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CrossMark
Abstract

We investigate the joint moments of derivatives of characteristic polynomi-
als over the unitary symplectic group Sp(2N) and the orthogonal ensembles
SO(2N) and O~ (2N). We prove asymptotic formulae for the joint moments
of the n;th and n,th derivatives of the characteristic polynomials for all three
matrix ensembles. Our results give two explicit formulae for each of the leading
order coefficients, one in terms of determinants of hypergeometric functions
and the other as combinatorial sums over partitions. We use our results to put
forward conjectures on the joint moments of derivatives of L-functions with
symplectic and orthogonal symmetry.

Keywords: random matrix theory, joint moments, characteristic polynomials,
random symplectic matrices, random orthogonal matrices,
Riemann zeta function, L-functions

1. Introduction

Let G(2N) € {Sp(2N), SO(2N), O~ (2N)}, where Sp(2N) is the the group of 2N x 2N unitary
symplectic matrices and SO(2N) and O~ (2N) are the subsets of 2N x 2N orthogonal matrices
with determinant +1 and —1, respectively. Also, denote the characteristic polynomial of a
matrix A € G(2N) by

Aa (s) = det(I - As).
" Author to whom any correspondence should be addressed.
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In this paper we consider the joint moments

[ (00 o)

of the n; th and n,th derivatives of the characteristic polynomials, where n;,n, are non-negative
integers and dA denotes the Haar measure on the relevant matrix ensemble. Using techniques
developed in [1, 12, 25], we obtain asymptotic formulae for (1.1) for each G(2N) and for all
non-negative integers ki, k,. Our main results give two explicit expressions for the leading
order coefficients for each of the matrix ensembles under consideration and are detailed in
section 2.

The problem we study here is part of a general problem to obtain exact formulae for the
complex moments of the derivatives of characteristic polynomials. A key motivation is the
link between random matrix theory and the study of families of L-functions and their value
distribution in analytic number theory. Specifically, one can use formulae obtained for charac-
teristic polynomials of the various matrix ensembles to predict formulae for the corresponding
quantities for L-functions with the same symmetry type. The complex moments of the deriv-
atives of characteristic polynomials and L-functions can then be used to infer information on
the zeros of the derivatives through Jensen’s formula. For results on the radial distribution of
the zeros of the derivative of characteristic polynomials and on the horizontal distribution of
the zeros of the derivative of the Riemann zeta function, see, for example, [14, 27] and [29,
30], respectively.

Additionally on the number theory side, the order of vanishing of an L-function at the central
point, which is controlled by the derivatives of the L-function, is widely believed to contain
deep arithmetic and geometric information. The Birch and Swinnerton-Dyer Conjecture for
example, famously states that the order of vanishing of an L-function attached to an elliptic
curve over Q is equal to the rank of the curve.

For the ensemble of random unitary matrices U(XN), Conrey et al [12] proved that for integer
k>1,

[ M P~ v,
U(N)

where

b

x=0

cr = (—1)k(k+l)/2§ (l;) <i>k+h (e_xx_kz/zgf,ﬁ (Tt (2\/;6)))

with 7, (x) denoting the modified Bessel function of the first kind. Here, and throughout the
paper, the indices i and j of the matrix in the determinant range from 1 to k. Also proven in
[12] is a similar asymptotic formula for the 2kth moment of the derivative of an analogue of
Hardy’s Z-function. As an application, the authors use their results to make a conjecture for
the moments of the derivative of the Riemann zeta function and of the Z-function. Forrester
and Witte [16] have given alternate expressions for the leading order coefficients obtained in
[12] in terms of solutions to Painlevé I1I differential equations.
Concerning the joint moments over the unitary ensemble, one is interested in the quantity

/Uw) IAS (1) PMAL) (1) P2 da. (12)

When n; = 1 and n, = 0, Hughes [21] was able to show that the limit of (1.2) /N"2+2M as N —
oo exists when k and M are integers and conjectured the result for all suitable, real k and M.
Hughes’ conjecture was then proven by Assiotis, Keating and Warren in [6] with an explicit
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expression given for the limit in terms of the expectation of a certain random variable. The
characteristic function of this random variable was shown to be connected to a Painlevé III
differential equation in the full range of real M and integer k by Assiotis et al in [4]. In [5],
Assiotis, Gunes and Soor extend the results of [6] to the most general case of the circular Jacobi
[ ensemble. An asymptotic formula for (1.2) when k > M are both non-negative integers was
obtained by Bailey et al [7]. Basor et al [9] study the joint moments of the analogue of Hardy’s
Z-function for integer k,M and establish a connection between these and the o-Painlevé V
equation.

In the case of general ny,n,, Barhoumi-Andréani [8] gave an asymptotic formula for (1.2)
for integer k and M with k > M and k > 2 where the leading order coefficient is given in the
form of a certain (k— 1)-fold real integral. Recently, Keating and Wei [25] have obtained
asymptotic formulae for (1.2) and for the joint moments of the n;th and n,th of the analogue
of Hardy’s Z-function for all integers k > M > 0. They give two explicit expressions for the
leading order coefficients, one in terms of derivatives of determinants involving the modified
Bessel function and the other as combinatorial sums involving partitions. They also use their
results to motivate conjectures for the joint moments of the n;th and nyth derivatives of the
Riemann zeta function and of the Z-function. The conjectures made in [25] are shown to agree
with the known results of [19, 20, 22]. In [26], Keating and Wei further explore the structure
and properties of their leading order coefficients. They establish recursive relations that the
coefficients satisfy and also build a connection to a solution of the o-Painlevé III’ equation.

Turning to the symplectic and orthogonal matrix ensembles, Altug et al [1] considered the
moments of the mth derivative

M (G(2N),m) ::/ (Af{") (1))de.

G(2N)

Extending the results of [12] to these ensembles, they prove asymptotic formulae for
M (G(2N),m) as N — oo for integer k > 1 when G(2N) = Sp(2N) or G(N) = SO(2N) and
m=2, and when G(2N) = O~ (2N) with m = 3. One considers the second derivative rather
than the first in the case of Sp(2N) and SO(2N) since A4 (1) can be expressed simply in terms
of A4 (1). Thus, the moments of the first derivative can be computed using the result of Keating
and Snaith [24] on the moments of A4(1). If A € O~ (2N), then A4(1) =0 and A}'(1) has as
simple expression in terms of A4 (1) Hence, in this case, it is the moments of A}'’(1) that are
of interest.

The leading order coefficients obtained in [1] are given in terms of derivatives of determin-
ants involving hypergeometric functions. These determinants are shown to satisfy a differen-
tial recurrence relation similar to a Toda lattice equation connected to 7-function theory in the
study of Painlevé differential equations. An interesting question put forward in [1] is whether
there is a differential equation in the symplectic and orthogonal cases which plays a part ana-
logous to Painlevé III in the unitary setting. Gharakhloo and Witte [17] have made promising
progress in this direction in their study of 2j — k and j — 2k bi-orthogonal polynomial systems
on the unit circle.

The authors of [1] also use their results to make conjectures for the asymptotic behaviour
of the moments of derivatives at the central point of L-functions with symplectic or orthogonal
symmetry. After stating our results in section 2, we will extend these to give general conjectures
for the joint moments of the derivatives of L-functions with these symmetry types.
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_ Finally, one may also consider the characteristic polynomials on the unit circle and define
Aa(0) := Aa(e 1) where we set 1> = —1 and the variable i will only be used as an index. In
this case, Gunes [18] has studied the joint moments

| RO O, (13
Sp(2N)

and obtained an asymptotic formula as N — oo in the range (s + 3) > h > 0, where a(x)
denotes the greatest integer strictly less than x. The leading order coefficient for (1.3) is given
in terms of the expectation of a non-trivial random variable. Moreover, a link between this
coefficient and the o-Painlevé III equation is established and a conjecture for the analogous
joint moments of quadratic Dirichlet L-functions is made.

1.1. Notation

Recall that an N x N matrix A is said to be unitary if AA* = I, where A* is the conjugate trans-
pose of A. The unitary symplectic group Sp(2N) is the subgroup of 2N x 2N unitary matrices
A which satisfy ATOA = Q, where

0 1
°= (5 3)

with [ the N X N identity matrix. The special orthogonal group SO(2N) and O~ (2N) are the
subsets of orthogonal 2N x 2N matrices with determinant +1 and —1, respectively. Each of
these matrix ensembles is endowed with the normalised Haar measure dA. The eigenvalues of
amatrix A in Sp(2N) or SO(2N) lie on the unit circle and come in N complex conjugate pairs.
Hence, the characteristic polynomial of A can be written as

:H (1—se71) H 1+ 5% —2scosb;),
j=1 j=1

and for matrices A € O~ (2N), the characteristic polynomial is of the form

N—1 N—
AA(s):(l—s)(l—i—s)H(l—se_w/) (1—se%) =(1-5)(1+5) H (1+5s*—2scost)),

Jj=1

with 6; € R. In particular, for all three ensembles, the characteristic polynomial A, (s) is real
for s € R and so A(”)(l) € R for any integer n > 0. Thus, the joint moments in (1.1) that we
study here are real for integer &, k».

For real numbers x, we use [x] to denote the greatest integer less than or equal to x. We write
Sy for the set of permutations on {1,2,...,k}. The multinomial coefficient is defined as

n B n!
I Ay R NP A

for integers n and [y,. .. I with [} + --- 4 [ = n. Also, for integer n, whenever we write /; +
-+ ly=norl+--- 4+ < n, this means that /; > 0 are taken to be integers.
For any w = (wy,...,w,) € C¥, the Vandermonde determinant is denoted by

A(w):—det<w’ 1)2 H (wi —wj),

kxk L4
1<i<j<k

4
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and we write w? = (wf) 1<i<k- We will also make use of Vandermonde determinants of differ-
ential operators, written as

d d-! d d
A<dx>"?fi<aw>‘ I (aa)
1<i<j<k :

1

Lastly, for u € C and m € Z, we let

1 ew+u/w2
m(U) i = — —Fd
8 (u) 211 ‘wl:l Wm+1 w
1 m m+1 u
S L R 1.4
F(m+1)02<’2+7 > ,4) (1.4)

These hypergeometric functions will play the role that the modified Bessel function plays in
the unitary case. For negative m, say m = —I, one should interpret the above expression as the
limit as m — —1.

2. Main results

We now state our main results. Our first two theorems give an asymptotic formula for the joint
moments of derivatives of characteristic polynomials of matrices over Sp(2N).

Theorem 2.1. Ler 0 < ny < np be integers and let ky,ky be non-negative integers, not both 0.
Set k = ki + ko. Then, we have

k k
/ (A/(;”) (1)) ! (A/gnz) (1)) sz — b511’7k2 (n1,m2) - (ZN)k(k+1)/2+k|n|+kznz (1 +0 (Nfl)) ’
Sp(2N)

where

(7 1 )k|n| +kony

k ()b
Sp _ 1
bk],kz (n1,m) = k(k+1)/2+kym +hany Z <u1...,up> HP (@) (H[nIIZ]jZf:ll"“f’/)

uy+-+up=k i=1 \&i: =

R e
; 2] 50
Tt M2 ) T2 bty (T2 =00 )

[n2/2] W
Ws d\™
8 Z H (rs,la---ars,k> (a) Igflt( (gZi_j+ZZ,\[Zz/2] STs,i (X))

Zf:l 7s,i=Ws §=2
s=2,..., [n2/2]

)
x=0
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and, more explicitly,

[n2/2] W, d\"
Z H (r571,...,rs7k> (dx) /(clgltc <g2z—1+22[22/]m1( )>

lers.r:Ws §=2
s=2, ..,[n2/2]

[n2/2]
_ (_l)k(kq)/z Z 12—[ W
Ts,1y---sTsk

S e, \ o5
s=1,. [nz/Z]

x=0

[n2/2] [n2/2]

XH ! H 22”” ZZsr” 2j+2i

j= ](2k+22n2/2 Srs,/"'l_zj) 1<i<j<k s=1

Here, we define P to be the number of distinct tuples a; := (a;0,ai1,---,di [, /2)) of integers
satisfying

(m/2]

a;j=0and ajo+2 Zjaix,-:nl7

j=1
and we let ay,...,ap be these such tuples. In other words, the tuples a; correspond to the
partitions of n; whose parts are all even or equal to 1 and P is the number of these partitions.
Similarly, Q is defined to be the number of distinct tuplesb; = (b; ,b; 1, ... ,b,-,[nz/z]) of integers
satisfying

(/2]

bi‘j>0andbi7()+2 Zjb,‘d’:}’lz,
Jj=1

and we let by,..., by be these tuples. We define a;! := H][.":‘éz] a;j! and b;! := Hj[":zéz] bijl.

Finally, W; := ZleuiaiJ+ZiQ:1VibiJ forj=1,...,[n/2] and W;:= ZiQ:lvibiJ for j =
[nl/2]+177[n2/2]

Theorem 2.2. Let O < ny < np be integers and let ki ,k, be non-negative integers, not both 0.
Set k = ki + ko. Then, we have

k k.
[ (a0 0) (A0 (1)) 04 = b () @R (o (),
Sp(2N)

where

5 71)k(k—l)/2+k|n]+kzn2 . .
— 1 2
b, (M212) = e i, () (1)

5 (M)

22; i <Sm 22, ymi i<y \I=1 (n] 22/ [ /)
i=1,..., ky i=1,..., ko
k> 1 k 1
X (Vi =Vi—=2j+2i).
iHl("z—2Z 1mu) /1:[1 (2k+V; =27+ 1)t <E<k

Here V; := 22?':1 Z[J+22f2:lmiJf0rj =1,...,k
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Our next two theorems give an asymptotic formula for the joint moments over SO(2N).

Theorem 2.3. With notation as in theorem 2.1, we have
ky ky — n n _
/so(zzv) (A ) (A0 (1) a4 = B2, (mm) - NV (10 (v1)),

where

1 k] (I’l]!)k'
bigk, (n1,m2) = s Y ( )
B ’ k(k—3) /24kiny +kyny P i 2] .S°P a
2 111 +ka T Ujp...,up Hl 1(“1')u (HJ[Q{ ]]Z,v:,u,a,,,)

< > ( k; ) (m!)™
2] s°2
e B e I (T )

[n2/2] w
Wi d\"™
X Z ( H (rs,la ceey rs,k) ) (a) Igflt( (gzi—j—H-ZZ,E”:zz/z] STy, i (X))

S =Wy \ 5=2
s=2,..., [n2/2]

)
x=0

and, more explicitly,

[m2/2] W. a\"
Z H (rsvl,...,r&k) (dx) ](}S]t((gZi_j_l"FzZA[HZZ/Z]SVs,i (x))

A =0
§s=2,...,[n2/2]
[n2/2]
k(k—1)/2 W;
KR ARED SIS (Y
P =1 S,l7"'ars,k
i=175,i=Ws
s=1,...,[n2/2]
II I (232
X 2 Stgj— 2 Sty — 2] +2i
il (2k+22"2/2 —21) 1<i<j<k \ s=1

Theorem 2.4. With notation as in theorem 2.2, we have
n ki ko k(k—1) /24kim +hon _
/Som) (A7) (A5 (1) a4 = b0, (n1,m) - N EDHRmTR (14 0 (v1)),

where

50 (—pteehre k k
By (11:12) = a3y v (M) (1)

ky ka
1 1
Yy e &
22/* l[,jgnlzzl L mi j<na i=1 (n1—2zj:,lu). i=1 (nz—ZZj:]m;J).

i=l,..., ky i=l,..., ko

Our final theorem gives an asymptotic formula for the joint moments over O~ (2N) with
the leading order coefficient expressed in terms of bif r (n1,1m2).

7
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Theorem 2.5. Let 1 < ny < np be integers and let ki ,k, be non-negative integers, not both 0.
Set k = k| + kp. Then, we have

k k;
[ () (o) w
0~ (2N)
_ bkoljkz (n17n2) . (2N)k(k+l)/2+k1(m—l)+k2(n2—l) (1 +0 (N—l)) ,

where

b0, (ny,mp) = (— 1)l DFRCe kb pd () — 1ny — 1)

with biﬁkz (n1,n2) as defined in theorems 2.1 and 2.2.

Our theorems 2.1 and 2.3 exhibit the same structure as the asymptotic formulae obtained in
[1]. Namely, the leading order coefficients are expressed in terms of derivatives of determin-
ants of the hypergeometric functions g,,(u). As mentioned in the introduction, these determ-
inants were shown to satisfy a differential recurrence relation [1, theorem 1.5] which allows
the leading order coefficients to be computed much more quickly as &, k, get large. However,
similarly to the unitary case considered in [25], the formulae given for the leading order coef-
ficients in theorems 2.1 and 2.3 may not be computationally efficient when n,n, are large
since one has to compute the tuples a; and b;. Aside from giving an alternate expression for
the leading order coefficients, the advantage of theorems 2.2 and 2.4 is that the formulae are
more computationally effective when ny,n, are large and k;, k, are small.

Using the standard random matrix philosophy allows us to make conjectures based on our
results for the joint moments of derivatives of L-functions with symmetry type Sp, SO or O~
in the sense of [23]. We give an example conjecture for the family of quadratic Dirichlet L-
functions at s = 1/2 below. This is an example of a family with symplectic symmetry so we
use our results for Sp(2N) as a model.

Conjecture 2.6. Let D(X) = {d a fundamental discriminant : |d| < X}, and let L(s, x4) be the
Dirichlet L-function attached to the quadratic character x,. Then, for 0 < n; < ny and k1, k, >
0 integers with &, k> not both 0, we have that as X — oo,

1
D X)|

where k = k; + k, and b,f{’ s (n1,n7) is the random matrix theory coefficient defined in theorems
2.1 and 2.2. Also,

oo [ Ot <<ll/m"+<1+1/m"+l>,

Do L (12,0 L) (1/2,x0) ~ @b, (m1na) - (log ) D/t
deD(X)

1+1/p 2 p

p prime

is an arithmetic constant depending on the family of L-functions. We note that gy, is the same
coefficient appearing in the conjectures for the moments of L(1/2, x,4), see [11, 24].

To the best of our knowledge, there are no results on the moments of derivatives of these
quadratic Dirichlet L-functions over number fields. However, the moments of derivatives of
L-functions over function fields have been investigated. For this discussion, we let IF, denote
a finite field with g elements and let H,, | be the subset of square-free, monic polynomials of
degree 2g + 1 in the polynomial ring I, [x]. For each D € H, 1, we have a Dirichlet L-function
L(s,xp) attached to the quadratic character xp with conductor |D| := ¢g**!. This family of L-
functions also exhibits symplectic symmetry. Andrade and Rajagopal [3] and subsequently

8
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Andrade and Jung [2] studied the mean values of L(") (1 /2, xp) and an asymptotic formula for
the first moment of L (1/2,xp) is given in [2] which implies that for any positive integer n
as g — oo,

1

- A1) - (2g+ D", 2.1
Foen] (1)-(2g+1) (2.1

n (_
Z L( )(I/Z’XD) ~ 2

DEHp+1 (I’l +1 )

Here, A(1) is given as an Euler product over the monic, irreducible polynomials in IF,[x] and
is the same arithmetic factor that appears in the asymptotic formula for the first moment of
L(1/2,xp). The following proposition shows that (2.1) is indeed the asymptotic formula pre-
dicted by our conjecture in this case.

Proposition 2.7. For n > 1 an integer, we have that
_ 1)"
b7, (0m) = =~
0,1( 7”) 2(I’l+1)
Also, for n > 1, we have
by (0,n) = 1.

A mixed second moment involving a second derivative of these quadratic Dirichlet L-
functions over function fields was considered by Djankovi¢ and Poki¢ [13]. In particular,
theorem 1.1 and remark 1.2 in [13], along with Florea’s asymptotic formula for the second
moment of L(1/2,xp) in [15], imply that

1 L(1/2,xp)L" (1/2,xp) _ (1—q—')B

1/q)-(2g+1)°.

DeH g1

Similarly to the previous asymptotic formula, 5(1/g) is given as an Euler product over monic,
irreducible polynomials and it agrees with the arithmetic factor appearing in the asymptotic
formula for the second moment of L(1/2,xp). This result is therefore consistent with the
prediction of our conjecture as we compute that bfp ,(0,2) =1/80.

One can naturally use our theorems 2.1-2.5 to make analogous conjectures for the joint
moments of derivatives at the central point for any family of L-functions with symplectic or
orthogonal symmetry.

3. Preliminaries

We begin with the following two lemmas concerning Vandermonde determinants of differen-
tial operators. The first is quoted from [1, lemma 2.8] and follows from the definition.
Lemma 3.1. Let fi(x),...,fi(x) be k — 1 times differentiable. Then
A (ST ) = det (157 ()
dr /LT oV v
Lemma 3.2. Let fi(x,y),....fi(x,y) be k — 1 times differentiable in x and y. Then

2(a)2(5)]

1

Ji (xhyi)

k
=1

di+j—2
=2 (dX"ldelf“@ & Y>) |
xp=-=x=X, HES
n=-=n=Y
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In particular, when f| = - - - = fi, = f, we have
k )
d d diti—2
Al— A — i Vi =kldet| ————f(X,Y) |.
(ae) 2 () W] ___, =t (g5
= YI:"':_\’k:);
Proof. The case when f; = --- =f; = f is the result of [1, lemma 2.9] and the proof of the

general case follows the same lines. By lemma 3.1, we have

. -
( )Hﬁ Xi,i) det(ii,l xuyz> > sign(p H dl() | —fi (xi, i) -

HESK i=1

Then, by lemma 3.1 again, we have that

NENE)

(-1
=3 sign(u) (jy)nd“ )

Xi= dx#( ) 1 x=
v :)i/ HESk i=1 )i :)i/,
Z ( gr+i £ ))
= sign (p 77 i\Xi, Yi
et k><k dy/ x;‘==)§;
dr+i-2
= Z Slgn det (d}(ﬂ()llel'ﬁ (X Y))
HESK
diti—2
=2 (dxmdy;lfw * Y)) ’
HESK
where we have interchanged the rows of the matrix to obtain the final line. O

We next express a certain contour integral in terms of the hypergeometric functions g, (u).

Lemma 3.3. Let k € Z and let n > 1 be an integer. Then, for complex numbers uy, ..., u,, we
have
1 [e'e) n u{ﬂj
— - S
% = 1exp W+ZWZJ WkJrl - Z Hmj' ngrZZj:zjmj (ul)a

ma,...,m,=0 \j=2
where g,,(u) is the hypergeometric function defined in (1.4).

Proof. We compute the integral by determining the coefficient of w* in the exponential factor
of the integrand. So, let a, (k) be the coefficient of w in exp(w + E _1 35)- Then,

n n—1
U; o U, U;
exp W+Z@ —exp<w2n>exp W+Zﬁ
j=1 j=1
o0 um 5 (oo}
- Z;”!w* o Z ay—y (m)w™ | .

m=0 m=—o0
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From this it follows that

o0 m,

a, (k) = Z :1” Tan—1 (k+2nm,)

ne

m,=0

e’} n m;

n
= Z % a k—|—22jmj
7 j=2

my,...,m,=0 \j=2

We then see that by definition, a; (k+2>5/_, jm;) = gi12 S, jm; (u1) and hence

0 no
u.

J
a, (k) = Z H o Bk+2 370, jm; (ur),
Moy =0 \j=2"7
as required. 0
The next lemma allows us to take higher order derivatives of determinants of functions.

Lemma 3.4 (lemma 13 in [25]). Let s > 0, k > 1 be integers and a; j(x) be sth differentiable
functions of x. Then

d\’ s )
det (a;; (x)) = d t( G >,
(dx) kxek(a"( »)) Z (ll,...7lk> ek \ (x)
L+ the=s
where a( )( ) means that we take the I;th derivative of a; j(x).

We also include a lemma that allows us to explicitly evaluate certain determinants whose
entries are reciprocals of the Gamma function.

Lemma 3.5. Let k > 1 and m; > 0 be integers for j = 1,... k. Then, we have

k
1
det —my— 2j+2i).
kfk(F(2k—|—m,~—2i—j—|—2> H1 2k+m,—z]) l<g<k(mf mi =2 +20)

Proof. With our notation, equation (4.13) in [28] can be written as

1 _A(Zl7~--7zk)
lgxeltc<F(Zij+1)) - Hf:lr(zj) -

We take z; =2k+m; —2i+ 1 fori = 1,...,k. Then, we have

k
1 —1
det =172k i—2i+1 i —2j —m; 4 2i).
e (v - ek m—2e 07 TT n=2-mes2)

1<i<j <k

Since 2k +m; —2i+ 1 > 1 for 1 <i <k, we have that T'(2k +m; — 2i + 1) = (2k + m; — 2i)!
which completes the proof. O

Now, the shifted moments of the characteristic polynomials are defined as
HG@N) iz i= [ Mala) e Aa o) A,
G(2N)

These shifted moments have been computed by Conrey et al [10] and can be expressed in
the form of a multiple contour integral. We will use the following approximate versions of

1
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their formulae which follow easily from the results of [10] and the fact that (1 —e™*)~! =
x~!'+0(1) for small x.

Lemma 3.6 (corollary 2.4 in [1]). Let a,...,ax be complex numbers such that |o;| < 1/N
forj=1,2,... .k Then
(Sp (2N)

)
k(k 1/2 )eNZle(w,-—ai) k
55 55 [Taw: 1+0(N1)).
27T1 [wi|=1 H1<[‘/<k (Wz—ozjz> i=1

Lemma 3.7 (corollary 2.5 in [1]). Let cvy,..., o be complex numbers such that |o;| < 1/N
forj=1,2,... k. Then

(S0(2N) e” ™)

(—1)k= 1)/22k7§ yg A (w?) (Hlewi) Nl
27r1 wil=1 i<ij<t (W?*%g)

k

< [Jdwi (1+0(N7")).

i=l

Lemma 3.8 (corollary 2.6 in [1]). Let vy, ..., oq be complex numbers such that |oj| < 1/N
forj=1,2,... k. Then

1(O™ (2N);e e ™)
( k(k—1)/2 2]< % W2) (1_[?:1 ai> eNZle(WfJ"O‘i)
27r1 lwi|=1

2 2
1<i,j<k (Wi - O‘j)

xﬁdwi (1+0(N7).

Below we give two expressions for the derivatives of these contour integral expressions for
shifted moments with respect to the shifts «;.

Lemma 3.9. Letn > 0 and k > 1 be integers. Then

d" e N ( ko ) - (n) nem L
— — _ = H — Z (—N) m! i
da [T (sz - 0‘2) =0 i Wi ) o N Letotly=mi=1 Wi
lj even
Proof. This follows from the proof of [1, lemma 2.7] where we have corrected a typo. O

Lemma 3.10. Letn > 0 and k > 1 be integers. Then

ko n!
- <H2> > m(—f\’)m1

i=1 i my+2my~+---+nm,=n
my=ms=---=0

L

le

dr e—Noz

do” Hf:] (W _0‘2)

12
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Proof. The proof is similar to that of [25, lemma 9]. First, we have

d e—Na e—Na
W, v —e?) T (=)
i=1 i i=1 i
where
|
o) = —-N+ 2« .
fi(a) ; W
We can then write
dr efNa e*Noz

do [, (=) T, (=)™

where f,(«) is defined recursively by

fovr (@) =fu (@) fi (@) +1; (a).

Now, let g(«) be a function such that g’(«) = fi («). Then, we have that

n

8@ = e8(f ()

da”

But, by Faa di Bruno’s formula, we also have that

d n! m (gD ()\"”
g(a) _ p8(a) 8
doz”e —¢ Z m!~~~m,,!H< j! >

my+2my+---+nm,=n

o n (AT @\”
— p8(@) 3 m1!~~~mn!H<l ] )

my+2my+---+nm,=n j=1

Comparing the above two expressions for (d/da)"e8(*), we see that

n! “ lj_l)a "
fula) = Z mlg...mn!H<f< J-g( )> :

my+2my+---+nm,=n =1

One can check that forj > 1, we have

fgj) 0) = {O if j even,

215w iE o odd.

Hence, we have that

J

n! 2y ko \™
RO= > M(N)'"‘H(,sz> :

my+2my+---+nm,=n j=1 i=1 Wi

my=ms=---=0

Evaluating (3.1) at o = 0 using this expression for f,(0) yields the desired result.

3.1

O

In the following two propositions we will compute the main contour integrals that we need

to evaluate.
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Proposition 3.11. Let k > 1 and n > 1 be integers. Also, let (my,...,m,) be a tuple of non-
negative integers. Then, we have

n k m o p
1 K wi 1 dW,’
e d s T () T

j=1 i=1 "t

— (_1)k(k—1)/2 RINKEED /242370 iy Z H ms
Fs1y---5Tsk

k =
iy si=ms NS 2
§=2,...,n

3.2)

d\™
X (du) I(}SIE (821—1+22" ,sr“(”))

and, more explicitly,

1 NS n k 1 . dw;
W%...ﬁm_lmwm(wz)e = ’H(Z 2}) I

j=1 \i=1 Wi

n
NSRS <H< my ))
Fs, 1505 T sk

k —
Doy fsi=m s=1
s=1,...,n

k
<11 — ~ 1] (22% ZZsrs,—2]+21> (3.3)

ot (2k+22s:15rw+1_2])'1<,~<j<k —

Also, we have

n k mj
! > 1 dw;
—7575 A (W) A (W2) NS ' ;
(2m) | =1 (W) A (w) e H (Z W21> H Wi

j=1

— (_1)1‘(1‘*1)/2k!Nk(k—l)/2+ZZ;‘:1jm,- Z My
P 5 s 1y---5Tsk

Z,flrs,ifms =2
s=2,...,n
d\™
X (du) IilSItc(gzl —j— ]+22_73rﬂ(u)) _07 (34)
and, more explicitly,
1 m(E 1) dw
- .- A(w) A (w? Siowi — !
a5 ) T
— RINKG=D) /24255 jm Ms
: Z H Fs,1y---5Tsk
Sy rei=my =L ’
s=1,...,n
£ 1
xH 11 <ZZsrw—22sr“—2]+21> 3.5)
=1 (2k+2370 57— 2))! ISi<j<k \ s=1

14
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Proof. First, note that

and

We may also write

n k 1 J n d\" n k 1
XY= = a ) P 2.5
i 1 J j 1 i

j=1 \i=1 Wi j= j=1 i=1Yi =0
Then, we have that
s f(5) T
—_— e W w e i=1"
(2m1) S\ Sw? )i
j= i= i=
d d\1r/ d\"”
-2 () s (&)1 (&)
i=
"t u dw
2 'j i
ex wiXi+w;Yi+ —
"\ & 2 ) e
- /= Y; =N,
=0

n m; k . "
“TI(E) a(S)a(s oy 5SS |
_,1<de> A( ) (d)H 27r1§]é exp WX’+WY’+ZW2,' W | |y,

= x

i=1 [w|=1 j=1
1) (i, on(xeor i) )
where the last line is by lemma 3.2. Now,

d):%d;—l ﬁygexp <w2X+wY+§M?2,> %

7¢exp <WN+Z >W2k 13

N N,
=T om 7§exp W+Z Wl W2k 2 ]+3

X=0,
Y=N
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Therefore, we have

NZ , n k 1 mjkdwi
(2r1)f b famals H(sz,> 115

j=1 \i=1 i=1 i
1

N2K—2i-j+2 " AP, "
— K N N\ dw
-k H ( J) gfi( 2m1 %eXp W ; w2l | y2k=2i—j+3 B
" 1 Ny dw
_ kD) /2 l
kv H(dt]) (2W1¢exp <W+Z Wl > Wzk—z:—,—&-%)

0

=0

e (YR E VA P
i) kX :

Jj=1 I=1

;=0

(YR /2 AR 1) /24 50, 2y d\" 1
-0 o | /H<du,> 9><k<2 exp W+ZW2’ W2’ ’“

k]

;=0

where we have used the fact that dety (N2 a; }) = N=3**+D/2 det; 4 (a; ). Also, the fourth
line follows from the change of variables u; :szzfj and in the last line we have inter-
changed the rows of the matrix. Next, by lemma 3.3, the contour integral appearing in the
determinant is

S} noq
ug
2 f P <W+Zw21> Wit Z (II l‘!> 822y, s, ()

byooidy=0 \s=2 °

We use lemma 3.4 to carry out the differentiation of the determinant with respect to u5, ..., u,
which gives us

; d\" 1 ~ dw
1(6) (ol £2) )
- ¥ H( m )

k §=2 Fs,1yeeesTsk

uj=0

Zi:]rxi_m\
s=2,...,n
d m n d Fyi oo n ulv
— det —
. (du1> kfk H (du?) Z H 1! 82i—j+2371_ ( )
5=2 byesly=0 \5=2 w0
n ms d mi
-z (H (r“,...,rs k>> (du) det (g2ij12537,on, () . (3.6)
S ri=mg \s=2 0 ’ u=
s=2,...,n

Putting it all together yields (3.2). We obtain the more explicit expression of (3.3) by perform-
ing the final derivative with respect to u and computing the resulting determinant. By lemma
3.4 again,
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n mS d m
Z <H (G,l,...,FS,k)) <du> gfltc (gZi_HZELZ"” (u))

s=2

k _ u=0
i=1"s,i=Ms

§=2,...,n

n T
my d L,i
— k Z (H (rm L ,rs,k>) SS]E ((du> 82i—j+2 5" 51 (u)>

ryi=my \S=1

u=0

By definition, for j > 0 we have that

d J 1 ew+u/w2
(du> gm () = 5— " T AW = g (u),

and

1 ev 1
m 0)= dw = .
gn(0) 2771y|§w|:] e F'(m+1)
Thus, the sum in (3.6) is equal to
n mg 1
det .
Z (H (rs)l,_,.7rs,k)> kxk (F (Zi—j—i—ZZ?:lsrs’i + 1) )

k =
Sois rsi=mg NS !
s=1,...,n

We evaluate the determinant above by first making the change of variables i — k+ 1 —i and
defining 7, ; = 7y y41—; so that the sum becomes.

_ . 1
D2 < my > dot '
(=1 . Z H Ts1y-vesTsk kSk F(2k—2i—j—|—22?:ls?sﬁi—l—3)

i=1"s,i=Ms s=1
s=1,...,n

Note that since Zf:] Tsi= Zf:l 75, we may drop the tildes and then apply lemma 3.5 to
the determinant. Using the resulting expression for the sum in (3.6) yields (3.3). The proofs
of (3.4) and (3.5) are similar. O

Proposition 3.12. Let k > 1 and m; be integers for j = 1,... k. Then we have

1 A(w)A (wz) MNiziw N2k ) =242
Z . T T H dWl' = det . . .
(271) =1 T, w2 i o xk L (2k4my i) —2i—j+3)

j=1"j

Proof. As in the proof of proposition 3.11, we write

k
2 NZ?:]“"’— i i 2y, Y.
A(w)A(w?) e _A(dX)A<dY> exp<;wiX,+w,Y,>

X; =0,
Y, =N
Then, we have that
OB (4 (8) s
% & 2h+ w; = v Ty i iy i )
(2m1) [y ™ i WA e

17
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where

21

1 e(wzx,-—&-wY,v)
fi(Xi, Y1) = ylngl I

So, by lemma 3.2, we have

NI wi diti-2
1 2k+m1 H]dwf T o (dxi—ldw—lﬁ“") *. Y)) x=0,’
J Wi i= HES; Y=N
Now,
diti—2 1 Pty N2kFmy ) =2i—j+2

= fu()) (X, Y) |x=0, = 7% T a3 = — ;
dx:—1dy y=N 2m1 lwj=1 W w() 7 F(2k+mu(l) 21—]+3)
and the proposition follows. O

4. Proofs of the main results

In this section we will present the proofs of our main results. Our strategy is to obtain the
joint moments by differentiating the corresponding shifted moments with respect to the shifts.
Indeed, one may check by induction that for G(2N) € {Sp(2N), SO(2N), O~ (2N)}, we have
that

n ki n ko
[ (0 (50} s
ki n k n
:,Ul<dij> 11 (dd) 1(G@N)se™™ e )|, (1+0(N7")),

(0%
j=ki+1 J

where k = k; + k,. Also, the error terms in lemmas 3.6-3.8 are uniform in « so we obtain an
asymptotic formula after performing the differentiation.

4.1. The unitary symplectic group Sp(2N)
Proof of theorem 2.1. By the above argument and lemma 3.6, we have that
n ki " ks -1 k(k—1)/2
[ () () = L im0 (). @
Sp(2N) :

where

S
Jkll)k (nhnZ)

ki ny k ) NZ, L (wi—ai) k
dw;
1_[1 (dozj) :H (da,) 271-1 yg ﬁ“ 1 H1<u<k( 04,2) H W

i=1

;=0

4.2)



J. Phys. A: Math. Theor. 57 (2024) 205205 J C Andrade and C G Best

We use lemma 3.10 to carry out the differentiation and obtain

Jff,kz (”1 ’nZ)

ki
I n! A )"
! a
:7k¢¢ > vl (-Zg)
(Zﬂ—l) a1+2a2+~~+n]a,,1:n1 ar: an1~ j=l1 J i=1 Wij
a3=as=:--=
k
ny! b /2] 1 k 1 .
1
x byl b i (=N) H <J-sz> Aw)
bi42brt-Ambyy=ny L j=1 i=1 Wi
by=bs=---=0
k k dw;
x A (wW?) eV 2i=ii .
() V[

i=1 i

Recall the definition of the tuples a; and b; defined in the statement of the theorem. Then, we
can expand the brackets in the integrand of Jflp & (m,m) as

ki
[m/2] =
n1' a 1 1
> o T (3300)
| | 2
ar+2ax+---+nian, =n ! G Jj=1 J i=1 Vi
ay=as=---=0
n /2 k S uiai
_ ki (nl)!kl N Zf:l”ifli,o[ ik 1 1 1
- Z Uy,...,Uup HP (a")ui (_ ) H ;Zﬁ ’
w4 tup=k; ’ ’ i=1\di+ j=1 =1 "1

with a similar expression for the bracket to the power of k; in the integrand. Using these
expansions, our expression for Ji’]’ 1, (n1,12) becomes

k (m)t0 S wa

‘Iipk (nl I’lz) = Z ( : > (_N) I jwiaio
o , u; ni /2] S g
. ILI'):I( ) ( : {]]Z':‘ ! ”)

- Fup=k; ree UP ai! HJ:
v 20 .52
e Tvo—ko Viy--5VQ I‘LQ:1 (b;!) (HJ['Z{ ]JEizl :bl,/)
1 e (Y
X ——— - A(w) A (w?) eV iz — —,
(27r1)k;£ §£W,1—1 (44 () ,1;[1 (12—; W12j> 11;[1 wit

where W, := Zle uia[J+ZiQ:1 vibij for j=1,...,[n;/2] and W;:= Zinl"ibiJ for j =
[71/2]+1,...,[n2/2]. We now apply proposition 3.11 to the contour integral above with
mj = W;. In particular, using (3.2) gives us that

19
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P a
TP (niymy) = (=MD D2 R ky (m)! (=)= dio
o U+ Fup=ky “lowoooUp Hf:l (ai!)ui (H nl/Z]JZ ,]uz"‘!)

E kZ 2 (_ 2:7 i bi
X < ) ( ) ( N) Yoo N2§:j 2/2 ]VV/
4 tvp= 1y VO | |Q Vi ]‘Iib 2

v “TVo 53 v v i=1 b' l( o ’ )

[n2/2] W d\"
: — ] d t< 122 )
v (") (dx) ey, O

S ri=W \ =2
5=2,...,[m/2]

x=0

Using the definition of W;, we compute the power of N in the summand as

[n2/2) (1 /2) /2]

ZutatO‘i'ZVl 10“!‘22]“/] Zul a10+2zjald +Zvl 10+2Z.]b11

i=1 i=1 i=1 i=1

=n1§ ui+"2§ Vi
i=1 i=1

=kiny + kan,.

Also, since a;9p=n; (mod 2) and b;p=ny, (mod 2) for all i, the factor of (—1) in the
summand is

(—I)Zf:‘ “i“iTOJFZlQ:] vibio _ (_1)”] Zf’:, ui+ny Z,Q:I vi _ (_l)k1n1+k2nz .

Combining these two observations with our expression for Jilp &, (n1,n2) and using (4.1) yields
the statement of the theorem. O

Proof of theorem 2.2. We begin as in the proof of theorem 2.1 with (4.1) and (4.2). We use
lemma 3.9 for the derivatives in this case which gives us that

ki
B nm) = o (m)(_N)nl_mml ) H
7” wil=1"\ =0 ot le=mi= [
I; even
ky
2 (n i L dw
2 A\ m oy ( 2) NY i wi i
X ' .
Z(m>( N) m AWwW)A(w")e szk
m=0 L+-+h=mi= [ i=1 "1
I; even

20
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Rather than expand the brackets in the integrand, we write them as

ki
n " X |
1
S e ST
m i
m=0 L+ +h=mi=1 w;
I; even
ki
k k
n—>%_1 n 1
S IR SR Tt &
i i< i=19/ \ij=t ) j=1"j
I even
ki . n k X |
— n =23 1, 1 N
a1 e EO o 3 A R D BV s
22 :/\nli:I j=1"1J j=I j:le i=1"%j
l—| .k

with a similar expression for the second bracket to the k,. We then have that

ky k
ny— k 1 ni
I mm) = > T (w2t <22k ,j) 23y |!
j=1"

22 K l<ny =1 Jj=1

ko
5 (e Mw) 550

,,,,,

A o) Eom
§£ 55 Hsz
2771 [wi|=1 H 2k+221 1 1/+221 1M
= 2 > (" (nzl)’Q(fN)k""*"Z”Z*ZZf’:'(Zf'él’fﬂf@fil'"w)

22, l[‘ i<m 22}:1”’h/<”2
=1,k =L,k

ky ky

I I
x il_[l(m—zzj’,‘_ll,,,)! ,Hl(nz—zz’f_lm,-,f)!

Nk wi k
% ¢ ( ) HdW,‘.
2771 [wi|=1 H 2k+221 A2 my Pl

1

We set V; = ZZI,I it 22?2:1 m;; for j =1,... k. Then, by proposition 3.12, the contour
integral in the last line above is equal to

N2V —2i=+2

4 — NFGED /243 1 .
g&kf£<F(2k+Vu(,-)—2i—j+3)> ' Zm T (2k+ Vo) — 2i—j+3)

21
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. 5
Hence, our expression for J;” , (n1,n;) becomes

Jiﬁkz (n1,m2) = (= 1) (g 1) (y1)e NRGED/2Hm Fan,

ki

DD DEND DI | —

k
: _ . ))
HESK2STE_ ly<mi 2350 miy<np \P=1 (nl 22j:111J>'
=1,k i=l,.k

X ﬁ ! det !
: 5% g Y1 Bk \ T (2k 4V, —2i—j+3) )
i=1\n2 Zj:l m;; |- (i)

Now, by an argument similar to that given at the end of the proof of [25, theorem 25], we have
that the sums over /; ; and m; ; do not depend on the choice of permutation p.. Explicitly, given a
permutation y € Sy, we can make the change of variables /;; = [; ,(;y and m; ; = m; ;,( ;). Then
we have that Zle = Z;‘:l lijand Zle m;j = Zj‘:l m; ;. Also, we have

ki ky k k
Vi) =2 i) 2D mi(y =2 lig+2) iy
i=1 i=1 i=1 i=1

Thus, we may take p to be the identity and replace the sum over p € Sy by k!. To finish, we
apply lemma 3.5 with m; = V; + 1 to the last determinant which gives us

‘]Zp,kz (”ll,”lZ) — (_1)k1"|+k2"2 k! (I’l]!)kl (i’lz!)kz Nk(k+1)/2+k1"|+kzﬂz

ky ka
1 1
D S DU [ P—— Yy (R —
2 hym 2wy \i=] (”1 —22,«:111‘4‘)- i=1 (nz_ZZj:lmiJ)‘

1,0k i=1,....k

k
1
_ V- Vi 2j 4 2i).
lej[](ZkJerijJrl)' II v j+20)

TIi<j<k

The theorem follows on using this final expression for Jif’ s (n1,np) in (4.1).

4.2. The special orthogonal group SO(2N) and O~ (2N)

Proof of theorem 2.3. The proof is similar to that of theorem 2.1 but we now use lemma
3.7 for the shifted moments. We again use lemma 3.10 for the derivatives and apply (3.4) in
proposition 3.11 to the resulting contour integral. O

Proof of theorem 2.4. We follow the proof of theorem 2.2 using lemma 3.7 for the shifted
moments and lemma 3.9 for the derivatives. We then use proposition 3.12 with m; = V; — 1 for
the contour integral and conclude the proof similarly using lemma 3.5. O

Proof of theorem 2.5. Using the argument at the beginning of the section and lemma 3.8, we
have that

" kg oo ks _kk=D/256
/ (A5 )" (a5 () M:%khkz(m,nz)(Ho(Nfl)),
0~ (2N) !

22
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where

Jko k: (}’l] 7"2)

15

) NS (ko)

) 1 (@) e g M S

j=1

a;=0
For the derivatives, we use the fact that forn > 1,

No dn—l eNa

T (- o)

&
ao T, (w7 =)

a=! a=0

Hence, we have that

ki d n—1
I 4 (n,my) =l [ ] (dj,)

j=1 N

k Nzk_ (wi+cy)
BINE cp i
. doy 27r1) H W ,a2> :
j=ki+1 1<11<k J

i=1

a;=0

This integral expression is very similar to the expression forJ}f ko (ny — 1,np — 1) givenin (4.2)
and so we can proceed as in the proof of theorem 2.1 or 2.2, s1mply replacing (—N) by N when
we use lemma 3.9 or 3.10. In either case, we obtain the statement of the theorem. O

4.3. Proof of proposition 2.7

We conclude this section by proving proposition 2.7. Let n > 1 be an integer. Then, by theorem
2.2, we have that

(—1)"n! 1
piH Z (2@ 1]

2I<

,z(;z:i)
_w(l_(i)jr]) Z(;z)+ 2 <2111)

bgfjl (OJl) =

2i1<n 21<n—1
G L
_2”+1(n+1)§ !
(Y
2(n+1)’

where we have used standard properties of the binomial coefficient. In the same manner, by
theorem 2.4, we have
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1
bpq (0,n) =2"""nl Y " ———
0.1 (0:m) Iljz:(n——ZD!(ZD!
21<n
n
:217’1
> ()
2i<n
=2 2 (") a0
a 21 20—1
21<n—1 21<n
n—1
n—1
:Zlfn
(")
=0

5. Numerical results

Below we give some numerical values for b, (ni,n2) and b (n,my). Values of
by 4, (n1,n3) follow from theorem 2.5 so are omitted. Numerical values for bg’” (0,2) and
bgg(O,Z) for k < 10 are given in [1, section 4].

The following are bg{’k(O, 3)fork=1,...,4:

1
23
23

27.3.5.7
1

S 28.52.7.11
233

218.34.53.72.11°

b (0,4) fork=1,...,4:

1
2.
25
24.32.52.7.11
8913103

29.35.53.72.11-13- 17
1627 - 693731

210.35.55.73.112-132.17-19-23°

— W

We also have b‘f{’l (n1,1) forny =0, 1:
1 1
48’ 96
b\ (ny,2) for ny =0,1,2:
11
807 160’ 5040°

24



J. Phys. A: Math. Theor. 57 (2024) 205205 J C Andrade and C G Best

b\ (m,3) for ny =0,1,2,3:

11 x
1207 240’ 67207 13440°

b’y (ny, 1) for ny = 0,1:

1 1
115207 23040

b‘?{’z(nl,Z) forn; =0,1,2:

103 103 487
3628800 7257600 59875200

bf[:z(”h?’) forn; =0,1,2,3:

1 1 19 1
89600° 179200 5913600°  492800°

The following are b3%(0,3) for k= 1,2,3,4:

1

3

2.5
1

24.3.7
1613

29.3.52.72.11-13°

b39(0,4) for k=1,2,3,4:

1

71

2.32.5.7
23-2657

2-33.53.72.11-13
7159 -316201

20.35.54.73.112-13-17-19°

We also have b} (n1, 1) for ny = 0,1
1
5
bio](”hz) forn; =0,1,2:
217
3’37 30°
b{ (n1,3) for n; =0,1,2,3:
11 ji
0’ 20°

1,

1
) 47

N =
D
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by (m, 1) for ny =0, 1:
11
127 24°
by%(m,2) forny = 0,1,2:
19 19 26
630’ 1260 2835°
by%(m,3) forny = 0,1,2,3:
23 23 43 L
1680’ 3360° 10080° 336"
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