11) (with A = 1) and make the following
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observation. If the normalised Whittaker functionals are given by Lgr = K]%LjE
for some constants K]jf, then

_ Ky oo _
Ty @) = 22 @)l
!

In practical terms we have LE! (vy,00) = fy(%1). On the other hand, we compute

Cfﬂ'%

(I:I:k:t%-i-s)
2

Li(ﬂ'((l(il)*)vfpo) = Cf/Rqﬁk(w*n(:v)*)w(:Fx)dm = -

/ﬁlf(:i:l).

The last equality is a standard computation. The upshot is that

1
1iki§+s)
2

s+1
2

I'(
+ _
Kf e

The desired Bessel function is now easily determined using the results from §3.2.1.
Finally, if f is a Hecke-Maafl form of odd weight k, then vso = Cf(¢y,0) in

the restriction of m(sgn, s) to SAIZQ(R). However, in §3.2.1 we computed the Bessel
transforms with respect to the opposite character. This is accounted for by setting

T (@) = jr (@)l and Ty (@) = Ky 5 (@)l 7

Evaluating the constant K is similar to the case for even k. O

5.8. Classical Voronoi formulae. Here we state and prove our main classical
result and a related corollary.

Theorem 5.9. Let f € A°(N,x) (see Definition 5.1). For a smooth function
F: R — R with compact support in Ry, b € N and a € Z with ged(a,bN) = 1 we
have

3 e(%)af(n)F(n) - Y <—n%(b)) s (n; b)) (ﬁ)

nGZ;ﬁO nGZ;ﬁO

for the cusp b= ¢, as per (25), @ is the inverse of a modulo bd(b), and the Bessel

transform HETF of F are determined by the archimedean type of f; see §5.7.
f

Proof. Fix an isomorphism 7 = 7., ® 7 under which ¢y = (v, 00, Vg, ). Via the
same isomorphism we construct a cusp form ¢ = (voo, v¢) determined by ve = v,, e
W, _(a(-)) = F(-) and W& (a(-)) = 0. The latter determines v, in the Kirillov
model. This selection is made via recounting the construction of the Kirilov model
in (10) which contains the space of local Schwartz-Bruhat functions. We now
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compute

w(n(=PNN) = Y elag)Wa(ala))

aeQx
a
> e(a;) > Wiale))
aeQx REQ(wn)
=D elap)Fla) Y Wiia(a))
acQy HGQ (wr),
o (—1)=1
= clap)Fle) > W} ilala))
CYGQ+ /LGQ W7r)
so(—1)=1
a
= Y eln)ag(n) Fln)
neN

This is the left-hand side of the equation we want to prove. Due to automorphy
of ¢ we have the central equality

[m(n(=2)D)el(1) = [r(n(=3)i)el(w") =
> Y Whale)wn(=3) ) Wik (ala)w?).
a€Q* pe(wr)

This already played a key role in the proof of Proposition 4.1. The desired equality
now follows after rewriting the Whittaker expansion of the latter. We start by
transforming the archimedean place. Here, according to Lemma 5.8, we have

W (o) ') = [ F(a).

Here we use that F' has support in R.q. Since joF is supported on eRo we have

(=Dl = 3 D HFTFI@) Y. Wha(@) wn(=3)")

acQ* ec{t} HEQ(WG)L
Hoo=sgn 2
sgn(«), * a *
— Z [Hfg ( )+F](a) Z W;fff( ala) w n(—g) ).
QGQX :U'EQ(WTF):

too(—1)=sgn(a)

It remains to investigate the finite part of the u-Whittaker functions. We compute

tyurn(=57 = (%) 9) sent)) = o smnia)

On the other hand we have

s * a\’ ab aa\” .
z(b7")*a (ab®) n(g> :<O %) = 3.
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Note that (v3)™ = ( ( % f) , [, =] ). We can assume without loss of generality

that b > 0 such that [b, —a]. = 1. Artificially we define

a l—baﬁ
Op = —b a )

o5 = (72, H s0(6)) " (71, sgn(e)).

We recognise oy as the scaling matrix of the cusp §. We have set things up so that

so that

* % .y — * %k
Wy, r(ala) w'n(=3)") = s(oo)tr(ab@) W, H(a(ad®) o).
We conclude by using (32). O

Remark 5.10. Note that in the theorem one can always replace a by ¢/ = a+ b -
m without changing the left hand side. The upshot is that o’ satisfies
the condition ged(a’,b6(b)) = 1. Of course this modification changes the scaling

matrix and the exponential on the resulting right hand side.

We have essentially used only the adelic language to separate the archimedean
part from the Fourier coefficients. This enables us to use the Kirillov model to
insert test functions of choice. This theorem has some obvious generalisations.
First, one can start from an arbitrary cusp a. In this case the proof remains
the roughly same, only the matrix computations become more involved. Second,
one can use test functions F' with supp(f) "R_ # (. In this situation one will
encounter all archimedean Bessel transforms.

To demonstrate the scope of Theorem 5.9, we here derive a Voronoi formula
which is standard in the GL; setting.

Corollary 5.11. Suppose N | b and b > 0. For a with (a,b) =1 we have

Y e <n%) as(n)F (n) =

; o (g) xa(@)fx@)™ Y e (—n%) asmHF ) (55)

TLEZ?go

where @ 1s the inverse of a modulo b.

Proof. We simply apply our main theorem. Recall the cusp data

a a izae
R _ b
b—bwﬂzhab (—b o )

Since N | b we have b = oo and in particular §(b) = 1. On the level of scaling
matrices this reduces to o, € ['o(NN). Thus the transformation behaviour of f
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~—1 - .
under ¢, = implies

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

aston.®) = (3 ) vala) @) ao.
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