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Abstract

to predict the contact characteristics of multibody systems. At present, there are two kinds of contact models used for

Impact behavior is a ubiquitous phenomenon in multibody systems. The contact force model is a pivotal tool

calculating impact behaviors: the static elastoplastic contact force model and the continuous contact force models with
energy dissipation. There are many similarities and discrepancies among them in the impact dynamics of multibody
systems. This review starts with the introduction of development history of these two kinds of contact models followed
by their development progress and background illustrated in detail. Firstly, whether the initial impact velocity is
contained in the denominator of damping term severs as a criterion to classify the continuous contact force model as two
types of models that are the contact force model with hysteresis damping factor and the other one with viscous damping
factor. The relationship between the power exponent and Hertz contact stiffness is analyzed. The problems in calculating
the elastic-plastic contact collision behavior by using the existing continuous contact force models are discussed.
Secondly, the static elastoplastic contact force models with the continuous transition between the pure elastic and full
plastic are introduced, and its characteristic is illustrated when calculating the elastoplastic collision events. The
coefficient of restitution acts as the bridge to connect the static elastoplastic contact model and dynamic dashpot model as
a complete system. In order to sidestep the error from the Hertz contact stiffness in calculating the elastoplastic impact
behavior, a new viscous damping factor is derived by means of the linear elastoplastic contact stiffness based on energy
conservation. The intrinsic connection between the static elastoplastic model and the dashpot model is explored, which
proves that the artificial damping describing energy dissipation is equivalent to the one generated by the discrepancy
between the loading and unloading paths. In order to avoid the numerical singularity caused by the initial impact velocity
in the denominator of damping when calculating the dynamic performance of granular matter, a continuous contact force
model with viscous damping is obtained by solving a linear single degree of freedom underdamped vibration system.
One-dimension chain is taken as the numerical example to validate that the new dashpot model is more accurate than the
one used in the EDEM software. Finally, the current research status of impact dynamics of multibody systems is

reviewed, and the development trend and future challenges of contact force models are briefly summarized.

Key words multibody system, impact, energy dissipation, coefficient of restitution, contact force model
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Table 2 Contact force models with viscous damping factors (the denominators of the damping force do not

include the initial impact velocity)

Continuous contact force model
; Power exponent n

Impact parameter m

Viscous damping factor

F = K&+ 46"6
Kuwabara and Kono ['**) 32 172 K —g)? (1-v*) =29
uw =5 (g:ili — '27"7)1 ( E)v2 (., are effective Young's modulus)
Tsuji et al. [ 3/2 1/4 5 KM
! X:£D,D:2|lnc,l —
2 % +In’c,
Jankowski 74 312 1/4 —9+5 1-q VI
=N e On—16)+ 16]
KM
Lee and Wang!"! 3/2 0 ¥=TD,D =2|lnc,| T= o+l exp{g |(§—g)—|6—g|]}
2 +1n%c, 26 &
(&, g are constants with unit m)
Schwager and Poschel [74 3/2 0.65 empirical
Lee and Herrmann (104 3/2 1 empirical
Ristow [104] 32 1 empirical
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Bt. b T k4 CEB BB h I ANIE 47 1E, Zhao-
Maletta-Chang (ZMC #5784 87 R H] 2 T =X i (L 1 7
TR R 5B PR 2 fuk B BE ) ) 5 28 T Z TR IR R 3R AR
M0, AT AR B AT AR G Hu il ¥ CEB K2 IR AN I 4512
] . Thornton!'4% 7 Z0 W& 3 58 Vi ik Y Be I O T,
BT Hertz BRARHE T ] 3% B2 b A2 ok 72
(CLFE e SRR B AR T ) () Ffih g A5 3 . A1 s i
fitti =, Johnson!"351 # 53 1 WI P 3k He A 2% [A] 121 1)
s ) 5 N R EROC R, IR15 1 1 40 1R 36 58 1 42
fiiki #5284 . Stronge Z5141 BT+ Johnson A5 241 0142) 3 i
1B I IR 5l A2 2 R LA O R H T o
PEL S5 58 A VR PR AR T () 4 ik 0 5 b AR Y &
Z By ek EOC R AL O Tk R R A k)
5L B IR RS 2, IF 2% 18 AT PR oo 7 vk I AN T K RE
Jackson 51431 FLF45 R JCVE MR Hit Mises i IRFE IS 2
W JG AEY, UESE T ZMC B A AR 4T it vk
CEB H R (R ANTELL n) . 73 4h, Kogut 55 (KE £
T4 SR AT BR JeiR S0 UE T CEB B AR 3 AR B
B BUARAL T 2k 0y B K/, T ZMC AT A 5598 1
BURAL TEAD )0 KA IR H T — e A1 %
255 58 I P A e 7 R T A O A i R P 4 Al
Shankar U FIHA R CIEY T KE Bl
JG 5 T A 5 R P 4 fd ik o 58 e o B a0 38 98 1P
B FHE. Zhang FE040) R HIA BROCIEAE [A] AR $5
Hertz #1185 Mises JEIRFRISTE LT, Z0EAIEHE 2
rH IR R A0, R AR AN (A2 i o B AR TR B S ey 2
18] ) 9¢ 2 3 T Newton-Raphson J7 2 3k #5352
fi A B iz fh A7 Etsion 25047 5 B A FR JeikfE
TGRS /INER 2 T) 5508 e Al o o 2 v 480 B 1 )
HARTE 2 [BI5C 2R, L A A, $2 H T g giig
SR VEFE AT A 1) ) AR Du SEU48 S04 TR
ANERAE e A S I PRV e A B R RE R FE AL, PR T
AT H IR AR PR A= (1) 3 B e AT Oy, e ad sk
A R JCVE B R T % R A rp ik i 2 A S B
Burgoyne %5149V ZEAIF SRR A 5T rh A8 1) A Jf
TR, KA RICH 723 TR R 22 56
PR, B H AT T A AR AT A A S MR S
YRk R IR0 ik Hopkinson S5 G AE T 1%
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P (1) 1E A P . Komvopoulos 25150 SR L &4 FR G
g5 1 7 OB R Ik R A O s . N AR T I B
PEV TR AR T IR 0 1 5 AR T 1 i R 5 DY AN e
BL ARSI T A, BrakelS' A i 7 58 Hi 1 TR,
Y BB PR AT g 3 R S L SR RO P B A
B, Hod s vk B BUIR M Hertz 348, S8 PERY BUIR M
Johnson FiR 8% 34 F H Meyer i 5 $5 23 1A 5¢ 42 %8
PER AR B, 2 f b 4 A 2 1) A Ak, P 22 T
AR 1) 5 T L350 98 P e P B R AR A 7 .
TEAREENT) 5 B Brake 158281 ) AR, ) 4 B )32 S
SRS T P B R B R, FE T Johnson
HOYE PR A B R RS TR S I S AR T 1o g 3 0

R3I FELERS

PEAR T B 2SS 0 M ) B Ay AR

T A T 0 e e g R (1) A R D R mT o
B (V) R R AR D) T AN 22 30 3% B2 104k
TR, SNSRI (1) v R B 3 A (1) LA
WDy 2% 5Lk, E R AR B 4% A IR DL R 4 SRS 1
BRI BB RN (2) fE B BRc s it £
TG IR V- R AT e 1 e SR P B A ) B (3) #E
- AAATT A k) BB P e b A BRI
W5 AT S RE A AT R Y. 3% 3 hgh iy
T O Tl WL 1 32 S0 v A L P e Ak g MY, [ 8
HR T 3 R AR AR rh B 5 AR TR
HZAIMKR.

IR EE M R AR

Table 3 Continuous quasi-static elastoplastic contact force models

Quasi-static elastoplastic contact

del Loading phase Unloading phase
mode
3
4 3 4 3 4E* (2Fmax +Fy\2
~E*VRs2 5 <6y F=-EJR(5-6.)2.R, = max T 7y
F={3 (0<0) 3E R (9-0,)7 R, 3Fma \ 2107,
Thornton (1997)!4! Fy+noyR(5-6,)  (6>6)

6, critical elastic deformation; oy y

6, permanent deformation; F,x maximum

ield stress; F, loading force normal contact force

4 3
—E* VRS2 (6<0y)
3 4 — %
26 26 F=3E VR(s-57)
PRS- (1 F1n == (6<6<5,) ,
2.8F, ' 26 6 =06.—-0,,R= 2. 1 : R
1631 Oy (204 §> f = 0c=0r, (57“7
Stronge (2000) 7 ( 5, ) (6>6) ]
3 9, §. maximum contact deformation;
y =0y Rz( I) ( Eo—‘ ) 9y coefficient; 6, critical elastic; §, permanent deformation

oy yield stress; 6, critical plastic deformation;

o 2E
3R(1-
0
a? =a¢ +a’,a’ =
Ca(F-
@y
Vu-Quoc and Zhang (2002)!15153] = —x
Rep — CRR

1.0

L0+ K. (F-Fy)

2))0 a= V2Ro F<F,

(F<F)
) (F>R) (),
(5wt )
e = [2(CR)maxR(6-6,)]
( F< F\') 6, permanent deformation
(F>F)

F, Normal yield load; K. and C, are the empirical parameters;

a° contact radius corresponding to the

elastic region; v Poisson ratio

3
%E* VRS2
1.425
F=1{F. 1.03(£)
5,

Kogut and Etsion (2002)!44] 51263
F.1 .40( - )
3

6, critical elastic deformation; F, loading force corresponding to the

W = Wres

np
F= me( ) 1P = 1.5(@max) %!

Wmax —~ Wres

(&<
(

— <1
o,
]<£<6)
5)
6<— <110
(o3 <)

@ =06/ 6y Wmax = Gomax | 8y
F . maximum contact force; pmax maximum
contact

deformation; w,.s residual deformation

beginning phase of the plastic deformation
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&gaR3
Quasi-static elastoplastic contact model Loading phase Unloading phase
4 g R} 2
3E VRé2 (5)‘ <1.9)

Jackson and Green (2005)!'43]

4 I -ex —L % w £>19
cs, P\725¢ 5

C =1.295exp(0.736v) ; 6, critical elastic deformation; / hardness;

S, limit of yielding; v Poisson ratio; . critical elastic load

F= %E* VRG-6,)2

ac
R, = Rcosf,0 = —
R

6, permanent deformation; a, contact radius in

the unloading phase

3
%E* VRS2 (6<6,)
37[3R2

12(E*)?

F=

Du and Wang (2009)(!54 Rppd = ©<00)

Pp= (1 + g)o'y ; oy yield strength; 6, critical elastic deformation

4 3
F= gE* VR (6= 6re) 2

Sres permanent deformation

%E* VRs1 (5<0,)

(=200 )

+(=3Fy+3F,+(6,-6,) (-2F'y = F',)))

56,
+(6,=6,) F/ ( 5o 5

3Fympy | R o c
ZlafE ) =
4E 0y oy) R6,

. 4 . 3
pUxH,c=af,—2Ro,,,Fy: gE ‘E(S),Z,F,,:pgna,,

Brake (2012)131)

)+F‘. (6,<6<6,))

3Rnpo
W= 4E

JF', =2Rapy,F', = 2E" \JRS,

H hardness; 6, critical elastic deformation; 6, critical

plastic deformation

3
F= %E* \/Ri,,((sf{s)z

2 1
Ry =R+ =6

s _( 3F, ]
" e VR, 2

§,» maximum contact deformation in the

3

loading phase; F,, maximum contact force in

the loading phase

%E* VRs? (0<s<s))
F=16@+pIns) (6y<5<6,)
Pon(2RS +¢2) (6>6,)

; [149]
Burgoyne and Daraio (2014) a=(6,F,In6,—6,F, lnéy)/ (6,6,(1n6, ~1n5,))

B=(6,Fy—6,F,)[(6,6,(ns, —Inéy))
Fy= E(R/ E*)Z(l.ﬁna})3, F,= pon(2R6p +cz),p0 =coy

¢ and ¢, are empirical parameters; 6, critical elastic deformation;

4 3
F=2E" \R,6-6)?

4E* 2Fm2,,(+F'V 16
= ——F——|,py = L.60y
P 3Fmax 2npy b 2 y
3F, 3

§,, maximum contact deformation in the

loading phase; F,, maximum contact force in

the loading phase
6, critical plastic deformation; o yield strength
4 13
FER262 §<6,
FO={slcitertn ) se
c1+czlnéf +c3 0y <0<06,
< 4 1 3
—E*R262 0 <9,
Fp+ki(6-6) 626, 3 0
4 .1 3 .
ki = 2nRyer,, F@)={3E (R)2(6-6,)2 6,<6<6,
F],=6],(C]+Czln(§2/2))+C3 iE*(Re)%(O-—(S,)% 5§26,
Ma and Liu (2015)"17 , 37 !
py(1+1n(£2/2)) - 290, FoR 4 1
= —]n(fz/Z) nR, R, = 7 JFe = §E*R75‘2
2[#{)')‘ 7[7‘. max
= 72'T[R
In(£2/2) L FR 43
c3 =Fy—ci6y, sz Fw,Fp—gE RZ(S,;

Fy=mR*p}/6E"?
py = 1.610 ;¢ and y are the dimensionless coeffcients;

6y critical elastic deformation; 6, critical plastic deformation;

o, yield strength

6, permanent deformation
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Fig. 8 Quasi-static elastoplatsic contact force model
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Ferb F OG5 o, o 4 S5 RN TR); 1, D 3Rl
REFRREEE RN )5 2 A REAEAT AL 4 ) Th).

Stronge Wk & R B I A i R o RGN B g
AN A2 e R 18 3 ik A7 A B i A v, 6 R B it
R TR 2% FE 4 12 i A 2 5, DAY AP ) A 3 i Wi
(1 AR e A LRl AR v ) BE TR, FLRIA SN
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(43)
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Table 4 Coefficient of restitution (CoR) model
Authors CoR mathematical model Parameters
. w, critical elastic deformation; w,, maximum deformation in the
Chang and Ling 3 5
(1992)t1631 cr = {85* ‘/E[wcwm (2 _ &)J }/{8E VRwZ + 1K YRy (0 _wc)} compression phase; Y yield strength; K = 1.282+ 1.158v ;
15 m 15 v Poisson ratio

Thornton (1997)!140]

V, yield impact velocity;

¥, impact velocity

Wu, Li and Thornton
(2005)171)

V, initial impact velocity leading to the plastic deformation;

Vycritical impact velocity; S, yield stress; ¥} impact velocity

Weir and Tallon

vy initial impact velocity; S, yield stress; R, contact

radius after contact; p density
2005)!1¢7) dius aff densi
1 O<Vi<l)
ki _1\01%6 7, impact velocity;
Jackson, Green and .- 1—0.11n(V1)(V1 1) 1<V, <60) 1 1mp : y
Marghitu (2010)!5%! ’ 59 & = S}./ E*;S, yield stress

n

1—0.11n(60)—0A11n(6O

)(Vl — 60)236%

(60 <V <1000)

Ma and Liu
(2015)t117)

S
2

kl

1

=
12
m VO

oN—

¢, = 081" 5 (Ry)

R¢, contact radius after plastic deformation;

ky contact parameter; m mass; v, initial impact velocity

[170]). M 4 rhraf DAFE HH PR 2R AN 05 il 42 L
A S5 A 1A G, T L il P DA K.

Vi AR BB 0 7 R R A o R R A
A R S ) B A T SR AT A I i 2
R 28 IR /DN, T o 28 o 90 P 2 i g A Y
R A 10 AR ) S 2R 0 2 VR AR AR RN AL
X[ — P AT, ¢ 4 m] LS il R A 5 2
i g AR 1 2 R AR K RIS, IR LA B
RIELLAR AR R A, R G TR 20 0 R S IR
W7 AERAT W AR B B . AEDEIEAI -, SR il
IS NP et 3/ Wk Rich S EDEAPS IR /87
AR RE R B IO 717 Ly HE A5 I 4 A 7 AR )
AR Ak ) A 2 Z R 1 e SRR ISR AT N AE
WBEZR, RBP4 FE R THIAR (U P 3) 75 55 o )
B £ AL P TR (U] 9)? R IR — K LUK R
HOAMRAE, VEANfRE P ISAR I 2 )R AL FE IR R

4 PREMDIER 2 ERVEL R

FIERR 1 5 2 P IESR i B AT S
ERPEP AR T N, Hertz Heflt Wi 52 Al 1 5% S 1 422 ok
B B R A 8 5 3 B3O S fid g A TR AS R oA A
RAF BN A IR PEREREAT O 10 0 SRR, D, %

W BT AR ALAE 2015 4752 H 1) 3% 5 e 10 2 o 0
P A AT ML AR 6 1 E SR S A ) AR AE
ISR P ARG P (1) B A
4.1 EFHRBREEAMNFLORFER

F T 23R A AT S N R R Y B A )
ARTEARE 2 ) DG R AT ABL A £ L, BT LA, £ B ML 7Y
RO ACHE) O 2R R R R Y B R I BE R
F(6,)-F(5))

6[’ _6)’
T A P R A I i )RR A 2 A i B -
BELJE A, {5 BE IG5 HE Al R A A1 500 0 4 fk )y A
RN

K, = (45)

F = Kp6+,066 (46)

e, IR SRR PR
B 1.1 e LR R 5 7 X, 7 R G
[y 35 SRS 21, B K25 i

P 6max 1
U = [ K845 = 5 Ky 47)

X BELJE T AR 43 5t T 3k 15 2 A B2 fiosk B2 (1) e =2 FE 1L
AE =g§x&sd5 (48)
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3 30f
FEl 235
5 2.0Ff
2 8 15¢
. . 6max (5 =1 :
AE =AEc+AE, = 7(87 + |5(+>|)f 641 ds = g 10}
0 Omax 0‘(5) P
1 (=) <2 0 0.2 0.4 0.6 0.8 1.0 1.2
3){(1 +¢1)0 7 0nax contact deformation/m x107*

(49)

HP A R e, = [59][60).
HE4R 445 skt R i <

1 1 1 |
zmlv%ﬁ §m2V§i = 5 (m +m2)v%2+§K,,6ﬁmx+—X6( )62max
(50)
DL 2 R G s i AE s (13), %5 (49) 50
N2
3m(6)
. i) o

max T 3K, + 260

Wz (8)y X (49) 5K (51, Hri ki e A7 41

3K, (1-c,)
Y = (52)
DAL, S (1) 32 235 3500 9 P 2 foh ) A 4y
3(1-¢,) §
F:Kp6[1+ (2c,c F] (53)

RS, BT B e 7 R AR T &
el R S B Ae s e R, DL & T2 RH e I o) B
WS A R A IR R, BP0 IR #ERE ; {5
AN G T SRR 1 R P ) R R

B — N ] PRk i DG 1y, a2 B3 5 pr
7, HATUAREE S FE N 4 m/s, I f K il A8 E
(111.52 pm) SIS G AR TR & (1.5788 um), #2
fis 3ok Ak 5 B P B s B LRI (R K B R AURT H
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Bzl AR () N R AT U S M R AT R 1K ) 2
FEAEWTE 10,
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Table 5 Contact parameters
Yield

Young’s  Poisson

. Radius Mass Density
modulus ratio strength
200 GPa 0.29 2.05cm  1.03GPa  0.097kg 7800 kg/m?
65 GPa 0.33 2.00cm  30.0MPa 0.261kg 2700 kg/m?

K10 b —AZ T B (BN )
Fig. 10 Relationship between the force and deformation (in
elastoplastic phase)®¥
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Fig. 11 Experimental setup of the one-dimension granular chain
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