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Key Points:

e Two magma intrusion schemes are compared, :xa™Mnling the magma reservoir pressure

evolution through time and resultant surface defari.>ation

e Reservoir pressurization is influencec .:’ characteristic timescales related to the

dimensions of the feeder system ans m: gma rheology



Abstract

Investigating the temporal development of magma reservoir pressure and associated surface
displacements can reveal fundamental aspects of subsurface magmatic processes and aid in
eruption forecasting. The limitation with existing volcano deformation models is that they
typically ignore magma intrusion dynamics and focus on the response of surrounding rocks to
source boundary pressure. Magma fluid dynamics should be incorporated into magmatic
modelling to track the temporal development of a system, instead of the widely used kinematic
techniques. Here, we compare analytical and numerical solutio, < for magma intrusion into a
shallow reservoir, using two schemes of intrusion boundary ccna.‘ion, inlet pressure and inlet
mass flow. Model sensitivity tests are conducted to explore ey tactors controlling the two-way
coupling between solid and fluid components, assuming ¢n mcompressible magma for a first-
order approach. For intrusions of viscous magma (Z1<2 P:. s) or a narrow feeder conduit (5-20
m), applying an inlet pressure causes the resultant =:~ssure and surface deformation to develop at
a very slow rate; lower viscosity magmas producc faster deformation rates. The mass flow
boundary condition reduces the number >f raodel parameters as it is independent of poorly
constrained parameters such as corduit ad magma characteristics. For both boundary
conditions, reservoir pressurization, ¢ heiice spatiotemporal surface deformation, are strongly
influenced by reservoir geomet'y due to geometric compressibility. Our results provide
fundamental knowledge to advcnce (0 more complex coupled fluid-solid mechanics models in

volcano geodesy.

1 Introduction

Most volcanic eruptions are preceded by a period of volcanic unrest, defined as volcanic
activity above the background, or baseline, that may be cause for concern (Gottsmann et al.,
2017; Phillipson et al., 2013). Volcano deformation monitoring is one of the primary techniques
used to track volcanic unrest and underlying magmatic processes. Its effectiveness, however, is
limited by our understanding of the mechanisms driving volcanic inflation and how these relate
to potential eruptive activity (Biggs et al., 2014; Dzurisin, 2006; Fialko et al., 2001; Phillipson et
al., 2013; Segall, 2013; Sparks et al., 2012).



Ground inflation can occur as magma ascends through the crust and accumulates in
reservoirs if accompanied by increases in internal reservoir pressure. When magma is expelled
from a reservoir, by intrusion or eruption, the internal pressure will decrease, and deflation may
occur (Dzurisin, 2006; Segall, 2019). Traditionally, volcano geodetic data is interpreted using the
kinematic Mogi model, which gives a solution for a pressurized point source embedded in an
elastic, homogeneous, and isotropic half-space (Mogi, 1958). The introduction of the Mogi
model has been followed by several analytical studies that consider finite cavity magma reservoir
geometries, which are also placed in a homogeneous half-space domain (Davis, 1986; Fialko et
al., 2001; McTigue, 1987; Yang et al., 1988). Although these . dels provide the basis for
volcano deformation modelling, their accuracy is limited by assumptions of simple elastic
subsurface rheology and neglect of possible viscoelastic bel.avicur, which results from elevated
thermal regimes (Bonafede et al., 1986; Dragoni & Mag:.2ne.~si, 1989; Head et al., 2019; Hickey
et al., 2016; Del Negro et al., 2009; Segall, 2016). C'u.=nt numerical models can account for
viscoelastic crustal rheologies, but many nume icul and analytical models still consider the
magma reservoir (i.e., the deformation sourc2) ac a cavity. This is a first-order approximation; in
nature, deformation sources are complex > ~.gmatic reservoirs that contain melt and/or crystal
mush and may be connected to vertically extensive transcrustal magmatic systems (Bachmann &
Huber, 2016; Jackson et al., 2018; "u«ch et al., 2019). From this perspective, models of
magmatic systems should also ccsiaer the dynamic interaction between solid mechanics (i.e.,

the crust) and fluid dynamics (¢ e., the magma).

Some recent studies have attempted to couple magmatic fluid dynamics and structural
mechanics, but have bee.” applied only to particular examples of volcanic deformation data (e.g.,
Bato et al., 2018; Lengliné et al., 2008; Le Mével et al., 2016; Reverso et al., 2014) without fully
exploring the impacts of required model parameters. In this paper we present a general view of
the magma intrusion process and show the implications of different magma properties, intrusion
characteristics, and contrasting boundary conditions on the resultant spatiotemporal surface
deformation. We move beyond the traditional approach of modelling the deformation source as a
cavity with an assigned uniform boundary load or volume change and couple solid and fluid
mechanics to consider the two-way interaction between the host rock and a magma reservoir.
After benchmarking the numerical solution with the analytical solution, we numerically explore

the impact of different magmatic parameters, including magma viscosity, conduit geometry and



reservoir geometry on the predicted surface deformation and subsurface fluid dynamics. Our
first-order numerical models and parameter sensitivity testing are designed to explore and better
understand the role of fluid-solid interactions for modelling volcano deformation, such that
future model improvements and applications to geodetic data are better informed of basic model

dependencies.

2 Analytical solutions for magma intrusion into a fluid-filled crustal reservoir

As a first approach, we derive the evolution of pressure within a crustal magma reservoir caused
by magma replenishment from a deep source through a vertical cor.Juit. In this simplified model,
we assume: i) a spherical reservoir embedded within an elastic .'alf- pace, connected to a source
region via a vertical cylindrical (pipe-like) conduit, ii) tlat \ne magma in the conduit and
reservoir is a single-phase fluid, and iii) that the reservoir is c-omposed of 100% melt (Figure 1a).
The inclusion of melt fractions less than 100% was bey~"d the scope of our current study, but
the applicability and limitations of our appro-cr, and suggestions for improvements, are
discussed later. We consider two schemes of mcama intrusion from the source: firstly, a defined
pressure that drives fluid flow, and secor'lv a defined inlet mass flow rate. In both cases, we
investigate a piecewise function for in.ot pressure or inlet volumetric flow at the conduit base
(Figure 1b). This approach will highlo:n the influence of different inlet boundary conditions on
the temporal evolution of reservoir o serpressure and surface deformation. The inlet pressure
approach builds on the work cf > Mével et al. (2016), extending the solution to a more general
function of inlet pressure: thc irlet mass flow rate derivation is presented for the first time. A
spherical reservoir i, cunsiuered for simplicity; elliptical magma reservoir geometries are

addressed numerically in <ection 4.
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Figure 1. (a) llustration of the analytical model in an axisymmetric 2L* gec netry. A shallow magma reservoir of
radius a is connected to a vertical cylindrical conduit of radius ¢, and \.gth L., surrounded by an elastic host rock
of shear modulus G and Poisson’s ratio v. The pressure in the r.~erv.ir P, develops due to fluid intrusion at the
base which has a driving pressure P;. (b) The inlet pressure, ar volumetric flow rate, applied at the conduit base.

The inlet pressure or mass flow is a piecewise function of *w. aer.ods with different development rates, s; and s,.

2.1 Governing equations

When melt flows throucn ~ wvertical cylindrical conduit (Figure 1a), the internal
roughness of the conduit wall . ‘ll \esist the flow due to the no-slip velocity condition of the
conduit walls. The velocity of th: fluid flow is maximum at the centre of the pipe and decreases
towards the wall. The Re_ molils number (Re) is a dimensionless quantity used to classify whether
the flow will be laminar Hr turbulent. For fully developed flow in pipes with a circular cross-

section, Reynolds number, Re, is defined as:

— meQi
TCrNm

Re

1)

where c,. is the pipe radius, Q; is the volume flow rate, p,,, is the fluid density, and 1, is the fluid
viscosity (Turcotte & Schubert, 2014). The flow is laminar as long as the Reynolds number lies
below the critical Reynolds number Re..; ~ 2000 (Palacios & Armstrong, 1965). The

maximum possible value of Reis ~ 0.2 when using average flow values of p, <



2600kgm™3, n, > 10*Pas,c, > 10m and Q < 10m3s™1 (Le Mével et al, 2016).
Therefore, for our application, the melt flows in a fully laminar regime.

The flow rate through a cylindrical conduit of radius c, and length L. is given by the Hagen-
Poiseuille law (Jaupart & Tait, 1990):

m mick (dP N )
pm Bunidz ' "m8) g
where m is the mass flux, Q is the volumetric flow, P is the pressure, z is the vertical coordinate

and g is the gravitational acceleration (see Supplementary Material i ~r derivation).

Considering a constant-pressure reduction through the condui* w5 ch L., the pressure variation
in the vertical direction is given by:

dP P -F,
dz L, 3)

where P; and P, are the pressure at the condii. hase and the pressure at the reservoir entrance,

respectively (Figure 1a). The pressure at a.’V soint equals the sum of the lithostatic pressure and

pressure induced by the mass flow:

P=(d+a+L.)p.g+ AP
Y

P, =(d+a)p.g+ AP 5)

where d, a and p, are t'ie magma reservoir central depth, reservoir radius and crustal rock
density, respectively, and AP;, AP, are the inlet and outlet pressure change due to the flow.
Substituting equations (4) & (5) into (3) gives:

dP_Pi_Po_APo_APi_prch
dz L. L. 6)

The equation for volumetric flow is provided by substituting equation (6) into equation (2):

4
r

Q (API - APo + (pr - pm)ch)

8Nl 7)



Conduit flow is driven primarily by the pressure difference between the conduit base and
reservoir entrance. The volumetric flow rate is directly proportional to ¢} and hence is highly

sensitive to the conduit dimensions.

The reservoir volume change is driven by the pressure change, which is mainly a function

of magma and chamber compressibility:

AV

AV = APVy (B + Bw) — AP = VoBm + Bw) )

where AV, AP, V, are the volume change, pressure change a.d the initial volume of the
reservoir, respectively and f3,, and 3, are the magma and wall rock « ompressibility (Anderson &
Segall, 2011). Here, we assume the magma to be fullv incc mpressible such that 8,, =0
(Delaney & McTigue, 1994; Dragoni & Piombo, 2020; Dvrak & Okamura, 1987; Got et al.,
2017; Trasatti et al., 2011), and a spherical magma re.~:voir is embedded in an elastic half-
space. An incompressible magma is a first-order s'mylification that allows us to focus on the role
of other model variables (Delaney & McTinuc 1994; Dragoni & Piombo, 2020; Dvorak &
Okamura, 1987; Got et al., 2017; Trasat. . al., 2011); the limitations of this approach and

suggestions for improvements are discu.<ed later. The wall rock compressibility for a spherical
reservoir is given by B,, = % (McTigu 2, 1987), where G is the half-space shear modulus. With a

further assumption that no mign.2 leaves the chamber, mass balance states that the melt

volumetric flow rate equals the .ime derivative of the reservoir volume:

Q) =

da(av(e)) 9)
dt

Substituting Equations (7) and (8) into (9) produces:

d(AR) G d(AV) G

dt ma3 dt  mad

Q(t)

d(APy)) G o
dt  8n,L.a

5 (AP; — APy + (pr — Pm)gLe) 10)

Equation (10) is a first-order linear differential equation for reservoir pressure evolution with

time caused by laminar magma inflow (Le Mével et al., 2016). It can be solved analytically by



applying inlet and outlet (reservoir) pressure initial conditions. Henceforth, the term outlet
pressure represents the pressure at the end of the conduit and reservoir entrance, so the outlet
pressure is the same as the pressure within the reservoir (Figure 1a).

2.2 Inlet pressure boundary conditions

In this section, we examine the case of a pressure inlet boundary condition at the base of
the conduit. The analytical solution is derived for a two-period piecewise inlet pressure function
with different slopes (Figure 1b) to simulate the diverse temporal and phenomenological

behaviour of magmatic systems.

The inlet pressure is represented as follows:

sit+F ) 0<t<t

AP;(t) = {SZ t +t,°(sy — Sp)+ PR,  t=t .1)

where s; and s, are the slopes of pressure develop.nf.nt with time and P. is the initial value of the
inlet pressure. By substituting equation (11) inw (10) and solving the first-order linear ordinary

differential equation for outlet pressure, the <r.ange in outlet pressure with time is given by:

t

- p _T_C —_ < *
AP, () = sit+ (st —Apeo L 2c:)(e 1) o 0<t<t (12)

S; (t—1p) +t.°(s; -- ) + ApgL,+P. +Ce T , t>t"
where t.is the characteristic tne, the time that represents the rate of the outlet pressure
development in the reservri s given by the following formula:

— 8nmLcV0 Bw
c

(13)

C

3 . o ey . - 4 .
where B, = o s the wall rock compressibility for a spherical reservoir and V, = ;T a? is the

initial volume of the spherical reservoir. C in (12) is an integration constant and can be obtained
by applying the continuity condition that AP, (t) is continuous at t = t; to give:

*

t

C = (s1tc — ApgLe — P) + (s — Sl)e;-

The magma flow rate can be derived from Poiseuille’s law given in equation (7):



-t

s1Tc + (P, + ApgL, — syt )e™  ,  0<t<t’

8Ny L id
nm ¢ SZTC - CeTC ) t 2 tl* 14)

it

AQ;(t) =

Substituting equation (8) into the Mogi model (Mogi, 1958) for the vertical ground displacement
at any point at the free surface gives:

1 — AV d 1 — d a3
w6 = LY - owmda g
T (rz+d2)2 302 +d?)2 15)

where r, v, and d are the radial coordinate along the free surface, Puisson's ratio, and the source
depth, respectively. Applying the outlet pressure in equéticn /12) to equation (15) gives the
vertical displacement evolution with time:

¢
1 -v)da®| s;t+(s;1.—Apg Lc— P)(e T =) , 0<st<ty”
u(t) = ———

G2+ a3 s, (o1 +6,°(5s — 5) + Py "o o Pt Ce e, 2" (16)

These solutions are in a general form a2 can be reduced to three special cases: i) constant inlet
pressure (s; =0, s, =0, P, = P.), il hearly increasing pressure (s; = s,), and iii) ramped
inlet pressure (s, = 0) (Figure 1.- Le Mével et al., 2016). These special cases are explored in
section 4.1.1. Similar equatior.~ c." be derived using the same approach for the horizontal/radial
component of surface def~ri ~don. It is important to note that the development of radial
displacement over tirae hes tne same rate as the vertical displacement because they are both a
function of pressure, w*’ch is the only variable changing with time. For this reason, we only

show the vertical displacement in the following sections.

2.3 Inlet volumetric flow rate boundary condition

An alternative method for investigating the temporal development of reservoir pressure is
by defining an inlet volumetric flow rate boundary condition. To maintain a constant volume
flux through the system, the pressure difference between the source and the reservoir should

remain constant.



As in the previous section, we consider the volumetric flow rate to be a piecewise
function of two different periods with different slopes s, and s, (Figure 1b). The inlet volumetric

flow rate (Q;) is represented as

s;t+Qc ,  0<t<t”

AQi(8) = {52 t +t7°(s1 — s2)+0Qc t=t" 17)

The reservoir volume change associated with a volumetric flow rate intrusion is obtained by
integrating the volumetric flow rate with time; the reservoir pressure related to the volume
change is given by equation (8).

_d() 3

t Ta G (* iz
G=—g — Av=f0Qi(t)dt=APoT — AP, =$£Qi(t)df 13)

By integrating the volumetric flow rate in equation (17) ov2r the intrusion time and substituting

into equation (18), the outlet pressure associated with th. migma intrusion is

£2
G 517 +Qct ) 0St<t1*
AP,(t) = H—J 2 2 (19)

a? . N PP .
\52? +t; (sp—s2)(t—t]) +7(51 -sT)+Qct  t=ty

Equation (19) shows that the volumeu .~ 1,.0w rate boundary condition does not depend on the
conduit dimensions, in contrast ‘v eyuation (12). The inlet mass flow boundary condition
eliminates the dependence on t"e cunduit dimension and magma viscosity in the simulation of
magma migration into the <hai.cwer region (reservoir) of greater melt content. The vertical
displacement associated witi the reservoir overpressure from magma intrusion is given by
substituting equation (19) ‘nto the Mogi model shown in equation (15):

1-v)d ( Sltz_z +Qct , 0<t<t”®

2 (20)

uz(t) = 3 £2 ¢
T (r2 4 d?)2 s +8 (i —s)(E =) + %(51—52) +Qct,  t=t"

Similar equations can be derived using the same approach for the horizontal/radial component of

surface deformation.



2.4 Magma Emplacement Processes

The understanding of magma transport through the crust is a major aspect when
incorporating fluid dynamics in volcano deformation modelling. Magma transport through host
rocks may occur by either brittle (e.g. sills, dykes and laccoliths) or ductile (e.g. diapirism)
mechanisms (Sparks et al., 2019), although there are diverse views on exactly how magma
ascends through the crust and accumulates in crustal reservoirs, as well as on the architecture of
crustal-scale magma plumbing systems (Annen et al., 2015). The diversity of understanding
reflects the range of approaches implemented to study magma plumbing systems (e.g. physical,
geochemical and petrological) and differences between the cii.vacteristics of the exposed
geological record and direct geophysical observations (Cruden & V/einberg, 2018; Lengliné et
al., 2008; Reverso et al., 2014). Thus, a fundamental challen e fc r dynamic volcano deformation
modelling is determining the most realistic (or suitz~le, conceptual model and boundary
conditions for magma transport. We implement the cconduit-reservoir conceptual model for
simplicity and then discuss the applications anc iraplications of our approach. For boundary
conditions, we use either a defined pressure ~* .3ss flow with a piecewise function consisting of
constant or increasing/decreasing segments ‘Figure 1b). Regardless of the exact magma transport
mechanism (e.g., via dykes, conduit, 1.ish percolation), a constant defined pressure or flow
boundary condition is used to represcr. ¢ steady magma supply, while a boundary condition of

increasing or decreasing pressure :r flo ;v with time represents time-variable magma supply.
3. Numerical modelling

3.1 Setup and Geomeuw/

The Finite Element (FE) numerical models were built and solved using the fluid-structure
interaction (FSI) module in COMSOL Multiphysics® v5.2. Our numerical modelling comprises
four fundamental steps: 1) corresponds to constructing the model geometry; 2) specifies the
multiphysics models, including fluid dynamics, solid mechanics, and fluid-structure coupling
with definition of initial and boundary conditions; 3) creates and optimizes the mesh; and 4)
selects a suitable numerical solver. In step 1 we construct a 2D axisymmetric geometry with an r-
dimension of 30 km and z-dimension of 50 km; this is large enough so that the deformation and
stresses induced by the magma reservoir are unaffected by the external boundary conditions of

the models. The model comprises a vertical conduit of length L. and radius c; connected with a



spherical shallow reservoir (Figure 2a). Since the flow, and thus the stress distribution, is
axisymmetric, we solve the problem in a single plane and apply symmetric boundary conditions
on the symmetry axis. The source, melt, and half-space characteristics were determined for a

range of parameters (Table 1).

Step 2 combines fluid flow dynamics with solid mechanics to capture the two-way
interaction between the fluid and the solid structure. The fluid flow is described by the Navier-
Stokes equations, which solve for the fluid velocity field and the pressure. The total force exerted
on the solid boundary by the fluid is equal to the sum of the preasure and viscous forces in the
fluid, which loads the solid boundaries. Two schemes of inlet “au. dary condition — the inlet
pressure and the inlet mass flow rate — are applied to the bas” 0! t%e conduit. For each scheme,
two cases of inlet pressure or mass flow rate are considcre. Ve first consider constant inlet
pressure and constant inlet mass flow rate. We then cunsiler a piecewise function for both the
inlet pressure and inlet mass flow (Figure 1b). In step 3, u.» mesh includes 29,000 triangles and
3620 quads. The mesh is refined at crucial bound. v.es especially around the reservoir and at the
free surface (Figure 2b). The model domair 1s 1lsu divided into two areas, the first being the area
comprising the reservoir, the conduit and the “vall rock close to it, which is finely meshed, while
the second area farther from the recervir is more coarsely meshed (Figure 2b). A time-
dependent (PARDISO) solver is chascn in step 4 to solve the Navier-Stokes equations for the

fluid and the continuum mechan’cs ~quations for the solid.
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Figure 2. Setup of the numerical models. (a) Schematic illustration of the model of laminar flow into a magma-filled

spherical or ellipsoidal reservoir connected to a vertical conduit. The top of the model space is a free surface, the



base of the model is fixed, the left-hand boundary is an axis of symmetry and the right-hand boundary has a roller
condition. The dotted region on the right side of the model geometry is an infinite element domain. Fluid-flow
boundary conditions are applied to the base of the conduit. (b) The meshed domain of the numerical model. The
mesh is selected to be refined at the crucial boundaries, especially around the reservoir and at the free surface. The
mesh includes 29,000 triangles and 3620 quads.

Table 1. List of Model Parameters.

Parameter Symbol  Unit Value Reference

Source parameters

Conduitrad 30, 20 \/ravena et al., 2018; Massol et al.,
onduit radius ¢, m |

2001)
Conduit length L, km 205, 21 (Hammond et al., 2011)
i . . (Hautmann et al., 2010; Hickey &
Spherical reservoir radius Asp km 152
Gottsmann, 2014)
The reservoir central depth d km 5 -

Melt properties

Viscosity of magma Mm P-~g o107, (Killburn, 2000)

5% 10°
Density of magma Pm kg m3 2600 (Gudmundsson, 2020)
Half-space characteristics
Shear modulus &/ GPa 20 (Gudmundsson, 2020)
Density of crustal rocks Oy kg m™3 2600 (Carmichael, 2017)
Poisson’s ratio v - 0.25 (Gudmundsson, 2020)
Conduit boundary conditions
Maximum inlet pressure AP, MPa 10 (Head et al., 2021; Le Mével et al., 2016)
Maximum inlet volumetric fic wrate ~ Qimax ~ M>S7} 0.1 (Nooner & Chadwick, 2009)

3.2 Modelling approach

To benchmark our numerical models to the analytical solutions for the different inlet
boundary condition approaches, and then to conduct further sensitivity analyses of the numerical
setup, we ran a series of forward models. For the benchmarking, the modelled spherical reservoir
source has a radius of 1.5 km, a central depth of 7.5 km and is emplaced in an elastic medium
with a shear modulus of 20 GPa. More sensitivity tests on the shear modulus have also been
added to the supporting information (Figure S1). We assume that the feeding conduit extends

from the base of the crust to the shallow reservoir, so we use a value for conduit length based on



the average continental crust thickness in volcanic areas (Hammond et al., 2011; MacKenzie et
al., 2008; Suhardja et al., 2020). The predicted surface displacements in the FEM models for
various inlet conditions are compared with the results obtained from the analytical solutions. For
the FEM sensitivity tests, we also considered oblate and prolate reservoir geometries. For an inlet
pressure boundary condition, the pressure development was calculated for a set of magma
characteristics (viscosities) and conduit dimensions (radii) as shown in Table 1. Two values of
magma Viscosity (n, =5x 10% &5 x 10° Pas) are used to highlight the effect of one order of
magnitude difference in magma viscosity on reservoir pressure evolution. We conducted our
analyses across a wider range of viscosities, capturing both basa'ic and silicic systems, but
display only two values for simplicity of graphical representaticn. V/e use high viscosity values
because the faster response of lower viscosity magmas maske the detail seen in the high viscosity
results. Due to the lack of direct observation to constrei.: tr.o size of a vertical feeding conduit,
we consider a wide range of conduit radii varying froi. 5 m to 50 m (Aravena et al., 2018;
Massol et al., 2001). For the inlet mass flow sche'ne, the development of reservoir pressure does
not depend on the magma and the condr* Jharacteristics; here we applied different inlet

volumetric flow rate functions with time.

In this study, we do not consider ‘vall rock failure, so we use values for the boundary
conditions that generate reservoir press ir:s below the critical “failure’ overpressure for the given
reservoir depth and geometry (C.rrenti & Williams, 2014; Gerbault et al., 2018). A full
exploration of failure criteria is 2eyond the scope of our current study. To simplify the numerical
simulation, and focus our ei.ris on the effects of magma viscosity and pressure or magma flow
boundary conditions, we do not account for a separate buoyancy force arising from a density
contrast between the rock and magma. We consider that the inlet pressure/mass flow comprises
both the pressure caused by the buoyancy force and the pressurization associated with magma
injection. The FEM models take approximately 10 minutes to solve when using a mesh that has

been successfully benchmarked against the analytical solution.



4. Results

4.1 Benchmarking

This section validates the numerical solution against the analytical solution provided in
section 2 for a range of model parameters.

4.1.1 Inlet pressure

Here we benchmarked the fluid-structure interaction FEM model against the derived
analytical solution for the inlet pressure boundary condition. The analyses were conducted on
three cases of inlet pressure. Case | uses a constant inlet pres:ure 3applied at the conduit base.
Case 1l represents a linearly increasing inlet pressure. Ca'e I,' uses a ramped inlet pressure
function (Figure 3a and Supplementary Table S1). Two mayma viscosities (n,, = 5 X 108 & 5 x

10° Pa s) were used in this analysis to highlight their i1.<i£.nce on the pressure development and

flow rate.
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Figure 3. Inlet pressure boundary condition results. The model has a spherical reservoir of radius 1.5 km located at
a depth d = 7.5 km, which is connected to a conduit of radius 20 m. (a) The inlet pressure functions defined at the
conduit base. (b) and (d) show the normalized pressure development in the reservoir and the normalized vertical
surface displacement for a 5 x 108 Pa s magma viscosity (b, solid line) and a 5 x 10° Pa s magma viscosity (d,
dashed line). The values are normalized to the maximum value of inlet pressure (1 x 107 Pa) and surface
displacement (2.4 cm). (c) and (e) show the normalized inlet flow rate supplied to the reservoir for the two magma
viscosities (5 x 108 Pa s solid line (c), and 5 x 10° Pa s dashed line (€)). The values of the inlet volumetric flow

rate are normalized to the maximum value for the lower viscosity magma analysis (0.056 m3 s~1). The lines of



various colours represent the analytical models and the dotted lines in (b) — (e) show the results acquired from the

numerical model using COMSOL.

In general, the pressure develops more rapidly in the reservoir for the lower viscosity
magma (Figure 3b) than for the more viscous magma (Figure 3d), producing a greater amount of
surface deformation within a given timeframe. For a constant inlet pressure, the rapid
development of reservoir pressure for the lower viscosity magma means the pressure differential
between the reservoir and base of the conduit rapidly diminishes, which is reflected in the quick
decrease of the flow rate (Figure 3c), and the deceleration of the inflation rate (Figure 3b). The
characteristic time is longer for magmas with higher viscosity hecruse of the larger resisting
viscous drag force. Hence, the pressure difference is sustained . /er an extended period and the
flow rate and temporal surface deformation decreases mor> .'ow Iy (Figure 3e). Time series that
have not been normalized and extended results can be . ind in the supporting information in

Figures S2 & S3.

4.1.2 Inlet flow rate

In this section, we benchmark the .M model solutions against the derived mass inlet
flow analytical solution (Figure 4). Insteod of applying an inlet pressure, we define a volumetric
flow rate boundary condition at the crnuuit base and explore the pressure development in the
shallow reservoir as the magma < injected. Here the conduit does not affect development of
reservoir pressure, so the samc oiossure is generated whether we apply the mass flow boundary

condition at the conduit bz~ ©. 7eservoir base.
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Figure 4. Inlet flow rate boundary condition results. The model has a spherical reservoir of radius 1.5 km located at
a depth d = 7.5 km, which is connected to a conduit of radius 20 m. (a) Three inlet volumetric flow rate functions for

magmas injected into the conduit base; inlet mass flow rate values are normalized to the maximum value of the inlet



flow rate (0.1 m3 s~1). (b) The pressure development is a quadratic form with time as the mass inlet flow increases
(Case I, blue line) and linearly increasing for the constant inlet mass flow function (Case 111, green line); pressure
values are normalized to the maximum value of outlet pressure (3 x 107 Pa), and the vertical displacement results
are normalized to the maximum value of vertical deformation (u, _ =7.5 cm). The dotted lines are the results

from the numerical model obtained using COMSOL.

For a constant volumetric flow rate (Figure 4, green line), the reservoir pressure and
surface deformation increase linearly with time, with a rate dependent only on the value of mass
flow rate and the initial reservoir radius (c.f. equation (12)). As the system is closed and the
injected (incompressible) magma is constrained by the plumbing -vstem, the reservoir pressure
development (and surface deformation) is independent of the m gm. and conduit properties. For
a linearly increasing volumetric flow rate, the outlet pr:ssue and surface deformation is
parabolic (rate-increasing) with time (Figure 4, blue line) ond proportional to the basal magma
inflow, the crustal rigidity, and the geometry of the .macma reservoir. The temporal vertical
deformation rate is the same as the pressure evzi tlon with time, but the absolute values of
deformation are also controlled by the inlet flo* ra.c magnitude, and reservoir shape and depth.

Further results for different constant inlet T aw rates are shown in Supplementary Figure S6.

4.2 Numerical sensitivity analyses

This section reviews the ay.,anncs of magma reservoir pressurization and associated
surface displacement for the tw: scriemes of magma intrusion whilst considering more complex
reservoir geometries. Three Jiffe,ent reservoir geometries are considered — spherical, oblate and
prolate — to highlight the offe :t of different geometries, as well as magma supply characteristics,
on system dynamics. All \1e selected geometries have the same volume, which is equivalent to a
spherical reservoir of radius 2 km. The prolate and oblate geometries have aspect ratios of a/b =
5 & 0.2, respectively, where a and b are the major and minor axes (Figure 2a). Radial
displacement changes with time at the same rate as the vertical displacement, so this section
shows only vertical displacement. The results for radial displacement over time are shown in the

supplementary material (Figures S4, S7 and S8).



4.2.1 Inlet pressure boundary condition

We focus on the case of a constant inlet pressure boundary condition and use the same
two magma viscosities as the benchmark tests (1,, = 5% 108 &5 x 10° Pa s), and conduit
radii of 20 and 30 m.

4.2.1.1 Pressure and deformation evolution

Understanding the pressure development in the magma reservoir, and the parameters
controlling it, are fundamental for understanding the surface deformation generated. Figure 5
shows the reservoir pressure and deformation evolution with time fo, a constant inlet pressure at
the conduit base. Pressure increases are faster for spherical anu nrulate reservoirs compared to
the oblate reservoir because of different reservoir compre.ss’hil.ties. The spherical and prolate
reservoirs have roughly the same pressure developme't “te because the two geometries have

4 HSp _

similar compressibilities: - = - B % (Amoruso < C.ascentini, 2009), where BET and 8P

are the prolate and spherical reservoir compressiciliies, respectively. The oblate geometry is

1 a 3

highly compressible, given by B> = E(z}f - E)’ and thus has the longest characteristic time

(c.f. equation (17)). Reservoir pressure increases more slowly (longer characteristic time) for
higher viscosity magmas and narrowcr cc.>duits due to the downward viscous force opposing the
flow. Figure 6 extends this ana"sis *o show the characteristic times for a range of magma
viscosities and conduit radii. Ii a spherical reservoir with a low viscosity magma intrusion
(1 X 10° Pa s), the character,:tiv, times range from 0.3 hours for a 50 m conduit to 124 days for
a 5 m conduit, whi.x. ti.~ characteristic time for a high viscosity magma (1 x 10'° Pas)

increases from 4 years frr a 50 m conduit to thousands of years for a 5 m conduit.
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Figure 5. Reservoir pressure development wi.™ time for three magma reservoir geometries at a depth of 7.5 km,
computed numerically for a constant inlet cor.u. *t pr 2ssure boundary condition at the base of a 30 m conduit radius.
(@) and (c) Normalized pressure trend ov~: tir, » ;or a 5 x 108 (a, solid line) and a 5 x 10° (c, dashed-dotted line)
Pa s viscosity magma. (b) and (d) Ncin. lized vertical deformation trend over time evaluated directly above the
center of the source, at z=r =0 fo, 2 o x 108 (b, solid line) and a 5 x 10° (d, dashed-dotted line) Pa s viscosity
magma. The results of the press're . v¢ normalized to the value of the inlet pressure (1 x 107 Pa), and the results of

the vertical deformation &' ~ n.*ma'.zed to the maximum vertical displacement value (u,, =28 cm).
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The modelled surface def. mct.on evolves in parallel with reservoir pressure. The
temporal deformation rate dep<nds on the conduit radius and magma viscosity via the time-
dependence of reservoir pressuri. ation. Figure 5 shows the time scales of surface deformation for
the three magma reservo'r ge ymetries and two magma viscosities. The amplitude of the vertical
and radial deformation rc*es is proportional to the reservoir geometry and its overpressure; an
oblate geometry deforms more than the spherical and prolate geometries despite the lowest rate
of pressure increase. The overpressure is sensitive to the magma viscosity, the conduit
dimensions, and the inlet pressure value, while the vertical (and horizontal) displacement is also
sensitive to reservoir shape: oblate geometries are more efficient at generating vertical
displacement than prolate geometries, which are capable of producing relatively more horizontal
deformation (Dzurisin, 2006; Segall, 2019). Decreasing-rate uplift patterns, similar to those in
Figure 5, have been observed at Yellowstone caldera, USA (Chang et al., 2010) and Tungurahua

volcano, Ecuador (Morales Rivera et al., 2016).



4.2.1.2 Flow rate evolution

For an inlet pressure boundary condition, the flow rate is highest when the pressure
difference between the reservoir and conduit base is greatest and falls to zero as the pressure
difference diminishes with time (Figure 7). For a lower viscosity magma or wider conduit, the
reservoir pressure increase is rapid as the viscous drag force is small (e.g. Figure 5a).
Accordingly, the flow rate is maximum at the start of the intrusion and rapidly drops to zero
(e.g., Figure 7a). The deceleration of flow rate is more muted for a higher viscosity magma or

narrower conduit.

The longer characteristic time for the oblate reservoir g:on 2tiy means that the pressure
difference between the source and the reservoir decreases slowiy relative to the other geometries,
so the mass delivery is sustained for longer. In contra.” for both the spherical and prolate
reservoir, where the characteristic time is shorter tha. for the oblate geometry, the flow rate
decreases more rapidly.
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Figure 7. Flow rate development with time for three magma reservoir geometries at a depth of 7.5 km computed
numerically for a constant inlet pressure boundary condition. (a) and (b) The flow rate delivered to the reservoir for
two different viscosity magmas (n,, = 5 X 108 (a, solid line) & 5 x 10° (b, dashed — dotted line) Pa s) for a 30
m conduit. (c) and (d) The same as for (a) and (b) but for a 20 m radius conduit. The results are normalized to the



maximum value of inflow rate for the case of a 5 x 108 Pa s magma intrusion into 30 m radius conduit (Q;ma, =
0.38m3 s71).

4.2.2 Constrained inlet flow rate boundary condition

This section considers an inlet mass flow boundary condition for a range of reservoir
geometries. This scheme prescribes a defined mass flow, thereby focusing on the net effect of
mass addition to the reservoir regardless of the parameters that influence the pressure difference
or the mechanism of magma transport from depth. We show the temporal evolution of reservoir
pressure and the resultant surface deformation for different mass flow rates (Figure 8). Magma
viscosity and conduit width are held constant as the results are i'iac,>enident of magma properties

and the feeding system geometry.
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A constant flow rate produces a linear development of pressure with time, with a slope
proportional to the inlet mass flow and the reservoir geometry (Figure 8a-c). The rate of pressure
increase is greatest for the spherical reservoir (low compressibility), and lowest for the highly
compressible oblate reservoir. Predictably, the oblate reservoir shows the greatest amplitude of
vertical deformation due to the large surface area and vertical reservoir deformation. For all three
reservoir geometries, however, the surface deformation rate is linear and mirrors the temporal
evolution of reservoir pressure; radial displacements show the same temporal development
(Figure S7). The outlet pressure for a linearly increasing (Figure 8e) or linearly decreasing
(Figure 8h) inlet mass flow function is quadratic in form, showiny accelerating or decelerating
pressure increase with time, respectively. The resultant surface d:formation shows the same
temporal patterns as the reservoir pressure (Figure 8 f & I\. 'n o:2neral, the reservoir pressure is
the temporal integration of the inlet mass flow, such tha* > cunstant inlet flow rate leads to linear
outlet pressure, and a linearly increasing/decreasing inle. mass flow leads to a quadratic outlet
pressure. The analyses shown in Figure 8 were Jlesicned to maintain a constant magma mass
injected for all the three inlet functions; for *hi. reason, the final values of outlet pressure and
surface deformation are the same. A linear .~end of surface deformation, similar to Figure 8c, has
been observed at Laguna del Maule voicanic field, Chile (Mével et al., 2015), and Reventador
and Cerro Auquihuato volcanoes (IMi0'ales Rivera et al.,, 2016), while a rate-decreasing
deformation trend, similar to Fig.ve 6., has been recorded at the Three Sisters volcanic centre,
USA (Dzurisin et al., 2009).

5. Discussion

The dynamics of magma intrusion, migration and accumulation control the resultant
spatial and temporal evolution of surface displacement. With advances in temporal deformation
monitoring through continuous GPS observations and INSAR time-series, we can now analyze
the time-dependent deformation behaviour of volcanoes to improve hazard assessments.
Advances in monitoring can be mirrored with improvements in volcano deformation modelling;
our study, which replaces kinematic studies with dynamic numerical models that couple solid

mechanics and fluid dynamics, shows a possible path forward.

Many numerical studies of volcano deformation focus on the response of the surrounding

host rock to magma reservoir overpressure but ignore the melt injection dynamics driving the



pressure and volume changes (Head et al., 2019; Hickey et al., 2013; Johnson et al., 2019;
Masterlark, 2007; Pascal et al., 2014). These studies are useful for understanding the host rock
behaviour, but do not have the correct underpinning physics to interpret the temporal evolution
of magma pressure and surface deformation. Our first-order analytical and numerical results
provide insights into the coupled fluid and solid behaviour of a magmatic plumbing system, as
well as the resulting reservoir pressurization and surface deformation. With different reservoir
geometries, for the first time we show pressurization is controlled by geometric compressibility.
Pressurization is faster for spherical- and prolate-shaped reservoirs because of their lower
compressibility, whereas pressurization is slower for oblate-shapeu .=servoirs due to their higher
compressibility.

Reservoir pressurization also depends on magma on,2*2ssibility because of compaction
(volume reduction) of compressible magma in the res:rvcir, which creates additional space to
accommodate injected melt without enlargement of ‘nhe -eservoir, and can modify the time-
dependent response. For this reason, the change i.» resarvoir volume that causes inflation with a
compressible magma requires a greater m.ss co.pared to the case of incompressible magma
injection (Huppert & Woods, 2002; Kilbriac et al., 2016). Here we assume an incompressible
magma to simplify the computations and' focus on the effects of the geometry and magma
viscosity of the plumbing system. Th. limitations and lessons learned from this approach are

discussed later.

We considered two hou .dary conditions: a defined inlet pressure or mass flow rate.
Patterns of pressurizatior ana surface deformation in the former are sensitive to the geometry of
the deep feeder system (i ere, conduit radius) and magma viscosity (Figure 6). For a constant
inlet pressure, the reservoir pressure increases at an exponentially decreasing rate defined by the
characteristic time (Figure 3). For a more viscous magma or narrow conduit radius, a "near-
linear" long term reservoir pressurization is established, reflecting the longer characteristic time
(equation 13) from the greater viscous drag force (Figure 3d). In contrast, a lower viscosity
magma allows a faster response to the inlet conduit pressure, producing rapid changes in
reservoir pressure, flow rate and surface deformation. For our model setup, and the inlet pressure
driving force, lower viscosity magmas produce faster surface deformation rates; the first time

magma viscosity has been linked to volcano deformation patterns.



The sensitivity of the inlet pressure boundary condition models to the nature of the feeder
system presents a challenge for interpreting deformation data because it is difficult to constrain
conduit dimensions. Moreover, magmatic systems may be transcrustal and complex in form such
that magma may migrate from the mid crust to the upper crust through multiple dykes and sills,
and/or through mush layers, rather than single cylindrical conduits (Cashman et al., 2017;
Edmonds et al., 2019; Lipman & Bachmann, 2015). The inlet mass flow boundary condition
model setup, in contrast, is independent of the conduit dimensions and dictates that some amount
of magma will be delivered regardless of the feeder system geometry. Under these conditions,
time-dependent pressurization and surface deformation depend pru.arily on the mass flow rate
of magma supplied to the reservoir.

The independence of the inlet mass flow boundary >~udition model setup to conduit
dimensions means that identical results are obtained if .he modelled conduit is removed entirely
from the model geometry, and the inlet boundary conriitio. with mass inflow is directly applied
to the base of the reservoir. From this perspective chr. inlet mass flow modelling scheme could
potentially provide a better fit to the evolving vie'v of a TCMS (Hildreth, 2004; Jackson et al.,
2003, 2018; Lipman & Bachmann, 2015; linton & Detrick, 1992; Sparks et al., 2019). It
bypasses and simplifies the exact make-un of the system beneath the shallow reservoir (i.e. it
moves away from a conduit-chamher crncept, a dyke/sill complex, or percolation of magma
through mush layers) and inste «d ‘acuses directly on the transfer of a volume of magma (Q;)
from within or beneath a TCMZC tu the shallow melt-dominated reservoir at the top of a TCMS
responsible for generatirg < riace deformation (Figure 9). This shallow melt-rich layer may
expand with time due .~ crustal assimilation and magma replenishment from greater depths
unless it erupts or is transferred to a different part of the crust (Anderson, 1976; DePaolo, 1981).
The inlet mass flow model approach can be viewed as the simplified injection of a defined
volume of magma into a preexisting shallow reservoir at the top of an extended TCMS (Figure 9)
and could be used to interpret deformation data from volcanic unrest episodes by fitting the
temporal deformation data with a mass flow intrusion function(s). We show a range of temporal
magma supply functions that could be generated by different magma supply mechanisms and the
time-dependent deformation they produce (Figure 8) and confirm via sensitivity analyses that in
coupled solid-fluid models, the volume and temporal supply rate of magma control the temporal

development of ground displacements.
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Figure 9. Schematic diagram of a transcrustal r.agm itic system (TCMS) which extends from the mantle to the

upper crust. The system includes a shallow melt dom..>ated reservoir. The total amount of the inlet mass flow rate
delivered to the shallow melt-dominated reservon is equal to the summation of the mass flow rate from each of the

sub-channels connected to the reservoir (Q; == /J1--Q.+...+0,). Adapted from Cashman et al. (2017).

Transport of magma still relies ~.n a ressure gradient to drive flow but as pressure gradients, and
deep magma transport georatric~ are currently impossible to constrain, the presented mass flow
model could help simplif/ ar1 expedite interpretation of deformation data for hazard assessment
from assumed trans-crus.| magmatic systems, where estimates of magma injection volumes are
critical. For a more precise picture of the migration of magma through a vertically extensive
TCMS in a crustal section, our work could be combined with future studies that focus on deep

magma inflow models.

Our models, however, have limiting assumptions that must be considered, and that can be
built upon for more robust application to magma system dynamics in the future. We have used a
model based on simple rheologies, including linear elastic host rock behaviour and an
incompressible magma intruded into a shallow, 100% melt, magma reservoir. By neglecting

magma compressibility our spatial deformation amplitudes and temporal deformation rates are



likely over-estimated and should be viewed as end-member upper estimates. However, using an
incompressible magma has demonstrated the role of geometric reservoir compressibility, which
may have been hidden were a compressible magma used instead. A (long-standing) 100% melt
magma reservoir is unlikely; more probable is a porous region of crystal mush with varying
proportions of interspersed melt. In this scenario, the reservoir could be approximated as a
poroelastic domain (e.g., Liao et al., 2018), where the diffusion of melt through the reservoir
from an intrusion event would add additional time-dependent behavior to the solid-fluid coupling
and generation of surface deformation. Partial melting experiments of igneous rock suggest that
when magma cools and its crystallinity reaches a transition point (- 50%) the crystals contact to
form a continuous framework with interstitial melt, known as a crystal mush (Caricchi et al.,
2008; Marsh, 1981; Rosenberg & Handy, 2005). Beyond thi~ po nt of crystallinity, the reservoir
is more appropriately modelled as a poroelastic domair (" y.. Liao et al., 2018), while at points
of crystallinity lower than the transition point, the mag.=a can still flow in a laminar regime,
which we consider in our study. However, the in“erply of the poroelastic response and magma
compressibility should be addressed in futur~ wc k. Our approach could be further developed by
accounting for viscoelastic crustal behavi>'.r and the role of volatiles on time- and depth-
dependent magma properties (both viscucity and compressibility). Viscoelastic crustal behaviour
would affect the temporal evolution 9" ccformation due to creep or recovery (time-dependent)
behaviors (Head et al., 2019). '/ola.iles will affect magma viscosity and, once exsolved,
compressibility. In summary, (e .esults presented here provide useful first-order knowledge for
building more complex cr'mc solid mechanics- and fluid dynamics-based numerical volcano

deformation models.

6. Conclusions

We present numerical and analytical solutions for magma intrusion dynamics in a
shallow reservoir to explain the time evolution of volcanic surface deformation. Most volcano
deformation models ignore magma intrusion dynamics and focus on the crustal response to
reservoir overpressure, with the magma reservoir modelled as a cavity embedded in a half-space
with a boundary load. Our models couple solid and fluid mechanics to examine reservoir
pressurization and surface deformation for different geometries of a shallow (fluid-filled) magma

reservoir. Analytical solutions were adapted and derived for two schemes of inlet boundary



condition; inlet pressure and inlet mass flow, using a new piecewise function to account for
changing magma supply conditions with time. For the pressure inlet boundary condition,
reservoir pressurization is sensitive to feeder system dimensions and magma properties. With the
intrusion of a higher viscosity magma, or with a relatively narrow conduit radius, the system
undergoes "near-linear" long term reservoir pressurization and surface deformation because the
characteristic time is controlled by the viscous drag force. Lower viscosity magmas produce
faster surface deformation rates for this model setup, highlighting a potential role of magma
viscosity in determining surface deformation patterns. Associated challenges include determining

realistic feeder conduit dimensions and magma properties.

We also examined a defined inlet volumetric flow ra:~ boundary condition, which
dictates that a certain magma supply rate will be delive eu *<gardless of the feeding system
geometry and magma characteristics. This scheme remove. tne effects of conduit geometry and
magma viscosity so that time scales of reservoir pr.ssu.ization and surface deformation are
dependent primarily on the rate of mass flow. R v.ul's indicate that pressurization of melt-rich
reservoirs are controlled by reservoir shane ‘the geometric compressibility); pressurization is
faster for spherical- and prolate- reservoirs bx~ause of their lower compressibility, and slower for
oblate reservoirs due to their higher crmp-essibility. We tentatively suggest that the inlet mass
flow boundary condition may provide 2 etter future modelling approach for a conceptual fit to
the evolving view of trans-crus’al magmatic systems (compared to the inlet pressure boundary
condition). The mass flow ap.-oach is not constrained by the extended feeding system and
magma supply mechanics pe.eath the shallow reservoir occupying the top of a TCMS, which are
often unknown; it instecd rocuses on the input mass flow rate as a function of time. This
simplifying step will anow applications of the model to focus primarily on crucial temporal
magma supply rates regardless of poorly constrained magma supply mechanism parameters. Our
models are intended as a step towards more complex and realistic modelling work. Future studies
should include additional components such as magma compressibility, reservoir poroelasticity,

and crustal viscoelasticity that could further influence the system'’s evolution over time.
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Highlights
. Two magma intrusion schemes are compared, examining the magma reservoir pressure
evolution through time and resultant surface deformation

. Reservoir pressurization is influenced by characteristic timescales related to the dimensions
of the feeder system and magma rheology



