
Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=tres20

International Journal of Remote Sensing

ISSN: (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/tres20

A new method of retrieving atmospheric
refractivity structure

Ollie Lewis, Chris Brunt & Malcolm Kitchen

To cite this article: Ollie Lewis, Chris Brunt & Malcolm Kitchen (2023) A new method of
retrieving atmospheric refractivity structure, International Journal of Remote Sensing, 44:3,
749-785, DOI: 10.1080/01431161.2023.2170192

To link to this article:  https://doi.org/10.1080/01431161.2023.2170192

© 2023 Crown Copyright. Published by
Informa UK Limited, trading as Taylor &
Francis Group.

Published online: 27 Feb 2023.

Submit your article to this journal 

View related articles 

View Crossmark data

https://www.tandfonline.com/action/journalInformation?journalCode=tres20
https://www.tandfonline.com/loi/tres20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/01431161.2023.2170192
https://doi.org/10.1080/01431161.2023.2170192
https://www.tandfonline.com/action/authorSubmission?journalCode=tres20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=tres20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/01431161.2023.2170192
https://www.tandfonline.com/doi/mlt/10.1080/01431161.2023.2170192
http://crossmark.crossref.org/dialog/?doi=10.1080/01431161.2023.2170192&domain=pdf&date_stamp=2023-02-27
http://crossmark.crossref.org/dialog/?doi=10.1080/01431161.2023.2170192&domain=pdf&date_stamp=2023-02-27


A new method of retrieving atmospheric refractivity structure
Ollie Lewis a, Chris Brunta and Malcolm Kitchenb

aDepartment of Physics and Astronomy, University of Exeter, Exeter, Devon, UK; bObservations Research and 
Development, Met Office, Exeter, Devon, UK

ABSTRACT
It is proposed to obtain information on atmospheric refractivity 
structure by measuring the angle of arrival (AoA) of radio signals 
routinely broadcast by commercial aircraft. The angle of arrival 
would be measured at hill-top sites using a simple two-element 
interferometer. Knowledge of the aircraft’s location (information 
conveniently contained within the broadcasts) and the AoA will 
enable the bending angle of the signals to be calculated. As mea-
surable bending will only occur at grazing incidence, sources of 
signals either very close to the radio horizon, or at a similar height 
to the interferometer, are essential. The routine navigational data 
broadcasts from civil aircraft represent the ideal source. In areas of 
high air traffic density such as the UK, ~105-106bending angle mea-
surements may be possible each day. Numerical weather prediction 
models routinely assimilate bending angles retrieved from GNSS 
radio occultation data, so it is anticipated that assimilation methods 
could be developed that are able to make good use of this new 
source of bending angle data. Sensitivity tests were performed to 
estimate the resolution of humidity retrievals assuming a target 
AoA accuracy of 0.01°. Simulated annealing was used to demon-
strate the ability to retrieve relative humidity and mixing ratio 
vertical profiles using AoA measurements. It is shown that for 
observed AoA measurements with an accuracy of 0.01° it should 
be possible to retrieve relative humidity and mixing ratio vertical 
profiles with an accuracy of ~5% and ~0:5 g/kg respectively. An AoA 
accuracy of 0.01° should be achievable using hardware costing 
~€10k, however further hardware development is still required.
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1. Introduction

Humidity can vary significantly over short time and space scales, but is difficult and 
expensive to measure directly. In-situ measurements in Europe are currently limited 
mainly to those from weather stations and a small number of radiosondes. These data 
are completely inadequate for resolving the three-dimensional structure. For this reason, 
methods have been developed in recent years for the measurement of atmospheric 
refractivity, which has a strong dependence upon humidity and can be an effective 
substitute in numerical weather prediction (NWP) model assimilation.
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Current methods of measuring refractivity are unable to sufficiently resolve the dis-
tribution of water vapour in the first few kilometres above the surface. GNSS satellite 
radio-occultation techniques measure the refractive index at the point of closest 
approach (tangent point) by performing an Abel transform of the bending angle mea-
surements. The bending angle is a function of the impact parameter, a conserved quantity 
along the ray path that is analogous to the conservation of angular momentum. The 
impact parameter a ¼ nrsinðΦÞ, where n, r and Φ are the refractive index, radius of the ray 
and zenith angle of the ray (angle between the ray vector and the Earth radius vector) 
respectively. The vertical (and, to a lesser extent, horizontal) profile of the atmosphere is 
probed as the tangent point drifts. However, measurements below 1–2 km above the 
surface suffer from significantly reduced accuracy due to ducting, multipath interference 
and low signal-to-noise ratios. The technique also requires the assumption of a spherically 
symmetric atmosphere (the refractive index only has radial variation) and thus the 
horizontal resolution is limited to the horizontal drift of the tangent point and is on the 
order of ,100 km (Kuo et al. 2000; Bizzarri et al. 2004). The geometry of the radio- 
occultation technique is shown in Figure 1. Radio-occultation sounding has been inves-
tigated using airborne receivers by Haase et al. (2014), however, the measuring capability 
could only be extended to the first 2 km above the surface and still suffered from poor 
horizontal resolution.

Ground-based measurements of GNSS signals measure the refractivity-induced delay 
of the signals and are widely used to estimate the vertically integrated total delay. The 
atmosphere is discretised into cells called voxels, each with a constant refractive index. 
The contribution of each voxel to the total delay of the GNSS signal forms a (sparse) 
system of linear equations, which can be inverted using techniques such as singular value 
decomposition to determine the refractive index profile (Menke 2018). Ray paths with 
elevations under ,10° are neglected due to significant bending, and thus the spatial 
resolution of the humidity field at lower altitudes is rather limited (de Haan 2008). The 
total delay of many signals is currently assimilated into NWP models, rather than the 

Figure 1. Instantaneous occultation geometry for a GPS and a low earth orbit (LEO) satellite. The 
impact parameter, a, and the bending angle of the ray, α, are determined from the velocity and 
position measurements of the satellites, as well as the Doppler shift of the radio signal. The zenith 
angle of the ray (angle between the ray vector and the Earth radius vector) is given by Φ.
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individual delay measurements on explicit receiver-satellite paths. Therefore the number 
of GPS satellites from which delay measurements can be made limits the resolution of the 
retrieval. In particular, the horizontal resolution is restricted by the distance between GPS 
receivers (Zhao, Zhang, and Yao 2019). The Met Office has been assimilating delay 
observations derived from ground-based GPS receivers into NWP models since 2007, 
and currently operates 120 receivers (Watson and Coleman 2010). However, despite the 
demonstrated usefulness of assimilating delay observations into NWP models, problems 
arise due to the low density of observations in the lower atmosphere (especially near the 
horizon), as well as biases in the data (Bennitt and Jupp 2012).

Fabry et al. (1997) showed that small changes in the apparent radar range of targets in 
the radar field of view can be used to calculate increments in path-averaged refractivity. 
The changes in refractivity along the length of the signal path result in a change of phase 
in the received signal, which can be used as a proxy for the travel time. Considering all 
azimuths around the radar tower allows a field of refractivity increments to be con-
structed. However, the technique is highly dependent on a suitable distribution of targets 
from which reflected signals can be measured. Swaying vegetation and sharp refractivity 
gradients can also significantly decrease the quality of retrievals (Weckwerth et al. 2005). 
The incremental refractivity data is also difficult to assimilate in comparison to absolute 
refractivity values.

Interest in novel humidity measurement techniques that can attain the desired resolu-
tion has grown significantly in recent years, despite previous beliefs that humidity 
observations had minimal impact on forecast skill beyond 1–2 days. It was originally 
assumed that the humidity field itself was dependent on the temperature and pressure 
fields, meaning that if a model integration starts with an incorrect humidity field, the field 
will evolve to become consistent with the well-known temperature and pressure fields 
(Bengtsson and Hodges 2005). Humidity observations were thought to only have 
a significant impact on short-range forecasts. For example, the inclusion of moisture 
profile sets from the Lidar Atmospheric Sensing Experiment (LASE) developed by NASA 
resulted in a reduction in the hurricane track and intensity errors of 100 km and 
20 � 25%respectively for 3-day forecasts, as shown by Kamineni et al. (2003). However, 
more recently it has been shown that humidity observations have a significant impact on 
forecasting skill over longer timescales than previously thought. Geer et al. (2017) demon-
strated that the inclusion of all-sky microwave humidity measurements in the ECMWF 
operational system resulted in a statistically significant improvement in forecast skill out 
to day 5 or 6. These findings indicate that good knowledge of the spatiotemporal 
distribution of water vapour in the lower atmosphere has a significant impact on improv-
ing forecast skill by improving the initialization of NWP models. There is currently 
a significant absence of high-density humidity measurements in the lowest few kilo-
metres of the atmosphere. Measuring humidity using the refraction of aircraft radio 
broadcasts has clear advantages over radio-occultation and ground-based GNSS receiver 
methods, since measurements are contained entirely within the troposphere, with the 
most information-dense measurements localized within the first few kilometres of the 
surface.

Other options for further enhancement of the volume of humidity data seem to be 
both limited and/or expensive. An in-situ sensor designed for installation on commercial 
aircraft has been under trial for several years in Europe, but widespread adoption seems to 
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be some way off. New Raman and DIAL lidars are under development by commercial 
manufacturers and could provide detailed vertical profiles in the future. However, the 
number of units that could conceivably be procured for operational use would almost 
certainly result in a sparse network that was insufficient to meet the requirement. There is 
then a requirement for high-volume/low-cost measurements of atmospheric humidity or 
refractivity with which to initialize high-resolution operational weather forecast models. 
Remote sensing of the Earth’s atmosphere has historically been carried out using bespoke 
instruments and infrastructure: e.g. radar and satellite networks. But there are emerging 
possibilities offered by the opportunistic use of existing infrastructure and low-cost, mass- 
market technology. A largely opportunistic technique is described here for acquiring 
refractivity information that is complementary to the existing refractivity methods.

2. The innovation

It is proposed to use simple two-element interferometers sited on hilltops to measure the 
angle-of-arrival (AoA) of radio transmissions that have undergone measurable bending by 
the atmosphere. If the AoA is measured, and the point of origin of the signals is known 
accurately, then the bending angle can be computed and information extracted concern-
ing the refractivity structure of the atmosphere. The radio transmissions are the 1090 MHz 
Automatic Dependent Surveillance-Broadcast (ADS-B) transmissions which all commercial 
aircraft are mandated to broadcast for air traffic and anti-collision purposes. The signals 
will undergo measurable bending a) as aircraft ’rise’ or ’set’ over the radio horizon (which 
will normally occur at ranges of 400 km+ for aircraft at cruise altitude) or b) at shorter 
ranges for aircraft taking off or landing. A preliminary sensitivity study suggests that the 
aircraft position is known sufficiently accurately for the bending angle calculation, but in 
order to detect meteorologically significant changes in refractivity, AoAs of <,2° above 
the horizon will need to be measured with an accuracy of 0:01° or better. This accuracy 
shall be referred to throughout this paper as the target resolution. This in turn will require 
an interferometer with an unobstructed view of the horizon and a (vertical) baseline of 10  
m. It is proposed to make use of weather radar towers to mount the interferometer 
elements, thereby avoiding the need for a bespoke frame to provide a baseline with the 
necessary structural stability and rigidity. The interferometers can make use of Software- 
Defined Radio (SDR) modules, which can be easily programmed to provide the required 
functionality. ADS-B broadcasts conveniently contain the essential information on the 
aircraft location and open-source ADS-B decoders are readily available. The technique is 
then self-contained, requiring no external inputs or consents, and a minimum of addi-
tional hardware or infrastructure. It could be implemented anywhere in the world with 
a usable density of civil air traffic. For example, 103 aircraft enter or leave UK airspace 
each day, with similar numbers landing and taking off from UK airports. ADS-B messages 
are broadcast roughly twice per second, and could be received by any hill-top interfe-
rometer that has line of sight. There is then the potential to acquire 105-106 bending angle 
measurements per day for assimilation into NWP models. The closest published technique 
found in the literature is due to Vowles (2007), who used a ground-based interferometer 
to measure the AoA of signals on terrestrial point-to-point communications links. The 
observed variations in AoA were related to changes in the refractivity structure and the 
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synoptic meteorology. The use of an interferometer to measure the AoA of ADS-B broad-
casts has also been proposed by Faragher, MacDoran, and Mathews (2014) to prevent 
spoofing attacks.

2.1. ADS-B

By June 2023, commercial aircraft above 5700 kg are mandated to broadcast digitally- 
encoded 3D position, along with in-situ measurements of pressure and temperature (in 
the form of Mach number) via the Automatic Dependent Surveillance-Broadcast (ADS-B) 
system, see e.g. https://en.wikipedia.org/wiki/Automatic_dependent_surveillance_-_ 
broadcast. The broadcasts use a frequency of 1090 MHz, a frequency that is immune 
from significant atmospheric attenuation or diffraction and is easily received right out to 
the radio horizon. ADS-B broadcasts are very short – only 112 microseconds – but the 
signal strength is such that Software-Defined Radio (SDR) receivers and omni-directional 
antennas, designed mainly for the amateur market, can be employed to acquire and 
decode the transmissions. The digital encoding of data is using pulse-position- 
modulation (PPM) – each microsecond of the broadcast is ‘ON’ (high-amplitude) for either 
the first or second half-microsecond and ‘OFF’ (zero amplitude) for the other half- 
microsecond – encoding a binary 1 or 0 respectively. A 112 microsecond broadcast 
therefore encodes 112 bits of data, specifying the data content; the data itself; flags to 
denote the accuracy of the reported data; and a parity-check to validate the successful 
decode. Decoding software developed by amateur plane enthusiasts is freely available for 
download.

The use of decoded ADS-B messages to determine atmospheric conditions is not 
unique to this investigation and has been previously shown to be a feasible method of 
atmospheric sounding in several studies. For example, the air pressure and position 
readings from decoded aircraft ADS-B messages have been shown to be sufficiently 
accurate enough to determine mean layer air temperatures, as shown by Stone and 
Kitchen (2015). The discrepancy between the GNSS altitude and the true altitude was 
on the order of 10 m, and thus the accuracy was deemed to be below the reporting 
resolution. In this investigation the distance to the radio sources will be on the order of 
104-105 m, hence the reported altitude readings are thought to be accurate enough for 
precise reported AoA measurements to be made. However, what is less certain is the 
impact of latency on the AoA measurement accuracy. For example, the Radio Technical 
Commission for Aeronautics (RTCA 2011) recommends that the uncompensated latency 
(time difference between the GPS update and the broadcast) should be limited to less 
than 200 milliseconds, meaning that an aircraft travelling parallel to the line of sight may 
be tens of metres further along its flight path than it reports. Verbraak et al. (2017) found 
that the cross-track accuracy for the position of the aircraft was 51.83 m for approximately 
95% of the analysed aircraft. This error is not a maximum, but represents the largest error 
for ,95% of aircraft analysed. ADS-B is a subset of the wider mode-selective enhanced 
surveillance (Mode-S EHS) used by aircraft and air traffic management (ATM) for the 
communication of an aircraft’s current situation (position, movement, intention, etc.). 
The Met Office currently operates five Mode-S receivers, four of which are collocated 
with operational weather radars. Mode-S EHS/ADS-B data can be used to derive both wind 
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and temperature information at the aircraft’s location, as shown by Stone and Pearce 
(2016). The Dutch national weather service KNMI has also deployed a network of ADS-B 
receivers to acquire upper air wind and temperature data. The local ADS-B receiver at De 
Bilt can receive around 7000 broadcasts every hour, demonstrating the volume of 
observations which can be acquired every day (de Haan, de Haij, and Sondij 2013). The 
assimilation of ADS-B derived wind data has had a demonstrated positive impact on NWP 
model performance. The present proposal can be viewed as an extension of such facilities 
to also perform interferometry. The extension requires two slightly more advanced (but 
still relatively low-cost) SDRs with an accurate time and frequency reference. The two 
receivers are separated vertically in space and act as a two-element interferometer, the 
operation of which is described below.

2.2. ADS-B interferometry

The AoA of the aircraft broadcasts is deduced from the phase-delay induced between the 
two receiving antennas. Combined with the knowledge of the aircraft’s location, the angle 
of refraction of the signal between emission and observation points can be calculated. 
Consider a two-element interferometer, with a vector separation B between antenna 1 
and antenna 2. An electromagnetic signal will arrive at one antenna before the other, with 
the geometrical time delay given by: 

τg ¼
B � ŝ

c
; (1) 

Figure 2. Schematic two-element interferometer deployment, here depicted with the vertical baseline 
separation.
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where ̂s is a unit vector in the direction of the source from the antennas (assuming plane- 
parallel wavefronts – i.e. source distances large compared with B, which is valid for an 
aircraft at 10–100 km distance from an interferometer spacing of ,10 m). Figure 2 depicts 
the geometry, for reference. While τg is normally far too short (of order picoseconds) to be 
measured by time-of-arrival measurements, the accumulated phase difference Ω ¼ 2πντg 

is measurable (ν = signal frequency in Hz). Writing ν=c as the reciprocal of the signal 
wavelength (1=λ), the phase delay is then: 

Ω ¼ 2π
B � ŝ

λ
¼ 2π

Bcos zð Þ
λ

¼ 2π
Bsin ηð Þ

λ
; (2) 

where, for a vertical baseline deployment, z is the source’s (apparent) zenith angle and 
η is the source’s (apparent) elevation angle above the horizon.

A software defined receiver samples complex voltage, with the Real and Imaginary 
components together (effectively) encoding amplitude and phase of the received voltage 
difference across the antenna. A signal V2ðtÞ ¼ VðtÞexpð2πiνtÞ received at antenna 2 is 
simultaneous with a signal V1ðtÞ ¼ VðtÞexpð2πiνðt � τgÞÞ at antenna 1. The correlator 
(conjugate) product of the two signals is calculated in software via: 

V2V�1 ¼ V2exp 2πiντg
� �

¼ V2exp 2πi
B � ŝ

λ

� �

(3) 

which has amplitude V2 (proportional to signal power) and phase Ω ¼ 2πB � ŝ=λ, as noted 
in Equation 2. It is possible therefore to use the correlator amplitude to decode ADS-B 
messages and the correlator phase to deduce AoA. Normally, for large B=λ, the phase 
(defined practically between [-π,+π]) corresponds to multiple possible angles-of-arrival 
across the sky. However, ADS-B positional information allows for the unambiguous 
selection of the correct phase period. High values of B=λ are desirable, as they result in 
accurate angle-of-arrival measurements for a given phase uncertainty.

The theoretical AoA uncertainty for a vertical baseline of 10 m is very small: σAoA ¼

σΩ=2πðB=λÞ where σΩ ¼ 0:015 is our measured phase uncertainty for a typical ADS-B 
broadcast (σAoA ¼ 0:004° for a baseline of 10 m). Achieving such accuracy would allow for 
the retrieval of refractivity profiles with remarkable resolution, however, the technical 
challenge of achieving such accuracy will be demanding. Preliminary experimental tests 
have been conducted at the University of Exeter. An experimental interferometer, com-
prising an Ettus X300 SDR equipped with a GPS-disciplined oven-controlled crystal 
oscillator (GPSDO/OCXO) for time and frequency referencing, accepts two equal-length 
feeds from monopole antennas which have been deployed on a 10 m vertical baseline as 
shown in Figure 3.

Figure 4(a) shows the measured phase accuracy using the experimental interferometer 
installed on the Physics Building. Figure 4(b) shows the implied AoA accuracy. The results 
indicate that a 0:01° resolution should be achievable, however, there are currently 
residuals on the order of ,0:03°. Publicly-available ADS-B software is used for decoding 
the correlator amplitude, and a phase extractor has been synthesized with the ADS-B 
code. Figure 5 shows some preliminary measurements from the interferometer. Measured 
AoAs are plotted against unrefracted aircraft elevation angles derived from decoded 
aircraft locations. The interferometer field of view is to the south of Exeter, out over the 
English Channel. Each point represents a single ADS-B transmission containing 
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a positional update, and the , 60,000 data points plotted here were obtained over 
a 4-hour period. The data points from low altitudes originate from aircraft taking off 
and landing from the airports in the Channel Islands. The clear separation of the colours in 
Figure 5 shows that the signals originating from aircraft at higher altitudes tend to 
undergo greater refraction for a given observed AoA. This is to be expected given the 
lower average values of refractivity at higher altitudes, and demonstrates that there is 
information concerning the refractivity structure contained within the data. Whilst this is 
an encouraging start, it is acknowledged that much more work is required before the 
technique is proven to deliver useful data.

More recently, a prototype interferometer has been installed at Clee Hill radar tower in 
Shropshire (Figure 6), however, the AoA uncertainty is currently still greater than the 
target of 0:01°. A potential source of uncertainty are multipath effects where ground 
reflections in the foreground interfere with the direct (least-time) signal. Work is currently 
being done to minimize sources of uncertainty, including the development of absorbing 
shields to block reflected signals before they can reach the interferometer antennas.

Figure 3. Experimental two-element interferometer deployed on the physics building at the university 
of Exeter.
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2.3. Atmospheric refraction

The parts-per-million (ppm) excess of the refractive index n over the unity vacuum value is 
encoded by the parameter n according to: 

n ¼ 1þ
N

106 : (4) 

Empirical calibrations of N account for ’dry’ and ’wet’ contributions according to: 

Figure 4. (a) Measured phase accuracy from experimental interferometer located at the Physics 
building, university of Exeter. (b) Implied AoA accuracy from the experimental interferometer. 
Residuals in practice were 0.03°.

Figure 5. Interferometrically-measured observed AoA versus reported AoA deduced from decoded 
ADS-B data. The green line is a line of equality (not a fit).
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N ¼
aP
T
þ

be
T2 ; (5) 

where P, T , e are pressure, temperature, and water vapour pressure (WVP) respectively, and 
the empirical constants a and b are 77.6 K/hPa and 3:73� 105 K2/hPa respectively (Smith 
and Weintraub 1953). A representative value of N at ground level is N � 300 ppm, which 
includes a ,10% contribution from WVP. For air at a temperature and pressure of 293.15 
K (20°C) and 1013 hPa respectively, there is a rough equivalence that a 1% change in 
relative humidity produces a change in refractivity of 1 ppm. The dry contribution is largely 
static as it depends on the overall atmospheric density structure, while the wet contribu-
tion can vary significantly over both short spatial and temporal scales (Wadge et al. 2016). 
Additional contributions from trace atmospheric constituents (e.g. liquid water, ice, aero-
sols) can be included, though these are very small compared to the main wet and dry 
contributions (Solheim et al. 1999). In-situ pressure and temperature can be acquired 
through Mode-S broadcasts, so that a measurement of refraction (constraining N) via 
interferometry can therefore yield an estimate of the water vapour pressure e. Pressure 
and temperature measurements throughout the extent of the lower atmosphere can be 
made via Mode-S broadcasts from aircraft at various altitudes (e.g. aircraft landing/taking 
off at airports). This would allow for the decoupling of the wet and dry refractivity 
contributions and an estimate of the humidity distribution in the lower atmosphere.

Figure 6. Clee Hill radar tower in Shropshire. See https://www.metoffice.gov.uk/research/news/2019/ 
harry-otten-prize-observation-award.
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3. Ray-tracing

The propagation of radio waves in the troposphere can be modelled using ray-tracing in 
a time-reversed frame from the observer to the source. This time-reversed frame allows 
the known parameters at the observer’s position (refractive index and observed AoA) to 
be used as the boundary conditions. In the ray-tracing framework, the influence of model 
and realistic atmospheres on the ray path can be determined which allows for the 
prediction of the observed AoA measurements based on the atmospheric conditions 
and the position of the ray source. The spherically symmetric and spherically asymmetric 
atmosphere models are investigated here, the former utilizing Snell’s law whereas the 
latter utilizes the scalar wave equation.

The atmosphere in most cases can be reasonably assumed to be spherically symmetric 
(that is, the refractive index depends only on the radial distance from the centre of the 
Earth). With this assumption, the path of a radio ray can be modelled using 
a generalization of Snell’s law to a radially directed refractive index gradient: 

niricosðθiÞ ¼ niþ1riþ1cosðθiþ1Þ ¼ C; (6) 

where n is the refractive index, r is the radius of the ray (distance to the centre of the 
Earth), θ is the elevation of the ray above the local horizon, i 2 Z is the index of each 
iteration along the ray path and C is a constant. Figure 7 shows the geometry of the ray- 
tracing system. The quantity nrcosðθÞ is constant along every point on the ray path, and 
thus in the time-reversed frame the entire path can be traced with knowledge of the 
surface refractive index and the observed AoA (θ0).

In most ray-tracing models, the atmospheric refractivity is assumed to be spherically 
symmetric (i.e. no horizontal variations). However, to simulate the path of radio rays 
through a realistic atmosphere, both the horizontal and vertical variations in refractivity 
should be considered. The ray-tracing model used here was derived by Kerr (1987) and 
involves solving the scalar wave equation: 

Ñ2Ψ þ k2n2Ψ ¼ 0; (7) 

seeking solutions of the form: 

Ψ ¼ Qexpð� ikSÞ; (8) 

where S and Q are real functions of position. Substituting (8) into Equation 7, extracting 
the real part and assuming k is large (i.e. considering only high frequencies), Equation 7 
can be reduced to the eikonal equation, given by: 

ðÑSÞ2 ¼ n2; (9) 

where S is known as the eikonal and n is the refractive index. Surfaces of constant S are the 
wavefronts of the solution of the wave equation. The curvature at any point along the ray 
path can be calculated in terms of the relative angle γ between the direction of the ray 
and the direction of the gradient of refractive index Ñn by: 

K ¼
dt
ds

�
�
�
�

�
�
�
� ¼

Ñnj jsin γð Þ
n

; (10) 
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where K is the curvature of the ray, t is the unit vector in the direction of the ray path at 
each point and ds ¼ dS=n is the infinitesimal arc length of the ray. In order to trace rays 
through the atmosphere, the relative curvature of the ray with respect to the surface of 
Earth must be known. The relative curvature is given by: 

Kr ¼
dθ
ds
¼

dϕ
ds
�

dt
ds
; (11) 

where θ is the local ray elevation angle and ϕ is the angle subtended by the ray at the 
centre of the Earth. The relative curvature can be written in terms of the curvature of the 
ray K in (10) by: 

Kr ¼
cosðθÞ
r þ h

� K; (12) 

where r þ h is the radius of the ray at any point along the ray path.
From Figure 8 it can be seen that: 

sinðγÞ ¼ cosðθ � ψÞ ¼ cosðθÞcosðψÞ þ sinðθÞsinðψÞ; (13) 

with: 

Figure 7. Two-dimensional geometry of the refraction of a radio ray through the atmosphere. The 
radius (distance to the centre of the Earth) and local elevation angle of the ray at every step are given 
by ri and θi respectively (where i is the iteration index). The refractive index of each layer of the 
atmosphere is given by ni. The refractive index is one-dimensional and varies only with height 
(radially). The initial elevation angle of the ray θ0 is equivalent to the observed AoA.
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cosðψÞ ¼ �
1

Ñnj j

@n
@z

sinðψÞ ¼
1

Ñnj j

@n
@x
;

(14) 

where θ is the local ray elevation angle and ψ is the angle of elevation of the constant n 
surface. This allows Equation 10 to be re-expressed as: 

K ¼
10� 6

n
� cosðθÞ

@N
@z
þ sinðθÞ

@N
@x

� �

; (15) 

where the relationship n ¼ 1þ N=106 has been employed. With knowledge of the 
curvature of the ray at any point (as well as the relative curvature of the ray with respect 
to the surface of the Earth), the ray path through an inhomogeneous atmosphere can be 
traced. In practice the arc length increment ds! Δs ¼ 0:3 km is used. Ray-tracing 
through two-dimensional refractivity fields will be required when reconstructing humidity 
fields with horizontal variations. The impact of one- and two-dimensional refractivity 
fields on the refraction of ADS-B broadcasts will be outlined below.

4. Sensitivity tests

4.1. Tests using idealised atmospheres

In contrast to temperature and pressure, the variation in relative humidity (RH) with 
altitude is not easily modelled using a simple functional form. The impact that 
a constant RH vertical profile had on the observed refraction was investigated by deter-
mining the saturation pressure of water vapour. The saturation pressure, es, is the max-
imum vapour pressure that can occur at a given temperature and pressure before 
condensation occurs. The saturation pressure of water vapour can be calculated using 
the Arden Buck equations (Buck 1996): 

Figure 8. Geometry of the ray path through an atmosphere with spherical asymmetry (geometry used 
by Martin and Wright 1963).
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esðTÞ ¼
6:1121exp½f1ðTÞ�; T � 0�C
6:1115exp½f2ðTÞ�; T < 0�C;

�

(16) 

where f1ðTÞ and f2ðTÞ are given by: 

f1ðTÞ ¼ 18:678 �
T

234:5

� �
T

T þ 257:14

� �

; (17) 

and 

f2ðTÞ ¼ 23:036 �
T

333:7

� �
T

T þ 279:82

� �

; (18) 

respectively. The maximum possible partial pressure of water vapour increases exponen-
tially with increasing temperature, and thus warmer humid air has a greater impact on 
refraction than colder humid air. The impact of a constant RH profile on the refraction of 
radio waves can be determined by calculating the ratio of the vapour pressure of water 
vapour with the saturation vapour pressure.

Figure 9 demonstrates how the difference between the observed and reported AoA 
increases dramatically with increasing air temperature and RH for a ray source at 
a distance of 100 km from the observer with an observed AoA of 1:0°. The surface air 
pressure and lapse rate were held constant at the standard International Civil Aviation 
Organisation (ICAO) atmosphere values of 1013.25 hPa and 6.5 K/km respectively. The RH 
was uniform throughout the modelled atmosphere. At 0% RH (e ¼ 0 hPa), the observed – 
reported AoA decreases with increasing temperature due to the zero contribution of the 
wet refractivity term to the total refractivity. The remaining dry refractivity term is 
inversely proportional to temperature, and thus refraction decreases with increasing 
temperature (keeping the pressure profile the same). At higher RH and air temperatures 
the observed – reported AoA increases exponentially. At 100% RH (corresponding to the 

Figure 9. The dependence of the observed – reported AoA on both the RH and surface air temperature 
for a ray source 100 km away with an observed AoA of 1.0°.
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air being at its dew point temperature) and high temperatures the observed – reported 
AoA becomes very large (exceeding 25 times the target resolution of 0.01°). It is therefore 
expected that ADS-B interferometry will be most sensitive to atmospheric refractivity 
structures during the warmer and more humid summer months.

Regions of the atmosphere can become saturated with water vapour (where RH is close 
to or at 100%) and form cloud layers. An initial idealized atmosphere was constructed 
using an RH vertical profile that decreased linearly with altitude from a maximum of 80%

at the surface to a minimum of 20% at the tropopause (,11 km). Regions of saturated air 
(RH = 100%) were added as perturbations to the linear RH vertical profile to simulate 
cloud layers. Figures 10(a) and Figure 10(b) show that the perturbation in the vertical RH 
profile had a corresponding impact on the vertical refractivity profile. The temperature 
and pressure at the surface were fixed at T0 ¼ 288:15 K (15°C) and p0 ¼ 1013:25 hPa 
respectively. The modelled temperature varied linearly as TðhÞ ¼ T0 � 6:5h and the 
modelled pressure varied as pðhÞ ¼ p0½1 � ð6:5h=T0Þ�

5:2561 with height h (in km) (from 
the ICAO standard atmosphere). Rays were traced through the perturbed and unper-
turbed refractivity fields and the reported AoA was calculated for both.

The difference in the reported AoA for the perturbed and unperturbed RH vertical 
profiles in Figure 11 was largest for observed AoAs close to the horizon (<,1:5°) with 
simulated cloud layers 1.0 km above the surface. The ability to detect RH perturbations 
rapidly deteriorated as the altitude of the perturbation increased due to the correspond-
ing decrease in vapour pressure. For a cloud layer centred at an altitude of 4.0 km, the 
impact of the RH perturbation on the vertical refractivity profile was smaller than for 
a cloud layer centred at an altitude of 1.5 km. This was due to the smaller refractivity 
gradient in the region of the cloud. The difference in the perturbed and unperturbed 
reported AoA did not exceed the target resolution of 0:01° for a cloud layer centred at 
4.0 km.

For these simulations using a 1D model atmosphere, Snell’s law was used to calculate 
the AoA measurements by assuming a spherically symmetric atmosphere. The refractivity 
decayed exponentially with altitude by: 

Figure 10. (a) Background vertical RH profile (black) with two perturbations of nearly saturated air 
centred at 1.5 km and 4.0 km (green). The perturbations simulate cloud layers centred at an altitude of 
1.5 km and 4.0 km. (b) Background vertical refractivity profile (black) with two perturbations of nearly 
saturated air centred at 1.5 km and 4.0 km (green). The perturbations simulate cloud layers centred at 
an altitude of 1.5 km and 4.0 km.
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N ¼ N0exp
� h
H

� �

; (19) 

where N0 is the surface refractivity (in this case equal to 300 ppm), h is height and H is the 
scale height of the atmosphere (in km respectively), given by: 

H ¼
RT
Mg

; (20) 

where R is the universal gas constant ( � 8:314 J mol−1 K−1), T is the air temperature (in 
Kelvin), M is the molar mass of the atmosphere ( � 0:029 kg mol−1) and g is the accelera-
tion due to gravity (g ¼ 9:81 ms−2).

To simulate the impact of spherical asymmetry on the AoA, an arbitrary position- 
dependent perturbation centred at a distance of 100 km was added to the refractivity 
profile, described by Equation 19. The magnitude of the refractivity perturbation was 60 
ppm and was of the form: 

N0 ¼ ð60 � 10hÞexp � ðX� 100Þ2

2000

� �
; h � 6km

0; h> 6km

(

(21) 

where X is the horizontal distance (in km). The perturbation magnitude was scaled to 
ensure N0 ¼ 0 ppm at an altitude of 6 km, preventing any abrupt change in refractivity. 
This was decided to create a more realistic refractivity profile, especially at higher altitudes 
where the refractivity is dominated by the dry atmospheric gases and is relatively stable. 
The resulting refractivity profile is shown in Figure 12.

To investigate the influence that the perturbation N0 had on the AoA, the two- 
dimensional ray-tracing model was employed. In a time-reversed frame, 100 rays were 
traced through the perturbed and unperturbed atmospheres and the respective reported 

Figure 11. Difference in the observed – reported AoA between the perturbed and unperturbed 
vertical RH gradients for observed AoAs ranging from 0.0° to 4.0°.
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AoAs were recorded. The maximum ray altitude was capped at 12 km. The difference 
between the perturbed and unperturbed reported AoA was calculated for each ray. 
Figure 13(a) shows the difference between the perturbed and unperturbed reported 
AoA as a function of observed AoA. Figure 13(b) shows the perturbed (dashed) and 
unperturbed (solid) reported AoA values as a function of observed AoA. The difference 
between the perturbed and unperturbed reported AoA was largest (,0:035°) for sources 
400 km away with observed AoAs < 1:0°, but did not exceed the target resolution of 0:01° 
for source ranges of 50 km and 100 km.

Figure 12. Vertical and horizontal profile of refractivity. The refractivity has a dependence on both the 
vertical and horizontal position. The surface refractivity at a distance of 100 km is equal to 360 ppm. 
Contours of constant refractivity at 300 ppm, 250 ppm, 200 ppm and 150 ppm are indicated by the 
dashed lines.

Figure 13. (a) The difference in the reported AoA between the unperturbed and perturbed refractivity 
fields as a function of observed AoA. (b) The absolute reported AoAs in the perturbed (dashed) and 
unperturbed (solid) refractivity fields as a function of observed AoA.
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These results indicate that horizontal variations in the refractivity field would only just 
exceed the detectable threshold and thus in certain limited situations (e.g. frontal systems 
with large horizontal gradients) the spherically stratified assumption may no longer be 
adequate to accurately predict the observed AoA. Retrieving two- and three-dimensional 
refractivity fields will also of course require treatment of the horizontal component of 
refractivity fields.

4.2. Tests using radiosonde data

The refraction that occurs in a realistic atmosphere was determined using data from 
Vaisala RS41 radiosondes launched from Watnall, Nottinghamshire in July 2021. As the 
radiosonde ascended the atmospheric conditions were recorded at intervals of 2 seconds. 
Figure 14(a) shows the RH vertical profile over Watnall at 11:15 UTC (blue) and at 23:15 
UTC (black) on the 27th of July 2021. There is significant variation in the RH over the course 
of 12 hours, particularly in the first ,3 km above the surface where a region of relatively 
low RH is situated in the 11:15 UTC data. Only the first ,11 km (up to approximately the 
tropopause) have been shown. Figure 14(b) shows the corresponding mixing ratio vertical 
profile over Watnall at 11:15 UTC (blue) and at 23:15 UTC (black) on the 27th of July 2021. 
Despite the RH being above 80% even at ,7 km above the surface, the mixing ratio (mass 
of water vapour per unit mass of dry air) is low. Figure 15 demonstrates how the mixing 
ratio of water vapour contributes little to the total refractivity at high altitudes. There is 
significant variation in the RH vertical profile over the course of 12 hours between read-
ings, particularly in the first few kilometres above the surface.

Figure 15 shows the dry refractivity vertical profile and the total (wet plus dry) 
refractivity profile determined using radiosonde readings. The dry refractivity decreases 
almost exponentially with altitude and shows very little variation over the 12 hour period. 
The wet refractivity contributes significantly more variation, with the most significant 
perturbations at an altitude of ,2 km. It can therefore be deduced in this example that 
any variation in the refraction of aircraft radio broadcasts over the 12 hour period will be 
predominantly due to variations in the wet refractivity.

Figure 14. (a) RH vertical profile determined using radiosonde readings from the 27th of July 2021 at 
11:15 UTC (blue) and at 23:15 UTC (black). (b) Mixing ratio vertical profile determined using radio-
sonde readings from the 27th of July 2021 at 11:15 UTC (blue) and at 23:15 UTC (black).
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Near the surface, where solar heating and evaporation of water occur, is where 
significant variations in refractivity are most likely. It can be seen in Figure 15 that the 
wet refractivity contribution to the total refractivity is essentially negligible above an 
altitude of ,7-8 km, suggesting that RH vertical profile retrievals above this will be 
practically impossible. Figure 16 shows the difference in the refracted angle (observed – 
reported AoA) for rays traced in the 11:15 UTC and 23:15 UTC RH vertical profiles. 
Variations in the refracted angle exceeded the target resolution below ,2°, and were 
largest for more distant sources.

4.3. Sources of uncertainty in reported AoA

The accuracy of the reported AoA is dependent on the accuracy of the reported position 
of the aircraft. The reported horizontal position of the aircraft is dependent on both the 
latency and the cross-track offset. The latency is the time interval between the position 
determination inside the aircraft and the signal registration by the receiver. The aircraft 
can travel on the order of 40 m during the few hundred milliseconds between receiving 
position information from GNSS satellites and transmitting the data to the receiver. The 
cross-track offset is determined by comparing the ADS-B reported horizontal position 
with that determined by radar. The cross-track accuracy for the position of the aircraft was 
found to be 51.83 m for approximately 95% of the aircraft analysed by Verbraak et al. 
(2017). The distribution is shown in Figure 17. The reported AoA must be known accu-
rately since the difference between the observed and reported AoA is generally < 0:5°.

The maximum horizontal position error due to uncompensated latency was assumed 
to be 40 m in the direction parallel to the line of sight to the reporting aircraft. The 
maximum vertical and horizontal positions of the modelled aircraft were 12 km and 250  

Figure 15. Vertical profile of dry refractivity (dashed lines) and wet plus dry refractivity (solid lines) 
over Watnall determined using the data obtained by radiosondes launched at 11:15 UTC (blue) and 
23:15 (black) UTC on the 27th of July 2021.
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km respectively. The modelled aircraft were in level flight travelling at a ground speed of 
200 ms−1. Figure 18 shows the resulting error in the observed AoA measurement. The 
error in the observed AoA increased with the observed AoA and decreased with increas-
ing range to the source. This is expected since horizontal position errors on the order of 

Figure 16. Difference in refracted angle (observed – reported AoA) for rays traced in atmospheres 
modelled using radiosonde data for 11:15 UTC and 23:15 UTC on the 27th of July 2021. More distant 
sources with low observed AoAs undergo the greatest refraction. For observed AoAs greater than 2°, 
the difference in the refracted angle between the 11:15 UTC and 23:15 UTC RH vertical profiles does 
not exceed the target resolution.

Figure 17. Left: Plot showing the directional offset of all flights departing and arriving at Schiphol 
airport on the 11th of January 2016. Right: The red dot indicates the average offset compared to the 
centre point of a Boeing 787 Dreamliner (from Verbraak et al. 2017).
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,10 m do not significantly change the observed elevation angle of aircraft at larger 
distances. For nearby sources with high observed AoAs, the horizontal position error has 
a significantly larger impact on the measured AoA accuracy. However, for the range of 
sources investigated here, the mean error did not exceed the target resolution of 0:01°. 
The latency will result in the observed position having a vertical component if the aircraft 
is either descending or ascending. For example, an aircraft descending at 15 ms−1 with 
a horizontal velocity of 100 ms−1 directed along the line of sight will have a vertical 
position error of 3 m (assuming a latency of 0.2 seconds).

The uncertainty in the vertical position of the aircraft had a larger contribution to the 
observed AoA error than the horizontal position uncertainty. Figure 19 shows the mean 
error in the observed AoA assuming a vertical position error of 10 m (dashed lines) and 15  
m (solid lines) for aircraft ranging in distance from 50 km to 250 km. For a vertical position 
error of 15 m, the uncertainty in the reported AoA increased considerably with decreasing 
distance to the source. However, the uncertainty in the reported AoA did not exceed 0:01° 
for any aircraft with a vertical position uncertainty of either 10 m or 15 m. The mean error 
in the observed AoA was highly dependent on the distance to the aircraft and did not 
strongly depend on the observed AoA.

These results suggest that refraction measurements using distant aircraft with low 
observed AoAs are the least susceptible to errors associated with uncertainties in the 
horizontal and vertical positions of the aircraft. However, due to the sheer abundance of 
broadcasts available (each aircraft broadcasts its position multiple times per second), it 
may be possible to filter the measurements and reject broadcasts from aircraft whose 
positional uncertainties exceed a certain threshold. This could potentially be accom-
plished by comparing the position data of multiple broadcasts. In trial data gathered by 

Figure 18. Error in the observed AoA assuming a latency in the ADS-B broadcasts of 0.2 seconds and 
an aircraft ground speed of 200 ms� 1 directly parallel to the line of sight. The uncompensated latency 
resulted in a position error of 40 m either closer to or further from the observer. Large observed AoAs 
resulted in larger errors in the measured ray bending, especially for nearby sources.
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Hayward et al. (2015), it was found that the probability of three or more ADS-B broadcasts 
with horizontal position errors > 300 m was 0:0004%. The use of the Navigational 
Integrity Category (NIC) recorded in the ADS-B message could also be used to assess 
the quality of the position estimate. The NIC is a value that represents the integrity bound 
of the error in the position estimate recorded in the ADS-B message (Liu, Lo, and Walter  
2020). It ranges from 0 (potentially complete loss of GNSS signal with a position error 
integrity containment radius greater than 37.04 km) to 11 (a position error integrity 
containment radius of less than 7.5 m), and could be used to determine whether or not 
a broadcast is accepted. The vertical position uncertainty has the largest contribution to 
the error in the observed AoA. The discrepancy between the reported GNSS altitude and 
the true altitude of the aircraft is on the order of 10 m and is relatively consistent over time 
periods of less than 2 hours (Stone and Kitchen 2015; ICAO 2013). Thus it is expected that 
the majority of the observed AoA measurements will have an error not exceeding the 
target resolution of 0.01°. The effect of latency could introduce an extra contribution to 
the vertical position uncertainty for aircraft either ascending or descending, and thus the 
vertical and horizontal position uncertainties could be correlated as the aircraft changes in 
altitude. For aircraft cruising at a constant altitude, the error contributed due to the 
horizontal uncertainty in the position of the aircraft is not expected to contribute greatly 
to the error in the observed AoA. Simulated studies show that the expected uncertainty in 
the position of the aircraft would still allow for precise AoA measurements and an 
accurate RH vertical profile retrieval, particularly for more distant aircraft.

Figure 19. Error in the reported AoA of broadcasts for aircraft situated at distances between 50 km and 
250 km, assuming an error in the vertical position of the aircraft of 10 m (dashed) and 15 m (solid). The 
mean error in the reported AoA increases substantially as the distance to the aircraft decreases, but 
did not strongly depend on the observed AoA.
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5. Extraction of refractivity structure

5.1. Inversion method

The goal is to determine the atmospheric refractivity field that causes the observed 
refracted angles, which is an inverse problem. The analogous radio-occultation technique 
requires the radio signal to pass through a point of closest approach (where the cozenith 
angle is 0°). Unfortunately, the positions of both the broadcasting aircraft and ADS-B 
interferometer in our proposed method means that the vast majority of received broad-
casts do not have a point of closest approach, and thus the inversion techniques used in 
radio-occultation cannot be applied to this technique. We can frame the inverse problem 
as trying to minimize the difference between the observed and modelled AoA data. We 
can define a cost function J describing the misfit between the modelled and observed 
data as: 

J ¼
1

Nb

XNb

i¼0

ðφi � OiÞ
2
; (22) 

where φ is the modelled reported AoA, O is the reported AoA inferred from aircraft 
position data, Nb is the number of broadcasts and i 2 Z is an index indicating the ith 

broadcast. The cost function describes the mean squared error (MSE) between the model 
and observation which we seek to minimize by choosing the optimum refractivity field.

Figure 20 shows the geometry of a single ray system for which we are trying to 
optimize. In the following simulated experiments, we attempt to optimize a one- 
dimensional refractivity field (i.e. the refractivity depends only on height) by ray-tracing 
using the generalized spherical Snell’s law, described in Section 3. We seek to choose 

Figure 20. Geometry of the system to be optimized. The initial modelled ray (blue line) is traced from 
the position of the observer to the height of the aircraft, using the interferometrically-derived 
observed AoA θ0 as the initial elevation angle. The true position of the aircraft is given by the red 
point. The cost function J can then be calculated by comparing the modelled reported AoA, φ, to the 
reported AoA derived from aircraft position data, O.
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a refractivity field such that the misfit between the reported AoA of the modelled ray end 
point (blue) and the true reported AoA of the aircraft (red) is minimized. Using Figure 20 as 
an example, we can see that choosing a steeper refractivity gradient would result in the 
modelled ray being refracted more and hence decrease the difference between the 
modelled reported AoA, φ, and the reported AoA inferred from the aircraft position 
data, O.

A single ray path will contain only limited information about the detailed refractivity 
structure between the observer and the aircraft. A number of ray sources at a range of 
different heights and distances would allow us to construct a more detailed refractivity 
profile. Simulated annealing techniques, using a large number of broadcasts originating 
from a range of different positions inside the atmosphere, can be used to find a good 
approximation of the refractivity structure. Simulated annealing (SA) is a probabilistic 
technique for determining the approximate global minimum of a given function. It is 
analogous to the annealing process of slowly cooling a heated metal to a minimum 
energy state. Local energy minima are avoided by periodically accepting worse solutions 
with some probability that decreases with time (allowing the SA algorithm to ’jump out’ of 
local minima). Since the modelled reported AoA, φ, is a function of the refractivity along 
the ray path (the ray path is defined by the refractivity field), the global minimum of our 
cost function, J, can be obtained by finding the best estimate of the true refractivity field.

To determine the best estimate of the refractivity structure, we split the initial estimate 
of the refractivity profile into the dry and wet components. We fixed the dry refractivity 
using the pressure and temperature readings from the radiosonde data. The wet compo-
nent of refractivity was modified indirectly by adjusting the RH vertical profile. The 
decision to modify RH rather than wet refractivity directly in the annealing process was 
made since we can define the range 0–100% for physically plausible RH values. The wet 
refractivity, however, also depends on temperature, and thus the domain space is less 
easily known initially.

The goal here is to find the best one-dimensional RH (and hence refractivity) vertical 
profile which minimizes J:

(1) Choose an initial (prior) RH profile x ¼ ðx1; x2; . . . ; xiÞ (where xi is the RH at the ith 

level), and convert it into a refractivity profile (assuming pressure and temperature 
are known).

(2) Ray trace Nb rays through this prior atmosphere from the observer’s position up to 
the positions reported in the decoded ADS-B broadcasts, using the observed AoAs 
(θ0) as the initial elevation angles of the rays.

(3) Determine φ for each modelled ray and calculate J.
(4) Perturb each RH value xi in the prior atmosphere grid: x0 i ¼ xi þ Δx (where Δx 2
½0;Δxmax� is a random step with max step size Δxmax). Repeat steps 2 and 3 using the 
new perturbed atmosphere x0.

(5) Comparing iteration j þ 1 with iteration j (j 2 Z), if Jjþ1 < Jj, x0 is accepted. If Jjþ1 > Jj, 
the Metropolis criterion is used to determine the acceptance of x0. The probability: 

p ¼ exp �
Jjþ1 � Jj

β

� �

(23) 
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is computed and compared with a uniformly distributed random number p0 between 0 
and 1. If p> p0; x0 is accepted. Otherwise x0 is rejected. The temperature parameter β is 
decreased and steps 4 and 5 are repeated for the specified number of iterations.

The temperature parameter β is decreased throughout the annealing process and 
modulates the acceptance probability. Higher initial temperatures (β0) at the start of 
the annealing process increase the probability of accepting solutions which increase 
the energy, allowing the SA algorithm to escape local minima. Lower temperatures later 
in the annealing process reduce the probability of accepting solutions which increase 
energy and favour solutions which minimize J. From the best estimate RH field the mixing 
ratio at each level can be calculated using (Wallace and Hobbs 2006): 

wi ¼ ðwsÞi
xi

100
; (24) 

where wi, ðwsÞi and xi are the mixing ratio, saturation mixing ratio and relative humidity at 
the ith level respectively. The saturation mixing ratio is given by: 

ws ¼ 0:622
es

p � es
; (25) 

where p and es are the total atmospheric pressure and the saturation vapour pressure of 
water respectively. Prefactor: Rd=Rv ¼ 0:622 where Rd and Rv are the molar gas constants 
of dry air and water vapour respectively.

Assuming that every set of observed and reported AoAs is associated with a unique 
refractivity profile, the minimization of J equates to finding the optimum RH profile x that 
explains the observed refraction. If the measurements are free of noise, the SA algorithm 
can converge on a good solution given enough iterations. However, if the global mini-
mum is shallow and/or there are numerous local minima in the domain space, the number 
of iterations required to converge can increase significantly. The quality of the reconstruc-
tion is also dependent on the sampling density and distribution: there must be enough 
ray paths that intersect any regions of RH perturbations. Any perturbations in the RH field 
must also result in a detectable bending of the ray path, as explored in Section 4. RH 
perturbations at higher altitudes (where the saturation vapour pressure is lower) may be 
undetectable via AoA measurements, assuming a target measurement accuracy of 0:01°. 
The assumption of uniqueness (that is, each different refractivity field has a unique set of 
refracted angles associated with it) may also not be true, especially if the number of 
refracted angle measurements is low and in the presence of significant measurement 
noise.

5.2. Simulated humidity retrievals

Simulated humidity retrievals using real decoded aircraft ADS-B messages and model 
atmospheres derived from radiosonde readings are outlined here using the SA algorithm 
described previously. Figure 21 shows the number of unique ADS-B broadcasts received 
at Thurnham radar tower, Kent within 1 hour of time in 5° azimuthal sectors. The radio 
broadcasts that undergo the most refraction (and are therefore the most meteorologically 
interesting) are within 2° above the horizon. Figure 21 shows that a significant number of 
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broadcasts are detected within this region and thus it can be deduced that there is 
a suitable number of broadcasts from which refraction measurements can be made. 
Figure 22 shows the distribution of broadcasts in range and altitude. Broadcasts received 
within 3° of the horizon are indicated by the colour bar.

For the simulated humidity structure retrievals, the broadcasts were selected such that 
they spanned a suitable range in distance and altitude to effectively sample the extent of 
the lower atmosphere. The RH and mixing ratio vertical profiles had an altitude interval 
sufficiently small enough to show detailed structure. The initial RH vertical profile x 
consisted of 574 RH values at height intervals of 0.02 km from an altitude of 0.12 km up 
to 11.98 km. In total, 2000 ADS-B messages were used, consisting of 68 unique aircraft 

Figure 21. The number of unique ADS-B messages (sources) within 1 hour of time in 5 degree azimuth 
sectors (where the 0° is due west) received at Thurnham radar tower.

Figure 22. Distribution of aircraft following real flight paths within 1 hour of time in 5 degree azimuth 
sector towards Gatwick Airport received at Thurnham radar tower.
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ranging in altitude from 0.6 km to 11.6 km and in distance from 60 km to 205 km. This 
simulated study used real flight path data and a radiosonde-derived atmosphere to 
determine whether a theoretical ADS-B receiver positioned on a radar tower could 
observe enough refraction events to construct an estimate of the RH field.

Figure 23 shows the distribution of the 2000 randomly chosen aircraft ADS-B messages 
in the 5° azimuthal sector looking towards Gatwick Airport from Thurnham radar tower. 
The notional ADS-B interferometer was positioned at Thurnham radar tower (219 m 
altitude). This sector had a suitable distribution of broadcasts in both range and altitude, 
allowing for the atmosphere to be adequately sampled by ray-tracing methods. Figure 24 
shows the position of Thurnham radar tower and Gatwick Airport located approximately 
56 km to the southwest. The range 60 km to 205 km shows the path of aircraft taking off (if 
westerly winds were present) or descending to land (if easterly winds were present) at 
Gatwick Airport. The aircraft broadcast ADS-B messages throughout almost the entire 
extent of the troposphere, allowing for the vertical extent of the RH field to be deter-
mined. The temperature and atmospheric pressure were assumed to be known (derived 
from the Watnall, Nottinghamshire radiosonde data). The RH at every altitude grid point 
was initialized with the surface value of RH (in this case 73%). The simulated observed 
AoAs ranged from 0.1° and 3.1°. The density of broadcasts that can be used for humidity 
retrievals is highest in the lower atmosphere and decreases at higher altitudes (,9 km is 
approximately cruising altitude for commercial aircraft). A theoretical ADS-B interferom-
eter positioned at Thurnham radar tower could expect to observe hundreds of thousands 
of takeoffs and landings at Gatwick Airport every year (280.7 thousand takeoffs and 
landings were recorded in 2019, from https://www.statista.com/statistics/467333/aircraft- 
landings-and-take-offs-at-gatwick-airport-uk/), with each of these aircraft broadcasting 
thousands of ADS-B messages as they traverse the sky. The scale of observations, parti-
cularly in the lower atmosphere, would dramatically increase both the spatial and 

Figure 23. Distribution of aircraft used in the SA analysis. 68 unique aircraft were used and the number 
of broadcasts used in the analysis was 2000.
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temporal resolution of RH/refractivity observations. A network of ADS-B interferometers 
across the UK could potentially allow for millions of RH/refractivity observations every day.

Figure 25(a) and Figure 25(b) show the true (black) RH vertical profiles at Watnall 
(determined by radiosonde) and the retrieved (blue) RH vertical profiles using the SA 
algorithm assuming a maximum AoA measurement noise of (a) 0.00° and (b) 0.01° 
respectively. The root mean squared error (RMSE) between the true RH values and the 

Figure 24. Map showing the location of Thurnham radar tower and Gatwick Airport. The distance 
between the two locations is approximately 56 km (from Google 2022.).

Figure 25. (a) True RH vertical profile (black line) and the retrieved RH vertical profile (blue line) 
determined using the SA algorithm assuming a maximum AoA measurement noise of 0.00°. The true 
RH vertical profile was determined using the radiosonde data from Watnall at 11:15 UTC on the 27th of 
July 2021. (b) True RH vertical profile (black line) and the retrieved RH vertical profile (blue line) 
determined using the SA algorithm assuming a maximum AoA measurement noise of 0.01°. The true 
RH vertical profile was determined using the radiosonde data from Watnall at 11:15 UTC on the 27th of 
July 2021.
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predicted RH values up to an altitude of 6 km were 4.6% and 4.7% for a maximum AoA 
measurement noise of 0.00° and 0.01° respectively. The SA algorithm was run for 1500 
iterations using an initial temperature β0 ¼ 10 and a max step size Δxmax ¼ 1:0%. 
Figures 26(a) and 26(b) show the true (black) mixing ratio vertical profiles at Watnall 
(determined by radiosonde) and the retrieved (blue) mixing ratio vertical profiles using 
the SA algorithm assuming a maximum AoA measurement noise of (a) 0.00° and (b) 0.01° 
respectively. The RMSE of the retrieved mixing ratio vertical profile up to an altitude of 6  
km was 0.42 g/kg and 0.46 g/kg for a maximum AoA measurement noise of 0.00° and 
0.01° respectively. The noise added to every AoA measurement was a random value in the 
range [ � δmax; δmax] (where δmax is the maximum AoA measurement noise) with a zero- 
mean Gaussian distribution. The retrieved RH vertical profile shows the most detailed 
structure near the surface, but appears to lose the signal generated by the true vertical 
profile at higher altitudes (above approximately 6 km). The corresponding mixing ratio 
vertical profiles show a significantly less extreme deviation from the true profile, indicat-
ing that the impact of water vapour on refraction at altitudes greater than approximately 
6 km is minimal (also shown by the near-zero contribution of wet refractivity to the total 
refractivity in Figure 15).

Figure 27(a) and Figure 27(b) show the dependence of the RMSE of the RH vertical 
profile retrieval (up to an altitude of 6 km) on the number of SA iterations (for 1500 
broadcasts) and the number of broadcasts sampled (for 1500 iterations) respectively. The 
measurement noise of the AoA was assumed to be an uncorrelated random zero-mean 
Gaussian noise. The RMSE of both the RH and mixing ratio vertical profile retrievals were 
calculated up to an altitude of 6 km, since above this altitude the extremely low vapour 
pressure does not generate a strong enough signal to be detected. Increasing the number 
of iterations allows the SA algorithm to perform a more thorough search of the domain 
space for the global minimum, hence improving the quality of the retrieval. Figure 27(a) 
shows that for 1500 broadcasts the RMSE of the RH vertical profile retrieval after 10,000 

Figure 26. (a) True mixing ratio vertical profile (black) and the retrieved mixing ratio vertical profile 
(blue) determined using the SA algorithm assuming a maximum AoA measurement noise of 0.00°. The 
true mixing ratio vertical profile was determined using the radiosonde data from Watnall at 11:15 UTC 
on the 27th of July 2021. (b) True mixing ratio vertical profile (black) and the retrieved mixing ratio 
vertical profile (blue) determined using the SA algorithm assuming a maximum AoA measurement 
noise of 0.01°. The true mixing ratio vertical profile was determined using the radiosonde data from 
Watnall at 11:15 UTC on the 27th of July 2021.
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iterations were 3.8%, 4.8% and 7.0% for a maximum AoA measurement noise of 0.00°, 
0.01° and 0.05° respectively. The corresponding RMSE of the mixing ratio vertical profile 
retrieval for a maximum AoA measurement noise of 0.00°, 0.01° and 0.05° were 0.40, 0.44 
and 0.59 g/kg respectively, as shown by Figure 28(a). For 1500 broadcasts the presence of 
a maximum AoA measurement noise of 0.05° significantly decreased the quality of the RH 
vertical profile retrieval compared to the maximum AoA measurement noise of 0.00° and 
0.01°. However, above 3000 iterations, the RMSE of both the RH and mixing ratio vertical 
profile retrievals remained below 10.0% and 0.65 g/kg respectively. This is a problem of 
fitting to noisy data, where increasingly a background estimate of the RH/mixing ratio 
vertical profile must be known in order to weight each observation by its associated error. 

Figure 27. (a) The RMSE of the RH vertical profile retrieval up to 6 km altitude as a function of the 
number of iterations in the SA algorithm (for 1500 broadcasts) for different assumed maximum AoA 
measurement uncertainties. The initial temperature β0 = 10 and max step size Δxmax ¼ 1:0% were 
held constant. (b) The RMSE of the RH vertical profile retrieval up to 6 km altitude as a function of the 
number of broadcasts (for 1500 iterations) for different assumed maximum AoA measurement 
uncertainties. The initial temperature β0 = 10 and max step size Δxmax ¼ 1:0% were held constant.

Figure 28. (a) The RMSE of the mixing ratio vertical profile retrieval up to 6 km altitude as a function of 
the number of iterations in the SA algorithm (for 1500 broadcasts) for different assumed maximum 
AoA measurement uncertainties. The initial temperature β0 = 10 and max step size Δxmax ¼ 1:0%

were held constant. (b) The RMSE of the mixing ratio vertical profile retrieval up to 6 km altitude as 
a function of the number of broadcasts (for 1500 iterations) for different assumed maximum AoA 
measurement uncertainties. The initial temperature β0 = 10 and max step size Δxmax ¼ 1:0% were 
held constant.
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Increasing the number of broadcasts (sample points) allows for more of the RH/mixing 
ratio vertical profile to be sampled. For example, for a single ray path, there are a huge 
number of possible RH/mixing ratio vertical profiles that can cause the observed refrac-
tion. For two or more ray paths the potential RH/mixing ratio vertical profile must explain 
the refraction observed in all of the ray paths and thus is more constrained. Figure 27(b) 
shows that for 3000 broadcasts, the RMSE of the RH vertical profile retrieval was 5.0%, 
5.4% and 6.1% for a maximum AoA measurement noise of 0.00°, 0.01° and 0.05° respec-
tively. The corresponding RMSE of the mixing ratio vertical profile retrieval for the same 
maximum AoA measurement noise trials were 0.49, 0.49 and 0.58 g/kg respectively, as 
shown by Figure 28(b).

Increasing the number of broadcasts showed the greatest reduction in RMSE of the 
retrieved RH/mixing ratio vertical profile. Assuming the noise in the AoA measurements 
has a zero-mean Gaussian distribution, increasing the number of broadcasts used in the 
retrieval means that the errors in individual broadcasts have a smaller impact on the 
quality of the retrieved vertical profile. These results indicate that if the uncertainties in 
the AoA measurements are maintained below ,0:05°, then vertical RH/mixing ratio 
profile retrievals with a RMSE of ,5%/,0:5 g/kg respectively are possible. The SA 
algorithm is currently initialized assuming the RH is the same at every altitude, however, 
the speed of convergence to an optimum solution could potentially be improved by 
initializing the algorithm with a background estimate of the current profile (e.g. from 
a previous short term forecast). Variational analysis techniques could be used to consider 
the quality of the background estimate of the RH/mixing ratio vertical profile and ensure 
that very noisy measurements do not overwhelmingly impact the quality of the retrieval. 
It is envisioned that AoA measurements could be directly assimilated into NWP models in 
much the same way as bending angle measurements from radio-occultations are cur-
rently (Rennie 2010). Alternatively, the RH/refractivity measurements derived using SA (or 
other inversion techniques) could be assimilated into NWP models after pre-processing. 
However, the assimilation of refractivity determined from radio-occultation bending 
angle measurements above ,30 km can be problematic due to ’observed’ refractivity 
values above this altitude becoming increasingly influenced by information derived from 
climatology models (Healy 2008).

Figure 29(a) and Figure 29(b) show the RH vertical profile retrievals assuming a 
maximum measurement noise in the observed AoAs of 0.01° as well as assuming 
a vertical position uncertainty of (a) 10 m and (b) 15 m in the position of each aircraft. 
2000 ADS-B messages were used, consisting of 68 unique aircraft ranging in altitude from 
0.6 km to 11.6 km. These broadcasts were a random selection recorded assuming that the 
observer was positioned at Thurnham radar tower (219 m in altitude). The quality of the 
retrieval decreases significantly above an altitude of 6 km as the vertical position uncer-
tainty increases from 10 m to 15 m, however, the major RH structures in the first few 
kilometres of the surface are still resolvable due to the larger contribution of the wet 
refractivity to the total refraction. Finer structures in the mixing ratio vertical profile are 
more difficult to resolve when assuming an uncertainty in the vertical position of the 
aircraft, however, the RMSE of the retrieved mixing ratio vertical profile is still comparable 
to the 0.01° maximum AoA measurement noise case. The SA algorithm was run for 1500 
iterations using an initial temperature β0 ¼ 10 and max step size Δxmax ¼ 1:0%. 
Figures 29(a) and 29(b) show that the RMSE of the retrieved RH vertical profile up to an 
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altitude of 6 km was 5.1% and 5.6% for a vertical position uncertainty of 10 m and 15 m 
respectively. Figures 30(a) and Figure 30(b) show that the RMSE of the retrieved mixing 
ratio vertical profile up to an altitude of 6 km was 0.51 g/kg and 0.50 g/kg for a vertical 
position uncertainty of 10 m and 15 m respectively.

The SA retrieval algorithm was tested on two other RH and mixing ratio vertical 
profiles. Figure 31(a) shows the true (black, determined from radiosonde readings) and 
retrieved (blue) RH vertical profiles from Cambridge at 11:24 UTC on the 26th of July 2021. 

Figure 29. (a) True RH vertical profile (black) and the retrieved RH vertical profile (blue) determined 
using the SA algorithm assuming a maximum AoA measurement noise of 0.01° and a vertical position 
uncertainty of 10 m. The true RH vertical profile was determined using the radiosonde data from 
Watnall at 11:15 UTC on the 27th of July 2021. True RH vertical profile (black) and the retrieved RH 
vertical profile (blue) determined using the SA algorithm assuming a maximum AoA measurement 
noise of 0.01° and a vertical position uncertainty of 15 m. The true RH vertical profile was determined 
using the radiosonde data from Watnall at 11:15 UTC on the 27th of July 2021.

Figure 30. (a) True mixing ratio vertical profile (black) and the retrieved mixing ratio vertical profile 
(blue) determined using the SA algorithm assuming a maximum AoA measurement noise of 0.01° and 
a vertical position uncertainty of 10 m. The true mixing ratio vertical profile was determined using the 
radiosonde data from Watnall at 11:15 UTC on the 27th of July 2021. (b) True mixing ratio vertical 
profile (black) and the retrieved mixing ratio vertical profile (blue) determined using the SA algorithm 
assuming a maximum AoA measurement noise of 0.01° and a vertical position uncertainty of 15 m. 
The true mixing ratio vertical profile was determined using the radiosonde data from Watnall at 11:15 
UTC on the 27th of July 2021.
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Figure 31(b) shows the corresponding mixing ratio vertical profiles. The RMSE of the RH 
and mixing ratio vertical profiles were 8:6% and 0.60 g/kg respectively. Figure 32(a) shows 
the true (black, determined from radiosonde readings) and retrieved (blue) RH vertical 
profiles from Cambridge at 11:20 UTC on the 27th of July 2021. Figure 32(b) shows the 
corresponding mixing ratio vertical profiles. The RMSE of the RH and mixing ratio vertical 
profiles were 6:2% and 0.41 g/kg respectively. The RH and mixing ratio vertical profiles 
were retrieved assuming that the observed AoA had a maximum measurement noise of 

Figure 31. (a) True RH vertical profile derived from radiosondes (black) and the retrieved RH vertical 
profile (blue) determined using the SA algorithm assuming a maximum AoA measurement noise of 
0.01°. The true RH vertical profile was determined using the radiosonde data from Cambridge at 11:24 
UTC on the 26th of July 2021. (b) True mixing ratio vertical profile derived from radiosondes (black) and 
the retrieved mixing ratio vertical profile (blue) determined using the SA algorithm assuming a 
maximum AoA measurement noise of 0.01°. The true mixing ratio vertical profile was determined 
using the radiosonde data from Cambridge at 11:24 UTC on the 26th of July 2021.

Figure 32. (a) True RH vertical profile derived from radiosondes (black) and the retrieved RH vertical 
profile (blue) determined using the SA algorithm assuming a maximum AoA measurement noise of 
0.01°. The true RH vertical profile was determined using the radiosonde data from Cambridge at 11:20 
UTC on the 27th of July 2021. (b) True mixing ratio vertical profile derived from radiosondes (black) and 
the retrieved mixing ratio vertical profile (blue) determined using the SA algorithm assuming a 
maximum AoA measurement noise of 0.01°. The true mixing ratio vertical profile was determined 
using the radiosonde data from Cambridge at 11:20 UTC on the 27th of July 2021.
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0:01°. These results indicate that a variety of detailed RH and mixing ratio vertical profiles 
could be extracted using SA if the observed AoA uncertainty does not exceed 0:01°.

6. Summary

A new method of retrieving atmospheric refractivity structure is proposed. It is mainly 
opportunistic, and has the potential to deliver large volumes of data at relatively low cost. 
Although the capital and running costs of an interferometer network would be modest, 
a substantial research and development effort is required for both hardware design and 
data exploitation. Experiments to date have focused on acquiring a basic technical 
capability with which to make some initial measurements, the first data look credible. 
This early success, combined with the scale of the potential benefits of any operational 
implementation, encourage the continuation of development. The horizontal errors due 
to latency in the ADS-B broadcast were found to likely only contribute slightly to the error 
in the reported AoA (,10� 3 deg.), whereas the uncertainty in the vertical position of the 
aircraft had the greatest contribution to the observed AoA error. For a 50 km source with 
a vertical position uncertainty of 15 m, the resulting uncertainty in the observed AoA was 
,0:03°, exceeding the target resolution of 0.01°. Vertical relative humidity and mixing 
ratio profiles can be retrieved via refraction modelling and simulated annealing. The 
importance of minimizing the uncertainty in the AoA measurements has been demon-
strated by the significant increase in the RMSE of the simulated relative humidity/mixing 
ratio vertical profile retrievals for AoA errors approaching 0.05°. The ability to retrieve 
relative humidity structures in the lower atmosphere exploits a current gap in high 
density humidity observations near the surface. With AoA measurement errors of 
,0:01° the RMSE of the simulated retrieved relative humidity vertical profile up to 6 km 
altitude does not exceed 5%, which is within the WMO OSCAR breakthrough sensitivity 
requirement (WMO 2022.). The RMSE of less than 0.5 g/kg in the simulated retrieved 
mixing ratio vertical profile is comparable to/better than that retrieved using radio- 
occultation, which is generally in the range of 0.5–1.5 g/kg at 1000 hPa (Ho, Kuo, and 
Sokolovskiy 2007; Chen et al. 2014; Zhang et al. 2018; Ho and Peng 2018). The quality of 
the simulated retrieved mixing ratio vertical profile was comparable to those found by 
Gaffard et al. (2021) using a prototype Vaisala broadband differential absorption lidar (BB- 
DIAL) deployed at a Met Office research site. The RMSE in the retrieved mixing ratio 
vertical profile was 0.55 g/kg compared to in-situ observations of humidity (93 radiosonde 
ascents and 27 uncrewed aerial vehicle flights) and the Met Office UK Variable resolution 
model (UKV). However, the vertical retrieval capability of the BB-DIAL was rather limited, 
with an average maximum vertical extent of 1.3 km that could be probed. The simulated 
retrieval here has currently been restricted to only one dimension, however the quality of 
the retrievals even in the presence of noise is encouraging. It may be feasible to generalize 
the simulated annealing (SA) algorithm to two dimensions (including refractivity varia-
tions in the horizontal as well as vertical direction) and potentially three dimensions by 
including the azimuthal direction of received broadcasts. The technology can be adapted 
to existing radar tower infrastructure and early simulations using idealized and realistic 
model atmospheres indicate that the assimilation of AoA measurements could improve 
relative humidity/mixing ratio observations in the lower atmosphere in areas where there 
is a suitable density of air traffic. Current methods to measure humidity in the lower 
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atmosphere suffer from a lack of resolution in both space and time: this new method of 
using AoA measurements could potentially dramatically increase the volume of humidity 
measurements in both space and time in areas with a suitable density of air traffic. 
However, the SA algorithm described here is computationally expensive and involves 
tracing many thousands of rays in order to calculate reported (unrefracted) AoAs. Work is 
also needed to reduce the observed errors in the AoAs measured using the prototype 
ADS-B interferometer, where simulated studies show that errors exceeding 0:01° would 
significantly reduce the quality of the humidity retrieval.
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