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Abstract

In this thesis I use three-dimensional radiation hydrodynamic calculations to pro-

vide an insight into the properties of protostellar discs, and how their environment can

impact them. Through the use of large star-cluster formation calculations, I find some of

the ways the metallicity of the molecular cloud can impact discs. The statistical proper-

ties of discs formed in one of these calculations match those of observational surveys very

well. Motivated by the ability of hydrodynamic calculations to make comparisons with

observations I extend the existing numerical methods to model the dynamics of small dust

grains in an astrophysical context.

When considering the effects of metallicity on discs I find discs in low metallicity

environments tend to be smaller and less well aligned with spin of their protostar. This is

due to the low opacity caused by low metallicity and the increased cooling rates because

of this. This leads to an enhanced rate of small scale fragmentation. The fragmentation

causes an increase in stellar multiplicity and causes the truncation of disc radii.

Using a star-cluster formation calculation at solar metallicity I study the occurrence

rate of circumbinary discs. I find that for a given sample of binaries one would expect

around 35 per cent of systems to host a circumbinary disc. However, circumbinary discs

around binaries with a semi-major axis greater than 100au are predicted to be very rare.

I compare the distribution of all known observed of mutual inclination angles between

the circumbinary disc and its host binary orbit with those formed in the calculation. The

underlying distributions of the two samples are in good agreement.

I have developed an implicit algorithm to model the dynamics of small dust grains.

I find this method to be fast, accurate, and avoids several issues there are present with

the current dust-as-mixture method in smoothed particle hydrodynamics. This method

is applied to dusty discs with an embedded planet. In these calculations, I confirm the

discovery of a vertical dust transport mechanism that has only been recently identified by

other authors.
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Chapter 1

Introduction

“Damn, I had something for this”

— Sterling Archer

1.1 Circumstellar Discs

The formation of circumstellar discs is a natural consequence of the process of star forma-

tion due to the conservation of angular momentum. These rotationally supported struc-

tures provide a reservoir of material for further star and planet formation. Whilst these

discs are a common feature for young stellar objects they exist only for a small fraction of

the lifetime of the star, a few million years. It is in this time that the initial diffuse cloud

of gas and solids can evolve into entire planetary systems. These discs have long been

hypothesised to be associated with the origin of the solar system, theories put forward by

René Descartes and Immanual Swedenborg are among the earliest. However, Immanuel

Kant and Simon-Pierre Laplace are more often credited as being the originators of such a

theory on the formation of the solar system; this theory is referred to as the Nebula Hy-

pothesis. In the following centuries we have been able to detect and observe these discs,

first via an excess in infrared emission in their spectral energy distributions (e.g. Aumann

et al. 1984; Smith and Terrile 1984; Strom et al. 1989) and then onto direct images of discs

(e.g. Beckwith et al. 1984; O’Dell et al. 1993; McCaughrean and O’Dell 1996; McCaugh-

rean et al. 2000). More recently facilities such as the Spectro-Polarimetic High contrast
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imager for Exoplanets REsearch (SPHERE) instrument at the Very Large Telescope (VLT)

has allowed for images of star light scattered off the disc to be captured (e.g. van Boekel

et al. 2017; Avenhaus et al. 2018; Beuzit et al. 2019; Valegard et al. 2024; Garufi et al. 2024).

These recent images from SPHERE provide unprecedented detail of circumstellar discs,

and their environment. The work of Garufi et al. (2024) is a fantastic example of the abil-

ities of the SPHERE instrument. Whilst SPHERE is a fantastic instrument it only gives

us a glimpse of the surfaces of discs as it detects scattered light, and there is no way to

see deeper into the disc. The task of looking within the disc itself is more suited to the

Atacama Large (sub)Millimetre Array (ALMA). In the past decade ALMA has been the

workhouse of disc observations, and has been utilised to study hundreds of circumstellar

discs. The instrument works by detecting the thermal emissions of dust grains within the

disc, typically grains around one millimetre in size. These grains are thought to mostly ex-

ist near the midplane of the disc. In 2014 the poster image of ALMA was released (ALMA

Partnership et al. 2015), it did not take long before structures in discs were being observed

(Flock et al. 2015; Isella et al. 2016) and even surveys of local star forming regions were

being conducted (Ansdell et al. 2016; Long et al. 2018). In the context of discs it is the

detection of substructures and population statistics of disc that are the most significant

results from ALMA.

1.1.1 Formation

Stars form in relatively diffuse molecular clouds that have angular momentum (Arquilla

and Goldsmith 1986; Goodman et al. 1993). As angular momentum is conserved in the

collapsing cloud of gas it flattens out into the net angular momentum plane of the cloud,

forming a disc. The initial properties of the discs and their evolution are influenced by en-

vironmental factors such as stellar radiation, accretion, dynamical interactions with other

objects.

Until recently, spatially resolving these discs was difficult and so measurements of

disc were taken from inferences derived from unresolved spectral energy distributions

(SEDs), the distribution of flux as a function of wavelength. These Young Stellar Objects

(YSOs) are divided up into four (or five) classes depending on the form the infrared region
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of their SED via

𝛼IR ≡
Δ log(𝜆𝐹𝜆)

Δ𝜆
. (1.1)

The magnitude of the 𝛼IR parameter dictates into which class the YSO is placed into (Lada

and Wilking 1984; Lada 1987; Andre et al. 1993). A typical classification scheme looks like

this:

1. Class 0: undetectable at 𝜆 < 10𝜇m, SED peaks in the far-IR.

2. Class I: 𝛼IR ≥ −0.3, SED peaks between near- and mid-IR. Sometimes this class is

split up further including the flat spectrum sources.

3. Class II: −1.6 ≤ 𝛼IR ≥ −0.3, SED has a steep slope in near- to mid-IR.

4. Class III: 𝛼 < −1.6, SED is essentially that of a stellar photosphere.

The Class 0 objects are the most embedded one, and usually thought to be the youngest and

least evolved objects. These clouds are optically thick and so any protostar in the centre is

difficult to detect. In the past decade or so, advancements in radio interferometers have

allowed us to probe into these objects and even detect discs within them (e.g. Tobin et

al. 2012; Yen et al. 2015; Segura-Cox et al. 2016; Aso et al. 2017). The detection of discs

in this early stage of star formation implies that discs form rapidly. Numerical models

suggest that discs form within a few 10
4

years (Yorke et al. 1993; Machida and Matsumoto

2011; Tsukamoto and Machida 2013), and in some instances even before the star forms,

these objects are termed pre-stellar discs (Bate 1998, 2011).

1.1.2 Structure

The study of discs has a rich history with numerous reviews and pedagogical texts which

have become very popular sources of fundamental knowledge. Here, I make use of such

sources. Specifically, the review of Pringle (1981) and textbook of Frank et al. (1992) which

discuss the importance of accretion in astrophysics and provides a good account of the

theory required to study discs in astrophysics. Here we give a summary of the main results

relevant to this thesis.
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1.1.2.1 Vertical structure

Obtaining the structure of a disc via finding a steady state solution to the equations of hy-

drodynamics and Poisson equation of gravitational potential is not trivial, nor is it guar-

anteed to be stable (Papaloizou and Pringle 1984). Instead, some assumptions are made

to make things more straightforward. Consider an optically thick, low mass (≃ 0.01Mstar),

geometrically thin disc that is supported by gas pressure. In this case we do not have to

worry about the gravity from the disc itself. Then by assuming the disc is vertically isother-

mal with constant sound speed, the vertical density profile can be found by balancing the

force of gravity and pressure. An isothermal disc has sound speed 𝑐2

𝑠 = 𝑘𝐵𝑇/𝜇𝑚𝐻 and

pressure 𝑃 = 𝜌𝑐2

𝑠 , where 𝑘𝐵 is Boltzmann’s constant, 𝑇 is disc temperature, 𝜇 is mean

molecular weight, 𝑚𝐻 is the atomic mass of hydrogen, and 𝜌 is the gas density of the disc.

The condition for vertical hydrostatic equilibrium at height 𝑧 above the mid-plane of the

disc at a radius 𝑟 is

d𝑃

d𝑧
= −𝜌𝑔𝑧 = − 𝐺𝑀∗

𝑟2 + 𝑧2

sin (𝜃)𝜌, (1.2)

where 𝐺 is the gravitational constant, 𝑀∗ is the stellar mass, and 𝜃 is the angle opened

between the point that is a height 𝑧 and a distance 𝑟 from the central star. For a thin disc

𝑧 ≪ 𝑟 and substituting in the equation for 𝑃, Eq. 1.2 becomes

𝑐2

𝑠

d𝜌

d𝑧
=

𝐺𝑀∗
(𝑟2 + 𝑧2)3/2

𝑧𝜌. (1.3)

Keplerian angular velocity in the mid-plane is defined as ΩK ≡
√
𝐺𝑀∗/𝑟3

and so Eq. 1.3

can be written as

𝑐2

𝑠

d𝜌

d𝑧
= −Ω2

K
𝜌𝑧, (1.4)

the solution to which is

𝜌(𝑧) = 𝜌0 exp

(
−𝑧2/2𝐻2

)
, (1.5)

where 𝜌0 is the density at the mid-plane and 𝐻 ≡ 𝑐𝑠/ΩK is the vertical scale height. By

defining the surface density Σ =
∫
𝜌d𝑧 the mid-plane density can be written as

𝜌0 =
1√
2𝜋

Σ

𝐻
. (1.6)
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How does the mass of the disc affect this approximation? Consider an infinite disc, Gauss’

theorem states that the gravitational acceleration is independent from height above the

mid-plane,

𝑔𝑧 = 2𝜋𝐺Σ, (1.7)

this is the contribution from the disc itself. Equating this with the contribution from the

stellar host at 𝑧 = 𝐻 we see that the stellar gravity dominates if

Σ <
𝑀∗𝐻

2𝜋𝑟3

. (1.8)

From this we have a regime in which self-gravity of the disc is negligible,

𝑀disc

𝑀∗
<
𝐻

2𝑟
, (1.9)

where𝑀disc ∼ 𝜋𝑟2Σ. For typical values for circumstellar discs this implies when𝑀disc/𝑀∗ ∼

𝐻/𝑟 our current description of disc vertical structure breaks down and the disc self-gravity

must be considered. Typically this is the case when 𝑀disc/𝑀∗ ≳ 10
−2

, in addition to this

there is a criterion upon the cooling time scale of the gas disc, when the this timescale is

shorter than the orbital timescale a disc is more likely to fragment (Gammie 2001). Given

this criterion it is usually cool discs that are susceptible to fragmentation. For a disc orbit-

ing a solar mass star that is accreting at a rate 10
−6

M⊙ yr
−1

the temperature at which this

instability occurs is ≲ 20K.

1.1.2.2 Radial structure

Unlike in the vertical direction, the density profile of a disc in the radial direction can not be

derived so easily. In particular, the transport of angular momentum must be dealt with.

However, with given surface density and temperature profiles we can learn something

about the azimuthal velocity of the gas, 𝑣𝜙. Consider the momentum equation of an

inviscid fluid

𝜕v

𝜕𝑡
+ (v · ∇)v = − 1

𝜌
∇𝑃 − ∇Φ, (1.10)
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where v is gas velocity, and Φ is gravitational potential. From the radial component of

this, the orbital velocity of the gas is given by

𝑣2

𝜙

𝑟
=
𝐺𝑀∗
𝑟2

+ 1

𝜌
d𝑃

d𝑟
. (1.11)

In the above equation the values are for the mid-plane of the disc. However, the pressure

in the mid-plane usually decreases with radius meaning the second term on the righthand

side is negative; this means the orbital velocity of gas is less than Keplerian. Using fiducial

profiles for surface density and temperature of Σ ∝ 𝑟−1
and 𝑇 ∝ 𝑟−1/2

then, 𝑐𝑠 ∝ 𝑟−1/4
,

𝜌 ∝ 𝑟−9/4
and 𝑃 ∝ 𝑟−11/4

. Substituting and approximating d𝑃/d𝑟 ∼ −𝑃/𝑟 into Eq. 1.11

and using 𝐻 ≡ 𝑐𝑠/ΩK gives,

𝑣𝜙 = 𝑣K

[
1 − 11

4

(
𝐻

𝑟

)
2

]
1/2

(1.12)

where 𝑣K =
√
𝐺𝑀∗/𝑟. From this we note that the deviation from Keplerian velocity is

O(𝐻/𝑟)2. For a thin disc with 𝐻/𝑟 = 0.05 at 1 au the difference between disc azimuthal

velocity and Keplerian is about 0.25%. This is small however, this velocity is lower than

that of solid bodies, this induces an aerodynamic drag on solids in the disc which can have

profound effects. The reason that solids flow at Keplerian velocity is that they do not feel

the radial pressure gradient like the gas.

1.1.3 Evolution

From observations we know that discs are not static objects. They change over time, gas is

accreted onto the central object, and gas is also dispersed. Yet theoretically, the dominant

physical process for disc evolution remains unclear. Considering again a thin, low mass

disc, the specific angular momentum is given by

𝑙(𝑟) = 𝑟𝑣𝜙 ≈
√
𝐺𝑀∗𝑟. (1.13)

Note that this is an increasing function with radius, however we know from observations

that gas is accreted via the disc, how can this be? There must be some mechanism through
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which the disc loses angular momentum. Identifying a dominant mechanism is a central

problem in accretion disc physics.

In the classical approach (Lynden-Bell and Pringle 1974; Pringle 1981) the disc is

treated as a vertically thin, axisymmetric sheet of viscous fluid. The presence of viscosity

allows the gas parcels to transfer their angular momentum and spiral inward toward the

central object to be accreted. This approach leads to a relatively simple equation for the

evolution of disc surface density Σ(𝑟, 𝑡). Now, this viscosity is not simply molecular vis-

cosity, the angular momentum transport is too low, but rather the outcome of turbulence

in the disc.

Given a surface density Σ(𝑟, 𝑡), radial velocity 𝑣𝑟(𝑟, 𝑡) and angular velocity Ω(𝑟) the

evolution of a flat, circular, thin viscous disc follows from the continuity equation and

the azimuthal component of the momentum equation. Consider an annulus of gas with

a radial extent between 𝑟 and 𝑟 + Δ𝑟, the mass of the annulus is 2𝜋𝑟Δ𝑟Σ and has angular

momentum 2𝜋𝑟Δ𝑟Σ𝑟2Ω. The rate of change of the mass of the annulus is equal to the net

flow into it,

𝜕

𝜕𝑡
(2𝜋𝑟Δ𝑟Σ) =𝑣𝑟(𝑟, 𝑡)2𝜋𝑟Σ(𝑟, 𝑡)

− 𝑣𝑟(𝑟 + Δ𝑟, 𝑡) · 2𝜋 (𝑟 + Δ𝑟) · Σ (𝑟 + Δ𝑟, 𝑡) ,

in the limit as Δ𝑟 → 0 this becomes,

𝑟
𝜕Σ

𝜕𝑡
+ 𝜕

𝜕𝑟
(𝑟Σ𝑣𝑟) = 0, (1.14)

which is the continuity equation. The derivation of the angular momentum is similar,

except we must include the transport due to viscous torques 𝐺(𝑟, 𝑡). We have

𝜕

𝜕𝑡

(
2𝜋𝑟Δ𝑟Σ𝑟2Ω

)
=𝑣𝑟(𝑟, 𝑡)2𝜋𝑟Σ(𝑟, 𝑡)𝑟2Ω(𝑟)

− 𝑣𝑟 (𝑟 + Δ𝑟, 𝑡) 2𝜋(𝑟 + Δ𝑟)Σ (𝑟 + Δ, 𝑡)

· (𝑟 + Δ𝑟)2Ω(𝑟 + Δ𝑟) + 𝜕𝐺

𝜕𝑟
Δ𝑟,
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which in the limit Δ𝑟 → 0 gives

𝑟
𝜕

𝜕𝑡

(
Σ𝑟2Ω

)
+ 𝜕

𝜕𝑟

(
𝑟Σ𝑣𝑟𝑟

2Ω
)
=

1

2𝜋
𝜕𝐺

𝜕𝑟
. (1.15)

We have that the rate of change in angular momentum is controlled by the change in

surface density due to radial flows and the difference in viscous torques acting on the

inner and outer edges of the annulus. For a viscous fluid

𝐺(𝑟, 𝑡) = 2𝜋𝑟𝜈Σ𝑟2
dΩ

d𝑟
, (1.16)

where 𝜈 is the kinematic viscosity. Using Eq. 1.14 the momentum equation can be sim-

plified to

𝑟Σ𝑣𝑟
d

d𝑟

(
𝑟2Ω

)
=

1

2𝜋
𝜕𝐺

𝜕𝑟
, (1.17)

under the assumption that 𝜕Ω/𝜕𝑡 = 0. Combining this with the continuity equation to

get rid of 𝑣𝑟 we have

𝑟
𝜕Σ

𝜕𝑡
= − 𝜕

𝜕𝑟

(
1

2𝜋 (𝑟2Ω)′
𝜕𝐺

𝜕𝑟

)
, (1.18)

where (𝑟2Ω)′ denotes the radial derivative. Now, using the assumption of Keplerian an-

gular velocity we have the surface density evolution equation for a geometrically thin disc

with internal angular momentum transport

𝜕Σ

𝜕𝑡
=

3

𝑟

𝜕

𝜕𝑟

(
𝑟1/2

𝜕

𝜕𝑟

[
𝜈Σ𝑟1/2

] )
. (1.19)

This is a diffusion equation for Σ that may or may not be linear depending on the form

of 𝜈. If 𝜈 is a function of Σ then it is nonlinear. Some headway can be made by assuming

that 𝜈 is constant. From Eq. 1.19 we have

𝑟1/2
𝜕Σ

𝜕𝑡
=

3𝜈
𝑟
𝑟1/2

𝜕

𝜕𝑟

(
𝑟1/2

𝜕

𝜕𝑟

[
Σ𝑟1/2

] )
=⇒ 𝜕

𝜕𝑡

(
𝑟1/2Σ

)
=

3𝜈
𝑟

(
𝑟1/2

𝜕

𝜕𝑟

)
2 (
𝑟1/2Σ

)
. (1.20)
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Figure 1.1: Solution to the disc evolution equation with constant 𝜈 and increasing 𝜏. It shows the spreading

of the initial ring from 𝑟 = 𝑟
0
.

Now we change variables 𝑋 = 2𝑟1/2
this becomes

𝜕

𝜕𝑡

(
𝑟1/2Σ

)
=

12𝜈

𝑋2

𝜕2

𝜕𝑋2

(
𝑟1/2Σ

)
, (1.21)

and rewriting 𝑟1/2Σ = 𝑇(𝑡)𝐵(𝑋) we have

𝑇′

𝑇
=

12𝜈

𝑋2

𝑋′′

𝑋
= −𝜆2 = constant, (1.22)

where the functions 𝑇 and 𝐵 are exponential and Bessel functions respectively. Using a

Green’s function solution at time 𝑡 = 0 for gas that lies in a thin rings of mass𝑚 and radius

𝑟0

Σ(𝑟, 𝑡 = 0) = 𝑚

2𝜋𝑟0

𝛿(𝑟 − 𝑟0) (1.23)

where 𝛿(𝑟 − 𝑟0) is the Dirac delta function. Using a zero-torque boundary condition at

𝑟 = 0 and allow free-expansion toward 𝑟 = ∞ the solution is expressed as

Σ(𝑟, 𝑡) = 𝑚

𝜋𝑟2

0

1

𝜏
𝑥−1/4

exp

(
−1 + 𝑥2

𝜏

)
𝐼
1/4

(
2𝑥

𝜏

)
, (1.24)
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where we use dimensionless variables 𝑥 = 𝑟/𝑟0 and 𝜏 = 12𝜈𝑟−2

0
𝑡, and 𝐼

1/4
is a modified

Bessel function of the first kind. I plot solutions to Eq. 1.24 at varying 𝜏 in Fig. 1.1. As 𝑡

increases the narrow ring spreads in a diffusive manner on a typical timescale

𝑡visc ∼ 𝑟2/𝜈. (1.25)

Whilst this exercise is illustrative we have used a relatively arbitrary choice of viscosity in

order to make the mathematics of the problem more straightforward. A more physically

motivated approach to dealing with viscosity is that of the 𝛼 prescription of Shakura and

Sunyaev (1973), whereby turbulent motions in the fluid result in the mixing of fluid act as

a "turbulent" viscosity. This can be written in the form

𝜈 = 𝛼𝑐𝑠𝐻, (1.26)

where 𝐻 is the scale height of the disc, and 𝛼 is a dimensionless quantity that measures

the efficiency of angular momentum transport due to turbulence. From observations the

value of 𝛼 is estimated to be around 10
−3−10

−2
(Hartmann et al. 1998; Andrews et al. 2010b;

Rosotti 2023). Angular momentum transport is necessary for the central object to be able

to accrete material, of course we know that accretion happens but the question remains as

to what this main cause is. The 𝛼 prescription was devised as a way modelling how tur-

bulence transports angular momentum without saying what the cause of the turbulence

is. The source of this turbulence is a controversial topic. One of the proposed sources

stems from the interact of the disc with magnetic fields. For a weakly magnetised disc to

be linearly unstable the angular velocity must decrease with radius; this is satisfied in a

Keplerian disc. This instability is referred to as the magnetorotational instability, this insta-

bility had long been known (Chandrasekhar 1961) but only realised in the context of discs

by (Balbus and Hawley 1991). In this case small perturbations growth exponentially on

dynamic timescales, that leads to self-sustaining turbulence within well ionised discs. But

it is exactly this that causes problems for this angular momentum transport mechanism,

it is probably not realistic that the entire disc is well ionised and at best they are probably

only partially ionised. Along with this and non-ideal magnetohydrodynamics (MHD) ef-

fects (in particular Ohmic resistivity) MRI is suppressed in the mid-plane. Another MHD
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related mechanism is the layered disc model (Gammie 1996). In this scenario only the

active, ionised layer of the disc plays a role in accretion, the surface of the disc is ionised

by stellar radiation and cosmic rays, leaving quiescent zones within the disc close to the

midplane, which is assumed to have no sources of turbulence. The lack of turbulence in

this region will allow dust to settle to the midplane until it creates its own turbulence. In

addition to this the quiescent zone causes a bottleneck allowing for the cumulation of gas

nearly midplane, leading to higher disc masses at older ages. However, there is no real

evidence that these layered discs exist. One other mechanism that has been proposed are

so called MHD winds. In this case when a magnetic field threads through a disc a small

amount of material is accelerated along the field lines can carried away and a magnetic

torque acting on the surface of the disc causes transfer of angular momentum. Given that

fields may be weak or discs may not be well ionised, a question remains; can there still

be turbulence? Well, yes. If the disc is massive enough for self-gravity to be important

then the formation of dense gas clumps due to gravitational instabilities can induce turbu-

lence and transport angular moment away. There are many different, potential, sources of

angular momentum transporting turbulence, in reality it is likely a combination of these

mechanisms that contribute to angular momentum loss. The broad range of mechanisms

are why the 𝛼-prescription has been such a successful model. It acknowledges that turbu-

lence is a requirement in angular momentum transport without the practitioner having

to worry about its source. But it does not answer the question of where the turbulence

comes from.

1.1.4 Dust

Although dust is estimated to be a very small fraction of the mass of circumstellar discs,

roughly 1%, it plays an important role in the evolution of discs, the formation of planets,

and even observations of discs.

As previously mentioned, solid bodies orbit at Keplerian velocities meaning that

they will feel a head wind when in a gas disc. This aerodynamic drag is divided into two

regimes defined predominantly by the size of these solids. When the size of the particle

is smaller than the mean-free path of the gas molecules in the disc the solid is said to in
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the Epstein regime; particles larger than the mean-free path of the gas are in the Stokes

regime.

The form of Epstein drag is derived by considering the rate of collisions between the

solid particles and gas molecules. Consider a solid, spherical particle of radius 𝑠 moving

at a velocity 𝑣 relative to the gas. Within the disc the mean thermal speed of gas molecules

is

𝑣th =

√
8𝑘B𝑇

𝜋𝜇𝑚H

. (1.27)

Assuming a Maxwellian distribution of molecular speeds the drag force acting on solid

particles with size 𝑠 < 𝜆 and 𝑣 ≪ 𝑣th is

FD = −4𝜋
3

𝜌𝑠2𝑣thv. (1.28)

For particles that are larger than the mean-free path of the gas, the drag acting on the solids

can be expressed in fluid terms where the drag force scales with ram pressure expressed

as

FD = −𝐶D

2

𝜋𝑠2𝜌𝑣v, (1.29)

where 𝐶D is the drag coefficient. When considering non-spherical particles the drag coef-

ficient is not straightforward to assess, however with our assumption of spherical particles

𝐶D only depends upon the Reynolds number of the fluid

Re =
2𝑠𝑣

𝜈m

, (1.30)

where 𝜈m is the molecular viscosity of the gas, not the turbulent viscosity of the disc. The

standard scaling law of drag coefficient is a piecewise function given by Weidenschilling

(1977a)

𝐶D ≃ 24Re
−1 , Re < 1

𝐶D ≃ 24Re
−0.6 , 1 ≤ Re ≤ 800

𝐶D ≃ 0.44, Re > 800.
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The two expressions for Epstein and Stokes drag are equivalent if 𝑠 = 9𝜆/4.

A useful parameter to describe the coupling between dust and gas is the stopping

time, 𝑡𝑠 , which for a spherical particle can be expressed as

𝑡𝑠 =
𝜌̂𝑠𝑟𝑠
𝜌𝑣th

, (1.31)

where 𝜌̂𝑠 is the density of the particle. The stopping time describes the timescale in which

the velocity of solid particles is significantly influenced by the gas.

As previously mentioned the gas orbits more slowly than the solid particles, this

difference in velocity has significant implications for the dynamics of solids. One such

implication is that of radial drift, realised by Whipple (1972) whereby the headwind felt by

solid particles causes them to decelerate and lose angular momentum, spiralling inwards

towards the central object. To derive the radial drift speed we consider a disc with a gas

orbital velocity as derived in Eq. 1.12. Setting the radial and azimuthal velocities of the

particle as 𝑣𝑟 and 𝑣𝜙 respectively, the equations of motion are

d𝑣𝑟

d𝑡
=
𝑣2

𝜙

𝑟
−Ω2

K
𝑟 − 1

𝑡𝑠

(
𝑣𝑟 − 𝑣𝑟, gas

)
, (1.32)

d

d𝑡

(
𝑟𝑣𝜙

)
= − 𝑟

𝑡𝑠

(
𝑣𝜙 − 𝑣𝜙, gas

)
. (1.33)

By assuming the specific angular momentum remains close to Keplerian we have

d

d𝑡
≃ 𝑣𝑟

d

d𝑟
(𝑟𝑣K) =

1

2

𝑣𝑟𝑣K , (1.34)

where in this instance 𝑣K is defined in Eq. 1.12. The above gives

𝑣𝜙 − 𝑣𝜙, gas ≃ −1

2

𝑡𝑠𝑣𝑟𝑣K

𝑟
. (1.35)

Substituting in Ω𝐾 and ignoring higher order terms, yields

d𝑣𝑟

d𝑡
= −11

4

(
𝐻

𝑟

)
2 𝑣2

K

𝑟
+ 2𝑣K

𝑟

(
𝑣𝜙 − 𝑣𝜙, gas

)
− 1

𝑡𝑠

(
𝑣𝑟 − 𝑣𝑟, gas

)
. (1.36)
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From this we obtain the relation

𝑣𝑟 =
(𝑟/𝑣K)−1𝑣𝑟, gas − (11/4)(𝐻/𝑟)2𝑣K

(𝑣K/𝑟)𝑡𝑠 + (𝑟/𝑣K)𝑡−1

𝑠

, (1.37)

which when written with the Stokes number St ≡ 𝑡𝑠ΩK is in the form

𝑣𝑟 =
St

−1𝑣𝑟, gas − (11/4)(𝐻/𝑟)2𝑣K

St + St
−1

. (1.38)

For particles with St ∼ 1 in a disc with the fiducial parameters Σ ∝ 𝑟−1
, 𝑇𝑐 ∝ 𝑟−1/2

, and

𝐻/𝑟 = 0.03 the timescale of radial drift at 1 au is one thousand years. This value of Stokes

number equates to roughly one metre, this rapid radial drift of metre sized solid objects

forms the basis of the “metre-sized barrier”, and is a major constraint in planet formation

theory.

The above argument is, of course, simplified and excludes turbulence within the

disc; this changes the radial transport of solids. Small dust particles that are well coupled

with the turbulent gas can diffuse throughout it as well as being advected with the mean

gas motion. Consider a disc with surface density of the dust Σd, we define the dust to gas

ratio as

𝑓 =
Σd

Σ
. (1.39)

If the mass of dust is conserved then

𝜕Σd

𝜕𝑡
+ ∇ · Fd = 0, (1.40)

where Fd is the flux of the dust, this is made up by the advection of dust by the mean gas

flow, the diffusion of the dust via turbulence, and radial drift. In the case where gas is

vastly more abundant than dust, 𝑓 ≪ 1, that the assumption that the gas surface density

dominates the diffusive properties of the disc is reasonable and we can write the flux as

Fd = Σdv − 𝐷Σ∇ 𝑓 , (1.41)

where v is the ambient velocity field of the gas disc and 𝐷 is the turbulent diffusion coef-

ficient (Clarke and Pringle 1988). This can be combined with the mass conservation of Σ
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we have the contaminant equation (Morfill and Voelk 1984)

Σ

(
𝜕 𝑓

𝜕𝑡
+ v · ∇ 𝑓

)
= ∇ ·

(
𝐷Σ∇ 𝑓

)
. (1.42)

In an accretion disc this becomes

𝜕 𝑓

𝜕𝑡
=

1

𝑟Σ

𝜕

𝜕𝑟

(
𝐷𝑟Σ

𝜕 𝑓

𝜕𝑟

)
− 𝑣𝑟

𝜕 𝑓

𝜕𝑟
. (1.43)

The above is an advection-diffusion equation that describes the evolution of dust to gas

ratio. In Chapter 5, I describe a numerical method to solve a diffusion equation for small

disc grains in the context of discs around young stars. For a steady disc, away from the

boundaries, the radial velocity can be written as (Pringle 1981)

𝑣𝑟 = −3𝜈
2𝑟
. (1.44)

1.2 Disc properties

1.2.1 What does theory suggest?

Hydrodynamic simulations are a useful tool in testing the physical models developed to

describe astrophysical objects, in the scope of this thesis: discs. Some of the early star for-

mation calculations produced discs (e.g. Tscharnuter 1975; Black and Bodenheimer 1976),

although these calculations were axisymmetric. The first calculations, capable of dealing

with non-axisymmetric geometries were not until around 20 years later (e.g. Bonnell 1994;

Bonnell and Bate 1994; Bate et al. 1995; Whitworth et al. 1995). With greater computational

abilities more ambitious star formation calculations were being performed in which en-

tire clusters of stars are being formed (e.g. Bate et al. 2003b; Bate and Bonnell 2005; Bate

2009; Offner et al. 2008; Offner et al. 2009; Bate 2012; Federrath et al. 2014; Cunningham

et al. 2018; Lebreuilly et al. 2021). Whilst only few calculations are resolved down to the

lengthscales of discs (e.g. Bate et al. 2003b; Bate and Bonnell 2005; Offner et al. 2009) these

objects were not the main focus of study. Although most calculations still are not resolved

down to the level of the discs themselves, and numerous physical processes are left out
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of calculation due to their expense. Some star-formation calculations either zoom in onto

selected individual discs (e.g. Kuffmeier et al. 2019) or use 1D disc evolution models (e.g.

Qiao et al. 2022). Disc models in 1D are useful to evolve discs over a long period of time and

to test certain physics without the expense of simulating a whole disc or when larger sim-

ulations do not have the resolution to evolve discs directly, e.g. dust evolution (Birnstiel

et al. 2010; Pinilla et al. 2012b; Drążkowska and Alibert 2017; Sellek et al. 2020), planetary

migration (Schib et al. 2022), planet formation (Qiao et al. 2023). Given the computational

challenges involved in modelling star cluster formation with enough resolution to model

the discs that form is it more efficient to simulate discs that form in protostellar collapse

(Krumholz et al. 2007; Walch et al. 2010; Joos et al. 2012; Vorobyov et al. 2015) or discs in

isolation. Typically, the setup and parameters of discs in isolated calculations are derived

from a combination of observations and theory. These calculations fall into two categories;

global disc evolution (e.g. Kuffmeier et al. 2021) or local disc evolution where a slice of a

disc is simulated (e.g. Ayliffe and Bate 2009a; Bai and Stone 2013).

Calculations of star cluster formation are an important source of data to determine

properties of discs. Although as I have mentioned there are relatively few of them. The

analysis of Bate (2018) is an early example of protostellar disc synthesis study using a

hydrodynamic calculation. The sizes of discs in this study are in very good agreement

with observed discs in both Class II and Class 0/I objects. Whilst the masses of discs

produced in the calculation are higher than the derived mass of discs from observations

they are similar to the masses of discs found in the work of Lebreuilly et al. (2024). In

the star cluster formation calculations performed by Wurster et al. (2019) discs of sizes

10 ≲ 𝑟 ≲ 300au are reported. These calculations include non-ideal MHD. Lebreuilly et

al. (2024) performed a suite of star-formation calculations, including MHD, and find a

similar distribution of disc sizes to Wurster et al. (2019). They also find that the statistical

distribution of disc sizes matches well with observations of the Orion cloud (Sheehan et

al. 2022). These works typically find disc masses of <0.01 and 1 𝑀⊙. Sellek et al. (2020)

found that external photoevaporation can significantly reduced the lifetime of the dust

component of young discs, this would inhibit terrestrial planet formation. Additionally,

photoevaporation leads to the truncation of discs. Given these results it is important to

study the effect of external photoevaporation in star-formation calculations. Wilhelm et
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al. (2023) and Qiao et al. (2022) find that most discs are shielded from radiation for at

least 0.5 Myr after the formation of the first massive stars. This increases disc lifetimes,

allowing for the retention of disc solids potentially aiding planet formation. Gárate et

al. (2024) find that if dust is entrained in the photoevaporative winds it may be able to

provide a self-shielding effect to the disc.

Many different features of discs and interactions between discs and their environ-

ment have been recovered in calculations of star cluster formation; accretion streamers,

spirals, arcs, flybys, and warps amongst others. Many of these features are studied in iso-

lation. The SPH calculations of warped 𝛼 discs of Lodato and Price (2010) agree well with

the predictions of Ogilvie (1999). Warps in discs can be responsible for disc tearing (e.g.

Nixon and King 2012; Rabago et al. 2023; Young et al. 2023), and features in the dust (Aly

et al. 2024). Something that can be done in a calculation that is not possible in observa-

tions is knowing the dynamical history of an object. This is useful for studying dynamical

encounters such as flybys. Whilst there are a few observations of suspected flybys (e.g

Ménard et al. 2020; Dong et al. 2022) they are, like most observations, snapshots in time.

There is no way to know the history of these objects. Whereas with calculations we can

probe the many effects flybys have upon discs. Breslau et al. (2014) find that discs can

be truncated after an interaction with another star. During a flyby, if the perturbing star

gets close enough to the outer disc edge it can capture material from the disc. This mass

transfer results in a disc forming around the perturber, and also causes significant alter-

ation in the properties of the donor disc (Cuello et al. 2019). Another example of discs

interacting with their environments is that of infall. In this scenario material encounters a

star after the initial protostellar collapse phase, potentially resulting in a misalignment be-

tween inner and out discs or forming second generation disc (Kuffmeier et al. 2021). A key

takeaway from star cluster formation calculations is that the process of star-formation is

chaotic (Bate et al. 2010) and discs undergo many interactions that have significant impacts

upon the evolution of discs and thus the properties of discs. Large star-forming calcula-

tions with enough resolution to model discs are a crucial tool in the study of protostellar

discs, especially when used in combination with observations.
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1.2.2 What do observations tell us?

In order to say something meaningful about the properties of discs, a statistically signifi-

cant number of observations must be made. Much work has been done to conduct surveys

of discs in various different nearby star-forming regions. This has largely been pursued

with advent of submillimetre facilities, most notably the Atacama Large (sub)Millimetre

Array (ALMA) has been a key instrument in the detection and characterisation of discs

(e.g. Huang et al. 2018b; Andrews 2020; Ohashi et al. 2023). The purpose of such surveys

are to measure disc masses, sizes, and density profiles in varying environments and evo-

lutionary stages. With such a dataset the dominant physical processes in disc evolution

could be worked out.

Given the increasing number of exoplanets being discovered (Gaudi et al. 2021),

characterising the objects from which the planets form is fundamental to answering the

question of how they formed. The mass of gas and dust from which the Solar System

formed is not known, it is, however, possible to derive a lower limit for the amount of

material that must have been present during their formation. This is the minimum mass

Solar Nebula (Weidenschilling 1977b) and is most commonly taken to be the expression

presented by Hayashi (1981),

Σ(𝑟) = 1.7 × 10
3

(
𝑟

1 au

)−3/2

g cm
−2 , (1.45)

which when integrated out to 30 au gives ∼ 0.01𝑀⊙. A similar function of the minimum

mass of solids required yields a mass of ∼ 1 × 10
−4

M⊙. In Fig. 1.2 I plot the gas and dust

disc mass from a survey of the discs in Lupus by Ansdell et al. (2016) along with the MMSN

values for solids and gas. The mass of dust in a disc is calculated using a relation between

it and the sub-millimetre continuum flux at a given wavelength 𝐹𝜈 given by Hildebrand

(1983)

𝑀dust =
𝐹𝜈𝑑

2

𝜅𝜈𝐵𝜈(𝑇dust)
, (1.46)

where 𝐵𝜈(𝑇dust) is Planck function for a characteristic dust of temperature 𝑇dust = 20 K, 𝑑

is the distance to the star forming region, 𝜅𝜈 is the dust grain opacity. The calculation of

dust mass assume a single grain opacity and dust temperature, this is a big source of un-
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certainty for these measurements. There are relatively fewer catalogs of gas disc masses

than dust disc masses due to observations in the continuum being less expensive than the

spectral line observations required to map gas. Gas masses are trickier to estimate, in this

case the line luminosity of
13

CO and C
18

O are compared with the models of Williams and

Best (2014). From Fig. 1.2 there appears to be no gas discs with enough mass to satisfy

the MMSN. This would leave one to assume that there is not enough mass in discs to form

planets, but this deduction is at odds with the occurrence rate of exoplanets. One explana-

tion could be that as these discs are Class II objects and are less massive than at the time of

their formation and if planet formation is rapid enough planets may have already formed

and all we are detecting is gas left over from this process. Another, more quantifiable, ex-

planation is that the gas masses are underestimated due to the assumptions made during

observations: assumptions of optical thinness and disc temperature for example. Recent

work by Tung et al. (2024) suggests that dust mass derived from ALMA data may be un-

derestimated by a factor of two, and in the most extreme cases by an order of magnitude.

In addition, typical CO tracers might be optically thick causing a systematic underestima-

tion of gas mass, and using an optically thin tracer (e.g.
13

C
17

O, although this is very rare)

may a more robust tracer of the gas disc. This has been shown to be the case by Booth

et al. (2019) where the gas mass estimate of the disc HD 163269 increases by a factor of 2-6

when using an optically thin tracer.

Using measurements of hundreds of discs in the mm continuum, discs are found to

be ≈ 10 − 500 au in radius and a median radius of ≲ 100 au. Disc radii can calculated via

fitted the data to some solution of the steady state disc equation, typically a power-law. The

data is fit by minimising some loss function in a Bayesian approach. The model parameters

are fit with Monte Carlo Markov Chains converging to a solution (e.g. Tripathi et al. 2017;

Tazzari et al. 2017). It is possible that discs may be smaller and that we are seeing a limit due

to resolution here. In Fig. 1.3 I have plotted radii of discs taken from the Orion Nebular

Cluster (ONC) (Eisner et al. 2018), Ophiuchus and Taurus (Tripathi et al. 2017), Lupus

(Tazzari et al. 2017) and the Upper Scorpius OB association (Barenfeld et al. 2017). It is clear

that there is variation in the sizes of discs dependent on their environment. In the ONC,

for example, stellar density is much higher than the other star forming regions and is in

close proximity to the massive star 𝜃1
Ori C. It is believed that this high stellar density and
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M

Figure 1.2: Cumulative distribution of disc gas and dust masses taken from the survey of Lupus by Ansdell

et al. (2016). The vertical dashed lines indicate the MMSN for solids (left) and gas (right) (Weidenschilling

1977b; Hayashi 1981).

external photoevaporation causes this discs in the ONC to be truncated more than discs in

lower density star forming regions (Eisner et al. 2018). Discs that are subjected to external

photoevaporation tend to have a comet-like shape, consisting of a bright cusp facing the

irradiating source and a tail pointing away from the source, and are termed ‘proplyds’

(O’Dell et al. 1993; McCaughrean and O’Dell 1996; O’Dell 1998). With the evidence that

external photoevaporation influences the evolution of protostellar disc a natural question

arises; what other environmental conditions have an effect on the evolution of protostellar

discs?

1.2.3 Circumbinary Discs

So far our discussion has only considered discs about a single central object however this

is an incomplete picture. Surveys of binary and multiple stellar systems (e.g. Duquennoy

and Mayor 1991; Fischer and Marcy 1992; Raghavan et al. 2010; Janson et al. 2012) show

that multiplicity is dependent on the mass of the primary star. The multiplicity fraction

increases from ≈ 20% for very low mass stars and brown dwarfs, to ≈ 40% for M-dwarfs,

and even up to 100% for O-type stars, although the uncertainties for these stars are less

well constrained. Binary systems can form via three-body capture, whereby three stars,

unbound from each other, pass close to each other and their velocities are significantly
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Figure 1.3: Cumulative distributions of the radii of dust discs taken from disc surveys in the Orion Nebula

Cluster (Eisner et al. 2018), Ophiuchus (Tripathi et al. 2017), Taurus and Ophiuchus (Tripathi et al. 2017), Lupus

(Tazzari et al. 2017), and Upper Scorpius OB association (Barenfeld et al. 2017) regions. Here the distributions

are plotted using the Kaplan-Meier estimator to take into account upper limits (unresolved discs) with the

shaded region showing a 1𝜎 (≃ 68%) confidence interval. Adapted from Elsender and Bate (2021).

changed due to their gravitational interactions, and a chaotic dynamical evolution ensues

that may result in the formation of a binary system with the excess momentum being

carried away by the third star. This process would happen too infrequently to explain the

significant binary fraction of stars. In small, dense protostellar groups a similar capture

mechanism involving two stars and a circumstellar disc where gravitational perturbations

in the disc dissipates some kinetic energy resulting in a binary system. This is possible

if the relative velocities of the stars are low, otherwise the second star may just pass by,

truncating the circumstellar disc (Clarke and Pringle 1991b, 1991a).

More likely paths to formation are via gravitational fragmentation, either of the

collapsing molecular cloud (Boss and Bodenheimer 1979; Boss 1986) or fragmentation of

a circumstellar disc (Bonnell and Bate 1994; Bate et al. 1995; Kratter and Matzner 2006).

Molecular clouds have been observed to have internal velocity dispersion (Larson 1981)

which may lead to non-linear structure in the cloud. If these structures have significant

enough density they will collapse faster than the cloud as a whole leading to multiple

protostars being formed in a bound system. For disc fragmentation to happen a circum-

stellar disc must be massive enough and be able to cool faster enough so that it becomes

gravitationally unstable. Discs will fragment if 𝑄 < 1 and if 𝑄 is near unity or greater
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than it large spiral arms will form, transporting angular momentum outwards. This 𝑄

is the Toomre parameter (Toomre 1964) and is defined as 𝑄 = 𝜅𝑐𝑠/(𝜋𝐺Σ) where 𝜅 is the

epicyclic frequency, 𝑐𝑠 is sound speed, and Σ is the surface density of the disc. However,

very close binaries, with a semi-major axis of less than 10 au, can not form directly this way

(Boss 1986; Bate 1998) due to the opacity limit of fragmentation. Binaries closer than this

have likely migrated closer due to dynamical interactions (Artymowicz et al. 1991; Bate

et al. 2002). Accretion of material can aid the production of close binaries in two ways.

The first being that accretion can directly decrease the separation of the binary orbit if the

accreted material does not have a specific angular momentum greater than that of the bi-

nary. The second, accretion can destabilise otherwise stable hierarchical multiple systems,

forcing the system to undergo dynamical interactions that reduce the binary separation.

The orbital evolution of binaries with circumbinary discs has received much attention re-

cently (Miranda et al. 2017; Muñoz et al. 2019; Duffell et al. 2020; Tiede et al. 2020; Heath

and Nixon 2020; Zrake et al. 2021; Penzlin et al. 2022; Siwek et al. 2023a). Results from Mi-

randa et al. (2017) suggest than binary systems outspiral during its evolution as accreted

angular momentum onto the binary can overcome the disc torques that causes inspiral

of the binary. Subsequent studies (Heath and Nixon 2020; Penzlin et al. 2022; Siwek et

al. 2023a) have shown that this is only the case when discs are sufficiently thick enough

to weaken the torque applied to the disc and sufficiently viscous to allow high mass flow

onto the binary causing expansion. The parameters required for the orbit to expand are

rather extreme and are not expected to be so common in nature. The orbital evolution is

complicated and is a non-trivial function of mass ratio (Duffell et al. 2020; Dittmann and

Ryan 2022; Siwek et al. 2023a; Siwek et al. 2023b), eccentricity (Zrake et al. 2021; Siwek

et al. 2023b), viscosity (Dittmann and Ryan 2022, 2023), and, as these systems are three

dimensional, disc-orbit inclination (Moody et al. 2019; Smallwood et al. 2022; Martin et

al. 2024). What is clear this that binary systems are highly dynamic and complicated, and

require comprehensive modelling and observations.

Within a binary system discs can form around each stellar object and around the

system: circumprimary, circumsecondary, and circumbinary. These discs are truncated

by resonances in the system, and a cavity is opened in the circumbinary disc that is related

to the semi-major axis of the orbit (Artymowicz and Lubow 1994, 1996). Circumbinary
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discs form in a similar way to discs around a single object, whereby infalling gas that has

enough angular momentum to form a circular orbit at the distance of the secondary form

the centre of mass of the system (Bate and Bonnell 1997).

There are few observations of circumbinary discs relative to discs around single

objects. One difficulty arises due to optically thick dust emission that hinders the detection

of a companion on scales less than ≲ 50 au in Class 0/I objects (Tobin et al. 2016b). For

Class II objects the resolution of the current suite of telescopes remains to be an issue. The

typical binary separation is less than the resolution length scale of ALMA in nearby star-

forming regions. In addition to this binary systems disrupt parts of their disc, meaning

they are not as bright as discs around single objects. All of this means it has not, so far,

been possible to gather a statistically significant population of circumbinary discs to learn

about their properties, as was the case for circumstellar discs. Typically circumbinary

discs are studied as individual objects and as of yet there are few studies on the statistics

of circumbinary disc properties. One such study by Czekala et al. (2019) examines the

degree of alignment between circumbinary discs and the orbital plane of their hosts. The

alignment between circumbinary discs and the orbital plane of the binary, the mutual

inclination angle, is defined as

cos𝜃 = cos 𝑖disc cos 𝑖∗ + sin 𝑖disc sin 𝑖∗ cos (Ωdisc −Ω∗), (1.47)

where 𝑖disc is the inclination of the disc relative to the line of sight, 𝑖∗ is similar for the binary

orbit, Ωdisc is the longitude of the ascending node, and Ω∗ is similar for the binary orbit.

The longitude of ascending node can have a degeneracy if the kinematics of the disc is not

well constrained and thus two values for the mutual inclination angle is possible. Czekala

et al. (2019) show that circumbinary discs can have a large range of mutual inclination

angles, with that exception of spectroscopic binaries that typically have a disc that is well

aligned with the binary orbital plane.
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1.3 Planets in Discs

A central question that is challenging the field of planet formation is; how quickly do they

form? The classic theories of planet formation require timescales that may exceed the

lifetime of the disc from which they are made. This issue is also connected to the observa-

tional problem of discs having a masses lower than the MMSN. We do however know that

planets can be formed whilst the disc is still present, for example in the case of PDS 70 (Kep-

pler et al. 2018; Haffert et al. 2019). The most optimistic solution to these inconsistencies is

that planet formation is a rapid process. The recent confirmation of the planet TOI-4201b

(Delamer et al. 2024) helps to support rapid planet formation based upon the following

mass budget and formation efficiency argument. The planet has a mass of 2.59
+0.07

−0.06
𝑀J,

assuming a heavy-element content mass of ∼ 20𝑀⊕ a dust disc mass of ∼ 200M⊕ would

be required, assuming a 10% formation efficiency. Class II disc dust masses around M

dwarfs in the Lupus association range from 1 to 50 M⊕ (Manara et al. 2023), suggesting

that the core required to produce a planet such as TOI-4201b must have formed prior to the

Class II phase of the disc, under the core accretion model (discussed below). Recent work

by Tychoniec et al. (2020) shows that Class 0 discs in the Perseus region have a median

dust mass of 158M⊕, meaning a ∼ 15% efficiency would be needed to create the core of

TOI-4201b. The dust masses in young systems may contain large enough mass reservoirs

to form the seed cores required to form giant planets. During the Class 0/I phase rapid

core formation via pebble accretion allows a core massive enough to form within half a

million years (Tanaka and Tsukamoto 2019). The rapid formation of these cores could be

the answer as to why Class II discs have masses lower than would be expected to form

planets: because the planets have already formed.

1.3.1 Giant Planet Formation

When considering the formation of giant planets with substantial gaseous envelopes we

must think about the physics of the gas within the protoplanetary disc itself. As it stands

there are two dominant theories on the formation of gas giants; the core accretion model,

and gravitational instability. The core accretion model first requires a rocky, icy core to

have formed, this is in and of itself subject to intense study, that then acquires a gaseous
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envelope in three distinct stages. A series of natural questions arise: How quickly can

these cores form? What are the barriers to core formation? Gravitational instability re-

quires a massive disc with efficient cooling, this is the same process that takes place for

the formation of binaries via gravitational instability.

The core accretion model (Perri and Cameron 1974; Mizuno 1980) relies on a seed

cores having already formed, how these cores form is a field in its own right, that are of a

mass high enough to trigger a hydrodynamic instability causing the rapid accretion of gas

onto it. This critical core mass is of the order ≳ 10M⊕. The study of Pollack et al. (1996)

exemplifies this model. They consider the formation of Jupiter from a core at a radius of

5.2 au in a disc with a gas surface density of Σ = 700g cm
−2

and a sold surface density of

Σp = 10g cm
−2

. In their calculations they use an opacity consistent with a solar mixture

of grains that growth of a giant planet in this model happens in three stages:

1. Core formation. A core forms due to collisions between solid bodies and runaway

accretion of planetesimals. This model assumes a core is already formed. Whilst

this core is growing, the mass of the planet envelope remains low and the total mass

of the planet is dominated by solids.

2. Hydrostatic growth. Once the core has reached its isolation mass, the mass a solid

object can attain from the mass reservoir of planetesimals within its vicinity, the

envelope begins to contract, as it does so energy is liberated from planetesimals

impacting the core and the gravitational potential of the envelope. This energy is

transported via radiative diffusion into the surrounding protoplanetary disc. In this

phase of growth gas is accreted at a rate faster than that of solid bodies and the

planetary envelope mass approaches the mass of the core.

3. Runaway gas accretion. Once the envelope mass is greater than that of the core,

gas is accreted at a much accelerated rate, limited by the amount of gas the disc can

supply.

Fig. 1.4 shows a schematic of the main stages of giant planet formation.
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Figure 1.4: The four stages of giant planet formation via the core accretion model.
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1.3.2 Interactions with the disc

The study of planet-disc interactions has historically focused on the interactions between

planets and the gas discs they are within. This field of study was born from the works

of Goldreich and Tremaine (1979, 1980) and Lin and Papaloizou (1979b). Early studies

showed that planets migrate inwards when in a disc and can also carve gaps through the

gas (Lin and Papaloizou 1986). Planetary migration within a disc is divided into three cat-

egories; Types I, II, and III. Type I migration refers to the migration of low mass embedded

planets; Type II refers to migration and gap formation by giant planets; Type III refers to

rapid migration of intermediate mass planets in relatively massive discs. An issue arises

when considering the timescales of migration of planets, they are much shorter than disc

lifetimes. In this thesis we consider giant planets and so here I will only focus on Type II

migration.

As the mass of a planet increases so does the angular momentum transfer induced

by the gravitational interactions with the disc. This transfer of angular momentum can

be found by summing over the Linblad resonances (Goldreich and Tremaine 1980), an

expression for the rate of angular momentum transfer from the planet to its disc is given

by Papaloizou and Lin 1984; Lin and Papaloizou 1986 as

¤𝐻T = 0.23𝑞2Σp𝑟
4

p
Ω2

p

( 𝑟p
𝐻

)3

, (1.48)

where 𝑟p is the distance from the centre of the disc to the planet, Σp is the disc surface

density in the region of the planet, and 𝐻 is the thickness of the disc. In order for a planet

to carve a gap in the gas disc the torque of the planet acting to open a gap in the disc must

be greater than the viscous torque acting to close the gap

¤𝐻T ≳ ¤𝐻𝜈 ≈ 3𝜋𝜈Σp𝑟
2

p
Ωp. (1.49)

This is the case where the tidal torques overcome the that of viscosity. The gaps formed

should have a width of at least the Hill radius of the planet. Numerical works in two-

dimensions (Bryden et al. 1999; Kley 1999) and three-dimensions (D’Angelo et al. 2002;

Bate et al. 2003a) find that only planets with a mass greater then 0.1𝑀J produce perturba-
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tions significant enough to open a gap in a disc. The formation of this gap impacts both

the growth and migration of the planet. This is because mass can no longer be transferred

between the inner and outer regions of the disc as easily as before (Lubow et al. 1999).

This affects the migration of the planet and angular momentum is no longer transferred

effectively along the spiral arms generated by the planet and the migration of these giant

planets is coupled with the viscous evolution of the disc, the timescale of such migration

is given by the viscous diffusion timescale of the disc, 𝜏𝜈 = 𝑟2

p
/𝜈. This is the case when

the planet has a mass comparable to the local disc. Once the planet is more massive than

the local disc the inertia of the planet is enough to slow the migration inwards (e.g Syer

and Clarke 1995). It is crucial to note that all of this work is in reference to the interaction

between planets and gas discs and, even more pertinent, that most observations of pro-

toplanetary discs are in the continuum , i.e. observations of thermal dust emission, not

observations of the gas disc. This is an important distinction as outlined in Section 1.1.4,

dust dynamics are different to gas dynamics. Such difference can lead to vastly different

structures, for example comparing
12

CO emission lines (Huang et al. 2018a; Calahan et

al. 2021)and continuum emission (Andrews et al. 2016; Huang et al. 2018a) images of TW

Hydrae one significant disparity in not only size, but also in structure. The CO lines trace

the gas disc, and show a radial extent of ∼ 200 au, whereas in the 870𝜇m continuum there

is disc that extends only to around 60 au. Also in the continuum there are substructures

that are not present in the gas (Andrews 2020). TW Hydrae is a great example of a disc

that has had both its gas and dust disc well studied. It is clear that what we observe in the

dust may have little correspondence to the gas disc and vice versa.

In consideration of the dust disc, Paardekooper and Mellema (2004) were the first to

simulate low-mass planets opening gaps in dust discs. They found that a planet of mass

0.1𝑀J can open a gap in the dust but not in the gas, whereas only planets more massive

than a Jupiter mass can open gaps in the gas. This gas gap opening dependence on mass

is in agreement with the earlier work of Bate et al. (2003a), although this study neglected

dust. At the outer edge of the gap cleared in the gas by a massive planet Rice et al. (2006)

show that pressure gradients can act as a filter, allowing small grains to pass into the

inner disc whilst larger grains remain trapped in the outer disc. Pinilla et al. (2012a) show

that millimetre sized grains pile up and accumulate at the outer edge the gas gap in the
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pressure bump. Around the same time Ayliffe et al. (2012) showed that the pressure bump

at the edge of the gas can trap metre sized solids, allowing to accumulate. Later, Rosotti

et al. (2016) found that a gap can be carved in the dust for planets that are able to alter the

local gas structure but without creating a pressure maxima. This result was then extended

by Dipierro et al. (2016) who provide two mechanisms for opening gaps, and note that a

gap in the gas is not a necessary condition for a gap in the dust. The first mechanism is

for low-mass planets (∼ 0.1𝑀J) whereby a gap is opened in the dust due to tidal torques

with assistance by the drag in the inner disc, without any local perturbations in the radial

pressure gradient at the planet location. The second is for massive planets (≳ 0.5𝑀J) that

create pressure maxima in the gas, carving a deep gap in the dust and gas. Dipierro and

Laibe (2017) provide a criterion for the opening of a gap in the dust based upon balancing

the timescales for a gap in the dust to open and to close. They find that the minimum

mass to open a gap in the dust is dependent upon the Stokes number of the dust grains.

1.4 The structure of this thesis

This thesis is organised as follows. In chapter 2, I summarise the fundamentals of the nu-

merical method used throughout the thesis in order to study the properties of circmstellar

and protoplanetary discs. In chapter 3, I present the analysis of the properties of circum-

stellar discs formed across four different radiation hydrodynamic calculations of varying

metallicity. Here I show how the star-forming environment, in this case the metallicity

of the molecular cloud, impacts the formation and evolution of circumstellar discs, and

their statistical properties. I compare the results from the calculation with solar metallicity

with the properties of discs in local star-forming regions. In chapter 4, I provide statistics

of the properties of circumbinary discs that form in a star cluster formation calculation.

I calculate the occurrence rate of a given binary system hosting a circumbinary disc as a

function of binary separation. In addition to this, I collate all the current known observed

circumbinary mutual inclinations and compare the cumulative distribution of observed

mutual inclinations with those in the simulation. In chapter 5, I present a new method

for solving the dust diffusion equation in the terminal velocity approximation for small

dust grain dynamics in SPH. I benchmark this method with the current standard method
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in a range of physically motivated and diagnostic tests. Then, in chapter 6, I employ this

new method to study the dynamics of small dust grains in the presence of giant planets

embedded within protoplanetary discs. Finally, in chapter 7, I summarise the main results

of my thesis.
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Chapter 2

The Smoothed Particle

Hydrodynamics Method

“Man who invented the hamburger was smart; man who invented the cheeseburger

was a genius.”
— Matthew McConaughey

Smoothed Particle Hydrodynamics (SPH) was initially born out of the drive to study

astrophysical problems that do not have spherical symmetry. Indeed it is in this regime

where many of the most interesting problems reside. This was the motivation for the

invention of SPH, introduced, independently, by both Gingold and Monaghan (1977) and

Lucy (1977). The standard way of solving the equations of fluid dynamics is on a grid,

computing derivatives via finite difference or finite volumes methods. The grid method

has been applied extensively in the context of astrophysics. However, by their very nature,

problems in astrophysical fluid dynamics span a vast range in time, space, and density;

this requires a great deal of adaptability from numerical methods, something standard

grid methods lack. Much effort has been put into solving this issue with the development

of adaptive mesh refinement (AMR), though the implementation of this is far from trivial

(Springel 2010; Mignone et al. 2012; Stone et al. 2020). In addition to technical difficulties

these methods are prone to numerical diffusion due to the grid itself.
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The SPH method replaces the grid with a set of particles, which are used as a set

interpolation points from which the properties of the fluid can be calculated. It is an

intuitive and elegant solution. As SPH is fully Lagrangian the particles move with the

density distribution of the fluid as it evolves. This means that SPH has adaptive resolution

built into it; denser regions have better resolution and no computational effort is being

wasted on regions in which there are no particles. The advantages of this being that no

knowledge of which regions will require high resolution is needed beforehand and no

complicated mesh refinement needs to take place. SPH also benefits from its ability to use

free boundaries (i.e. no fluid can flow ‘out’ of the computation domain, say for example

simulating a disc you may want an accretion boundary and the inner edge but at the outer

you are free to not impose any boundary conditions, something that is difficult with grid

codes), which crop up in a wide variety of astrophysical problems, with relative ease. All

SPH equations can be derived from physical principles with few basic assumptions and

it is straightforward to add complicated physics to SPH schemes.

This is not to say that SPH is perfect. Whilst physics is, in principle, straightforward

to add into SPH scheme it is often challenging in practice due to numerical issues to do with

instabilities. There is an additional computational cost due to the requirement to build

neighbour lists. The SPH method which I use in this work uses a binary tree to determine

neighbours of particles and to calculate the gravitational forces. The positioning of the

particles themselves also causes issues. Initial conditions in SPH are very important and

usually require some trial and error to get right, as setups that are not appropriate to the

problem can lead to unexpected results. Throughout this thesis I often make use of the

reviews of Monaghan (1992) and Price (2012) and the code paper Price et al. (2018b).

2.1 SPH Fundamentals

2.1.1 Interpolation Theory

The basis of SPH is interpolation theory. As mentioned above the points of interpolation

are the particles, from which any value can be expressed.
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A scalar variable 𝐴(r) is defined as

𝐴(r) =
∫
𝐴(r′)𝛿(r − r

′)dr
′

(2.1)

where 𝛿 is the Dirac delta function. This can be approximated by replacing 𝛿 with a

smoothing kernel𝑊 with a width ℎ where,

lim

ℎ→0

𝑊(r − r
′, ℎ) = 𝛿(r − r

′). (2.2)

This gives

𝐴(r) =
∫
𝐴(r′)𝑊(r − r

′)dr
′ + 𝑂(ℎ2) (2.3)

where𝑊 has the property

∫
𝑉

𝑊(r − r
′, ℎ)d𝑉 = 1. (2.4)

With this Eq. 2.3 can be expressed as a sum over the interpolation points

⟨𝐴(r)⟩ =
∫
𝐴(r′)
𝜌r

′ 𝑊(r − r
′, ℎ)𝜌(r′)dr

′ + 𝑂(ℎ2) (2.5)

≈
𝑁

neigh∑
𝑗

𝑚 𝑗

𝐴 𝑗

𝜌 𝑗
𝑊(r − r𝑗 , ℎ), (2.6)

where the mass element 𝜌d𝑉 has been replaced with the mass of the particle 𝑚, 𝑁neigh

is the number of neighbours and 𝑗 is the neighbour particle index. This summation over

discrete points is central to SPH formalism, and can be used to interpolate a quantity 𝐴(r)

at a point in space r that is defined in terms of quantities of the particles, e.g. 𝜌, 𝑚. The

calculation of gradient terms follows simply by taking the derivative of Eq. 2.5

∇𝐴(r) = 𝜕

𝜕r

∫
𝐴(r′)
𝜌(r′)𝑊(r − r

′, ℎ)𝜌(r′)dr
′ + 𝑂(ℎ2), (2.7)

≈
∑
𝑗

𝑚 𝑗

𝐴 𝑗

𝜌 𝑗
∇𝑖𝑊(r𝑖 − r𝑗 , ℎ). (2.8)
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2.1.2 Smoothing kernels

Any kernel used in SPH must satisfy Eqs. 2.2 and 2.4. The original kernel (Gingold and

Monaghan 1977) was the Gaussian and in 3D takes the form

𝑊(𝑟, ℎ) = 1

𝜋3/2ℎ3

exp

{
−𝑞2

}
, (2.9)

where 𝑟 = |r − r
′|, and 𝑞 = 𝑟/ℎ. This has the advantage of being spatially everywhere

differentiable, which is good for stability. But it also spans the entire spatial domain,

which is causes a needless waste of computing time as contributions from particles become

rapidly insignificant.

It is far more advantageous to define a kernel with compact support, i.e. a truncation

radius. Since Monaghan and Lattanzio (1985) one of the most common kernel is the M4

cubic spline

𝑊(𝑟, ℎ) = 𝜎
ℎ𝜈


1 − 3

2
𝑞2 + 3

4
𝑞3

if 0 ≤ 𝑞 < 1,

1

4
(2 − 𝑞)3 if 1 ≤ 𝑞 < 2,

0 else,

(2.10)

where 𝜈 is the number of dimensions, and 𝜎 = [2/3, 10/7𝜋, 1/𝜋] are the normalisation

factors in each dimension. This kernel has compact support over 2ℎ. Whilst this has the

advantage of reduced computation requirements it comes at the cost of reduced accuracy.

Usually the cubic kernel is sufficient for most problems in SPH, sometimes a kernel with a

larger compact support is needed, for example when including dust in calculations. Such

a kernel is the M6 quintic kernel

𝑊(𝑟, ℎ) = 1

120𝜋ℎ3



(3 − 𝑞)5 − 6(2 − 𝑞)5 + 15(1 − 𝑞)5 , if 0 ≤ 𝑞 < 1,

(3 − 𝑞)5 − 6(2 − 𝑞)5 , if 1 ≤ 𝑞 < 2,

(3 − 𝑞)5 , if 2 ≤ 𝑞 < 3,

0 otherwise,

(2.11)

this has compact support up to 3ℎ and gives virtually identical results as the Gaussian in

most problems.
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2.1.3 Smoothing length

The term smoothing length refers to the scale over which forces and physical properties of

particles are smoothed out over. This is where SPH gets its name, physical properties are

smoothed out using a kernel function. A key principle is to keep the number of neighbours

that a particle has roughly constant; for the usual cubic spline, for example, this is ≈ 60.

This is so that any region of the fluid can be well represented. As a consequence of the

Lagrangian nature of SPH keeping the number of neighbours of any given particle roughly

constant mean that each particle must have its own smoothing length that is able to vary.

The smoothing length of a particle 𝑖 in 3D can be defined as

ℎ𝑖 = 𝜂

(
𝑚𝑖

𝜌𝑖

) (1/3)
, (2.12)

where 𝜂 is used to set the number of neighbours for every particle. To obtain about 60

neighbours using a cubic spline 𝜂 = 1.2. The choice of value of 𝜂 is important as it can

lead to the pairing instability, where the distribution of particles becomes unstable and

particles can fall on top of each other.

2.2 Fluid Equations

Now that the theory of SPH has been laid out the equations of hydrodynamics can be

solved. It is pertinent to re-state that SPH is in the Lagrangian frame of reference, as such

derivative take the form

d𝐴

d𝑡
=

𝜕𝐴

𝜕𝑡
+ v · ∇𝐴, (2.13)

where v is the velocity of the fluid. This gives the flow rate of a property, 𝐴, for a fluid as

a function of space and time, opposed to the Eulerian which gives the rate of flow in fixed

space.
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2.2.1 Continuity equation

Using Eq. 2.6 the density of particle 𝑖 is

𝜌𝑖 =
∑
𝑗

𝑚 𝑗𝑊𝑖 𝑗(ℎ𝑖). (2.14)

Taking the derivative of this yields

d𝜌𝑖
d𝑡

=

∑
𝑗

𝑚 𝑗(v𝑖 − v𝑗) · ∇𝑖𝑊𝑖 𝑗(ℎ𝑖). (2.15)

The continuity equation is the differential form of the conservation of mass of a system

defined as

𝜕𝜌

𝜕𝑡
+ 𝜌∇ · v = 0, (2.16)

meaning that the rate of change of mass within a fixed volume equals the rate of flow

through the boundaries of that volume.

To derive the SPH form of the continuity equation the golden rule of SPH must first

be applied, that is to rearrange the continuum equation such that the operators are acting

on the density. Applying this golden rule to Eq. 2.16 gives

𝜕𝜌

𝜕𝑡
+ [∇ · 𝜌v − v · ∇𝜌] = 0. (2.17)

Then applying the summation interpolants and rearranging gives

𝜕𝜌𝑖
𝜕𝑡

= v𝑖

∑
𝑗

𝑚 𝑗 · ∇𝑊𝑖 𝑗(ℎ𝑖) −
∑
𝑗

𝑚 𝑗v𝑗 · ∇𝑊𝑖 𝑗(ℎ𝑖), (2.18)

=

∑
𝑗

𝑚 𝑗(v𝑖 − v𝑗) · ∇𝑖𝑊𝑖 𝑗(ℎ𝑖), (2.19)

which is identical to Eq. 2.15. Therefore the continuity equation can be replaced by either

Eq. 2.14 or Eq. 2.15.

The remainder of the SPH algorithm can be derived from just Eq. 2.14 and the first

law of thermodynamics, using a variational principle. This is a wonderful fact as this

means that SPH obeys conservation laws exactly.
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2.2.2 The Lagrangian

The Lagrangian of hydrodynamics is (Eckart 1960)

𝐿 =

∫ (
1

2

𝜌𝑣2 − 𝜌𝑢

)
d𝑉, (2.20)

where 𝑢 is the internal energy per unit mass. Applying the summation interpolants to

convert this into a SPH equation gives

𝐿 =

∑
𝑗

𝑚 𝑗

(
1

2

𝑣2

𝑗 − 𝑢𝑗(𝜌 𝑗 , 𝑠 𝑗)
)

(2.21)

where 𝑠 is entropy. The equations of motion are given by the Euler-Lagrangian equations

for a particle 𝑖

d

d𝑡

{
𝜕𝐿

𝜕v𝑖

}
− 𝜕𝐿

𝜕r𝑖
= 0. (2.22)

From this we have

𝜕𝐿

𝜕v𝑖
= 𝑚𝑖v𝑖 ;

𝜕𝐿

𝜕r𝑖
= −

∑
𝑗

𝑚 𝑗

𝜕𝑢𝑗

𝜕𝜌 𝑗

����
𝑠 𝑗

𝜕𝜌 𝑗

𝜕r𝑗
(2.23)

assuming a constant entropy 𝑠 (no dissipation). From the first law of thermodynamics

d𝑈 = 𝑇d𝑆 − 𝑃d𝑉. (2.24)

The volume in SPH is not computed directly but estimated by 𝑉 = 𝑚/𝜌 thus

d𝑉 = −𝑚
𝜌2

d𝜌, (2.25)

=⇒ d𝑢 = 𝑇d𝑠 + 𝑃

𝜌2

d𝜌. (2.26)

At a constant entropy this gives the result

𝜕𝑢𝑗

𝜕𝜌 𝑗

����
𝑠 𝑗

=
𝑃

𝜌2

. (2.27)

Taking the spatial derivative of the density estimate yields

𝜕𝜌 𝑗

𝜕r𝑖
=

1

Ω𝑗

∑
𝑘

𝑚𝑘∇𝑖𝑊𝑏𝑐(ℎ 𝑗)
(
𝛿 𝑗𝑖 − 𝛿𝑘𝑖

)
. (2.28)
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The variability of ℎ across particles needs to be accounted for, as a result we end up with

a gradient term for each particle,

Ω𝑖 = 1 − 𝜕ℎ𝑖
𝜕𝜌𝑖

∑
𝑗

𝑚 𝑗

𝜕𝑊𝑖 𝑗(ℎ𝑖)
𝜕ℎ𝑖

, (2.29)

where𝑊𝑖 𝑗(ℎ) =𝑊(r𝑖−r𝑗 , ℎ). Rearranging and substitution into Eq. 2.22 gives the equation

of momentum

d

d𝑡
{𝑚𝑖v𝑖} = −

∑
𝑗

𝑚 𝑗

𝑃𝑗

Ω𝑗𝜌2

𝑗

∑
𝑘

𝑚𝑘∇𝑖𝑊𝑗𝑘(ℎ𝑏)
(
𝛿 𝑗𝑖 − 𝛿𝑘𝑖

)
, (2.30)

upon simplification

dv𝑖

d𝑡
= −

∑
𝑗

𝑚 𝑗

(
𝑃𝑖

Ω𝑖𝜌2

𝑖

+
𝑃𝑗

Ω𝑗𝜌2

𝑗

)
∇𝑖𝑊𝑖 𝑗(ℎ𝑖). (2.31)

This is the equation of motion in the absence of dissipation and self-gravity. The inclusion

of these gives

dv𝑖

d𝑡
= −

∑
𝑗

𝑚 𝑗

(
𝑃𝑖

𝜌2

𝑖
Ω𝑖

∇𝑖𝑊𝑖 𝑗(ℎ𝑖) +
𝑃𝑗

𝜌2

𝑗
Ω𝑗

∇𝑗𝑊𝑖 𝑗(ℎ 𝑗)
)
+ΠAV + ∇Φ, (2.32)

Π is the artificial viscosity defined in Eq. 2.41, and∇Φ is the acceleration due to self-gravity

defined in Eq. 2.39.

2.2.3 Energy equation

The SPH equation for the evolution of internal energy can be simply derived by rearrang-

ing Eq. 2.27

d𝑢𝑖

d𝑡
=
𝑃𝑖

𝜌2

𝑖

d𝜌𝑖
d𝑡

, (2.33)

and then taking the time derivative of the density summation to give

d𝑢𝑖

d𝑡
=
𝑃𝑖

𝜌2

𝑖

∑
𝑗

𝑚 𝑗(v𝑖 − v𝑗) · ∇𝑖𝑊𝑖 𝑗(ℎ𝑖). (2.34)
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Taking into account the kernel gradients and dissipation gives and internal energy equa-

tion

d𝑢𝑖

d𝑡
=

𝑃𝑖

Ω𝑖𝜌2

𝑖

∑
𝑗

𝑚 𝑗(v𝑖 − v𝑗) · ∇𝑖𝑊𝑖 𝑗(ℎ𝑖) +
(

d𝑢𝑖

d𝑡

)
diss

, (2.35)

I define the contribution to internal energy due to dissipation in Section 2.2.5.

2.2.4 Neighbours and gravity

The reality of finding a particle’s neighbour is very computationally expensive and scales

as 𝑂(𝑁2) without any optimisation. The code used in this work, sphNG, uses a binary

tree structure originally described in Press (1986) to compute gravity and to find neigh-

bours, this improves efficiency of neighbour finding to 𝑂(𝑁 log𝑁). All particles (leaves

of the tree) that share a nearest mutual neighbour are paired, the properties of which are

combined into a node. All other particles go through the same process until the final

two nodes are paired with the root node. To find the neighbours for particle 𝑖 the tree is

walked, ignoring nodes with a sphere of influence that does not fall within the truncation

radius of particle 𝑖.

The same tree is used to calculate the gravitational force on any given particle. For

particles at a distance greater than 2ℎ gravitational forces can be computed using the

combined contribution of particles, i.e. the nodes themselves. The gravitational forces

over these long ranges are calculated using the gravitational monopole and quadrupole

terms of distant nodes. All nodes that are within the kernel radius are opened to particle

level and the gravitational forces are computed directly. The nodes outside the kernel

radius with size to distance ratio ℎ/𝑟 > 0.3 are opened until their constituent nodes satisfy

the criterion ℎ < 0.3𝑟. It is an important distinction that SPH particles are not point masses.

They are interpolation points that represent a continuous distribution of fluid. Fluid mass

contained in overlapping regions represented by these points needs to be accounted for,

otherwise the gravitational forces calculated will be too high as this shared mass will

counted multiple times. In these cases it is necessary to use a gravitational softening
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scheme. The gravitational potential is given by Price and Monaghan (2007)

Φ𝑖(𝑟) = −𝐺
∑
𝑗

𝑚 𝑗𝜙(r𝑖 − r𝑗 , ℎ𝑖), (2.36)

where 𝜙 is the softening kernel derived from the density kernel via Poisson’s equation.

For the cubic spline this is

𝜙 =

∫
𝜙′

d𝑟, (2.37)

where

𝜙′ =
4𝜋

𝑟2

∫ 𝑟

0

𝑊(𝑟′, ℎ)𝑟′2d𝑟′. (2.38)

is the force kernel. As a result this adds an additional term onto the equations of motion

(see Section 2.2.2)

∇Φ𝑖 = −𝐺
∑
𝑗

𝑚 𝑗

[
𝜙𝑖 𝑗(ℎ𝑖) + 𝜙𝑖 𝑗(ℎ 𝑗)

2

]
r𝑖 𝑗 −

𝐺

2

∑
𝑗

𝑚 𝑗

[
𝜁𝑖
Ω𝑖

∇𝑖𝑊𝑖 𝑗(ℎ𝑖) +
𝜁 𝑗

Ω𝑗
∇𝑖𝑊𝑖 𝑗(ℎ 𝑗)

]
, (2.39)

where 𝜁 is the gradient of variable softening length

𝜁𝑖 =
𝜕ℎ𝑖
𝜕𝜌𝑖

∑
𝑗

𝑚 𝑗

𝜕𝜙𝑖 𝑗(ℎ𝑖)
𝜕ℎ𝑖

. (2.40)

The first term in Eq. 2.39 is the softened force due to gravity and the second term is

required to conserve energy in the presence of smoothing length gradients.

2.2.5 Artificial viscosity

The presence of shocks in numerical hydrodynamics leads to discontinuities in the fluid

as the numerical method can not resolve down to the scale of the mean free path of the

gas. In a real fluid kinetic energy is dissipated into heat due to an inherent viscosity. As

this viscosity can not be resolved by the numerical method but must be accounted for,

an artificial viscosity is included. Viscous terms are added to the fluid equations as was

suggested by Von Neumann and Richtmyer (1950). In sphNG the formulation described
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by Monaghan (1997b) is employed as

Π𝑖 𝑗 = −
∑
𝑗

𝑚 𝑗

𝜌2

𝑖 𝑗


𝑞 𝑖
𝑖 𝑗

Ω𝑖
∇𝑖𝑊𝑖 𝑗(ℎ𝑖) +

𝑞
𝑗

𝑖 𝑗

Ω𝑗
∇𝑗𝑊𝑖 𝑗(ℎ 𝑗)

 , (2.41)

where 𝜌𝑖 𝑗 is the mean density of particles 𝑖 and 𝑗 and 𝑞 𝑖
𝑖 𝑗

is defined as

𝑞 𝑖𝑖 𝑗 =


− 1

2
𝜌𝑖𝑣sig,𝑖v𝑖 𝑗 · r𝑖 𝑗 , v𝑖 𝑗 · r𝑖 𝑗 < 0

0, else,

(2.42)

where signal velocity 𝑣sig,𝑖 is

𝑣sig,𝑖 = 𝛼AV

𝑖 𝑐s,𝑖 + 𝛽AV

��
v𝑖 𝑗 · r𝑖 𝑗

�� , (2.43)

and 𝛼AV

𝑖
is varied according to the Morris and Monaghan (1997) viscosity switch between

[0.1, 1] and 𝛽AV = 2. The artificial viscosity parameter can be related to the Shakura and

Sunyaev 𝛼SS in a disc via (Lodato and Price 2010)

𝛼SS ≈ 𝛼AV

10

⟨ℎ⟩
𝐻
, (2.44)

where ⟨ℎ⟩ is the mean smoothing length on particles within a cylindrical ring at a given

radius.

The 𝛽AV term provides provides a second-order Von Neumann & Richtmyer like

term that prevents particle interpenetration by dissipating the kinetic energy of particle

moving towards each other as heat. The 𝛽 term is very important in the context of accretion

discs where a low 𝛼 is applied in the absence of shocks. The contribution to the internal

energy is given by Price et al. (2018b) as(
d𝑢𝑖

d𝑡

)
diss

= − 1

Ω𝑖𝜌𝑖

∑
𝑗

𝑚 𝑗𝑣sig,𝑖
1

2

(
v𝑖 𝑗 · r̂𝑖 𝑗

)
2

𝐹𝑖 𝑗(ℎ𝑖), (2.45)

where r̂𝑖 𝑗𝐹𝑖 𝑗 = ∇𝑖𝑊𝑖 𝑗 .
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2.3 Time stepping

2.3.1 Time integration

The sphNG code uses a second-order Runge-Kutta-Fehlberg integrator (Fehlberg 1969) to

evolve the difference equations to be solved. In this scheme the first step is to evaluate the

rate of change quantity A

𝑘0 = ¤A(𝑡𝑛 ,A𝑛), (2.46)

where 𝑛 denotes the timestep counter. The quantity A𝑛 is predicted at a half timestep

A𝑛+1/2
and the derivatives are re-evaluated as

𝑘1 = ¤A
(
𝑡𝑛 +

Δ𝑡

2

,A𝑛+1/2

)
, (2.47)

𝑘1 is the predicted gradient of A at a half timestep. An improved estimate of the derivatives

are calculated using a weighted average of 𝑘0 and 𝑘1, this additional accuracy is why

the Fehlberg intergrator is second-order even though strictly speaking it is a first-order

integrator. The result is

A𝑛+1 = A𝑛 +
(

1

256

𝑘0 +
255

256

𝑘1

)
Δ𝑡. (2.48)

2.3.2 Setting timesteps

An essential constraint in any numerical differential equation solver is to satisfy the Courant-

Friedrichs-Lewy (CFL) condition, which determines the hydrodynamic timestep. The

CFL timestep is defined as

Δ𝑡CFL = 𝐶CFL

(
ℎ

𝑣sig

)
(2.49)

where 𝑣sig is the signal velocity and 𝐶CFL is the Courant number, set to 0.3 in sphNG.

In addition to the CFL constraint there is also a force constraint which is calculated

from the ratio of smoothing length to acceleration magnitude |a|

Δ𝑡F = 𝐶F

√
ℎ

|a| (2.50)
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where 𝐶F is set to 0.3. Under this condition particles with a high acceleration are given

shorter timesteps to maintain accuracy.

In a purely hydrodyanamical calculation these two conditions suffice. When adding

in additional physics there may be a requirement to include additional constraints on the

timesteps. The timestep for a particle 𝑖 is set by taking the minimum value of all timestep

constraints that are necessary, for example in the purely hydrodynamical case

Δ𝑡min = min (Δ𝑡CFL ,Δ𝑡F). (2.51)

2.3.3 Individual timesteps

To save on computational expense all particles are each given their own timesteps (Bate

1995) . For particles in low density regions it is sufficient to take long timesteps to achieve

the required numerical accuracy, whereas for particles in high density regions short timesteps

are needed. In practice individual particle timesteps are set into timestep bins. In advance

of a calculation a maximum timestep, Δ𝑡max, is chosen and divided by powers of two, upto

2
30

meaning that the smallest timestep bin is ≈ 10
9

times smaller than Δ𝑡max. In addition

to this particles that share a timestep are evolved together along with particles with other

timesteps if they are smaller or if they are a multiple of their timestep.

2.3.4 Sink particles

As density increases, timesteps decrease. At the point when a protostar forms calculations

effectively stop due to the very small timesteps required at the location of the protostar. As

the interiors of these objects are not of interest in calculations studying discs, all the par-

ticles that make up the protostar are replaced by a single, non-gaseous, massive particle

with the combined mass, linear momentum and spin of the particles it replaces. Infalling

material can be accreted by the particle, alleviating the need for small timesteps. This

massive particle is referred to as a sink particle (Bate et al. 1995). The idea has been use

previously in finite-difference grid codes to study collapsing clouds past the point of pro-

tostellar core formation (Boss and Black 1982; Boss 1987), however these central cells were

fixed, the sink particles in SPH can move around.
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The sink particles interact with other particles only via gravity. Particles that come

within a certain radius of the sink particle, 𝑟acc may be accreted if some criteria are satis-

fied. The accretion radius is set before a calculation is begun and remains at that value

throughout the calculation, the accretion radius is not dependent upon the mass of the

sink; of course a practitioner would set the accretion radius to a sensible size. Typically

an accretion radius is set depending on the resolution desired about a sink particle. The

first criterion of accretion is that a particle must be bound to the sink. Second, the specific

angular momentum of the particle must be less than required for it to form a circular orbit

at the accretion radius about the sink. Finally, the particle must be more tightly bound to

that sink than to other sink particles.

2.3.5 Planets with surfaces

In this thesis I make use of the planetary model of Ayliffe and Bate (2009b). In this setup,

planetary cores are modelled with a gravitational potential. The method of Ayliffe and

Bate (2009b) has been adapted to allow for the use of a gravitational potential to be used in

a global disc simulation rather than in a disc section. The main benefit of this model that

accretion can be modelled down onto the planet core, allowing the formation of a plane-

tary atmosphere. In order to build this gas atmosphere, gravity is modified near the planet

surface. The gravitational potential approaching the surface from outside gradually shal-

lows, and then rapidly increases inside this surface to prevent particle penetration. The

gravitational force take the form

𝐹𝑟 = −𝐺𝑀c

𝑟2

(
1 −

(
2𝑅p − 𝑟
𝑅p

)
4

)
, (2.52)

for 𝑟 < 2𝑅p where 𝑟 is the radius from the centre of the planetary core, 𝑅p is the radius

of the planet core, and 𝑀c is the core mass. This results in a net zero force between a

particle and the planet core at a radius of 𝑅p. Inside the core radius the force is outwards

and increases with decreasing radius. As a result, particles come to rest close to the core

radius. As more particles become bound to the planet core they layer upon top of the

inner layer of particles, this gradually forms the planetary atmosphere. Using this method

allows for natural growth of a planet, self-gravity, and radiative transfer.
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2.3.6 Radiative transfer

With the inclusion of radiative transfer the equations of hydrodynamics must be reformu-

lated. This work uses the flux-limited diffusion of Whitehouse et al. (2005), their method

implements the radiation hydrodynamics equations of Mihalas and Mihalas (1984). In

solving the radiation hydrodynamic equations it is useful to redefine the specific gas en-

ergy into the gas energy density, 𝑒 = 𝑢𝜌. In the formulation the continuity equation

remains the same as in hydrodynamics. The momentum equation now must include ra-

diation pressure

𝜌
𝐷v

𝐷𝑡
= −∇𝑃 + 𝜒F𝜌

𝑐
F, (2.53)

where 𝜒F is the flux mean total opacity, and F is the momentum density flux. The time

dependence of the radiation energy density is

𝜌
𝐷

𝐷𝑡

(
𝐸

𝜌

)
= −∇ · F − ∇v : P + 4𝜋𝜅P𝜌𝐵 − 𝑐𝜅E𝜌𝐸, (2.54)

where 𝜅P and 𝜅E are the Planck mean and energy mean absorption opacities, respectively,

𝐵 is the Planck function, and 𝐸 is the radiation energy density. The first and second terms

on the right hand side are the diffusion of the radiation flux and the work done on the

radiation field. The third and fourth terms are the interaction between the radiation and

gas fields. The evolution of the gas energy is as follows

𝜌
𝐷

𝐷𝑡

(
𝑒

𝜌

)
= −𝑃∇ · v − 4𝜋𝜅P𝜌𝐵 + 𝑐𝜅E𝜌𝐸. (2.55)

The SPH implementation of these equations and the method used to solve them can be

found in the work of Whitehouse et al. (2005). In addition to this, the work presented

makes use of the thermal evolution model of Bate and Keto (2015) to allow for more accu-

rate treatment of thermal behaviour of molecular clouds at low densities and metallicities.

This is done by combining a model of the thermodynamics of a diffuse ISM with radiative

transfer in the flux-limited approximation of Whitehouse et al. (2005).

The method I have discussed is applied is perform four star-formation calculations

which are then analysed in Chapter 3 in order to extract the properties of protostellar
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discs. Additional details of the SPH method are discussed in that chapter, these details

are not essential to the SPH method but are required for the physics that is simulated. In

Chapter 5 I detail the dynamics of small dust grains in SPH.
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Chapter 3

The statistical properties of

protostellar discs and their

dependence on metallicity

“There are lies, damned lies, and statistics”

— Mark Twain

The formation and evolution of protostellar discs is a key element in the under-

standing of both star and planet formation. Discs form due to the conservation of angular

momentum and dissipation of energy during protostellar collapse. Prior to the advent

of interferometers with sub-arcsecond resolution at (sub)-millimetre wavelengths there

were relatively few direct images of discs (e.g. Beckwith et al. 1984; O’dell et al. 1993; Mc-

Caughrean and O’dell 1996; see the review of McCaughrean et al. 2000). But with radio

telescope arrays such as, the Submillimetre Array (SMA), the Atacama Large Millimetre

Array (ALMA), and the Very Large Array (VLA), we can now look deep into star-forming

regions to resolve many protoplanetary discs. These interferometers have even allowed us

to observe discs of embedded Class 0 and I protostars (e.g. Lee et al. 2009; Tobin et al. 2012;

Yen et al. 2013; Segura-Cox et al. 2016; Aso et al. 2017; Yen et al. 2017; Tychoniec et al. 2018;

Tobin et al. 2020).
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With the currently growing catalogue of observed discs it is a good time to compare

observed discs with those produced in hydrodynamical calculations. The first such com-

parison of properties of a large sample of discs formed in a hydrodynamical simulation

of a star cluster formation was Bate (2018) who analysed the discs that were formed in the

solar-metallicity calculation first published by Bate (2012). Bate studied the large diver-

sity of discs (e.g. disc morphologies, evolutionary processes of discs) and the statistical

properties of the discs such as their mass, radii, and disc orientations of bound protostel-

lar pairs. This paper extends this first study to examine the effect metallicity has on the

properties of discs.

The radiation hydrodynamical calculations from which we extract the statistics of

disc properties were published by Bate (2019) who studied the statistical properties of

protostars and their dependence on metallicity. This surpassed the work of Bate (2014)

by including additional physical processes (Bate and Keto 2015) to better model low den-

sity gas. It is not just opacity that changes with metallicity. In previous star formation

calculations dust and gas temperatures were usually assumed to be identical (e.g. Bate

2009; Offner et al. 2009; Bate 2012; Krumholz et al. 2012; Myers et al. 2013; Bate 2014; Cun-

ningham et al. 2018). This is a reasonable approximation when the gas density and/or

metallicity are high (e.g. hydrogen number density, 𝑛H > 10
5

cm
−3

for solar metallicity;

Burke and Hollenbach 1983; Goldsmith 2001; Glover and Clark 2012a). However, at low

densities and/or low metallicities the dust and gas temperatures can become uncoupled

(Omukai 2000; Tsuribe and Omukai 2006; Dopcke et al. 2011; Nozawa et al. 2012; Chiaki

et al. 2013; Dopcke et al. 2013) and gas temperatures are typically higher than dust tem-

peratures (e.g. Glover and Clark 2012b). Only changing the opacity may poorly model

star formation as fragmentation and gas accretion rates depend on gas temperature. Im-

provements to thermal modeling at low densities and metallicities by combining radiative

transfer with a thermochemical model of the diffuse ISM were developed by Bate and Keto

(2015), see Section 3.1 for further details.

In this chapter, I report the statistical properties of discs from the four radiation

hydrodynamical calculations of star cluster formation by Bate (2019) that employ the ra-

diative transfer/diffuse ISM method of Bate and Keto (2015). The calculations have iden-
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tical initial conditions except for their metallicity. They have 0.01, 0.1, 1 and 3 times solar

metallicity. As each of the molecular clouds collapse, discs form around protostars and I

examine the statistical properties of samples of these discs to determine the dependence of

disc properties on metallicity. In Section 3.1 I briefly outline the method and initial condi-

tions that were used to perform the calculations. In Section 3.2 I first present an overview

of the previous statistical study of discs by Bate (2018), and I then report the new results.

In Section 3.3 I provide a discussion of observed disc properties and compare them with

the properties of the discs that form in the solar metallicity calculation. Finally, in Section

3.4, I give the conclusions of this study.

3.1 Method

The radiation hydrodynamical calculations analysed in this chapter were previously re-

ported in Bate (2019), but they did not analyse protostellar disc properties. For a complete

description of the calculations, see Bate (2019). Here I only provide a brief summary of

the method and the physical processes that were included.

3.1.1 Base SPH method

The calculations were performed using the smoothed particle hydrodyanmics (SPH) code,

sphNG, based on the original version by Benz (1990) and Benz et al. (1990), but substantially

modified by Bate et al. (1995), Price and Monaghan (2007), Whitehouse et al. (2005), and

Whitehouse and Bate (2006), and parallelised using both OpenMP and MPI.

Gravitational forces between particles and a particle’s nearest neighbours are calcu-

lated using a binary tree. The smoothing lengths of particles are allowed to vary in time

and space and are set such that the smoothing length of each particle ℎ = 1.2(𝑚/𝜌)1/3
,

where 𝑚 and 𝜌 are the SPH particle’s mass and density, respectively (see Price and Mon-

aghan 2007). A second-order Runge-Kutta-Fehlberg method (Fehlberg 1969) is used to

integrate the SPH equations, with individual time-steps for each particle (Bate et al. 1995).

The artificial viscosity given by Morris and Monaghan (1997) is used with 𝛼𝑣 varying

between 0.1 and 1 while 𝛽𝑣 = 2𝛼𝑣 (see Price and Monaghan 2005).
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3.1.2 Radiative transfer and diffuse ISM model

To treat the thermodynamics the calculations used a method developed by Bate and Keto

(2015) to combine radiative transfer and a diffuse ISM model. Here I only give a brief

overview of the physics involved in the calculations, the reader is directed to that paper

for further details.

An ideal gas equation of state is used for the gas pressure 𝑝 = 𝜌𝑇gR/𝜇, where 𝑇g

is gas temperature, 𝜇 is the mean molecular weight of the gas (initially set to 𝜇 = 2.38),

and R is the gas constant. Translational, rotational, and vibrational degrees of freedom

of molecular hydrogen are taken into account in the thermal evolution. Additionally,

molecular hydrogen dissociation and the ionisation of hydrogen and helium are included,

with the mass fractions 𝑋 = 0.70 and𝑌 = 0.28 for hydrogen and helium, respectively. The

contributions of metals to the equation of state are neglected.

Gas, dust, and radiation fields have separate temperatures with the thermal evolu-

tion combining radiative transfer in the flux-limited diffusion, described by Whitehouse

et al. (2005) and Whitehouse and Bate (2006), with a diffuse ISM model similar to that de-

scribed by Glover and Clark (2012b) although with much simplified chemical evolution.

The dust temperature assumes local thermodynamic equilibrium with the total radiation

field and accounts for thermal energy exchanged between the dust and gas during colli-

sions. The calculations used dust-gas collisional energy transfer rates given by Hollenbach

and McKee (1989).

Various heating and cooling mechanisms for gas are implemented. Heating by di-

rect collisions with cosmic rays, indirect heating via hot electrons from dust grains due to

the photoeletric effect by photons from the interstellar radiation field (ISRF), and heating

from molecular hydrogen forming on dust grains are included. The ISRF used is in the

form of Zucconi et al. (2001), adapted to include the UV component from Draine (1978) in

the energy range ℎ𝜈 = 5− 13.6eV. Cooling by electron recombination, atomic oxygen and

carbon fine structure cooling, and molecular line cooling are included.

The simple chemical model of Keto and Caselli (2008) is used to compute the abun-

dances of C+, C, CO, and the depletion of CO on to dust grains. The carbon chemistry
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model is kept very simple but aims to capture the most important thermodynamic be-

haviour at low gas density. The model of Keto and Caselli (2008) includes the photoelectric

effect and allows for both cooling from C
+

at low-densities and treat the depletion of CO at

higher densities as they are the primary coolants of gas in their respective density regimes.

No other carbon chemistry is calculated in their model. The abundance of atomic oxygen

is assumed to scale proportional to (1 − CO/C). The molecular hydrogen formation and

dissociation rates used to compute the abundance of atomic and molecular hydrogen are

the same as used by Glover et al. (2010).

Opacity is set according to the tables of Pollack et al. (1985) at low temperatures

when dust is present and it is assumed opacity scales linearly with metallicity. At higher

temperatures the tables of Ferguson et al. (2005) are used with 𝑋 = 0.70, covering heavy

element abundances from 𝑍 = 0 to 𝑍 = 0.1; the solar abundance is taken to be Z⊙ = 0.02.

Dust properties may change with different metallicity (e.g., Rémy-Ruyer et al. 2014) but

these are not taken into account (see Bate 2019 for further discussion).

3.1.3 Sink particles

During each calculation the protostellar collapse is followed into the second collapse phase

caused by the dissociation of molecular hydrogen (Larson 1969). The timesteps become in-

creasingly small, so sink particles (bate_sphng_1995MNRAS.277..362B) are inserted after

the gas density exceeds 10
−5

g cm
−3

. All SPH particles within 𝑟acc = 0.5 au of the densest

particle are replaced by a sink particle with the same combined mass and momentum. If

an SPH particle comes within 𝑟acc, is bound, and has a specific angular momentum less

than that required to enter a circular orbit with radius 𝑟acc, it is accreted by the sink parti-

cle. Because of this circumstellar discs can only be resolved if they have a radius greater

than ≈ 1 au. The angular momentum of the particles accreted is used to calculate the spin

of the sink particles but does not have an effect on the rest of the calculation. The sink

particles do not contribute to radiative feedback (Bate 2012, provide a detailed discussion

on the limitations of sink particle approximation). Sink particles merge if they pass within

0.03 au of each other.
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3.1.4 Initial conditions

For a more complete description of the initial conditions of the four calculations the reader

is again directed to Bate (2019). The initial density and velocity structure was identical for

all four calculations. A uniform density, spherical cloud of gas contained 500 M⊙ with

radius 0.404pc with an initial density of 1.2 × 10
−19

g cm
−3

(hydrogen number density

𝑛H = 6 × 10
4

cm
−3

). The initial free fall time of the gas was 𝑡ff = 1.90 × 10
5

yr. An initial

supersonic turbulent velocity field was applied to each cloud, in the manner of Ostriker

et al. (2001) and Bate et al. (2003b). The velocity field is a divergence-free random Gaussian

with a power spectrum 𝑃(𝑘) ∝ 𝑘−4
, where 𝑘 is the wavenumber, on a 128

3
uniform grid

with particle velocities interpolated from the grid.

For each calculation the dust is initially in thermal equilibrium with the local ISRF,

and the gas is in thermal equilibrium with heating from the ISRF and cosmic rays with

cooling provide by atomic and molecular line emission and collisional coupling with the

dust. This causes a range of initial temperatures for the gas and dust, with dust being

warmest on the outside of the cloud and coolest in the centre. For 𝑍 = 3 Z⊙, 𝑇dust =

6.3− 17 K, for 𝑍 = Z⊙, 𝑇dust = 7.1− 17 K, for 𝑍 = 0.1 Z⊙, 𝑇dust = 12− 17 K, for 𝑍 = 0.01 Z⊙,

𝑇dust = 16 − 18 K. The initial gas temperatures vary less with 𝑇g = 9.1 − 9.8 K.

Each cloud was modelled by 3.5 × 10
7

SPH particles, providing enough resolution

to resolve the local Jeans mass throughout the calculation, necessary to correctly model

fragmentation down to the opacity limit (Bate and Burkert 1997; Truelove et al. 1997; Whit-

worth 1998; Boss et al. 2000; Hubber et al. 2006).

3.1.5 Disc characterisation

The protostellar discs in each calculation continuously evolve due to a variety of processes.

Following Bate (2018), I sample the properties of discs at multiple times during the calcu-

lation to examine the disc properties statistically. These samples are take every 0.0025𝑡ff

(≈ 480yr) for each protostar. The number of instances of discs resulting from each of the

four calculations of Bate (2019) and from the calculation of Bate (2012) are found in the

second column in Table 3.1. From here on in when referring to discs formed in the Bate

(2012) calculation I will usually refer only to Bate (2018).
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3.1.5.1 Circumstellar discs

For each protostar (modelled by a sink particle), the SPH gas particles (and other sink

particles) are sorted by distance from the sink particle. An SPH particle is considered to

be part of the protostellar disc if it has not already been assigned to a disc of a different

protostar and if the instantaneous ballistic orbit of the particle has an apastron distance

of less than 2000 AU and an eccentricity 𝑒 < 0.3. This is done by starting with the SPH

particle closest to the sink particle. The sensitivity to the choice of eccentricity limit is

discussed in Bate (2018, section 2.3.3). If these criteria are met, the mass of the particle is

added to the mass of the system then the position and velocity of the centre of mass of the

system are calculated. This process is repeated with the updated quantities for the next

SPH particle. No particles further than 2000 au from the centre of mass are considered

– this distance was chosen as it is larger than the apparent radius of any disc studied by

Bate (2018), and also applies to the discs of Bate (2019).

If, when moving through the list of particles sorted by distance, a sink particle is

encountered (e.g. either as part of a system, or a passing protostar) its identity is recorded

and the process of adding mass to the disc is stopped. No particles further away than the

nearest sink particle are included. Protostars that do not have a companion within 2000 au

are referred to as being isolated and protostars that have never had a companion within

2000 au as having no encounters. A protostar can be single but not isolated – if a protostar

has another protostar within 2000 au but the two are not bound then it is single protostar.

The above algorithm gives sensible extraction of discs for both the calculation anal-

ysed in Bate (2018) and those analysed here. It is, however, difficult to separate the disc

and the envelope of the protostar and sometimes the algorithm finds low mass ‘discs’ with

very large radii. These are not judged to be discs, rather parts of the infalling envelope.

To avoid counting these as discs I exclude any ‘disc’ with a mass < 0.03 M⊙ (< 2100 SPH

particles) and the radius that contains 63% (see below for how this is determined) of this

mass is > 300 au. Additionally, any ‘disc’ that has a radius containing 63% of its mass that

is three times larger than the radius containing 50% of its mass is excluded. These cuts re-

duce the number of instances of circumstellar discs that are used for the statistical analysis

of the four calculations of Bate (2019) (see the third column in Table 3.1 for the number of
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instances that are used and the number of instances used in the disc analysis by Bate 2018).

There are more discs identified in the updated solar metallicity calculation compared with

the Bate (2012) calculation, this is due to two reasons. First, more stars form in the more

recent calculation and so there are more objects for discs to form around. Second, the gas

is better modelled in the newer calculation, particularly at low-density, and is typically

warmer meaning that discs are less likely to be destroyed by gravitational instabilities.

The truncated power-law disc radial surface density profile

Σ(𝑟) = Σc

(
𝑟

𝑟c

)−𝛾
exp

{[
−

(
𝑟

𝑟c

)
2−𝛾]}

, (3.1)

is often used by observers (e.g. Tazzari et al. 2017; Fedele et al. 2017) to fit observed discs.

In this function, 𝑟c is the characteristic radius of the disc, 𝛾 is the power-law slope, and

Σc/𝑒 is the gas surface density at 𝑟c. As pointed out by Bate (2018) for 𝛾 < 2, 𝑟c is always

equal to the radius that contains (1 − 1/𝑒) of the total disc mass (i.e. 63.2%). We note

that equation (3.1) only gives sensible profiles for 𝛾 < 2. So if the disc well described

by equation (3.1) 𝑟c is obtained simply by measuring the radius that contains 63.2% of

the total disc mass. Measuring the radii of discs this way is actually a more general way

measurement, I find that it also gives reasonable results for discs that have very different

surface density profiles. Tripathi et al. 2017 note that using values between 50% and 80%

made little difference to their analysis. It is not imperative that a disc is well described

by the above surface density profile, as long as the characteristic radius contains ≈ 65%

of the disc mass then discs tend to be reasonably well characterised. When referring to a

disc radius in this chapter I mean 𝑟c as defined above.

3.1.5.2 Circum-multiple discs

Many of the protostars in these calculations are found to be in bound multiple systems

and thus discs formed in these systems are far more complex than those around a single

star. Due to the complexity of these higher order systems we limit our analysis to single,

binary, triple, and quadruple systems and to general properties (e.g. disc mass, disc ra-

dius, disc/star mass ratios). Systems with an order higher than four that are made up

of individual bound systems of order four or less are treat as separate systems. For ex-
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Calculation Instances of discs Instances of discs

used in analysis

Instances of isolated

discs used in analy-

sis

Bate 2012 11831 11281 2186

Metallicity 3 Z⊙ 18172 17003 3648

Solar Metallicity 16048 15323 2972

Metallicity 0.1 Z⊙ 8380 8034 1779

Metallicity 0.001 Z⊙ 4809 4585 826

Table 3.1: The instances of discs found in each of the four calculations analysed here and the calculation of

Bate (2012) that was analysed by Bate (2018). I apply criteria to determine which instances I consider as ‘real’

disc that decreases the number of instances of discs I use in this analysis. The largest decrease in instances is

6.4% for the 3 Z⊙ calculation. All calculations were run to 1.20 𝑡
ff

(≈ 230, 000 yr). I identify fewer discs with

decreasing metallicity.

ample, a septuple system consisting of a quadruple system bound to a triple system will

be treat as two individual systems. For protostars bound in pairs, either as a binary or

as components of hierarchical higher order systems, I also examine the alignments of the

circumstellar discs, protostellar spins, and the orbital plane of the pair.

To compute the total disc mass of a system I sum the total mass of all the discs

extracted for a system. Determining the characteristic disc radius for a multiple system is

not straight forward. For circumstellar discs, I record the radii containing 2, 5, 10, 20, 30,

40, 50, 63.2, 70, 80, 90, 95, 100 percent of the disc mass. To calculate the characteristic radius

for a multiple system I loop over all of the component discs, starting with the smallest of

the above radii for each disc, and keep a cumulative sum of the mass contained within a

given radius. For example, consider a binary system for which the radii containing 2%

and 5% for the disc masses are 4 au and 8 au for the primary’s disc, and 3 au and 7 au for

the secondary’s disc, and 50 au and 75 au for the circumbinary disc. We first sum 2% of

the secondary’s disc mass with 2% of the primary’s disc mass, then with 3% (5% − 2%)

of the secondary’s disc mass, then with 3% of the primary’s disc mass, and so on. The

characteristic radius for the system is then the radius at which the cumulative sum first

exceeds 63.2% for the total disc mass of the system (again, see Bate 2018 for further details).

The analysis of the protostellar systems uses the same constraints as for circumstel-

lar discs. Any circum-multiple disc which has a total mass <0.03 M⊙ (<2100 SPH particles)

and a radius containing 63.2% of the disc mass that is >300 au is excluded. In addition

to this any disc with a characteristic radius more than three times great than the radius
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containing 50% of the disc mass is also excluded.

3.2 The statistical properties of the discs

Here I discuss the statistical properties of the discs. I begin by providing an overview of

the results of the disc analysis reported by Bate (2018). Next I consider the properties of

circumstellar discs (orbiting just one protostar), discs of isolated protostars, and discs of

protostars that have had no encounters (see the definitions below). I then discuss proper-

ties of discs in bound protostellar systems, focusing on the mass and radius of these discs.

Finally I investigate the orientation angles between discs, orbital planes, and sink particle

spins (angular momenta of protostar and inner disc).

3.2.1 Bate (2018) disc analysis

In this chapter I perform a similar analysis to Bate (2018) to gather statistical properties of

discs and investigate their dependence on metallicity. I begin by summarising the main

finding of Bate (2018) to put our results in context, and I discuss the different physics used

in the calculations (Bate 2012, 2019, 2014).

The calculation analysed by Bate (2018) assumed solar metallicity and employed

two-temperature (gas and radiation) radiative transfer in the flux-limited diffusion ap-

proximation as developed by Whitehouse et al. (2005) and Whitehouse and Bate (2006).

The gas and dust temperatures were assumed to be the same throughout the calculation.

By contrast, the Bate (2019) calculations used the Bate and Keto (2015) method to com-

bine radiative transfer with a diffuse ISM model. This method has separate gas and dust

temperatures and includes energy transfer between the gas and dust via collisions. The

dust temperature is set by assuming it is in local thermodynamic equilibrium with the

total radiation field. Initially the density and velocity structure are the same for all of the

calculations (both Bate 2012 and Bate 2019), but the initial temperatures are different. The

calculation of Bate (2012) had a uniform initial temperature of 10.3 K, while the initial gas

and dust temperatures vary both spatially (due to extinction of the ISRF) and due the dif-

fering metallicity. During the evolution of the calculations, it is the low-density and/or

low-metallicity gas whose temperatures differ most from the temperatures obtained by
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Bate (2012). For the solar-metallicity calculation of Bate (2019), because the initial cloud

density is quite high (𝑛H = 6×10
4

cm
−3

) and the gas and dust are reasonably well coupled

thermally by collisions, the gas temperatures are similar to those obtained by Bate (2012)

who also assumed solar metallicity, except in the outermost parts of the cloud (where star

formation does not occur). Therefore, it is expected that the discs of the solar metallicity

calculation analysed here should have similar properties to the calculation analysed by

Bate (2018).

Bate (2018) show many images of discs formed in the calculation to demonstrate the

diversity of discs. The calculations of Bate 2019 also have a wide diversity of discs (see the

mosaic animations published as supplementary information with the paper), but in this

chapter I only consider their bulk statistical properties. Bate (2018) define an isolated disc

as one without a protostellar companion closer than 2000 au. This definition allows for the

inclusion of discs that may have been part of multiple systems or had close encounters with

other discs, or may become part of a multiple system in the future. Having isolated discs

defined this way is consistent with what an observer would see; they would not know the

history or future of the disc, only that is is currently isolated. A protostar that has never

had an encounter within 2000 au is classified as having no encounters. I categorise discs

in the same way to make meaningful comparisons between the calculations.

3.2.1.1 Disc masses and radii

The analysis done by Bate (2018) was the first attempt at protostellar disc population syn-

thesis using a hydrodynamical calculation. Their aims were to show the large diversity

of disc types that can be expected around young stars, and to provide statistics on their

evolution and properties (e.g. mass, radii, disc alignment). I do not provide a detailed

investigation into the evolution of discs – the same evolutionary processes are involved in

sculpting the disc populations and in most cases similar evolutionary trends are found.

Bate initially consider the discs around individual protostars (i.e., circumstellar

discs), including isolated discs and discs with no encounters as defined above. They find

that most (≈ 70%) circumstellar discs are not resolved (i.e. 𝑀d < 0.01M⊙), largely due

to interactions with other protostars or ram-pressure stripping. Protostars that have had
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no encounters mostly have resolved discs with the masses of these discs having a clear

dependence on the mass of the protostar they are orbiting. The disc mass distributions

are subdivided into three protostellar mass ranges: 𝑀 < 0.1 M⊙, 0.1 M⊙ ≤ 𝑀 < 0.3 M⊙,

and 𝑀 > 0.3 M⊙ and the typical disc mass is found to scale approximately linearly with

protostellar mass.

Next Bate (2018) investigate the statistical properties of the discs of stellar systems.

When considering the dependency of total system disc mass on stellar system mass they

use the same three mass ranges as above. Discs in systems that have a higher total mass

tend to be more massive until the mass of the system exceeds ≈ 0.5 M⊙, above which the

typical total disc mass is found to be more or less independent of the total stellar mass.

More than half of very low mass (VLM) (𝑀 < 0.1 M⊙) systems have unresolved discs.

The discs in the VLM systems tend to be a factor of two times smaller in radius than

systems with 0.1 M⊙ ≤ 𝑀 < 0.3 M⊙ and a factor of three times smaller than systems with

𝑀 > 0.3 M⊙. The largest discs tend to be found in multiple systems.

3.2.1.2 Disc orientations

Bate (2018) provide a discussion of the relative orientations of discs, orbits, and sink par-

ticle spins (this can be thought of as the angular momentum of the star and the inner

region of the disc) in bound protostellar pairs. Pairs can be either binary systems or a

mutual closest neighbour in a multiple system. To be considered, discs must have a mass

of 𝑀d ≥ 4.3×10
−4

M⊙. This is equivalent to 30 SPH particles which is enough to calculate

the angular momentum vector of the disc.

Discs tend to be more aligned with each other in closer systems, with discs having

semi-major axes≲ 100 au typically being strongly aligned. The discs become more aligned

with increasing age, and discs that are part of higher order systems (> 2 protostars) tend to

be more well aligned than discs in binary systems. They suggest this is likely because pairs

in higher order systems originate from disc fragmentation more often that discs in binary

systems, in which discs originate from either disc fragmentaion or star-disc interactions.

The alignment between discs and the orbit of the pair has a weaker alignment for close

systems and a stronger alignment in wider systems when compared to the alignment
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between discs. There is less of a dependence of alignment on age than there was for disc-

disc alignment.

The alignment between sink particle spins of pairs (angular momentum of the pro-

tostar and inner disc on the scale of ≲ 0.5 au) is similar to the alignment between circum-

stellar discs. Spin-spin alignment have the same dependencies on age, separation and

multiplicity as for disc-disc alignment. The circumstellar discs and sink particle spins

of bound pairs show a tendency for strong alignment. Roughly 50% of protostars have

misalignments of more than 30° between their resolved outer discs and their sink particle

spins (i.e., the combination of their protostellar and inner disc angular momenta). The

explanation for this is that the outer part of the discs are continually having their orienta-

tions changed more quickly than the spins are. There is a lag for the reorientation of spins

through accretion from larger scales of the disc. The alignment of sink particle spins and

circumstellar discs do not have the same dependencies on age, separation, and multiplicity

as the spin-spin alignment (circumstellar discs and protostellar spins are generally much

better aligned with each other than the two spins of a pair of protostars).

3.2.2 Circumstellar discs

In Fig. 3.1 I compare the cumulative distributions of circumstellar disc masses, radii, and

disc/star mass ratios from each of the four calculations with different metallicity with the

analysis of Bate (2018). The top row gives cumulative distributions for all discs orbiting

only one protostar, the middle row gives the corresponding distributions for isolated pro-

tostars, and the bottom row gives the distributions for protostars that have never been

within 2000 au of another protostar.

We see in the top left panel that most circumstellar discs are unresolved (i.e. 𝑀d <

0.01 M⊙), however those discs that are resolved generally follow the same trends and there

is no consistent trend with metallicity.

In the middle left panel we see that isolated protostars tend to have mostly resolved

discs, with the exception of the lowest metallicity calculation, and there is a consistent

trend that a higher proportion of protostars have resolved discs with increasing metallicity.
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Figure 3.1: Cumulative distributions of disc mass (left), characteristic radius (centre), and disc/star mass

ratio (right) for circumstellar discs (top), isolated discs (middle), and discs that have never had a companion

protostar pass within 2000 au of the protostar that they orbit (bottom). Here we show the comparison between

discs found in the four calculations with differing metallicity and discs found in Bate (2018).
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There are also very few massive discs with the lowest metallicity. For protostars never

having had another protostar within 2000 au, the vast majority have resolved discs, since

they have not been disrupted or truncated by dynamical interactions with other protostars.

The mass distributions of these discs have a weak metallicity dependence such that the

low-mass discs (0.01 M⊙ < 𝑀d < 0.1 M⊙) in the lowest metallicity calculation are typically

≈ 50% more massive than those in the highest metallicity calculation. As mentioned

above, however, there is also a relative deficit of massive discs in the lowest metallicity

calculation (𝑍 = 0.01 Z⊙).

From the centre column it is very clear that larger discs tend to form with higher

metallicity; this is most clear from the bottom centre panel as these no encounter discs are

mostly resolved, but the trend is apparent in all of the samples.

As for the cumulative distributions of the ratio between the disc and protostar

masses (panels in the right column), there does not appear to be a consistent trend with

the metallicity of the molecular cloud, except in the case of the isolated disc sample. For

isolated discs, the cumulative distributions becomes steeper with increasing metallicity

(i.e. with low metallicity there are many unresolved discs or discs less massive than the

protostar).

In Fig. 3.2 the distributions of masses of discs about protostars that have not had an

encounter with another protostar within 2000 au are shown. It is clear that disc mass scales

with star mass for each metallicity with most disc masses being in the range ≈ 0.02-0.2 M∗.

There is a slightly greater spread of disc mass across the mass bins in the super-solar

metallicity calculation than in the lower metallicities. In Table 3.2 the number of instances

of discs about protostars that have had no encounters within 2000 au of an other protostar

are given. Note that there are significantly fewer protostars having no encounters of mass

𝑀 > 0.3 M⊙ for the lowest metallicity. As discussed in Bate (2019) the lowest metallicity

calculation has the highest multiplicity out of the four calculations, making it less likely

for protostars to have no encounters within 2000 au. This is also why the 𝑍 = 0.01 Z⊙

calculation has the highest fraction of unresolved discs (Fig. 3.1) – a greater fraction of

stars have close companions that disrupt or truncate their circumstellar discs. The reason

for the higher multiplicity at low metallicity and the above trends of circumstellar disc
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Figure 3.2: The cumulative distributions of circumstellar disc mass for protostars that have never had an

encounter within 2000 au. The solid line gives the distribution for no encounter discs, and we also provide

the distributions for sub-samples in which the protostellar mass lies in the ranges 𝑀 < 0.1 M⊙ , 0.1 M⊙ <
𝑀 < 0.3 M⊙ , and 𝑀 > 0.3 M⊙ . Discs orbiting more massive stars tend to be more massive. The masses of no

encounter discs tend to increase slightly as metallicity decreases. Note that we do not include the cumulative

distribution of disc mass for stars of mass 𝑀 > 0.3M⊙ from the 𝑍 = 0.01 Z⊙ metallicity calculation as there

are only two such instances of isolated discs (see Table 3.2).
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Calculation 𝑀 < 0.1 M⊙ 0.1 M⊙ < 𝑀 𝑀 > 0.3 M⊙ Total

< 0.3 M⊙

Metallicity 3

Instances 1295 859 195 2349

Percentage 55.1% 36.6% 8.3% -

Metallicity 1

Instances 896 812 115 1823

Percentage 49.2% 44.5% 6.3% -

Metallicity 0.1

Instances 359 329 122 810

Percentage 44.3% 40.6% 15.1% -

Metallicity 0.01

Instances 118 129 2 249

Percentage 47.4% 51.8% 0.8% -

Table 3.2: The number of instances of discs orbiting protostars that have never had another protostar within

2000 au for each of the four calculations. Provided are the total number, and the numbers in three bins based

on protostellar mass. Alongside these are the number of instances in each mass bin as a percentage of the

total number of instances of these discs for each calculation. Generally, the proportion of discs decrease as

the mass bin increases. This is not case for the lowest metallicity calculation where there is a slight uptick in

instances of discs in the intermediate mass bin and almost no instances of discs in the high mass bin. As the

metallicity is decreased the number of discs about protostars with no encounters within 2000 au consistently

decreases.
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Figure 3.3: Cumulative distributions of protostellar system total disc mass (left), characteristic radius (centre),

and total disc mass/total stellar mass ratios (right). Compared are the cumulative distributions from each of

the four metallicity calculations with those from the (Bate 2012) calculation. Note that the solar metallicity

calculation has similar distributions for disc radius and disc/star mass ratio to the (Bate 2012) calculation

(which also assumed solar metallicity), though the system disc masses themselves are typically about a factor

of two lower in the newer calculation.

properties with metallicity is discussed in Section 3.3.1.

3.2.3 Discs of bound systems

In this section, I discuss the properties of discs found in bound protostellar systems. These

include circumstellar, circumbinary and circum-multiple discs up to and including discs

surrounding quadruple systems.

3.2.3.1 Disc masses and radii

In Fig. 3.3 the same three properties across the calculations are compared as in Fig. 3.1

except here discs that are extracted as part of an entire system are considered (see Sec-
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Figure 3.4: The cumulative distributions of total disc masses of protostellar systems for each of the four

calculations. We give the distributions of all discs, discs about systems of total stellar mass 𝑀 < 0.1 M⊙ ,

0.1 M⊙ < 𝑀 < 0.3 M⊙ , and 𝑀 > 0.3 M⊙ . The total disc mass tends to increase as the stellar mass of the

system increases, except in the 𝑍 = 0.01Z⊙ case where the disc masses in the two higher protostellar mass

ranges are similarly distributed.

tion 3.1.5.2). Across the calculations the characteristic disc radius tends to increase with

metallicity. The median radius of discs in a bound system for the super-solar metallicity

calculation is ∼ 65 au compared to ∼ 20 au in the lowest metallicity calculation. Around

30% of discs in the super-solar metallicity calculation have a characteristic radius larger

than 100 au compared to around 10% in the lowest metallicity calculation. This is likely

due to the increase of fragmentation due to cooler gas temperatures in the low metallicity

calculation (see Section 3.3.1). The characteristic radii tend to be slightly larger for discs

in systems than circumstellar discs alone. Note that both circumstellar discs and discs of

systems in the Bate (2012) calculation and the solar metallicity Bate (2019) calculation have

very similar distributions of disc radii. The circumstellar disc mass distributions are also

very similar, although the disc masses of systems are about a factor of two lower in the

newer calculation compared to the older calculation. The two different methods employed

by these calculations are not expected to show much difference due to the relatively high

densities of the initial molecular cloud. The majority of discs across all the calculations

have characteristic radii ranging between 20 and 110 au.

The right panel of Fig. 3.3 shows the cumulative distributions of the ratio between

the total disc mass and the total protostellar mass of the instances of protostellar systems.

Overall the distributions tend to be quite flat indicating a wide range of ratios, but that

systems in which the total disc mass exceeds the total protostellar mass are very rare even

at these young ages. Again, the lowest metallicity calculation differs slightly from the

others in that a greater fraction of systems have low-mass or unresolved discs.
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Figure 3.5: The distributions of relative orientation angle between the two circumstellar discs in bound pairs

of protostars. The pairs include binaries, and pairs in triple and quadruple systems. Given here are the

cumulative distributions for four ranges of the semi-major axis: 𝑎 < 30 au, 30 < 𝑎 < 100 au, 100 < 𝑎 < 1000

au, and 𝑎 > 1000 au. Also plotted the cumulative distribution of relative orientation angle for all pairs. As

metallicity is decreased the alignment between discs also does, except for close systems (𝑎 < 100 au) at the

lowest metallicity (𝑍 = 0.01 Z⊙).
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Figure 3.6: The distributions of the relative orientation angle between each circumstellar disc and the orbital

plane of the bound protostellar pairs. The pairs include binaries, and pairs in triple and quadruple systems.

I give the cumulative distributions for all pairs, and for those in four ranges of the semi-major axis: 𝑎 < 30

au, 30 ≤ 𝑎 < 100 au, 100 ≤ 𝑎 < 1000 au, and 𝑎 ≥ 1000 au. As the metallicity is decreased the distributions

for each given separation ranges tend to become flatter, indicating a more random distribution of orientation

angles between discs and the orbital plane of the bound pair. Again, there is an exception for close pairs

(𝑎 < 100 au) at the lowest metallicity.
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Figure 3.7: The distributions of the relative orientation angle between the two sink particle spins of bound

protostellar pairs. The pairs include binaries, and pairs in triple and quadruple systems. I give the cumulative

distributions for four ranges of the semi-major axis: 𝑎 < 30 au, 30 ≤ 𝑎 < 100 au, 100 ≤ 𝑎 < 1000 au, and

𝑎 ≥ 1000 au. Protostellar spins are generally less well aligned with each other than circumstellar discs are

with each other or with the orbit.
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In Fig. 3.4 I plot the cumulative distributions of total system disc mass separated

into mass bins of the total system stellar mass (𝑀 < 0.1 M⊙, 0.1 M⊙ < 𝑀 < 0.3 M⊙, and

𝑀 > 0.3 M⊙). There is a clear trend of increasing total disc mass with increasing total

stellar mass, except in the lowest metallicity calculation. Additionally I find that higher

order systems have a higher total disc mass, although I do not present that data here. Also

note that discs about the stars of mass 𝑀 > 1 M⊙ in the 𝑍 = 0.1 Z⊙ metallicity calculation

tend to be more massive that the corresponding discs in the other calculations, although

the numbers of systems are relatively small. The distributions of disc masses for the three

highest metallicity calculations (apart from the highest mass systems) are quite similar to

each other and quite different to the distributions in the lowest metallicity case. In the

lowest metallicity case, the disc mass distribution of high-mass (𝑀 > 0.3 M⊙) systems

is quite similar to that of intermediate mass systems (0.1 M⊙ < 𝑀 < 0.3 M⊙). In other

words, massive discs in massive systems are significantly rarer at 𝑍 = 0.01 Z⊙ than at

higher metallicities. Again, this is likely a result of enhanced cooling at low metallicity

and, thus, more frequent disc fragmentation. Similarly, more than 80% of discs orbiting

very low-mass systems are unresolved, compared to ≈ 60% at higher metallicities.

3.2.3.2 Disc orientations of protostellar pairs

In this section, I investigate how relative orientations of protostellar orbits and spins, and

discs in bound protostellar pairs depend on metallicity and orbital separation. I find that

distributions of relative orientation angle do not vary much with age and are generally

similar to those found by Bate (2018). For this reason I do not present any data on the

age dependence here. By bound pairs I mean either a binary system or bound pairs in a

higher order system. A triple system will always contain one pair (due to the hierarchical

way in which systems are identified), and a quadruple system may contain either one or

two pairs. For discs to be analysed each protostar must have a circumstellar disc. It is

required that each disc to be a mass of 𝑀𝑑 ≥ 4.3 × 10
−4

M⊙ (at least 30 SPH particles) as

this is sufficient to determine the angular momentum vector of the disc. For metallicities

of 𝑍 = 3, 1, 0.1, 0.01 Z⊙ the numbers of instances of disc pairs are 1076, 735, 390, and 189

respectively.
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First, I investigate the relative orientations of the two circumstellar discs in pairs.

In Fig. 3.5, I show the cumulative distributions of the relative orientation angle and its

dependence on the separation (semi-major axis) of the protostellar pair for each metallic-

ity calculation. I plot the overall distribution, as well as breaking the samples into four

orbital separation ranges: 𝑎 < 30 au, 30 < 𝑎 < 100 au, 100 < 𝑎 < 1000 au, and 𝑎 > 1000 au.

Overall the orientation between discs depends strongly on the separation with a smaller

separations leading to a greater degree of alignment between the discs and a larger sepa-

ration leading to less alignment. In the lowest metallicity case the distribution for all pairs

is flatter than for higher metallicity indicating that the disc orientations are starting to be-

come more random. Additionally the differences between the distributions as a function

of separation are greatly magnified. In particular, discs in widely separated (𝑎 > 1000 au)

protostellar pairs at the lowest metallicity mostly have relative orientation angles ranging

from 70 − 130° discs and those with separations 100 < 𝑎 < 1000 have close to a random

distribution. In the lowest metallicity calculation, discs with separations 30 < 𝑎 < 100

au also are more similarly distributed to the discs of separation 𝑎 < 30 au than for higher

metallicities. I don’t find any age dependence on the alignment of discs. Bate (2018) found

a weak age dependence such that older systems were slighly better aligned. An age de-

pendence is what we might expect due gravitational torques acting on the discs from the

bound pair slowly aligning them with the orbital plane, and accretion of gas from outside

the system causing discs to align with each other. However, we are only able to study

evolution on time scales of ∼ 10
4

years from these hydrodynamical calculations, and the

time scale for significant realignment for most systems is likely much longer.

Next, in Fig. 3.6 I investigate the distributions of relative orientation angle of cir-

cumstellar discs and the orbital plane of the bound pairs, plotting orientations in the same

four ranges of semi-major axis as in Fig. 3.5. Here, there are two values for each bound

pair as there are two discs to consider. I find that discs in pairs that are more closely sep-

arated than 100 au tend to be well aligned with the orbital plane, although not as well

aligned as discs in the closest systems (𝑎 < 30 au) are with each other. As was seen when

considering the orientations between discs, the distributions of relative orientation angle

for the pairs separated 𝑎 > 100 au in lowest metallicity calculation tend to be flatter than

the other distributions, with essentially a random distribution of relative angles between
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zero and 135°. I find no significant dependence of the cumulative distributions of relative

orientation angles on age. It may be expected that older systems become more aligned as

the gravitational torques from the protostars cause the disc to align with the orbital plane,

but again it is likely that the required time scale to see this effect have a significant impact

is not covered. Overall, the dependence of the disc-disc relative orientation dependence

on separation is somewhat stronger than it is for the alignment of discs with the orbital

plane.

In Fig. 3.7 I show the cumulative distributions of the relative orientation angle be-

tween the spins of the two sink particles in the bound pairs. The spins are indicative of

the angular momenta of the protostar and the inner part of the disc. Overall the spins

tend to be less well aligned than the two discs and discs with the orbital plane of the pair.

Spin is only effected by accretion, so if two protostars form in different regions and then

become bound a greater misalignment would be expected. This is why there is less overall

alignment between spins than there is for discs. In the top right panel we see that there is

not a strong dependence on separation in the solar metallicity case, except for the closest

(𝑎 < 30 au) pairs which are more well aligned. There is a trend with metallicity such that

as the metallicity decreases the spins of sink particles in pairs for which 30 < 𝑎 < 100

au become more aligned, with the angles between spins for sink particles with 𝑎 < 30 au

and 30 < 𝑎 < 100 au becoming very similarly distributed for low metallicities. In the low-

est metallicity calculation, I find a dependence on multiplicity such that spins of pairs in

triple and quadruple systems are better aligned than in binary systems. I don’t find such

a dependence on multiplicity in the three highest metallicity calculations. This could be

a signature of an enhanced role of disc fragmentation producing pairs at low metallicity.

Finally, I compare the relative orientation angles between the angular momentum

vector of the disc and the sink particle spin in Fig. 3.8. Across all four calculations there is

a strong preference for alignment. This is to be expected as the spin of a sink particle rep-

resents the angular momentum of the protostar and inner part of the disc which accretes

from the outer disc. I find that there is no significant dependence of relative orientation

distribution between discs and sink particle spin on separation. Each protostar and its

disc evolves in a similar manner with accretion and/or gravitational torques reorientat-
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Figure 3.8: The distributions of the relative orientation angle between the circumstellar disc of a protostar

and the spin of the sink particle (protostar and inner disc) that it orbits, for protostars in bound pairs. The

pairs include binaries, and pairs in triple and quadruple systems. I give the cumulative distributions for four

ranges of the semi-major axis: 𝑎 < 30 au, 30 ≤ 𝑎 < 100 au, 100 ≤ 𝑎 < 1000 au, and 𝑎 ≥ 1000 au. Protostellar

discs and spins are generally well aligned with each other, independent of separation of the pair. There is not

much variation with metallicity, but in the lowest metallicity calculation in each semi-major axis separation

range ≳ 80% of discs and spins are aligned to within 45°, slightly more aligned than the higher metallicity

cases.

ing the outer disc and the sink particle spin continually trying to ‘catch up’ by accreting

from the outer disc (see the end of Section 5.3.2 of Bate 2018 for further discussion). With

the lowest metallicity I find a slightly better alignment between discs and sink particle

spins. As I have previously shown above, a greater fraction of the instances of protostars

tend to have low mass (or unresolved) discs in the lowest metallicity calculation. It may be

that many of these instances of discs have not had much recent accretion and, therefore,

the sink particle spins and outer discs have had time to evolve to become more closely

aligned. I don’t detect any dependence on age or multiplicity for the relative orientation

angles between discs and protostellar spins.
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Figure 3.9: Cumulative distributions of protostellar spin orientations in bound pairs for each of the calcula-

tions. The distributions are split into bin of multiplicity (binary, and triple and quadruple), and separation

(<100 au, and >100 au).

3.2.4 Multiplicity

In the previous section I referred to Fig. 3.7, which shows that in protostellar spin align-

ment there is dependence on metallicity, i.e. there is better alignment of spins in lower

metallicity. Here I show in Fig. 3.9 how the alignment of protostellar (sink particle) spins

depends on multiplicity of the system across each of the four calculations. When metal-

licity is three times that of solar metallicity it matters not the multiplicity of the system in

which the bound pair is found. The alignment of the spins are very similar to each other.

In contrast to the lowest metallicity setting where bound pairs in triple or quadruple sys-

tems are very strongly aligned (∼ 90% < 45°). In binary pairs in the same calculation only

when we look at orientations > 90° do we contain ∼ 90% of the pairs. When Bate (2018)

analysed the spin alignments in a similar molecular cloud collapse calculation they did

not find any dependence on multiplicity.
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3.3 Discussion

3.3.1 Effect of opacity

As the metallicity is decreased in the calculations, the opacity is lowered which leads to

more rapid cooling of high-density gas (due to reduced optical depths) and fragmentation

becomes more likely to occur. Therefore, any given disc should be more gravitationally

unstable. When examining the close binary fraction of solar type stars (𝑀1 = 0.6−1.5 M⊙)

Moe et al. (2019) find it to be strongly anticorrelated to metallicity. They suggest enhanced

disc cooling due to reduced opacity causes an increased rate of disc fragmentation leading

to a higher rate of close binaries.

Bate (2019) obtained a similar anticorrelation between the close binary frequency

and metallicity in his radiation hydrodynamical calculations. However, when he investi-

gated the cause of the enhanced close binary fraction at low metallicities, he found that

classical disc fragmentation (i.e. a circumstellar disc fragmenting into one or more objects

which then form a close binary with the original protostar) is not the main cause of the

of the anticorrelation. Rather it arises due to enhanced fragmentation on small scales in

general – both small-scale fragmentation within collapsing molecular cloud cores and disc

fragmentation contribute.

3.3.2 Comparison with previous theoretical results

The trends I find in circumstellar disc mass and size are in general agreement with those

found by Bate (2018), and the statistical properties of discs for the solar metallicity calcula-

tion in particular are in very close agreement with those obtained by Bate (2018). This isn’t

too surprising even though the calculations we consider include thermodynamical effects

not included in the previous population study of disc properties as the earlier approach

is a good approximation at the high densities of the molecular clouds considered in both

studies. Similarly, I also find that discs with no encounters are generally more massive

and larger than discs that have had interactions. The relative alignments in bound pairs

of protostars between discs, the orbital plane, and sink particle spins also have similar

dependencies on separation, although unlike Bate (2018) I do not detect a dependence on

age of the systems.
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Figure 3.10: Dust mass distributions of discs around protostars in protostellar systems from the solar metal-

licity calculation of Bate (2019) and for discs of Class 0 and I objects taken from surveys of nearby star-forming

regions. I use disc masses from Perseus (Tychoniec et al. 2020) and Orion (Tobin et al. 2020). I make use of the

Kaplan-Meier estimate for left censored data as implemented in the Python package lifelines (Davidson-Pilon

2019). The shaded regions for the Orion discs and the simulation indicate 1𝜎 confidence intervals, and a

confidence intervals of 3𝜎 for Perseus as per Tychoniec et al. (2020).
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The new aspect of our study is that I consider whether and how the statistical prop-

erties of discs depend on metallicity. This is the first time such a statistical analysis of disc

properties at different metallicities has been carried out based on the results of radiation

hydrodynamical simulations.

However, studies of how the evolution of individual molecular cloud cores and

discs are affected by their metallicity have been carried out before. For example, Machida

(2008), Machida et al. (2009), Tanaka and Omukai (2014), and Bate (2014) all showed that

fragmentation increases with lower metallicity. Recently, Vorobyov et al. (2020) studied

the early evolution of individual protostellar discs in simulations for metallicities ranging

𝑍 = 1−0.01 Z⊙. They focus on the gravitational instability of discs and periodic accretion

bursts particularly in low metallicity discs. The accretion rates in the low metallicity discs

during the embedded disc phase (40 and 320 kyr for the 𝑍 = 0.01 Z⊙ and 𝑍 = 0.1 Z⊙

simulations respectively) are higher in the 𝑍 = 0.01 Z⊙ simulation. In general agreement

with this work, I note that the mean accretion rates of discs at the end of each of the star

cluster formation simulations increase as metallicity decreases (Bate 2019, see Table 3).

The discs in the cluster simulations are at a similar age to those simulated by Vorobyov

et al. (2020).

3.3.3 Comparison with Class 0/I objects

The calculations come with a caveat that the discs that are analysed aren’t very old (the

oldest is ∼ 10
5
yr). Even though objects don’t have a well defined age sequence (Kurosawa

et al. 2004; Offner et al. 2012), protostars of this age are generally thought be Class 0 ob-

jects. While a Class 0 protostar is defined by observational signatures that indicate the

presence of a substantial envelope (Andre et al. 1993), there is now strong evidence that

discs can and do grow at this stage (e.g. Yen et al. 2015; Tobin et al. 2020). The catalogue

of discs around Class 0 objects is growing with the advent of the Atacama Large Millime-

ter/submillimeter Array (ALMA). For example, ALMA confirmed the earlier result (Tobin

et al. 2012) of a Class 0 object with a rotationally supported disc around L1527 IRS with

radius (Ohashi et al. 2014; Sakai et al. 2014; Aso et al. 2017). Currently, the largest observa-

tional samples of Class 0 and Class I discs are those from the VLA/ALMA Nascent Disk
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and Multiplicity (VANDAM) survey of Perseus protostars (Tychoniec et al. 2018; Tychoniec

et al. 2020) and the VANDAM survey of Orion protostars (Tobin et al. 2020). The work of

Tychoniec et al. (2020) aims to provide more accurate disc mass determinations than the

earlier work of Tychoniec et al. (2018) by considering the effects of large dust grains on the

opacities. Therefore, I use the results of the more recent study when making comparisons

with the simulations.

3.3.3.1 Disc dust masses

In Fig. 3.10 I plot the cumulative distributions of the disc dust masses from VANDAM

surveys of Orion and Perseus Class 0/I protostars, along with the equivalent distribution

for instances of discs of protostellar systems from the solar metallicity calculation. I use

the Kaplan-Meier estimator, as implemented in the Python package lifelines (Davidson-

Pilon 2019), with left censoring to account for upper limits on the observed disc masses. I

provide shaded 1𝜎 confidence intervals for discs in Orion and the simulations, and 3𝜎 for

discs in Perseus (Tychoniec et al. 2020). Dust masses for the simulated discs are determined

by using the standard dust to gas ratio of 1:100. The shaded area for the simulated discs is

narrow due to the large number of instances of discs that are identified. The Kaplan-Meier

estimator is used here as it becoming a standard tool for observational studies of discs.

The form of the mass distribution of simulated discs is similar to the observed dis-

tributions. The flattening of the mass distribution of the simulated discs below ≈ 50 M⊕

is due to the limited resolution of the calculation. Discs that are poorly resolved viscously

evolve quicker than they should and, thus, have lower masses than they would at higher

resolution (see Bate 2019). Above this mass, the simulated discs are nicely bracketed be-

tween the mass distributions of the Perseus and Orion Class 0 objects. The Perseus Class

0 disc dust masses are typically about a factor of two higher than for the simulated discs,

and the Orion Class 0 masses are about a factor of two lower. The observed Class I discs

have lower masses than the Class 0 discs by factors of 2–3, consistent with them typically

being more evolved. The mean disc dust mass for the Class 0 and Class I in Orion are

25.9+7.7
−4.0

and 14.9+3.8
−2.2

M⊕ respectively and the median disc dust mass for Class 0 and Class

I in Perseus are 158 and 52 M⊕ respectively. The median mass of system discs in the solar
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Figure 3.11: Disc characteristic radii distributions from protostellar systems from the solar metallicity calcu-

lation of Bate (2019) and for the discs of Class 0 and Class I objects in Orion taken from the VANDAM survey

(Tobin et al. 2020). We use the Kaplan-Meier estimate for left censored data where the width shaded region

is the confidence interval at 1𝜎 (68%). Observed discs with radii ≤ 10au and non-detections are treated as

upper limits.

metallicity calculation is 49 M⊕. Given that there is considerable uncertainty in determin-

ing the masses of observed discs (e.g., Tychoniec et al. 2020), the simulated disc masses

are in good agreement with the observed Class 0 disc mass distributions.

3.3.3.2 Disc Radii

In Fig. 3.11 I plot the cumulative distributions of Class 0/I dust disc radii from the VAN-

DAM survey of Orion protostars (Tobin et al. 2020), and the equivalent distribution for

systems from the solar metallicity calculation. I use the data of all discs from the 0.87mm

ALMA observations as at this wavelength the derived radius of a given disc is assumed to

be close to the gas radius of the disc. For the observed discs, I treat discs with radii ≤ 10

au and non-detections as the upper limits in the analysis.

Immediately it is clear that the radii of discs from the calculation have a remarkably

similar distribution to those observed discs for radii 𝑟c ≳ 40 au. Again, the turnover

for the simulated discs at smaller radii is due to the limited numerical resolution of the

simulations.
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3.3.4 Comparison with Class II objects

Over the past few years, improvements in (sub-)millimetre resolution have given us great

ability to conduct large surveys of protoplanetary discs in nearby star-forming regions.

Whilst Class II objects are more evolved than any of the protostars I consider in this chapter,

it is still useful to compare the empirical trends found from observational studies and those

I present.

3.3.4.1 Disc dust mass

Here I compare disc dust masses derived from surveys of various star forming regions

with the masses of the simulated discs from the solar metallicity calculation of Bate (2019).

Again I use the standard dust to gas ratio of 1:100 to convert the gas masses of the simulated

discs into dust masses.

I compare the disc dust masses obtained from the solar metallicity calculation with

those derived from observational surveys of Class II objects. I use surveys of: the Lu-

pus star forming region (Ansdell et al. 2016), the Orion Nebula Cluster (ONC) (Eisner et

al. 2018), the Orion Molecular Cloud-2 (OMC-2) (van Terwisga et al. 2019), 𝜌 Ophiuchus

(Cieza et al. 2019), and 𝜆 Orionis (Ansdell et al. 2020). Each derived disc dust mass takes

the dust temperature to be 𝑇dust = 20 K. Note that for the OMC-2 observations I haven’t

included non-detections, hence the fraction of discs with mass ≥ 𝑀dust begins at 1.

In Fig. 3.12 I plot the cumulative distributions of disc dust masses from the above

surveys and the solar metallicity calculation. I use the Kaplan-Meier estimator with left

censoring to account for the upper limits on the observed disc masses. An observation

that is deemed to be a non-detection is censored. Plotted in the shaded regions are 1𝜎

(≈ 68%) confidence intervals.

The mean dust masses for Lupus, ONC, OMC-2, 𝜌 Ophiuchus, and 𝜆 Orionis are

15±3 M⊕, 8±1 M⊕, 67±9 M⊕, 19±4 M⊕, and 12±0.1 M⊕ respectively. The mean dust mass

of discs of systems from the solar metallicity calculation is 165 M⊕. It is not surprising that

disc dust masses from the simulation are considerably higher than those observed as they

are much younger. The most massive discs in the simulation are ∼ 1 order of magnitude
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Figure 3.12: Dust mass distributions of discs of protostellar systems from the solar metallicity calculation

of Bate (2019) and of the discs of Class II objects taken from surveys of different star forming regions. I use

surveys of Lupus (Ansdell et al. 2016), the Orion Nebula Cluster (Eisner et al. 2018), 𝜌 Ophiuchus (Cieza

et al. 2019), the Orion Molecular Cloud-2 (van Terwisga et al. 2019), and 𝜆 Orionis (Ansdell et al. 2020). I

make use of the Kaplan-Meier estimate for left censored data as implemented in the Python package lifelines
(Davidson-Pilon 2019). The shaded regions indicate a 1𝜎 (≈ 68%) confidence intervals. The observed disc

masses of Class II objects tend to be much lower than the simulated discs, as is to be expected if the Class II

objects are much more evolved.

more massive than the most massive discs in the Lupus, ONC, 𝜌 Ophiuchus and OMC-2

regions, and around 2 orders of magnitude more massive than the most massive discs in

𝜆 Orionis.

3.3.4.2 Disc radii

Here I compare the statistical properties of disc radii in systems formed in the solar metal-

licity calculation (see Section 3.1.5.2) with the radii derived from observations of Class II

objects. I use radii of discs in the ONC (Eisner et al. 2018), Taurus and Ophiuchus (Tripathi

et al. 2017), Lupus (Tazzari et al. 2017), Upper Scorpius OB association (Upp Sco) (Baren-

feld et al. 2017) regions. Note the survey of Taurus and Ophiuchus (Tripathi et al. 2017)

includes 50 discs from the Taurus and Ophiuchus regions, and 9 discs from other regions.

Each of these surveys base the disc radii on dust continuum observations. The radii for the

ONC, Taurus and Ophiuchus are computed using a Gaussian half width at half maximum

whereas Lupus and Upp Sco inferred the radii are from the exponential cutoff radius of a
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power-law disc (see Tazzari et al. 2017).

In Fig. 3.13 I plot the cumulative distributions of disc sizes taken from the observa-

tional surveys, and of characteristic disc radii of systems from the solar metallicity calcu-

lation. Again, I use the Kaplan-Meier estimate with 1𝜎 (≃68%) confidence intervals. As

I have done with the observed discs I left censor simulated discs that are unresolved (i.e.

any disc with a gas mass < 0.01M⊙).

Immediately one notes that there is a large dispersion in the observed disc radius

distributions from region to region. This dispersion may arise due to the different ages

of the regions, different evolutionary processes (e.g. photoevaporation), and/or different

initial conditions. The distribution of disc radii from the simulation is slightly less steep

than that of the ONC, Lupus, and Taurus and Ophiuchus. The discs in Lupus have a

similar radius distribution to the simulated discs. The discs in the ONC are noticably

smaller than in the other regions. The ONC has a relatively higher stellar density than, for

example, Lupus and Ophiuchus, which may explain the high fraction of compact discs and

lack of large discs. However, the initial molecular cloud density for the solar metallicity

calculation is also quite high (𝑛H = 6×10
4

cm
−3

) and this does not lead to unusually small

discs. The discs in the ONC are also subject to intense radiation from the massive stars so

photoevaporation may also be the cause of its smaller discs.

3.3.5 Disc alignments

Observationally, many examples of binary protostellar systems with circumstellar discs

that are misaligned with each other have been found over the past couple of decades (see

Section 3.2 of Bate 2018 for a recent summary). Early evidence for systems where discs

were presumably misaligned with binary orbits when the systems were young came from

the observed misalignment of stellar spins and binary orbital planes (Weis 1974; Guthrie

1985). Hale (1994) found a preference for alignment for binary separations 𝑎 ≲ 30 au and

random uncorrelated stellar rotation and orbital axes for wider systems, i.e. the angu-

lar momentum of the star rotation is not longer correlated with the angular momentum

of the system orbit. Similar dependence of the alignment of protostellar (sink particle)

spins on the orbital separation of binaries has been reproduced by past hydrodynamical
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Figure 3.13: Cumulative distributions of the characteristic radii of discs of systems from the solar metallic-

ity calculation of Bate (2019), and discs observed in the Orion Nebula Cluster (Eisner et al. 2018), Ophiuchus

(Tripathi et al. 2017), Taurus and Ophiuchus (Tripathi et al. 2017), Lupus (Tazzari et al. 2017), and Upper Scor-

pius OB association (Barenfeld et al. 2017) regions. I use the Kaplan-Meier estimator to plot the cumulative

distributions in order to take into account upper limits (unresolved discs) with the shaded region showing a

1𝜎 (≃ 68%) confidence interval.

simulations of star cluster formation (e.g. Bate 2012, 2014)

Recently, Aizawa et al. (2020) examined five star forming regions (Lupus, 𝜌 Ophi-

uchi, Orion, Taurus, Upper Scorpius) to see whether or not discs were aligned with each

other on larger scales than bound stellar systems. They find no overall alignment of discs

in all regions except in a sub-region of Lupus (Lupus III), where they find 16 discs that

differ from random alignment at the 2𝜎 level. These discs appear to be aligned with the

filamentary structure of the cloud. Carrying out a similar analysis of discs formed in the

calculations analysed here, I find no overall alignment of discs. One expects to find no

overall alignment of discs in the calculations as the initial cloud has little net rotation and

it does not include magnetic fields.

3.3.6 Discs at low metallicity

The disc fraction in young low metallicity star clusters is observed to be lower than in

clusters of higher metallicity at a similar age (∼ 0.5 Myr), providing evidence that discs
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have a shorter lifetime at low metallicities (Yasui et al. 2009; Yasui et al. 2016; Yasui et

al. 2021). Ercolano and Clarke (2010) show that these observations may be due to the

metallicity dependence of disc dispersal by photoevaporation. I am not able to follow discs

in the hydrodynamical calculations to these ages (the oldest discs in the lowest metallicity

calculation are ∼ 10
4

yr old), and photoevaporation is not included in the calculations.

However, I do find that young discs at lower metallicity have smaller radii and a higher

fraction of systems have unresolved or low-mass discs (Fig. 3.3), which may also help to

explain the observed metallicity dependence of disc fraction in young clusters.

3.3.7 Planet formation

The occurrence of giant planets orbiting solar type stars has been shown to decrease with

decreasing metallicity (Gonzalez 1997; Santos et al. 2001; Fischer and Valenti 2005; John-

son et al. 2010), and the dust mass of debris disc stars with planets correlate with stellar

metallicity (Chavero et al. 2019). The core accretion mechanism for giant planet formation

has been shown to be less efficient at producing giant planets in metal-poor discs (e.g., Ida

and Lin 2004), and Matsumura et al. (2021) find that in low mass and/or low metallicity

discs the formation of giant planets is difficult, and planet formation overall tends to be

slower. More rapid disc dispersal at lower metallicities would also inhibit giant planet for-

mation (Ercolano and Clarke 2010). If the initial disc properties also depend on metallicity,

as found here, with metal-poor discs having smaller radii and a higher fraction of systems

have unresolved or low-mass discs (Fig. 3.3), this will also contribute to the paucity of

massive planetary systems around metal-poor stars.

3.4 Conclusions

I have presented an analysis of the protostellar discs produced in the four radiation hydro-

dynamical calculations of star cluster formation with metallicities varying from 1/100 to 3

times solar metallicity first published in Bate (2019). These calculations are have identical

initial conditions except for their metallicity and, thus, their initial gas and dust temper-

atures. This analysis closely follows the analysis of the statistical properties of discs in

an earlier solar metallicity calculation Bate (2018). I obtain very similar statistical proper-
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ties from the more recent solar metallicity calculation as those that were obtained by Bate

(2018), but I am able to explore the metallicity dependence of disc properties.

I have the following conclusions:

1. Higher metallicity typically leads to the formation of larger discs. This is the case for

discs of individual protostars, discs of protostars that have never had an encounter

within 2000 au, and the discs of stellar systems in general (i.e. single and multiple

systems). The discs of protostellar systems in the 3 times solar metallicity calculation

have a median characteristic radius of ≈ 65 au and median of ≈ 20 au in the 1/100

time solar metallicity calculation.

2. Discs of protostars that are isolated (they do not have a companion protostar within

within 2000 au at the time they are observed) and discs in protostellar systems tend to

be slightly more massive with higher metallicity. However, this relation is reversed

for discs of protostars that have never had a companion within 2000 au – discs at the

highest metallicity (𝑍 = 3 Z⊙) are typically twice as massive as very low metallicity

(𝑍 = 0.01 Z⊙) discs.

3. Discs in bound pairs (either binaries or components of high-order systems) tends to

be well aligned for a semi-major axes 𝑎 ≲ 100 au across all calculations. In the 1/100

solar metallicity calculation the discs in wide pairs 𝑎 ≳ 100 are less well aligned than

in the calculations with a higher metallicity with more or less random orientations.

4. In pairs with separations 𝑎 ≲ 100 au discs tend to be well aligned with the orbital

plane of the pairs. Again, discs and orbits in pairs with 𝑎 ≳ 100 in the 1/100 so-

lar metallicity calculation, are generally poorly aligned with essentially a random

distribution of orientations between zero and 130 degrees.

5. Relative orientation between bound sink particle spins (representative of the angular

momentum of the protostar and inner part of the disc) are also sensitive to a change

in metallicity. For the super-solar and solar metallicity calculations it is only those

pairs closely separated (𝑎 ≲ 30au) that tend to be well aligned. For the two sub-solar

metallicity calculations spins of pairs separated by 𝑎 ≲ 100 au tend to be well aligned,
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but the spins of wider systems are less well aligned than for higher metallicities with

essentially random alignment. For the particular case of pairs with separations 𝑎 >

1000 au in the 1/100 solar metallicity calculation most of the pairs have retrograde

spins relative to each other.

6. Discs and sink particle spins of individual protostars in bound pairs tend to be well

aligned in all calculations with no significant dependence on separation. The lowest

metallicity calculation has the strongest preference for alignment with≈ 90% of discs

and spins having a relative orientation angle of 45° or less.

7. There is no overall preferential orientation for discs in each simulation as a whole.

This is expected as magnetic fields are not included and the overall net rotation of

each molecular cloud is very small.

8. The reason that discs sizes tend to be smaller, the fractions of unresolved or low-mass

discs are higher, and that the discs, orbits and protostellar spins of wide pairs tend

to be less well aligned as the metallicity is decreased is because lower metallicity

increases the rate of cooling of high-density gas. This produces more gravitational

fragmentation (both of collapsing molecular cloud cores and massive discs), leading

to higher multiplicity and a greater role of dynamical interactions between proto-

stars (Bate 2019).

9. The masses of the discs of the systems in the solar metallicity calculation have a

similar distribution to the masses of Class 0/I discs observed in the Perseus and

Orion star-forming regions. The disc mass distribution from the simulation lies in

between the Class 0 disc mass distributions obtained from Perseus and Orion, is

similar to the Class I distribution in Perseus, and is roughly 0.6 dex more massive

than the Class I discs in the Orion star-forming.

10. The distribution of disc radii of systems in the solar metallicity calculation is in very

good agreement with the disc radius distributions of Class 0/I discs observed in the

Orion star-forming region.

11. When compared to observations of Class II objects, the disc masses from the solar
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metallicity calculation are typically one order of magnitude greater than those esti-

mated from dust observations of the discs in most local star-forming regions, 𝜆 Ori

excepted. The radii of the discs are similarly distributed to discs observed in the

Lupus region.

In the future, the radiation hydrodynamical calculations could be improved by in-

creasing the numerical resolution to resolve lower mass and smaller discs. Furthermore,

although the calculations include radiative transfer, separate gas and dust temperatures,

and a thermochemical model of the diffuse interstellar medium, they do not include ra-

diative feedback from the protostars themselves. Also, magnetic fields are not included.

Despite these limitations, the disc mass and size distributions that are obtained from the

calculations are in spectacularly good agreement with those of observed Class 0/I pro-

tostars in Perseus and Orion. In particular, this seems to indicate that magnetic braking

does not play a large role in determining the properties of protostellar discs (c.f. Seifried

et al. 2013; Wurster et al. 2019).
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Chapter 4

On the frequencies of circumbinary

discs in protostellar systems

“This is getting out of hand. Now there are two of them!”

— Nute Gunray, Viceroy of the Trade Federation

Stars commonly form in binary systems (e.g. Abt and Levy 1976; Duquennoy and

Mayor 1991; Ghez et al. 1993; Fisher 2004; Raghavan et al. 2010). It is widely accepted that

most stellar binaries form due to fragmentation of the protostellar core, or protostellar

discs (e.g. Boss and Bodenheimer 1979; Boss 1986; Bonnell and Bate 1994; Bate et al. 1995;

Kratter and Matzner 2006; Clarke 2009). When forming, binaries are not able to form di-

rectly with a separation of less than 𝑎 ∼ 10 au due to the opacity limit of fragmentation

(Boss 1986; Bate 1998). Close binaries (𝑎 < 10 au) are likely to have migrated inwards

due to accretion, interactions with discs, and/or dynamical interactions with other stars

(Artymowicz et al. 1991; Bate et al. 2002; Tokovinin and Moe 2020). During the star for-

mation process a binary system may capture gas with high angular momentum from its

local environment to form a natal circumbinary disc around a binary. The dynamic in-

teractions between the disc and the binary can dominate the evolution of the natal disc

(lin_tidal_1979.186..799L; Papaloizou and Pringle 1977; Lin and Papaloizou 1979a). The

outcome of such interactions are dependent on properties of the binaries themselves, for

example the semi-major axis of the system (𝑎) and the mass ratio of the component stars (𝑞)
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(see Artymowicz and Lubow 1994, for example). Binaries with a semi-major axis 𝑎 < 50 au

are observed to truncate the outer radius of circumstellar discs (Jensen et al. 1996b) whilst

close binaries (𝑎 ≲ 10 au) are likely to have circumbinary (CB) discs (Harris et al. 2012).

Such discs are also known as discs in the "P"-type configuration (Dvorak 1982).

CB discs were first identified in the 1990s, beginning with a combination of resolved

CB discs around multiple systems: GG Tauri (Kawabe et al. 1993; Dutrey et al. 1994), UZ

Tauri E (Jensen et al. 1996a; Mathieu et al. 1996), UY Aurigae (Duvert et al. 1998); and

inferred discs around known multiple systems: GW Orionis (Mathieu et al. 1995), AK Sco

and V4046 Sgr (Jensen and Mathieu 1997), DQ Tau (Mathieu et al. 1997). Over the past 30

years some of the complexities of these systems have been revealed, such as disc size, and

system orientation. The discs around GW Ori have been a focus of interest recently due

to the geometry of the system (Czekala et al. 2017; Bi et al. 2020; Kraus et al. 2020) with

evidence that the disc surrounding this system is inclined∼ 45° to the stellar orbital plane,

and Kraus et al. (2020) suggest this misalignment is due to disc warping and tearing. In

addition to this some observed features in CB discs have been attributed to disc warps.

Marino et al. (2015) discovered a warped inner disc of HD 142527 casting shadows on the

outer disc. Warps have previously been proposed to be the cause of non-axisymmetric

features of CB discs, as in the case of the T-Tauri disc TW Hya (Rosenfeld et al. 2012). Like

discs around single objects, CB discs can extend out to 100s of au, for example the CB

disc of V892 Tau has CO gas emission detected at 200 au from the central binary (Long

et al. 2021). CB discs can live into the Class II phase, with an approximate lifetime of 2 Myr

(Kraus et al. 2012). However, whilst more than forty CB discs have now been detected (see

Czekala et al. 2021, and references therein) their detections are relatively scarce compared

to discs about single objects. For example, Akeson et al. (2019) detected no new CB discs

even in their survey of multiple systems in the Taurus-Auriga star-forming region with a

non-detection limit that corresponds to a gas mass of approximately 0.04 Jupiter masses.

It is not known at what rate CB discs should occur, or their typical lifetimes, due to

difficulties observing them. On scales ≲ 100 au optically thick dust emission can make

it difficult to detect companions separated ≲ 50 au (Tobin et al. 2016b). Despite these

difficulties there have been some observations of very young CB discs in embedded Class
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0 objects (e.g. Harris et al. 2018; Sadavoy et al. 2018; Hsieh et al. 2020; Belinski et al. 2022).

Tobin et al. (2018) find circum-multiple dust emission around eight of the nine Class 0

multiple objects they observed in the Perseus region, although they find none around

Class I multiple objects. This may be an indication of the typical lifetime of such discs.

Due to the turbulent nature of molecular clouds, chaotic accretion can take place

(Bate et al. 2003b; McKee and Ostriker 2007) and cause misalignments between the binary

orbital plane and circumbinary disc (Bate et al. 2010; Bate 2018). There are observations

of inclined circumbinary discs, for example KH 15D (Chiang and Murray-Clay 2004) and

IRS 43 (Brinch et al. 2016). Recently there has been additional theoretical work done on

the evolution of circumbinary disc inclinations. Notably, initially misaligned discs around

eccentric binaries can evolve to a polar alignment (Martin and Lubow 2017). Such a disc

has been confirmed by observations: the CB disc around the system HD 98800 (Kennedy

et al. 2019). Misaligned discs can also occur due to Kozai-Lidov oscillations (Zeipel 1910;

Kozai 1962; Lidov 1962), in which disc inclination and eccentricity are exchanged (Martin

et al. 2014; Fu et al. 2015; Aly and Lodato 2020). During these oscillations dust that is suf-

ficiently coupled to the gas undergoes oscillations on the same timescale as the gas. The

dust may have a different distribution to that of the gas due to a higher radial velocity drift

(Zagaria et al. 2021), and during periods of high disc eccentricity the dust may break into

rings (Martin and Lubow 2022). Kuruwita and Federrath (2019) suggest that molecular

cloud cores that are more turbulent may produce more massive CB discs, potentially ex-

tending their lifetimes. This may have an impact on planet formation, if the lifetime of the

disc is shorter than the timescale of alignment, and planet formation is sufficiently quick,

then the planet may be left misaligned to the binary.

Even though CB disc detections are somewhat uncommon, there is a growing cat-

alogue of circumbinary planets in particular around eclipsing binaries, where the planet

transits the binary objects. The eclipsing binary method is an effective way to detect close-

in planets around binary objects due to the high likelihood that a planet will transit the

objects (see Martin and Triaud 2015). Most of these have been detected by the Kepler space-

craft (e.g. Doyle et al. 2011; Welsh et al. 2012), with the Transiting Exoplanet Survey Satellite

(TESS) recently discovering two (Kostov et al. 2020; Kostov et al. 2021). This indicates
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that CB discs not only form but can live long enough for planets to grow. Using eclips-

ing binaries to detect planets mostly relies on the planets being coplanar with the binary

orbit. So there is a selection effect. However with the recent detection of a circumbinary

planet using radial velocities, which are less restricted to an edge-on configuration, this

may change (Standing et al. 2023). If coplanarity is preferred for close binaries then these

detections suggest that binaries may have a planet occurrence rate close to that of single

stars; if the distribution of planetary orbit inclination is more uniform, then the occurrence

rate could be higher than that of single stars (Armstrong et al. 2014). Observing transits

of misaligned CB planets becomes a more difficult problem due to the geometry of the

system, however there have been efforts to develop a method to detect such planets (see

Martin and Triaud 2014, for example).

Given that discs are a natural consequence of star formation, and most stars form

in pairs, it is important to understand the statistical properties of CB discs. In addition to

this, since there is a growing catalogue of planets orbiting a central binary, the properties

of the protoplanetary circumbinary discs also impact planet formation. Knowing how

often one expects a disc to form around a binary, how long they tend to live for, and how

they are inclined relative to their binary has significant implications for planet formation.

In this chapter I present: a method of characterising these discs from star cluster

formation simulations in Section 4.1, the statistics of the circumbinary discs in Section

4.2, a comparison of simulated disc statistics with observed disc statistics in Section 4.3,

and the conclusions in Section 4.4. The calculation analysed in this chapter is the solar

metallicity calculation from Chapter 3 and has already been discussed in detail. I will not

discuss the details of the calculation here.

4.1 Methods

The discs studied in this chapter are from a calculation originally published by Bate (2019).

For a full description of the methods used to perform the calculation and the properties

of the star cluster the reader is directed there. Here I give only a brief overview of the

algorithm used to extract the circumbinary discs and their properties in Section 4.1.1
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4.1.1 Disc characterisation

In characterising the properties of the CB discs, I follow the method of Bate (2018). The

discs formed in these calculation continually evolve due to a range of hydrodynamical

processes (Bate 2018), so to study the properties of the discs I extract properties many

times during the calculation. The idea is that if observers examined a very large sample of

real protostellar systems the ensemble would consist of systems with many different ages.

Snapshots of the discs are taken every 0.0025𝑡ff (476 yr) for each protostar. In the solar

metallicity calculation this gives 16048 instances of circumstellar discs, and 1515 instances

of circumbinary discs.

Previous similar studies of discs (Bate 2018) and the one presented in the previous

chapter have found that the basic disc properties (masses and sizes) are in quite good

agreement with the observed discs of young (Class 0) protostellar systems. Those studies

considered discs in single and multiple systems, however I did not study circumbinary

discs in detail. Both Bate and I included CB discs along with discs of triple and quadruple

systems (circum-system discs) but CB discs were not studied separately. In this chapter I

examine CB discs in much greater detail.

4.1.1.1 Circumstellar discs

In this thesis I have already discussed how discs are characterised and so I will only very

briefly layout the most important aspected of disc characterisation

Prior to discussing how I characterise circumbinary discs, first it is essential to dis-

cuss how I characterise circumstellar discs as discs can form about either one, or both of

the protostars in the binary pair. The discs around individual components are usually

referred to as circumstellar discs. First let us consider a single protostar. The SPH gas

and sink particles are sorted by distance from the sink particle representing the protostar.

Starting with the nearest particle, it is decided this is part of the protostellar disc if:

1. it has not already been assigned to another disc,

2. the instantaneous ballistic orbit of the particle has an apastron distance of less than

2000 au,
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3. its orbital eccentricity 𝑒 < 0.3.

If these criteria are met the mass of the particle is added to the system mass, and the

position and velocity of the centre of mass of the system are calculated. This is repeated

for the next closest particle. Particles are only considered if they are closer than 2000 au.

If a sink particle is found when traversing the list of particles the identity of the sink is

recorded, and the process of adding mass to the circumstellar disc is ended. In other

words, the disc does not include any gas particles more distant than the closest protostar.

Following Bate (2018), when referring to the radius of a disc I mean the characteristic

radius, 𝑟c, from the truncated power-law density profile (Fedele et al. 2017; Tazzari et

al. 2017)

Σ(𝑟) = Σc

(
𝑟

𝑟c

)−𝛾
exp

{[
−

(
𝑟

𝑟c

) (2−𝛾)]}
, (4.1)

where 𝛾 is the power-law radial density profile of the disc, and Σc/𝑒 is the gas surface

density at 𝑟c. When 𝛾 < 2, 𝑟c is always the radius that contains (1 − 1/𝑒) of the total

disc mass (∼ 63.2 per cent; Bate (2018)). Equation 4.1 only gives a sensible distribution for

𝛾 < 2. Therefore, I do not fit Equation 4.1 to a disc. Rather, I obtain 𝑟c simply by measuring

the radius that contains 63.2 per cent of the total disc mass.

4.1.1.2 Circumbinary discs

Many of the discs formed in these calculation are found to be in bound multiple systems.

The scope of this chapter is to discuss the discs surrounding bound ‘pairs’ of protostars.

Sometimes there are binary systems within a higher order system (e.g. a triple system

consisting of a binary and a companion). I will be clear whether the binary is a pure

binary or a binary within a higher order system when discussing results.

The mass of CB discs is computed in a similar way to that of circumstellar discs.

However, instead of searching radially outward from a sink particle I calculate the centre

of mass of the binary pair and search radially from there. Note, the sink particles of the

bound pair do not cause the radial search to stop in this case. Similarly to the circumstellar

discs I list all particles within 2000 au of the centre of mass of the system in order of

distance. When going through the list of particlesIignore particles that are contained in
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Figure 4.1: Cumulative distributions of the ages of discs taken at either the end of the calculation or at the

final snapshot they are recorded in, i.e. the disc is no longer classified or the central object is no longer a binary

(e.g., a merger may take place, the binary may become unbound, or another components may exchange into

the original binary). Most of the discs in all multiple systems live longer than 10
4

yr. There is no significant

multiplicity dependence on the age distributions of the CB discs.

any of the component discs (i.e. circumprimary or circumsecondary). Applying the same

criteria as above, I obtain a small number of ‘CB discs’ that are in fact envelope material.

To avoid this I added one more requirement to extract CB discs. I discard any ‘CB discs’

that contain less than 50 per cent of the total system disc mass (i.e. sum of circumbinary,

primary, secondary disc masses). This value was chosen as it means each CB disc will have

a significant mass relative to circumstellar discs, and was found to be effective at ignoring

envelope material whilst keeping what would usually be considered to be CB discs. This

percentage of total mass may seem to be high; this is discussed more in the next section.

Upon incorporating these criteria the number of instances of CB discs is reduced to

1465, from 1515. There are 650, 409, and 406 instances of CB discs in pure binaries, triples,

and quadruples respectively.
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4.2 Results

In this section I present statistics on CB discs found within the solar metallicity star for-

mation calculation of Bate (2019). In Chapter 3 I studied the disc properties of all four

calculations from Bate (2019) and found some dependence on metallicity. Typically disc

size decreases with metallicity, and discs and orbits of bound pairs tend to be less aligned

at lower metallicity. Therefore one expects there to be some difference in the statistics of

CB discs in calculations differing metallicity (e.g. smaller disc size, and a lower occurrence

rate of CB discs at lower metallicity), however this is outside the scope of this study.

I summarise the ages of CB discs in the solar-metallicity calculation in Section 4.2.1

and the occurrence rate of CB discs in different systems in Section 4.2.2. In Section 4.2.3

I present the numerous different statistics of the CB discs in the cluster simulations, e.g.

radius/mass distributions, disc-orbit mutual inclinations, radius in units of binary sepa-

ration, disc mass to system mass ratio. The statistics generated from the calculation are

from snapshots taken throughout the simulation, every 476 yr. This means that if a disc

is present in the calculation for multiple snapshots then the properties of this disc will be

included that number of times. Because the discs are continually evolving, the properties

of the disc change enough between snapshots that no two snapshots are the same. This

does mean, however, that not all instances are strictly independent from each other.

4.2.1 Ages of discs

As the calculation is only run for a set time period (1.20 𝑡ff) and the first stars form at

0.606 𝑡ff, the oldest protostars can only be ≈ 10
5

yr old at most. When considering the

frequency of CB discs, it would be useful to know how old the discs are. If discs tend to be

short lived it would make them less likely to be observed. In Fig. 4.1 I plot the cumulative

age distribution of the CB discs at the point where they fail to meet the criteria laid out

in Section 4.1.1 for CB discs in binary, triple, and quadruple systems. The distributions in

Fig. 4.1 suggest that it does not matter if the disc is around a bound pair in a binary or

a hierarchical system; they tend to live, regardless of the system, at least up until ages of

≈ 10
4

yr. Note that during the simulation discs come and go, i.e. a disc may form around

a binary and then cease to be present at a later time. Additionally, sometimes discs may
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briefly fail to meet the criteria laid out in the previous section and then go on to satisfy

them at a later point. No CB discs found in the simulation have ages greater than 8 × 10
4

years. The older discs tended to be the most massive ones to form in the simulations

(0.1-1 M⊙). These systems are very young compared to those that would typically be

observed, however there are some cases of CB discs about comparatively young objects.

For example, young CB discs have been observed in L1551 NE (Takakuwa et al. 2012),

L1448 IRS3B (Tobin et al. 2016a), IRAS 16293-2422 A (Maureira et al. 2020), and VLA1623

A (Hsieh et al. 2020). This is an indication that CB discs form quickly about protostellar

binaries. In the case of L1448 IRS3B, the system is estimated to be less than 150,000 years

old.

During their evolution, CB discs can be disrupted in many ways due to the highly

dynamic and chaotic process of star formation that can lead to them to having their proper-

ties altered or being destroyed entirely (see Bate 2018, which discusses the many processes

that can drive disc evolution). This happens on many occasions in this simulation. For

example, the CB disc formed around sink particles 3 and 6 (numbered in the order of for-

mation in the calculation) grows in mass until it reaches ≈ 0.4M⊙, after which its mass

suddenly decreases by three orders of magnitude. The sudden drop in disc mass is caused

by the fragmentation of the CB disc to form a protostar, forming a triple system. CB discs

that are misaligned and undergo fragmentation may result in triple systems that are also

misaligned. The disc around sinks 9 and 13 is the most massive disc in the simulation

(≈ 0.8M⊙), rapidly growing towards the end of the calculation, until there is a significant

increase in dynamical interactions and the disc is completely destroyed. Another exam-

ple of how CB discs can have their properties altered is the disc around sinks 52 and 176.

This disc’s mass goes through periodic increases and decreases in mass. This however

is not due to periodic busts of accretion, but rather the capture of a third outer star that

then orbits the system sweeping through the disc, accreting material away from it but not

totally destroying it. These and other events can be viewed in the disc mosaic animation

that was published as supplementary material with Bate (2019).



4.2. RESULTS 95

10 1 100 101 102 103

a [AU]

0.0

0.2

0.4

0.6

0.8

1.0
CB

 d
isc

 fr
ac

tio
n

Order = 2
Order > 2

Figure 4.2: The fraction of binaries that host circumbinary discs plotted in bins of binary separation. The

fraction of discs in pure binaries if plotted in black, and in red for hierarchical systems. The separation bins

are divided as following: 0.3-1, 1-3, 3-10, 10-30, 30-100, and 300-1000; all in au. There are no discs in systems

with separation larger than 300 au.
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Figure 4.3: Instances of binary systems in bins of binary separation. I plot the number of binaries in each

type of system, binary (solid black), and hierarchical triple (dashed red) and quadruple (dotted blue). The

separations are binned as following: 0.3-1, 1-3, 3-10, 10-30, 30-100, 100-300, 300-1000, 1000-3000; all in au.

There are no binaries with separations larger than 3000 au.
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4.2.2 Frequency of discs

Here I consider the fraction of binary systems that host a circumbinary disc. I consider

pure binaries and binary pairs in hierarchical systems separately. The separations of the

binaries are logarithmically binned every 0.5 dex, and then I count the number of discs

about binaries in each bin. The resulting distributions are plotted in Fig. 4.2. The points

plotted in Fig. 4.2 are the mean separation of the disc hosting binaries in each bin, and

the associated error-bars are calculated using Wilson’s interval (Wilson 1927), where the

observed probability of a binary having a disc is given by 𝑝̂ = (𝑁discs+1)/(𝑁binaries+2). The

fractions are based upon the instances of binary pairs. I count the number of instances of

pairs and the number of pairs with a CB disc across all snapshots and bin them by binary

separation. When considering the fraction of pure binaries that host a CB disc one sees

a bimodal distribution of CB disc fraction with peaks at 𝑎 ≈ 0.7 au, and 𝑎 ≈ 30 au in

binary semi-major axis. The peak at smaller separations is higher than the peak at larger

separations, with 89 per cent of tight binaries hosting a disc compared to around 55 per

cent of intermediate separation binaries. Broadly the fractions of binaries in hierarchical

systems that host a CB disc are similar except for tight binaries (𝑎 ≲ 3 au); for 𝑎 > 3 au

there is no significant difference. In hierarchical systems tight binaries are less likely to

host a CB disc than strict binary pairs. Note, 𝑎 in hierarchical systems is the separation

between the closest bound pair in the system.

In Fig. 4.3 I show the number of binary system instances in the same separation bins

that were used to calculated the CB disc fractions. For separations of 𝑎 < 3 au the number

of binary systems are similarly distributed regardless of order. In hierarchical systems

the number of binary pairs peaks in the 3 < 𝑎 < 10 au separation bin, and then tails off

as separation increases with very few pairs with 𝑎 > 100 au. In pure binary systems the

number of binaries is roughly uniform in log-separation for 3 < 𝑎 < 100 au, then the

number of binaries decreases when 𝑎 > 100 au.

The range 3−100 au has the highest total number of binaries (Fig. 4.3). Circumbinary

disc hosting binaries with separations 3 < 𝑎 < 100 au tend to become more common as the

separation increases up to 𝑎 ≈ 100 au (Fig. 4.2); the CB disc fraction drops to almost zero

when 𝑎 > 100 au in all systems. This suggests that binaries this wide are very rarely able to
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form a rotationally supported disc. When taking into account that the binary separation

distribution peaks at ≈ 30 au, both in the calculation and observations (e.g., Raghavan

et al. 2010), CB discs should typically be found around 10 − 100 au binaries.

For pure binaries, systems with 10 < 𝑎 < 30 au, and 30 < 𝑎 < 100 au roughly host

the same fraction of discs. The error-bars give a 2𝜎 confidence interval on the probability

of a binary hosting a disc given the number of discs and binaries. Note the caveat that the

sample of discs is not strictly independent.

4.2.3 Disc statistics

In Fig. 4.4 I plot the CB disc dust mass against the ratio of the CB disc mass to total system

disc mass, with the characteristic radius of the CB discs shown by the colour of the points.

Note that all plots in the remainder of the paper are generated from instances of CB discs

and/or bound pairs. I assume a dust-to-gas ratio of 0.01 to compute the dust masses. As

mentioned in Section 4.1.1 I only consider CB discs that contain at least 50 per cent of the

total disc mass. This may seem like a high percentage but considering ∼ 87 per cent of

CB discs contain more than 95 per cent of the disc mass of the system it captures the vast

majority of CB discs. The ‘discs’ that are discarded with this criterion tend to be of a mass

lower than 0.03 M⊙ (100 M⊕) and have a radius of less than the separation of the binary

orbit. This suggests that young binary systems with CB discs tend to have significant

discs, and that the discs about the component stars tend to be comparatively low mass.

Discs with masses of less than 0.01 M⊙ (≈ 30 M⊕) are poorly resolved by the calculation,

due to too few (< 700) SPH particles modelling them.

When considering the separation of the binary system I find that the radius (𝑟c) of

the CB disc tends to increase with separation. I show this in Fig. 4.5 (left panel) for pure

binaries, with the mass of the CB disc shown in the colour map. All binaries that host a

CB disc have a separation 𝑎 < 110 au with discs generally smaller than 𝑟c ≲ 200 au. I find

the median value of CB disc radius in units of binary semi-major axis, 𝑎, is ∼ 4.9 in pure

binaries, and ∼ 5.4 and ∼ 6.1 in triple and quadruple systems, respectively (i.e. there is

no great difference). Note that I do not find a trend between CB disc mass and CB disc

radius.
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Figure 4.4: Graph of the circumbinary disc dust mass against the fraction of the circumbinary disc mass to

the total disc mass. In addition, the radius of the CB disc is shown using the colour of the points. The bulk

of the CB discs contain more than 90 per cent of the total disc mass in of the binary. There are only a handful

of systems for which more than 20 per cent of the disc mass is in the circumstellar discs. Typically, the lower

the CB disc mass, the more likely it holds less of a proportion of the total disc material.

100 101 102

a [AU]

101

102

103

r c
 o

f C
B 

di
sc

 [A
U]

Pure binaries

102

103

CB
 d

isc
 m

as
s [

M
]

100 101 102

a [AU]

101

102

103

r c
 o

f C
B 

di
sc

 [A
U]

Pairs in
hierarchical systems

102

103

CB
 d

isc
 m

as
s [

M
]

Figure 4.5: The radii of CB discs in pure binaries (top) and hierarchical systems (bottom), and how they

depend on binary semi-major axis. The masses of the CB discs are shown using a colour map. The blue line

in both plots is where rc = 𝑎. As expected, all CB disc radii are greater than the semi-major axis, typically by

factors of 3-8 for 𝑎 ≳ 5 au.
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Figure 4.6: The cumulative distribution of CB disc radii measured in au (top) and as a fraction of the bi-

nary’s semi-major axis (upper middle) in binary, triple, and quadruple systems. I also give the cumulative

distributions of CB disc dust masses (lower middle), and semi-major axes of bound pairs in pure binaries and

hierarchical systems with CB discs (bottom). The radii of CB discs is lower systematically with increasing

order, mainly because the binaries in higher-order systems are systematically closer. The masses of CB discs

in pure binaries and in hierarchical triples are very similar, but they are lower in hierarchical quadruples.

Semi-major axis of bound pairs tends to decrease with increasing order.
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In Fig. 4.5 (right panel) I show a similar trend for binaries in higher-order systems,

however the maximum radii of the CB discs appear to be lower. None of the CB discs have

a radius 𝑟c > 300 au, and there are also no disc-hosting binaries in hierarchical systems

with a separation 𝑎 > 50 au. The radii of CB discs in quadruple systems are systematically

lower than those in pure binary systems, see Fig. 4.6 (top left). However, this is slightly

misleading because whilst the CB discs in hierarchical systems tend to be smaller, the

separations of the binaries also tend to be smaller. Therefore, in the top right panel of

Fig. 4.6 I show the cumulative distribution of disc radii measured as a fraction of binary

separation (i.e., 𝑟c/𝑎). CB discs sizes relative to their binary in all systems are similarly

distributed, and thus the disc sizes don’t differ significantly for a given binary separation.

I plot the cumulative distribution for CB disc masses in systems of differing order

in the bottom left panel of Fig. 4.6; CB discs in triple and binary systems have a very sim-

ilar distribution of masses, whereas the CB discs in quadruple systems tend to be about

a factor of two lower in mass. In the bottom right panel of Fig. 4.6 I show the cumulative

distributions of binary semi-major axis for binaries in binary, triple, and quadruple sys-

tems. Until binaries become more separated than ∼ 3 au the semi-major axes of binary

pairs are almost identical across multiplicity. After this point there is a deviation in the

distribution of separations. Around 35 per cent of pure binaries instances found are close

(𝑎 < 10 au), with this percentage increasing with multiplicity; more than 60 per cent disc

bearing binary instances in quadruple systems are close binaries. The median separation

of CB disc hosting binaries is 𝑎 ≈ 11 au; this falls below the separation of binaries that one

might reasonably expect to be able to observe in optically thick young protostellar systems

(𝑎 ≈ 50 au) (Tobin et al. 2016b).

Whilst I find no correlation between binary separation and CB disc mass, I do find

a trend between the ratio of CB disc to total disc mass and binary separation. I plot this

in Fig. 4.7, with the CB disc mass shown in the colour map. CB disc mass dominates

the total disc mass in the system for binaries with a separation 𝑎 ≲ 10 au. As the binary

separation increases past 𝑎 = 10 au, the CB disc to total system (CB including primary

and secondary discs) disc mass ratio begins to have values below unity. This is in good

agreement with observed binary systems (e.g. Harris et al. 2012). However, in the simu-
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Figure 4.7: The circumbinary disc mass to system disc mass ratio plotted with the binary semi-major axis

separation. CB disc mass in shown in the colour map. In systems with 𝑎 < 10 au most CB discs contain > 90

per cent of total disc mass. As 𝑎 increases the proportion of total disc mass in the CB disc decreases.

lation this is probably largely numerical. The sink particles modelling the protostars have

accretion radii of 0.5 au, meaning that circumstellar discs smaller than a few au in radius

are poorly modelled. For a binary with a semi-major axis 𝑎 = 10 au, any circumstellar

discs would be truncated to a few au in radius or even smaller for eccentric binaries. Such

small circumstellar discs would not be numerically resolved.

In Fig. 4.8 I plot the mutual inclination angle between the CB disc plane and bi-

nary orbit plane versus the semi-major axis of the binary, with the radius of the CB disc

shown in the colour map. Here I show that wider binaries typically have a CB disc that

is more well aligned with the binary’s orbital plane. The close binaries (𝑎 < 10 au) have

a greater range of mutual inclinations relative to their CB disc. Additionally, these close

binaries tend to be more eccentric than the wider binaries. Misaligned discs can cause disc

breaking, as has been previously shown in 3D hydrodynamical simulations (e.g. Nixon

et al. 2013; Facchini et al. 2013), and may have been observed in the GW Orionis system

(Kraus et al. 2020). Highly mutually-inclined small CB discs, such as I find here, can be

the cause of asymmetric shadows cast on to outer disc material as detected in scattered

light observations (e.g. Benisty et al. 2017; Casassus et al. 2018; Price et al. 2018a).

Martin and Lubow (2017) found a polar alignment mechanism for CB discs that
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Figure 4.8: The mutual inclination angles of circumbinary discs relative to their binary’s orbital plane versus

binary orbit semi-major axis. The circumbinary disc radius is plotted in the colour map. The median mutual

inclinations of discs binned every 0.5 dex are shown as black triangles. The discs about the very close binaries

have a greater range of mutual inclinations. These discs also tend to be relatively small, on the order of 10’s

of au. These small discs may cast shadows on any outer disc material.
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Figure 4.9: The mutual inclination angles of CB discs relative to their binary orbits versus the ratio of the CB

disc gas mass to the mass of the binary. The orbital eccentricity of the binary is plotted using the colourmap.
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operates best at high binary eccentricity, and low disc mass. Also see Lubow and Martin

(2018) and Zanazzi and Lai (2018), and Martin and Lubow (2019). CB discs that are initially

mildly misaligned with the binary orbit can evolve to a polar alignment, undergoing nodal

libration oscillations of both tilt angle and the longitude of ascending node. They find this

process operates above a critical angle of initial misalignment which depends upon the

eccentricity of the binary and the mass of the disc. For binaries with eccentricity of 0.5, the

process operates for discs with a mass that is just a few per cent of the binary mass with

an initial misalignment of at least 40°. In Fig. 4.9 I show disc to binary mass ratios and

eccentricities of orbits against mutual inclination. I also find that the most misaligned discs

have low disc masses relative to the binary’s mass, and tend to have eccentric binaries, in

agreement with Martin and Lubow (2017). CB discs whose masses exceed 30 per cent of

the binary mass typically have misalignment angles less than 40°.

4.3 Discussion

Here I focus the discussion on the mutual inclinations of the CB discs and their binary

orbits, comparing those formed in the calculation with those reported in the literature.

4.3.1 Mutual inclinations

The mutual inclination between a CB disc and the orbit of its binary, 𝜃, is defined as

cos𝜃 = cos 𝑖disc cos 𝑖∗ + sin 𝑖disc sin 𝑖∗ cos (Ωdisc −Ω∗), (4.2)

where 𝑖disc is the inclination of the disc relative to the line of sight, 𝑖∗ is similar for the binary

orbit, Ωdisc is the longitude of the ascending node, and Ω∗ is similar for the binary orbit.

See Fig. 4.10 for a sketch of the geometry. Calculating the mutual inclination between

an observed CB disc and the orbit of its binary can be difficult. One needs the orbital

parameters of the binary, then one needs good enough observations of the CB disc to find

the inclination and the longitude of ascending node.

There are some known mutual inclinations between discs and binaries in the liter-

ature. HD 98800B is a near equal-mass binary (𝑞 = 0.86) with a CB disc in a polar orbit
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Figure 4.10: A schematic showing angles of ascending node (Ω) and inclination (𝑖) of a body orbiting a

central point with respect to the line of sight. The blue disc shows what the orbit would look like if it was in

the plane of the observer’s view, the orange disc is the orbit with an inclination to the observer’s plane, and

rotated around the centre point. Determining the angles of the ascending node and the inclination of both

the binary and the disc are required to calculate the mutual inclination between the two. Due to the geometry

of such systems, often there is a 180° ambiguity of the value of Ω, i.e. it is hard to tell which way the system

is ’facing’.

with 𝜃 = 88.4° ± 2 according to Kennedy et al. (2019) and 𝜃 = 92° ± 3° as reported by

Czekala et al. (2019). The disc around HD 142527 B has a mutual inclination that was

reported to be 𝜃 = 35° ± 5° (Biller et al. 2012; Lacour et al. 2016; Boehler et al. 2017; Price

et al. 2018a; Claudi et al. 2019; Czekala et al. 2019). However, with improved orbital pa-

rameters Balmer et al. (2022) suggest 𝜃 ≈ 46° ± 2° or 𝜃 ≈ 76° ± 3° depending on the value

used for the longitude of ascending node as there is a 180° ambiguity with this. Using

precise measurements of RV time series and disc dynamical mass Czekala et al. (2019)

were able to infer the mutual inclination angles using a hierarchical Bayesian model for

four CB discs; V4046 Sgr, AK Sco, DQ Tau, and UZ Tau E, with inferred 𝜃 < 2.3°, < 2.7°,

< 2.7°, and < 2.7°, respectively. Using the orbital parameters given by Long et al. (2021),

V892 Tau has 𝜃 = 5°± 4°. Another notable mention is the disc around V773 Tau B, which

is thought to be in a polar alignment with its binary given the geometry of the system as

a whole, but no value for 𝜃 has been reported (Kenworthy et al. 2022).

Often when observing CB discs there is a 180° ambiguity with the longitude of

ascending node,Ω, for both the disc,Ωdisc, and the binaryΩ∗. From Fig. 4.10, it is apparent

that the geometry of the system will look the same from the observer’s point of view if

the disc is rotated 180° about the central node. Additional information, such as radial

velocities (RVs) or astrometry data, is required to eliminate this ambiguity. In the absence

of this, there are two possible values of the mutual inclination between the binary orbit and
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Figure 4.11: Cumulative distributions of the mutual inclination of circumbinary discs with their binaries as

formed in the solar metallicity calculation of Bate (2019), and the mutual inclinations of observed discs from

Table 4.1. The reported mutual inclinations (𝜃
1
, orange dashed), and both the reported ‘fake’ values (𝜃

2
) I

calculate due to the ambiguity in Ω∗. The mean values of the mutual inclinations for the simulated, reported

and ambiguous are 33.6°, 37.4°, and 70.5°, respectively.
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the circumbinary disc. When studying the relative orientations of triple systems Sterzik

and Tokovinin (2002) note this ambiguity and rather than using one value (even if there are

possibly two) to generate statistics they use both values; one "true" and one "false". They

do this even for systems that have very well constrained orbital parameters. They find

that the mean value of the mutual inclinations does not change, however I believe this is

because the distribution of mutual inclination angles for triple systems is close to random.

For a set of data that are not random the inclusion of the "false" values will change the mean

value. I give mutual inclination results from the calculation both using the actual values

of 𝜃, as well as using two values of mutual inclination for each CB disc/binary orbit, since

there are only a few observed discs that have a well constrained angle of ascending node.

I use the mutual inclinations of observed CB discs to produce a cumulative distribu-

tion to compare with the mutual inclinations of CB discs from our calculations. I provide

the data for observed discs, along with the necessary literature values to calculate 𝜃, in

Table 4.1. The literature values are given as 𝜃1, and the values taking into account the

ambiguity in Ω∗ that I calculate are given as 𝜃2. I note that I add 180° to Ω∗ to obtain the

ambiguous values; this choice is arbitrary. I chose to use Ω∗ as the value with ambigu-

ity as in the literature there are more systems with ambiguity attached to this value. In

Appendix A I provide some extra discussion of how I chose the values for some of the

observed systems in Table 4.1.

4.3.1.1 Comparison of simulated and observed mutual inclinations

I produce a cumulative distribution for the simulated discs, reported values for observed

discs, and reported and ambiguous values combined for observed discs and plot them in

Fig. 4.11. The mutual inclinations of the simulated CB discs have a very similar distribu-

tion to the reported observed mutual inclinations, with around half of all CB discs being

inclined by less than 25° to the binary’s orbit. At around 40° the distribution begins to flat-

ten out, with ≈ 20 per cent of CB discs having an inclination of > 45°. Of the simulated CB

discs, ≈ 10 per cent are retrograde (inclined more than 90° to the binary orbit), compared

to 5 per cent of the reported observed discs. When combining the reported values with

the alternate values the distribution of mutual inclinations approaches a more random,
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uniform distribution, with around 40 per cent of discs possibly being retrograde.

Using a hierarchical Bayesian analysis, Czekala et al. (2019) suggest that ≈ 70 per

cent of short period spectroscopic binaries have𝜃 < 3°, whereas objects with longer orbital

periods (> 30 days) have a much greater range of inclinations, from coplanar to polar. In

relation to the calculation discussed in this paper, very close spectroscopic binaries are not

produced due to the accretion radii of the sink particles 𝑟acc = 0.5 au. I do not see such a

degree of coplanarity of CB disc and binary orbit in the closest binaries produced by the

simulation (see Fig. 4.8). This may be due to the limited gas resolution of the calculation

and/or the fact that the simulated systems are all very young (ages < 10
5

years) and

haven’t yet had time to become aligned through the action of gravitational torques and

accretion (e.g., Bate et al. 2010).
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The mean mutual inclination angle of CB discs and binary orbits from the simu-

lated systems is ⟨𝜃sim⟩ = 33.6°. For the literature values it is ⟨𝜃obs⟩ = 37.4° when used

the reported observational values, and when using two values for the ambiguity in the

geometry of the system it is ⟨𝜃amb⟩ = 70.5°. The literature value of mean mutual inclina-

tion angle is similar to the value I find in the simulation; I find a preference for alignment

between discs and orbits. I perform a Kolmogorov–Smirnov test to determine whether the

underlying distributions of mutual inclination between the observations and simulations

differ; I find no evidence at any reasonable significance level to reject the null hypothe-

sis (p-value of 0.561) that they do not differ. When using two values for each disc I find

a distribution of mutual inclinations that is closer to a uniform distribution with a very

slight preference for alignment. The value of ⟨𝜃obs⟩ = 37.4° for observed CB discs is close

to the peak value of the distribution of mutual inclination of outer objects around binaries

that Borkovits et al. (2016) find in a set of Kepler triples. Discs that are inclined with their

binary that undergo fragmentation could result in a misaligned triple system, similarly

for planets forming in misaligned discs. Since the observed frequency of circumbinary

planets is similar to the observed frequency of planets around single stars, and circumbi-

nary planets with orbits that are inclined to the binary’s orbital plane are more difficult

to detect, this may indicate that planets around binaries are more common than those

around single stars (Armstrong et al. 2014).

4.4 Conclusions

I have analysed the circumbinary discs formed in a radiation hydrodynamical simulation

of star cluster formation and presented their statistics. I have investigated the effect of

high-order multiplicity on the properties of the circumbinary discs, and how often one

might expect a circumbinary disc to form around a binary given its separation. I have

also examined how the geometries of the systems compare to observed systems.

I summarise my findings here:

1. Given a sample of binaries (inclusive of those in hierarchical systems) with orbital

semi-major axes less than 100 au, one would expect around 35 per cent of the binaries
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to host a CB disc at young ages (≲ 10
5

years).

2. Close binaries (𝑎 ≲ 3 au) without bound companions (i.e. pure binaries) are more

likely to host a CB disc than close binaries in hierarchial systems. There is a multi-

plicity effect.

3. CB discs in hierarchical systems tend to be a bit less massive than those in pure

binaries, and the largest discs tend to be smaller than the largest CB discs in pure

binaries.

4. The size of the CB disc scales linearly with the binary semi-major axis, 𝑎. The median

characteristic radius of a CB disc is ≈ 5 − 6 𝑎.

5. CB discs of binaries with 𝑎 ≳ 10 au tend to be well aligned with the binary’s or-

bit. In addition to this, the binaries in these well-aligned systems tend to have low

eccentricity. For binaries with small separations (𝑎 ≲ 3 au) that have CB discs, the

discs tend to be more randomly orientated. This may be partially due to the finite

resolution of the simulations (gas is not modelled within 0.5 au of each protostars),

and the extreme youth of the systems.

6. The mutual inclinations of observed binaries and their CB discs are in good agree-

ment with the mutual inclination angles found in the calculation. The underlying

distributions of mutual inclination of observed and simulated CB disc do not dif-

fer according to a Kolmogorov-Smirnov test (p-value = 0.561). Mutual inclinations

from the simulation have a mean value of ⟨𝜃sim⟩ = 33.6°, comparatively the mean

value of reported disc-orbit mutual inclinations is ⟨𝜃obs⟩ = 37.4°. When assuming

a 180° ambiguity for Ω∗ for observed binaries and CB discs the mean value of 𝜃

is ⟨𝜃obs,amb⟩ = 70.5°. This good agreement is obtained despite the calculation ex-

cluding some physical processes such as magnetic fields and outflows implying that

such processes may not play a large role in setting the properties of protostellar discs

(Bate 2018 and Chapter 3)

I hope this chapter motivates an increased effort in the detection and cataloguing of

circumbinary discs. I have presented evidence from simulations that circumbinary discs
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may be more common than what is currently being observed, especially at young ages.
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Chapter 5

An implicit algorithm for simulating

the dynamics of small dust grains

with smoothed particle

hydrodynamics

“I hate dust.”

— Prof. Matthew R. Bate

5.1 Introduction

Dust emission is the dominant signature in cold astrophysical observations. Small grains

absorb ultraviolet/optical light emitted from stars and re-emit this energy in the infrared.

Instruments such as the mid-infrared instrument (MIRI) onboard the James Webb Space

Telescope (JWST) is primed to detect these emissions from dust. Infrared observations

can be used in conjunction with radio observations, such as those using the Atacama

Large (sub)Millimeter Array (ALMA), to explore the structures of protoplanetary discs.

Within protoplanetary discs it is dust that provides, at least in part, the material from

which planets form. In addition to this, dust grains collide with gas particles, altering
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the dynamical evolution of both phases. Understanding the dynamics of dust in these

environments is crucial for the interpretation of observations that rely upon assumptions

about the dust-to-gas ratio, as dust structures can be vastly different to structures in the

gas.

Smoothed particle hydrodynamics (SPH) is a popular numerical method for mod-

elling astrophysical fluid dynamics. Previously dust and gas mixtures have been mod-

elled in SPH using separate particles for the dust and gas, originally by Monaghan and

Kocharyan (1995), where the dust is coupled to the gas via drag. Such methods are some-

times referred to as two-fluid methods, but are less ambiguously referred to as dust-as-

particles. This dust-as-particles method was applied in the context of protoplanetary discs

by Maddison et al. (2003) and Barrière-Fouchet et al. (2005). Subsequently, Laibe and Price

(2012a, 2012b) presented a new method for simulating dust-as-particles with SPH. Grid

codes have also been adapted to model dust-as-particles. Bai and Stone (2010) introduced

a hybrid particle-gas scheme to simulate dust-as-particles in dusty gas mixtures with the

grid code athena; they also present a fully implicit solver. The grid-code fargo3d uses an

implicit numerical scheme to model multiple species of dust (Benítez-Llambay et al. 2019).

Implicit timestepping methods have also been employed in SPH dust-as-particle methods.

Monaghan (1997a) modified this method to treat the drag terms implicitly via pairwise

interactions. More recently, Laibe and Price (2012b) introduced an implicit timestepping

method for their dust-as-particle method based upon the pairwise interaction method of

Monaghan (1997a). Lorén-Aguilar and Bate (2014, 2015) developed a semi-implicit ap-

proach to dust-as-particle methods in SPH, although this scheme is limited to the use of

global timesteps. Stoyanovskaya et al. (2018) and Stoyanovskaya et al. (2020) presented an

implicit dust-as-particles SPH method for both linear and non-linear drag regimes.

Modelling the dust as a set of particles in essence doubles the memory required to

perform the calculation and usually significantly increases the time to completion com-

pared to an equivalent calculation with only gas. In the past decade much effort has gone

into understanding and modelling the dynamics of small dust grains, that are highly cou-

pled with the gas phase. In a series of papers Laibe and Price (2014b, 2014c, 2014a) dis-

cuss the limitations of the dust-as-particles method in the high drag (small grain) regime.



5.1. INTRODUCTION 114

To circumvent these issues they developed a dust-as-mixture method (sometimes called

one-fluid) for modelling highly coupled dusty gas mixture by framing the equations in

the barycentric reference frame of the fluid. Price and Laibe (2015) presented a simplified

version by adopting the terminal velocity approximation (Youdin and Goodman 2005)

and modelling the dust fraction evolution as a diffusion-like equation. The dust diffusion

method is far less computationally expensive than an explicit dust-as-particles method

in the limit of small grains. In addition to being deployed in SPH, the dust-as-mixture

method for modelling small grain dynamics has been implemented in the adaptive mesh

refinement code RAMSES (Lebreuilly et al. 2019).

The dust-as-mixture method of Price and Laibe (2015) has been extended to model

the dynamics of multiple small dust grain populations by Hutchison, Price, and Laibe

(2018). This dust-as-mixture method is an effective way to simulate the dynamics of small

dust grains in the limit of the terminal velocity approximation. However, although the

method enforces positivity on the dust fraction, 𝜖, (by evolving a variable 𝑠 =
√
𝜖𝜌), where

𝜌 is the total mass density) it does not limit the dust fraction to less than unity. This issue

was solved by Ballabio et al. (2018) who use a different parameterisation of dust fraction

in their evolution equations. Namely the dust fraction is defined as

𝜖 =
𝑠2

1 + 𝑠2

, (5.1)

and it is the dust variable 𝑠 that is evolved. An alternative formulation using a dust variable

defined by 𝜖 = sin
2(𝑠) was used by Hutchison et al. (2022). This formulation also enforces

𝜖 ∈ [0, 1] and was found to produce more accurate solutions than equation 5.1, but it is

more computationally expensive due to the need to evaluate trigonometric functions.

For all of the above formulations, while the positivity of the dust fraction is guaran-

teed, there is nothing stopping the dust variable, 𝑠, itself from becoming negative. In the

regions of simulations where there are steep dust fraction gradients, while enforcing ex-

act dust mass conversation, the dust variable can undershoot zero and become negative.

If it does so this can cause the dust fraction to become positive in these regions where,

otherwise, there should be no dust. This consequence of the mathematics of the model
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can be thought of as dust leaking unphysically into these dust sparse regions. This can

become a significant issue when modelling dust grains that are moderately coupled to the

gas, for example, in protoplanetary discs where larger dust grains would be expected to

settle to the midplane of the disc they can ‘leak’ into or be retained in the upper, and lower,

regions of the disc relative to the midplane. This has been avoided in the past by sacrific-

ing exact dust mass conservation and simply neglecting any change in the dust fraction or

dust variable that would make it negative (e.g., see section 4.4.2 of Price and Laibe 2015).

The resulting dust mass conservation is better when using equation 5.1 or the 𝜖 = sin
2(𝑠)

formulations than when using 𝑠 =
√
𝜖𝜌 or evolving the dust fraction directly, but it is still

not ideal.

An additional limitation of the dust-as-mixture method is that it requires a timestep

criterion whereby timesteps become small in regions of low dust fraction, or where dust

grains become less well coupled (i.e., large). To prevent calculations having prohibitively

short timesteps, Ballabio et al. (2018) introduced a mass flux limiter to stop rapid dust

diffusion for particles in regions of high dust fraction gradients by artificially limiting the

stopping time. The problem with this is that it unphysically modifies the drag acting on

the dust during a simulation and, although it provides a numerical solution, the degree

to which the solution resembles reality is unclear.

In this chapter, I present an implicit method for solving the dust diffusion equation

of Price and Laibe (2015), using the dust variable defined by equation 5.1 (Ballabio et

al. 2018). This avoids the need for a dust timestep criterion and negates the need for a

stopping time limiter. In addition, it better handles the evolution of the dust variable in

regions of large dust gradients due to the iterative nature of the algorithm. Depending

on the dust grain sizes, the method also significantly speeds up the time to completion of

three-dimensional simulations of protostellar collapse and protoplanetary disc evolution

simulations, and yet yields equivalent results to those obtained using the fully explicit

method.

The aim of this work is to improve calculations in the limit of small, coupled grains.

Although I have applied this to the particle-as-mixture method that uses the terminal ve-

locity approximation, a similar method could be derived to evolve the dust-as-mixture
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equations without the additional terminal velocity approximation. Applying such an

implicit method to the full dust-as-mixture equations of Laibe and Price (2014b, 2014c)

would in principle allow grains with long stopping times to be more accurately mod-

elled. This may be worth investigating in the future, but it is beyond the scope of this

paper. Furthermore, while the full set of dust-as-mixture equations can provide a better

model for intermediate-sized grains than applying the terminal velocity approximation,

the fundamental assumption of a particle-as-mixture method that the velocity field is sin-

gle valued does eventually break down, as has been shown by Laibe and Price (2014c)

and Bate and Loren-Aguilar (2017). Finally, it should be noted that Hutchison et al. (2016)

used an implicit method to evolve the the differential velocity between gas and dust in full

dust-as-mixture SPH method, but they still solved the dust diffusion equation explicitly.

5.2 Method

5.2.1 The dust-as-mixture dust method

In the derivation of the dust-as-mixture formulation (Laibe and Price 2014b), the contin-

uum equations are rewritten in the barycentric reference frame of the fluid. This involves

replacing the velocities of the gas and dust phases with a single barycentric velocity of the

mixture,

𝒗 =
𝜌g𝒗g + 𝜌d𝒗d

𝜌g + 𝜌d

, (5.2)

where 𝒗 is the velocity, 𝜌 is the density and the subscripts d and g denote the dust and gas

quantities, respectively. The differential velocity between the two phases is defined as,

Δ𝒗 = 𝒗d − 𝒗g. (5.3)

The total density of the mixture is,

𝜌 = 𝜌g + 𝜌d , (5.4)

and the dust fraction is defined as,

𝜖 ≡ 𝜌d/𝜌. (5.5)
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The dust-as-mixture equations can then be written in the form

d𝜌

d𝑡
= −𝜌 (∇ · 𝒗) , (5.6)

d𝜖
d𝑡

= − 1

𝜌
∇ ·

[
𝜖 (1 − 𝜖) 𝜌Δ𝒗

]
, (5.7)

d𝒗
d𝑡

= −∇𝑃

𝜌
− 1

𝜌
∇ ·

[
𝜖 (1 − 𝜖) 𝜌Δ𝒗2

]
+ 𝒇 , (5.8)

dΔ𝒗
d𝑡

= −Δ𝒗
𝑡s

+ ∇𝑃

(1 − 𝜖) 𝜌 − (Δ𝒗 · ∇) 𝒗 + 1

2

∇ · [(2𝜖 − 1)Δ𝒗Δ𝒗] , (5.9)

d𝑢

d𝑡
= − 𝑃

𝜌g

∇ · (𝒗 − 𝜖Δ𝒗) + 𝜖Δ𝒗 · ∇𝑢 + 𝜖
Δ𝒗2

𝑡s
, (5.10)

where 𝑃 is the gas pressure, 𝒇 represents non-fluid forces acting on the mixture (e.g.,

gravity), 𝑢 is the internal energy of the gas, and 𝑡s is the stopping time of the dust.

The stopping time when the dust is in the Epstein drag regime can be expressed as

𝑡s =
𝜌̂s𝑟s

𝜌g𝑣th

, (5.11)

where 𝜌̂s is the intrinsic grain density, 𝑟s is the grain radius, and the velocity of the gas

molecules due to thermal motion is

𝑣th =

√
8𝑘B𝑇

𝜋𝜇𝑚H

, (5.12)

where 𝑘B is Boltzmann’s constant,𝑇 is the gas temperature,𝜇 is the mean molecular weight

of the gas, and 𝑚H is the atomic mass of hydrogen.

This formalism can be simplified when the stopping time is small compared to the

hydrodynamic time scale (Price and Laibe 2015). In SPH terms this means 𝑡s < ℎ/𝑐s, where

ℎ is the SPH particle smoothing (resolution) length and 𝑐s is the sound speed. When this

is satisfied, we are in the terminal velocity regime (Youdin and Goodman 2005), i.e. the

relative velocity of the dust and gas reaches terminal velocity quickly due to the drag and

pressure forces balancing. In this regime the dust-as-mixture equations can be simplified

by ignoring the time dependence of the differential velocity, and any terms that are second

order in 𝑡s. Then

Δ𝑣 = 𝑡s
∇𝑃

𝜌g

. (5.13)
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The continuum equations then become

d𝜌

d𝑡
= −𝜌 (∇ · 𝒗) , (5.14)

d𝜖
d𝑡

= − 1

𝜌
∇ · (𝜖𝑡s∇𝑃) , (5.15)

d𝑣

d𝑡
= −∇𝑃

𝜌
+ 𝒇 , (5.16)

d𝑢

d𝑡
= − 𝑃

𝜌g

(∇ · 𝒗) + 𝜖𝑡s
𝜌g

(∇𝑃 · ∇𝑢) . (5.17)

The inclusion of equation 5.15 means an additional time step criterion is required. Price

and Laibe (2015) provide such a criterion in the form

Δ𝑡 < 𝐶0

ℎ2

𝜖𝑐2

s
𝑡s
, (5.18)

where 𝐶0 is the Courant number. This implies that the time steps are constrained when

the stopping times are long, i.e. when drag is low / dust grains are not well coupled to

the gas. These equations can be discretised into the SPH form. Notably, the continuity

and momentum equations have the same discretisation as the gas-only SPH equations.

We must have new discretisations for the dust fraction, and the thermal energy evolution

equations.

To discretise the dust fraction evolution equation whilst maintaining positivity of

the dust fraction, and limiting the fraction to below unity, thus prevents the dust fraction

from becoming unphysical, we use the parameterisation of equation 5.1 introduced by

Ballabio et al. (2018) resulting in the dust evolution variable

𝑠 =

√
𝜖

1 − 𝜖
. (5.19)

We compute the time evolution of this variable

d𝑠

d𝑡
=

1

2𝑠 (1 − 𝜖)2
d𝜖
d𝑡
, (5.20)

using a direct second derivative (Price and Laibe 2015). Substituting Eq. 5.15 into Eq. 5.20



5.2. METHOD 119

yields

d𝑠

d𝑡
= − 1

2𝜌(1 − 𝜖)2 {∇ · [𝑠(1 − 𝜖)𝑡s∇𝑃] + (1 − 𝜖)𝑡s∇𝑃 · ∇𝑠}. (5.21)

Using the implementation of Ballabio et al. (2018), the SPH discretisation of this equation

is

d𝑠𝑖

d𝑡
= − 1

2𝜌𝑖(1 − 𝜖𝑖)2
∑
𝑗

[
𝑚 𝑗𝑠 𝑗

𝜌 𝑗
(𝐷𝑖 + 𝐷𝑗)(𝑃𝑖 − 𝑃𝑗)

𝐹̄𝑖 𝑗

𝑟𝑖 𝑗

]
, (5.22)

where 𝐷𝑖 = 𝑡𝑠,𝑖(1 − 𝜖𝑖), 𝐹̄𝑖 𝑗 =
[
𝐹𝑖 𝑗(ℎ𝑖) + 𝐹𝑖 𝑗(ℎ 𝑗)

]
/2, 𝑟𝑖 𝑗 = |𝒓𝑖 𝑗|, and r𝑖 𝑗𝐹𝑖 𝑗(ℎ𝑖) = ∇𝑖𝑊𝑖 𝑗(ℎ𝑖),

where𝑊𝑖 𝑗(ℎ𝑖) is the SPH kernel. This work utilises the M6 quintic spline kernel.

The energy of the system can be written as

𝐸 =

∑
𝑖

𝑚𝑖

[
1

2

𝑣2

𝑖 + (1 − 𝜖𝑖)𝑢𝑖
]
, (5.23)

which is conserved if

d𝐸

d𝑡
=

∑
𝑖

𝑚𝑖

[
𝑣𝑖

d𝑣𝑖

d𝑡
+ (1 − 𝜖𝑖)

d𝑢𝑖

d𝑡
− 𝑢𝑖

d𝜖𝑖
d𝑡

]
= 0. (5.24)

Removing the non-dust terms, assuming they conserve energy, and substituting in our

parameterisation for dust fraction gives

d𝐸

d𝑡

����
dust

=

∑
𝑖

𝑚𝑖(1 − 𝜖𝑖)
d𝑢𝑖

d𝑡

����
dust

−
∑
𝑖

𝑚𝑖𝑢𝑖
2𝑠𝑖(

1 + 𝑠2

𝑖

)
2

d𝑠𝑖

d𝑡
= 0, (5.25)

using Eq. 5.22 and rearranging yields

d𝑢𝑖

d𝑡

����
dust

= − 1

2(1 − 𝜖𝑖)
∑
𝑗

𝑚 𝑗

𝑠𝑖𝑠 𝑗

𝜌 𝑗

(
𝐷𝑖 + 𝐷𝑗

)
(
𝑃𝑖 − 𝑃𝑗

) (
𝑢𝑖 − 𝑢𝑗

) 𝐹̄𝑖 𝑗
𝑟𝑖 𝑗
.

(5.26)

When incorporated into the usual SPH equations for a gas, equation 5.14 can be
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expressed as

d𝜌𝑖
d𝑡

=

∑
𝑗

𝑚 𝑗(v𝑖 − v𝑗) · ∇𝑖𝑊𝑖 𝑗(ℎ𝑖), (5.27)

although this equation is not explicitly solved as the density is computed by the usual

weighted sum over neighbours, and equations 5.16, and 5.17 become

dv𝑖

d𝑡
= −

∑
𝑗

𝑚 𝑗

(
𝑃𝑖

𝜌2

𝑖
Ω𝑖

∇𝑖𝑊𝑖 𝑗(ℎ𝑖) +
𝑃𝑗

𝜌2

𝑗
Ω𝑗

∇𝑗𝑊𝑖 𝑗(ℎ 𝑗)
)

+ 𝒇 +ΠAV , (5.28)

d𝑢𝑖

d𝑡
=

𝑃𝑖

Ω𝑖𝜌2

𝑖

∑
𝑗

𝑚 𝑗(v𝑖 − v𝑗) · ∇𝑖𝑊𝑖 𝑗(ℎ𝑖) +
(

d𝑢𝑖

d𝑡

)
diss

− 1

2(1 − 𝜖𝑖)
∑
𝑗

𝑚 𝑗

𝑠𝑖𝑠 𝑗

𝜌𝑖𝜌 𝑗

(
𝐷𝑖 + 𝐷𝑗

) (
𝑃𝑖 − 𝑃𝑗

) (
𝑢𝑖 − 𝑢𝑗

) 𝐹̄𝑖 𝑗
𝑟𝑖 𝑗
, (5.29)

where Ω𝑖 is the term related to the smoothing length gradients defined as

Ω𝑖 ≡ 1 − 𝜕ℎ𝑖
𝜕𝜌𝑖

∑
𝑗

𝑚 𝑗

𝜕𝑊𝑖 𝑗(ℎ𝑖)
𝜕ℎ𝑖

. (5.30)

The Π𝐴𝑉 term provides shock capturing via artificial viscosity, which in the SPH code we

used is formulated as

Π𝑖 𝑗 = −
∑
𝑗

𝑚 𝑗

𝜌𝑖 𝑗


𝑞 𝑖
𝑖 𝑗

𝜌𝑖Ω𝑖
∇𝑖𝑊𝑖 𝑗(ℎ𝑖) +

𝑞
𝑗

𝑖 𝑗

𝜌 𝑗Ω𝑗
∇𝑗𝑊𝑖 𝑗(ℎ 𝑗)

 , (5.31)

where 𝑞𝑖 𝑗 is defined as

𝑞 𝑖𝑖 𝑗 =


−1

2
𝜌𝑖𝑣sig,𝑖v𝑖 𝑗 · r𝑖 𝑗 , v𝑖 𝑗 · r𝑖 𝑗 < 0

0, otherwise,

(5.32)

where 𝜌𝑖 𝑗 = (𝜌𝑖 + 𝜌 𝑗)/2, and the signal velocity 𝑣sig,𝑖 is

𝑣sig,𝑖 = 𝛼AV

𝑖 𝑐s,𝑖 + 𝛽AV

��
v𝑖 𝑗 · r𝑖 𝑗

�� , (5.33)

and 𝛼AV

𝑖
∈ [0, 1] and 𝛽AV = 2. We use the method of Morris and Monaghan (1997) to
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evolve 𝛼AV

𝑖
. Finally, the contribution of the artificial viscosity to the gas internal energy is

(
d𝑢𝑖

d𝑡

)
diss

= − 1

Ω𝑖

∑
𝑗

𝑚 𝑗

𝜌𝑖 𝑗
𝑣sig,𝑖

1

2

(v𝑖 𝑗 · r𝑖 𝑗)2𝐹𝑖 𝑗(ℎ𝑖). (5.34)

5.2.2 Implicit dust evolution algorithm

Equation 5.22 is in the explicit form for the evolution of the dust variable, 𝑠. Here I present a

method for solving the dust diffusion equation implicitly using a backwards Euler method.

This formalism uses Gauss-Seidel iterations to solve the implicit dust evolution equation.

The idea of using this method to solve the dust evolution equation implicitly was inspired

by Whitehouse, Bate, and Monaghan (2005), who used this method to solve the diffusion

equation for radiative transfer in the flux-limited diffusion approximation. Using the im-

plicit method detailed below allows us to use timesteps that are not constrained by the

stopping time of the dust, instead using the hydrodynamical timestep and so typically

speeding up calculations.

To advance a time dependent variable, 𝐴, from time 𝑡 = 𝑛 to 𝑡 = 𝑛+1 the backwards

Euler method can be stated as

𝐴
(𝑛+1)
𝑖

= 𝐴
(𝑛)
𝑖

+ d𝑡

(
d𝐴𝑖

d𝑡

) (𝑛+1)
. (5.35)

This gives us the implicit equation for 𝐴. For interactions between particles 𝑖 and 𝑗, a

Gauss-Seidel iterative method𝐴
(𝑛+1)
𝑖

can be solved for by rearranging the implicit equation

to the form

𝐴
(𝑛+1)
𝑖

=

𝐴
(𝑛)
𝑖

− d𝑡
∑
𝑗

𝜎𝑖 𝑗
(
𝐴

(𝑛+1)
𝑗

)
1 − d𝑡

∑
𝑗

𝜎𝑖 𝑗
, (5.36)

where 𝜎𝑖 𝑗 contains quantities other than 𝐴. In this scheme 𝐴
(𝑛+1)
𝑗

starts off as 𝐴
(𝑛)
𝑗

and

is updated to 𝐴
(𝑛+1)
𝑗

as soon as this value becomes available. Eq. 5.36 is iterated over

until some specified convergence criterion is met. Taking Eq. 5.22, and putting it into

backwards Euler form we obtain
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𝑠
(𝑛+1)
𝑖

= 𝑠
(𝑛)
𝑖

−d𝑡


1 +

(
𝑠
(𝑛+1)
𝑖

)
2

2𝜌𝑖
𝑡s𝑖

∑
𝑗

𝑠
(𝑛+1)
𝑗

𝐿𝑖 𝑗+

(
1 +

(
𝑠
(𝑛+1)
𝑖

)
2

)
2

2𝜌𝑖

∑
𝑗

𝑡s𝑗

1 +
(
𝑠
(𝑛+1)
𝑗

)
2

𝑠
(𝑛+1)
𝑗

𝐿𝑖 𝑗


,

(5.37)

where 𝐿𝑖 𝑗 ≡
𝑚𝑗

𝜌𝑗
(𝑃𝑖−𝑃𝑗)

𝐹𝑖 𝑗
𝑟𝑖 𝑗

. The implicit equation for 𝑠
(𝑛+1)
𝑖

can be rearranged into a quartic

equation of the the form

𝑎4

(
𝑠
(𝑛+1)
𝑖

)
4

+ 𝑎3

(
𝑠
(𝑛+1)
𝑖

)
3

+ 𝑎2

(
𝑠
(𝑛+1)
𝑖

)
2

+ 𝑎1𝑠
(𝑛+1)
𝑖

+ 𝑎0 = 0, (5.38)

where

𝑎4 =
d𝑡

2𝜌𝑖

∑
𝑗

𝑡s𝑗

1 +
(
𝑠
(𝑛+1)
𝑗

)
2

𝑠
(𝑛+1)
𝑗

𝐿
(𝑛+1)
𝑖 𝑗

,

𝑎3 = 0,

𝑎2 =
d𝑡

𝜌𝑖

∑
𝑗

𝑡s𝑗

1 +
(
𝑠
(𝑛+1)
𝑗

)
2

𝑠
(𝑛+1)
𝑗

𝐿
(𝑛+1)
𝑖 𝑗

+ d𝑡
𝑡s𝑖
2𝜌𝑖

∑
𝑗

𝑠
(𝑛+1)
𝑗

𝐿
(𝑛+1)
𝑖 𝑗

,

𝑎1 = 1,

𝑎0 =
d𝑡

2𝜌𝑖

∑
𝑗

𝑡s𝑗

1 +
(
𝑠
(𝑛+1)
𝑗

)
2

𝑠
(𝑛+1)
𝑗

𝐿
(𝑛+1)
𝑖 𝑗

+

d𝑡
𝑡s𝑖
2𝜌𝑖

∑
𝑗

𝑠
(𝑛+1)
𝑗

𝐿
(𝑛+1)
𝑖 𝑗

− 𝑠(𝑛)
𝑖
.

A solution to Eq. 5.38 can be found with any method of solving quartic equations, e.g.

numeric, however as 𝑎3 = 0 this is a depressed quartic and we can solve the resolvent

cubic (see Appendix B for the analytic solution of the quartic). This analytic solution is

preferred as it finds a solution more quickly. Iterating the solution to Eq. 5.38 over all SPH

particles until convergence gives the values of the dust variable, 𝑠, at the next time step.

Again, we note that 𝑠
(𝑛+1)
𝑗

starts off as 𝑠
(𝑛)
𝑗

until we have an updated value for 𝑠 𝑗 .
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5.2.3 Convergence criterion

The value of 𝑠
(𝑛+1)
𝑖

is iterated over until convergence within an accepted tolerance on the

𝑚th
iteration, i.e. iterations continue until����� 𝑠𝑛+1,𝑚

𝑖
− 𝑠𝑛+1,𝑚−1

𝑖

𝑠𝑛+1,𝑚
𝑖

����� < 𝛿, (5.39)

where typically 𝛿 = 10
−3

and 𝑠𝑛+1,𝑚
𝑖

is the backward Euler form of 𝑠𝑛+1

𝑖
(equation 5.37)

evaluated at iteration 𝑚. If the method fails to converge, the timestep is split into two and

the iterations begin again. We continue in this manner until convergence is reached, or

until the original timestep has been split so many times that it is no longer computationally

viable.

In the limit where 𝜖 ≥ 2.5 × 10
−7 (𝑠 > 0.0005) the equation is solved in this way.

If the dust fraction drops below this value equation 5.38 is solved linearly (i.e. simply

considering the last two terms on the left-hand side) as the leading order terms of the

quartic become vanishingly small. I find no measurable loss of accuracy by solving the

diffusion equation linearly in this limit.

5.3 Numerical tests

I have implemented both the implicit and explicit forms of the dust-as-mixture equations

using the Ballabio et al. (2018) dust parameterisation into the 3D SPH code sphNG. Origi-

nally sphNG was developed by Benz (1990) and Benz et al. (1990) and subsequently mod-

ified significantly as described in bate_sphng_1995MNRAS.277..362B<empty citation>,

Whitehouse et al. (2005), Price and Monaghan (2007) and other papers.

To test the dust-as-mixture dust fraction implementations, we used the dustywave

and dustshock tests as outlined in Laibe and Price (2011). In these tests we adopt a stop-

ping time defined as

𝑡s =
𝜖(1 − 𝜖)𝜌

𝐾
, (5.40)

to be consistent with the literature and analytic solutions, where 𝐾 is the coefficient of
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Figure 5.1: Results from the dustywave problem performed with our implicit method with a varying drag

coefficient 𝐾 = 1, 10, 100, 1000 (from top-left to bottom-right) and a dust-to-gas ratio of 1:1. The analytic

solution of the gas velocity is plotted in red as a solid line and the analytic solution of the dust velocity is

plotted as a dashed line. The numerical solution of dust and gas velocities are plotted at time 𝑡 = 4.5 as open

and filled circles respectively. As with an explicit method, the solution becomes inaccurate at lower drag

(𝐾 ≲ 40) due to the breakdown of the terminal velocity approximation.

drag between the gas and the dust.

5.3.1 Dustywave

The dustywave problem consists of a linear wave propagating through a dust-gas mixture.

The problem was originally described for dust-as-particles by Laibe and Price (2011), then

in dust-as-mixture by Laibe and Price (2014c). I set the problem up in 3D, but only prop-

agate the wave in the 𝑥 direction. The problem is initialised with a mixture consisting of

equal dust and gas (𝜌d = 𝜌g = 1, i.e. 𝜌0 = 2, 𝜖 = 0.5) with a sinusoidal perturbation in both

density and velocity of the form 𝑣(𝑥) = 𝑣0 sin (2𝜋𝑥) and 𝜌(𝑥) = 𝜌0

[
1 + 𝛿𝜌0 sin (2𝜋𝑥)

]
. The

amplitude of the perturbation is set to 𝑣0 = 𝛿𝜌0 = 1 × 10
−4

, with a corresponding pertur-

bation in the energy. An adiabatic equation of state is used where 𝛾 = 5/3 and the sound

speed is set to 𝑐s = 1. The domain is 𝑥, 𝑦, 𝑧 ∈ [−0.52, 0.52], [−0.069, 0.069], [−0.073, 0.073]

respectively, in which 3744 particles are set up in a closed packed lattice, giving a spacing
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of Δ𝑝 = 0.02, to ensure particle stability throughout the calculation.

As noted by Price and Laibe (2015), there is an inconsistency between the analytic

and numerical solution. In the analytic solutionΔ𝒗 is assumed to be zero at 𝑡 = 0, however

in the terminal velocity approximation Δ𝒗 = 𝑡s 𝒇 is non-zero. This inconsistency causes a

small phase difference between the analytic and numerical solution that gets larger as 𝑡s

gets larger, i.e. less drag / larger grains, and specifically as the terminal velocity approxi-

mation breaks down.

The solution is plotted after≈ 4.5 wave periods in Fig. 5.1 in which both gas and dust

velocities are plotted in filled and open circles respectively. These values are reconstructed

from the barycentric values for velocity as follows

𝒗g = 𝒗 − 𝜖Δ𝒗 , (5.41)

𝒗d = 𝒗 + (1 − 𝜖)Δ𝒗. (5.42)

The results from the implicit method are consistent with those of Price and Laibe (2015) for

the explicit method implemented using a direct second derivative. For both explicit and

implicit methods, the solutions are very close to the analytic solutions in the regime where

the terminal velocity approximation is valid (𝐾 ≳ 40). In lower drag regimes, the terminal

velocity approximation gives a solution that is slightly out of phase or is over-dampened

in the lowest drag case (see the two upper panels of Fig. 5.1).

5.3.2 Dustyshock

I perform the dustyshock (Laibe and Price 2012a) test here with the implicit scheme at

high drag. I use the standard Sod (1978) shock tube initial conditions. In the gas for 𝑥 ≤ 0

(𝜌g , 𝑣g , 𝑃) = (1, 0, 1), and for 𝑥 > 0 (𝜌g , 𝑣g , 𝑃) = (0.125, 0, 0.125). I use an initial dust-to-gas

ratio of unity (i.e., 𝜖 = 0.5), and an adiabatic equation of state where 𝛾 = 5/3. The domain

in 3D is 𝑥, 𝑦, 𝑧 ∈ [−0.5, 0.5], [−0.012, 0.012], [−0.017, 0.017] containing 3509 particles, a

particle spacing of Δ𝑝 ≈ 6.84 × 10
−3

. The numerical solution is shown in Fig. 5.2 along

with the analytic solution for the Sod shock tube in this configuration. The numeric and

analytic solutions are in good agreement, with a slight discontinuity in the SPH solution
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Figure 5.2: Results from the dustyshock problem with a high drag coefficient and a high dust-to-gas ratio

(1:1). The analytic solution is plotted at time 𝑡 = 0.2 with a solid red line, the numerical solution is plotted

with open circles. From upper left going clockwise plotted are: velocity in 𝑥 direction, internal energy, gas

pressure, and total density.

at the contact discontinuity.

5.4 Dusty protostellar collapse

As the first application of this new algorithm for solving the dust diffusion equations in

dust-as-mixture SPH, I model the dynamics of small dust grains during the protostellar

collapse of a molecular cloud core. We compare the results to those obtained using the

semi-implicit dust-as-particles SPH method (Lorén-Aguilar and Bate 2014, 2015) to model

the dynamics of the dust grains. The dust-as-particles calculations are almost identical to

those presented by Bate and Loren-Aguilar (2017), except that the initial conditions are

modified to set the dust particles to their terminal velocity, since by construction the dust-

as-mixture SPH method discussed in this paper assumes the terminal velocity approxi-

mation (Bate and Loren-Aguilar 2017, took the dust particles to be initially at rest relative

to the gas). It should be noted that this implementation of dust-as-particles does not use
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the reconstruction of gas and dust velocities of Price and Laibe (2020), so as a result lin-

ear waves present in the calculation will tend to be overdamped when the dust particle

separation becomes too large to resolve the drag length-scale.

In addition to comparing the results from the dust-as-mixture and dust-as-particles

calculations, I perform the dust-as-mixture calculations using both explicit and implicit

methods for solving the dust diffusion equation to compare their computational perfor-

mance.

5.4.1 Initial conditions

Apart from the initial dust velocity being set to its terminal velocity, I replicate the calcula-

tions presented in Bate and Loren-Aguilar (2017). I set up unstable Bonnor-Ebert spheres

of mass 5 M⊙, radius 0.1 pc, and an inner-to-outer density ratio of 20. I use spherical, re-

flective boundary conditions. I use initially uniformly rotating clouds, with a rotation rate

of 1.012×10
−13

rad s
−1

, and a non-rotating cloud. The magnitude of the ratio of rotational

to gravitational potential energy for the rotating cloud is 𝛽 = 0.08.

I use the same equation of state as Bate and Loren-Aguilar (2017) to model the gas

during different phases of collapse, as I do not use radiative transfer. A barotropic equation

of state is used for the gas pressure given by

𝑃 =


𝑐2

s,0
𝜌; 𝜌 < 𝜌c ,

𝑐2

s,0
𝜌c

(
𝜌/𝜌c

)
7/5

; 𝜌c ≤ 𝜌,
(5.43)

where 𝑐s,0 = 1.87 × 10
4

cm s
−1

is the initial isothermal sound speed of gas with a temper-

ature of 10 K (the mean molecular weight is 𝜇 = 2.38), and 𝜌c = 10
−13

g cm
−3

. As in Bate

and Loren-Aguilar, the calculations only follow the collapse until shortly after the density

exceeds 𝜌c, so the gas almost always isothermal at 10 K, except in the centre at the end of

the calculations when the temperature begins to rise.

In the dust-as-particles calculations I use 1 million SPH particles to model the gas,

and 300,000 to model the dust. Comparatively in the dust-as-mixture calculations I use

1 million SPH particles that model both gas and dust as one fluid in a dust-as-mixture
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Figure 5.3: Time evolution of the central density of gas and dust during the collapse of non-rotating molec-

ular cloud cores performed using in dust-as-mixture (left) and dust-as-particles (right) methods. There is a

monatonic increase in the maximum density of dust with time. The dust-as-mixture and dust-as-particles

solutions are similar, except for the largest dust grains. In the dust-as-particles 100𝜇m calculation, the dust

in the outer parts of the cloud is collapses more rapidly than in the inner regions, resulting in a ‘pile up’ of

dust. For this case, the terminal velocity approximation of the dust-as-mixture method is only comparable

until 𝑡 ≈ 70, 000 yrs, so we only plot the dust-as-particles solution to this point. The gas density is from the

0.1𝜇m calculations.

model. A uniform initial dust-to-gas ratio of 1:100 is used for all models. Using identical

numbers of SPH particles to model the gas components in both sets of calculations means

the gas resolutions are the same and the only difference between the calculations is due

to the dust implementation.

5.4.2 Results

Here I present the results of the protostellar collapse of a non-rotating cloud and a rotating

cloud with 𝛽 = 0.08 using both the dust-as-mixture and -particles SPH methods.

In Fig. 5.3 I show the time evolution of the densities of gas and dust at the centre of

the collapsing non-rotating clouds. In the dust-as-mixture calculations (left panel) there

is a monotonic increase in the density of dust, and the rate of increase is greater for larger

dust grain sizes due to the weaker coupling to the gas, although there is little difference for

grains of size 𝑟s ≲ 10𝜇m. The results are very similar in the equivalent dust-as-particles

calculations (right panels), except for the largest grain size. For very small dust grain

sizes there is good agreement between the dust-as-mixture and dust-as-particles results

that only starts to break down very late in the collapse at very high densities as the first

hydrostatic core (Larson 1969) forms; in the the dust-as-particles calculations (unphysical)

dust particle clumping occurs late in the collapse. For intermediate dust grain sizes (𝑟s ≈
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Figure 5.4: Time evolution of the central density of gas and dust in both rotating calculations in dust-as-

mixture (left) and dust-as-particles (right). Due to the rotation of the cloud the formation of the hydrostatic

core is delayed. The main differences between the two methods is with the largest grains; it is with this size

of grain where the underlying assumptions of dust-as-mixture begin to breakdown and a dust-as-particles

solution is desirable. The gas density is from the 0.1𝜇m calculations. The slight kink in the 100𝜇m curve is

due to numerical noise in the centre on the cloud.
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Figure 5.5: Evolution of dust grain column density viewed in the plane of rotation for calculations of molecular

cloud core collapse using the dust-as-mixture method. Plotted from left to right are calculations with dust

grain sizes 𝑟s = 1𝜇m, 30𝜇m, 100𝜇m. The colour bar is set such that it is the same in each panel of the plot. The

small dust grains are coupled to the gas and follow the gas well. The larger grains exhibit different behaviour

whereby they collapse more quickly resulting in the central oblate region having a higher dust density. The

central obliquity is due to the overall rotation of the gas cloud.
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Figure 5.6: Evolution of dust grain column density in the plane of cloud rotation for calculations of molecular

cloud core collapse using the dust-as-particles method. Shown from left to right are calculations with dust

grain sizes 𝑟s = 1𝜇m, 30𝜇m, 100𝜇m. The colour bar is set such that it is the same in each panel of the plot. In

the 100𝜇m calculation the dust grains from the outer regions of the cloud collapse faster than the rest of the

grains causing a pile up of grains that pass through each other in the centre of the cloud. These subsequently

settle into a dense flat disc, whereupon the calculation grinds to a halt.
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10 − 30 𝜇m) the central dust density tends to be slightly higher for the dust-as-particles

calculations than the dust-as-mixture calculations in the latter third of the collapse, again

due to slight dust clumping when using the dust-as-particles method.

In the dust-as-particles calculation with dust grains of size 𝑟s = 100𝜇m, the initial

terminal infall velocities of the dust in the outer regions of the cloud are much higher than

in the centre. Therefore, the dust in the outer regions collapses much faster than the dust

in dense inner regions causing a ‘pile-up’ as the dust collapses. This is an extreme case

for which the terminal velocity approximation assumed by the dust-as-mixture model

quickly breaks down. Therefore, for this case, we present the dust-as-particles results in

Fig. 5.3 only until the dust from the outer regions of the cloud catches up with that from

the inner part of the cloud. The results between the dust-as-mixture and dust-as-particles

for 100𝜇m grains are similar until this point (𝑡 ≈ 70, 000 yrs).

In Fig. 5.4 I show the time evolution of the gas and dust densities at the centre

of the rotating clouds. In the calculations with dust grains 𝑟s < 100𝜇m there is little

difference in the central densities of dust and gas between the two methods. Again, the

dust-as-particles calculations are prone to some dust clumping. Also again, the largest

grains (100𝜇m) are less well coupled to the gas and so collapse much more quickly than

the small grains. In the rotating case the collapse happens slower than in the non-rotating

case, as expected due to centrifugal forces. But again, the dynamics of the large dust grains

is better captured using the dust-as-particles method as in this case the terminal velocity

approximation is not appropriate.

In Fig. 5.5 I show snapshots of the evolution of the column density of dust in

the rotating protostellar collapse calculations containing dust with grain sizes of 𝑟s =

1𝜇m, 30𝜇m, 100𝜇m. The region shown is the centre of the cloud in the plane of rota-

tion. The small dust grains are tightly coupled to the gas (the morphology of the gas

column density looks almost identical to the 1𝜇m dust morphology), whereas the larger

grains are not as well coupled and collapse more quickly. This leads to an enhancement in

dust-to-gas ratio when larger dust grains are present. The 100𝜇m dust grains collapse fast

enough to form a disc-like structure well before the stellar core forms, a consequence of

the rotation rate of the cloud. A qualitatively similar result was found by Bate and Loren-



5.4. DUSTY PROTOSTELLAR COLLAPSE 132

Aguilar (2017), shown in Fig. 3 of their work. I show the equivalent plot of Fig. 5.5 for the

dust-as-particles calculations in Fig. 5.6. The dust density for grain sizes 1 and 30𝜇m are

similar in both the one- and dust-as-particles calculations, with the exception that in the

dust-as-particles calculation the density at the centre of the cloud is slightly denser than

in the dust-as-mixture at very late times. The 100𝜇m dust grain calculation using dust-

as-particles looks vastly different. In this calculation the dust grains in the outer parts of

the cloud are very decoupled from the gas and have such a large initial terminal velocities

that they are able to collapse to the centre of the cloud very quickly. Moreover, because

the gas drag on them is so weak, even when they get to the denser inner regions the drag is

insufficient to slow them to their local terminal velocity so they continue to collapse more

quickly than in the dust-as-mixture calculation. This is a case that can not be modelled

accurately using the dust-as-mixture terminal velocity approximation. Note that this is an

extreme case – such large dust grains are not thought to be abundant in molecular cloud

cores. Interstellar dust grains are typically thought to be sub-micron in size.

5.4.3 Comparison with explicit timestepping

In this section I compare the computational performance of the explicit timestepping algo-

rithm of the dust evolution equation as described in Ballabio et al. (2018) with the implicit

algorithm described in this work. In their formulation Ballabio et al. (2018) impose a cri-

terion upon the stopping time of the dust to prevent numerical artefacts in regions of low

dust-to-gas ratio, namely

𝑡s = min(𝑡s , ℎ/𝑐s). (5.44)

The reasoning for adopting this stopping time is to prevent infeasibly slow calculations by

limiting the mass flux of particles in regions where there are steep dust density gradients,

i.e. at the edge of discs. However this artificially alters the drag and thus the effective size

of the dust grains and should be used with caution.

As an example of the problems that altering the stopping time can give, I repeat

some of the dust-as-mixture non-rotating protostellar collapse calculations from Section

5.4 using explicit time stepping with the stopping time limiter turned on and off. I compare

the results and performance with our implicit algorithm without a stopping time limiter.
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In Fig. 5.7 I show the distribution of dust as a function of radius in the collapsing

cloud when the maximum gas density reaches 𝜌 = 10
−10

g cm
−3

using both the explicit

and implicit methods. The explicit results have the stopping time limiter applied, but no

stopping time limiter is used for the implicit calculations. I give results for dust grain

sizes 𝑟s = 0.1, 100𝜇m. In the explicit, stopping time limited calculations the dust density

distribution for both grain sizes is very similar throughout the cloud, and identical in the

outer regions where the gas density is low and the stopping time is the longest (i.e. where

the stopping time limiter is most likely to be active). The implicit result for the 0.1𝜇m

grain size is very similar to the explicit result. However, in the implicit calculation with

large grains the dust density is very different. In the outer parts of the cloud, the dust

has fallen inwards leaving no dust in the outer parts of the cloud and producing much

higher dust densities in the inner regions. Near the centre of the clouds the dust density

distributions for the two explicit calculations with the stopping time limiter differ slightly,

with the larger grains falling faster leading to a somewhat higher density than the small

grains, due to the stopping time limited turning off at the higher gas densities. However

the density of the larger grains here is still substantially underestimated compared with

the implicit calculation. The large grains in the explicit calculation behave as if they were

much smaller due to the timestep limiter. This is why extreme caution is needed if a

stopping time limiter is used – a plausible result is obtained for the 𝑟s = 100𝜇m explicit

calculation with the stopping time limiter, but it is a physically incorrect result.

To compare the computational performance between the explicit algorithm and the

implicit algorithm, I also ran an explicit calculation without any stopping time limiter for

the 𝑟s = 0.1𝜇m dust grains (a typical size for interstellar dust grains). This increased the

calculation time so significantly that it was unrealistic to allow the gas density to reach 𝜌 =

10
−10

g cm
−3

. I estimate that the implicit algorithm is at least two orders of magnitude (i.e.,

several hundred times) faster than the explicit algorithm at calculating this protostellar

collapse case, because the implicit calculation takes standard hydrodynamical timesteps

and does not require the use of a dust-as-mixture dust timestep. When comparing the dust

density distributions of these two calculations they are almost identical; our algorithm

yields the same result as the explicit algorithm without limiting the stopping time, but

does so much more quickly. When using the explicit method with the stopping time
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Figure 5.7: Dust density as a function of radius for dust grain sizes 0.1 and 100𝜇m in non-rotating calculations

of protostellar collapse when the peak gas density reaches of 10
−10

g cm
−3

, just after the first hydrostatic

core begins to form. The ‘expl’ lines denote the dust density from explicit dust-as-mixture calculations with

the stopping time limited applied, and ‘impl’ lines denote the equivalent calculations from implicit dust-as-

mixture calculations (without a stopping time limiter). Due to the action of the stopping time limiter the

dust density profiles for the two explicit calculations with different grain sizes are very similar, whereas with

the implicit method the large grains have evacuated the outer parts of the cloud and migrated much more

strongly inward.
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limiter for the 0.1𝜇m grain size, the explicit calculation was only about 5 percent faster

than the implicit method.

5.5 Protoplanetary discs

In this section I present the results from protoplanetary disc simulations similar to those of

Ballabio et al. (2018). The calculations include an embedded planet to study the diffusivity

effects of gradients in dust fraction introduced by planet-disc interactions. The idea is that

as the planet orbits, gas and dust are flung out into the outer regions of the disc where

there are steep dust fraction gradients. It is in these environments that Ballabio et al.

found that numerical artefacts in the dust can arise. This is most notable when using

earlier formulations that evolved the dust fraction or the dust-to-gas ratio.

For the planet-in-disc test calculations, the initial radial extend of the gas is 𝑟 ∈

[25, 200] au and the dust initially extends to 90% of the gas radius. A locally-isothermal

equation of state is used, with a radial temperature proportional to 𝑟−1/2
so that ratio of

the disc scale height to radius is a constant, 𝐻/𝑟 = 0.1. The central object is modelled

using a gravitational potential of mass 1 M⊙. The surface density of the disc has an ini-

tial profile proportional to 𝑟−1/2
. The mass of the disc is 0.0348 M⊙ and the dust-to-gas

ratio is set at 0.01. I used 1 million SPH particles to model the disc. The disc contains

a 6 Jupiter-mass (MJ) planet at a radius of 140 au. The planet is modelled using a sink

particle (Bate et al. 1995), with an accretion radius of 10 au (≈ 0.5 Hill radius). The sink

particle only interacts with the gas via gravity and accretion, and the trajectory of the sink

particle is integrated with the same Runge-Kutta-Fehlberg integrator that is used for the

SPH particles, but with a much lower tolerance.

In Fig. 5.8 I show the time evolution of the dust column density within the proto-

planetary disc containing dust grains of size 100𝜇m. The upper panels show the results

from a calculation using the implicit dust-as-mixture algorithm to evolve the dust, the low

panels show an identical calculation but using the explicit dust-as-mixture algorithm with

the stopping time limiter.

The overall dust density distributions are almost identical. However, there are some
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Figure 5.8: The time evolution of the column density of dust in a protoplanetary disc containing a 6 M
J

planet. Upper panels: Results using the implicit dust-as-mixture dust algorithm. Lower panels: Results using

the explicit dust-as-mixture dust algorithm with the stopping time limiter. Both calculations contain 100𝜇m

dust grains and use the same initial conditions. Similar results are obtained, but the implicit method gives

slightly ‘sharper’ edges to the dust in the gap produced by the planet and at the outer edge of the disc.

differences in regions of high dust density gradient at the dust gap created by the planet

and at the outer edge of the dust disc. In the explicit dust-as-mixture calculation the dust

density is more smoothed out, whereas in the implicit dust-as-mixture calculation the

edges of the dust disc are more sharply defined. This is most easily spotted in the gap in

the dust; the dust does not diffuse into the gap as much in the implicit calculation.

I tested the mass conservation of the implicit dust-as-mixture algorithm and find

it performs similarly to the explicit stopping time limited algorithm at conserving mass.

I performed a similar calculation to the one described above except that we used only

200,000 SPH particles and we modelled the planet and disc in the same way as Ayliffe and

Bate (2009b) where gas and dust falls on to and is bound to a planetary surface and remains

in the calculation (rather than being accreted by a sink particle). Since all of the mass

remains in the calculation (as opposed to being accreted by the sink particle) this allows

us to measure more precisely the mass conservation of the respective dust schemes. In the

upper panel of Fig. 5.9 I show that we recover the result reported by Ballabio et al. (2018)

in which the parameterisation of dust fraction given by Price and Laibe (2015), 𝜖 = 𝑠2/𝜌,

does not conserve mass (the dust mass increases with time). In contrast, the implicit dust

algorithm maintains the dust mass as well as the explicit algorithm with the Ballabio et

al. (2018) dust parameterisation and stopping time limiter. In the lower panel of Fig. 5.9
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I focus on just the implicit and explicit calculations to compare how well they converse

mass with each other. The implicit calculation slowly loses a small fraction of mass (≈

0.02 %) initially and then approximately maintains this mass throughout the remainder

of the calculation. In the case of the explicit calculation, the initial dust mass very slightly

decreases through most of the calculation, but then loses a small fraction of mass towards

the end (≈ 0.06%). Overall I find that the dust mass conservation of the two different

algorithms is similarly good.

5.6 Negativity of the dust parameter

Whilst the parameterisation of the dust fraction as given by in equation 5.1 ensures that

it remains positive and less than one, there is no such constraint on the dust evolution

variable, 𝑠, itself. During calculations, as the parameter is evolved, it can become negative.

The dust fraction itself remains limited to between zero and unity, but a negative dust

variable can still produce unwanted, nonphysical effects in the dust fraction. These effects

typically manifest as dust seemingly ‘leaking out’ into regions of low dust fraction, at the

edges of discs for example. This was pointed out by Price and Laibe (2015) for earlier

versions of the dust parameterisation. They found that the most effective way to counter

this issue was to set the dust fraction of the problem particles to zero.

In what follows, I show that the problem of the dust variable going negative can still

occur with the newer dust parameterisation of Ballabio et al. (2018). Here we demonstrate

the effects of a negative dust variable in both an idealised test case and in a more physically

motivated fully 3D simulation. I then demonstrate that another advantage of the implicit

dust method is that it avoids this problem entirely.

5.6.1 Dust settling test

For the idealised test case, I use the dust settling test of Price and Laibe (2015) which

considers vertical dust settling in a Cartesian box with an acceleration in the ‘vertical’ (z)

direction that mimics a small piece of a protoplanetary disc (i.e., the isothermal gas has

a Gaussian density distribution vertically centred on 𝑧 = 0). A full description of the set

up the test is given by Price and Laibe (2015) and will not be repeated here. In this case,
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Figure 5.9: Dust mass evolution in a disc with an embedded planet. Upper: Dust mass evolution for the

implicit and explicit calculations using the Ballabio et al. (2018) dust variable, and an explicit calculation using

an alternate dust variable. Lower: A zoom in of the results for our implicit dust evolution algorithm and the

explicit dust evolution algorithm, both using the Ballabio et al. parameterisation. Both of these calculations

conserve dust mass to better than 0.1 percent.
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Figure 5.10: The dust settling test with 100𝜇m dust grains after 20 orbital periods. Left panel: dust fraction

as a function of vertical height in the disc using the implicit method to evolve the dust. Right panel: the same

except using the explicit method. Using the explicit method, dust ‘leaks’ out of the dust layer into the low-

density atmosphere of the disc (|𝑧| > 6 au in the above panels). Using the implicit method gives the same

dust profile near the midplane of the disc, but outside the dust layer where the dust fraction should be zero,

it is zero as it should be.

I start the test with a dust-to-gas ratio of 1:100 and use a dust grain size of 100𝜇m. The

orbital period is 353 years and I show the state of the dust layer after 20 orbits.

As the disc evolves, the dust falls out of the low-density surface regions of the disc

to create a dust layer with steep dust gradients at its surface. I show our results in Fig. 5.10

using both the explicit and implicit methods. The problem of the dust variable becoming

negative occurs at this sharp gradient at the ‘surface’ of the dust layer. This is due to

the way exact mass conservation of the dust-as-mixture equations is ensured by pairwise

SPH particle interactions. The equations ‘take’ dust from one SPH particle and ‘give’ it

to another. However, if the dust variable of the donor particle is small this can lead to

the dust variable of the donor particle becoming negative. Due to the definition of the

dust fraction, a negative dust variable still gives a positive dust fraction. However, this

means that in regions where no dust is expected, dust diffuses out into these regions in an

unphysical manner (lower panel of Fig. 5.10). This can be avoided in the explicit method

by explicitly forcing the dust variable to remain positive, but this comes at the expense of

sacrificing dust mass conservation.

Using the implicit method, in which the solution to the dust diffusion equation is

iterated using the Gauss-Seidel method, the dust variable remains positive and the appar-

ent diffusion of the dust out of the dust layer is avoided (upper panel of Fig. 5.10).
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Figure 5.11: Cross section of the dust density in the protoplanetary disc with an embedded planet (slice not

taken through planet location) at a radius of 140 au. Upper panel: Calculation using the implicit dust algorithm.

Lower panel: Calculation using the explicit dust algorithm. In the explicit calculation there is an enhancement

in dust density above (and below) the bulk of where the dust is expected to be. This is an artefact of the dust

variable becoming negative. Using the implicit method avoids this problem.

5.6.2 Protoplanetary disc

Here I demonstrate the effect of the dust variable going negative in regions with a large

dust fraction gradient also occurs in more complex simulations. From the same protoplan-

etary disc calculations that were discussed in Section 5.5 I take a cross section through both

discs. This is shown in Fig. 5.11, the upper panel shows the dust density cross section of

the disc from the implicit calculation and the lower is the same for the explicit algorithm.

Whilst the bulk of the dust across both calculations is settling towards the midplane of the

disc, in the calculation that used the explicit dust algorithm there is an apparent excess

of dust above and below the the bulk of the dust layer. In addition to this enhancement

above and below the midplane, there is also excess dust in the gap carved by the planet.

This is due to the dust variable going negative in these regions. This is the same effect

as that demonstrated by the simple dust settling test but in a full 3D global simulation.

Again, the implicit method for evolving the dust diffusion avoids this problem.
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5.7 Conclusions

In this chapter I have described an implicit algorithm to solve the dust-as-mixture dust

diffusion equation of Price and Laibe (2015). I have benchmarked this algorithm against

standard tests in the literature. The algorithm has also been tested in the settings of the

collapse of a dense molecular cloud core and in a protoplanetary disc containing a planet,

and compared with results and methods in the literature. The main features of the algo-

rithm I have described are summarised as follows

1. The timestep criterion required by explicit dust diffusion can be avoided meaning

that the dust evolution can be evolved on hydrodynamical timesteps which, depend-

ing on the dust size, can be much larger.

2. The time to solution compared to a fully explicit solution can be greatly reduced in

the regimes of intermediate to large dust grains (by orders of magnitude). Even for

very small dust grains, the implicit method is not much slower.

3. Due to the above there is no need to artificially limit the stopping time of dust par-

ticles, which has the adverse effect of essentially changing the dust grain size.

4. The iterative solution of the dust diffusion equation in the implicit method naturally

avoids the dust variable becoming negative. This avoids dust apparently ‘leaking’

through strong dust fraction gradients.

Overall I find this implicit algorithm to be fast computationally, to solve the dust diffusion

equations accurately, and to avoid several problems that manifest in explicit calculations.

However, as with any dust-as-mixture method, the method still fails to give accurate so-

lutions in the limit of large (weakly coupled) grains for which the stopping time is long.

Using a dust-as-particles method is more appropriate in such circumstances.
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Chapter 6

The Dynamics of Small Dust Grains

in the Presence of Giant Planets

“I like the quote for Chapter 5.”

— Prof. Matthew R. Bate

Small dust grains are key to performing observations of discs. We know from re-

cent studies that planets can exist within dusty discs (Fedele et al. 2017; Keppler et al. 2018;

Hammond et al. 2023), and the detection of these planets has primarily been due to sub-

structures in the dust. Planets in discs in numerical and analytical studies have been

known to open up gaps within discs, in both gas and dust (e.g. Lin and Papaloizou 1986;

Bate et al. 2003a; Paardekooper and Mellema 2004; Kley and Nelson 2012). Many such

structures have been observed recently and seem to be a common feature within dust

discs (ALMA Partnership et al. 2015; Long et al. 2018; Huang et al. 2018b). Whilst these

features are linked to planet-disc interactions, detection of planet in these young systems

remains difficult. Most efforts focus on scattered light images (Dong et al. 2015; Avenhaus

et al. 2018), gas kinematics (Pinte et al. 2018; Pinte et al. 2020; Barraza-Alfaro et al. 2024),

or continuum emission (Zhang et al. 2018).

Whilst the dynamics of gas and dust are different, in the limit of small grains they

are coupled. Dipierro et al. (2016) provide two mechanisms of dust gap opening; one in
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the regime of small, coupled grains, and one in the regime of large, uncoupled grains.

The small grains move with the gas and therefore a gap is opened in the dust only if a

gap is opened in the gas, the larger grains, however, drift towards gas pressure maxima.

Later, Dipierro and Laibe (2017) show that for low-mass planets, a gap in the gas is not a

necessary condition for a gap in the dust. Any gaps in the gas can act as a filter for dust

grains, large grains become trapped at the gap outer edge and small grains can flow into

the inner disc (Rice et al. 2006). On longer timescales this ceases to be the case if particles

are subjected to collisions (Stammler et al. 2023).

Many observations in the continuum make inferences of planet-disc interaction

based upon hydrodynamic models (e.g. Gonzalez et al. 2012; Zhang et al. 2018; Dipierro

et al. 2018). Therefore it is crucial to treat the dynamical and thermal evolution more ac-

curately to help develop our understanding of the underlying causes of disc substructures

that we see within discs. In this chapter we use a method of evolving dust dynamics de-

veloped in the previous chapter along with radiation hydrodynamics and planet models

that allow of the accretion of material resolved down to the surface of the planet.

6.1 Methods

To study the dynamics of small grains in the presences of giant planets I use the method

described in Chapter 5. This method of solving the dust evolution equation has been

implemented in the 3D SPH code sphNG code. This was originally developed by Benz

(1990) and Benz et al. (1990) and significantly modified by Bate et al. (1995), Whitehouse et

al. (2005), and Price and Monaghan (2007). The planets in this chapter are modelled using

the prescription of Ayliffe and Bate (2009b), in which planet cores are able to accrete gas,

and now dust, onto their surface, building an atmosphere. The main difference between

the prescription of Ayliffe and Bate (2009b) and my calculations is that here I model the

whole disc rather than a section of the disc around the planet. This allows me to model the

non-axisymmetric features of the dust. In addition to this the calculations employ flux-

limited diffusion radiative transfer method of Whitehouse et al. (2005) and Whitehouse

and Bate (2006). I perform calculations of planets in discs orbiting a central star of mass

1M⊙ at Keplarian velocity at a radius 5.2 au. The temperature profile of the disc is 𝑇g ∝
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𝑟−1
, with a scale height of 0.1𝑅. The surface density of the disc follows a profile Σg ∝

𝑟−0.5
, where at the radius of the planet the initial unperturbed surface density is 75g cm

−2
.

Each disc is modelled by 1 million particles, and has a radial extent of 𝑟 ∈ (1, 20) au. I

model planets with initial core masses 1MSat, 1MJ, 3MJ, and 10MJ. They are modelled by a

potential that combines a potential to model their surface with a Newtonian gravitational

force

𝐹r =
𝐺𝑀p

𝑟2

(
1 −

(
2𝑅p − 𝑟
𝑅p

)
4

)
, (6.1)

for 𝑟 < 2𝑅p where 𝑟 is the distance from the planetary core, 𝑅p is the radius of the core,

and 𝑀p is the mass of the core. This allows the build up of particles above the surface

of the core. In the calculations I use a core radius equal to 3 per cent of the Hill radius.

Where the Hill radius is defined as 𝑟H = 𝑎 3

√
𝑚2/3(𝑚1 + 𝑚2), where 𝑚1 and 𝑚2 are the

masses of the central object and planet, respectively. In these calculations an ideal gas

equation of state is employed, 𝑃 = 𝜌g𝑇g𝑅g/𝜇, where 𝜌 is density, 𝑇 is the temperature,

𝑅g is the gas constant, and 𝜇 is the mean molecular mass. Here the subscript 𝑔 denotes

gas values. The translational, rotational, and vibrational degrees of freedom of molecular

hydrogen are taken into account. Within the discs there is a single species of dust with

sizes varying between calculations. The dust grain sizes used are 10𝜇m, 100𝜇m, 1mm, and

1cm. I perform 16 calculations, with four different core masses (1𝑀Sat, 1𝑀J, 3𝑀J, 10𝑀J),

and for each of these with four different grain sizes (10𝜇m, 100𝜇m, 1mm, 1cm). Using the

equation (Lodato and Price 2010)

𝛼SS ≈ 𝛼AV

10

⟨ℎ⟩
𝐻
, (6.2)

to relate the SPH artificial viscosity 𝛼AV
to the Shakura and Sunyaev (1973) parameter I

find the discs to have values of 𝛼SS ≈ 3 × 10
−2 − 10

−3
. The 𝛼 value peaks near gaps, i.e.

at the inner edge of the disc, and either side of the gas gaps, note than only in the 10MJ

calculation does a gap in the gas being to open up.
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6.2 Results

Here I present the results from the planet in disc calculations. In Fig. 6.1 I show the column

density of dust within all the simulations after 20 orbits, except in the 10MJ calculation

where the dust density is shown after 13 obits. From top to bottom in the figure the planet

mass increases from 1MSat to 10MJ and from left to right the dust grain size increases from

10𝜇m to 1cm. In discs with planets > 1MJ and grains of size >1mm a gap readily opens

in the dust disc, with a dense arc of dust contained within the horseshoe region of the

planetary orbit. For these calculations the beginnings of a gap are stating to appear in

the dust discs with the smallest grain sizes. This is due to a gap beginning to form in the

gas also. The most clear case of a dust gap is in the most extreme calculation, with the

largest planet and largest dust grain size I simulate. In this calculation the dust horseshoe

is completely detached from the rest of the dust disc by wide, deep gaps. Here also there

are three distinct dust discs: an inner disc around the star that extends to around 4au, a

circumplanetary disc, and an outer disc starting from around 8au out to 18au.

In Fig. 6.2 I plot the radial average profile of dust density with 5 degrees of the mid

plane of the disc in the 𝑧 direction. The section of disc that is ±45° from the planet in the

azimuthal direction is excluded from the radial average. Gap depth is a function of planet

mass and grain size. The difference in density profile for grain sizes 100𝜇m and 10𝜇m is

small, indicating that in these environments the 100𝜇m grains are still well coupled to the

gas. Once the grains reach sizes of 1mm this is no longer the case and gaps in the dust disc

are more extreme than in the gas disc. The peak in dust density in the centre of the gap is

the dust that has been trapped in the horseshoe orbit of the disc. The difference in density

between the horseshoe and the gap in the 10MJ calculation is 2-2.5 orders of magnitude.

This decreases to around 1.5 dex with the 3MJ planet, and 0.5 dex for the calculation with

1MJ. I find that no gap opens up in the dust disc when a 1MSat planet is present after 20

orbits (13 for 1cm grains). The gap width is a function of planet mass and grain size. The

gap in the dust for a given planet mass is slightly larger with larger dust grains.

In Fig. 6.3 I show the density of gas around the planet location along with the flow

of gas after 20 orbits. These snapshots are taken from the calculation with 1mm grains.
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Figure 6.1: Column density of dust after 20 orbits, expect 10M
J
which has only 13 orbits. Top to bottom planet

masses 1M
Sat

, 1M
J
, 3M

J
, and 10M

J
. Left to right dust grain sizes 10𝜇m, 100𝜇m, 1mm, and 1cm.
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Figure 6.2: From top left going clockwise I show the dust density in the mid plane of discs containing planets

of masses 10M
J
, 3M

J
, 1M

J
, and M

Sat
. In each radial profile the quadrant ±45° from the planet location is

excluded. The gaps in dust increase in depth with planet mass and dust grain size. In all cases the planet is

located at 5.2au.
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Figure 6.3: Gas density map about the planet location with gas flow direction shown with arrows. The snap-

shots are cross sections through the 𝑥 − 𝑧 axis at the planet location after 20 orbits. The initial planet masses

are 1𝑀
Sat
, 1𝑀

J
, 3𝑀

J
, 10𝑀

J
as indicated in the figure panels. The gas flow around the planet strengthens as

planet mass increases. The flow of gas onto the planet is dominated by gas from high altitude, and gas flows

away from the planet in the midplane.
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As the planet mass increases the protoplanetary discs becomes increasingly thinner in the

vicinity of the planet. Above and below the planet there are strong flows of gas towards

the midplane. These flows of gas are caused by the spiral wakes of the planet, they con-

tinuously stir up material that then gets deposited higher up into the disc. The gas flows

into the gap and onto the planet. Any gas that is not accreted by the planet flows out into

the protoplanetary disc via the circumplanetary disc, through the spiral wakes and rises

up again to higher altitudes of the disc (Szulágyi et al. 2014; Fung and Chiang 2016). This

is the meridional circulation of gas within a protoplanetary disc (Szulágyi et al. 2014; Mor-

bidelli et al. 2014). Any dust that is coupled to the gas is also influenced by the meridional

circulation of the gas (Binkert et al. 2021). The impact of this vertical accretion onto the

planets is there is more oxygen rich ice available for accretion onto the planetary atmo-

sphere (Cridland et al. 2020), meaning that in the inner 20 au of the disc it is the chemical

composition of the gas that dominates the C/O ratios on planet atmospheres. In this work,

the strongest flows are in the discs containing planet of super-Jovian mass. So it would be

reasonable to expect that it is in these calculations that moderately coupled dust will feel

the largest effect.

In Fig. 6.4 I show dust density of 1mm grains in cross sections of discs that have been

rotated about the 𝑧 axis ±45° with respect to the planet location, i.e. we are looking are the

planetary wakes at the inner and outer edges of the gap. The influence of the meridional

circulation is most apparent in the two super-Jovian mass calculations. On the left side

of Fig. 6.4 there is an enhancement in dust density at the inner edge of the gap, this is

where the leading planetary wake is located. At the other side of the gap, in the outer

disc, there are two regions in the both discs with a slight enhancement in dust density

when compared to the two calculations with less massive planets. The two over densities

are located within the trailing spiral wakes of the planet. On the right hand side of Fig.

6.4 the disc is rotated 45° such that the trailing wake is passing through the outer edge of

the gap. In the calculation with the 10𝑀J planet we see the vertical height of the dust disc

vary between the two spiral wakes. This is where the dust is being stirred up by the wakes.

Figure 6.6 shows the vertical velocity of dust in the same cross sections as Fig. 6.4. In the

super-Jovian mass calculations there is a strong inversion of vertical dust velocity at the

location of the wakes, here the dust is moving away from the midplane. In front of, and
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Figure 6.4: Left: 𝜙 = −45° from planet location. Right: 𝜙 = +45° from planet location. Cross section dust

density (g cm
3
) of mm-sized grains through disc rotated ±45° from planet location.

z[
au

]

-1

0

1 t =237 yrs1 MS

z[
au

]

-1

0

1 t =237 yrs1 MJ

z[
au

]

-1

0

1 t =237 yrs3 MJ

z[
au

]

x[au]
5 10

-1

0

1 -1×104

0

1×104

v d
z[

cm
/s

]

t =237 yrs10 MJ

z[
au

]

-1

0

1 t =237 yrs1 MS

z[
au

]

-1

0

1 t =237 yrs1 MJ

z[
au

]

-1

0

1 t =237 yrs3 MJ

z[
au

]

x[au]
5 10

-1

0

1 -1×104

0

1×104

v d
z[

cm
/s

]

t =237 yrs10 MJ

Figure 6.5: Left: 𝜙 = −45° from planet location. Right: 𝜙 = +45° from planet location. Cross section of vertical

dust velocity (cm/s) of mm-sized grains. The vertical velocity of dust is inverted in the spiral wakes of the

planet causing dust to be stirred up towards the surface of the disc.

behind, the wakes the dust is settling to the midplane. This vertical transport of the dust

results in the alteration of the dust disc geometry that is shown in Fig. 6.4. The vertical

transport is efficient enough to allow to mm-sized grains to be found near the surface of

the gas disc.

6.3 Discussion

In that past 15 years it has become clear that dust is a key factor in the determination of

the geometry of material surrounding a protoplanet, it partially determines whether the

planet will host a circumplanetary disc or a more spherical envelope. This affects the ac-

cretion rate of the planet, due to the effect of the dust on the opacity and cooling of the gas.
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Figure 6.6: Left: 𝜙 = −45° from planet location. Right: 𝜙 = +45° from planet location. Cross section of vertical

gas velocity (cm/s). The vertical velocity of gas is inverted in the spiral wakes of the planet causing gas to be

stirred up towards the surface of the disc. This is the meridional gas circulation, a global disc gas flow. Note

that the gas velocities are lower than the dust velocities.

In the calculations I present here the average accretion rate over the course of each simu-

lation are: 3.989 × 10
−7

, 6.2041 × 10
−6

, 1.5266 × 10
−5

, and 2.4532 × 10
−5

for the 1MSat, 1MJ,

3MJ, and 10MJ mass planets, respectively in units of MJ yr
−1

. The planets with a spherical

envelope have lower accretion rates than those with discs. The pioneering work of Ayliffe

and Bate (2009a) showed that the structure of the material around a protoplanet is depen-

dent upon opacity. The standard picture was that circumplanetary discs were thin discs,

however Ayliffe and Bate (2009a) showed that if the grain opacity sufficiently low, only

then do disc-like structure form. They also find that discs around more massive planets

tend to be flatter than the discs around less massive planets. This is a result recovered

in this chapter. When the grain opacity is high the discs are thicker as the thermal pres-

sure supports against the gravitational forces from the planet. Szulágyi et al. (2016) and

Szulágyi (2017) investigated the structure of circumplanetary discs and their dependence

on temperature, finding that a higher temperature reduces the disc’s rotation resulting in

a more envelope structure. Recent work by Krapp et al. (2024) agrees with the previous

results and find a necessary condition for the formation of circumplanetary discs is that

the cooling time is at least one order of magnitude shorter than the orbital time.

Dust gaps are a key sign of evidence that a planet may be present in a disc. The

properties of the gap may also give an indication on the properties of the planet, and the

dust population (Dipierro and Laibe 2017). In this work I find the dust gap to be deeper
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with increasing planet mass for a given grain size, and deeper with increasing grain size

for a given planet mass. The width of the gap also changes slightly with grain size for

a given planet mass. It is not only the dust gap that the planet has an impact on. The

density of dust in the inner disc also appears to depend on both planet mass and grain

size. I find that the dust density of the inner disc is higher for small grains, with the

exception of the 10𝑀J planet. Larger grains are depleted in the inner disc compared to

smaller grains. This dust filtration was first identified in the 2D calculations of Rice et

al. (2006), and has since been proposed as a mechanism for the long lived inner dust ring

in PDS 70 (Pinilla et al. 2024). In this mechanism, small dust grains are coupled to the

gas and are able to diffusion across the gap through the gas, replenishing the supply of

dust in the inner regions of the disc. This has implications for disc chemistry, water ice

that is on small dust grains may get transported from the outer disc into the inner disc

and then sublimate, allowing for an efficient water delivery mechanism for water vapour.

Ice-bearing particles (sizes 3mm - 1cm) can be prevented from drifting to inner regions of

the disc if a gap opens up in the gas (Kalyaan et al. 2021). The blocking of ice particles is

most efficient is the gap opens up around 7-15 au from the star, any closer or further away

and water-ice can be delivered to the inner regions of the disc, enriching the amount of

water vapour present. The depth of the gap is also important, shallower gaps may allow

ice-bearing particles to leak through. In addition to this mechanism, low 𝛼 discs can have

a higher an enrichment in water vapour in the inner disc (Kalyaan et al. 2023).

The dust stirring induced by massive planets widens the vertical dust distribution

within a disc, this effect is likely to be visible in the observations of the dust (Birnstiel et

al. 2018; Zhang et al. 2018). Although this feature will only be visible in close to edge-on

discs, it may be an indicator of a massive embedded planet. The dust stirring by massive

planets has been identified previously with the grid code jupiter in the works of Binkert

et al. (2021), Szulágyi et al. (2022), and Binkert et al. (2023). The method I use and the

initial conditions used in the calculations that I present are different to the those in these

previous works. This is an indication that the dust stirring due to the meridional flow

induced in the gas via planetary wakes is a robust dust transport mechanism.
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6.4 Conclusions

In this chapter I employ the method of dust grain evolution presented in Chapter 5 to ex-

amine the influence giant planets have upon the distribution and dynamics of dust grains

in protoplanetary discs. The results of this chapter replicate those of previous studies on

small dust grains in the presence of giant planets. I summarise the findings below.

1. The impact a planet has upon the distribution of dust within a protoplanetary disc

is dependent upon the mass of the planet, and the size of grains in the disc. The

gaps that form in the calculations presented have a width of ∼ 5 − 7 𝑟H.

2. Small dust grain density in the inner disc is maintained over time, whereas the den-

sity of more decoupled grains in the inner disc is reduced over time, with the excep-

tion of the calculation with the most massive planet.

3. Spiral wakes generated by massive planets drive strong meridional flows in the gas.

This leads to gas falling above and below the planet, with outflows of gas in the

circumplanetary disc.

4. Grains of mm-size are stirred up by these meridional flows, enhancing dust density

in the spiral wakes of the planet. The dust grains can be stirred up to the surface of

the gas disc.
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Chapter 7

The Conclusion

“I thought up an ending for my book: ’And he lived happily ever after, unto the end of

his days.’ ”
— Bilbo Bagins

7.1 Concluding Remarks

In this thesis I have presented the analysis of discs formed in hydrodynamic simulations

in order to study their properties and how they compare to observations of discs. We

are in an era in observational astronomy where is it possible to undertake large surveys

within many star-forming regions. This has allowed us to begin to address the questions

of how common are discs? How does the environment of a circumstellar disc impact

upon the evolution of the disc? What are the statistical properties of discs? How do

current hydrodynamic calculations compare with observations? What are the dominant

physical processes? These questions are best answered when theory and observations are

combined.

In Chapter 3 I present analysis of discs formed four large radiation hydrodynamic

calculations of star cluster formation in which metallicity of the calculation is changed.

From these calculations I extract the statistics of disc properties, for example; mass, radius,

inclination, star-to-disc mass ratios. The metallicities of the calculations are 1/100, 1/10,

1, 3 solar metallicity, in terms of initial conditions this is the only thing that is changed
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between the calculations. This is to study the impact the environment of the discs has

upon the properties of the disc. When comparing the properties of discs across the calcu-

lations it was found that a higher metallicity cloud produces larger discs compared to the

low metallicity calculation. In the molecular cloud with the highest metallicity discs have

a median characteristic radius of ≈ 65 au and in the calculation with the lowest metal-

licity, discs have median characteristic radius of ≈ 20 au. The low metallicity allows for

rapid cooling of high density gas leading to more gravitational fragmentation, it is this

enhancement in small scale fragmentation that leads to the truncation of discs. This is the

same physics that leads to the increase in multiplicity with decreasing metallicity. The

change in metallicity has little effect on the masses of discs, with the exception of in the

calculation with the lowest metallicity the fraction of unresolved and low-mass discs is

much higher. The properties of the discs formed in the solar metallicity calculations are

compared with the statistics of disc observations from nearby star-forming regions. I find

that the properties, the masses and radii, of the discs formed in this calculation are in very

good agreement with the properties of Class 0/I discs in the Orion and Perseus regions.

Whereas when comparing the properties of the discs with Class II discs, the masses of

the simulated discs are typically an order of magnitude higher, however the radii of simu-

lated discs are comparable to the discs within Lupus. The discs formed in the simulation

are closer in evolution to Class 0/I and so are a better comparison over the Class II discs.

These calculations do not include magnetic fields, nor do they include feedback from the

protostars themselves, despite this, the size and mass distributions of discs formed in the

calculation are in good agreement with those obtained from observations. This may indi-

cate that the calculations have captured the dominant physics, and that magnetic braking

of discs may not play a big role is setting the properties of protostellar discs.

In Chapter 4 I study the properties of circumbinary discs formed in the solar metal-

licity calculation discussed in Chapter 3. Binary systems and their discs have recently

received an uptick in interest and have been subject to intense study. It is known that bi-

nary systems are a very common feature in star-formation, however the occurrence rate

of circumbinary discs in young objects is not known. Discs around single objects are al-

most always expected to form, is the same true of discs around binary systems? There is

very little observational data to help answer this question. However, as I demonstrated in
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Chapter 3, hydrodynamical calculations are capable of reproducing the statistical proper-

ties of protostellar discs derived from observations. It is in Chapter 4 that I make an effort

to begin to answer the question of circumbinary disc occurrence rate. Given a sample of

young binary systems, inclusive of those in hierarchical systems, that have a semi-major

axis of less than 100au it would be expected that around 35 per cent of the binaries would

host a circumbinary disc. In these young systems, almost no system with a semi-major

axis greater than 100 au hosts are circumbinary disc. In close binary systems (𝑎 ≲ 3 au),

those without companions are twice as likely to host a circumbinary disc than those with

companions. At close separation there is a multiplicity effect, this effect is not apparent

in systems with a larger semi-major axis. The sizes of circumbinary discs that form scale

linearly with semi-major axis, and have a median radius of 5-6𝑎. Another interesting

question one can ask about these systems is how aligned are the circumbinary discs to

the orbit plane of their host binaries? Given than discs form due to the conservation of

angular momentum, it is reasonable to expect that circumbinary discs will share a sim-

ilar plane of angular momentum to the binaries and thus be well aligned. I extract the

cumulative distribution of the mutual inclination angles between the circumbinary discs

and binary orbits and find most systems are reasonably well aligned. I also constructed

the cumulative distribution function of all the known mutual inclination angles that were

available in the literature to compare with the results from the calculation. I found that

the underlying distributions do not differ.

Motivated to extend the capability of the hydrodynamic code that I use in this the-

sis to simulate protostellar discs, I present a method to evolve the dynamics of small dust

grains in Chapter 5. The method builds upon the efforts of the community over the past

decade to develop an efficient and accurate method of simulating small dust grain dy-

namics. I extend the method by developing an implicit numerical scheme that can solve

the dust evolution equation quickly and efficiently. I found the method to reproduce the

results of the standard explicit scheme, however the implicit method yields the result for

larger grains at least two orders of magnitude more quickly. Using the explicit method

in practice, when larger grains are present it is, almost, a necessity to artificially limit the

stopping time of the dust grains; in essence artificially altering the dust grain sizes, forcing

them to be smaller than the practitioner might expect. This is because the timestep crite-
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rion for the dust becomes prohibitively small at long stopping time (larger grains). There

is no way a priori to know how a stopping time limiter will affect the calculation. This

is something that is completely avoided in the implicit method. I found that the implicit

scheme is less susceptible to an unphysical solution to the dust diffusion equation. The

issue arises due to how the dust fraction is computed. The dust fraction is parameterised

by a new variable such that the dust fraction remains between zero and one, however,

there is nothing to prevent this new variable from becoming negative. Whilst the result

makes sense mathematically, physically this results in dust grains diffusing into a region

that they should be diffusing away from and is not a valid physical solution. In the con-

text of a protoplanetary disc this would mean that after dust grains have settled to the

midplane they would then diffuse away and become trapped at high altitude in the disc.

This issue is significantly avoided with the implicit method. I found this method to be

fast, accurate, and to avoid several issues that manifest in the explicit calculations.

In the final Chapter of this thesis I apply this new method for solving the dust dif-

fusion equation in the context of planet formation. I combine planetary models, radiative

transfer, and dust dynamics to study the effect giant planets have on the distribution of

small dust grains within protoplanetary discs. The larger grains tend to pile up at the

outer edge of the gap, whereas the smaller grains tend to have a smoother density pro-

file. Additionally, I found that these calculations reproduce the vertical dust transport

induced by the meridional circulation of gas within discs containing giant planets. The

dust transport mechanism has been recently discovered in other 3D calculations, here I

reproduce these results using different disc parameters and a different numerical method.

This strengthens the implication that this dust transport is a robust feature within proto-

planetary discs. Whether or not the features in the disc produced by this mechanism are

observable deserves to be investigated.

7.2 Future work

One of the aims of this thesis has been to be a part of the answer to how the environ-

ment of protostellar discs effects their evolution, and thus their properties. Whilst I have

demonstrated that metallicity has an impact upon the properties of the discs, the compar-
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isons of the hydrodynamic calculations are with observations of dust. In my analysis the

disc radius is based upon the gas disc radius, and I have assumed a 1:100 dust-to-gas ra-

tio when considering dust disc mass. In future, inclusion of small dust grain dynamics in

star-formation calculations may allow for a more equatable comparison with observations.

An ambitious goal is to couple the method of evolving the dust grains with a method for

simulating multiple dust grains at the same time. The coupling of these methods would

allow one to study the dynamics of multiple grain species at a reduced computational

cost.

The investigation of the vertical dust transport within planet bearing discs should

be continued in a with a wider disc parameter space to determine whether certain discs

are more susceptible to this effect. I do not present the results of an analysis of the verti-

cal dust transport within discs of different grains sizes, this should be conducted in the

future. In addition if the dust dynamics method developed in this thesis can be coupled

with a multiple grain evolution model the calculations should be repeated so comparisons

between dust grain sizes can be made in the same simulation rather than across calcula-

tions. Whilst we find this transport mechanism to be present in a disc containing a single

planet, discs with multiple planets could be considered to further test the robustness of

this mechanism. I have also kept the orbits of planet fixed, how does planet migration

impact the dust transport?

In theory the method I have presented for solving the dust diffusion equation in

the limit of terminal velocity could be applied to the full set of dust-as-mixture equa-

tions. Given the improvements made to the explicit dust diffusion method it would be

worthwhile to investigate the suitability of the implicit method on the full dust-as-mixture

method. Such a method would allow for further investigations into the dynamics of small

dust grains of a number of astrophysical settings with great accuracy in the limit of large

grains. The ultimate goal of developing a fast and accurate dust dynamics method is to

couple it with a method for dust growth and fragmentation. With this, one could study

the dynamics and growth of dust from sub-micron to mm-sized grains, from protostellar

collapse right through to the early evolution of the protostellar disc.
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Appendix A

Notes on the mutual inclinations of

observed systems

“If a man knows not to which port he sails, no wind is favorable.”

— Seneca

In constructing Table 4.1, we have the following notes:

In the case of HD98800B, Zúñiga-Fernández et al. (2021) report two values for 𝑖disc

(𝑖disc = 26° or 154°). They recover 𝜃 = 89 ± 1° when 𝑖disc = 26°, and 𝜃 = 134 ± 1° when

𝑖disc = 154°. The alternate value of 𝜃 when 𝑖disc = 26° is 𝜃 = 46 ± 1°. In our statistics we

use the higher value of 𝑖disc as it recovers polar (𝜃 = 91 ± 3°) and retrograde values for 𝜃

whilst preserving our assumption of 180° ambiguity in Ω∗.

TWA 3A is complicated, there are many degenerate solutions as 𝑖 for both disc and

inner binary are ambiguous. Ω for the disc is constrained, though the disc is either copla-

nar or polar depending on which 𝑖 you take. Czekala et al. (2021) claim this disc to be

coplanar, however they do not report the mutual inclination angle calculated with the de-

generate values of 𝑖. When 𝑖∗ = 48.5 ± 0.5° and 𝑖disc = 131.2 ± 0.7°, 𝜃 = 83.4 ± 0.9°; when

𝑖∗ = 131.5 ± 0.8° and 𝑖disc = 131.2 ± 0.7°, 𝜃 = 9 ± 6°. In the degenerative cases, the disc is

either close to coplanar or in polar orbit. Assuming a 180° ambiguity of Ω∗ in these cases

gives "alternate" values; in the coplanar case it is nearly polar, and in the polar case it is
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nearly retrograde. In this paper we use 𝑖∗ = 48.5 and 𝑖disc = 48.8, and as with the other

systems we give a "false" value of 𝜃 by assuming 180° ambiguity in Ω∗ even though this

value has been constrained with RV data (Czekala et al. 2021).

There is no value ofΩ∗ reported in the literature for R CrA (Mesa et al. 2019; Czekala

et al. 2019) and so we do not include it in our statistics.

In the case of HD 142527 B, Balmer et al. (2022) provide updated orbital parameters

for this system. The corresponding mutual inclination angles are 𝜃 = 89.8 ± 2° and 𝜃 =

158.8 ± 3°, so this disc is either polar or retrograde. This is not in agreement with the

previous value of theta from Czekala et al. (2019) of 𝜃 = 35 ± 5°. We use the updated

orbital parameters from Balmer et al. (2022) in our statistics. The higher inclination is in

better agreement with the modelling of Price et al. (2018a).
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Appendix B

Solving the quartic analytically

“I can normally tell how intelligent a man is by how stupid he thinks I am.”

— Cormac McCarthy

The solutions to the quartic equation

𝑃(𝑥) = 𝑥4 + 𝑎3𝑥
3 + 𝑎2𝑥

2 + 𝑎1𝑥 + 𝑎0 = 0, (B.1)

can be found via solving the resolvent cubic if 𝑃(𝑥) is depressed, i.e. 𝑎3 = 0. Firstly, the

real root, 𝑦1 is found for the resolvent cubic

𝑦3 − 𝑎2𝑦
2 + −4𝑎0𝑦 + 4𝑎2𝑎0 − 𝑎2

1
= 0. (B.2)

Then the four solutions to the quartic 𝑃(𝑥) are given by the four solutions of (Abramowitz

and Stegun 1972)

𝑧2 ∓
(
𝑦1 − 𝑎2

)
1/2

𝑧 +
(
𝑦1

2

∓
( 𝑦1

2

)
2

− 𝑎0

)
= 0. (B.3)
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