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CA VE AND KARST SCIENCE Vol. 23, No.2, October 1996 
Transactions of the British Cave Research Association 

3-D vector processing of magnetometer and inclinometer data 
David GIBSON 
Department of Electronic and Electrical Engineering, University of Leeds, Leeds, LS2 9JT 

Abstract: Cave surveying currently relies on visually reading a compass and clinometer. The price of 
magnetometers and solid-state inclinometers is falling rapidly; thus an electronic compass/clinometer with 
automatic data-logging is now feasible at an affordable price. However, the interpretation of the readings needs 
to be done with care because if the instruments are not gimballed then small errors in " pitch" and "roll" can have 
noticeable affects on the accuracy, with a 10 error in elevation and roll giving rise to a bearing error of over 30 

in some cases. Surprisingly, perhaps, more than three axes of measurement are required to compensate for th is, 
and for other sources of error - four axes are essential, and five or six are an advantage. The 3-D processing of 
thi s information is straight forward to implement, but difficult to derive. This paper gives formulae for the 
processing of multi-axis information, and explains the derivation using 3x3 rotation matrices. This paper was 
first presented at the SCRA Science Symposium in February 1996. 

INTRODUCTION 

The use of electronic instruments in cave surveying was reviewed in an 
earlier paper (Gibson, I 996a). This covered techniques such as 'global 
positioning ' by time-of-flight measurements from surface transmitters, 
and inertial navigation as well as the traditional 'point-to-point' methods. 
The traditional type of cave surveying, using a compass, clinometer and 
tape can be made easier by using electronic instruments and a data-logger. 
Such instruments are expensive, but the basic sensors are now available 
at an affordable price . Some instruments and sensors were reviewed by 
Gibson (1996b). The aim of this paper is to describe, to an electronic 
engineer, the essential signal processing that is required if one is to design 
a cave-surveying tool around 'raw ' sensors. 

COMPASS AND CLINOMETER SENSORS 

Methods of reading amechanical compass and clinometer electronically 
were discussed by Gibson (1996a). Here we will assume that electronic 
sensors are to be used. In their basic form these will comprise magnetometers 
to sense the earth's magnetic field and tilt or inclinometer sensors to detect 
the gravity fie ld. 

Magnetometers 

A brief description of devices suitable for measuring the earth ' s magnetic 
field can be found in a geophysics textbook such as Telford et al (1976) . 
The two devices most suitable to construct are the proton magnetometer 
and the flux-gate magnetometer. 

The proton magnetometer utilises the phenomenon of nuclear magnetic 
resonance or, more specifically, the precession of proton spin in a 
magnetic fie ld. The physical principles of the device are outside the scope 
of this paper; but although they may be unfamiliar to an electronic 
engineer they are quite simple and such a device should, in theory, be 
straightforward to construct. A basic proton magnetometer measures only 
the field magnitude and not its direction . However it is possible to turn it 
into a ' vector' device by a suitable arrangement of the energising coils. 

The flux-gate magnetometer operates by measuring the magnetic field 
needed to saturate a small piece offerrite. Thi s depends on the value of the 
' background' flux from the earth's field . The flux-gate device is simple 
in concept, but is notoriously difficultto set up correctly. It is, for example, 
very prone to temperature drift. The advantage is that it is, inherently, a 
vector device, and it can be made very small. Recently, a version of the 
flux-gate has been designed that does not suffer from temperature effects 
and which is therefore much easier to set up . The device can measure the 
earth ' s field to the accuracy and resolution we require (see Gibson, 
1996b), and would be a good choice to use as the sensing element of an 
electronic compass. 

Inclinometers 

Inclinometers of several types and constructions are common in industry. 
One version is simply a weighted optical encoder disc. Another type is the 
so-called ' electrolytic ' design that utilises the flow of liquid in a tube fitted 
with electrodes; measuring its varying resistance. The most compact 
inclinometers are based around a micro-machined silicon capacitance 
cell. The devices are available in a standard IC package. They are 
essentially accelerometers, but in addition to responding to dynamic 
forces they will measure the 'static ' acceleration due to the earth 's field . 
Since they are vector devices they can sense ' tilt' , and they are marketed 
for this purpose. 

DESIGNING A 2-D COMPASS 

It is a simple operation to use two vector magnetometers at right-angles 
to measure ' x ' and 'y ' components of the earth's field. Consider an 
orientation where both sensors are hori zontal and give a maximum 
positive output when pointed north . The outputs can then be written: 

x = - A sin 8} 
Y = A cos 8 

( I) 

where we assume that the sensors are aligned along local x' and y' axes; 
that the gain A is the same for both, and that the bearing e is measured 
clockwise from magnetic north to the y' axis (x ' = 0) (Fig. I) . 
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Figure I. 2-D compass orientation. 
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The sensor outputs can be processed in software to give the compass 
heading, from the relationship: 

X -Asine 
---

Y Acose (2) 

-I( X) ~ e= tan -y 

The inverse tangent function is easily calculated in a microprocessor 
using the infinite series: 

_ I X3 X l X 7 ( ) tan X = x- - +---+ ... , Ixl < 1 
357 

(3) 

but memory is cheap enough that a look-up table is easy to implement. (A 
table of 16-bit values of sinx from 0 to 90° in increments of 0.0 I ° would 
use under 18Kb). Clearly, we need to process the quadrant information 
(the sign of X and Y) separately; and for angles where IX/y\ > I we use 
e= 90° - tan· l

( Y/X). We also need to remember that (3) gives e in radians. 

Another method of calculating e is to make use of a servo algorithm 
similar to that used in a resolver to digital converter (RDC). A resolver is 
a standard piece of angular positioning equipment that produces two 
analogue signal outputs sine and cose. The RDC "guesses" the angle e' 
and produces in hardware the product/sum: 

A sin ecos e' - A cos esin e' 
= Asin(e- e') 

(4) 

For small errors this produces a signal which is linearly proportional to 
the error. This is used to drive a feedback loop (a voltage-controlled 
osci llator, counter and ROM look-up table) which 'servos ' to bring the 
error to zero. The operation is fast and accurate, and does not depend on 
the value of A. Because it only involves mUltiplication operations it is ideal 
fo r implementation in a digital signal processor. The control loop is 
second order so it requires compensation, but this is a standard technique 
covered in the data-sheets. (Semiconductor manufacturer Analog Devices 
produces a range ofRDCs, together with Applications Notes explaining 
their operation). Ten years ago RDCs were manufactured as thin-film 
hybrid modules and were considerably expensive but, in recent years, 
cheaper monolithic designs have become available. The signals from the 
magnetometers might not be in precisely the form that the RDC requires, 
so it may not be an advantage to specifically make use of an RDC chip; 
howeverthe same technique can be implemented in software. Even if a full 
servo algorithm is not used, a 'trial and error' approach may converge on 
the result quickly enough for our purposes. 

ERROR ANALYSIS 

If the XY compass moves out of a horizontal plane it will be subject to 
errors, as we will discuss later. Assuming, for the moment, that it remains 
horizontal there are three sources of error we can consider: 

conversion error (quantisation) 
gain mismatch 
axis alignment error 

Conversion error (quantisation) 

Qualltisation error is simple to deal with. Suppose the sensor outputs are 
digitised to 8 bits in a sign/magnitude format (i.e. a count of ± 127). 
Ignoring any rounding algorithms, we can say, to a fair approximation, 
that the ADC output will be a count of 90 for angles of 45°±0.3°. The 
resolution, at the 45° point is therefore 0.6°. At 90° the resolution is 
slightly better. To err on the safe side, and to ease the calibration routines 
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we can use a higher resolution - 12 and 14 bit DACs are not expensive. A 
12 bit digitisation would give a resolution of 0.04° . Conversely, and 
perhaps surprisingly, with only 6 bits we can still achieve a resolution of 
2.9° or better. 

Gain mismatch 

If the two channels have differing gains this will give rise to an angular 
error that varies with position . Suppose the X channel reads 5% too high, 
and the Y channel reads 5% too low. The errors are then: 

(J apparent 8 error 

0 0 0 

45 ° 47.86° +2.86 

90 ° 90 ° 0 

135° 132.14 ° -2 .86 

180 ° 18 0 ° 0 

225 ° 227.86 ° +2.86 

270 ° 270 ° 0 

315° 312.14 ° - 2.86° 

If the gain can be trimmed to one part in 127, or ±0.8% then the 
maximum angular error is ±0.6°. With a 12 bit ADC (gain trimmed to I 
in 2047 or 0.05%) we would have ±0.03°. 

A similar error arises ifthere are offsets in the signals recovered from the 
sensors and, of course, there is the linearity to consider. With good quality 
sensors the probiems will not be severe. State-of-the-art low-drift, low
offset op-amps, together with software self-calibration algorithms, will 
add to the accuracy and resolution. 

Axis alignment error 

If the two magnetometers are not exactly at right angles then each will 
pick up some for the signal destined for the other. Ifthe angle between the 
sensors is too small by an amount £ (Fig. 2), then equation I becomes: 

x = -A(sin 8cos£- cos8sin E)} 
y= Acose 

magnetic 
y north 

"""='"---x 
X' 

Figure 2. 2-D axis-alignment errors. 
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So, if E is measured during a setting-up and calibration routine, we can 
easily compensate for it. In fact, iff < 5° then cos£":: I and sinE::::::Eto within 
0.4% (E in radians) so that: 

X -A(sine-£cosO) 

Y AcosO 
(6) 

~ 0= tan -I ( £- ~) 

This simplifies the arithmetic a little, but even with the full expression, 
the problem is hardly insoluble. The treatment of a xis misalignment can 
be extended to the case where both axes are at an unknown angle to the 
heading indicator, whilst being approximately normal to each other. A 
calibration routine, written in software, can enable axis alignment to be 
determined and corrected for. A problem related to alignment and signal 
offset, and which can also be calibrated out, is the 'orthogonality' of the 
sensor, by which we mean the situation where the sensor gives a small 
output even when the field is normal to it. 

3-D VECTOR MANIPULATION 

We have seen that a 2-D electronic compass is straightforward to design, 
but it was stated that it needed to be held horizontally. This fact is easily 
verified. If the Y-magnetometer is pointed to magnetic north, so that the 
X-axis points east, then rolling the compass east introduces an erroneous 
X reading whilst the Y reading is unaltered. Similarly, with the compass 
(Y axis) pointing east, an elevation introduces an erroneous Y reading 
whi 1st the X reading remains unaltered. 

To quantify the effect we need to obtain an expression for the X, Yand 
Z fields in terms of the heading and elevation of the compass. There is a 
third parameter - the 'roll' - which we also have to take into account. We 
begin by defining the axes - the fixed axes will be X (due east), Y (due 
north) and a third, Z axis vertically upwards (Fig. 3). The compass's local 
axes,X', Y' and Z' will coincide when we point the compass due north, and 

z 
, , , 

, , 

hold it level. The bearing or heading e is a rotation clockwise about the 
Z-axis, viewed from above. The elevation or pitch cP is a tilt upwards, 
about the local X' -axis. The rolllJlis a twist clockwise about the local Y'
axis. These terms are some of the many that are used to describe 3-D 
rotations - some other terms are explained in the glossary (Fig. 4). If each 
of these transformations is applied singly it is straightforward to represent 
them as operations on the fixed axes. The transformations are commonplace 
in computer graphics but their derivation may be unfamiliar outside that 
field . In matrix-vector terms the transformations are: 

i) Bearing/Heading. Rotate (clockwise viewed from above) about 
fixed Z axis by angle e: 

[

COS 0 sin 0 0] 
HEAD = -sin 0 cosO 0 

001 

(7) 

ii) ElevationlPitch. Rotate ('up' viewed from side) about fixed X-axis 
by angle cP 

PITCH= [~ co~cP 
o sin cp 

(8) 

iii) Roll (clockwise viewed from y<O) about fixed Y-axis by angle lJI 

ROLL= [ co~ ~ ~ 
-sin ~ 0 

Si~ ~] 
cos~ 

(9) 

Our initial aim is to describe the position of the compass after it has been 
rotated, elevated and rolled. Clearly the order of the transformations is 
important because we want to describe the elevation and roll relative to the 
local axes on the compass, and not the axes fixed in space. 

, , 
Elevation: Y / North 

<1>_--- ---- __ , 

Elevation <I> 

I , 

-I 

I 

, , 
I Bearing e ,-

I , 

, , 

...... ' -' -+--------,l~----~, "X / East 

I 

Figure 3. 3-D compass orientation. 

Roll 
" 0/ 

-..-_ Roll 0/ 

The bearing or heading (j is a rotation clockwise about the Z-axis, viewed/rom above. The elevation or pilch t/> is a tilt upwards. about 
the local X'-axis. The roll IJI is a twist clockwise about the local Y'-axis. 
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Bearing, Heading, Azimuth, Longitude, Right Ascension 
Bearing or heading is the direction measured around the horizon; 

"north, south, east, west". Azimuth usually refers to true north for 
astronomical measurements. Longitude and Right Ascension are 
simi lar measurements referred to the terrestrial and celestial spheres. 

Elevation, Pitch, Altitude, Latitude , Declinatio n 
Elevation or pitch is the angle above the horizon, as would be 

measured by a clinometer. The term 'altitude' is used in civil 
astronomical observations; Latitude and Declination are similar 
measurements referred to the terrestrial and celestial spheres. 

Roll, Pitch and Yaw 
In the flight of an aircraft (or spacecraft, missile, ship) pitch is the 

angle of the nose-to-tail axis to the horizontal. Roll is a rotation about 
this ax is (one wing up, other down). Yaw is rotation about an axis 
perpend icular to the plane of the wings. 

Tilt - this has no precise meaning. 

Angle of declination 
The bearing of magnetic north, compared with that of true north. It 

varies with time. 

Angle of dip 
This is the angle of the earth's magnetic field lines to the horizontal. 

It is 90° at the magnetic poles and 67° in London; it varies with time 
and position. 

Figure 4. Glossary oJ Terms Jar 3-Dimensional Orientation. 

The roll transformation rotates the frame about the Yaxis. We want it to 
act on the Y' axis, so Yand Y' must coincide before we apply ROLL. Since 
the other two transformations both move Y' , the roll must be applied first. 

The elevation transformation rotates the frame about the X axis, i.e. in 
the planex= O. We dont want itto operate in the local x '= 0 plane because 
that might be tilted after the roll operation, but we do want the vertical 
plane to include the local Y' axis (i.e. we tilt the cl inometer in the direction 
we are pointing it) . Thus Yand Y' must coincide before we apply PITCH 
but the other axes need not. Since the roll does not alter Ybut the elevation 
does, we must apply PITCH after ROLL. 

The third operation, a rotation about Z does not cause any problems 
because it is not referred to any local axes. The transformations must be 
appl ied in the order ROLL, PITCH, HEAD. The complete expression 
(w ith the rightmost transformation applied first) is shown in equation 10 
in matrix-vector terms where the overall transformation is written as 
TWIST for brevity . 

(10) 

TWIST = HEAD PITCH- ROLL= 

[ 

cosB 

- s~nB 
sin B 0] [I 0 0] [ cos IjI 
cosB 0 . 0 cos</! -sin</!· 0 

o I 0 sin</! cos</! -sin IjI 

~ Si~ 1jI] = 

o cOSIjI 

[ 

cosBcosljI+sinBsin</!sin IjI 

-sinBcosljI+cosBsin</!sin IjI 

-cos</!sin IjI 

sin Bcos</! 

cosBcos</! 

sin </! 

cosBsin IjI-SinBsin</!cOSIjI : 
-sin Bsin 1jI - cosBsin </!cos IjI 

cos </!cos IjI 

Although the expression looks complicated, we can see that if the 
compass is horizontal (i. e. not pointing up or down, 1/>= 0) and is level (i.e. 
not 'rolled ', 1jI= 0) it reduces to TWIST = HEAD as we would expect. 
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MAGNETIC MEASUREMENTS: 
DERIVING THE BEARING 

z 

, , magnetic 
, north 
' !:-,-----
')a y 

, , 
magnetic field ~ine , 

Figure 5. Dip angle oj/he Earth's magneticjield. 
This varies with time, but is approxima/ely 67" in London. The flux densily is 
around 48J.l T. 

Having obtained an expression for the 3-D orientation of the compass/ 
clinometer, the next step is to write down the signals received by theX and 
Y magnetometers. If the angle of dip of the magnetic field is ex (Fig. 5) then 
these are simply: 

and similarly, 

X M = TWISi ~l· [ AM ~o.sa ] 'lo -AM sma 

= A", x 

{
( - sin Bcos lJf+ cos8sin.</!sin ljI)cosa} 

+coslj>sm IjIsma 

YM = TWIsJ~].[ AM ~o.sa 1 'lo -AMsma 

= AM(cos 8cosl/>cosa-sin I/> sin a) 

(II) 

( 12) 

(XM' Y M and ZM are the signals received on the X, Y and Z magnetic axes. 
X

G
, Y

G 
and ZG are the signals received on the gravity axes). 

By measuring X M and Y M we can deri ve the apparent compass bearing 8 " 
as shown in equation 2. We can see that in the absence of any elevation 
or roll we have 8' = 8. Although the expression is complicated, it is 
straightforward to demonstrate the effect of a small elevation or roll at 
certain compass headings. With a bearing of magnetic north (i.e. 8 = 0), 
and the angles expressed in radians, we obtain: 

tan e' = ( -~ M ) = -lJI tan a 

but e'« 1 , so e' = -lJItana 

( 13) 

which shows that a roll of only 1° (0.035rad) will give rise to a bearing 
error of 2.4° if the angle of dip ex is 67°. In this orientation the elevation 
does not contribute to the error because the X-axis magnetometer would 
not detect any field as the elevation was changed. Due east, with 8 = 90° 
we obtain, in a similar fashion: 

I:::.e' == - cp tan (X ( 14) 



where t18' is the deviation below 900. This shows that an elevation of only 
I ° will give rise to a bearing error of2.4° . In this orientation the roll does 
not contribute to the error. Another special case, at 8= 45°, shows that the 
elevation and roll errors can combine so that a 1 ° error on each gives rise 
to an error in 8' as high as 3.3°. Alternatively, the errors can cancel, 
depending on the sense in which tJi and lJI are applied. 

Having seen that the elevation and roll can contribute significantly to the 
bearing error in complicated ways, we need to know how to avoid these 
errors. Clearly one option is to double-gimbal the compass so that it is 
always horizontal. This is the solution adopted in some range-finder 
binoculars that have a built-in compass. (We could, of course, combine the 
g imballing with an optical disc tilt sensor for the clinometer reading). 
Another option wou ld be to measure the values of elevation and roll with 
solid-state inclinometers and to use them in an algorithm to derive 8, tJiand 
lJI. This has its attractions because we want to know the clinometer reading 
tJi in any case. 

We might assume, at first thought, that simply measuring the Z
component of the magnetic field would give us the information we require 
- three axes allowing us to fix the direction of the compass along three 
axes. This, however, is not so. Three axes describe a cone-shaped locus 
of possible orientations. (This can be visualised by considering a cardboard 
box and driving a skewer through opposite vertices. If the skewer is held 
in a fixed orientation, representing the field lines, then the sides of the box 
represent the local X, Y and Z vectors. The box can be spun around the 
skewer without altering the magnitude of the local axes). A fourth 
measurement is needed in order to fix the direction. This is easily provided 
by incorporating an inclinometer, which we will describe shortly. It is 
worth noting that we could fix the orientation of the compass with three 
axes ifthere were three independent fields we could measure. Unfortunately, 
gravity and magnetism provide only two fields. 

Having established that two further axes are required we have the choice 
between using a third magnetic axis, with one inclinometer axis; and two 
inclinometer axes. Using a third (Z) magnetic axis only gives us a limited 
amount of fresh information, because we could derive the reading from 
measurements on the X and Yaxes, from: 

( 15) 

but we would be wrong to infer that there was no advantage in using a third 
magnetic axis. 

In the absence of any roll or elevation, (II) and (12) can be solved 
ratiometrically using (2) without the value of AM being known. However, 
in the presence of roll or elevation we cannot obtain the values ofsin8and 
cose without knowing AM' which we can derive by measuring three 
magnetic axes. Another important advantage of using a third magnetic 
ax is is it can warn us if AM changes significantly during the operation. This 
would be due to the proximity of ferrous objects that would distort the 
field. The effect of metal on compass readings is well-known (e.g. Legg, 
1995) but here we have a method of sensing the presence of such objects. 
A third advantage of the Z axis comes when we consider the effects of a 
gross roll orelevation, which we will do later. And lastly, equation 15 does 
not, of course, give a unique value for ZM because we cannot derive the 
sign. 

TILT MEASUREMENTS: 
DERIVING THE ELEVATION AND ROLL 

For the moment, we will assume that the X and Y magnetic axes are 
supplemented by two inclinometer axes. We begin by assuming that 
inclinometers are aligned along the local X, Y' and Z' axes and give 
positive signals when the axes are pointing upwards: 

XG =TW[s{~}UJ (16) 

= -AG cosq,sin IJI 

and similarly, 

YG = AG sincj> (17) 

Ze = Ae cos<j> cos 'I' (\8) 

Manipulating the inclinometer data is straightforward. From the X and 
Z axes we can derive: 

-x tan IJI = __ G_ 

ZG 

or from the X, Y axes we can obtain: 

(\9) 

(20) 

If the sensors are calibrated, and do not drift (so we know A
G

) then this 
is sufficient to derive the roll and elevation to within a range of ±90°. If 
we wanted to use a ratiometric technique that did not depend on absolute 
measurement of AG, or if we wanted to allow for a full 360° of elevation 
and roll , then we would need to use all three axes. 

It may seem surprising that we can use two inclinometers to obtain two 
of the wanted parameters tJi and 1jI, but that with two magnetometers we 
were not able to derive any parameters. This is due to the particular 
combination oflocal and fixed axes with which we specify the parameters. 

CORRECTING THE MAGNETOMETER DATA 

Having derived roll and elevation from two inclinometer sensors, it 
remains to use this information, together with the angle of dip of the 
magnetic field, to extract the compass heading 8. Equations (1\) and (12) 
are simultaneous in sine and cosebut, since the sin8term is absent in (12), 
they are easily solved to give: 

YM ' . - +smcj>sma 
A cos e = ---'M"----___ _ 

(21 ) 

cos cj>cos a 

X M YM ' 
- - - tan cj>sm IjI 

' e tan IjItan a AM AM sm = - -~---''-'-----
(22) 

coscj> cos IjIcosa 

The equations confirm that, as was remarked earlier, we cannot derive 
a ratiometric solution from Y JX

M 
- we need knowledge of the third axis 

to derive AM 
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EXTREMES OF ROLL AND ELEVATION 

There are a few situations where the manipulation ofthe above equations 
needs to be done with care. This is now discussed. The equations so far 
derived allow us to measure compass bearing in the presenceofinstrument 
roll and elevation . Normally we would expect to hold the instrument flat, 
so the roll would be small, but the elevation - corresponding to the 
clinometer measurement - may be large. In a surveying application we do 
not, ultimately, need to know the roll but it is required in order to calculate 
the bearing. 

When the elevation is ±90°, (compass pointing vertically up or down) 
the term 'bearing' has no meaning. The compass still faces a particular 
direction, but this changes with the amount of roll and does not correspond 
to anything useful. If ' bearing' has no meaning, the equations ought to be 
insoluble, which is indeed the case. We can see from (16) and (18) that 
with a±90° elevationX

G 
and ZG are both zero, so we cannot derive the roll, 

which can thus take on any value (what is zero divided by zero?). Without 
a value for roll, 'II, we cannot use (22) to derive bearing. Further thought 
shows that, although we could measure the effect of the roll by looking at 
the XM and ZM magnetic axes, this would not give us a unique solution. 
When the elevation is 90° the orientation can be achieved with many 
distinct combinations of roll and bearing. In (21), with tP = ±90°, the 
denominator is zero suggesting that cose = 00 , which is not possible. In 
fact , inspection of (12), from which (21) was derived, shows that the 
numerator must be zero as well; and that Y M = -A~ina. cose can then take 
on any value, from which we infer that the equation is solvable, but that 
e is undefined. 

A simi lar situation must be allowed fo r in (22) should the roll'll be±90°. 
Here we can derive the elevation, but (22) does not allow us to derive sine. 
In the previous example, this was because the bearing had no meaning. In 
this case, however, it is because the bearing cannot affect the signal 
received on the XM axis when the roll is 90°. Using the ZM axis allows us 
to obtain sine without any problems, using: 

x y 
~ + ~ tan rj>cos lJI 

sin8=cotlJl tana _ AM AM (23) 
cosrj> sinlJlcosa 

If the compass is level then ZMgives no useful information, but for most 
combinations of elevation and roll either ZM or XM can be used as one of 
the magnetic axes. A suitable algorithm might attempt to derive the 
bearing from each of these axes. 

We can see that the difficulties arise when one of the sensors is aligned 
normal to the vector it is measuring. Not all axes cause the same problems 
due, as was noted earlier, to the particular way we choose to specify e, <1> 

and'll. It remains to check what happens when the magnetometer axes are 
aligned normal to the magnetic field. If the compass is pointing due north, 
and level, then the X-axis is normal to the field . If the elevation is 900 -a 
(about 23° in London) then the Y axis will also be normal to the field. A 
similar situation occurs for a heading of due east and a roll of a -90° . 
Clearly there is, for every heading, some combination of roll and elevation 
which will cause both the X

M 
and Y M axes to receive no signal. This 

observation reinforces the result demonstrated earlier, that roll and 
elevation could cause an error in the compass bearing of a 2-D device. 
However, since we already know the values of <1> and'll, the lack of signal 
does not cause a problem; and (21, 22) still have a solution. We can 
summarise the orientation problems as follows: 
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Orientation Problem Solution 
Elevation 90° No unique values of None. Bearing has 

bearing and roll no meaning. 
Roll 90° Cannot derive Don't allow roll of 

bearing using X M> 90°, or use ZM axis 

YMaxes 

N/ljI=23°1'll=Oo Neither X M nor Y M Can still solve for e 
E/<1>=ool'll=-23° receives any signal. if we know <1> and'll. 

S/IjI=-23°1'll=0° & so 
on 
Elevation or roll Incorrect solutions Use third, ZG axis 

outside ±90° with XG, Y G axes. 

So far, we have considered the problems that occur at specific orientations 
but it would not be an adequate solution to simply define, in software, the 
result that 010 = I because small deviations in the numerator or denominator 
could lead to vastly different answers. The problem is not that bearing 
cannot be defined at an elevation of 90°. It is that the bearing will be 
increasingly inaccurate as we approach 90°. It is beyond the scope of this 
paper to do a detailed error analysis, but this can easily be simulated on 
a computer and used to predict the performance of a compass module. The 
specifications for commercial modules (see Gibson, 1996b) do indicate 
that bearing becomes inaccurate at high degrees of tilt. 

SUMMARY 

For a 2-D compass we discussed the sources of measurement error, 
which included quantisation, gain and axis alignment. We demonstrated 
a simple algorithm which, by using an inverse tangent function, would 
allow us to derive the compass heading. We showed that a 2-D compass 
could suffer from errors if it were not held accurately horizontal. This 
could be achieved by double-gimbal ling the compass. The gimbal axes 
could be used to derive elevation and tilt converting the device into a 
compass/clinon,eter. 

An alternative to gimballing would be to use electronic tilt sensors in a 
3-D configuration in order to derive elevation and roll information, and 
to use this to correct the compass bearing. Unless we knew the magnitude 
of the magnetic field this would require a third magnetic axis to derive it. 
We saw that other advantages of a third magnetic axis included the ability 
to detect errors caused by the proximity of ferrous objects, and the ability 
to work at high degrees of roll. (This would not normally be required in 
a caving application). 

The use of a third tilt axis, bringing the total to six axes, would allow us 
to work with values of tilt outside ±90°. Again, this is not necessary for 
cave surveying, but would be useful in a general application such as 
borehole orientation. 

Equations for the derivation of bearing and elevation using four, five or 
six axes were presented, together with a general rotation matrix for 
defining the orientation of the device. The possible reduction in accuracy 
at high tilt was mentioned, but not analysed. 
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