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A B S T R A C T   

Carbon dioxide separation and capture using green and efficient methods is an important issue in studies related 
to climate change. The supersonic separator is one of the efficient and reliable methods that can be used to 
separate impurities, including carbon dioxide, from gas streams. Reliable estimation of normal shock wave 
position plays a vital role in the proper design and simulation of supersonic separators. Many studies have used a 
one-dimensional theoretical (ideal) model of a normal shock wave for the estimation of the shock position and 
pressure recovery, but the accuracy of the ideal model of normal shock may be insufficient in some situations, as 
reported in the literature. A novel approach is presented in this paper to provide new equations for normal shock 
waves by the combination of computational fluid dynamics (CFD) and genetic algorithm. The comparison of the 
proposed model with several experimental data and the ideal model of a normal shock wave indicate that the 
present model provides more accurate predictions than the traditional model of a normal shock wave. The 
present model showed an average absolute relative deviation (AARD) of 1.80%, which is about six times less than 
AARD of the ideal model, indicating the robustness of the proposed model. Consequently, the present model can 
be employed as an accurate and efficient tool for the prediction of shock position and design of con-
verging–diverging nozzles.   

1. Introduction 

Carbon dioxide (CO2) constitutes a major part of greenhouse gas 
emissions to the atmosphere that can have adverse environmental ef-
fects and climate change [1]. Carbon capture and storage (CCS) is 
considered as an innovative technology for reducing CO2 emissions [2]. 
There are several industrial methods that are mainly used for CO2 re-
movals, such as chemical and physical absorption, adsorption, mem-
brane separation and cryogenic process. These technologies have high 
energy consumption, high capital and operating investment, large fa-
cilities and low CO2 recovery rates [3]. 

The supersonic separator is one of the newest and most efficient 
methods among various techniques for CO2 capture [4–6]. It can also be 
used for dehydration of natural gas and hydrocarbon dew point 
correction [7], H2S removal [8,9], air pre-purification [10] and LNG 

production [11]. The supersonic separator consists of a swirling device, 
a converging–diverging nozzle, a liquid collection point and a pressure 
recovery section [12], as shown in Fig. 1. The design of the supersonic 
separator should be such that the shock wave occurs at the beginning of 
the pressure recovery section, to prevent droplets vaporization and 
obtain suitable pressure recovery. 

The proper adjustment of the shock position in a supersonic sepa-
rator is of particular importance. If the shock position is adjusted before 
the liquid collection point, the condensed droplets will be evaporated. 
On the other hand, locating the shock position very far from the liquid 
collection point can decrease pressure recovery and increase energy loss. 
Due to the significant importance of the normal shock in the pressure 
recovery section of supersonic separators, some researchers focused on 
this subject in the literature. 

Jassim et al. [13] investigated the shock wave position in the su-
personic nozzle for the real and ideal gas conditions by computational 
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fluid dynamics (CFD) simulation. In another work [14] they studied the 
relationship between the position of shock and geometry of the nozzle 
and vorticity. Malyshkina [15] investigated the behaviour of gas in the 
region of a normal shock wave in a supersonic separator unit using two- 
dimensional compressible Euler equations. Karimi and Abdi [16] 
examined the influence of inlet and outlet conditions on the shock po-
sition in a Laval nozzle. Wen et al. [17,18] studied the effects of the 
shock wave position on the temperature distribution in a supersonic 
separator. Furthermore, they reported that the conical diffuser provides 
suitable pressure recovery for the supersonic separator. 

Castier [19,20] presented a one-dimensional steady-state model for 
supersonic nozzles with and without side streams. The shock position 
was obtained in his work using the one-dimensional mass, energy and 
momentum balances across the shock wave. Yang et al. [21] studied the 
effects of various equations of state on the normal shock position in the 
supersonic separator using CFD simulation. In another work [22] they 
compared the results of the theoretical equations of normal shock with 
the CFD simulation results. Shooshtari and Shahsavand [23] studied the 
maximum pressure recovery in supersonic separators via a combination 
of condensation and normal shock waves. Furthermore, they investi-
gated the pressure recovery for the case where heterogeneous conden-
sation occurs in the supersonic separator unit [24]. 

Cao and Yang [25] experimentally investigated the dehydration 
performance and pressure recovery coefficient of a newly designed su-
personic separator. In their work, an ellipsoidal central body was used to 
decrease gas flow resistance. 

Bian et al. [26] improved the structure of the supersonic separator 
unit by investigating the effects of pressure ratio on the position of a 
normal shock wave. Secchi et al. [27] proposed a primary design for 
heavy hydrocarbon separation from natural gas streams using super-
sonic separators. Niknam et al. [28] proposed a model to control the 
supersonic separation units against disturbances in the inlet pressure 
and composition. Furthermore, they proposed an artificial neural 

network model for the prediction of the shock wave location inside Laval 
nozzles [29]. 

Jassim [30] investigated the effects of nozzle shape on pressure re-
covery and separation efficiency during the natural gas dehydration 
process. Alnoush and Castier [31] proposed a shortcut one-dimensional 
model of natural gas supersonic separation. Majidi and Farhadi [32] 
investigated the effect of operational parameters on the shockwave 
position. Wen et al. [33] and Cao et al. [34] studied the fluid flow inside 
a supersonic separator unit using the combination of non-equilibrium 
condensation and normal shock wave phenomena. Liu et al. [35] 
focused on boundary layer separation behind a shock wave in the su-
personic Laval nozzle. 

According to the mentioned literature review above, the studies 
carried out regarding the use of the normal shock wave for pressure 
recovery purposes in supersonic nozzles or supersonic separators can be 
classified into several aspects. Many researchers have studied the effects 
of operating conditions and nozzle geometry configurations on the 
normal shock wave position. Some articles have investigated the 
appropriate conditions for natural gas dehydration and heavy hydro-
carbon separation by the supersonic separator in the presence of a 
normal shock wave. Another category of studies has investigated the 
simultaneous effects of the normal shock wave and condensation on the 
flow behaviour in supersonic nozzles. A number of studies have also 
focused on the maximization of pressure recovery inside supersonic 
separators. 

The studies mentioned above can be also classified into two cate-
gories from the point of view of modelling and simulation. Some studies 
have used commercial software such as FLUENT to simulate the flow 
inside the nozzle in the presence of a normal shock wave. 

Some of the studies mentioned have used a one-dimensional theo-
retical (ideal) model of a normal shock wave for the estimation of the 
shock position and pressure recovery [10,12,16,19,20,23,24,27,31]. 
However, the accuracy of the ideal model of a normal shock wave is 

Nomenclature 

Symbols 
A cross sectional area (m2) 
a* low-Reynolds number correction (-) 
a1 constant (0.31) 
am Peng-Robinson parameter (m6 Pa kg− 2) 
bm Peng-Robinson parameter (m3 kg− 1) 
B1 Peng-Robinson parameter (-) 
B2 Peng-Robinson parameter (m3 kg− 1) 
C constant (-) 
Cp specific heat at constant pressure (Pa m3 kg− 1 K− 1) 
de hydraulic diameter 
E total energy (J kg− 1) 
F blending function (-) 
f friction factor (-) 
h enthalpy (J kg− 1) 
k turbulent kinetic energy (J kg− 1) 
ṁt total mass flow rate (kg s− 1) 
Ma Mach number (-) 
P gas pressure (Pa) 
PR pressure ratio (-) 
R gas constant (Pa m3 kg− 1 K− 1) 
T gas temperature (K) 
u gas velocity (m/s) 
X process variable (-) 
X̃ normalized value (-) 
x axial direction (-) 

Z square of Mach number (-) 

Greek letters 
α Peng-Robinson parameter (-) 
γ specific heat ratio (-) 
ρ gas density (kg m− 3) 
δij Kronecker delta (-) 
λeff effective heat conductivity (W/m K− 1) 
τij viscous stress (N/m− 2(− |-)) 
μ dynamic viscosity (Pa s) 
ω specific dissipation rate (s− 1) 
Ω strain rate magnitude (s− 1) 
v specific volume (m3 kg− 1) 

Subscripts 
0 Stagnation condition 
eff effective 
tu turbulent 
e exit 
t throat 
in inlet 
min minimum 
max maximum 
i ideal 
u upstream 
d downstream 
G gas  
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limited and the values predicted by this model are significantly different 
from experimental results in some situations and conditions, as reported 
in the literature. For example, Papamoschou et al [36] experimentally 
investigated the effects of nozzle pressure ratios on the shock position in 
planar nozzles. They reported that there is a significant difference be-
tween the actual position of normal shock and the position predicted by 
one-dimensional theory. In another research, Jassim and Awad [37] 
investigated the influence of the nozzle shape on the shock wave in the 
supersonic nozzle for natural gas processing. They also showed that the 
shock wave location predicted by one-dimensional approximation is 
widely far from the experimental data, especially at high nozzle pressure 
ratios (NPRs). 

Furthermore, the normal shock wave also occurs inside the ejector 
and some theoretical studies about the ejector system have also used the 
one-dimensional model of the normal shock wave [38–40]. 

Although the one-dimensional model cannot accurately predict the 
shock wave location in some situations, its simplicity and ease of use 
made it used in many studies. The main innovation of the current study 
is to improve the accuracy of the one-dimensional model of the normal 
shock wave so that the model is both simple and more accurate. 

Therefore, the present study aims to propose a new model for the 
reliable prediction of pressure ratio across the normal shock wave in the 
convergent-divergent nozzle by the combination of computational fluid 
dynamics and genetic algorithm. The suggested model will be compared 
to experimental data and the one-dimensional theoretical model of a 
normal shock wave. 

2. Mathematical procedures 

In the present study, the combination of CFD and genetic algorithm is 
used to propose a model that allows for predictions regarding the 
pressure ratio across the normal shock wave. For this purpose, a set of 
data are generated in the present study by two-dimensional simulation 
of compressible flow in axisymmetric and planar converging- diverging 
nozzles. These data set are used to propose an equation for the normal 
shock pressure ratio with the help of genetic algorithm. 

2.1. Data generation using CFD 

In order to provide a new and comprehensive model for the normal 
shock wave, a large amount of experimental data is required in a wide 
range of operating conditions and compositions, which is not currently 
available in the literature. Hence one hundred data are generated using 
the ANSYS FLUENT CFD software, in a wide range of inlet conditions 
and nozzle geometry configurations. This section details the data gen-
eration process and the CFD procedure performed in the current study 
such as governing equations, turbulence model, equation of state and 
numerical procedure. 

2.1.1. Governing equations 
The governing equations are the continuity, the momentum and the 

energy equations. Assuming steady state condition, the gas phase 
equations can be expressed as [41]: 

∂
∂xi

(ρui) = 0 (1)  

∂
∂xj

(
ρuiuj + Pδij − τji

)
= 0 (2)  

∂
∂xj

(

ρujE + ujP + λeff
∂T
∂xj

− uiτij

)

= 0 (3)  

where P,ρ, u,δij, λeff and T are the gas pressure, the gas density, the gas 
velocity, the Kronecker delta, the effective heat conductivity and the gas 
temperature. E is the total energy consists of gas sensible enthalpy, 

pressure energy, and kinetic energy. τij is the viscous stress and can be 
obtained via the following equation [41,42]: 

τij = μ
[(

∂ui

∂xj
+

∂uj

∂xi

)

−
2
3
μeff

∂ul

∂xl
δij

]

(4)  

where μ is the dynamic viscosity of the fluid and μeff is the effective 
turbulent viscosity, which is the summation of the dynamic viscosity and 
the turbulent viscosity (μeff = μ + μtu). 

2.1.2. Turbulence model 
The turbulence model plays an important role in precise modeling of 

the flow inside the Laval nozzle. It can also have a significant effect on 
accurate prediction of normal shock position and pressure recovery. The 
shear stress transport (SST) k-ω turbulence model is used here because of 
its suitable predictions for supersonic flows [42,43]. The following 
equations provide the turbulent kinetic energy (k) and the specific 
dissipation rate (ω) equations in SST model [41]: 

∂
∂t
(ρk)+

∂
∂xi

(ρkui) =
∂

∂xj

(

Γk
∂k
∂xj

)

+ Ḡk − Yk + Sk (5)  

∂
∂t
(ρω)+

∂
∂xj

(
ρωuj

)
=

∂
∂xj

(

Γω
∂ω
∂xj

)

+ Ḡω − Yω +Dω + Sk (6) 

The turbulent viscosity μtu is a function of kinetic energy and specific 
dissipation rate and can be computed by the following equation [42]. 

μtu =
ρk
ω

1

max
[

1
a*,

ΩF
a1ω

] (7)  

where Ω is the strain rate magnitude, a* is the low-Reynolds number 
correction, a1 is a constant (a1 = 0.31) and F is the blending function. 

2.1.3. Equation of state 
Using the appropriate equation of state is also important in this 

system to determine the position of shock and the shock pressure ratio. 
The Peng-Robinson equation of state is employed in this study to relate 
temperature, pressure and density of the gas phase in the Laval nozzle. 
This equation is widely used in studies of supersonic separator [31] and 
can be expressed as: 

P =
RT

v − bm
−

amα
v(v + bm) + bm(v − bm)

(8)  

where v is the specific volume, R is the gas constant, am, α are bm are the 
Peng-Robinson parameters and can be computed according to mixing 
rules [16]. 

2.1.4. Numerical schemes 
Numerical simulations are performed in ANSYS FLUENT 2020 R2 

software. The density-based scheme is used to solve the compressible 
flow and the second order upwind scheme is employed to discretize the 
governing equations. The convergence criterion is set to 1 × 10-6 for all 
equations. In all simulations, the grid independence was tested to ensure 
that the results are independent to the size of meshes. The pressure 

Fig. 1. Schematic diagram of a typical supersonic separator [18].  
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boundary conditions are defined for both ends of the con-
verging–diverging nozzle. Furthermore, for the walls of nozzle, no-slip 
and adiabatic boundary conditions are applied. 

2.1.5. Data generation 
As mentioned earlier, one hundred simulations with different con-

ditions and different nozzle geometry configurations were performed 
using FLUENT software to create the data needed for model training. 
The range of operating conditions and the range of Laval nozzle area 
ratios used in simulations are shown in Table 1. 

For example, Fig. 2 illustrates the pressure contour and the centerline 
pressure distribution along the Laval nozzle with Ae/At = 1.21. The inlet 
stagnation pressure and temperature of this simulation are 3 MPa and 
300 K, respectively. Based on the simulation results, the pressure ratio at 
the shock location can be estimated. For other simulations, the same 
procedure was also used to complete the data generation process. 

It should be noted that the specific heat ratio is included in Table 1 
due to its importance and impact on the normal shock wave, as have 
been investigated by Yang et al. [22]. This physical property has a direct 
effect on the speed of sound and the Mach number. 

After various investigations, it was found that the pressure ratio 
obtained from CFD results at the shock position (PRCFD) can be achieved 
as a function of ideal pressure ratio (PRi, which will be described in 

equation (10)), inlet stagnation pressure (P0) and the specific heat ratio 
of the fluid (γ). The variable controlling method was used to assess the 
effects of the influencing factors on the normal shock pressure ratio. For 
this purpose, the effect of changing one parameter was investigated 
while other variables were held constant. 

In the data generation process, when the input and output variables 
have different ranges, the entire data set should be normalized to avoid 
inconsistencies in data. Therefore in the current study, the created data 
sets are initially normalized using equation (9) to avoid differences in 
the magnitude order of variables. 

X̃ =
X − Xmin

Xmax − Xmin
(9)  

here X is the actual value of the process variable, X̃ is the normalized 
value of X, subscripts min and max denote minimum and maximum 
parameter values, respectively. 

2.2. Model description and objective function 

As mentioned in the previous sections, the main purpose of the 
present study is to provide a reliable equation to predict the pressure 
ratio across a normal shock wave. In the gas dynamics, the following 
theoretical (ideal) equation can be used to estimate the normal shock 
wave pressure ratio [22]: 

PRi =
2γMa2

u − γ + 1
γ + 1

(10)  

where PR is the pressure ratio, Ma is the Mach number and the subscript 
i is the ideal (theoretical) state and subscript u is the upstream location 
of the shock wave. As mentioned earlier, previous studies have shown 
that a comparison of the experimental data with the results of equation 
(10) shows that this equation fails to accurately predict the pressure 
ratio across the normal shock in some situations, especially for higher 

Table 1 
The range of area ratios of Laval nozzles and operating conditions used in 
simulations.  

Parameters symbol Unit Values 

Nozzle area ratio Ae/At – 1.2–4.3 
Cross sectional shape of nozzle – – Rectangle and Circle 
Specific heat ratio 

(for different working fluids) 
γ – 1.13–1.66 

Inlet pressure Pin MPa 0.1 – 8 
Inlet temperature Tin K 273 – 340  

Fig. 2. Pressure distribution in the Laval nozzle: a) contours; b) pressure along the centerline.  
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values of the expansion ratios (Ae/At) [36,37]. The reason behind this 
may be due to neglecting the effects of turbulence and equation of state 
on the normal shock pressure ratio. 

In this work, we modify the theoretical equation of normal shock 
pressure ratio by using two Gaussian correction factors as below: 

P̃R = η1η2P̃Ri (11)  

η1 = x1exp

(

−

(
γ̃ − x2

x3

)2
)

(12)  

η2 = x4exp

(

−

(
P̃0 − x5

x6

)2)

(13)  

where ~ denotes the normalized value, P0 is the inlet stagnation pres-
sure in Pa and x1 to x6 are constant coefficients that need to be deter-
mined according to the information obtained from the CFD simulations. 

The unknown parameters in equations (12) and (13) are optimized in 

order to obtain the best fit to the CFD data. The objective function (f) is 
the sum of squared error (SSE) between the CFD data and the model 
predictions and is defined as follows: 

f =
∑n

k=1

(

P̃RCFD,k − P̃Rk

)2

(14)  

where n is the number of data points. 
The minimization of the objective function is done using the Genetic 

Algorithm (GA) which will be described in the next section. Further-
more, for a better comparison between the model results and CFD data, 
three statistical parameters including the root mean square error 
(RMSE), the average absolute relative deviation (AARD) and the coef-
ficient of determination (R2) are computed by the equations (15), 16 and 
17, respectively. 

RSME =

(
1
n
∑n

k=1

(
PRCFD,k − PRk

)2

)0.5

(15) 

Fig. 3. The procedure of the genetic algorithm used in this study.  
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AARD (%) =
100

n
∑n

k=1

⃒
⃒
⃒
⃒
PRCFD,k − PRk

PRCFD,k

⃒
⃒
⃒
⃒ (16)  

R2 = 1 −

∑n

k=1

(
PRCFD,k − PRk

)2

∑n

k=1

(
PRCFD,ave − PRk

)2
(17)  

2.3. Genetic algorithm 

A genetic algorithm program is written using MATLAB to find the 
optimal model parameters. This method is based on the Darwin’s theory 
of evolution and consists of various genetic operators such as selection, 
mutation and crossover [44]. In this method, each possible solution is 
encoded by binary strings referred to as a chromosome. So, each chro-
mosome consists of bits (0 and 1) and these bits are called genes. At first, 
the initial population should be generated randomly, then, the fitness 
value of each chromosome is estimated. Afterward, the new population 
is created by selection operator which the individuals are chosen based 
on their fitness values. In the present study, the roulette wheel method is 
used for selection purpose. The next step is crossover which the pairs of 
strings is combined to create new strings (chromosome) with a new 
fitness value. It is likely that the new strings have better fitness values 
than each of their parents. The final stage is mutation which some bits 
are changed, randomly. It should be noted that the individuals are more 
likely to be selected for cross over and mutation processes which have 
better fitness values. The flowchart of the GA used in this study is shown 
in Fig. 3. Furthermore, the values of the parameters of the GA code are 
illustrated in Table 2. 

3. Propose a new model 

The purpose of this study is to find a new model for prediction of 
pressure ratio across the normal shock wave. The optimal parameters of 
the proposed model (equation (11)) are reported in Table 3. As 
mentioned earlier, three statistical parameters including AARD, RMSE 
and R2 are used to evaluate the accuracy of the model. According to the 
statistical parameters in the Table 3, the proposed model has good 
agreement with CFD data sets. 

The final form of the model can also be derived based on the equa-
tions (9), 11, 12 and 13 and based on the values given in Table 3: 

PR = (C1PRi + C2)exp
(
− (C3 γ + C4)

2 ) exp
(
− (C5P0 + C6)

2 )
+C7 (18) 

The constants of this equation are also given in Table 4. Furthermore, 

the ANOVA (analysis of variance) table for equation (18) is shown in 
Table 5. 

It should be noted that in the equation (18), all variables are 
dimensionless except for P0 which is in Pascal. 

In order to better evaluate the accuracy of the proposed model, a 
comparison between the predicted and CFD results is shown in Fig. 4. As 
can be seen, good agreement is obtained between the predictions of 
model and CFD values and a tight cloud of points about 45◦ line indicate 
the robustness of the new model. 

It should be noted that as can be seen in Fig. 4, the results predicted 
by the model deviate slightly from the generated data at low pressure 
ratio values. In order to increase the accuracy of the predictions for low- 
pressure ratio of the normal shock (PRi < 2.3), the constants presented in 
Table 6 can be used. The method of obtaining these constants is similar 
to the previously mentioned approach. Therefore, the constants pre-
sented in Table 4 can be used for all pressure ratio ranges, while the 
values presented in Table 6 can only be used for low-pressure ratio of the 
normal shock, and its performance is expected to be slightly better at this 
range. 

Furthermore, in order to better investigate the effects of the influ-
encing factors on the normal shock pressure ratio, the response surface 

Table 2 
Genetic algorithm parameters used in this study.  

Parameter Value 

Maximum number of generations 100,000 
Accuracy 0.0001 
Population size 20 
Crossover rate 0.25 
Mutation rate 0.01  

Table 3 
The optimized values of the variables in equations (12) and (13) with statistical parameters.  

Parameter x1 x2 x3 x4 x5 x6 AARD RMSE R2 

Value  1.4063  − 9.6857  7.8955  5.6250  1.3282  − 1.9817  8.3 %  0.24  0.96  

Table 4 
The constants of equation (18).   

C1  C2  C3  C4 C5  C6  C7  

4.14328  − 5.1114  0.238971  0.9567 6.3886 × 10-8  − 0.67668  1.2336  

Table 5 
The ANOVA table for multiple regression (equation (18)).  

Source of 
variation 

Degrees of 
freedom 

Sum of 
squares 

Mean sum of 
squares 

F-ratio 

Regression 
(model) 

3  146.36  48.79  812.08 

Error (residuals) 96  5.77  0.06  – 
Total 99  127.77  1.29  –  

Fig. 4. The plot of true values (from CFD) vs estimated values (from the present 
model) for the pressure ratio across the shock. 
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based on the derived multiple regression model is shown in Fig. 5. As can 
be seen, by increasing both the ideal pressure ratio and also the inlet 
stagnation pressure and by decreasing the specific heat ratio, the normal 
shock pressure ratio increases. 

In addition to equation (18) which can be used to predict the pres-
sure at the downstream of the normal shock wave, the equations in 
Table 7 should be solved simultaneously to determine the values of 
temperature, density, velocity and Mach number at downstream of the 
shock wave. 

It should be noted that in the ideal model, Equation (10) is used to 
estimate the pressure ratio across the shock wave. Furthermore, in this 

model, the following equations along with equations 21 and 22 are used 
to estimate temperature, Mach number, velocity and density at the 
downstream of the shock wave. 

Mad =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(γ − 1)Mau + 2
2γ Mau − (γ − 1)

√

(23)  

Td = Tu

(
(2γMau − (γ − 1) )((γ − 1)Mau + 2 )

(γ + 1)2Mau

)

(24)  

Fig. 5. The effects of ideal pressure ratio (PRi), inlet stagnation pressure (P0) and the specific heat ratio of the fluid (γ) on the normal shock pressure ratio (PR).  

Table 7 
Other equations of normal shock wave.  

NO Equation Basic form Parameters Assumptions 

19 Continuity ρuUu = ρdUd ρ: Density 
U: Velocity 
u: Upstream of shock 
d: Downstream of shock 

The shock wave thickness is very small 

20 Temperature ratio 
Td

Tu
=

1 +
γ − 1

2
Ma2

u

1 +
γ − 1

2
Ma2

d 

T = Temperature 
Ma: Mach number 
γ: Specific heat ratio 

There is no change in stagnation temperature across a normal 
shock 

21 Peng-Robinson 
Equation of state 

P =
RT

v − bm
−

amα
v(v + bm) + bm(v − bm)

P: Pressure 
R: Constant 

v: Specific volume (v =
1
ρ) 

am, α, bm: Peng-Robinson 
Parameters 

– 

22 Mach number 
definition Ma =

̅̅̅̅̅̅̅̅̅

U2ρ
γP

√ – –  

Table 6 
The constants of equation (18) for for low-pressure ratio.  

Condition C1 C2 C3 C4 C5 C6 C7 

PRi < 2.3  0.95890  − 1.18290  0.19477  − 0.47815 6.98560 × 10-8 − 0.44356  1.2336  
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Table 8 
Gas flow equations in basic and differential forms [23,24].  

NO Equation Basic form Differential form Parameters 

25 Continuity  
ṁt = ρGUGA 

dρG
ρG

+
dA
A

+
dUG

UG
= 0 ṁt : Total mass flow rate 

ρG: Density 
UG: Velocity 
A: Cross sectional area 

26 Momentum Equation 
d(ṁtUG) = − AdP −

fAρGU2
G

2de
dx 

dP
P

= −
fAρGU2

G
2P

dx
de

−
mtUG

AP
dUG

UG 

P: Fluid pressure 
f: Friction factor 
x: Axial direction 
de: Hydraulic diameter 

27 Peng-Robinson Equation of state (EOS) P = RTGρG(B1 + B2ρG) dP
P
− X

dρG
ρG

− Y
dTG

TG
= 0 B1 and B2: Peng-Robinson parameters 

TG: Temperature 

X = −
ρG
P

(
∂P

∂PG

)

TG

Y = −
TG

P

(
∂P

∂TG

)

PG 

28 Energy equation 
d
(

ṁt

(
hG +

U2
G

2

))

= 0 
dTG

TG
+

P
ρGcpTG

(

1 −
Y
X

)
dP
P

+
U2

G
cpTG

dUG

UG
= 0 

h: Enthalpy 
Cp: specific heat at constant pressure 

29 Mach number 
Z = M2 =

U2
GρG
γP 

dZ
Z

= 2
dUG

UG
+

dρG
ρG

−
dP
P 

Z: square of Mach number 
γ: Specific heat ratio  

Fig. 6. Computational algorithm for estimation of shock location and simulation of gas flow in Laval nozzle.  
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4. Application and validation of the new model 

In order to evaluate the performance of the proposed model for 
reliable prediction of the shock wave location and pressure recovery in 
converging–diverging nozzles, the proposed model should be solved 
simultaneously with the governing equations of compressible flow in 
nozzle. These equations include continuity, momentum, energy, Mach 
number and state equations. The basic forms of these equations and their 
corresponding differential forms are presented in Table 8 [23,24]. The 
equations presented in Table 8 can be used to predict the distributions of 
gas parameters from the nozzle inlet to the upstream position of the 
shock and from shock downstream to the nozzle outlet. 

Furthermore, as mentioned before, in order to predict the operating 
conditions at the downstream of shock, the proposed model which was 

described in details in the previous section can be employed. The 
computational algorithm for estimation of shock location and all oper-
ating conditions along the nozzle is shown in Fig. 6. 

The experimental data of Papamoschou et al [36] is used here to 
validate the results of the proposed model. In their study, the experi-
ments were conducted for various nozzle area ratios ranging from 1.0 to 
1.6. The throat area was around 14.54 cm2 (with 63.5 mm width and 
22.9 mm height) and the diverging length was 117 mm. In their 
experiment, nozzle pressure ratio (NPR) was in the range of 1.2 to 1.8 
and air was used as the working fluid. 

Fig. 7 compares the simulations results obtained by the proposed 
model with the experimental data of Papamoschou et al. [36] for various 
nozzle area ratios. The results of traditional model of normal shock are 
also included in this figure. Furthermore, in order to better illustrate the 
accuracy of the proposed model, the AARD of the present model and 
ideal model are also compared in Table 9. 

As can be seen in Fig. 7 and Table 9, the proposed method performs 
more accurately than the traditional model for prediction of shock po-
sition. Evidently, the present model can be employed as an accurate tool 
for prediction of shock position and design of Laval nozzles. 

As mentioned earlier, the supersonic separator has potential appli-
cations in the separation of various impurities from gas streams. Carbon 
dioxide capture, gas dehydration, hydrocarbon dew point correction and 
hydrogen sulfide removal are important examples of these applications. 
In all mentioned processes, a normal shock wave is used to decelerate 

Fig. 7. Shock wave location predicted by present model and ideal model vs experimental data [36] for four different nozzle expansion ratios 
(

Ae
At

)
.  

Table 9 
Comparison of the AARD obtained from proposed model and ideal model.   

AARD (%) 
Nozzle area ratio This work Ideal model 

1.2  1.13  5.97 
1.3  1.11  8.86 
1.4  1.08  12.14 
1.5  4.65  15.61 
Overall  1.80  10.48  
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the gas and convert the kinetic energy into static pressure. The proposed 
model for calculating the pressure ratio at the shock position is a func-
tion of the ideal pressure ratio (PRi), the inlet stagnation pressure (P0) 
and the specific heat ratio of the fluid (γ). So, the model presented in this 
study can be used in all these processes to properly estimate the amount 
of pressure recovery and the position of the shock wave. The application 
of the proposed model for the mentioned processes, especially for the 
carbon capture process, can be investigated in future works. 

Furthermore, it should be noted that despite the good performance of 
the proposed model, there are two limitations regarding this work that 
can be investigated in future research. First, the presence of a swirl may 
affect the position of the normal shock and the shock pressure ratio. 
Second, if the droplets are not completely separated from the gas stream 
at the liquid collection point, the condensed droplets will be evaporated 
at the shock position and this process may also affect the normal shock 
wave pressure ratio. Future work on this topic may also include inves-
tigating the effects of swirl and droplet evaporation on the shock pres-
sure ratio and using new correction factors to make the presented model 
more general. 

5. Conclusions 

Due to the importance of the normal shock wave in the pressure 
recovery section of supersonic separators and ejectors, the main focus of 
the present study was on the accurate estimation of pressure recovery 
and shock position. A new method was presented in this study for reli-
able prediction of a normal shock wave in supersonic con-
verging–diverging nozzles using the combination of computational fluid 
dynamics (CFD) and genetic algorithm. For this purpose, a large set of 
synthetic data were initially generated by CFD simulations. Afterwards, 
the ideal model for the prediction of pressure ratio across the normal 
shock wave was corrected by two Gaussian correction factors and a 
genetic algorithm. 

A comparison of the present model and the ideal model of normal 
shock predictions with experimental data indicated that the predicted 
shock position using the proposed approach is in much better agreement 
with the experimental data than the results of the ideal model. Hence, 
the present model can be used as a reliable tool to design and simulate 
supersonic converging–diverging nozzles in the presence of normal 
shock waves. 
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