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Tuning terahertz transitions in cyclo[n]carbon rings
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We develop an analytic model for an ideal polyyne ring which describes the induced terahertz (THz) gap in
the molecular spectrum due to the Stark effect. This simple model can also be used to describe an odd-dimered
cyclocarbon which has undergone a spontaneous symmetry-breaking event (due to the Jahn-Teller effect) as an
effective dipole across an ideal ring. We show that both the size of the gap and the strength of optical transitions
across it can be modulated by varying the external electric field strength. A THz emission scheme based on
optical excitation is proposed, thus paving the way for tunable THz emitters based on cyclo[n]carbon.
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The terahertz (THz) gap is a region in the electromagnetic
spectrum sandwiched between the microwave and infrared
regimes which suffers from a lack of portable, affordable,
coherent sources and detectors that operate at room temper-
atures [1,2]. One pathway to bridge the THz gap is to utilize
low-dimensional forms of carbon [3] such as graphene, carbon
nanotubes, and stable linear carbon chains that were recently
synthesized via laser ablation [4,5]. We propose an avenue of
exploration for THz generation, utilizing monocyclic rings of
carbon, subject to an experimentally attainable electric field
applied in the plane of the ring.

In contrast to the conjugated 7 -bond systems of fullerenes,
carbon nanotubes, and graphene which have a coordina-
tion number of 3, cyclo[rn]carbon (C,), a ring of n carbon
atoms, has a coordination number of 2. Hence there are two
possible bonding configurations for cyclocarbons: polyynic,
i.e., alternating single and triple bonds (D> symmetry), or
cumulenic, i.e., consecutive double bonds (D,, symmetry).
Although evidence for the existence of cyclocarbon in the
gaseous phase has been around since the 1980s [6—12], the
high reactivity of C,, made its isolation in the condensed phase
difficult to realize. A comprehensive review of the history of
carbon rings can be found in Ref. [13]. It was not until the pi-
oneering work of Ref. [14] that C;3 was successfully isolated
and its structure characterized via atomic force microscopy to
show a polyynic structure.

Symmetry plays a vital role in determining the electronic
and optical properties of polymer molecules, and the selec-
tion rules of various molecules can be obtained within the
group theory formalism [15-19]. In this Research Letter, we
shall determine the optical selection rules via a finite-matrix
tight-binding formalism, which also allows for a quantitative
description of the system. There have been various theoretical
studies of cyclocarbons focusing on their structure, relative
energetics, vibrational frequencies, and spectra [10,13,20—
26]. Notably, odd- and even-dimered rings have been shown
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to alternate in their relative stability [27,28]. The interplay
between Hiickel’s rule and the Jahn-Teller effect plays an
important role in determining the ground-state configuration
of cyclo[n]carbon. For Cy, rings, where p is an integer, the
first-order Jahn-Teller effect leads to single and triple bond
alternation [29,30], whereas for C4,4, rings, bond length
alternation is caused by the second-order Jahn-Teller effect
[31]. The Jahn-Teller effect can also give rise to bond angle
alternation in both cumulenic and polyynic rings [32,33],
yielding four possible symmetries. There has been a great
deal of controversy regarding the exact form of the ground-
state structure of various freestanding cyclo[n]carbons, with
different computational models yielding drastically different
results [34,35]. However, in the case of the recently isolated
Cys, placed on top of an inert substrate, the structure was
experimentally shown to be polyynic [14,36].

There are a number of proposals to use the lifting of
symmetry-induced degeneracy of energy levels in carbon-
based nanostructures for THz applications, including mag-
netic field [37] and strain-induced [38] gap opening in carbon
nanotubes, edge effects in graphene nanoribbons [39] and
finite polyyne chains [40], and tunable bipolar graphene
waveguides [41] and double-well systems [42]. There are
also several proposals for generating THz radiation which
are based on the lifting of degeneracy between energy levels
in semiconducting quantum rings that utilize a combination
of magnetic and in-plane electric fields [43—45], as well as
inducing a double quantum well via two electrostatic lateral
gates [46]. In this Research Letter we show that the absence
of inversion symmetry results in a striking contrast between
odd- and even-dimered polyynic rings. Namely, for a ring
with an odd number of dimers, the lifting of the degener-
acy is linear in the magnitude of the applied electric field,
while in a ring composed of an even number of dimers the
presence of an inversion center forbids linear-in-electric-field
level splitting, very much like the semiconducting quantum
rings mentioned above. Nonetheless, in a similar manner to
semiconducting quantum rings, a perturbation can be used
to split the degenerate levels of cyclocarbon, and due to
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symmetry, the two emergent levels can support optical tran-
sitions between them. This splitting can be calculated using
time-independent degenerate perturbation theory. However,
it should be noted that spontaneous symmetry breaking can
occur due to the second-order Jahn-Teller effect [47]. In this
instance, the degeneracy is removed, and there is an intrinsic
gap associated with the originally degenerate levels. When
spontaneous symmetry breaking occurs, an effective dipole
is set up across the molecule. This system can be modeled
as an ideal polyynic ring subject to an effective electric field,
where the existing field can be tuned by an external electric
field to fall within the THz range. Therefore cyclo[n]carbon
is a potential candidate for THz applications. It should also
be noted that computational models which take into account
the Jahn-Teller effect in C;g show that an applied electric field
produces a strong regulation effect on the ring’s geometry and
electronic structure [48]. Indeed, for experimentally attainable
fields the size of the gap between the highest occupied molec-
ular orbital (HOMO) and the lowest unoccupied molecular
orbital (LUMO) can be reduced from the UV into the visible
frequency range, thus making any optical pumping scheme
more accessible.

For an ideal polyynic ring, in the absence of an ap-
plied electric field, the eigenvalues and eigenfunctions can
be solved exactly. For a ring composed of an even number
of dimers, both the highest energy level and the lowest en-
ergy level are nondegenerate, together with the HOMO and
LUMO: All the other energy levels are twofold degenerate. In
contrast, if there is an odd number of dimers, the highest and
lowest energy levels alone are nondegenerate, while the rest
are twofold degenerate.

In what follows, for an ideal polyynic ring composed of an
odd number of dimers, we use first-order degenerate perturba-
tion theory to determine the energy level splitting and optical
selection rules, supported by full matrix calculations.

We shall now present a simple analytic model to describe
the optical transitions between the electronic states of an
ideal polyynic ring. We adopt the same nearest-neighbor tight-
binding formalism which is commonly used in carbon-based
materials [49]. This model yielded spectacular success in de-
scribing both their electronic and optical properties, especially
in the case of carbon nanotubes and graphene [3,50]. Using
the nearest-neighbor tight-binding model [49], the Hamilto-
nian of an ideal polyynic ring composed of n carbon atoms
(where n is an even integer), schematically depicted in Fig. 1,
can be written as

0 b by,
b, .
b,
Hy; = bi LW
b;
. bu—1
b, b_1 0

where b; =t (T') when j is odd (even). It should be noted that
as the number of atoms approaches infinity, the band struc-
ture transforms from discrete energy levels to the continuous
dispersion of an infinite polyyne chain. Therefore we shall
use the same tight-binding parameters associated with the
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FIG. 1. A schematic representation of cyclo[r]carbon with a
polyynic structure (i.e., alternating single and triple bonds) composed
of an odd number of dimers. The ring is subjected to an in-plane
electric field E, depicted by the green arrow, and oriented at an angle
¢ from the x axis. The black double arrow is the projection of the
incident, linearly polarized light (blue wave) onto the plane of the
ring, where ¢, is the angle between this projection and the horizontal
axis. A sketch of the emitted THz photon is shown by the red wave.

infinite chain, namely, t = —3.548 eV and T = —4.657 eV
[51]. The eigenvalues and eigenvectors of the Hamiltonian
given in Eq. (1) can be solved exactly. The energy levels of a
polyynic ring composed of n atoms is given by the expression

2wl
g = Sl\/(T —1)* 4 4tT cos® <l> (2)
n

where [ = 1,2,...,n/2 and s, can take the values of 1 and
—1. The jth component of the corresponding eigenfunctions,

U, = (Y1, Y2, . .., ¥n)T, can be written as
ek (1 for j = odd 3
v = Jn sll% for j = even, ©)

where f; = te” % 4 Te'® and k; = 271 /(na). For aring con-
sisting of an odd number of dimers, all the energy levels
are twofold degenerate except for the [ = n/2 energy levels,
whereas for the case of an even number of dimers, all the
levels are degenerate except for the n/2 and n/4 levels.

For an ideal ring, applying an in-plane electric field E lifts
the degeneracy of the system. In the presence of an in-plane
electric field the perturbation to the Hamiltonian, §H;;, is
given by the expression

27 i
SH,']' = V() COS (ﬂ — (p)c‘iij, (4)
n

where V) = eER, R is the radius of the carbon ring, e is the el-
ementary charge, and ¢ is the angle of the electric field relative
to the x axis (the geometry of the problem is shown in Fig. 1).
Let us now consider two degenerate states, V; 5, and Wy ,,, be-
longing to a ring composed of an odd number of dimers. Using
degenerate first-order perturbation theory, the first-order cor-
rection term to the HOMO or LUMO level is & = s3a,|Vo /2,
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FIG. 2. The HOMO-(HOMO — 1) gap of cyclo[n]carbon for
the case of an in-plane electric field strength of 1.8 x 107 and
3.6 x 10" V/m. The numerical solutions of the nearest-neighbor
tight-binding matrix are depicted by the black crosses, whereas the
analytic solutions are depicted by the red and blue circles, which
correspond to the field strengths of 1.8 x 107 and 3.6 x 107 V/m,
respectively. For contrast, the black circles show the energy level
splitting for even-dimered rings in the higher electric field. The ana-
lytic expression, valid only for an odd-dimered ring, is given by E, =
a,|eER|, where e is the elementary electric charge, E is the electric
field strength, and R is the radius of the ring. The geometric param-
eter o, = Ay cos(mr/n)/A, is defined by the HOMO-LUMO gap
of a linear polyynic chain, Ay, = 2|T — ¢|, and the HOMO-LUMO
gap of the ring itself, A, = 2[(T —t)?> + 4tT cos’(2rl/n)]"/?, with
| = (n —2)/4. The tight-binding parameters used are r = —3.548
eVand T = —4.657 eV, respectively.

where s3 =1, —1 and o, = Ay cos(r/n)/A, is a geomet-
ric parameter defined by the HOMO-LUMO gap of a linear
polyynic chain, Ay, = 2|T — t|, and the HOMO-LUMO gap
of the polyynic ring itself, A, = 2|g/|, where [ = (n — 2)/4.
Therefore the size of the gap between the HOMO (LUMO)
and HOMO — 1 (LUMO + 1) is

E, = a,Vol. ®)

Hence a 1-THz gap can be opened by applying an electric field
of the order of 107 V/m, which is easily achievable if the rings
are encapsulated in a material with high dielectric strength,
e.g., hexagonal boron nitride (h-BN). It should be noted that
so far we have assumed an equal distance between atoms, but
the effect of bond length alternation can be readily accom-
modated in our model. However, it only results in a small
correction factor to the coefficient @, appearing in Eq. (5),
which should be changed to a, ~ a,[1 + 8 tan(r /n)], where
8 = 2mé./(cn), where 4, is the difference in length between a
single and triple bond and c is the lattice constant.

For an ideal ring composed of an even number of dimers,
the first-order correction term is zero; therefore higher-order
perturbation terms need to be considered in order to calcu-
late the true value of the energy level splitting. However, for
experimentally attainable electric fields, Vy is of the order
of THz; therefore any energy gap opening associated with
higher-order perturbation terms is beyond the spectral range
of interest. This is also true for the splitting of other higher
or lower levels. In Fig. 2, we plot the numerical solutions
for the tight-binding Hamiltonian, given in Eq. (1), together

with the analytical expression given in Eq. (5), for two dif-
ferent electric field strengths, 1.8 x 107 and 3.6 x 107 V/m,
respectively. Regardless of ring size, any desired THz gap can
be achieved by simply modulating the strength of the electric
field. In the same figure we plot the result of the numerical cal-
culation of the energy level splitting, E,, for rings composed of
an even number of dimers, which is indeed negligibly small.
It resembles the electric-field-induced energy level splitting
of double-degenerate levels in the continuum model for semi-
conducting rings [43,52], in which the linear-in-electric-field
splitting requires a magnetic flux equal to half of a magnetic
flux quantum through the ring. Thus, adding an extra dimer
to a Cj¢ ring results in linear-in-electric-field level splitting
which is equivalent to using a magnetic field of the order of
10* T for the same ring.

As can be seen from Eq. (5), the magnitude of the splitting
of the two degenerate states comprising the HOMO level of an
ideal odd-dimered ring is linearly proportional to the applied
electric field and the radius of the ring. An in-plane electric
field can be generated by applying a voltage across two lateral
gates, situated on either side of the ring. For the case of a Cg
molecule, an applied electric field strength of 1.8 x 107 V/m
yields a gap of approximately 1 THz. However, as mentioned
in the introduction, it has been predicted that C;g may exhibit
spontaneous symmetry breaking, which lifts the degeneracy
of the energy levels. In this instance, the predicted energy gap
associated with the splitting of the HOMO level is 0.140 eV
[47]. However, it is well known that such calculations over-
predict the value of interlevel spacings and must be scaled
appropriately One scaling factor which may be implemented

is Cgp /Ctheor [53], where Cgy is the HOMO-LUMO gap of
fullerene Ceo in experiment (2 30 eV) and Cg})e‘“ is that which
was obtained computationally. Using this scaling factor, the
experimental HOMO-LUMO gap of C;g has been predicted
to be 2.72 eV [54]. Implementing the aforementioned scaling
factor, the predicted gap between the HOMO and HOMO — 1
levels is reduced to ~0.071 eV, which corresponds to 17 THz.
Thus a polyynic ring which has undergone a spontaneous
symmetry-breaking event can be modeled as an ideal ring
subject to an effective electric field; that is, the second-order
Jahn-Teller effect induces an effective dipole across the ring.
Due to spontaneous symmetry breaking, C;g inherently pos-
sesses a gap which corresponds to frequencies within the
upper THz regime. However, this gap can still be modified
by the application of an external electric field and is there-
fore highly tunable. Indeed, applying an electric field of the
correct magnitude along the right direction could suppress the
inherent gap altogether. However, to determine the exact size
and behavior of the gap in an applied electric field requires
state-of-the-art quantum chemistry calculations.

Within the framework of degenerate first-order perturba-
tion theory, the splitting of the HOMO and LUMO states
can be analyzed independently of the other levels. The new
eigenstates of the doublet emerging from the application of
an electric field can be written as a linear combination of the
unperturbed eigenstates, |W,,):

Wy) = —[l‘l’l

7 |‘I’1+1):| (6)
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where A = Vo[l + (fis1/fi)le' /4, [ = (n—2)/4, |W,) is
the eigenstate of the highest energy level of the doublet,
and |W_) is the eigenstate of the lowest. The strength of
the dipole matrix element of transition between them, caused
by linearly polarized light, with the polarization vector & =
(cos @,, sin ¢, ) is

N aR .
[(Wile-r|V_)| = TIsm (9. — ). @)

According to Fermi’s golden rule, the transition probability
per unit time between the higher and lower states of the
doublet is proportional to the absolute value of the veloc-
ity matrix element squared. The transition dipole moment
between the two eigenstates can be written in terms of the
velocity operator, using the relationship [(W|é-r|V_)| =
[(Wyle- hv|W_)|/|28¢|. Hence the absolute value of the ma-
trix element of velocity is

N R
[(Wyle-v|W_)| = E|V051n(§0e_¢)|- (8

It can be seen from the above expression that for a given value
of the electric field, the velocity matrix element depends on
the square of the radius of the ring. However, although the
probability of the transition increases with increasing radius,
so does the size of the gap between the HOMO and HOMO —
1 levels.

Equation (8) shows that the transition is also extremely
anisotropic and is maximal when the polarization vector is
perpendicular to the electric field. Although we have dis-
cussed only transitions associated with linearly polarized
light, transitions are also allowed for the case of circularly
polarized light. Defining the polarization vector of circularly
polarized light as é.; = (1, i), where the plus and minus
signs correspond to left- and right-handed polarized light,
respectively, the dipole matrix element is [(WV |é. - F|V_)| =
R/ (24/2).

Finally, it should be noted that since each set of doublet
states associated with the HOMO and LUMO levels can be
constructed as a linear combination of states with differing
parity, all possible transitions between the four levels
are allowed due to symmetry (see Fig. 3). Therefore this
system supports both optical and THz transitions, which
can be exploited for THz applications and will be discussed
shortly. The velocity matrix element between the HOMO — 1
(HOMO) and LUMO + 1 (LUMO) is given by the expression
(W[ - hv|Wa)| = B, cos(¢. — @)I/[1 F (Eg/A,)],  while
the velocity matrix element between the HOMO — 1 (HOMO)
and LUMO (LUMO + 1) is given by [(W/|é-hv|Wy)| =
|8, sin(g. — @)|, where B, = goRsin(r/n) and W) and W,
correspond to the HOMO and LUMO states, respectively. In
Fig. 3 we plot [(Wy|eé - hv|W;) |2/|(Ef — E;)tR?| corresponding
to the absolute value of the oscillator strength, normalized
by a dimensionless constant 352 /(2m,tR?) for the transitions
between levels close to the HOMO and LUMO, for n = 18,
¢ —¢,=m/3, and the tight-binding parameters ¢ =
—3.548 eV and T = —4.657 eV [51]. Here, E; ; and W, ¢
denote the energy and wave functions of the initial and final
states, respectively. The results are presented in the style
adopted from Ref. [55], which studies another carbon-based
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FIG. 3. The absolute value of the oscillator strength, normalized
by a dimensionless constant, for transitions between energy levels
of a polyynic ring comprised of n = 18 atoms, subject to an electric
field of 3.6 x 107 V/m. Here, the polarization vector of the linearly
polarized excitation is oriented at an angle of 7 /3 relative to the ap-
plied electric field, and the tight-binding parameters are t = —3.548
eVand T = —4.657 eV.

system exhibiting THz transitions. Notably, the oscillator
strength of THz transitions in odd-dimered polyynic rings
linearly depends on the size of the applied electric field. It
can also be seen from the matrix elements of velocity given
above that the oscillator strength of various transitions can be
controlled by changing the polarization angle of the incident
excitation relative to the applied electric field. This allows an
additional (polarization) control of the inversion of population
in the case of broadband optical excitation.

The presence of an optical HOMO-LUMO gap, coupled
with the existence of energy levels spaced at THz frequen-
cies (associated with the splitting of degenerate states of an
ideal ring), makes odd-dimered polyynic rings subject to an
in-plane electric field ideally suited for the basis of tunable
THz emitters. One possible THz generation scheme involves
the optical pumping of polyynic rings with linearly polarized
light. As can be seen in Fig. 4, a high-energy optical photon
can promote an electron from the HOMO — 1 level to the
LUMO + 1 level. This enables an electron to relax from the
HOMO to the HOMO — 1 via the emission of a THz photon.
An additional THz photon may also be generated as the elec-
tron which was promoted to the LUMO + 1 relaxes into the
LUMO.
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FIG. 4. A schematic illustration of a THz generation scheme us-
ing odd-dimered polyynic rings. A high-frequency optical excitation
promotes an electron from the HOMO — 1 to the LUMO + 1 energy
level, depicted by the blue arrow (1). An electron from the HOMO
level relaxes down to the HOMO — 1 level via the emission of a THz
photon, depicted by the red arrow (2). The photo-excited electron
in the LUMO + 1 level may directly transition down to the HOMO
level via the emission of a single optical photon (dark green arrow,
3), or via the emission of a THz photon (red arrow, 4) followed by an
optical one (light green arrow, 5).

We have shown that for an ideal, odd-dimered polyynic
ring, the symmetry-induced degeneracy of both HOMO and

LUMO levels can be lifted by an external electric field. The
induced doublet states support strong optical transitions be-
tween them, which fall within the highly desirable THz range.
Our model can also describe a polyynic ring which has un-
dergone spontaneous symmetry breaking. In this instance the
size of the THz gap induced by the Jahn-Teller effect can
be mapped onto an effective dipole across an ideal ring. In
both cases, the size of the gap is linearly dependent on the
strength of the applied electric field. Therefore the Stark effect
in cyclocarbon could be used to create a THz source with the
frequency controlled by the applied voltage. Appropriately
arranged arrays of cyclocarbons placed within a carefully
selected microcavity are thus promising candidates for ac-
tive elements of amplifiers and generators of coherent THz
radiation.
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