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Perfect Transmission through Disordered Media

C. G. King, S. A. R. Horsley, and T. G. Philbin
Department of Physics and Astronomy, University of Exeter, Stocker Road, Exeter, EX4 4QL

The transmission of a wave through a randomly chosen ‘pile of plates’ typically decreases expo-
nentially with the number of plates, a phenomenon closely related to Anderson localisation. In ap-
parent contradiction we construct disordered planar permittivity profiles which are complex-valued
(i.e. have reactive and dissipative properties) that appear to vary randomly with position, yet are
one-way reflectionless for all angles of incidence and exhibit a transmission coefficient of unity. In
addition to these complex-valued ’random’ planar permittivity profiles, we construct a family of
real-valued, two-way reflectionless and perfectly transmitting disordered permittivity profiles that
function only for a single angle of incidence and a narrow frequency range.

A wave propagating through N randomly chosen loss-
less slabs of material tends to be exponentially ex-
tinguished as N increases [1, 2]. The transmission
through such a random combination of slabs is given
by the geometric mean of the transmissivity, |teff|2 =
exp(2 〈log(|t|)〉) corresponding to averaging over all pos-
sible realisations. For N slabs this is [1]

|teff|2 = exp

(
−2

N∑
i=1

〈
log

(
1

|ti|

)〉)
, (1)

where ti is the transmission coefficient for the ith slab) [3].
The average transmissivity (1) clearly decreases exponen-
tially with increasing N (see [6] for bounds), leading to
the phenomenon where a layered transparent disordered
medium tends to act as a good mirror. In this Letter, we
construct families of layered media with permittivities
that are similarly random in the direction of propagation
and yet the expected high reflection and low transmis-
sion is avoided. The layered media we explore all exhibit
disorder and are described by a permittivity that is a
continuous function of position ε(x).

The overwhelming majority of possible profiles are dis-
ordered, and the exponentially small value of the geomet-
ric mean of the random phase model (1) can be seen as
stemming from the dominant contribution of disordered
media to the average. It is also connected to the phe-
nomenon of Anderson (strong) localisation, which pre-
dicts that the eigenstates of a given disordered lattice
will tend not to extend over the entire lattice, but will
be localised around each of the sites [7, 8]. Our perfectly
transmitting disordered profiles are in contrast with the
many ordered media with unit transmission such as the
Pöschl-Teller potential [9]. We note that while nearly ev-
ery finite profile is perfectly transmitting for some partic-
ular frequency, for disordered media this tends to be over
a very narrow band of frequencies. Here we demonstrate
how to design disordered media that transmit close to all
the incident light over a comparatively large bandwidth.

The degree of order of our profiles is quantified through
examining the average behaviour of the two-point corre-
lation function g(s) of ε(x). Ordered media are such that
g(s) is significantly different from zero far away from

s = 0. Given information about only the correlation
function and Hurst exponent for the profiles discussed in
this work, one would conclude that the material param-
eters were generated from a random-walk like process.
Indeed we show that permittivity profiles can admit ar-
bitrarily small correlations (i.e. arbitrarily high levels of
disorder), yet they exhibit unit transmission and zero re-
flection by design. This is inspired by the recent findings
of Yu and co-workers [10], who showed that random-walk
like permittivity profiles ε(x) can be generated through
applying a sequence of supersymmetric transformations
to an ordered profile, with the disordered profile inherit-
ing the reflectivity and transmissivity from the ordered
one. Our disordered structures are not derived from or-
dered ones, but in one case are quite an extreme example
of profiles that satisfy the spatial Kramers-Kronig rela-
tions [11–15], a recently highlighted relationship between
the real and imaginary parts of ε(x) that can be used to
guarantee zero reflection as well as unit transmission. In
another case we construct a real valued disordered pro-
file ε(x) that is reflectionless and perfectly transmitting,
using an ansatz previously used by Berry and Howls [16].
While it is unlikely that these combinations of material
parameters occur in nature, it may be possible to explore
these structures with metamaterials where such a precise
control of the disorder may be useful for the construc-
tion of mirrors which reflect well over a wide range of
frequencies, except over some particular designed band.

Consider the 2-dimensional situation shown in figure 1
for propagation of electromagnetic waves through a slab
of material sitting in free space, inhomogeneous along one
spatial direction. As a consequence of Maxwell’s equa-
tions, the propagation of TE-polarised electromagnetic
radiation through dielectric media is governed by the fol-
lowing linear wave equation for the out of plane compo-
nent of the electric field, ϕ:[

d2

dx2
+ k2

0ε(x)− k2
y

]
ϕ(x) = 0. (2)

We have assumed that the magnetic permeability of the
slab is unity, and throughout the remainder of this work
we take ky = 0.
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FIG. 1: A wave of wavevector k = (kx, ky, 0) is incident on
a material inhomogeneous along the x-axis with permittivity
ε(x), where ε(x) → 1 as |x| → ∞. The reflection coefficient is
determined by the variation of ε in space.

For a general spatial variation of ε(x), there is no
useful exact solution to (2). However, it is possible to
find some quite general results concerning wave reflec-
tion and transmission through considering the behaviour
of the permittivity ε(z) as a function of complex posi-
tion z = x1 + ix2 (see e.g. [11, 15]). Specifically, writing
ε(z) = εb + χ(z), it is known that if χ(z) satisfies the
Kramers-Kronig relations in space

Re(χ(x)) =
1

π
P
∫ ∞
−∞

Im(χ(x′))

x′ − x
dx′

Im(χ(x)) = − 1

π
P
∫ ∞
−∞

Re(χ(x′))

x′ − x
dx′,

(3)

then there is no reflection for waves incident from the left
at any angle of incidence, a result which has recently been
verified experimentally using metamaterials [17]. A proof
of this result may be found in [11] whereby the scattered
field is written in terms of the Fourier transform of a
potential. For Kramers-Kronig media, this potential has
only positive Fourier components, thus prohibiting the
conversion of a positive kx right-propagating wave into a
negative kx left-propagating wave. However, the result is
of sufficient importance to this work that we give an al-
ternative explanation of the result in the Supplementary
Material [18]. In particular, the susceptibility, χ, satisfy-
ing the spatial Kramers-Kronig relations (3) is equivalent
to χ being an analytic function of position, z, in the up-
per half z plane. In addition to the reflectionlessness of
Kramers-Kronig media, their transmission coefficient is
given by [12, 15]

|t|2 = e
−2k0Im

(∫∞
−∞

√
ε(x)dx

)
. (4)

The result (4) implies that if the permittivity is formed
as a sum of poles in the lower half complex position
plane [15]

χ(z) =

N1∑
k=1

a1,k

z − z1,k
+

N2∑
k=1

a2,k

(z − z2,k)2
+ ... (5)

(thus automatically satisfying (3)), the transmission co-
efficient is equal to

|t| = e
1
2πk0Re

∑n
k=1 a1,k (6)

and depends only on the residues of the simple poles in
(5). Importantly this implies that such profiles consisting
of poles of order two or higher (so N1 = 0 in (5)) exhibit
zero reflection and perfect transmission regardless of their
number Nj , weight aj,k or position zj,k in the lower half
plane (Im(zj,k) < 0). See [11] for a simulation of the wave
propagation through the permittivity corresponding to a
single double pole on the negative imaginary axis. More
generally, perfect transmission can be achieved when the
complex function χ(x) both satisfies (3) and integrates
to zero over the real line,∫ ∞

−∞
χ(x)dx = 0 (7)

a requirement found in [12, 15] and referred to by Longhi
as the ’cancellation condition’ (see [19]). For profiles
given by (5), the cancellation condition is equivalent to
only having poles of order two, or higher, and is guaran-
teed to give perfect transmission.

It is important to stress just how large this family of
media are. In particular, there is enough freedom to allow
for the construction of complex valued disordered media
exhibiting perfect transmission. As we shall show, the
transmission can remain unity while the real and imag-
inary parts of the permittivity can both be arranged to
possess two-point correlation functions

g(s) =

∫∞
−∞ χ(x)χ∗(x+ s)dx∫∞
−∞ |χ(x)|2 dx

(8)

that are small except for s ∼ 0 and with a Hurst expo-
nent [10, 20] close to 0.5 (indicating a random walk-like
character, see supplementary material [18]).

Perfect transmission through real-valued profiles: Be-
fore treating the disordered complex media discussed
above, for comparison we construct a family of real dis-
ordered profiles that have a rapidly decaying two-point
correlation function and a Hurst exponent close to 0.5,
but yet exhibit unit transmission. To do this we apply
the technique of Berry and Howls [16], where the follow-
ing ansatz for ϕ is substituted into equation (2)

ϕ(x) =
1

p(x)1/4
exp

(
±iκ

∫ x

dx′
√
p(x′)

)
(9)

which is based on the form of the WKB solutions given
in e.g. [21]. The two possible signs in the exponent cor-
respond to right and left travelling waves propagating
without reflection, with unit transmission when p(x) is
real and tending to 1 at x→ ±∞. Upon substitution of
(9) into the Helmholtz equation (2), one can solve for the
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requisite permittivity profile, which is found to be

ε(x, κ) = p(x)− p(x)1/4

κ2

d2

dx2

(
1

p(x)1/4

)
. (10)

Equation (10) gives a recipe for the construction of real-
valued permittivity profiles that are reflectionless at nor-
mal incidence, for fixed κ. By choosing p(x) as a ran-
domly varying function (with a rapidly decaying two-
point correlation function and a Hurst exponent close
to 0.5), we obtain a similarly randomly varying permit-
tivity profile that exhibits perfect transmission at the
wavenumber k0 = κ. An example of this is shown in fig-
ure 2, where p(x) is defined as a finite (but long) Fourier
sine series with compact support

p(x) = 1 +

{∑N
n=1 ansin

(
nπx
L

)
, 0 < x < L

0, otherwise
(11)

and the coefficients are chosen randomly in such a way

that
∑bn−1

2 c
i=1 (n−2i)an−2i is taken from a symmetric real

uniform distribution for n = 1, 2, ..., N − 2 and is vanish-
ing for n = N − 1, N . This ensures the smoothness of p,
and hence the continuity of ε.

Creating a structure like that shown in figure 2(ii) in
the lab to a high degree of accuracy presents a significant
practical challenge and inevitably there will always be
some error in the material’s permittivity, and, the larger
the error, the greater the reflection from the material [18].

Perfect transmission through complex-valued profiles:
Given a continuous real-valued function, χR(x), satis-
fying

∫∞
−∞ χR(x)dx = 0, with compact support (corre-

sponding to a finite length medium sitting in vacuum),
representing the real part of the susceptibility, the cor-
responding imaginary part χI(x) belongs to L1(−∞,∞)
with vanishing integral on the real line, a consequence
of the spatial Kramers-Kronig relations (3). Hence,
the full susceptibility satisfies the cancellation condi-
tion [19]. In particular, χ(x) < O

(
1
x

)
as x → ±∞

and as a result the corresponding permittivity satisfies

Im
(∫∞
−∞

√
ε(x)dx

)
= 0 allowing for perfect transmis-

sion.
Continuing from the previous example, consider the

Fourier sine series for the susceptibility:

χR(x) =

{∑N
n=1 ansin

(
nπx
L

)
, 0 < x < L

0, otherwise
(12)

but now the coefficients, an, are chosen randomly from
a uniform distribution centred around 0 for n > 2 and

a1 = −
∑bN−1

2 c
m=1

a2m+1

2m+1 to ensure that
∫∞
−∞ χR(x)dx = 0.

An example of permittivity profiles constructed from a
Fourier sine series are shown in figure 3. Unlike the previ-
ous example, these spatial Kramers-Kronig profiles trans-
mit perfectly for all angles of incidence (graphs to show
this may be found in the Supplementary Material [18]).

FIG. 2: (i) A particular choice of p(x) given by (11) with
N = 250. (ii) The corresponding permittivity when κ =
5π, having Hurst exponent H = 0.501. (iii) Time-averaged
(red, upper) amplitude of a left incident wave of wavenumber
κ, propagating through a medium with permittivity ε(x, κ).
Real and imaginary parts of the wave are shown in blue and
green, respectively. The lack of oscillations in (iii) indicates
that the profile is reflectionless for this wave. The wave is also
transmitted without a change in amplitude or a shift in phase.
(iv) The profile’s correlation function, with correlation length
xL = 0.920λ. (v) The reflection as a function of wavenumber
k0. The reflection coefficient is very sensitive to the frequency
of the incident wave and high reflection is possible except in
a region about k0 = κ where the reflection is negligible.

Although individual profiles can always have some cor-
relation regardless of the number of terms, N , the aver-
age, µ, and variance σ2 of correlations over different real-
isations generated in this way can be calculated to be di-
minishing as N →∞ (see Supplementary Material [18]),
thus showing that any correlations will disappear as more
terms in the series are taken. Also, there is no obvious
way of determining the method of generating the per-
mittivity from a plot of the correlation function. Other
methods, such as building the profile as a series of double
poles in the lower half position plane lead to a similarly
noisy correlation function. However, there may be dif-
ferences in other measures, such as the Hurst exponent
(again see the supplementary material [18] for a fuller dis-
cussion). The reason why localisation has been avoided
relates to the intricate connection between the real and
imaginary parts of the permittivity (3). By means of
a direct substitution of the Hilbert transform (3) and a
careful rearranging of the principal-value integrals, it can



4

FIG. 3: (i): A permittivity profile given by (12) withN = 250.
(ii) The corresponding time-averaged amplitude (red) for a
left incident wave, ϕ, with the real and imaginary parts of the
wave are shown in blue and green, respectively. Again, the
solution is seen to be reflectionless with perfect transmission.
(iii) The correlation function of the permittivity, with correla-
tion length xL = 0.136λ. Its Hurst exponents are H = 0.587
(real part) and 0.651 (imaginary part).

be shown that∫ ∞
−∞

χI(y)χI(y + s)dy =

∫ ∞
−∞

χR(y)χR(y + s)dy (13)

and hence that the correlation function of the real and
imaginary parts of the susceptibility are equivalent and
also coincide with the real part of the correlation func-

tion of the full complex susceptibility. Therefore, given
a function to represent the real part of a susceptibility,
another function with the same correlation can be found
to represent the imaginary part to give a reflectionless
perfectly transmitting susceptibility.

Summary and Conclusions: In this work we have ex-
plored a family of disordered permittivity profiles that
appear to have been generated by a random walk-like
process yet exhibit unit transmission and zero reflection,
thus avoiding Anderson localisation. We constructed a
family of such real valued profiles, finding that the unit
transmission is restricted to a narrow band of frequency
and a particular incidence angle. In contrast we exam-
ined another family of complex valued profiles where the
real and imaginary parts independently appear to have
been generated by a random walk-like process, but are
related to each other by the spatial Kramers-Kronig re-
lations. Although the construction of such profiles rep-
resents an enormous practical challenge, we found that
they exhibit perfect transmission whatever the frequency
or angle of incidence, remaining perfectly transparent.
The level of disorder in the profiles has been measured
using the correlation length and Hurst exponent and can
take a wide range of values, indicating a wide range of
randomness is possible.
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SUPPLEMENTARY MATERIAL:

In this supplementary material we briefly explain why
spatial Kramers-Kronig profiles are one-way reflection-
less, discuss two measures of randomness for functions,
describe the sensitivity of the permittivity profiles re-
flectionless property to deviations from the exact design
and consider the capability of these perfectly transmit-
ting media to perform at different frequencies and inci-
dent angles. This is followed by an explanation of why
the mean and variance of the correlation function of a
permittivity profile derived from a Fourier series tends
to zero as the number of terms in the series tends to
infinity. Finally we discuss the differences between two
families of disordered Kramers-Kronig permittivity pro-
files both being reflectionless with unit transmission; one
constructed from poles in the lower half position plane
and the other constructed from a Fourier series real part
together with its corresponding Hilbert transform imag-
inary part.

Spatial Kramers-Kronig relations and the reflection-
lessness of left incident waves: Consider the permittiv-
ity appearing in Helmholtz’s equation (2) being analyt-
ically continued to a complex position z = x1 + ix2,
ε(z) = 1 + χ(z). There are a special class of profiles
that are analytic on one half of the complex position
plane [11, 15]. These satisfy the spatial Kramers-Kronig
relations

Re(χ(x)) =
1

π
P
∫ ∞
−∞

Im(χ(x′))

x′ − x
dx′

Im(χ(x)) = − 1

π
P
∫ ∞
−∞

Re(χ(x′))

x′ − x
dx′.

(14)

The derivation of this result may be found in [22].

Consider a wave propagating left-to-right through the
medium. The analytic continuation of the transmitted
wave along the large semi-circle of the complex position
plane is shown in figure 4. The asymptotic behaviour

FIG. 4: On the far right of the profile, the asymptotic form
of the wave can be analytically continued into the upper half
position plane. The right-going wave is exponentially dimin-
ished while the left-going wave is exponentially amplified.

of the solution in vacuum at an angle θ can be writ-
ten as a combination of left and right propagating waves
t(θ)eik0z + r(θ)e−ik0z. A non-zero reflection coefficient
r(θ) leads to an exponentially growing solution as the
semi-circle radius is increased. However, as the solution
must be analytic in this upper half plane, and the sus-
ceptibility decays to zero, there cannot be a discontinuity
in the asymptotic behaviour of the solution, which would
be required by a non-zero reflection coefficient, thus ex-
plaining why the reflection coefficient must vanish.

Without the requirement of analyticity in the upper
half plane, this argument breaks down due to the pres-
ence of branch cuts crossing the semicircular path of fig-
ure 4, across which the asymptotic expansion of the so-
lution in terms of plane waves is discontinuous [11]. This
leads to a Stokes phenomenon- the presence of differing
asymptotic expansions in different regions of the complex
plane [21]. Having this analyticity condition removes the
Stokes phenomenon, and hence any reflected wave.

By replacing the left and right propagating plane waves
with the more accurate WKB waves

e±ik0
∫ z
a

√
ε(ẑ)dẑ (15)

and keeping track of the zero phase reference point, a,
as it moves along the semi-circle with the solution, the
transmission coefficient can be calculated, in the limit as
semi-circle radius tends to infinity, as

t = eik0
∫∞
−∞

√
ε(x)dx. (16)

Therefore, a transmission coefficient of unity am-
plitude (perfect transmission) is obtained when

Im
(∫∞
−∞

√
ε(x)dx

)
= 0, or equivalently when

Im

(∫ ∞
−∞

χ(x)dx

)
= 0. (17)
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Measures of disorder: The averaged two-point correla-
tion function and the correlation length: The correlation
length describes the (in this case, spatial) extent to which
the value of a function at one point determines its value
at other points. Given a complex-valued function f be-
longing to L2[a, b], its correlation function is defined as

gf (s) =

∫ b−s
a

f(x)f∗(x+ s)dx∫ b
a
|f(x)|2 dx

(18)

where s > 0 ([a,b] will be all of the real line for the pur-
pose of this work). The denominator acts as a normalisa-
tion factor, ensuring that the correlation function begins
at gf (0) = 1 and does not exceed unity in absolute value.
For a typical real-valued fluctuating function, gf (s) de-
cays to zero over some length scale, which we shall call
the correlation length. This can be naturally defined as
the smallest value of s, xL, satisfying gf (s) = exp(−1).

For complex-valued functions, the correlation func-
tions and correlation lengths can be calculated for the
real and imaginary parts of f separately. To include the
cross-correlation between the real and imaginary parts,
one should, however, take the correlation function of the
full function and can then obtain a correlation length
from its real part. In general, these may differ signifi-
cantly, although for a function satisfying the Kramers-
Kronig relations, the correlation functions for the real
and imaginary parts of f coincide with the real part of
the correlation function of f .

Measures of disorder: The Hurst exponent: This is an
additional tool which can be used to classify the type of
randomness exhibited by a disordered function, which is
not be identifiable from the correlation function. The de-
tails of the calculation are outlined in e.g. [10]. The Hurst
exponent is a property of sequences, so it is necessary to
translate the function describing the permittivity into a
sequence using an appropriate discretisation. The ’dis-
cretisation width’ is chosen to be small compared to the
correlation length. A value of H greater (smaller) than
0.5 indicates long term positive (negative) correlations in
the sequence.

Sensitivity of perfect transmission to realising the ex-
act design It has been discussed how the effect of slightly
changing the wavenumber or the angle of incidence af-
fects the transmission. However, it is not clear what the
effect of slightly perturbing the permittivity itself. It is
inevitable that there will be slight differences between the
desired permittivity profile and that produced in a lab.
To get an idea of the effect of this, consider adding some
white noise to the permittivity of figure 2 and seeing the
behaviour of the wave through this new medium. This is
shown in figure 5. Unsurprisingly adding noise does have
an effect on the transmissivity of the profile, since now
the ansatz (9) will no longer describe the correct solution
(or, in the case of the spatial Kramers-Kronig media, the
Kramers-Kronig relations will be violated). However, the

FIG. 5: (i) The ’noise’ λ(x) added onto the reflectionless per-
mittivity profile. (ii) The new permittivity profile ε(x) with
the noise included. (iii) Time-averaged (red, upper) ampli-
tude of a left incident wave of wavenumber κ, propagating
through a medium with permittivity given by (ii). Real and
imaginary parts of the wave are shown in blue and green, re-
spectively. The oscillations in the field norm to the left of the
profile indicate a small amount of reflection.

more accurate the permittivity, the smaller the amplitude
of the noise and therefore the smaller the reflection co-
efficient. i.e. The reflection and transmission coefficients
will vary continuously with any continuous change to the
permittivity profile. In order to make this precise, we
define the amount of error in the profile due to the noise
to be defined as (∫

dxλ2(x)∫
dxχ2(x)

)1/2

, (19)

where λ is the noise function and χ is the susceptibility.
We then calculated the reflection coefficients obtained
from the wave propagation through ten different permit-
tivity profiles generated in the same way as the example
in figure 2 and added ten different white noise functions
in turn (each of the same standard deviation) to each
and found that an average 7.47% error led to an average
reflection coefficient of 0.0159. Doubling the standard
deviation and performing the same calculation resulted
in an average 15.2% error and this led to an average re-
flection coefficient of 0.0540. It is quite noticable that the
reflection coefficient remains low for fairly significant er-
rors in the permittivity and therefore is not just a sharp
resonance type behaviour; rather the design method of
the profile is fairly robust to deviations. A similar cal-
culation was performed on the Kramers-Kronig profiles
like that shown in figure 3 and the sensitivity to devi-
ations was similar. Namely an average 7.16% error led
to an average reflection coefficient of 0.0392 and an av-
erage 14.3% error led to an average reflection coefficient
of 0.0701.
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Wavenumber and Angle dependence Of the two recipes
for generating reflectionless and perfectly transmitting
media, the real-valued permittivity profiles only function
at a single wavenumber and at normal incidence, whereas
the complex-valued Kramers-Kronig permittivity profiles
remain reflectionless at any wavenumber and at any in-
cident angle (away from grazing incidence). This is con-
firmed numerically in figure 6 for the Kramers-Kronig
medium of figure 3 discussed in the main part of the pa-
per and in figure 7 for the Kramers-Kronig medium of
figure 9. These graphs show that, for general disordered

FIG. 6: Demonstration of the importance of the Kramers-
Kronig relations for suppressing reflection. (i) The reflection
coefficient as a function of incidence angle for the Kramers-
Kronig profile of figure 3 at wavenumber 5π (red) and for
the profile consisting only of the corresponding real part at
wavenumber 5π (dark blue) and at wavenumber 15π (light
blue). (ii) The reflection coefficient as a function of wavenum-
ber at normal incidence for the Kramers-Kronig medium (red)
and its corresponding real part (blue).

FIG. 7: Demonstration of the importance of the Kramers-
Kronig relations for suppressing reflection. (i) The reflection
coefficient as a function of incidence angle for the Kramers-
Kronig profile shown in figure 9 at wavenumber 5π (red) and
for the profile consisting only of the corresponding real part
at wavenumber 5π (dark blue) and at wavenumber 15π (light
blue). (ii) The reflection coefficient as a function of wavenum-
ber at normal incidence for the Kramers-Kronig medium (red)
and its corresponding real part (blue).

media the reflection will be significant (often close to
100%) for most frequencies and most angles of incidence
whereas the spatial Kramers-Kronig media has negligi-
ble reflection over all frequencies and angles of incidence.
This is despite having similar levels of disorder (in-
deed the correlation functions, and hence the correlation

lengths, of the two media are identical). Including the
imaginary part turns a general disordered medium, with
the expected high reflection, into a medium whose sus-
ceptibility satisfies the spatial Kramers-Kronig relations,
which are known to be reflectionless for all wavenumbers
and all angles of incidence [11, 15].

Correlation function of a compact Fourier series: In
the paper it is stated that the mean and variance of the
correlation function of the finite compact Fourier series

χR(x) =

{∑N
n=1 ansin

(
nπx
L

)
, 0 < x < L

0, otherwise
(20)

vanishes in the limit N → ∞ for all positive s, when
the coefficients an are taken from a symmetric uniform

distribution for n > 1 and a1 = −
∑bN−1

2 c
m=1

a2m+1

2m+1 . To
show this, first write the mean as

µ(gR(s)) =
2

L

∑
n,m

gn,m(s)µ

(
anam∑
k a

2
k

)
(21)

where

gn,m(s) =


L(nsin(mπsL )−(−1)m+nmsin(nπsL ))

(n2−m2)π2 , n 6= m

(nπ(L−s)cos(nπsL )+Lsin(nπsL ))
2nπ , n = m.

(22)
and

µ

(
anam∑
k a

2
k

)
= 0 for n 6= m (23)

since the uniform random variable is even in an when
n > 1. Also, by using

1 =

N∑
n=1

µ

(
a2
n∑N

k=1 a
2
k

)
(24)

and substituting in a1 = −
∑bN−1

2 c
m=1

a2m+1

2m+1 , it follows that,

at worst, µ
(

a2n∑
k a

2
k

)
= O

(
1
N

)
as N → ∞. Meanwhile∑N

n=1 gn,n(s) remains bounded for s > 0 as N → ∞.
Hence

lim
N→∞

µ(gR(s)) = 0 for s > 0. (25)

The method used can be extended to show that the
variance too vanishes in the same limit. Using the same
notation, we can write the mean of the square of the
correlation function as

µ(gR(s)2) =
4

L2

N∑
α,β,γ,δ=1

gα,β(s)gγ,δ(s)µ

 aαaβaγaδ(∑N
n=1 a

2
n

)2


(26)
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Again the evenness of the uniform distribution can be
used to eliminate all terms except those containing only
squares of the coefficients

L2

4
µ(gR(s)2) =

∑
α

gα,α(s)2µ

 a4
α(∑N

n=1 a
2
n

)2


+
∑
α6=β

gα,α(s)gβ,β(s)µ

 a2
αa

2
β(∑N

n=1 a
2
n

)2


+
∑
α6=β

gα,β(s)2µ

 a2
αa

2
β(∑N

n=1 a
2
n

)2


(27)

First consider the case when a1 is chosen from the same
uniform distribution independently from the other coef-
ficients. Expanding out the identity

1 = µ


(∑N

n=1 a
2
n

)2

(∑N
n=1 a

2
n

)2

 (28)

can be used to show that µ

(
a4α

(
∑N
n=1 a

2
n)

2

)
and

µ

(
a2αa

2
β

(
∑N
n=1 a

2
n)

2

)
are O

(
1
N2

)
as N → ∞. Meanwhile∑

α gα,α(s)2,
∑
α6=β gα,α(s)gβ,β(s) and

∑
α6=β gα,β(s)2

are each O(N) as N → ∞. Combining these expres-
sions shows that µ(gR(s)2) → 0 as N → ∞ for s > 0.

The case when a1 = −
∑bN−1

2 c
m=1

a2m+1

2m+1 is merely an addi-
tional technicality leading to more terms needing to be
dealt with separately:

L2

4
µ(gR(s)2) =

N∑
α,β,γ,δ=1

gα,β(s)gγ,δ(s)µ

 aαaβaγaδ(∑N
n=1 a

2
n

)2


=g1,1(s)2µ

 a4
1(∑N

n=1 a
2
n

)2

+ ...

+

N∑
k,l,m,n=2

gk,l(s)gm,n(s)µ

 akalaman(∑N
n=1 a

2
n

)2


(29)

where the omitted terms correspond to some, but not all,
of the coefficients α, β, γ, δ being 1. The last term of (29)
is known to vanish in the N → ∞ limit for s > 0 owing

to the previous analysis. Meanwhile

µ

 a4
1(∑N

n=1 a
2
n

)2

 = µ


(∑bN−1

2 c
m=1

a2m+1

2m+1

)4

(∑N
n=1 a

2
n

)2



=

bN−1
2 c∑

k,l,m,n=1

µ

(
akalaman

(
∑N
n=1 a

2
n)

2

)
(2k + 1)(2l + 1)(2m+ 1)(2n+ 1)

(30)

However, we know that µ

(
akalaman

(
∑N
n=1 a

2
n)

2

)
= O

(
1
N2

)
. On

the other hand
∑N
k=1

1
2k+1 increases as a log as N →

∞, so the expression in (29) will tend to 0. A similar
argument can be used to show that the remaining terms
also vanish in the large N limit and hence shows that

lim
N→∞

σ2(gR(s)) = 0 (31)

Therefore, although individual realisations of permittiv-
ity profiles generated using this method may have small,
apparently random correlations, these will always go
away as the number of terms is increased.

Permittivity profiles constructed from poles: We have
considered disordered permittivity profiles constructed
from finite Fourier series with randomly chosen coeffi-
cients. However, this is by no means the only way to
generate disordered profiles. An alternative way was al-
luded to in the introduction: having poles of order two
or higher in the lower half position plane. To generate
real profiles using this method, take the function p(x) to
be of the form

p(x) = 1 +

N∑
k=1

bk
(z − zk)2

(32)

where Im(zk) < 0 and construct ε using equation (10)
in the main part of the paper. A particular realisation is
shown in figure 8. Alternatively, one can construct corre-
sponding complex-valued permittivity profiles by taking
the real part of the susceptibility as a sum of double poles
in the lower half plane

χR(x) = 1 +

N∑
k=1

bk
(z − zk)2

(33)

and forming its imaginary part from the Hilbert trans-
form of the real part, thus making a spatial Kramers-
Kronig medium. An example is shown in figure 9
Although there may appear little difference in the func-
tions describing the permittivity profiles of a Fourier se-
ries with random coefficients and a series of double poles
in the lower half plane, there is a difference in the lo-
cal structure which is not obvious from their correlation
functions.
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FIG. 8: (i) A particular choice of p(x) given by (32) with
N = 250. (ii) The corresponding permittivity when κ =
5π, having Hurst exponent H = 0.224. (iii) Time-averaged
(red, upper) amplitude of a left incident wave of wavenumber
κ, propagating through a medium with permittivity ε(x, κ).
Real and imaginary parts of the wave are shown in blue and
green, respectively. The lack of oscillations in (iii) indicates
that the profile is reflectionless for this wave. The wave is also
transmitted without a change in amplitude or a shift in phase.
(iv) The profile’s correlation function, with correlation length
xL = 0.289λ. (v) The reflection as a function of wavenumber
k0. The reflection coefficient is very sensitive to the frequency
of the incident wave and high reflection is possible except in
a region about k0 = κ where the reflection is negligible.

The Hurst exponent of the sum of double poles is sig-
nificantly lower than 0.5, indicating a long term negative
correlation in the profile as seen in both figures. This is
due to the local shape of such a function- a single double
pole always has a region of high value following a region
of low value in both the real and imaginary parts (and
vice versa). However, for the Fourier series, this need not
be the case due to the varying length scales on which the
terms of the series oscillate, and thus there is little long
term correlation in such a function, yielding a Hurst ex-
ponent closer to 0.5 (see figure 3 in the main part of the
paper).

The measures of disorder discussed in this paper, the
correlation length and the Hurst exponent, depend con-
tinuously on the permittivity, and hence continuously on
the design parameters (an, bn, zn). Due to the flexibility
in the choice of these parameters, it is possible to obtain
perfectly transmitting profiles with any desired correla-
tion length and any Hurst exponent between 0 and 1.

FIG. 9: (i): A permittivity profile given by (33) withN = 500.
(ii) The corresponding time-averaged amplitude (red) for a
left incident wave, ϕ, with the real and imaginary parts of
the wave are shown in blue and green, respectively. Again,
the solution is seen to be reflectionless with perfect transmis-
sion. (iii) The correlation function of the permittivity, with
correlation length xL = 0.0258λ. Its Hurst exponents are
H = 0.152 (real part) and 0.182 (imaginary part).

The correlation length can be tuned by changing the dis-
tribution that the parameters are randomly chosen from.
Meanwhile the Hurst exponent can be tuned by changing
the level of randomness in the design parameters- regular
ordered structures, designed by choosing the parameters
in a regular way, have a Hurst exponent which is very
low (close to 0) or very high (close to 1). By then intro-
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ducing some randomness in the choice of the parameters,
the Hurst exponent shifts towards 0.5 i.e. more like a

function generated from a random-walk like procedure.


