DOUBLY INTERMITTENT MAPS WITH CRITICAL POINTS, UNBOUNDED
DERIVATIVES AND REGULARLY VARYING TAIL

MUBARAK MUHAMMAD AND TANJA I. SCHINDLER

ABSTRACT. We consider a class of interval maps with up to two indifferent fixed points, unbounded
derivative and regularly varying tails. Under some mild assumptions we prove the existence of a
unique mixing absolutely continuous invariant measure and give conditions under which the measure
is finite. Moreover, in the finite measure case we give a formula for the measure-theoretical entropy
and upper bounds for a very slow decay of correlations. This extends former work by Coates,
Luzzatto and Muhammad to maps with regularly varying tails. Particularly, we investigate the
boundary case where the behaviour of the slowly varying function decides on the finiteness of the
measure and on the decay of correlations.
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1. INTRODUCTION AND STATEMENT OF RESULTS

Interval maps with one intermittent fixed point (e.g. Pomeau-Manville maps) are a very classical
object of study in finite and infinite ergodic theory, see e.g. [19, 26| for statistical and mixing
results for such maps. In their standard representation they admit a o-finite absolutely continuous
invariant measure (acim) which - depending on the precise behaviour at the indifferent fixed point
- can be finite or infinite. Because of the vastness of literature in this area we don’t give a complete
literature survey about this topic.

Closely related to that, also interval maps with two (or more) indifferent fixed points became
an object of interest early on, see e.g. [24]. Under the condition that both fixed points show
enough intermittency those maps can also be seen as paradigmatic examples for maps with an
infinite acim with the additional property of having a dynamically separating set, see e.g. [1] for a
definition. Those maps show additional statistical properties compared to interval maps with only
one indifferent fixed point, see e.g. [25] 23, |1, [7].

On the other hand, a further generalisation has been studied in the physics literature modeling,
around others, anomalous diffusion and geofluid dynamics [14, |5, 20, 21]: Additionally to the in-
termittent fixed point(s) it is allowed there that the derivative is unbounded at one point. These
two properties interplay with each other in the following way: Even if there is an intermittent fixed
point with a very small derivative, it is possible that the acim is still finite under the condition that
the derivative has a pole of a large enough order, see |21} 11, |10].

In this paper we extend the definition of the maps introduced in [10] (maps with two intermittent
fixeds point and with unbounded derivatives) to a more robust class. In particular, we introduce a
slowly varying function near the intermittent fixed point. To study such maps we need additional
techniques, e.g. Karamata Theory, see e.g. [6].

Particularly, we investigate the boundary case where the behaviour of the slowly varying function
decides if the invariant measure is finite or not. Moreover, for such maps we give a very slow upper
bound for the decay of correlations. We use similar methods as in [16] where an easier class of
functions (maps with only one indifferent fixed point and a bounded derivative) is studied. For
such maps we prove the existence of a finite acim and mixing properties for a boundary parameter
of the intermittent maps. In general, those maps have a very slow decay of correlations.

We will start by introducing the precise maps we aim to study and then state our main theorems.

4 k an ky a ky

(A) (B) ()

FIGURE 1. Graph of g for various possible values of parameters.

1.1. Maps with Regularly Varying Tails. First, we say that a function £ is slowly varying at 0
(at oo respectively) if for all d > 0 we have lim,_,o £(dx)/L(x) = 1 (we have lim,_,o, L(dx)/L(x) =
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1 respectively). We say that a function R is regularly varying at 0 with index ~ if for all d > 0 we
have lim,_,o R(dx)/R(z) = d” and analogously for regular variation at co.

Let I = [-1,1], I_ = [-1,0], Iy = [0,1]. Then their interiors I, 1_, I, fulfill I_ NI, = @ and
we have I = I_ U I,;. We could easily generalize the results to other compact intervals with these
properties, however, for brevity we stick to this definition.

Furthermore, we assume there exists g : I — I satisfying the following properties:

(A0): g : I — Iis full branch such that g_ = g’i :1_ — I and g+ = g}f : .f+ — I are
- +

orientation preserving C? diffeomorphisms and {—1,1} are the only fixed points of g.
(A1): There exist constants ¢1, o, t, k1, ke > 0 and functions

L_1:U_141—1[0,00) and £Lq:U;1—1—[0,00)
both being slowly varying at 0 such that
(i)
r+(1+2)t0L (14+2) inU_y,

1— ay|a|™ in Up—,
(1.1) g9(x) = k :
—1+ agx™ in Upy,
r—(1—2)%2L(1—2)  in Uy,
where
(1.2) Up— = (=¢,0], Uot :=1[0,0), U-1:=9Uo+), Us1:=g(Up-).

We note that by this definition U_; = [—1, ¢(¢)) and U;q = (g(—¢), 1].
(ii) For some M > 0 the functions £_; (1/-) and £; (1/-) are chosen to be C* (real analytic)
on [M, o).
For further ease we assume that Up; and U_; (and Up— and Uy;) are so small such
that there exists € > 0 fulfilling
(1.3)
g (—14a22") =1 > €e(aga’)1 L, (aga™?) (and g (1—arfz|") =1 > e(ara®™)2 Ly (ar2™)),

for all z € U_; (and =z € U4;).

Remark 1.1. Observe that the slow variation property of £_1,£; comes into play at +1 because
1F 2z — 0as x — +1. The last condition is mainly a condition on the slowly varying functions.
As the slow variation is an asymptotic property for x — —1 and = — 1, the representation in
says nothing about the behaviour of g further away from —1 and 1. However, using Lemmas

and and Remark we have

J@) =1~ +1)14+2)"L 1 (1+2), for v — —1.
Here, we denote by a(x) ~ b(x) that lim,, 1 a(x)/b(z) = 1. In the following, we will also use
the ~-notation for = tending to other values than —1 which should however be clear from the
context. Thus, ¢'(—1 4 agx*?) — 1 ~ (ag2*?) L_1(az2z*?) and (T.3) has to hold on some subregions
U_1 C U_1,U; C U;. Shrinking then U_; and U_; to U_; and U; (and Uy, Up— accordingly) gives

a concise representation allowing (|1.1)) and (1.3 to hold at the same time.
On the other hand, we note that if £’ ; > 0, then we have on U_; that

g@) =1+ 1 +0)1+2)" L (1+2)+(1+2)" L (1+2)
>1+(1+0)1+2)L_1(1+42)

and ((1.3)) immediately holds without any further restrictions on U_1. This is in particular the case
when £_; is a positive constant. An analogous argumentation for £, and U; holds.
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Furthermore, notice that when £_1, £; are positive constants, (1.1)) corresponds to maps in |10]
with £_1 = by and £1 = bs.

The last assumption we will impose is a generalisation of saying that ¢ is uniformly expanding
outside the neighbourhoods Uy+ and Uy which is however more than we need, see also Remark
about this property. The assumption is basically equivalent to [10, Assumption (A2)], however,
as we need the notation in future, we will give it in full detail describing some of the topological
structure of maps satisfying Condition We start by defining

(1.4) Ay =g H0,1)NnI- and A :=g'0,1)N1y
and define then iteratively, for every n > 1, the sets
(1.5) Ay =g YA, )NI. and Af:=g A NI,

as the n'th preimages of Ay, Al inside the intervals I_, ;. It follows from that {A;, }n>o0
and {A},>0 are mod 0 partitions of I_ and I respectively. Moreover, the partition elements
depend monotonically on the index in the sense that n > m implies that Aff is closer to +1 than
Ai. In particular, the only accumulation points of these partitions are —1 and 1 respectively.
Then, for every n > 1, we let

(1.6) Sp=g (A )NA; and 6 =g HA, ) NAS.

Observe that {6, }n>1 and {3, },>1 are mod 0 partitions of Ay and AJ respectively and also in
these cases the partition elements depend monotonically on the index in the sense that n > m
implies that 5,;: is closer to 0 than 5,% (and in particular the only accumulation point of these
partitions is 0). Notice moreover, that

g"(0,) =A¢ and g"(5;) = Ag.

LAY AT Ay Ad AT AT
| ‘ ‘ 1 LI | 1 1 1 ‘ ‘ |
-1 I 1

I~ It

FIGURE 2. A schematic sketch of the sets on the interval

We now define two non-negative integers ny which depend on the positions of the partition
elements 6 and on the sizes of the neighbourhoods Up+ on which the map g is explicitly defined.
If Ay € Up— and/or AS’ C Uy, we define n_ = 0 and/or n4 = 0 respectively, otherwise we let

(1.7) ny :=min{n: 5" C Uy} and n_:=min{n:d, C Uy_}.
We can now formulate our final assumption as follows.

(A2): There exists a A > 1 such that for all 1 < n < ng and for all # € §F we have
(g") () > A.

Remark 1.2. This condition is a generalization of saying that g has to be expanding outside the
neighbourhoods Uys and Uy;. However, we may assume that k&1 > 1 but a; is so small that
¢'(£t) < 1 and by continuity there exists € > 0 such that ¢’(+¢+¢€) < 1. However, Condition
is a condition also on points close to +1. As (¢")'(x) = ¢’(¢" !(x)) - ¢’ (z) having a large expansion
close to U1 might compensate the small derivative near Ups..
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Furthermore, let

G:={g: T 1 satisfying.

We remark that § N {f1, 6, > 0} C & where J is the class of maps introduced in [10].

1.2. Statement of Results. Our first result is completely general and applies to all maps in ®.

Theorem A. Every g € ® admits a unique (up to scaling by a constant) invariant o-finite measure
which is equivalent to the Lebesgue measure m.

Notice that this result extends [10, Theorem A] to a broader class than g € 3N {l1,02 > 0}.
By our construction we have that the density with respect to Lebesgue of the measure given in
Theorem [A]is locally Lipschitz and unbounded only at the endpoints +1. Depending on the slowly
varying functions £_1 and £, we will see that the density may or may not be integrable and thus
the measure may or may not be finite. More specifically, let

b1 = ko1, 52 = ]431(2, and ﬁ = max{ﬁh ﬁQ}

We note that for every function £ slowly varying at infinity there is another function £# slowly
varying at infinity with properties given in Lemma[A 4 and equivalently for functions slowly varying
in zero. We call (E, [,#) a de Bruijn conjugate pair. We also note that if £ is a constant (and in a
number of other cases), then £# can be chosen as L# = 1/L.

For the following we define

1 1 1 1
(1.8) Li(n):=LFf(n"2)%  and L_i(n):=L7 (n T)%
and note that L, and L_; are both slowly varying at infinity. Furthermore, let
1 1
(1.9) Xo=n P2Li(n),  xa:=n P1L_1(n)
and
R [e.e] o0
6= {ge & : Ing, ng GN:maX{ Z X}L, Z X%} <oo}.
n=ngo n=ngo

Observe that & contains all g € ® with B < 1. In addition, it contains also functions g where 51 = 1

or B3 =1 (or possibly both). In this case the growth rate of £31# (or Ei) decides if Y 0% | X} < o0

(or >0, X2 < oo respectively) holds or not. Notice that when £_; is a positive constant, we have
1

x2 =< n" P and the condition is the same as in [10]. Here and in the following we write a(x) < b(x)
if there exists a constant C' > 1 such that C~'a(z) < b(z) < Ca(x) for all z in the respective
domain.

Theorem B. A map g € ® admits a unique ergodic invariant probability measure p, equivalent
to the Lebesgue measure m if and only if g € &.

Notice that of particular interest is the case when § = 1 which is a boundary case in [10] where
acip measure cease to exist. However, introducing the slowly varying functions £_1, £ creates a
spectrum of new parameters within 8 = 1 with a more subtle boundary base on the slowly varying
functions. Observe also that the condition § = 1 is a restriction only on the relative values of
k1 with respect to ¢5 and of kg with respect to ¢1. It still allows k; and/or ko to be arbitrarily
large, therefore allowing more “degenerate” critical points, as long as the corresponding exponents
¢y and/or ¢; are significantly small, i.e. provided the corresponding neutral fixed points are not so
degenerate. Furthermore, we notice that the condition on £_1, £; changes according to the precise
choice of kl, ]62,61,62 if klEQ =1or k‘gfl =1.

For the following we will consider the case that the invariant measure is finite and we will give two
results about the statistical properties of g € & with respect to its invariant measure fi,.
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First we consider the measure-theoretic entropy of g with respect to a measure p which is defined
as

, 1
hu(g) = Jggosgp {—nlog Eep u(wn)logu(wn)}-
Wn, n

Here the supremum is taken over all finite measurable partitions P of the underlying measure space
and P, := PVg 'PV---Vg "P is the dynamical refinement of P by g. With that we can formulate
the following theorem:

Theorem C. Let g € &. Then 14 (defined as in Theorem satisfies the Pesin entropy formula:
hue(9) = [loglg'|dpy.

For the following let H be the set of Holder continuous functions from I to the reals. For o1, 2 € H
and n > 1, we define the correlation function

Cn(p1,p2) := '/@1 0 g"padpugy —/901 dug/<P2 dug

Furthermore, define

max {L_1(n),L1(n)} if p1 = Po,
(1.10) L(n) == q L-1(n) if B1 > Ba,
Ll(n) if ,31 < ,32

and introduce the notation a(x) < b(x) if there exists a constant C' > 0 such that a(x) < Cb(x) for
all z in the respective domain.
With this we obtain the following theorem concerning the decay of correlations:
Theorem D. Let 1,92 € H, and g € &. Then we have
S TIL(), i B=1,
(L.11) Calpr,e2) S350,
n 8 L(n), if 8#1.

We note that by Lemma disn I71L(1) is a slowly varying function at co. Furthermore, if £
are both constant (i.e. 5 # 1) then (1.11)) simplifies to

1
Cn(p1,02) S n At

On the other hand, if 8 = 1 we obtain a very slow upper bound for the decay of correlations as
the following examples show. There, we denote by logk(:c) the kth iterate of the logarithm.

Example 1.3. Let g € & be such that § =1, let
min {k1, k2} if 1 = o,

(1.12) K=< ko if 51 > Bo,
kq if 1 < B2
and let us assume that
r—1
Ly(x) = L1(z) = (log" (1/2))"** [ (log? (1/))".
j=1

If o« = 0, then the invariant measure p4 is infinite. If o > 0, the invariant measure j4 is finite and
for any @1, p2 € H we have

Cnlp1,2) < (log"(n)) /%
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Example 1.4. Let g € & be such that § =1, let s be as in (1.12)) and let us assume for » > 2 and
a € (0,1) that

K

(1.13) Loy(w) = Li(x) = | exp ((log(1/2)*) (log"(1/2))'~* [ [ log’ (1/2)

Then the invariant measure p, is finite and for any ¢1, p2 € H we have
(1.14) Cn(1, p2) S exp(—(log" n)?).

The two examples above are analogous to the examples which are given in [16, Theorem 2|. It
can be seen however that the results are not completely analogous and that the values of k1, ko play
a role on how the upper bound of the decay of correlations can be estimated and if the measure is
finite or not.

Finally, we give an example where even the precise values of ¢1,f2 has an influence on the
behaviour of the systems. (The reason why ¢1, {2 were not appearing in the previous two examples
is that in those cases Li1(x) ~ L4 (2f), for any £ > 0.)

Example 1.5. Let g € & be such that § =1, let k be as in (1.12) and let

max {{1, 02} if 81 = B2,
Ai=4q0 if 81 > [,
lo if 31 < fBo.

Additionally, let us assume that o € (0,1/2) and
£1(2) = £1(x) = exp (5 (A (log(1/2)) + (1 — a) loglog(1/))) .

Then we obtain

Cu(p1,02) < exp(—(logn)®).

It would be possible to also construct examples where we obtain with the same techniques an upper
bound of exp(—(logn)®) for a € [1/2,1). We will remark on that at the end of Section 5| However,
as the calculations become lengthy and it is our main goal to give an idea on how the parameters
k1, ks, l1, 02 come into play for the case B8 = 1, we leave the precise calculation to the interested
reader.

Remark 1.6. In the above examples we were giving only upper bounds for the decay of correlations.
In case of 8 < 1, there are techniques which give a polynomial lower bound, see e.g. |13} |22} |17]
which were also used in [11]. However, to the authors’ knowledge, there are no results yet which
give a slowly varying lower bound for a decay of correlations and as stated in [13] the techniques
there are not sufficient to prove that the slowly varying decays of correlations obtained in [16] are
optimal and hence can neither be used in our case. So further work in this direction is needed.

Remark 1.7. The proof of distributional convergence results of the form D, 1>}, ¢ o T#~! with
¢ a Holder observable fulfilling [¢du, = 0 and D,, an appropriately chosen norming sequence
is not part of this paper. However, by using results from [12], we can expect to obtain similar
results as in [10, Theorem E]. In particular, in the case ¢(1) # 0, ¢(—1) # 0 and 8 € (0,1) one
would expect a central limit theorem in case § € (0,1/2) and a stable law in case § € (1/2,1).
For 8 = 1/2 depending on the slowly varying function one might expect a different behaviour to
the case where both slowly varying functions are constants; i.e. under the right behaviour of the
slowly varying function it might be possible that a central limit theorem with the usual norming
sequence /n holds - contrary to the case of having a constant slowly varying function where we
have a non-standard central limit theorem.
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For the boundary case = 1 it is clear that no central limit theorem can hold as the tails are
even heavier as in the stable law case; however it is not straight forward to determine the limiting
distribution in that case.

Remark 1.8. The previous results show that the maps behave quite regularly. However, we assume
that in a number of cases they might behave differently to e.g. well behaved piecewise expanding
interval maps. For instance, as discussed later in Section Adler’s condition as in [2] cannot
hold and one thus expects a different behaviour of these maps as the one described e.g. in [24].
Moreover, also dynamical Borel-Cantelli lemmas for nested sets have been investigated for Pikovsky
maps, see [15] showing a non-standard behaviour. Hence, we expect that in particular results where
the existence of consecutive maxima and strong mixing properties play a central role, e.g. in the
trimmed sum context 18| 8], will substantially change compared to piecewise expanding interval
maps or, in the infinite measure case, compared to maps with an indifferent fixed point but a
bounded derivative.

1.3. Structure of the paper. The paper is structured as follows: In Section [2| we give the main
steps for the proof of Theorems [A] [Bland [C] For doing so we give two main propositions, Proposition
and about the structure of the induced map and the tails of the return times. The proofs
of those propositions are given in Sections [3] and [] respectively. Since the proof of Theorem
requires a number of technical estimates from Sections [3] and [4] we postpone it to the last Section
in which we also give the proof of Examples [1.3]to

2. OVERVIEW OF THE PROOF

Here we explain our overall strategy and give some key technical propositions with which we prove

our theorems. The proof of the propositions is however postponed to a later part of the paper.
First, we construct the first return induced map G to Ag, show that it is a full branch map with

infinitely many branches, prove asymptotic estimates related to the construction and finally show

that G is uniformly expanding and has bounded distortion.

Define the first return time

(2.1) 7:Ay =N by 7(z)=min{n>0:¢"(z) € Ay}
and the first return induced map
(2.2) G:Ay = Ay by G(x)= g @ ().

An induced map is said to saturate the interval I if

(2.3 UUdr=np=Ug"{r>n) =1 (mod o).

n>0 =0 n>0

Intuitively, saturation means that the return map “reaches” every part of the original domain of
the map g, and thus the properties and characteristics of the return map reflect, to some extend,
all the relevant characteristics of g.

Remark 2.1. If G is a first return induced map, as in our case, then any two sets of the form
g'({Tr=n}),1=0,...,n—1 either coincide or are disjoint and therefore those sets form a partition
of I mod 0.

The following proposition will be a main result leading to the proof of Theorem [A] and Theorem

Proposition 2.2. Let g € ®. Then G : Ay = Ay given as in (2.2)) is a first return induced
Gibbs-Markov map which saturates I.
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We give the precise definition of Gibbs-Markov maps and prove Proposition in Section [3] In
Section [3.1] we describe the topological structure of G' and show that it is a full branch map with
countably many branches which saturates I (we will define G as a composition of two full branch
maps, see and , which is why we call the construction a double inducing procedure);
in Section we obtain key estimates concerning the sizes of the partition elements of the corre-
sponding partition; in Section [3.3| we show that G is uniformly expanding; in Section |3.4] we show
that G has bounded distortion. From these results we get Proposition from which we can then
obtain our first main Theorem [Al

Proof of Theorem[A] Let g € . By Proposition G is a Gibbs-Markov map which saturates I.
Together with Theorem 3.13 in [3] we have that G admits a unique ergodic invariant probability
measure fi_, supported on A;, which is equivalent to the Lebesgue measure m and which has

Lipschitz continuous density h_ = dfi—/dm bounded above and below.
We then “spread” the measure over the original interval I by defining the measure

(2.4) =Y gip-|{r = n})
n=0

where g (f—|{7 > n})(E) := a—(¢-™(E) N {r > n}). By Theorem 3.18 in [3]|, we have that
is a o-finite measure which is ergodic and g-invariant and absolutely continuous with respect to
Lebesgue. The fact that G saturates I implies moreover that fi is equivalent to Lebesgue, which
completes the proof. O

Remark 2.3. We can define the first return map G4 : Ag — Ag in a completely analogous way
to the definition of G above. Moreover, the conclusions of Proposition hold for G4 and thus
G+ admits a unique ergodic invariant probability measure jiy which is equivalent to Lebesgue
measure m and such that the density iL+ := dfi4/dm is Lipschitz continuous and bounded above
and below. The two maps G and Gy are clearly distinct, as are the measures — and iy, but
exhibit a subtle kind of symmetry in the sense that the corresponding measure i obtained by
substituting fi— by fi4+ in is, up to a constant scaling factor, exactly the same measure. This
originates from the fact that [ is g-invariant and absolutely continuous with respect to Lebesgue
and thus uniquely determined.

Corollary 2.4. Let g € &. The density h of on’uAg is Lipschitz continuous and bounded.
Moreover, [L’Aa =[_.

Proof. The proof follows in exactly the same manner as Corollary 2.4 in [10]. g

Remark 2.5. We have used above the notation G rather than G_ for simplicity as this is the map
which plays a more central role in our construction. Similarly, we will from now on simply use the
notation [i to denote the measure fi_.

A further important proposition is the following:
Proposition 2.6. Let g € &. Then there are constants C1,Cy > 0 such that
fi(t > n) ~ Cix,, + Caxi
with (xp), (x2) defined in (L.9).
We prove Proposition [2.6] in Section [df We now use it to prove Theorem
Proof of Theorem[B and[0 Let g € &. As g~"(I) = I, we have by the definition of /i in that

) =Y a-(g"n{r>n}) = a-(n{r>n}) =Y p-(r>n).
n=0 n=0 n=0
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Together with Proposition [2.6{ we have (1) ~ C1 Y o2 o xk + Ca > oo o x? which is bounded if and
only if g € . We now define the required measure by g4 := fi/fi(I) which gives the statement of
Theorem

To prove Theorem |C| we aim to apply Theorem A in [4] which states that in our case finiteness
of hy,(g) is already enough for Pesin’s entropy formula to hold. D := {(—1,0),(0,1)} is a Lebesgue
mod 0 generating partition with H, (D) < oo where for some partition £, we have H, (£) :=
— > pee M(E)log u(E). Using then Lemma 1.19 and Proposition 2.4 of [9] gives h,,(g) < oo and
thus Theorem O

As we need for the proof of Theorem [D]some further statements which will only be proven later,
we postpone this proof to Section

3. THE INDUCED MAP AND PROOF OF PROPOSITION

In this section we prove Proposition We begin by recalling one of several equivalent defini-
tions of Gibbs-Markov maps.

First, if we assume that & is a partition of I, we define the separation time s : I? — Ng to be
(3.1) s(z,y) = inf{n > 0 : G"x and G"y lie in different elements of the partition Z}.

With this we are able to give the definition of Gibbs-Markov maps.

Definition 3.1. An interval map F' : I — [ is called a (full branch) Gibbs-Markov map if there

exists a partition P of I (mod 0) into open subintervals such that:

(1) Fis full branch: for all w € P the restriction F|, : w — I is a C! diffeomorphism;

(2) F is uniformly expanding: there exists A > 1 such that |F'(z)| > A for all x € w for all
w € P;

(3) F has bounded distortion: there exist C > 0,0 € (0,1) such that for all w € P and all
T,y €w,

log

F,(l‘)‘ < Ces(w,y)'
Fi(y)| —

We will show that the first return map G defined in satisfies all the conditions above as
well as the saturation condition . In Section we describe the topological structure of G
and show that it is a full branch map with countably many branches which saturates I; this will
require only the very basic topological structure of g provided by Condition In Section
we obtain estimates concerning the sizes of the partition elements of the corresponding partition;
this will require the explicit form of the map ¢ as given in [(A1)| In Section we show that G is
uniformly expanding; this will require the final condition Finally, in Section we use the
estimates and results obtained to show that G has bounded distortion.

3.1. Topological Construction. In this section we make some topological construction which
depends only on condition (A0). The construction is the same as in [10]. However, since we need
the notation for our following calculation, we give it in full detail.

Remember the definitions of AF, n > 0 from (T.4) and (T.5) and & from (T.6)).
Note that for every n > 1,

g:6, =AY | g:dF AL A=Ay, and ¢TI AT S AT

are O? diffeomorphisms. Thus, ¢g" : §, — Ag and g" : 5 — A are also C? diffeomorphisms.
These give rise to two full branch induced maps

(3.2) G : Ay — A  and Gt Ad — Ay
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defined by é*\ég = ¢g" and éﬂéi = ¢g". For all m,n > 1 we define
S = (GT)TH&)NGS,  and G, = (GT)7H(S,) N6
Then {0,, ,}n>1 and {8}, , }n>1 are partitions for d,, and d,, respectively and thus
P ={0pntmn>1 and Pt = {57J7r1,n}m,n21
are partitions of Ay, Aar respectively, such that for every m,n > 1, the maps
gm0, = Ay and  gm St = A
are C? diffeomorphisms. These further give rise to two full branch induced maps
(3.3) G =GToG : Ay - A; and GT:= G oGt : A — Af
with return time R : A* — 7Z defined as

Rl;- =m+n and R[gx =m+n.

m,n

3.2. Partition Estimates. In this section we give asymptotic estimates of the partition which
depend on the form of the map given in [(A1)l Let (z,)n>0 and (z;}),>0 be the boundary points
of the intervals (A, )n>0 and (A;}),>0 respectively such that

(B4) Ay =(5,0, A=), Ay =Gy, A= (a,a)

n n n—1%n
for n > 1.

The following result gives the asymptotic rates of convergence of (z;,) and (z;) to -1 and 1 respec-
tively.

Proposition 3.2. We have the following asymptotics.

_ 1

L 1 1 — o 1 _1
(3.5) L4a, ~6, " n_ﬂﬁfél(n_ﬂ)7 and 1 —af ~ 0, n_EC?E(n ).

-1 1 1 1 N _1
A~ 0, w0 and (A~ 0,7 n BT ).
Proof. Let z, := 1+ z . For the following let R_; ¢, (z) = 2 £_;(x). Then as
n n X1

z, =1+ 9(37;+1) = Z;-H(l +Ro14 (Z;—‘rl))a
we have by Proposition 1 in [16]
1
_ 05— -1
Zp ™ (g{ﬁ R—izl(”)) )
where R_14,(n) == ﬁ(l) =n"L_1(n) and L_1(n) = (ﬁ_l(%))_l and R_1 ¢, 1s understood as
-1, 1 E 9
the generalized inverse of R_; ¢, unique up to asymptotic equivalence. Together with Lemma
_ 1, 1
we get Rjel (n) = nh (E_l)#(nfl ). Then the fact that 1/L# = (1/L)* for any slowly varying
function L implies
= 1 4 1 —1
R}, (n) =nit (£, (07 7))
and thus
_ —% S TR §
Zp ~ Ut A LT (n ).
By the mean value theorem, we have

[Anl =z —zp =20 = 2 "
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which together with gives the required estimates for |A, |. Here, we note that z, is of course
a function in N. However, £_ is defined on the whole interval [0, 1] and thus z, could also be
analytically extended to R making dz, /dn a meaningful expression.

We obtain estimates for 1 — ;7 and |A}'| by an analogous argument. O

Let (y,, )Jn>0 and (y;)n>0 be the boundary points of the intervals (d,, ),>0 and (8;7),,>0 respectively
such that

(3.6) 6 = Wn_1un) and &5 = (yF,yl ]
for n > 1.

Corollary 3.3. We have the following asymptotics:

- L 3 11 - L1 11
(3.7) Yy ~ —Qy 1 ly P27 By (ﬁf&(n 52)) k1 and y;f ~ aqy k2 4 ALy B (ﬁfl(n fl)) N

- - (14 L 11 -= -3 (4L 11

|5g|~a1 k1ﬁ51£2 B2 (1+62)(£?1¢(n 22))k1 and |5:|~a2 kzﬁ;lfl b1y, (1+B1)(£#1(n 81))162'

Proof. By our topological construction g(y,;}) = x,,_; and the definition of ¢ in (L.I) we have that
1

Yo = (?12(1 +a,_q))k.

Together with Proposition we get the estimate of y;t in (3.7). By the mean value theorem we
have

dy;*

(O | =191 —wn |~ -
which together with (3.7) and Lemma[A.6|gives the required estimates for |0;"|. We obtain estimates
for y,, and |0, | by an analogous argument. O

3.3. Expansion Estimates. We start this subsection by providing some elementary estimates on
¢ and ¢”. For /1 > 0, we have by Lemma that

(3.8) ¢|lv_, () ~ 1+(A+6)(1+2)" L1 (1+x) and ¢y, (x) ~ A+ (14+2) 7L (1+2),

for x tending to —1. We remark that although Lemma is stated for regularly varying functions
at infinity, we can still use it for regular variation at zero, see Remark

By the precise form of , we have ¢'(—1) = 1 and thus the fixed point —1 is a neutral fixed
point. Similarly, since £5 > 0 the fixed point 1 is a neutral fixed point as well.

Notice that changing the parameter values k1, ko gives rise to maps with quite different charac-
teristics. For all k1 > 0 we have

(3.9) dlu,_(x) = a1k1\$|k1_1 and  ¢"|y,_(z) = arki(ky — 1)\m|k1_2.

So k1 € (0,1) implies that |¢'|y, (z)] — oo as @ — 0, thus ¢'|¢,_ has a singularity at 0 (one-sided),
while k; > 1 implies that |¢'|y,_(z)| — 0 as 2 — 0, thus we say that g|y,_  has a critical point at
0 (one-sided). Analogous observations hold for the different values of k2 and Figure 1| shows the
graph of g for various combinations of the parameters ¢1,£s, k1, ko, L_1,L. We also note that by
Adler’s condition first introduced in [2], i.e. uniform boundedness of |¢”(z)|/¢’(x)?, can not
hold and one thus expects a different behaviour of these maps as the one studied e.g. in [24].

For future reference we mention additional properties which follow from Observe that if
¢ € (0,1] we have g”(x) — oo but if /1 > 1 we have ¢"(z) — 0, as * — —1 and, as we shall see, this
qualitative difference in the higher order derivative plays a crucial role in the ergodic properties of
g. Here, we notice that the behaviour for /1 = 1 is determined by the slowly varying function £_j.
Similar observations hold for g|y,. Also observe that for every x € U_; we have

(3.10) 9"(2)/g'(2) S A +2)" " Loa(1+2)



DOUBLY INTERMITTENT MAPS WITH REGULARLY VARYING TAILS 13

and for every x € Upy+
(3.11) 9" (@)|/19' ()] S«
The just established estimates will help us to prove the following proposition.

Proposition 3.4. For every g € & the first return map G : Ay — A given as in (2.2)) is uniformly
expanding.

For proving this proposition we first define ¢ : AS’ \ o — Aa' explicitly by

(3‘12) ¢ = (9|U0+)_1 Og|U—1 Og|Uo+

which is a bijection given by the commutative diagram in Figure [3

+ ¢
5n+ 1 67—1_

oo b

A, 2 AL

FIGURE 3. ¢ satisfies gog=go ¢.

Sublemma 3.5. For all x € 6, n>n" (with ny as in [1.7)) we have

(909)(x) > g'(6()).

Remark 3.6. We note here that in the proof of the corresponding lemma for the version without
the slowly varying function, |10, Lemma 3.7, Remark 3.8], there is a small error - no distinction
between the cases ko2 < 1 and ko > 1 is made. However, the result remains true; see the updated
arXiv version of [10] or the proof below for a corrected version.

Proof of Sublemma[3.5, We will prove the equivalent statement
/
J(x
(3.13) ﬁg'(g(x)) > 1.
By the definition of g in Uy in ([1.1)) we have that

(3.14) g'ﬁz» - (J))k - (M>k

If k2 < 1, we already have - since ¢(x) > z - that ¢'(z)/¢'(#(x)) > 1. So we only need that
¢'(g(x)) > 1 which can be deduced from (|1.3)).
Let us now assume that ky > 1. The form of g in Upy given in|(A1)|together with (3.12)) gives

1

k2
(3.15) é(x) = [z*2 +abta® I+ L (apa*2)]%2 and thus (@) = 1+a5 2™ L (agz®?).

By (1.3) we have
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This and (3.14)) imply

and thus

O

Proof of Proposition[3.4. Tt suffices to show uniform expansion for (é*)’ because it holds for (é*)’
via identical procedure and G' = ((G~) o G1) - (G)'.

Let z € 5$+1, n < nt. Then (CNT“F)’ is uniformly expanding by

Suppose next n > n*. Then, by the definition of ¢ we have for any 1 < j < n that

99’ (2)) = ¢'(¢" " (6(2)))-
This implies for any 1 < m < n that

mANY () = o () (a(z) - - - o' (™ (2 79/(33)9(9(x))
(") () = g'(x)g'(9(x)) -~ g’ (g™ (x)) 7 (0(2)

where the last inequality follows from (3.13). Thus, (G*)
redh and proceeding inductively for larger n gives the

(g™) (p(x)) > (g™) (p(2)),

) > (GH)(¢(x)). Applying this to

(2
A desired result. ]

3.4. Distortion Estimates.

Proposition 3.7. For all g € & there ezists a constant ® > 0 such that for all0 < m < n and all
x,y €65,

(9" ™) (9™ ())
(g"=™) (9™ ()
Proof. We assume for simplicity that z,y € 6,7, the estimates for §,; are the same. With the same

approach as in |10, Lemma 3.1] we first give a uniform bound for the left handside and then improve
it to also include the factor |¢"(z) — ¢"(y)|. By the chain rule, we write

log <D|g"(z) — g"(y)|-

’l Z

() J'(g"(x) (z)
(g"™) (g™ (y)) = log H “(v)) Z log “(y )
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Without loss of generality we assume z < y. Since (¢°(z), ¢'(y)) C A, (a smooth component of
g) for 0 < i < n, by the mean value theorem there is u; € (¢°(x), g'(y)) such that
(

J'(g'(x)) ' 9" (ui) i
log=———= =1o x lo .
) o8I (9'(x)) —log g'(g'(y)) = 7 (an) 9" () — g'(y)]
We substitute this into the above expression taking ©; := ¢"(u;)/g’'(u;) to get
n—m ’ n—1
(3.16) log E‘Z - ; Zi’ 19" (2)—g"(v)| < Z@ |9 (@) —g' (v)| < Dolo|+>_ DilA, |-
=1

By estimates in Proposition |3.2 E 2l and the bound (3.10) and finally applying the definition of the de
Bruijn conjugate we have

©i<( +xn 1)51 1[’ (1+$n z)
S(n—i) TR LE (= 0) )ALy (- i) LE ()

el _1
~ (=) LT (=) )Y
for n — ¢ tending to co. Furthermore, applying Proposition to |A,_,| implies

(3.17) DAL S (n = )72t ((n— i) )"
Using Corollary [3.3| we have that |§;| — 0 as n — oo and thus
(3.18) sup Do|6,7| < oo.
neN

Substituting (3.18)) and (3.17)) into (3.16]) we get

(g™ (g"™(x)) 3
(3.19) sup log ; S sup Dol | + Zz 25# (i o Yl =D < 0.
mneNm<n  (9"7™) (g™(y)) ~ P

Boundedness for the first summand is immediate. For the second summand there exists C > 0
such that
n—1 1 o] ) fo'e)
DAL )T <Y iR )T < 0 i
i=1 i=1 i=1

since by Lemma [A.3|the slowly varying function fulfills ﬁfﬁl (fﬁ)gl_l < i1/2, for i sufficiently large.
Next, we will improve the last estimate to include the factor |¢g"(x) — ¢"(y)|. Together with the
mean value theorem we have that the diffeomorphisms ¢" : §;7 — Ay and ¢" ™ : A, — A all
have uniformly bounded distortion; i.e.

D 5+ ’D
and t
< Ac ’\g() g " W)lloy, | 9" () )\_‘A‘

for all z,y € 6;7 and 1 < m < n. Substituting back into (3.16])

[z —y| < 19" (@) = " (DI Ar_l

I i A U C0) N PRI ]
DD o
< ) — g™ — ) — g™
< A7) (z) — g"(v)] 19" (x) — 9" ()],

where ® = 9D /IAy|. Notice that in the first inequality the term in brackets corresponds to
(3.19) which is uniformly bounded. O
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As an immediate consequence we get the following two corollaries.
Corollary 3.8. For alli,j > 1 we have

(3.20) ) S i L)AL ().
Proof. Proposition [3.7] implies that

16, 116571 < 16351 < 16; 110571

Q\Aﬂ |A+|

Applying estimates in Corollary (3.3 . gives the result as fi is equivalent to Lebesgue on A, U Ag . O
Corollary 3.9. There exist C >0 and 6 € (0,1) such that

G'()
G'(y)
for all x,y € §; ; with x # y where s is the separation time defined in .

Proof. Same as Corollary 3.11 in [10]. O

log < cos@w)

Proof of Proposition[2.9. Let G == G~ (be the induced map which saturates I constructed in
Section which obviously coincides with the definition in (2.2)). As G is full branch, G|, ; :

dij — Ay is a C? diffeomorphism and G is uniformly expanding by Proposition we may
conclude - using Corollary [3.9]- that G is a Gibbs-Markov map as in Definition [3.1] O

4. TAIL ESTIMATES AND PROOF OF PROPOSITION 2.6
In this section we prove Proposition We start first with the following lemma:

Lemma 4.1. We have
> a6;;) = o(max{ly} ], |y, 1}).

<n,j<n
i+j=n

Proof. Remember the definition given in ((1.8) and note that both functions are slowly varying. By
bounded distortion (3.20) we have

S q ZZ A Z 7L ()

<n,j<n j=n—i+1
i+j=n

1

< Z 5 Ly (i mln{z(n iy B L (= 4),(n— i) P L_i(n — i)}

Ln/2J
<SS B L n—i) L (i)
i=1

+ Y MR L (=) Lo (n—i)
i=|n/2|+1
2l
< Z 7 Ble 1+51)L ( )

+ Z 0B Ly () (n — i) P L1 (n — 1)
i=|n/2]+1
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n (n) if Y00 xp < o0
< n_(Hﬁ)z_l(n) if >0, X,i =occand B =1
n TR L (n)Ly(n) if By > 1
=5 L (n) if D52 xj < o0
(4.1) + {5 Li(n) if Y p2 Xt =o0andp =1
0B L (n)L(n) it B> 1,

where L1 and L_; are slowly varying functions which we do not define any further. Here, we have
made use of Lemma for the second inequality and of Lemma in the second cases and of
Lemma in the third cases in the brackets of the last inequality.

By Corollary [3.3] we have

1
a(6; ;)
max{[yf |, |yn|}z<;<n
z+j:n
1 1
gmin{nmL,l(n),nﬁle(n)} 3 ald;;) = o(1).

i<n,j<n
i+j=n

Finally, we are able to prove Proposition

Proof of Proposition[2.6. Analogously to the approach in [11] we can split i(7 > n) into the fol-
lowing four sums:

P R D) LA ED B WIUHED ) DA RS Dl
i>n j=1 j>n i=1 i>n j>n ii@i;ﬁ

Since by the topology of our partition d; = (J3Z, 0;; and U2, 0; = [y, ,0), Lemma 4.6 in [10]
implies that the first sum in (4.2) is

SO ) = (07) = (Y 0)) ~ h(07 )y, -

i>n j=1 i>n

Since the measure is invariant, we have by Lemma 4.3 and Lemma 4.6 in [10] that the second sum
fulfills

ZZM ) = a0, 48) ~ h(0h )y,
j>n g=1

Since the fourth sum decays faster than the sum of the first two by Lemma we only have to
show

(4.3) DD ild;y) = o(max{ly;], 1y, })-

>N j>n
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By bounded distortion we have

‘}zzu o

1>n )>n

}r _ (Zi—(l ;) Li(n ) Zj ﬁl L_i(n)

<
™ max{|yn |, lyn [} i>m j>n
S (L) (A L)
N — n P2L1(n ) <1’L 1L_1(n )
max{|yx |, [yn |}
1 1
< min {nfELl(n), nfﬂL,l(n)} =o(1),

max{\y s [y

establishing (4.3)). We applied Lemma to get the second inequality and Corollary to get
the last inequality. O

5. PROOF OF THEOREM AND THE EXAMPLES

5.1. Proof of Theorem

Proof of Theorem[D, Let g € ® and G : Ay — Ay be its associated induced (Gibbs-Markov) map
given in (2.2) with &~ := {6, ,, }mn>1, a mod 0 partition of Ay and 7: Ay — N, the return time
function given in (2.1)) which fulfills 7[5 = m + n. The main idea is to use a slight adaption of [16,

Theorem 3 and Corollary 1] as it was done in [16|, Theorem 1]. So, to obtain decay of correlations
of g with respect to the measure p, we associate a tower to the induced map G as follows. We
start by defining the tower

A={(z,l):x€ Ay and I € NgN[0,7(z))},
the tower map T : A — A of G
o=l 4 1570
and for each | € Ny the I level of the tower
A= {(z,1) : (x,1) € A}.

Then [16, Assumption 5] is fulfilled by Corollary and the fact that log(x) < |1 — z| for any
non-negative x. Assumption 6 follows then immediately by construction and Assumption 7 from
the fact that we were choosing g € & and the fact that the density is equivalent to Lebesgue.

We extend the measure /i on A to a measure m on A where we take m to be the product measure
of ji and the Lebesgue measure A and define a return time function R : A — N analogously to 7 as

R(z,l) == min{n >0:T"(z,l) = (G(2),0)} = 7(z) —
and m{R >n} =3, i(A;). Notice that since g € &,

=S = Y e € 85 s 7o) 2 1 Smax{ 3 ak 3o b < oo,
n=1 n=1

1>0 1>0
i.e. m is finite on A. Together with Proposition 2.6 we have that
m{R>n} =3 m(A) =Y i{r>1}~CY 7L
>n I>n I>n

with C' > 0 and L defined as in (1.10)).
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If 8 =1, we have that m{R > n} is slowly varying and by construction it is also monotonically
decreasing, so we can apply [16, Theorem 3]. If 8 < 1, then m{R > n} is regularly varying as in
[16, Corollary 1].

However, those theorems only give us a decay of correlations result with respect to 1" and m. So,
in the next steps we deduce from the tails of the return time function we have estimated on the
tower to the correlation on the map itself, similarly as on [16] p. 148].

Let ¢1, w2 € H. Define

P1 = 10T, P =woom: A =R,

where 7 : A — [~1, 1] is the tower projection defined as 7(x,1) = g'(z). Using a change of variables,
we have

/ (10 g"p) dptg = / (@rom o g™ (@ron ) duy = / (@rorloghom)(@zor o) dm
- . A

Ag Ag

— / (10 T™) @ dm.
A

Hence, we obtain

|/ (o1 og”s@)dug—/ 1 dug/ w2 dpg
Ay Ay Ay

0

:‘/(%OT")@zdm—/@ldm/ ¢2dm‘
A A A

and thus by using the estimates given by Theorem 3 and Corollary 1 of [16] for the right hand side
we obtain the statement of the theorem. g

5.2. Proof of Examples to [1.5l The proofs all follow the same scheme which we first give
here. The first step is to show that p, is finite. This is the case if there exist ng,ng such that

max{} 0 . X5, Zflo:né X2} < oo where nf = max{ng, i }. Since we assume (3 = 1, this is equiva-
lent to ZZO:% L(n)/n < oo, where L, combining (1.8)) and (1.10) can be written as
4, —L. L
L7 (n f)k if B2 > B4
11
(5.1) L(n) =X L¥(n =)k if B > Bs

” s B
max {E_l(n )k LT (n ‘2)’“1} if 81 = fa.
Then, in order to estimate the decay of correlations we may use Theorem [D|and we have to calculate

>i>n I7'L(l) with L as above. Hence, the main task to prove the examples is to calculate L.

Proof of Example[1.3 In order to determine the de Bruijn conjugate of Ei, E# we use Békéssy’s
criterion, see e.g. [6, Appendix 5.2], implying that Eﬁl (n) ~ (L4£1)~!. Thus, in case 31 > B2 we

have using (1.12)) and (5.1 that

r—1 ko
L(n) = £¥ (n" %)% ~ Ly (n" 1) R = [ (log" (n'1))*2+ T ] (log? (n'1 ))*
=1
1 r—1 ' ’
(5.2) ~ 4-(log"(n))"" % [[ (log?(m))~!
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An analogous calculation gives the case 82 > 1 and in case 51 = P we have

r—1 r—1
L{n) = max{ - (log’ (m)) ™+ [T log? ()%, - (log’ (m))~ =" T[ o (m))
Jj=1 j=1
r—1
< (log"(n)) '~ JJ (log? (n)) "
7j=1

Hence, ZZO:% L(n)/n < oc if and only if & > 0 and calculating >, L(l)/l gives the desired result
for the decay of correlations. O

Proof of Example . We first calculate the de Bruijn conjugate of E#l for which we use (1) of
Lemma [A9] If we set

p) = ((lox"(2)° + (1~ 0)log™ (x) Zlogj“ )

then £_1(x) = exp(h(z)) and since h'(xz) — 0 and h(z)h'(x) — 0 we obtain [fl(n) ~ (L_1)7L
Thus, if 81 > So, implies

1 1

Fr = exp ((logr(n‘%)) ) (log" (n? )~ aHlog nt)

-1

~ | exp ((log"(n))*) (log"(n))'~* [ ] log’ (n)
The case B3 > ;1 follows analogously and for the case 81 = P2 we obtain
r—1 s
L(n) = max { (exp (05 (n7)") (10g”(n7))1= Hlog%n%)) =

1 1

(exp ((logr(né» ) (log” (n2))'" QHIOg ) )kl}

giving the same expression as in ([5.3)). Moreover, we may easily calculate that (exp(—(log"(n))®))" =
L(n) implying both that the measure p, is finite and we have the decay of correlations as claimed

in (L14). 0

Proof of Example[1.5 In order to obtain the de Bruijn conjugate we will use Lemma where in
case of & < 1/2 we may set

h(z) = k (A*2% + (1 — a)log(z)) obtaining h'(z) =k ()\O‘;Uafl +(1- a)xil)

and thus A/(z) — 0 and h(z)h'(x) — 0 as long as @ < 1/2. Hence, Lemma implies £7(n) ~
(£_1)~t. Thus, if B1 > B, using (1.12) and (I.13]) implies

1
_ L

Lin) = £#,(n )5 ~ Loy ) T = exp (i (a2 (log(n™))* + (1 - o) loglog(n™h) ) ) "

oo (2 ((2) tosm) ) (1) 2 - exp (—(ogn)) lognye!
( Kz <<£1> >>< 2
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and the case o > 1 follows analogously. If 51 = B2, we obtain

- (2 o)) (52

e (1 () o)) (1°§§”))a1 b = ex (-~ tog()) oty

Noticing that (exp(—(logn)®))’ = L(n), gives the statement of the lemma for a € (0,1/2). O

Remark 5.1. It would also be possible to give similar calculations for @ > 1/2. In the examples
we were giving we were in the easy situation that the de Bruijn conjugate could simply be given
by the reciprocal. However, as can easily be seen, if we consider o > 1/2 in the last example, the
condition h(z)h'(z) — 0 would be violated. However, for o € [1/2,2/3) it would be possible to
apply (2) of Lemma[A.9|and [6] gives explanations how this lemma can be generalizes even if (2) is
violated. However, in that case the terms become increasingly complicated while the new insight
from such examples remains limited.

APPENDIX A. RESULTS FOR REGULARLY AND SLOWLY VARYING FUNCTIONS

In this section we list some relevant results on regularly and slowly varying functions we have used.
Although the results stated here are for functions £ slowly varying at oo, by setting £(x) = £(1/x)
we have that £ is a slowly varying function in zero, see Remark

Lemma A.1 (Theorem 1.4.1 (Characterization of regularly varying functions)[6]). Every function
R regularly varying at oo with index vy can be written as R(x) = 7V L(x) where L is slowly varying.

Lemma A.2 (Theorem 1.3.1 (Representation of slowly varying functions)|6]). Let £ : RT — R™
be slowly varying at co. Then there exist Cy > 0 and measurable functions €, : [Cp,00) — RT
((z) > ce R e(x) = 0 as x — oo such that

T e(t)
L(x) = ((x)exp —=dty for all x > Cj.
co t
Lemma A.3 (Proposition 1.5.1 [6]). Let £ be a slowly varying function at co and let £ # 0, then
' L(x) — > z.fﬁ >0
0 fl<O,
as ¥ — 0o.

Lemma A.4 (Theorem 1.5.13 [6]). If L is slowly varying at oo, there exists a slowly varying
function L%, unique up to asymptotic equivalence such that

L(x) L7 (xL(x)) = 1, LF(x)L(zLF(x)) — 1,
as x — oo and L7 = L.

Lemma A.5 (Theorem 1.5.15 [6]). Let a,b > 0 and g(x) ~ 2°L(x®) where L is slowly varying at
oo. Suppose f is an asymptotic inverse of g (i.e. g(f(x)) ~ f(g(x)) ~ x). Then

f(z) ~ xﬁﬁ#%(aj%)

Lemma A.6 (Proposition 1.5.8 [6]). If £ is slowly varying at co, M is so large that L(x) is locally
bounded in [M,o0), and o« > —1, then

/I tLt)dt ~ 2T L(x)/(a+1) as x—0.
M

Lemma A.7 (Proposition 1.5.9b [6]). If L is slowly varying and there exists M > 0 such that
Jar L@)/tdt < oo, then L(x) := [7°L(t)/tdt is slowly varying and limg_,o L(x)/L(z) = 0.
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Lemma A.8 (Proposition 1.5.10 [6]). If £ is slowly varying and o < —1 then [ t*L(t)dt con-
verges and
1’a+1£($)

=~ —a—1 — 00.
T L) i o as T — 00

Lemma A.9 (Lagrange inversion formula, application of Theorem A.5.2 [6]). Let us assume that L
is slowly varying at oo and can be written as L(z) = exp(h(log(x))) with h a holomorphic function.

(1) If W (x) = 0 and h(z)h'(x) = 0 as x — oo, then
L (x) ~ (L(x)) 7"
(2) If W' (x) — 0 and h(z)(h'(x))? = 0 and h?(x)h"(z) — 0 as x — oo, then
E# ($) N (E(m))—1+2h’(log(m)) )

The statement is stated slightly differently in [6] but the version ofb Lemma follows by a
simple calculation.

Remark A.10. Assuming that £ is a slowly varying function at oo, by setting L£(x) = L(1/z) we
have that £ is a slowly varying function in zero. For this function analogous results can be stated.
In particular, the same characterization statement holds and we have for the de Bruijn conjugate
that £#(z) = L£#(1/x) is a possible choice and thus analogous statements for Lemma and
Lemma can be stated for convergence x — 0.

Moreover, the statement of Lemma changes for £ # (0 into

otF(z) {o if £ 0

oo if £ <0,
as © — 0. The analogs of Lemmas and can be deduced by noting that if £ # 0 we have
(z'L(x)) = ((l/g)*eﬁ(l/x))’ ~ —0(1)x)" 1 L(1/2)(=1)z~2 = £z L(x). Here, to conclude from
the function x®L(x) to its primitive we have to assume local boundedness if o < —1.
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