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Helicity, linking, and writhe in a spherical geometry

J. Campbell!, M.A. Berger!

! CEMPS, University of Exeter
Harrison Building, North Park Road, Exeter EX4 4QF, U.K.

Abstract. Linking numbers, helicity integrals, twist, and writhe all describe the topology
and geometry of curves and vector fields. The topology of the space the curves and fields live
in, however, can affect the behaviour of these quantities. Here we examine curves and fields
living in regions exterior to a sphere or in spherical shells. The winding of two curves need not
be conserved because of the topology of a spherical shell. Avoiding the presence of magnetic
monopoles inside the sphere is very important if magnetic helicity is to be a conserved quantity.
Considerations of parallel transport are important in determining the transfer of helicity through
the foot of a magnetic flux tube when it is in motion.

1. Introduction

In 1833 the German mathematician Carl Friedrich Gauss mentioned the idea of linking number
as a brief note in his diary (Ricca & Nipoti, 2011). Gauss was considering the path of asteroids
across the sky when he realised that an asteroid’s path would be restricted to a range of latitudes
unless its orbit linked the Earth’s orbit. It is not clear how Gauss formalised this idea into the
Gauss linking integral, but Ricca and Nipoti suggest that he might have used his knowledge of
terrestrial magnetism for this purpose.

As Gauss noted (Epple, 1998), linking number is — most importantly — invariant to smooth
deformation of the curves as long as they are not permitted to pass through each other: it tells
you about the topology of a curve rather than its geometry. Linking number is an important
and widely used tool in many areas of study including molecular biology (Fuller, 1978; White &
Bauer, 1986), fluid dynamics (Ricca, 1998) and super-fluid dynamics (Barenghi et al., 2001).

Many applications of topological and geometrical measures of linking, twisting, and writhing
involve geometries that have a curved nature to them (Priest, 1982). For example, the magnetic
coronal-loops in the sun’s atmosphere share a spherical boundary (the photosphere). Also,
biologists are interested in long molecules such as DNA, RNA, and proteins which can be
connected to roughly spherical objects (e.g. cell nuclei Bates & Maxwell (2005)). The buckling
and twisting of elastic rods also depends on the geometry of external restraints (Hannay, 1998;
Neukirch & Starostin, 2008). The purpose of this work is to extend the existing concepts of
linking number, twist and writhe, so that they work in a consistent manner in a spherical
geometry.

Spherical geometry differs in several ways to flat space. First, the usual spherical coordinate
system (p, 0, ¢) contains points that cannot be uniquely described; if p = 0 or § = 0 or 6 = T,
then one or more of the other components can be changed without altering a point’s position.
Another difference is that on a sphere, Euclid’s fifth postulate breaks down: two parallel lines
need not stay a fixed distance apart. As a consequence the idea of parallel vectors must be
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carefully defined; one must first specify how to move a vector around — using a connection —
before this is possible. A third difference is topological: the space outside of a sphere has non-
trivial topology; it has a hole. The hole can play havoc with helicity integrals because magnetic
monopoles can be hidden inside. Helicity in triply periodic geometries (i.e. a three-torus) can
also be affected by the non-trivial topology (Berger, 1997).

We first review the expressions for self and mutual helicity of flux tubes. We then examine
the helicity of two tubes in a spherical shell, taking care to avoid hidden monopoles. In section
4 we calculate the flux of helicity into the tubes due to boundary motions.

Figure 1. A loop extending out of a sphere. If we fix the intersection points with the inner and
outer sphere, then the helicity in the shell between is conserved in the absence of resistivity.

2. The self and mutual helicity of two flux tubes

Magnetic helicity measures the net linking of pairs of fieldlines in a magnetic field (Moffatt,
1969). The total helicity of two tubes in a volume V can be decomposed into a contribution
from the self helicities of the individual tubes, plus a mutual helicity due to their winding
number. Let 77 and 72 be the self helicities of tubes 1 and 2, and let wy2 measure the winding
of the tubes about each other. The self helicity of tube 1 arises from twisting T},1 of field lines
inside the tube about its central axis, as well as the writhe W1 of the axis itself:

7’1 = Twl + W’I‘l (1)

(Berger & Prior, 2006). Let the magnetic fluxes of the two tubes be ®; and ®3. Then in total
we have (Berger, 1986, 2009)

H = T10% + To®3 + 2w19®; o. (2)

Next consider a volume with planar boundaries (see figure 2). Suppose two flux tubes stretch
from bottom to top. The winding number between the two tubes w2 is given by w12 = ay2/(27),
where a2 is the net angle through which the tubes wind about each other.
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Figure 2. Two flux tubes extending between two parallel planes. The twist plus writhe of each
individual tube is conserved, as well as the winding number between the two tubes.

If the boundaries are held fixed, then the helicity will be conserved if the tubes are distorted
between the boundaries. The fluxes ®; and ®5 will also be conserved. As the two fluxes can be
chosen independently, we may conclude that 77, T2 and wis are separately conserved.

Next suppose that the footpoints of the tubes on the lower boundary move. Then the fluxes do
not change, but the topological measures evolve. Suppose the angular rotation rate of footpoint
1 is & and similarly for footpoint 2. The relative position vector between the centres of the two
footpoints rotates with a rate dq5. Then

%I = 271 (a1 ®F + @3 + 2681201 P2) . (3)
3. The helicity of two tubes in a spherical region
Suppose a loop of magnetic field rises out of a spherical boundary, for example, the surface of
a star (see figure 1). We can build an external magnetic field to the sphere by summing over
many loops, but here we will consider just one. We may wish to consider just the part of the
loop inside a shell between two spherical boundaries, as in figure 1. The magnetic helicity of the
entire loop will equal the helicity inside the shell between the two boundary spheres, plus the
helicity above. Motions which vanish at the two spheres will separately conserve the helicities
above and below.

The nature of spherical geometries leads to a strange effect. Can we deform the blue curve
in figure 1 so as to reverse the sign of the crossing? It turns out you can — see figure 3. Here the
end points of the curves have remained fixed, but the winding angle between the two curves has
changed by minus one: wis — w2 — 1. In terms of the sign of the crossing between the tubes,
going from the diagram on the left to the diagram on the right, a negative crossing has been
replaced by a positive crossing.

It might seem that the helicity has changed; however, this is not the case: the helicity is still
equal to ®2. This will be easiest to see if we consider a cross-section extending along the tube
in the shape of a ribbon (see figure 4). In the process of moving the middle part of the curve
twist has been injected. As the curve is deformed winding is converted into twist. Figure 4
illustrates how a ribbon would change its twist by -2 under such a transformation. (This effect
can be readily verified by experiment with a length of ribbon and a ball!) Thus from equation 2
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Figure 3. The foreground curve on the left curve smoothly deforms to sweep around the sphere,
becoming the background curve in the right panel. In the left panel the curves wind about each
other by a12 = 7 as they rise from the inner to the outer sphere; thus wi2 = 1/2. On the other
hand, as one tube has flux pointing inwards and one outwards, the crossing is negative giving
a negative helicity contribution. In the right panel the winding is negative (alternatively, the
crossing has become positive). Thus, despite the fixed endpoints, the winding of the two curves
has changed from approximately 1/2 to -1/2.

the helicity will be conserved, provided the two fluzes are equal and opposite in magnitude. Let
the fluxes be &; = &, &3 = —P. Then

Hbefore = @2 (7-1 + 7-2 - 2’LU12) ; (4)
Hafter = (1)2 ((71 - 2) + T2 — 2(w12 - 1)) . (5)

Thus Hbefore = Iqgfter-

Here an important distinction is apparent between the planar slice and spherical shell
topologies. In the plane geometry of figure 2, the self and mutual terms are separately conserved
even if the two fluxes differ. In the spherical case, however, the terms are not separately
conserved; but total helicity conservation requires equal and opposite fluxes. Even though we do
not directly enquire about what is happening inside the inner spherical boundary, we run into
trouble if there is net magnetic flux coming out of it. Thus we must require that there are no
monopoles inside the sphere (or at least equal numbers of positive and negative monopoles). For
the planar case, net flux is allowed. We can always assume return fluxes at an infinite distance
away from our tubes, so that there is no mutual helicity between our tubes and the return flux.

4. Change in helicity due to surface motions
Let the radius of the inner boundary be pg and consider two flux tubes crossing this boundary.
We seek expressions for the change in helicity due to their two footpoints on the boundary
moving about each other. A field with more flux tubes, or even a continuous field, can be
analyzed by summing over many pairs of tubes.

For flux moving on a boundary due to motions parallel to the boundary with velocity V', the

helicity change can be written as a surface integral (Berger, 1986)
dH
o = [ Ap-V)B.ad’s, (6)

where m is the unit normal and Ap is the unique Coulomb gauge (divergence-free) vector
potential of a potential (vacuum) magnetic field with the same boundary flux.
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Figure 4. Before deforming: 7 = 0 and W = —1. Post deformation: 7 = —2 and W = 1.
Hence in both cases H = —®? as expected.

In some situations, Stoke’s theorem provides an easy method of determining Ap. For a planar
boundary, a circular footpoint centred at the origin with normal flux ® has

b .
AP - %(ﬁa (7)

where polar coordinates are (7, ¢) and we assume 7 is greater than the radius of the footpoint.
We can then build up Ap from linearly summing over footpoints. But things are not so simple
with spherical geometries!

In defining the problem we want to avoid the possibility of magnetic monopoles. If there
is net flux coming through the surface then V - B # 0 inside the sphere. The two flux tubes
cutting our layer must have the same magnitude but oppositely directed radial fluxes to avoid
this problem. The net radial flux would then be zero, so V- B = 0 as required. We need to find
the vector potential on the surface corresponding to these two tubes. Suppose footpoint 1 is at
the North pole and footpoint 2 is at the location (02, ¢2). If we naively follow the procedure of
equation 7, then we would say Ap = A + Ao where

Dy -

A=
' 270 sin@qs’

(8)
and Ay is found by an appropriate rotation of this vector field (so that the A9 lines encircle spot
2). This approach fails however: the expression in equation 8 has a singularity at the South
pole, which is not removed by adding As. It is better to only consider fields which explicitly
have zero net flux before attempting to calculate the vector potential.

The problem with this approach is that in a sphere, it is no longer possible to study each
tube individually. Instead, we will introduce a net return flux as in figure 5. We assume the
areas A; and As of the footpoints are small compared to the area of the sphere. Then for each
flux tube ¢

. . 9
4;{:;% outside spot )

2 i ipgide spot
_ Ay 4mpg
B =

If the two tubes have equal and opposite flux, then the return fluxes exactly cancel.
If footpoint 1 is at the North pole, then we have (e.g. employing Stoke’s theorem) the vector
potential due to its flux ®q,

AP1(07¢):<1+COSQ) b, R

5 (10)

2mppsinf
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Figure 5. We introduce a net return flux to ensure that there are no magnetic monopoles.
Each tube’s B-field is shared out evenly and directed back into the surface.

Note that no singularity remains. The vector potential for Apo will have a similar form, but
with ® replaced by —® and with a rotation of the vector field to centre on footpoint 2.
Suppose that footpoint 1 on the lower sphere is located at the North pole and that the
second footpoint is at co-latitude 6. We wish to examine the change in helicity as footpoint 2
moves around on the bottom sphere. Let footpoint 2 move though a angle of d¢ on the circle of
co-latitude defined by 6.
The change of helicity is:

6H = ®* (§T7 + 6Tz + 20wr2) . (11)

We will examine the linking term first. As tube 2 moves it will wind with tube 1 and also with
the return flux. The amount of return flux it winds with will be proportional to the surface area
of the polar cap that it circumscribes:

) area of polar cap at 6
= (1= 12
oz 2m ( Ampj ) .
69 (1 cos(bh)
= 5 (5 + 5 . (13)

Next we will need to work out the self-linking terms; these refer to the internal twist inside
each flux tube. To measure the twist, we choose a field line on the axis of the tube and a field
line on the boundary. The boundary field line will twist about the centre field line by T}, turns.
The twist number T}, grows as the footpoint of the tube rotates - but what causes it to rotate?
We will consider a vector which points from the centre of the footpoint to the chosen boundary
line. We now ask how much this vector rotates.
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Imagine walking around a circular path on a flat surface. If you always face the direction
of travel, you will turn through an angle of 2w. Facing in the direction of travel corresponds
to facing in the direction of the tangent vector ¢ to the path, which rotates by 2. Similarly,
a footpoint proceeding in this fashion will rotate by 27. Suppose instead that you always face
North, sometimes walking sideways, sometimes walking backwards. The vector p representing
the direction you are facing is the constant North vector, and there is no turning.

On a curved surface, the analogy of the non-turning constant vector p is called the parallel
transport vector. We will compare the forward-facing vector t to the parallel transport vector p.
After following a path, calculating the angle between these two vectors will give the net rotation
of the footpoint. We will need to introduce some additional tools beforehand.

4.1. Parallel transport

Suppose we would like to transport a vector v along a parametrised curve 7(¢), whose tangent
vector is u. Basis vectors are labelled €g. Then standard differential geometry gives the covariant
derivative of v along the curve:

D dv?
Y <V + u® T > és. (14)

Here the last term in this equation includes the Christoffel symbols Fg o» Which describe how the
basis vectors change.

This expression is known as the covariant derivative Vqyv. This derivative describes how a
vector varies as it is transported along a curve. Suppose that we wish to transport v without
adding any extra rotation. More precisely, we require that for each infinitesimal amount v is
transported, it remains locally parallel to its previous direction. Then we say that v is parallel

transported along w if

A geodesic is a curve whose tangent vector remains parallel when transported along the curve.
For a sphere, these are curves that follow a great circle. Along other curves, there will be some
acceleration or rotation of the tangent vector.

Suppose v is a vector pointing from the centre of a footpoint to some point on its boundary.
Keeping track of how this vector rotates tells us how much the footpoint rotates. So, when
transporting the footpoint (and hence v) along a curve which is not a great circle, the acceleration
of the tangent vector will induce a corresponding rotation of the footpoint.

In particular, if the footpoint moves along a latitude line other than the equator, the rotation
will inject helicity into the tube above. Of course, additional rotation can occur in addition to
the transport contribution, for example if vorticity at the surface rotates the footpoint.

4.2. Twist calculation
We can now calculate how much v rotates. The method here generalises from spherical
geometries to other curved geometries. Expanding equation 15 gives:

dvB
0= ((;,t + u(’%ﬂfga) , (16)
where the metric connection gives
1
Fga = 9555(957,(1 + 9éa,y — g'ya,é)' (17)
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There are only three non-zero Christoffel symbols:

r% = T§, = cot(0); (18)
sz = —sin(6p) cos(fp). (19)
For motion along a latitude line u® = 0, we obtain
Ay’ + v‘bfgm = 0; (20)
dpv® +0'Th, = 0. (21)

Differentiating the first equation, putting it into the second and doing the same the other way
around we obtain

321)9

957 = —v?cos(hp)*; (22)
¢
882;)2 = —v%cos(fp)>. (23)

Letting © = cos(fp), these equations have solutions of the form:

() = Asin(Q¢) + Bcos(Qo); (24)
v?(¢p) = Csin(Qep) + D cos(Qdp). (25)
We now consider a vector p which initially points tangent to the latitude line at 6y. Thus it

has the initial condition p, = (pf, pg) = (0,1/sin6y) (the factor of 1/sin 6y is needed to make it
a unit vector in the spherical coordinate system). We obtain for the parallel transport vector

P’ = sin(Q9); (26)
w1
o= o cos(2¢). (27)

In contrast, for motion along a latitude line the tangent vector at all times has t’ = 0. Suppose
the motion proceeds along a net longitudinal angle d¢. Relative to the parallel transport vector,
the tangent vector will have rotated by an angle d¢ cos(6y). This rotation corresponds to the
geodesic curvature of the path.

Recall that our aim here was to calculate how much tube two rotates as it moves. If this
tube is rotated positively, then the twist induced will be negative (as in equation 3). Thus if
footpoint 1 stays at the North pole and footpoint 2 travels through an angle d¢ at co-latitude
0y, then

J
071 =0, 072 = —% cos(fp). (28)

The net helicity change due to the motion of tube 2 (including winding) is

oH = 2 (6T + 072 +26H12); (29)
209 B 1 cos(fo) \ | |
= o [0 cos(fp) + 2 (2 + 5 >] ; (30)
= @2%. (31)

This coincides with the change in helicity we would have if we were working in a flat geometry.
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4.83. Uniform rotation

Next we will consider what would happen if footpoint 1 rotates as well, and both tubes move
around 27. This could be thought of as one complete solid rotation of the sphere. The tube at
the north pole will rotate by 27 causing a negative twist of 77 = —1. The lower tube will also
rotate about by 2w cos(6y), and so twist by 7o = —2mcos(fp). The tubes will also wind with
each other according to equation 13. The change in helicity is

0H = ©%|-1— cos(by) +2 (; + Cosée‘))ﬂ : (32)

= 0, (33)

which is what is expected as, relative to each other, there is no winding going on.

5. Conclusions

The helicity of two flux tubes can be thought of as a sum of self and mutual helicities. If the
tubes are located in all space or are restricted to a half space, then the self and mutual helicities
are separately conserved during ideal motion. However, for tubes in the space outside (or inside)
a sphere, only the total helicity is necessarily conserved. We have investigated the helicity flux
through a spherical boundary, and how it separates into individual and mutual terms, i.e. the
spins of individual footpoints and the orbiting of footpoints about each other. Here measures of
rotation must be carefully defined. The spin of an individual footpoint as it follows a path can
be measured by the geodesic curvature, calculating the rotation of the tangent vector relative
to the parallel transport vector. As a consistency check, a uniform rotation of the sphere should
provide zero net helicity flow. This provides a constraint on how to calculate the orbit term as
well. These methods will readily generalize to non-spherical geometries.
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