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Abstract

Displays can be thought of as relative versions of Fontaine’s notion of

strongly divisible lattice from integral p-adic Hodge theory. In favourable cir-

cumstances, the crystalline cohomology of a smooth projective R-scheme X

is endowed with a display-structure coming from complexes associated with

the relative de Rham-Witt complex WΩ•X/R of [LZ04], and can be thought of

as a kind of mixed characteristic Hodge structure.

In this article, we show that under certain geometric conditions, deforming

X over PD-thickenings of R gives a crystal of relative displays. We then ap-

ply the crystal of relative displays to prove Grothendieck-Messing type results

for the deformation theory of Calabi-Yau threefolds. We also show that primi-

tive crystalline cohomology often carries a display-structure, and we prove

a Grothendieck-Messing type result for the deformation theory of smooth

cubic fourfolds in terms of the crystal of relative displays on primitive crys-

talline cohomology. Finally, we investigate the deformation theory of ordinary

smooth cubic fourfolds in terms of the displays on the cohomology of their

Fano schemes of lines.
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1 Introduction

Displays were introduced in [Zin02] in order to extend the Dieudonné module

classification of p-divisible groups over perfect fields of characteristic p > 0 to

more general base rings R in which p is nilpotent. Roughly, a display is a pair of

finitely generated projective W (R)-modules (P0, P1) and a pair of Frobenius-linear

maps (F : P0 → P0, F1 : P1 → P0) satisfying certain compatibility requirements.

By work of Zink and of Lau, there is an equivalence between the category of

displays over R and the category of p-divisible groups over R. As one might

expect - in light of Serre-Tate theory - there are applications to the theory of PEL-

type Shimura varieties and in particular to problems involving their various strata.

In [LZ04], the relative de Rham-Witt WΩ•X/R of a scheme X over a Z(p)-

algebra R was defined. In the case that X/R is smooth and proper, it was shown

that the hypercohomology of WΩ•X/R recovers the crystalline cohomology of the

crystalline structure sheaf OX/W (R)

Hn(X,WΩ•X/R) ∼= Hn
cris(X/W (R))

This generalises the theory over perfect base fields due to Bloch and Illusie.

Langer and Zink in loc. cit. were then able to give a de Rham-Witt construc-

tion of the (dual of the) display associated to the p-divisible group of an abelian

scheme A/R. Indeed, (P0, F0) is the F -crystal given by H1
cris(A/R) together with

the Frobenius endomorphism induced from the special fibre. The W (R)-module

P1 is the hypercohomology of the “Nygaard (pro-)complex”

N 1WΩ•X/R := WOX
dV−−→ WΩ1

X/R
d−→ WΩ2

X/R
d−→ WΩ3

X/R
d−→ · · ·

where we view WOX as a W (R)-module via restriction of scalars along W (R)
F−→

W (R). The “divided Frobenius” map F1 : P1 → P0 is induced on hypercohomol-

ogy by the morphism of complexes
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WOX WΩ1
X/R WΩ2

X/R WΩ3
X/R · · ·

WOX WΩ1
X/R WΩ2

X/R WΩ3
X/R · · ·

id F pF p2F

dV d d d

d d d d

Using this new perspective, [LZ07] introduced the notion of n-displays; the

previous theory of displays being the n = 1 incarnation. Very roughly, n-displays

are tuples (Pi, Fi)i=0,...,n consisting of finitely generated projective W (R)-modules

Pi and Frobenius-linear maps Fi : Pi → P0 satisfying compatibility relation-

ships including a relative version of Fontaine’s “strong divisibility condition” (see

[Fon83], §1, for example). In good circumstances, the F -crystal Hn
cris(X/W (R)) of

a smooth projective schemeX/R will have the additional structure of an n-display,

with the W (R)-modules Pi being the hypercohomology of the Nygaard complexes

N iWΩ•X/R := WOX
d−→ WΩ1

X/R
d−→ · · · d−→ WΩi−1

X/R

dV−−→ WΩi
X/R

d−→ · · ·

and the divided Frobenius maps Fi : Pi → P0 being induced by the morphisms

WOX · · · WΩi−1
X/R

WΩi
X/R WΩi+1

X/R
WΩi+2

X/R
· · ·

WOX · · · WΩi−1
X/R

WΩi
X/R WΩi+1

X/R
WΩi+2

X/R
· · ·

id id F pF p2F

d d dV d d d

d d d d d d

For example, it is known that abelian varieties, K3 surfaces and smooth rela-

tive complete intersections have display-structures on their crystalline cohomol-

ogy.

In [LZ15] the deformation theory of 2-displays is developed, and then used

to study the deformation theory of schemes of K3-type. More specifically, if k

is a perfect field of characteristic p > 0 and R is an artinian local W (k)-algebra

with residue field k, Langer and Zink prove that the deformations to Spec R of

an F0-étale K3-type scheme X0/k which lifts to X/W (k) correspond to the self-

dual 2-displays over the small Witt vectors Ŵ (R) of the 2-display-structure on
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H2
cris(X0/W (k)). Here the self-duality refers to the perfect pairing induced by

the Beauville-Bogomolov form. In the case of an ordinary K3 surface X0/k, the

Beauville-Bogomolov form is just the cup-product, and the result says that there

is an equivalence of categories

deformation classes of
X0/k over Spec R

isomorphism classes of self-dual
2-displays over Ŵ (R)

deforming H2
cris(X0/W (k))

X/R (H2
cris(X/Ŵ (R)), λcup)

∼

One of the main tools in [LZ15] and in our work is the notion of relative display.

Let S � R be a PD-thickening with kernel a, and let X ′/S be a deformation of

X/R. Then, following [GL16], these are displays (Pi, Fi)i=0,...,n with the Pi given

by the hypercohomology of relative versions of the Nygaard complexes

WOX′ ⊕ ãiWOX′
d⊕d−−→WΩ1

X′/S ⊕ ãi−1WΩ1
X′/S

d⊕d−−→ · · ·

· · · d⊕d−−→ WΩi−1
X′/S ⊕ ãWΩi−1

X′/S
dV+d−−−→ WΩi

X′/S
d−→ · · ·

where ã := log−1(a) is the logarithmic Teichmüller ideal. The partial Frobenius

maps are defined on the first summands as for the usual Nygaard complexes,

and is the zero map on the other summands. Roughly, our main technical result

is the following

Theorem. Let k be a perfect field of characteristic p > 0, and S � R a PD-

thickening of local artinian W (k)-algebras with residue field k. Let f : X → R be

a smooth projective scheme satisfying “good” cohomological properties and sup-

pose that its special fibre X0/k admits a smooth versal deformation space. Let X ′

be a deformation ofX/R to Spec S. Then the relative display onHn
cris(X ′/W (S)) ∼=

Hn
cris(X/W (S)) only depends uponX and S. In other words, the crystalRnfcris∗OX/W (k)

on Cris(R/W (k)) can be refined to have the extra struture of a crystal of relative

displays.
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The “good” cohomological properties alluded to in the theorem are made pre-

cise in §4.

In the usual way there is a connection associated to the crystal of relative

displays, and we show that this connection satisfies a display-version of Griffiths

transversality and is compatible with the Gauss-Manin connection.

The crystal of relative displays is a natural framing for crystalline deformation

problems arising in mixed characteristic algebraic geometry. As a first applica-

tion, we study Calabi-Yau threefolds X/R. We use an infinitesimal Torelli style

argument to prove the following Grothendieck-Messing type result

Theorem. Let S � R be a nilpotent PD-thickening of artinian localW (k)-algebras

with residue field k, and let X/R be a Calabi-Yau threefold. Let X ′ be a lifting of

X/R to Spec S. Then there is a bijection

deformation classes of
X/R over Spec S

lines E ⊆ Fil2H3
dR(X ′/S)

lifting Fil3H3
dR(X/R)

1:1

We then use the connection associated to the crystal of relative displays to

reinterpret this theorem in terms of the display-structures on H3
cris(X/W (S)). In-

deed, we show that there is a bijection between the deformations of X/R to

Spec S and those display-structures on H3
cris(X/W (S)) which arise “geometri-

cally”, i.e. are given by the Nygaard complex construction via some deformation

Y/S. A priori this latter set still requires the input of the set of deformations of

X/R over Spec S in order to understand it, but we show how to construct this set

using only the knowledge of the relative display; namely its Hodge filtration and

the connection associated to the crystal. More specifically, we use the connection

to define “CY-type” liftings of the Hodge filtration and prove the following:

Theorem. Let S � R be a nilpotent PD-thickening of artinian localW (k)-algebras

with residue field k, and let X/R be a Calabi-Yau threefold which lifts to Spec S.

Then there are bijections
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deformation classes of
X/R over Spec S

isomorphism classes of
geometric displays on

H3
cris(X/W (S))

CY-type liftings of the
Hodge filtration of the
relative display on
H3

cris(X/W (S))

1:1

1:1

This can be viewed as a sort of infinitesimal Torelli theorem in terms of displays

rather than Hodge structures.

One can re-write this as the following analogue of the Grothendieck-Messing

theorem for deformations of p-divisible groups:

Theorem. There is an equivalence of categories

CY3S
∼−→ DCY3S/R

where CY3S is the category whose objects are Calabi-Yau threefoldsX ′ → Spec S,

and whose morphisms are isomorphisms, and DCY3S/R is the category whose

objects are pairs (X,E•) where X → Spec R is a Calabi-Yau threefold and E• is

a CY-type lifting of the Hodge filtration of the relative display on H3
cris(X/W (S)),

and the morphisms are isomorphisms with the obvious compatibilities.

Next we turn our attention to smooth cubic fourfolds X/R. We first show that

the deformations of X/R over a nilpotent PD-thickening S � R of artinian local

W (k)-algebras with perfect residue field k of characteristic p > 0 correspond to

the S-lines lifting Fil3P 4
dR(X/R) which are isotropic with respect to cup-product.

This was proved in [Lev01] for the special case R = k, S = k[ε]/(ε2) and used in

[MP15] to establish that the Kuga-Satake period map is étale.

We then show that, in favourable circumstances, the primitive crystalline coho-

mology Pncris(X/W (R)) of a smooth projective scheme X over a ring R in which p

is nilpotent is also endowed with a display-structure. If R is an artinian local W (k)-

algebra with perfect residue field k of characteristic p > 0, and if the special fibre
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X0/k of X/R has a smooth versal deformation, one also has a crystal of relative

displays refining the primitive crystalline cohomology crystal on Cris(X/W (k)).

Arguing in the same way as before, we prove

Theorem. There is an equivalence of categories

SmCub4S
∼−→ DSmCub4S/R

where SmCub4S is the category whose objects are smooth cubic fourfolds X ′ →

Spec S, and whose morphisms are isomorphisms, and DSmCub4S/R is the cat-

egory whose objects are pairs (X,E•) where X → Spec R is a smooth cubic

fourfold and E• is a self-dual lifting of the Hodge filtration of the relative display on

P 4
cris(X/W (S)), and the morphisms are isomorphisms with the obvious compati-

bilities.

Now let k be an algebraically closed field of characteristic p ≥ 5 and X0/k a

smooth cubic fourfold. Then the Fano scheme of lines F (X0) is a K3-type fourfold

with a Beauville-Bogomolov form, and by [BD85] there is an isomorphism of self-

dual F -isocrystals

H4
cris(X0/K)

∼−→ H2
cris(F (X0)/K)(1)

where K := Frac W (k). When both X0 and F (X0) are ordinary in the sense

of Bloch-Illusie-Kato, we show that this extends to an isomorphism of self-dual

F -crystals

H4
cris(X0/W (k))

∼−→ H2
cris(F (X0)/W (k))(1)

We prove

Theorem. Let X0 be an ordinary smooth cubic fourfold over an algebraically

closed field k of characteristic p ≥ 5, and suppose that its Fano scheme of lines

F (X0) is ordinary. Then for a local artinian W (k)-algebra R with residue field k,

we have an injection
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deformation classes of
X0 over Spec R

isomorphism classes of self-dual
2-displays over Ŵ (R)

deforming H2
cris(F (X0)/W (k))

X/R (H2
cris(F (X)/Ŵ (R)), λcup)

The right-hand side is well-understood by [LZ15].

1.1 Outline of the paper

Section 2 contains the foundational theory of higher displays, as developed in

[LZ07] and [LZ15]. This section is only for later reference and contains nothing

original, although we have endeavoured to provide examples so as to demystify

some of the constructions.

In Section 3 we first recall the display-structures of [LZ07] and [GL16] on crys-

talline cohomology arising from Nygaard complexes. In addition to the known

cases of abelian varieties and K3 surfaces, we show that the crystalline cohomol-

ogy of an Enriques surface is endowed with a display-structure (provided p ≥ 3).

We then construct displays for primitive crystalline cohomology.

Section 4 contains the proof that the functor taking a PD-thickening to the as-

sociated relative display is in fact a crystal on the crystalline site whenever X has

a smooth versal deformation space. This is the main tool for the rest of the paper.

We also recall the explicit description of [GL16] of a relative display in terms of a

relative version of Nygaard complex. We prove that the connection associated to

the crystal of relative displays is compatible with the Gauss-Manin connection on

the de Rham cohomology of the lifting, and observe that the connection satisfies

a form of Griffiths transversality on the underlying modules of the relative display.

We apply the crystal of relative displays in Section 5 to investigate the infinites-

imal deformation theory of Calabi-Yau threefolds in mixed characteristic. We first

discuss the works [ESB05] and [KvdG00] establishing a sufficient and “generic”

criteria for the special fibre to have a smooth versal deformation space. We then

use an infinitesimal Torelli argument to prove a Grothendieck-Messing-style result
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associating liftings over nilpotent PD-thickenings with certain admissible liftings of

the Hodge filtration. This is then rephrased in terms of the deformation theory of

the display-structures inside the crystal of relative displays. As an aside, we also

prove that ordinary Calabi-Yau threefolds always have a (canonical) lift over the

Witt vectors.

The first part of section 6 gives a similar description of the deformation theory

of smooth cubic fourfolds, but this time we use the crystal of relative displays on

primitive crystalline cohomology. The second part also discusses the deformation

theory of smooth cubic fourfolds, albeit under a restrictive ordinarity hypothesis,

but this time in terms of the display on the second crystalline cohomology of their

Fano schemes of lines; these displays are well-understood by [LZ15].
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2 Displays

Fix a prime number p. In this preliminary section we shall collect some aspects

of the theory of displays, mainly drawing from [LZ07], [LZ15] and [Wid12].

2.1 Frames with Verjüngung

Definition. A frame F is a quintuple (W,J,R, σ, σ̇), where R and W are rings and

J ⊆ W is an ideal such that W/J = R. The map σ : W → W is an endomorphism

and σ̇ : J → W is a σ-linear W -module homomorphism. We require the following

conditions to be satisfied:-

(i) J + pW ⊆ Rad(W )

(ii) σ(a) ≡ ap mod pW for all a ∈ W

(iii) σ̇(J) generates W as a W -module.

Remark . By definition, condition (iii) says that the linearisation σ̇# : J (σ) → W is

surjective. Choose b ∈ J (σ) such that σ̇#(b) = 1 and set θ = σ#(b). Then for any

a ∈ J , we compute

σ(a) = σ̇#(b)σ(a)

= σ̇#(ab)

= σ#(b)σ̇(a)

= θσ̇(a)

so we see that there is a unique θ ∈ W such that σ(a) = θσ̇(a) for every a ∈ J .

We will always assume θ = p.

Example. We will use two types of frame. The first is the relative Witt frame of a

surjection S � R of p-adic rings, with kernel a equipped with a PD-structure, and

such that a is nilpotent modulo pS. Indeed, let W (S) denote the Witt vectors of

S, and write IS = W (S)V for the image of Verschiebung. The PD-structure on a
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allows us to define the divided Witt polynomials wn/p
n on the idealW (a) ⊂ W (S).

The divided Witt polynomials give an isomorphism of additive groups

log : W (a)
∼−→
∏
N

a

Then ã := log−1(a) = (a, 0, 0, . . .) is an ideal in W (S). In this way, we can view a

as an ideal in W (S).

Writing J = ker(W (S) → S → R), we have a direct sum decomposition

J = ã⊕IS , with σ(ã) = 0 and ã·IS = 0, where σ : W (S)→ W (S) is the Witt vector

Frobenius. We define σ̇ : J → W (S) using this decomposition; σ̇(a + ξV ) = ξ.

Since S is p-adically complete, W (S) is both p-adically and IS-adically complete

([Zin02], Prop. 3), and it follows that J + pW (S) ⊆ Rad(W (S)).

The frame WS/R = (W (S),J , R, σ, σ̇) is called the relative Witt frame of S/R.

If S = R, we simply write WR.

Now suppose that S and R are artinian local rings with perfect residue fields,

then we have the small Witt rings Ŵ (S) ⊂ W (S) and Ŵ (R) ⊂ W (R) introduced in

[Zin01]. We define the small relative Witt frame ŴS/R = (Ŵ (S), Ĵ , R, σ, σ̇) of S/R

in the same way as before, but replacing the usual Witt vectors with the small Witt

ring everywhere. As usual, if S = R then we write ŴR. One should note that if

R = k is a perfect field then Ŵ (k) = W (k).

The relative Witt frames WS/R carry an extra structure which will be important

later on; they are endowed with a Verjüngung. By definition, a Verjüngung for a

frame F = (W,J,R, σ, σ̇) is the data of two W -module homomorphisms

ν : J ⊗W J → J and π : J → J
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satisfying the following four conditions for all η, η′ ∈ J :-

(i) π(ν(η, η′)) = ηη′

(ii) σ̇(ν(η, η′)) = σ̇(η)σ̇(η′)

(iii) σ̇(π(η)) = σ(η)

(iv) ker σ̇ ∩ kerπ = 0

In the case of a relative Witt frame WS/R, the Verjüngung (ν, π) is defined as

ν(a1 + ξV 1, a2 + ξV 2) = a1a2 + (V ξ1ξ2)

π(a+ ξV ) = a+ p ξV

In general the iterations νk : J ⊗W · · · ⊗W J → J are well-defined, and we denote

the image by Jk. By convention, we set ν1 = idJ and ν2 = ν. For the relative Witt

frames, we have a decomposition:-

Jk = ãk + IS

This works identically for the small relative Witt frames as well.

2.2 F -displays

Before defining what a display over a frame with Verjüngung F is, we shall first

introduce the intermediate concept of a predisplay; the category of F -displays will

then be a certain well-behaved full subcategory of the category of F -predisplays.

Notation. In the above situation, given a σ-linear map of W -modules f : M → N ,

we will denote by f̃ : J⊗WM → N the σ-linear map given by f̃(η⊗m) = σ̇(η)f(m).

Definition. Let F = (W,J,R, σ, σ̇) be a frame. An F -predisplay P = (Pi, ιi, αi, Fi)

is the following data: for each i ≥ 0 we have
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(i) a W -module Pi

(ii) two W -module homomorphisms

ιi : Pi+1 → Pi and αi : J ⊗W Pi → Pi+1

(iii) a σ-linear map Fi : Pi → P0.

The data is required to satisfy the following properties:-

(P1) ιi ◦ αi = αi−1 ◦ (idJ ⊗ ιi−1) for i ≥ 1

(P2) ιi ◦ αi : J ⊗ Pi → Pi is the multiplication map for each i ≥ 0

(P3) Fi+1 ◦ αi = F̃i for all i ≥ 0.

An immediate consequence of the definition is that Fi ◦ ιi = pFi+1. Indeed, let

η ∈ J and x ∈ Pi+1. Then we compute

pF̃i(η ⊗ ιi(x)) = pFi+1 ◦ αi(η ⊗ ιi(x)) = Fi+1(ηx) = pσ(η)Fi+1(x)

but

pF̃i(η ⊗ ιi(x)) = pσ̇(η)Fi(ιi(x)) = σ(η)Fi(ιi(x))

The idea is that we should think of the Fi as divided Frobenius maps; indeed, we

shall often refer to them as such.

Definition. Let P = (Pi, ιi, αi, Fi) and P ′ = (P ′i , ι
′
i, α
′
i, F
′
i ) be two F -predisplays.

A morphism of predisplays ψ : P → P ′ is a sequence of W -module homomor-

phisms ψi : Pi → P ′i such that the following squares commute for each i ≥ 0:-

Pi+1 Pi J ⊗W Pi Pi+1 Pi P0

P ′i+1 P ′i J ⊗W P ′i P ′i+1 P ′i P ′0

ψi+1 ψi idJ ⊗ ψi ψi+1 ψi ψ0

ιi αi Fi

ι′i α′i F ′i
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In this way we have the category F -Predisp of F -predisplays.

Let P and P ′ be F -predisplays as in the definition above. Then we define the

direct sum of P and P ′ as

P ⊕ P ′ := (Pi ⊕ P ′i , ιi ⊕ ι′i, αi ⊕ α′i, Fi ⊕ F ′i )

Clearly this gives another F -predisplay.

Given a morphism of predisplays ψ : P → P ′, we can define the kernel of ψ

as

Ker ψ := (kerψi, ῑi, ᾱi, F̄i)

where ῑi = ιi|kerψi+1
, ᾱi = αi|J⊗W kerψi

and F̄i = Fi|kerψi
. Similarly we can also

define Coker ψ. It is immediate that Ker ψ and Coker ψ are both F -predisplays.

Corollary 2.2.1. F -Predisp is an abelian category.

When F is a frame with Verjüngung, we can build F -predisplays using stan-

dard data:-

Definition. Let F = (W,J,R, σ, σ̇, ν, π) be a frame with Verjüngung. A standard

datum for F is a a set of finitely generated projective W -modules L0, . . . , Ld, and

σ-linear homomorphisms

Φi : Li → L0 ⊕ · · · ⊕ Ld

for each i = 0, . . . , d, such that the induced map Φ0 ⊕ · · · ⊕ Φd is a σ-linear iso-

morphism.

Given a standard datum (Li,Φi), we set

Pi := JiL0 ⊕ · · · ⊕ JLi−1 ⊕ · · · ⊕ Ld

Then the maps ιi, αi and Fi are defined by the following diagrams:-
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Pi+1 = Ji+1L0 ⊕ JiL1 ⊕ · · · ⊕ JLi ⊕ Li+1 ⊕ · · · ⊕ Ld

Pi = JiL0 ⊕ Ji−1L1 ⊕ · · · ⊕ Li ⊕ Li+1 ⊕ · · · ⊕ Ld

ιi π π id id id

J ⊗ Pi = J ⊗ JiL0 ⊕ J ⊗ Ji−1L1 ⊕ · · · ⊕ J ⊗ Li ⊕ J ⊗ Li+1 ⊕ · · · ⊕ J ⊗ Ld

Pi+1 = Ji+1L0 ⊕ JiL1 ⊕ · · · ⊕ JLi ⊕ Li+1 ⊕ · · · ⊕ Ld

αi ν ν ν1 = id mult mult

Pi = JiL0 ⊕ · · · ⊕ JLi−1 ⊕ Li ⊕ Li+1 ⊕ Li+2 ⊕ · · · ⊕ Ld

P0 = L0 ⊕ · · · ⊕ Li−1 ⊕ Li ⊕ Li+1 ⊕ Li+2 ⊕ · · · ⊕ Ld

Fi Φ̃0 Φ̃i−1 Φi pΦi+1 p2Φi+2 pd−iΦd

Lemma 2.2.2. The tuple (Pi, ιi, αi, Fi) constructed from the standard datum (Li,Φi)

in the above fashion is an F -predisplay.

Proof. We verify the properties (P1),(P2) and (P3) in turn. The strategy is to look

at the individual direct summands:-

(P1) This is immediate from the definition of Verjüngung.

(P2) We are required to prove that ιi ◦ αi = mult. This is obvious for the jth-

summand with j > i, and also true for j = i by the definition of Verjüngung. For

j < i, we need to check that πν = mult. So choose x ∈ Lj and η ∈ J , η′ ∈ Ji−j .

Then the map ιi ◦ αi on the jth-summand is

J ⊗W Ji−jLj
ν−→ Ji−j+1Lj

π−→ Ji−jLj

η ⊗ η′ ⊗ x 7→ ν(η, η′)⊗ x 7→ π(ν(η, η′))⊗ x

but π(ν(η, η′)) = ηη′.
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(P3) We are required to show Fi+1 ◦ αi = F̃i for i ≥ 0. Consider the jth-

summand. Then we have three cases:-

The case j = i is the trivial statement Φ̃j = Φ̃j . If j > i then the map F̃i on the

jth-summand is pj−iΦ̃j−i, Fi+1 is pj−i−1Φj+1 and αi is mult. Let x ∈ Lj and η ∈ J .

Then we see that

Fi+1 ◦ αi(η ⊗ x) = Fi+1(ηx)

= pj−i−1Φj−i(ηx)

= pj−i−1σ(η)Φj−i(x)

= pj−iσ̇(η)Φj−i(x)

= pj−1Φ̃j−i(η ⊗ x)

= F̃i(η ⊗ x)

The final case is when j < i. In this case, the map F̃i on the jth-summand is ˜̃Φj ,

Fi+1 is Φ̃j and αi is ν. Let x ∈ Lj , η ∈ J and η′ ∈ Ji−j . Then we see that

Fi+1 ◦ αi(η ⊗ η′ ⊗ x) = Φ̃j(ν(η, η′)⊗ x)

= σ̇(ν(η, η′))Φj(x)

= σ̇(η)σ̇(η′)Φj(x)

= σ̇(η)Φ̃j(η
′ ⊗ x)

= ˜̃Φj(η ⊗ η′ ⊗ x)

= F̃i(η ⊗ η′ ⊗ x)

Definition. The F -predisplay constructed from the standard datum (Li,Φi) i =

0, . . . , d as above is called the d-F -display of the standard datum (Li,Φi). A d-F -

display is an F -predisplay which is isomorphic to the d-F -display of a standard

datum. Such an isomorphism is called a normal decomposition.
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A morphism of displays is simply a morphism of predisplays, and we denote

the full subcategory of F -displays by F -Disp. One can define the usual linear

algebra operations such as tensor product, duals, base change and so forth for

F -displays by appealing to the normal decomposition. These definitions turn out

to be independent of the choice (up to canonical isomorphism). In this way, one

may show that F -Disp is an exact tensor category. Note that it is not an abelian

category, since “quotients” of displays will fail to be displays in general.

Example. The unit WR-display U has underlying W (R)-modules P0 = W (R) and

Pi = IR for i ≥ 1. The maps are

ι0 : IR
inc.
↪→ W (R), α0 : IR ⊗W (R)

mult.−−−→ IR, F0 : W (R)
F−→ W (R)

and

ιi : IR
·p−→ IR, αi : IR ⊗ IR

ν−→ IR, Fi : IR
V−1
−−−→ W (R)

for i ≥ 1.

Example. Given any F -display D = (Pi, ιi, αi, Fi), we define the Tate twist D(1) =

(P ′i , ι
′
i, α
′
i, F
′
i ) as follows:

P ′0 = P0 and P ′i = Pi−1 for i ≥ 1 (so P ′1 = P ′0 = P0)

ι′0 = idP0
and ι′i = ιi−1 for i ≥ 1

α′0 = mult. and α′i = αi−1 for i ≥ 1

F ′0 = pF0 and F ′i = Fi−1 for i ≥ 1

Repeating this process n-times gives D(n).

Example. Let F = (W,J,R, σ, σ̇, ν, π) and F ′ = (W ′, J ′, R′, σ′, σ̇′, ν′, π′) be two

frames with Verjüngung, and suppose that u : F ′ → F is a frame homomor-

phism. Let D = (Pi, ιi, αi, Fi) be an F -predisplay. Then the pullback u•D =

(P ′i , ι
′
i, α
′
i, F
′
i ) of D along u is the F ′-predisplay where P ′i = Pi but considered as
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W ′-modules, ι′i = ιi, F ′i = Fi and α′i is the composite

J ′ ⊗W ′ P
′
i → J ⊗W P ′i

αi−→ P ′i+1

The functor u• : F -Disp→ F ′-Disp has a left adjoint

u• : F ′-Disp→ F -Disp

(see [LZ15], Prop. 6). If D ′ is an F ′-display, then the F -display u•D ′ is called the

base-change of D ′ along u. If (L′i,Φ
′
i) is a standard datum for D ′, then (W ⊗W ′

L′i, σ ⊗ Φi) is a standard datum for u•D ′.

Example. We give a less trivial example coming from geometry. This example

is a special case of the display structure on the crystalline cohomology of a nice

enough variety due to [LZ07] (see Section 3.2 for a discussion), but it seems

instructive to provide this example here before introducing the de Rham-Witt ma-

chinery.

Let A be an abelian scheme over a reduced local ring R such that pR = 0,

and let A′/W (R) be a lifting of A. Then H1
cris(A/W (R)) is a finitely generated

projective W (R)-module of rank 2 dimA. Define

P0 := H1
cris(A/W (R)) = H1

dR(A′/W (R))

and

P1 := ker
[
H1

cris(A/W (R))→ H1
cris(A/R) = H1

dR(A/R)→ H1(A,OA)
]

where the last arrow comes from the Hodge-de Rham spectral sequence for A.

We claim that (P0, P1) together with the semi-linear Frobenius F : H1
cris(A/W (R))→

H1
cris(A/W (R)) induced by the absolute Frobenius on A forms a 1-WR-display. In-
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deed, the Hodge decomposition for A′ gives W (R)-modules

P0
∼= H1(A′,OA′)⊕H

0(A′,Ω1
A′/W (R)

) =: L0 ⊕ L1

P1
∼= IRH

1(A′,OA′)⊕H
0(A′,Ω1

A′/W (R)
) =: IRL0 ⊕ L1

We must set Φ0 := F |L0
. We now consider Φ1:-

Let A(p) denote the base-change of A along the absolute Frobenius. Then, by

definition, F : H1
dR(A/R)→ H1

dR(A/R) is the composition

H1
dR(A/R) ↪→ H1

dR(A(p)/R)
F̄−→ H1

dR(A/R)

where F̄ is induced by the relative Frobenius FA/R : A → A(p). Consider the

commutative square

H1
dR(A(p)/R) H1(A(p),O

A(p))

H1
dR(A/R) H1(A,H0(Ω•A/R))

F̄ o

proj

where the right vertical arrow is the Cartier operator isomorphism. The bottom

vertical arrow comes from the conjugate spectral sequence

Ei,j2 = Hi(A,Hj(Ω•A/R))⇒ Hi+j
dR (A/R)

This degenerates at E2 by using the degeneration of the Hodge-de Rham spectral

sequence at E1 and the Cartier operator isomorphism. In particular, the bottom

vertical arrow of the square is an injection and we deduce that

ker F̄ = ker

(
H1

dR(A(p)/R)
proj
� H1(A(p),O

A(p))

)
= H0(A(p),Ω1

A(p)/R
)
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This gives that F (H0(A,Ω1
A/R)) = pH1

dR(A/R), and as a result

F (H0(A′,Ω1
A′/W (R)

)) = pH1
dR(A′/W (R))

Let x ∈ L1 = H0(A′,Ω1
A′/W (R)

), and suppose that F (x) = py ∈ H1
dR(A′/W (R)).

Then we define Φ1(x) := y.

We see that (L0, L1,Φ0,Φ1) is a standard datum for (H1
cris(A/W (R)), F ). The

display we obtain is what will later be called DR(A).

We remark that, a priori, this display-structure depends upon the lifting of A

that we chose. The de Rham-Witt complex construction outlined in Section 3.2

gives the independence immediately. We also remark that the display above

is actually the dual of the display of the p-divisible group associated to A, as

constructed in [Zin02]. This is the content of ([LZ04], Prop. 3.7).

2.3 The Hodge filtration of a display

Definition. Let D = (Pi, ιi, αi, Fi) be a F -display. The Hodge filtration of D is

the decreasing filtration of P0/JP0 by the (direct summand) R-modules

FiliD := im

(
Pi

ιiter
i−−→ P0 → P0/JP0

)

where ιiter
i := ιi−1 ◦ · · · ◦ ι0.

Example. If D = DR(A) is the 1-WR-display on H1
cris(A/W (R)) of an abelian

scheme A/R as in the example above, we see that the Hodge filtration of DR(A)

is identified with the Hodge filtration of A:-

Fil•DR(A) = Fil•H1
dR(A/R).

In Section 3.2 we will see that this is true more generally.

Now restrict attention to the relative Witt frames WS/R, although we could also
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write down the same definitions for the small relative Witt frames ŴS/R.

Definition. Let D = (Pi, ιi, αi, Fi) be a WS/R-display. Then a filtration by direct

summands E• ⊆ P0/ISP0 lifting Fil•D is called admissible if

Ei ⊆ im

(
Pi

ιiter
i−−→ P0 → P0/ISP0

)

for each i ≥ 0.

Proposition 2.3.1. Let u : WS → WS/R. Then there is an equivalence of cate-

gories

WS-displays WS/R-displays together with an
admissible lifting of the Hodge filtration

D (u•D ,Fil•D)

∼

Given a WS/R-display D and an admissible lifting E• of Fil•D , we shall write

DE• for the WS-display obtained from the above equivalence. By construction we

have Fil•DE• = E•.

Proof. This is ([LZ15], Corollary 11).
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3 Displays and cohomology

3.1 Crystalline cohomology over W (R)

For p a prime, let R be a noetherian Z(p)-algebra in which p is nilpotent. For each

n ∈ N let Wn(R) be the ring of truncated Witt vectors of length n, so in particular

R = W1(R) and W (R) ∼= lim←−nWn(R).

For any Z(p)-algebra S, the ideal pS ⊂ S has a PD-structure γ given on x =

py ∈ pS by

γm(x) :=
pm

m!
ym ∀m ∈ N

(this makes sense because pm−1

m! ∈ Z(p), and is independent of the choice of y).

In particular, we have a PD-structure on pWn(R) ⊂ Wn(R) and this is compatible

with the PD-structure γ on IR := Wn−1(R)V ⊂ Wn(R) by

γm( ξV ) :=
pm−1

m!
(ξm)V ∀m ∈ N, ξ ∈ Wn−1(R)

Let Spec Wn(R) be the PD-scheme with respect to the PD-ideal IR. For a quasi-

compactR-schemeX we write Cris(X/Wn(R)) for the crystalline site ofX relative

to Spec Wn(R). The objects are PD-thickenings (U ↪→ T, δ) of Zariski open sub-

sets U ⊂ X, that is U ↪→ T is a closed Wn(R)-immersion defined by an ideal

sheaf J whose PD-structure δ is compatible with γ, and such that p is nilpotent

on T . The morphisms (U ↪→ T, δ)→ (U ′ ↪→ T ′, δ′) are commutative diagrams

U ′ T ′

U T

where U → U ′ is a Zariski inclusion and T → T ′ is a PD-morphism. The

coverings are the sets of morphisms {(Ui ↪→ Ti, δi) → (U ↪→ T, δ)} where the

Ti → T are open immersions and T = ∪Ti.
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Let (X/Wn(R))cris be the associated topos. Then for each n ≥ m we have a

canonical morphism of topoi

ιm,n : (X/Wm(R))cris → (X/Wn(R))cris

Given a sheaf En on Cris(X/Wn(R)), let RΓcris(X/Wn(R), En) denote the ob-

ject in the derived category of Wn(R)-modules computing the cohomology of

(X/Wn(R))cris with coefficients in En.

Now suppose thatX/R is proper and smooth, and let {En}n∈N be a compatible

system of locally free crystals on {Cris(X/Wn(R))}n∈N, in the sense that for all

n ≥ m we have

ι∗m,nEn ' Em

Proposition 3.1.1. There is a perfect object RΓcris(X/W (R), E) in the derived

category of W (R)-modules such that

RΓcris(X/W (R), E)⊗L
W (R) Wn(R) ' RΓcris(X/Wn(R), En)

for each n ∈ N.

Proof. By ([Stacks], §15.65), it suffices to prove that for all n ∈ N we have

RΓcris(X/Wn+1(R), En+1)⊗L
Wn+1(R) Wn(R) ' RΓcris(X/Wn(R), En)

and that RΓcris(X/R, E1) is perfect. The first fact is the base-change theorem

for crystalline cohomology ([BO78], 7.8), and the second fact follows from the

comparison with de Rham cohomology:

RΓcris(X/R, E1) ' RΓZar(X, E1,X ⊗OX Ω•X/R)

This is ([BO78],7.1) in the special case that X is smooth. The right hand side

is perfect since we assumed R to be noetherian and the sheaves of differentials
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Ωn
X/R are locally free of finite type. Then

RΓcris(X/W (R), E) := R lim←−
n

RΓcris(X/Wn(R), En)

is the object we seek.

Definition. We define the crystalline cohomology of X over W (R) with coeffi-

cients in E to be

Hm
cris(X/W (R), E) := RmΓcris(X/W (R), E)

If E = {OX/Wn(R)}n∈N = OX/W (R), then the crystalline cohomology of X over

W (R) is

Hm
cris(X/W (R)) := Hm

cris(X/W (R),OX/W (R))

Let S be a Z(p)-scheme and X an S-scheme. In [LZ04], the relative de Rham-

Witt complex WΩ•X/S = {WnΩ•X/S}n∈N is constructed as the initial object in the

category of F -V -procomplexes. In the case that S = Spec k is the spectrum of

a perfect field of characteristic p the relative de Rham-Witt complex recovers the

de Rham-Witt complex of Bloch-Illusie. In our situation, the hypercohomology of

WΩ•X/R computes the crystalline cohomology of proper smooth schemes X/R:-

Theorem 3.1.2. Let R be a noetherian Z(p)-algebra in which p is nilpotent, and let

X/Spec R be a proper smooth scheme. Then there is a canonical isomorphism

Hm
cris(X/W (R)) ∼= Hm(X,WΩ•X/R)

Proof. This is ([LZ04], Theorem 3.5).

3.2 Display-structure on crystalline cohomology

For smooth projective schemes whose cohomology behaves well with respect

to base-change, [LZ07] showed that the Nygaard complexes endow crystalline
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cohomology, which a priori are F -crystals, with the richer structure of a display.

We will briefly recall the construction.

Let X/Spec R be a smooth projective scheme. Let N iWnΩ•X/R denote the

complex of Wn(R)-modules

Wn−1OX
d−→ · · · d−→ Wn−1Ωi−1

X/R

dV−−→ WnΩi
X/R

d−→ WnΩi
X/R

d−→ · · ·

where we consider Wn−1Ωj
X/R

as a Wn(R)-module via restriction of scalars along

F : Wn(R) → Wn−1(R). Then N 0WnΩ•X/R = WnΩ•X/R. Write IR,n := Wn−1(R)V .

Then there are morphisms of complexes

ι̂i : N i+1WnΩ•X/R → N
iWnΩ•X/R

F̂i : N iWnΩ•X/R → Wn−1Ω•X/R

α̂i : IR,n ⊗Wn(R) N iWnΩ•X/R → N
i+1WnΩ•X/R

given by

Wn−1OX
d−→ · · · d−→ Wn−1Ωi−1

X/R

d−→ Wn−1Ωi
X/R

dV−−→ WnΩi+1
X/R

d−→ WnΩi+2
X/R

d−→ · · ·

Wn−1OX
d−→ · · · d−→ Wn−1Ωi−1

X/R

dV−−→ WnΩi
X/R

d−→ WnΩi+1
X/R

d−→ WnΩi+2
X/R

d−→ · · ·

p p V id id

Wn−1OX
d−→ · · · d−→ Wn−1Ωi−1

X/R

dV−−→ WnΩi
X/R

d−→ WnΩi+1
X/R

d−→ WnΩi+2
X/R

d−→ · · ·

Wn−1OX
d−→ · · · d−→ Wn−1Ωi−1

X/R

d−→ Wn−1Ωi
X/R

d−→ Wn−1Ωi+1
X/R

d−→ Wn−1Ωi+2
X/R

d−→ · · ·

id id F pF p2F
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IR ⊗WOX→ · · · → IR ⊗WΩi−1
X/R
→ IR ⊗WΩi

X/R → IR ⊗WΩi+1
X/R
→ IR ⊗WΩi+2

X/R
→ · · ·

WOX
d−→ · · · d−→ WΩi−1

X/R

d−→ WΩi
X/R

dV−−→ WΩi+1
X/R

d−→ WΩi+2
X/R

d−→ · · ·

F̃ mult. mult.

respectively. We omitted the subscript in the final diagram for space, and in

that diagram the first unlabelled arrows are given by

IR,n ⊗Wn−1Ωj
X/R
→ Wn−1Ωj

X/R

ξV ⊗ ω 7→ ξω

Definition. The i-th Nygaard complex of X/R is

N iWΩ•X/R := lim←−
n

N iWnΩ•X/R

Now suppose that R is a ring in which p is nilpotent. Then the hypercohomol-

ogy of the relative de Rham-Witt complex computes crystalline cohomology:-

Hn(X,WΩ•X/R) ∼= Hn
cris(X/W (R))

Write ιi, αi, Fi for the maps on hypercohomology induced by the morphisms ι̂i, α̂i, F̂i.

Then the data (Hn(X,N iWΩ•X/R), ιi, αi, Fi) is a predisplay structure on P0 =

Hn
cris(X/W (R)) and we seek a natural condition on X to ensure that this is a

display structure.

Let A be a torsion-free p-adic PD-thickening of R and A = (A, J,R, σ, σ̇) a

frame for R. Write An := A/pnA. Suppose that X/R admits a compatible system

of smooth and projective liftings (Xn/An)n∈N and suppose moreover that for each

n ≥ 0, Xn satisfies the following condition:-
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(LZ1) Hq(Xn,Ω
p
Xn/An

) is a locally free finitely generated An-module

for all p, q.

(LZ2) The Hodge-de Rham spectral sequence

Ep,q1 = Hq(Xn,Ω
p
Xn/An

)⇒ Hp+q
dR (Xn/An)

degenerates at E1.

Theorem 3.2.1. Let R be a noetherian ring and p be nilpotent in R. Then:-

(i) Let X/R be a smooth projective scheme with a with a compatible system

of liftings (Xn/Wn(R))n∈N satisfying the analogue of (LZ1) and (LZ2). Then for

m < p the data (Pi = Hm(X,N iWΩ•X/R), ιi, αi, Fi) is a display-structure DR(X)

on Hm
cris(X/W (R)). If R is a reduced ring, then we have isomorphisms

Pi = Hm(X,N iWΩ•X/R) ∼= Hm
cris(X,J [i]

X/W (R)
)

where J [i]
X/W (R)

is the i-th divided power of the usual crystalline ideal sheaf JX/W (R) :=

ker(OX/W (R) → OX).

(ii) LetX/R be a smooth projective scheme with a smooth formal liftingX/Spf A.

For each n ∈ N write Xn := X ×Spf A Spec An and suppose that the system

(Xn/An)n∈N satisfies (LZ1) and (LZ2) as above. Then, for m < p, there is an

A -m-window structure (see [LZ07] §5 for the definition) on Hm
cris(X/A), with un-

derlying A-modules

Pi := Hm
cris(X,J [i]

X/A
)

and divided Frobenius maps Fi := 1
pi
F , where F is the composite

Hm
cris(X/A,J [i]

X/A
)→ Hm

cris(X/A)
F−→ Hm

cris(X/A)

The base-change of the the A -m-window on Hm
cris(X/A) along the frame homo-
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morphism A → WR is the WR-m-display DR(X) of part (i).

Proof. In this generality, this is ([GL16], 1.1), although it was shown first for re-

duced rings R in ([LZ07], §5).

Remark . Let X/R be as above and n < p, and consider the display DR(X)

on Hn
cris(X/W (R)) as in Theorem 3.2.1. Then the filtered comparison theorem

([LZ07], Theorem 4.6) shows that the Hodge filtration of DR(X) is identified with

the Hodge filtration of X:-

Fil•DR(X) = Fil•Hn
dR(X/R).

3.3 Example: Enriques surfaces

We give some examples of schemes which satisfy the conditions (LZ1) and (LZ2).

Recall that abelian schemes, K3 surfaces and complete intersections satisfy (LZ1)

and (LZ2), by ([BBM82], Prop. 2.5.2), [Del81] and ([Del73], Theorem 1.5) re-

spectively. In [LZ15] it shown the schemes of K3-type are also endowed with

display-structures.

Let p ≥ 3 be a prime, and let R be a ring such that p is nilpotent in R. Recall

that an Enriques surface f : X → Spec R is smooth and proper morphism of

relative dimension 2 satisfying the following two conditions:-

(i) KX 6= OX but K2
X = OX

(ii) for each point s→ Spec R, the irregularity of the fibre Xs is zero.

Let

π : Y := Spec
X

(OX ⊕KX)→ X

be the canonical étale double cover corresponding to the non-trivial 2-torsion line

bundle KX . Since c2(Y ) = 2c2(X) = 24 and KY = π∗KX = OY , Y is a K3-

surface; it is called the K3-cover of X. The presence of the K3-cover is a useful
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tool in the study of X. Indeed, we recall below how the presence of Y allows us

to easily deduce the existence of a formal lifting of X over Spf W (R):-

By deformation theory, the obstruction to lifting X formally over Spf W (R)

is an element of H2(X, TX/R); we will show that this group vanishes. Since

H3(Xs, TXs/k(s)) = 0 for all closed points s ∈ Spec R, we have

R2f∗TX/R ⊗R k(s)
∼−→ H2(Xs, TXs/k(s)) ∀s ∈ Spec R

by ([Mum70], §5. Cor. 3), i.e. H2(X, TX/R) commutes with base-change. We

may therefore reduce to the case that R = k is an algebraically closed field of

characteristic p. But in this case H2(X, TX/k) = 0 by ([Lan83], Theorem 1.1).

Indeed, by Serre duality

dimkH
2(X, TX/k) = dimkH

0(X,Ω1
X/k ⊗KX).

Suppose for a contradiction that this is non-zero. Then

dimkH
0(Y,Ω1

Y/k ⊗KY ) 6= 0.

Now Y is a K3-surface, so KY
∼= OY , and therefore h1,0(Y ) 6= 0. But this is

impossible since a K3-surface has no global 1-forms (the Rudakov-Shafarevich

theorem, see [RS76]). We conclude that there exists a formal lifting X of X over

Spf W (R).

For each n ∈ N letXn := X×Spf W (R)Spec Wn(R). Then we have a compatible

system of liftings (Xn/Wn(R))n∈N of X = X1/R. From the Hodge diamond
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1

0 0

0 10 0

0 0

1

of an Enriques surface over an algebraically closed field of characteristic p ≥

3, one sees that the Hodge cohomology groups commute with arbitrary base-

change and are locally free ([Mum70], §5). Then the Hodge-de Rham spectral

sequences

Ei,j1 = Hj(Xn,Ω
j
Xn/Wn(R)

)⇒ Hi+j
dR (Xn/Wn(R))

degenerate at E1, since the all differentials di,jr : Ei,jr → Ei+r,j−r+1
r are forced to

be zero for every r ≥ 1. In particular, we conclude that X satisfies the conditons

(LZ1) and (LZ2) and has m-WR-display structure DR(X) on Hm
cris(X/W (R)) as in

Theorem 3.2.1, for all m < p.

Remarks.

- The obstruction to lifting line bundles fromX toX is an element ofH2(X,OX),

and we saw that this group is zero. In particular, one may always lift an ample

line bundle to X , so the formal lifting X → Spf W (R) algebraises to a lifting

X ′ → Spec W (R) of X by Grothendieck’s algebraisation theorem ([Gro61], Thm.

5.4.5.-).

- Note that we must assume p ≥ 3 since in characteristic 2 the crystalline

cohomology of an Enriques surface is not torsion-free in general.

3.4 Display-structure on primitive cohomology

Let p be a prime and consider a ring R in which p is nilpotent. We prove the

analogue of Theorem 3.2.1 for primitive crystalline cohomology:-

Theorem 3.4.1. Let X be a smooth and projective R-scheme and let L be an

ample line bundle on X. Suppose that A = (A→ R) is a frame for R and assume
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that X lifts to a smooth and projective p-adic formal scheme X → Spf A satisfying

the following two conditions:-

(i) For each i, j, n, Hj(Xn,Ω
i
Xn/An

) is a locally free An-module of finite type.

(ii) For each n, the Hodge-de Rham spectral sequence

Ei,j1 = Hj(Xn,Ω
i
Xn/An

)⇒ Hi+j
dR (Xn/An)

degenerates at E1.

(Here Xn := X ×Spf A Spec An). Let F : Hm
cris(X/A) → Hm

cris(X/A) denote

the Frobenius endomorphism induced by the absolute Frobenius on X ×Spec R

Spec R/pR. Then for each m < p, the data

Qi := Hm
cris(X/A,J [i]

X/A
) ∩ Pmcris(X/A)

F̄i :=
1

pi
F |Qi

form an A -m-window structure on the primitive cohomology Pmcris(X/A) := 〈ccris
1 (L )〉⊥.

Proof. By Theorem 3.2.1(b), there is an A -window structure given by

(Pi := Hm
cris(X/A,J [i]

X/A
), Fi :=

1

pi
F |Pi)

Since Qi ⊆ Pi, we simply have F̄i = Fi|Qi. We must first check that the σ-linear

homomorphisms F̄i, which a priori have image in P0 = Hm
cris(X/A), actually have

image in Q0 = Pmcris(X/A). Since A is p-torsion free, it suffices to check that

im(F̄0 = F |Q0
) ⊆ Q0, in other words that 〈F (x), ccris

1 (L )〉 = 0 for x ∈ Q0. But, for

x ∈ Q0, 〈x, ccris
1 (L )〉 = 0, and we see that

〈F (x), F (ccris
1 (L ))〉 = pmσ(〈x, ccris

1 (L )〉) = 0
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But the left-hand side is

0 = 〈F (x), F (ccris
1 (L ))〉 = 〈F (x), ccris

1 (L p)〉

= 〈F (x), pccris
1 (L )〉

= p〈F (x), ccris
1 (L )〉

Therefore the homomorphisms F̄i : Qi → Q0 are well-defined.

In light of the proof of Theorem 3.2.1(a) ([LZ07], 5.5), the only non-trivial crite-

rion left to prove is that
⋃
i F̄i(Qi) generates Q0 as an A-module. Let

Li := Pm−i(X,Ωi
X/A) := Hm−i(X,Ωi

X/A) ∩ PmdR(X/A)

and

Φi :=
1

pi
F |Li

Then it is the same to show that
⊕m

i=0 Φi : L0 ⊕ · · · ⊕ Ln → Q0 is a σ-linear

isomorphism, or equivalently that det(
⊕m

i=0 Φi) ∈ A× is a unit. But each Φi is the

just restriction of Φ′i := 1
pi
F |L′i

to Li, where L′i = Hm−i(X,Ωi
X/A), and we have

that det(
⊕m

i=0 Φ′i) ∈ A× because (Pi, Fi) is an A -window.

Corollary 3.4.2. Suppose that X/R satisfies the conditions of Theorem 3.4.1.

Then for m < p, base-change along the frame homomorphism A → WR induced

by the composition

A→ W (A)→ W (R)

gives Pmcris(X/W (R)) the structure of an m-WR-display. This is independent of the

choice of frame A for R and the choice of formal lifting X → Spf A if pR = 0.

Proof. This is the primitive analogue of ([LZ07], Corollary 5.6), and their proof

carries over verbatim. I repeat it here for the convenience of the reader.

First, the non-dependence on the formal lifting X is clear since crystalline

cohomology only depends on X and on A.
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It is also clear that if B → A is a frame homomorphism, then the induced

display-structure on Pmcris(X/W (R)) does not depend on whether we base change

from the A -window structure on Pmcris(X/A) or the B-window structure on Pmcris(X/B);

indeed, if X → Spf B is a formal lifting of X over B, then X×Spf BSpf A is a formal

lifting of X over A, and the associated A -window is obtained from the B-window

by base-change along B → A .

In general, suppose that pR = 0 and let A = (A,R, σ) , B = (B,R, σ′) be

two frames for R. Suppose also that X → Spf A and Z → Spf B are two formal

liftings of X. Then A ×B = (A×R B,R, σ × σ′) is a frame for R, because σ and

σ′ both agree when reduced to R, and X ×R Z is a formal lifting of X to A×R B.

We can then conclude by the first two parts of the proof.
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4 Crystals of relative displays

Let k be a perfect field of characteristic p > 0, and R ∈ ArtW,k, where we write

ArtW,k for the category of local artinian W -algebras with residue field k. Instruc-

tive examples of objects in ArtW,k are Wn(k) and k[t]/(tn). Let X0 be a smooth

projective variety with smooth versal deformation space S and versal family X/S.

Then S ∼= Spf A, where A = W (k)Jt1, . . . , thK and h = dimkH
1(X0, TX0/k

). Sup-

pose that for f : X → Spec R a deformation of X0/k, the following two conditions

analogous to (LZ1) and (LZ2) of Section 3.2 hold:-

• Rqf∗Ωp
X/R

is a free R-module and commutes with base-change R→ R′

in ArtW,k, for all p, q.

• The spectral sequence

Ep,q1 = Rqf∗Ω
p
X/R
⇒ Rp+qf∗Ω•X/R

degenerates at E1.

Consider the Frobenius σ : A → A given by σ = F on W (k) and by Ti 7→ T pi .

Set Cm := A/(Tm1 , · · · , Tmh ) and Rm := Cm/p
mCm, and write σ : Cm → Cm for the

endomorphism induced by σ. Then (Cm, p
mCm, Rm, σ, σ/p) is a frame for Rm. So,

by Theorem 3.2.1 we have a n-WRm-display DRm(XRm) on Hn
cris(XRm/W (Rm)),

for n < p. For m large enough, there is a homomorphism Rm → R, and hence

a frame homomorphism WRm → WR. Base-changing along this frame homomor-

phism gives the n-WR-display structure DR(X) on Hn
cris(X/W (R)) on the defor-

mation X/R of X0/k corresponding to Spec R→ S.

Proposition 4.0.1. Suppose thatX ′/S is a deformation ofX/R over a PD-thickening

S � R. Write

u :WS →WS/R

for the frame homomorphism. Then u•DS(X ′) depends only on X and S.
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Proof. Let X ′′/S be another deformation of X/R. For the purposes of the proof,

write DS/R(X;X ′) and DS/R(X;X ′′) for the WS/R-displays onHn
cris(X/W (S)) given

by:-

DS/R(X;X ′) := u•DS(X ′)

DS/R(X;X ′′) := u•DS(X ′′)

Then we are required to show that DS/R(X;X ′) = DS/R(X;X ′′).

By the versality of S, the deformations X ′ and X ′′ are induced by two W (k)-

algebra homomorphisms

A⇒ S (1)

Let Atriv = (A, 0, A, σ, σ/p) be the trivial frame for A. Then Theorem 3.2.1 gives

an Atriv-display structure D triv
A (X) on the versal family. Then DS/R(X;X ′) and

DS/R(X;X ′′) are the base-change of D triv
A (X) along the two frame homomor-

phisms

Atriv
x
⇒
y
WS/R

induced by (1), that is

DS/R(X;X ′) = x•D
triv
A (X)

DS/R(X;X ′′) = y•D
triv
A (X)

Now consider the following diagram

0 J B := A⊗̂WA A 0

S R

mult.

Write DB(J) for the PD-envelope of (B, J). Similarly, set A0 := W [T1, . . . , Th],

B0 := A0 ⊗W A0, J0 := ker(B0
mult.−−−→ A0) and write DB0

(J0) for the PD-envelope
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of (B0, J0). We compute DB(J):-

Assume first that h = 1. Then

B0 = A0 ⊗W A0
∼−→ W [s, t]

s⊗ 1 ←[ s

1⊗ t ←[ t

so J0 is the ideal generated by τ = t ⊗ 1 − 1 ⊗ t. Therefore DB0
(J0) ∼= B0〈τ〉;

the PD-polynomial algebra on B0 in one generator. Since A = W JtK is flat over

A0 = W [t], ([BO78], 3.21) gives us that

DB(J) ∼= DB0
(J0)⊗B0

B

∼= B0〈τ〉 ⊗B0
B

∼= B〈τ〉

In general, we conclude that DB(J) is isomorphic to the PD-polynomial algebra

on B in h variables (see, for example, ([Stacks], 47.2.5)). In particular, DB(J) is a

flat DB0
(J0)-module, so is certainly p-torsion free. We get a diagram

DB(J) A

S R

Let D̂B(J) := lim←−DB(J)/pn denote the p-adic completion of DB(J). Then we

have get a frame A =
(
D̂B(J)→ A

)
. By the universal property of PD-envelopes,

(1) factors as

A⇒ D̂B(J)→ S

and we get induced factorisations of the frame morphisms

39



Atriv A WS/R Atriv A WS/R

x y

x̄ z̄ ȳ z̄

Now, Theorem 3.2.1 also associates an A-display DA(X) to X. By compati-

bility with base-change, we have that DA(X) is the base-change of D triv
A (X) with

respect to both x̄ and ȳ, and hence x•D triv
A (X) = y•D triv

A (X).

Definition. We define DS/R(X) := u•DS(X ′), where X ′/S is any deformation of

X/R.

In ([GL16], Thm. 1.2), it is shown that, much like DR(X), the relative dis-

play DS/R(X) also has an explicit description in terms of a relative version of the

Nygaard complexes. Indeed, let N i
rel/RWΩ•

X′/S be defined as follows

WOX′ ⊕ ãiWOX′
d⊕d−−→WΩ1

X′/S ⊕ ãi−1WΩ1
X′/S

d⊕d−−→ · · ·

· · · d⊕d−−→ WΩi−1
X′/S ⊕ ãWΩi−1

X′/S
dV+d−−−→ WΩi

X′/S
d−→ · · ·

where ã := log−1(a) is the logarithmic Teichmüller ideal of a := ker(S � R).

Then it is shown that, under the analogous conditions (LZ1) and (LZ2) for X ′, the

underlying W (S)-modules of DS/R(X) are

P̃i = Hn(X ′,N i
rel/RWΩ•

X′/S)

The maps Fi, ιi, αi are induced by the obvious morphisms of complexes

α̂i : J ⊗N i
rel/RWΩ•

X′/S → N
i+1
rel/R

WΩ•
X′/S

ι̂i : N i+1
rel/R

WΩ•
X′/S → N

i
rel/RWΩ•

X′/S

F̂i : N i
rel/RWΩ•

X′/S → WΩ•
X′/S

where multiplication by p on WΩj

X′/S is replaced by the map

π : WΩj

X′/S ⊕ ãi−jWΩj

X′/S → WΩj

X′/S ⊕ ãi−j−1WΩj

X′/S
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which is multiplication by p on WΩj

X′/S and the inclusion on the other summand.

The divided Frobenius F̂r is defined on the subcomplex N iWΩ•
X′/S as before and

on ãi−jWΩj

X′/S it is defined to be the zero map.

Remark . It is easy to see from this explicit description in terms of hypercohomol-

ogy of relative Nygaard complexes and the filtered comparison theorem ([LZ07],

Theorem. 4.6), that the Hodge filtration of the relative display DS/R(X) coincides

with the Hodge filtration of X:-

Fil•DS/R(X) = Fil•Hn
dR(X/R).

Remark . Let Dprim
S (X ′) denote the WS-display on the primitive cohomology Pncris(X ′/W (S))

given by Theorem 3.4.2. Then the proof of Proposition 4.0.1 also gives a crys-

tal of relative displays S 7→ Dprim
S/R

(X), where Dprim
S/R

(X) := u•D
prim
S (X ′), for any

deformation X ′/S of X/R.

Remark . The proof of Proposition 4.0.1 remains unchanged if we instead work

with displays over the small Witt frame ŴS/R. In particular, one has crystals of

relative displays S 7→ D̂S/R(X). The crystal of ŴS/R-displays on H2
cris(X/Ŵ (S))

of a K3-type scheme X/R is the main tool used in [LZ15].

4.1 Griffiths transversality for DS/R(X)

Proposition 4.0.1 says that the functor (S � R) 7→ DS/R(X) is a crystal of relative

displays on Cris(X/W (k)), refining the crystal Rnfcris∗OX/W (k). In particular, one

has an isomorphism

ψ : pr•2DS/R(X) ∼= D∆/R(X) ∼= pr•1DS/R(X)

where ∆ denotes the p-adic completion of the PD-envelope of S⊗W (k)S
mult−−→ S �

R, and pr1,pr2 :W∆/R ⇒WS/R are the frame homomorphisms corresponding to

the two projections of PD-thickenings:
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∆ R

S R

Write P̃i for the W (S)-modules underlying the n-WS/R-display DS/R(X), i.e.

P̃i = Hn(X ′,N i
rel/RWΩ•

X′/S)

The isomorphism ψ induces a connection

∇ : P̃0 → P̃0 ⊗W (S) Ω1
W (S)/W (k)

which is defined by the composition

P̃0
ψpr∗2−pr∗1−−−−−−→ P̃0⊗W (S),pr1ker(µ)→ P̃0⊗W (S)ker(µ)/ ker(µ)2 ∼−→ P̃0⊗W (S)Ω

1
W (S)/W (k)

where the maps pri : W (∆) ⇒ W (S) and µ : W (∆) → W (S) are those induced

by the projections ∆ ⇒ S and S ⊗W (k) S
mult−−→ S � R, respectively.

Proposition 4.1.1. The connection ∇ on P̃0
∼= Hn

cris(X ′/W (S)) reduces to the

Gauss-Manin connection on P̃0/ISP̃0
∼= Hn

dR(X ′/S).

Proof. It is a foundational theorem of Berthelot that the Gauss-Manin connection

on Hn
dR(X ′/S) is the connection corresponding to the crystal S 7→ Hn

cris(X/S),

(see [Ber74], IV.3.6). More precisely, it is given as above by the isomorphism

pr∗2H
n
dR(X ′/S) ∼= pr∗1H

n
dR(X ′/S)

But this is the reduction of the isomorphism defining ∇ on P̃0 via the reduction

map

P̃0 = Hn
cris(X ′/W (S))→ Hn

cris(X ′/S) = Hn
dR(X ′/S)
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Corollary 4.1.2. The connection ∇ : P̃0 → P̃0 ⊗W (S) Ω1
W (S)/W (k) on the relative

WS/R-display DS/R(X) satisfies a form of Griffiths transversality: for all i we have

∇(ιi−1(P̃i)) ⊆ P̃i−1 ⊗W (S) Ω1
W (S)/W (k)

Proof. Recall that the underlying W (S)-modules P̃i of DS/R(X) have a normal

decomposition

P̃i = JiL0 ⊕ Ji−1L1 ⊕ · · · ⊕ JLi−1 ⊕ Li ⊕ · · · ⊕ Ln

where the Li are W (S)-modules lifting the Hodge decomposition

Hn
dR(X ′/S) =

n⊕
i=0

L̄i, L̄i = Hn−i(X ′,Ωi
X′/S)

By Proposition 4.1.1, reducing modulo IS and using Griffiths transversality of the

Gauss-Manin connection on Hn
dR(X ′/S), we see that

∇(ιi−1(P̃i)) ⊆

 i−2⊕
j=0

ISLi ⊕
n⊕

j=i−1

Li

⊗W (S) Ω1
W (S)/W (k)

⊆ P̃i−1 ⊗W (S) Ω1
W (S)/W (k)
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5 Deformation theory of Calabi-Yau threefolds

In this chapter, k is a perfect field of characteristic p > 0 and W = W (k). X0/k will

be a Calabi-Yau threefold, i.e. a smooth projective k-variety with trivial canonical

bundle and H1(X0,OX0
) = H2(X0,OX0

) = 0.

There are two immediate conseqeunces of the definition. First, triviality of the

canonical bundle gives the following identification of the tangent sheaf

Ω2
X0/k

∼= Ω3
X0/k

∧ Ω−1
X0/k

∼= OX0
∧ Ω−1

X0/k
∼= TX0/k

Second, Serre duality along with triviality of the canonical bundle shows that the

Hodge diamond of X0 is as follows:-

1

h1,0 0

h2,0 h1,1 0

1 h1,2 h1,2 1

0 h1,1 h2,0

0 h1,0

1

where hi,j := dimkH
j(X0,Ω

j
X0/k

).

One should note that Hodge symmetry (i.e. hi,j = hj,i) fails in positive char-

acteristic, in general. It is clear that the Calabi-Yau threefold X0 satisfies Hodge

symmetry if and only if H0(X0,Ω
1
X0/k

) = 0 and H0(X0, TX0/k
) = 0.

In order to utilise Proposition 4.0.1 to talk about a crystal of relative displays,

we require X0 to have a smooth versal deformation space. In the first section will

see that this is generically the case.
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5.1 Smoothness of the deformation space S

We now consider the universal (formal) deformation X → S over W . In other

words, any deformation X of X0/k over R ∈ ArtW,k is given by pulling back

X → S along a uniquely determined Spec A → S. Our method will require that

the deformation space be formally smooth, i.e. S ' Spf A, where A is the adic

ring

A ' W Jt1, . . . , thK, h := dimkH
1(X0, TX0/k

) = h2,1

with ideal of definition (p, t1, . . . , th).

The Bogomolov-Tian-Todorov theorem guarantees that this is indeed the case

in characteristic zero, but smoothness does not always hold in characteristic p.

However, Ekedahl-Shepherd-Barron’s “PD tangent lifting” technique gives a result

in this direction; we write down a special case:-

Theorem 5.1.1. ([ESB05], 4.2)

Suppose that X0/k satisfies the following condition:-

b3(X0) = dimkH
3
dR(X0/k) =

∑
i+j=3

hij (†)

Then the universal deformation space is smooth.

Notice that condition (†) certainly holds if the Hodge-to-de Rham spectral se-

quence degenerates, and therefore will hold if X0 lifts to W2(k) and p ≥ 5, by

Deligne-Illusie [DI87].

Remark . There are now many examples of Calabi-Yau threefolds which do not

lift to W , or indeed to any mixed characteristic DVR with residue field k. What

is more, Ekedahl [Eke04] has shown that one such example, “Hirokado’s variety”

[Hir99], does not even lift to W2(k).

In light of the remark, it is natural to wonder whether condition (†) is particularly

common. We will reproduce the argument of [Jos07] (attributed to unpublished
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work of V. B. Mehta) giving examples of Calabi-Yau threefolds satisfying condi-

tion (†), but first we will review the related notions of ordinariness and height of

varieties:-

Suppose that k is now algebraically closed, and set

ZnX0/k
:= ker(Ωn

X0/k
d−→ Ωn+1

X0/k
)

Bn
X0/k

:= im(Ωn−1
X0/k

d−→ Ωn
X0/k

)

Definition. A projective variety X0/k is called ordinary if Hi(X0, B
j
X0/k

) = 0 for

all i ≥ 0 and j ≥ 1.

We will show that ordinary Calabi-Yau threefolds satisfy condition (†) (one

should note that ([Ill90], Proposition 1.2) says that ordinarity is an open condi-

tion). First, it will be useful to recall the height invariant of characteristic p projec-

tive varieties:-

Extending the notion of formal Picard group of a variety, Artin-Mazur [AM77]

defined functors between the categories of artinian local k-algebras and abelian

groups:-

Φm
X0

(S) := ker
[
Hm

ét (X0 ⊗k S,Gm)→ Hm
ét (X0,Gm)

]
In the special case that X0/k is a Calabi-Yau threefold, their results show that Φ3

X0

is pro-representable by a connected 1-dimensional formal group, also denoted by

Φ3
X0

.

Definition. The height ht(X0) of a Calabi-Yau threefold X0/k is defined to be the

height of its associated Artin-Mazur formal group Φ3
X0

.

We now give an equivalent and less cumbersome definition of height for a

Calabi-Yau threefold in terms of Serre’s Witt vector cohomology Hi(X0,WΩj
X0/k

).

The argument is only a superficial alteration of the K3-surface case found in

[KvdG00]. First, a lemma:-
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Lemma 5.1.2. Let X0/k be a Calabi-Yau threefold. Then

H3(X0,WOX0
)

V H3(X0,WOX0
)
∼= k

Proof. We first use induction on n to show that H4(X0,WnOX0
) = 0 for all n ≥ 1.

Indeed, H4(X0,W1OX0
) = H4(X0,OX0

) = 0 for a Calabi-Yau threefold, and the

short exact sequence

0→ OX0
→ WnOX0

→ Wn−1OX0
→ 0

yields

H4(X0,OX0
)→ H4(X0,WnOX0

)→ H4(X0,Wn−1OX0
)

and hence H4(X0,WnOX0
) = 0 for all n ≥ 1.

Using this and that H2(X0,OX0
) = 0, taking cohomology of the short exact

sequence

0→ Wn−1OX0

V−→WnOX0
→ OX0

→ 0

gives

0→ H3(X0,Wn−1OX0
)
V−→ H3(X0,WnOX0

)→ H3(X0,OX0
)→ 0

Everything in sight satisfies the Mittag-Leffler condition, so taking limits gives

0→ H3(X0,WOX0
)
V−→ H3(X0,WOX0

)→ H3(X0,OX0
)→ 0

and we conclude the result, since H3(X0,OX0
) ∼= k.

Proposition 5.1.3. A Calabi-Yau threefold X0/k has ht(X0) ≥ n+ 1 if and only if

F : H3(X0,WnOX0
)→ H3(X0,WnOX0

) is the zero map.

Proof. First suppose that F : H3(X0,WnOX0
) → H3(X0,WnOX0

) is the zero

map. If ht(X0) = ht(Φ3
X0

) = ∞ then we are done, so suppose ht(X0) = h < ∞.
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By ([AM77], Cor. 4.3), the Dieudonné module of Φ3
X0

is

D(Φ3
X0

) ∼= H3(X0,WOX0
)

Lemma 5.1.2 and the height formula for p-divisible groups gives

h = ht(Φ3
X0

) = rankW (k)D(Φ3
X0

)

= dimk

(
D(Φ3

X0
)

pD(Φ3
X0

)

)

= dimk

(
D(Φ3

X0
)

FD(Φ3
X0

)

)
+ dimk

(
D(Φ3

X0
)

V D(Φ3
X0

)

)

= dimk

(
D(Φ3

X0
)

FD(Φ3
X0

)

)
+ 1

Now, the surjection H3(X0,WOX0
) � H3(X0,WnOX0

) induces

H3(X0,WOX0
)

FH3(X0,WOX0
)
�

H3(X0,WnOX0
)

FH3(X0,WnOX0
)
∼= H3(X0,WnOX0

)

where the isomorphism is our assumption. Taking dimensions and using the short

exact sequence at the end of the proof of Lemma 5.1.2 gives h− 1 ≥ n.

Conversely, suppose that ht(X0) ≥ n + 1. If ht(X0) = ht(Φ3
X0

) = ∞ then

Φ3
X0

= Ĝa, so F is zero on D(Φ3
X0

) ∼= H3(X0,WOX0
). So suppose that ht(X0) =

h <∞, and consider the filtration

0 ⊂ V h−2H3(X0,W1OX0
) ⊂ . . . ⊂ V H3(X0,Wh−2OX0

) ⊂ H3(X0,Wh−1OX0
)

The short exact sequence

0→ Wn−1OX0

V−→WnOX0
→ OX0

→ 0

shows that the all the inclusions are proper.
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Using the classification of Dieudonné modules,

D(Φ3
X0

) ∼=
W (k)[F, V ]

W (k)[F, V ](F − V h−1)

for F written on the right. But in this non-commutative module we have the relation

FV = V F = p, so we can write F on the left as:-

F
(∑

aijF
iV j
)

=
∑

σ(aij)FF
iV j

=
∑

(σ(aij)F
iV j)F

=
∑

(σ(aij)F
iV j)V h−1

= V h−1
(∑

σh(aij)F
iV j
)

Therefore FH3(X0,Wh−1OX0
) = V h−1H3(X0,Wh−1OX0

) = 0. We conclude that

F is zero on H3(X0,WnOX0
) for all n ≤ h− 1 since F commutes with restriction.

Remark 5.1.4. Notice that Proposition 5.1.3 gives a different characterisation of

height for Calabi-Yau threefolds:-

ht(X0) = min{i ≥ 1 : [F : H3(X0,WiOX0
)→ H3(X0,WiOX0

)] 6= 0}

Recall that a projective variety X0/k is called F -split if there is a splitting of

the Frobenius exact sequence of OX0
-modules

0→ OX0
→ F∗OX0

→ B1
X0/k

→ 0

where F : X0 → X0 denotes the absolute Frobenius.

Proposition 5.1.5. A Calabi-Yau threefold X0/k has ht(X0) = 1 if and only if it is

F -split.
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Proof. This is well-known, but we recount the proof here for the reader’s conve-

nience.

Consider the Frobenius exact sequence

0→ OX0
→ F∗OX0

→ B1
X0/k

→ 0

Since, by definition, X0 is smooth, these OX0
-modules are locally free, so the

sequence splits if and only if the dual sequence splits:-

0→
(
B1
X0/k

)∨
→
(
F∗OX0

)∨ → OX0
→ 0

and this is the case if and only if the identity id : OX0
→ OX0

factors through(
F∗OX0

)∨, i.e. if and only if H0(X0,
(
F∗OX0

)∨
) → H0(X0,OX0

) is not the zero

map. But, by Serre duality (remember that the canonical bundle is trivial), this

is not the zero map if and only if H3(X0,OX0
) → H3(X0, F∗OX0

) is not the zero

map.

Now, recall that the map on cohomology F : H3(X0,OX0
) → H3(X0,OX0

) is

the composite

F : H3(X0,OX0
)→ H3(X0, F∗OX0

)
∼−→ H3(X0,OX0

)

where the isomorphism is because the absolute Frobenius is a finite morphism.

So we have that X0 is ordinary if and only if F : H3(X0,OX0
) → H3(X0,OX0

) is

not the zero map, and we conclude by the equivalent definition of height given

above.

We will now see that ordinary Calabi-Yau threefolds have height one.

Proposition 5.1.6. Let X0/k be a Calabi-Yau threefold. Then ht(X0) = 1 if and

only if H2(B1
X0/k

) = H3(B1
X0/k

) = 0.

Proof. Suppose first that H2(B1
X0/k

) = H3(B1
X0/k

) = 0. Consider the Frobenius
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exact sequence

0→ OX0
→ F∗OX0

→ B1
X0/k

→ 0

Taking cohomology gives an exact sequence

H2(X0, B
1
X0/k

)→ H3(X0,OX)→ H3(X0, F∗OX)→ H3(X0, B
1
X0/k

)

The outer terms are zero by assumption, and the resulting isomorphism of the

middle terms shows that F : H3(X0,OX)→ H3(X0,OX) is not the zero map. We

conclude that ht(X0) = 1 by Remark 5.1.4.

Conversely, suppose that ht(X0) = 1. Then Proposition 5.1.5 shows that the

Frobenius exact sequence splits, so

Hn(X0, F∗OX) ∼= Hn(X0,OX)⊕Hn(B1
X0/k

)

⇒ h0,n = h0,n + dimkH
n(B1

X0/k
)

⇒ Hn(B1
X0/k

) = 0 for all n ≥ 0.

Remark 5.1.7. The concepts of ordinary and height one coincide for abelian

varieties and K3-surfaces. For Calabi-Yau threefolds, we can easily show that

having height one is “close” to being ordinary, however, it is not clear to the author

that H1(X0, B
2
X0/k

) ∼= H2(X0, B
2
X0/k

) necessarily vanishes.

Indeed, the proof of Lemma 5.1.6 shows that Hn(B1
X0/k

) = 0 for all n ≥ 0 if

ht(X0) = 1. Now, the Cartier operator pairing and Calabi-Yau condition induce a

duality

(B1
X0/k

)∗ ∼= B3
X0/k

⊗ ωX0
∼= B3

X0/k

so we see Hn(X0, B
3
X0/k

) = 0 for all n ≥ 0, by Serre duality.

Now consider the short exact sequence

0→ Z1
X0/k

→ Ω1
X0/k

d−→ B2
X0/k

→ 0
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Then taking cohomology and using the Calabi-Yau condition gives

H3(X0, B
2
X0/k

) ∼= H4(X0, Z
1
X0/k

)

Now consider the short exact sequence

0→ B1
X0/k

→ Ω1
X0/k

→ Z1
X0/k

→ 0

and take cohomology to see that

H4(X0,Ω
1
X0/k

)→ H4(X0, Z
1
X0/k

)→ H5(X0, B
1
X0/k

)

The outer terms are zero, so H3(X0, B
2
X0/k

) ∼= H4(X0, Z
1
X0/k

) = 0. Now notice

that H0(X0, B
2
X0/k

) ∼= H3(X0, B
2
X0/k

) by Serre duality and (B2
X0/k

)∗ ∼= B2
X0/k

un-

der the Cartier operator pairing.

Notice that the second half of the argument holds for any Calabi-Yau threefold.

In other words, the height only gives information about the cohomology of B1
X0/k

(and hence B3
X0/k

), so it seems likely that being ordinary is a strictly stronger

condition than having height one.

Proposition 5.1.8. Let X0/k be a height one Calabi-Yau threefold, where k is an

algebraically closed field of characteristic p > 3. Then X0 satisfies condition (†).

Proof. Consider the Frobenius exact sequence

0→ OX0
→ F∗OX0

→ B1
X0/k

→ 0

and write δ : Ext1(Ω1
X0/k

, B1
X0/k

) → Ext2(Ω1
X0/k

,OX0
) for the induced connect-

ing homomorphism on the Ext long exact sequence. Then, by [Sri90], the ob-

struction to lifting X to W2(k) is the class δ(ξ) ∈ Ext2(Ω1
X0/k

,OX0
), where ξ ∈

Ext1(Ω1
X0/k

, B1
X0/k

) is the obstruction to lifting the pair (X,F ) to (X(2), F (2)), where

X(2)/W2(k) is a lifting of X, and F (2) : X(2) → X(2) is a lifting of the absolute
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Frobenius F : X → X compatible with the Frobenius automorphism on W2(k).

Now, ht(X0) = 1, so it is F -split by Proposition 5.1.5. Therefore

Ext1(Ω1
X0/k

, F∗Ω
1
X0/k

) � Ext1(Ω1
X0/k

, B1
X0/k

)

i.e. the connecting homomorphism δ is the zero map. In particular, the obstruction

δ(ξ) to lifting X to W2(k) is zero. We assumed p > 3 = dimX0, so we may

conclude by [DI87].

5.2 Aside on liftability of ordinary Calabi-Yau threefolds

Although it has no real bearing on the rest of this thesis, it seems interesting to

include the following stronger version of Proposition 5.1.8 in the case of ordinary

Calabi-Yau threefolds. Presumably the result is well-known but the author has

been unable to find a reference. In any case, the proof is just an adaptation of the

argument for cubic fourfolds found in ([Lev01], Sections 3 and 4).

Proposition 5.2.1. LetX0/k be an ordinary Calabi-Yau threefold. ThenX0 (canon-

ically) lifts to W = W (k).

Proof. By Proposition 5.1.8, the universal deformation space of X0 is smooth, i.e.

S = Spf W Jt1, . . . , thK

where h = dimkH
1(X0,Ω

2
X0/k

). We can describe the tangent space as

TS ∼= H1(X0, TX0
)

∼= Hom
(
H0(X0,Ω

3
X0/k

), H1(X0,Ω
2
X0/k

)
)

∼= Hom
(
H0(X0,OX0

), H1(X0, TX0
)
)

where the isomorphisms are given in order by the Kodaira-Spencer map, cup-

product with a generator of H0(X0,Ω
3
X0/k

) and the Calabi-Yau conditions (see
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Proposition 5.3.1).

Since X0 is ordinary, H3
cris(X0/W ) is an ordinary crystal (see [Del81], 1.3), so

its Newton and Hodge polygons coincide and we get a “Newton-Hodge decompo-

sition”, i.e. there is a subcrystal P ⊂ H3
cris(X0/W ) with Newton and Hodge slopes

≤ 1 and a quotient crystal Q of H3
cris(X0/W ) with Newton and Hodge slopes > 1

fitting into the following short exact sequence:-

0→ P → H3
cris(X0/W )→ Q→ 0 (2)

See ([Kat79] Thm. 1.6.1) for the details. Since k is perfect, (2) splits canonically,

so we may consider Q as a subcrystal of H3
cris(X0/W ). We read off from the

Hodge polygon of X0 that

rankWP = rankWQ = h+ 1

and Q has slopes 2, 3. Therefore Q(2) has slopes 0, 1, i.e. it is a Dieudonné

module (see [Ogu77] 1.6.4) and hence there is a unique p-divisible group P0 over

k with D(P0) = Q(2).

We consider the deformation functor

DefP0
: ArtW,k → Sets

sending R ∈ ArtW,k to isomorphism classes of p-divisible groups P over R

with P ⊗R k ∼= P0. As a result of Grothendieck-Messing theory, DefP0
is pro-

representable and formally smooth, i.e. has fine moduli space

T ∼= Spf W Jt1, . . . , thK

We will build an isomorphism S
∼−→ T (a “period map” ), in other words we make

the assertion

54



“deforming X0 over ArtW,k is the same as deforming P0 over ArtW,k”

First a simplifying remark:- by ([dJ95] 2.4.4), the categories of p-divisible groups

on Spf W Jt1, . . . , thK and on Spec W Jt1, . . . , thK are equivalent. Further, since

H2(X0,OX0
) = 0, there is no obstruction to lifting ample line bundles on X0 to

ample line bundles on X, so Grothendieck’s algebraisation theorem tells us that

X algebraises, i.e. there is a smooth Calabi-Yau threefold

X → S := Spec W Jt1, . . . , thK

with X ' X ×S S. As such, it suffices to construct a period map S → T , i.e.

construct a p-divisible group P on S which reduces to P0 on the special fibre, in

order to build our period map S→ T.

Our construction of such a P will have two steps. Let Sk := S ⊗W k =

kJt1, . . . , thK. The first step is to construct a p-divisible group Pk on Sk which

reduces to P0 on the special fibre. We will use the same argument as before to

find P0. The second step will be showing that Pk lifts canonically to a p-divisible

group on S; this is will be done via Grothendieck-Messing theory.

For the first step, write Xk := X ×S Sk for the base-change to Sk. Using

base-change for crystalline cohomology, we see that H3
cris(Xk/S) specialises to

H3
cris(X0/W ) at the closed point, so it is also an ordinary crystal (see [Del81],

Prop. 1.3.2), i.e its Newton and Hodge polygons coincide. Therefore, just as

before but now using ([Kat79], §2.4), there are P ′, Q′ of Newton and Hodge slopes

≤ 1, > 1 respectively, lying in a short exact sequence of crystals

0→ P ′ → H3
cris(Xk/S)→ Q′ → 0

By the uniqueness (see [Del81], Prop. 1.3.2 (iii)), these must pullback to P and Q

via the specialisation morphism Sk → Spec k. We see that Q′(2) is a Dieudonné

module over S (see [dJ95], 2.3.4 for the definition of Dieudonné modules over for-
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mal power series rings.). The Dieudonné functor is an equivalence of categories

D : {Dieudonné modules over S} ∼−→ {p-divisible groups over Sk}

(this follows by composing the equivalences in [dJ95], 2.4.8, 4.1.1, 2.4.4. ). In

particular, there is a p-divisible group Pk over Sk with D(Pk) = Q′(2). Since the

Dieudonné functor D commutes with base-change, Pk specialises to P0 on the

special fibre.

By Grothendieck-Messing theory, for the second step it is sufficient to put

an admissible filtration on Q′(2) in order to lift Pk to S. From now on we re-

gard P ′, Q′ as sub/quotient modules of H3
dR(X/S) via the canonical isomorphism

H3
cris(Xk/S) ∼= H3

dR(X/S). As we shall see, the admissible filtration on Q′(2)

comes from the Hodge filtration on H3
dR(X/S).

First we note that Q′ ∼= Fil2H3
dR(X/S). Indeed, all the cohomology modules

are free and the Hodge-to-de Rham spectral sequence degenerates at E1, and

we know

H3
dR(X/S)⊗S Sk ∼= H3

dR(Xk/Sk)

and

Fil2H3
dR(X/S)⊗S Sk ∼= Fil2H3

dR(Xk/Sk).

Since H3
dR(X/S) ∼= H3

cris(Xk/S) is an ordinary crystal, modulo p we have

H3
dR(Xk/Sk) ∼= P ′k ⊕Q′k ∼= P ′k ⊕ Fil2H3

dR(Xk/Sk).

Nayakama’s lemma then gives that

H3
dR(X/S) ∼= P ′ + Fil2H3

dR(X/S).

Now, both P ′ and Fil2H3
dR(X/S) are direct summands of H3

dR(X/S) and the sum

of their ranks equals the rank of H3
dR(X/S) (that is, (h + 1) + (h + 1) = 2h + 2).
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But we also have P ′ ∩ Fil2H3
dR(X/S) = ∅ (tensor by the fraction field and look at

the slopes), so the sum is direct, i.e. Q′ ∼= Fil2H3
dR(X/S).

Let H be the image of Fil3H3
dR(X/S) in Q′. This is a direct summand by the

previous observation. Let Hk be the reduction of H modulo p. Since the Hodge fil-

tration on H3
dR(Xk/Sk) is a 4-step filtration, we have that the entire (2-step) Hodge

filtration on Q′ is

0 ⊆ H ⊆ Q′

where H = Fil3HodgeQ
′. Twisting by 2 lowers the Hodge slopes by 2, i.e.

0 ⊆ H ⊆ Q′(2)

whereH = Fil1HodgeQ
′(2). Hence 0 ⊆ H ⊆ Q′(2) is an admissible filtration ofQ′(2),

i.e. there is a p-divisible group P on S with Dieudonné module D(P) = Q′(2), and

furthermore, P specialises to Pk on the special fibre of S. This completes the

construction of the period map S→ T.

To show that S → T is an isomorphism, it suffices to show that it is smooth,

i.e. that the induced map TS → TT on tangent spaces is a surjection. We know

from the discussion at the beginning (or Proposition 5.3.1) that

TS ∼= Hom
(
H0(X0,OX0

), H1(X0, TX0
)
)
.

But on the other hand

TT ∼= Hom
(
ωP∗0

,Lie P0

)
.

Now, by the construction of P0, we have D(P0) = Q(2) and

ωP∗0
∼= Fil1HodgeQ(2) = Fil3H3

dR(X0/k) ∼= H0(X0,OX0
)

and

Lie P0
∼= gr0HodgeQ(2) = gr2H3

dR(X0/k) ∼= H1(X0, TX0
)
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and the induced map TS → TT is the obvious one under these identifications.

Consider the Dieudonné module Q(2) of P0. It is ordinary and has Hodge

slopes 0, 1, so we can once again invoke [Kat79] to find subcrystals M,N ⊂

Q(2) with Hodge slopes 0 and 1 respectively, such that Q(2) = M ⊕ N . This

corresponds to a direct sum decomposition on the p-divisible group side, i.e.

P0 = Pconn
0 ⊕ P ét

0

with D(Pconn
0 ) = M and D(P ét

0 ) = N .

To lift Pconn
0 and P ét

0 , it suffices to put an admissible filtration on M , N . But

Fil1HodgeMk = 0 Fil1HodgeNk = Nk

so we must have

Fil1HodgeM = 0 Fil1HodgeN = N

Therefore Pconn
0 and P ét

0 lift to W ; call their liftings Pconn and P ét respectively.

Set P := Pconn ⊕ P ét. This is clearly a lifting of P0 to W . But the period map

S → T is an isomorphism, so P corresponds to a Calabi-Yau threefold X/W

lifting X0/k.

Remark . In light of Proposition 5.1.8 and Proposition 5.2.1, it is natural to ask

whether height one Calabi-Yau threefolds lift to characteristic zero. Furthermore,

the examples of Calabi-Yau threefolds (known to the author) which do not lift all

have infinite height. Perhaps having infinite height is the only obstruction to lifting?

5.3 A Grothendieck-Messing type result for Calabi-Yau three-

folds

Let k be a perfect field of characteristic p, and consider a Calabi-Yau threefold

X0/k. We write X → S for the universal family, and always assume that S is

smooth; S ' Spf A = Spf W Jt1, . . . , thK, for h = h21. See Section 5.1 for a
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discussion of this condition.

Let Xn := X ×A A/pn+1A for n ≥ 0. From the long exact sequence on coho-

mology we have

H1(X0,OX0
)→ H1(Xn+1,O∗Xn+1

)→ H1(Xn,O∗Xn)→ H2(X0,OX0
)

The outer terms are zero and hence the natural restriction Pic(Xn+1) → Pic(Xn)

is an isomorphism. For each n let ωXn be a 3-form. Since ωXn+1
|
Xn
' ωXn,

induction gives Ω3
X/S ' OX, and so we see that TX/S ' Ω2

X/S on X.

We denote by FiliHn
dR(X/A) the ith-step in the Hodge filtration of Hn

dR(X/A),

and write griHn
dR(X/A) for the subquotients of the filtration, i.e.

griHn
dR(X/A) :=

FiliHn
dR(X/A)

Fili+1Hn
dR(X/A)

Consider the Gauss-Manin connection

∇ : Hn
dR(X/A)→ Hn

dR(X/A)⊗A Ω1
A/W

Then Griffiths transversality states that

∇
(

FiliHn
dR(X/A)

)
⊆ Fili−1Hn

dR(X/A)⊗A Ω1
A/W

and hence ∇ induces an A-linear Higgs field:-

gri∇ : griHn
dR(X/A)→ gri−1Hn

dR(X/A)⊗A Ω1
A/W

Taking duals and using local freeness, we get an A-linear map

TS/W → HomA

(
griHn

dR(X/A),gri−1Hn
dR(X/A)

)
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In particular, putting n = i = 3 gives

TS/W → HomA

(
H0(X,OX), H1(X, TX/S)

)
(3)

Proposition 5.3.1. The map (3) is an isomorphism.

Proof. This is essentially the derivative of the period map. It is well-known (e.g.

[Voi02], 10.4) that the map (3) is the composition of the cup-product with the

Kodaira-Spencer map:-

KS(X/S) : TS/W → H1(X, TX/S)

Since the formal deformation is certainly versal, Kod(X/S) is an isomorphism.

Thus we are in the following situation

TS/W H1(X, TX/S)

HomA

(
H0(X,OX), H1(X, TX/S)

)

KS(X/S)

∼

where the right-hand arrow is given by cup-product. But choosing a generator

ω ∈ H0(X,OX) and using that cup-product is a perfect pairing shows that this is

an isomorphism.

Composing the map gr3∇ with the natural maps

∂/∂ti : Ω1
A/W → A (i = 1, . . . , r)

gives maps

∇i : H0(X,OX)→ H1(X, TX/S)

and Proposition 5.3.1 shows that ∇1(ω), . . . ,∇r(ω) is an A-basis for H1(X, TX/S).
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We will now describe the deformation theory ofX0 over nilpotent PD-thickenings.

Let α : (S,mS) � (R,mR) be a surjection in ArtW,k with amS = 0, where a = kerα

(a so-called ‘small surjection’). Let X be a lifting of X0/k to R and write

DefX : ArtW,k → Sets

for the deformation functor sending S ∈ ArtW,k to isomorphism classes of defor-

mations Y over S with Y ×S R ∼= X. We shall first describe DefX(S) in terms of

liftings of the Hodge filtration, and then in §5.4 we will reinterpret this in terms of

displays.

For now, endow α with the trivial PD-structure. and let X ′, Y be deformations

of X/R over Spec S. Then, since X → S = Spf A is the universal family, X ′ and

Y are given by uniquely determined W -algebra homomorphisms f, g : A → S

respectively, and we have a commutative diagram:-

A S R
f

g

α

Given u ∈ H3
dR(X ′/S), let ũ ∈ H3

dR(X/A) be such that f∗(ũ) = u, and set

v = g∗(ũ). Then the Gauss-Manin connection induces an isomorphism

Ψ : H3
dR(X ′/S)

∼−→ H3
dR(Y/S) (4)

u 7→ v +
h∑
i=1

(f(ti)− g(ti))∇̆i(ũ)

where ∇̆i(ũ) denotes the image of ∇i(ũ) in H3
dR(X0/k) (see [Del81]).

Write F ′ = Fil3H3
dR(X ′/S). Let F ⊂ H3

dR(X ′/S) be a “lifting of the Hodge

filtration” on X, i.e. a direct summand lifting Fil3H3
dR(X/R). Since the canonical

map

F → H3
dR(X ′/S)/F ′
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factors through F → Fil3H3
dR(X0/k) = H0(X0,Ω

3
X0/k

) and has image in

a
(
H3

dR(X ′/S)/F ′
) ∼= a⊗k

(
H3

dR(X0/k)/Fil3H3
dR(X0/k)

)

we see that liftings of the Hodge filtration are classified by k-linear maps

κ(F ) : H0(X0,Ω
3
X0/k

)→ a⊗k
(
H3

dR(X0/k)/Fil3H3
dR(X0/k)

)

Proposition 5.3.2. We have that Ψ−1(Fil3H3
dR(Y/S)) ⊆ Fil2H3

dR(X ′/S).

Proof. Set FY := Ψ−1(Fil3H3
dR(Y/S). By the above discussion, it is equivalent to

show that κ(FY ) has image contained in a⊗k gr2H3
dR(X0/k). We will do this using

the explicit expression given in the isomorphism (4):-

As above, let u ∈ H3
dR(X ′/S), choose a generator ũ ∈ Fil3H3

dR(X/A) such that

f∗(ũ) = u, and write u0 for the image of ũ inH0(X0,Ω
3
X0/k

). Then the isomorphism

(4) shows that

u−
r∑
i=1

(f(ti)− g(ti))∇̆i(ũ)

is a generator of FY . Then ([Del81], 1.1.2) says that the map κ(FY ) on u0 is given

by

κ(FY )(u0) = −
r∑
i=1

(f(ti)− g(ti))⊗ ∇̆i(ũ) ∈ a⊗k gr2H3
dR(X0/k)

since the ∇̆i(ũ) are in H1(X0, TX0/k
) = gr2H3

dR(X0/k).

Proposition 5.3.3. In the above situation, we have an identification

DefX(S) =
{

lines E ⊆ Fil2H3
dR(X ′/S) lifting Fil3H3

dR(X/R)
}

Y 7→ FY := Ψ−1(Fil3H3
dR(Y/S))

Proof. Proposition 5.3.2 exactly tells us that FY is in the right-hand side. We

provide an inverse map:-

As was already noted, Proposition 5.3.1 shows that the ∇̆i(ũ) form a basis of
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gr2H3
dR(X0/k). Therefore, FY determines ai ∈ a (i = 1, . . . , r) such that

u−
r∑
i=1

ai∇̆i(ũ)

generates FY . Then the desired Calabi-Yau threefold Y is given by pulling back

the universal family along the W -algebra homomorphism

g : A→ S

ti 7→ f(ti)− ai

We now extend Proposition 5.3.3 to arbitrary nilpotent PD-thickenings:-

Theorem 5.3.4. Let X0/k be a Calabi-Yau threefold and let α : S � R be a

surjection in ArtW,k such that a = kerα is endowed with a nilpotent PD-structure

which is compatible with the canonical PD-structure on pW .

Let X be a lifting of X0/k to R, and let X ′ be a deformation of X/R over

Spec S. Then if Y is a deformation of X/R over S, the Gauss-Manin connection

induces an isomorphism

Ψ : H3
dR(X ′/S)

∼−→ H3
dR(Y/S)

We have an identification

DefX(S) =
{

lines E ⊆ Fil2H3
dR(X ′/S) lifting Fil3H3

dR(X/R)
}

Y 7→ FY := Ψ−1(Fil3H3
dR(Y/S))

Proof. In the usual way, we first reduce the statement by decomposing α into a

series “smaller” PD-thickenings:-
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Write a[n] for the nth-divided power ideal of a and let t be such that

0 = a[t] ⊂ a[t−1] ⊂ · · · ⊂ a[2] ⊂ a

Then we can write α as the composition of two nilpotent PD-thickenings:-

α : S � R1 := S/a[t−1] � R

Notice that, by induction, we can assume the theorem holds for the second PD-

thickening (the base case t = 2 is exactly Proposition 5.3.3).

Now, given a line E ⊆ Fil2H3
dR(X ′/S) lifting Fil3H3

dR(X/R) we get an induced

ER1
⊆ Fil2H3

dR(X ′ ×S R1/R1). But since the theorem holds for R1 � R, there

corresponds to ER1
a deformation Z of X/R over R1. Choose some deforma-

tion Z ′ of Z/R1 over R′. Then both X ′ and Z ′ lift X to Spec S, so we have an

isomorphism

H3
dR(X ′/R′)

∼−→ H3
dR(Z ′/R′)

The image ofE under this isomorphism is a line in Fil2H3
dR(Z ′/S) lifting Fil3H3

dR(Z/R1).

In this way we are reduced to proving the theorem for the nilpotent PD-thickening

S � R1 = S/a[t−1]

But the divided powers on b = ker(S � R1) = a[t−1] are trivial, and b2 = 0. Then

we can decompose again into S � Rm � · · · � R1 and conclude surjectivity by

Proposition 5.3.3. It should also be noted that Proposition 5.3.3 at each step also

gives injectivity.

5.4 Deformation theory of Calabi-Yau threefolds and 3-displays

As above, α : S � R denotes a nilpotent PD-thickening of artinian local W (k)-

algebras with residue field k, and we write a = kerα. We choose a Calabi-Yau
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threefold X0/k with smooth universal deformation space S = Spf A and universal

family X/S. As before, X/Spec R and X ′/Spec S are deformations.

Lemma 5.4.1. Let E3 = 〈e〉 ⊆ Fil2H3
dR(X ′/S) be a line lifting Fil3H3

dR(X/R), and

set

E1 :=
(
E3
)⊥

E2 := E3 ⊕ Span(∇1(e), . . . ,∇h(e))

where∇ is the connection onH3
dR(X ′/S) induced by the Gauss-Manin connection

on H3
dR(X/A). Then we have E2 ⊆ E1 and

(
E2
)⊥

= E2.

Proof. We first show the result in the special case where a2 = 0. Let f ∈ E2, to

show the inclusion E2 ⊆ E1 =
(
E3
)⊥ we must show that 〈e, f〉 = 0. We write

f = ce+
h∑
j=1

sj∇j(e) c, sj ∈ S

and see then that

〈e, f〉 = c〈e, e〉+
h∑
j=1

sj〈e,∇j(e)〉 =
h∑
j=1

sj〈e,∇j(e)〉

Since e ∈ E3 ⊆ Fil2H3
dR(X ′/S) lifts a generator ẽ of Fil3H3

dR(X/R), we can write

e = dẽ+
h∑
i=1

ai∇i(ẽ) d ∈ S and ai ∈ a

and hence

∇j(e) = d∇j(ẽ) +
h∑
i=1

ai∇ji(ẽ) where ∇ji := ∇j ◦ ∇i
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A simple calculation shows that

〈e,∇j(e)〉 =
h∑
i=1

ai

〈
∇i(ẽ),

h∑
k=1

ak∇jk(ẽ)

〉

which vanishes since a2 = 0. We conclude that E2 ⊆ E1 in this case. The

calculation showing
(
E2
)⊥

= E2 is similar.

Now we treat the general case. Write a[n] for the nth-divided power ideal of a

and let t be such that

0 = a[t] ⊆ a[t−1] ⊆ · · · ⊆ a[2] ⊆ a

Consider the following factorisation of α into a composition of PD-thickenings:-

α : S
β−→→ R1 := S/a[t−1] γ−→→ R

If t = 2 then we recover the special case of a2 = 0 treated above, and by induction

we can assume that the proposition holds for γ : R1 � R.

Now let E3 ⊆ Fil2H3
dR(X ′/S) be a line lifting Fil3H3

dR(X/R). This induces a line

E3
R1
⊆ Fil2H3

dR(X ′ ×S R1/R1), which corresponds to a deformation Z → Spec R1

of X → Spec R. Let Z ′ be an arbitrary lifting of Z to Spec S. Since X ′ and

Z ′ are both liftings of X, the Gauss-Manin connection on H3
dR(X/A) induces an

isomorphism

H3
dR(X ′/S)

∼−→ H3
dR(Z ′/S).

Write G3 for the image of E3 under this isomorphism. Then G3 ⊆ Fil2H3
dR(Z ′/S)

is a line lifting E3
R1

= Fil3H3
dR(Z/R1). So we are reduced to proving the lemma for

the PD-thickening β : S � R1. But here we have b2 = 0 where b := ker β, so we

are done by the special case.

Since X/R is a deformation of the Calabi-Yau threefold X0 with smooth univer-

sal deformation, it satisfies the conditions of the first section. In particular, there
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is a crystal of relative displays S 7→ DS/R(X).

Definition. Consider a lifting E• of Fil•DS/R(X) = Fil•H3
dR(X/R)

E3 ⊆ E2 ⊆ E1 ⊆ P̃0/ISP̃0 = H3
cris(X/S) = H3

dR(X ′/S)

and write ∇ for the Gauss-Manin connection on P̃0/ISP̃0 (it is induced by the

connection on P̃0, see Proposition 4.1.1). We say that E• is of CY-type if the

following three conditions hold:-

(i) E3 = 〈e〉 ⊆ Fil2H3
dR(X ′/S) is a line lifting Fil3H3

dR(X/R)

(ii) E1 =
(
E3
)⊥

(iii) E2 = E3 ⊕ Span(∇1(e), . . . ,∇h(e))

We may now rephrase Theorem 5.3.4 in terms of liftings of the Hodge filtration

of the associated relativeWS/R-display:-

Theorem 5.4.2. There is a bijection

DefX(S)
1:1−−→

{
CY-type liftings of Fil•DS/R(X)

}
Proof. There is a bijection

direct summands E ⊆ Fil2H3
dR(X ′/S)

lifting Fil3H3
dR(X/R)

CY-type liftings of Fil•DS/R(X)
1:1

given by the obvious map:-

E = 〈e〉 7→ 0 ⊆ E ⊆ E ⊕ Span(∇1(e), . . . ,∇h(e)) ⊆ E⊥ ⊆ P̃0/ISP̃0 = H3
dR(X ′/S)

Notice that this is well-defined by Lemma 5.4.1. It is clearly a bijection since the

line determines the filtration and vice versa. We conclude by Theorem 5.3.4.
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Definition. We call an n-WS-display structure D on Hn
cris(X/W (S)) geometric if

D = DS(X ′) for some smooth deformation X ′/S of X.

Theorem 5.4.3. We have a bijection

{
geometricWS-displays on H3

cris(X/W (S))
} 1:1−−→

{
CY-type liftings of Fil•DS/R(X)

}
Proof. Let D be a geometricWS-display, i.e. D = DS(Y ) for some smooth defor-

mation Y of X. Write

ũ• : {WS-displays} →
{

extendedWS/R-displays
}

for the functor induced by u :WS →WS/R, and denote by Dext
S/R(X) the extended

WS/R-display associated to DS/R(X). Then:-

HomWS (D , ũ•Dext
S/R(X)) = HomWS (DS(Y ), ũ•Dext

S/R(X))

∼= HomWS/R(ũ•DS(Y ),Dext
S/R(X))

= HomWS/R(Dext
S/R(X),Dext

S/R(X))

where ũ•Dext
S/R(X) is just Dext

S/R(X) viewed as aWS-predisplay.

The canonical map

D → ũ•Dext
S/R(X) = ũ•ũ•D

coming from the bijection gives Pi ↪→ P̃i, and hence a lifting of Fil•Dext
S/R(X), i.e. an

admissible lifting of Fil•DS/R(X). Moreover, this lifting came from the deformation

Y , so one sees that it is of CY-type. This gives a map

{
geometricWS-displays on H3

cris(X/W (S))
} ξ−→

{
CY-type liftings of Fil•DS/R(X)

}
In order to prove that ξ is a bijection, we shall construct its inverse:-

By ([LZ15], Corollary 11) there is an equivalence of categories
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WS-displays WS/R-displays together with an
admissible lifting of the Hodge filtration

D (u•D ,Fil•D)

D̃E• (D̃ , E•)

∼

Since CY-type liftings of Fil•DS/R(X) are admissible, the above functor in-

duces a map

{
CY-type liftings of Fil•DS/R(X)

}
→
{
WS-displays on H3

cris(X/W (S))
}

E• 7→ DS/R(X)E•

First we show that the image of this map is geometric. Recall from Theorem 5.3.4

that there is a bijection

isomorphism classes of
deformations of X/R over S

direct summands E ⊂ Fil2H3
dR(X ′/S)

lifting Fil3H3
dR(X/R)

[Y ] β([Y ]) := Ψ−1(Fil3H3
dR(Y/S))

β :
1:1

where Ψ : H3
dR(X ′/S)

∼−→ H3
dR(Y/S) is the “parallel transport” isomorphism

coming from the Gauss-Manin connection. The preceding lemma then yields

a one-to-one correspondence between isomorphism classes of deformations of

X/R to Spec S and CY-type liftings of Fil•DS/R(X).

Given a CY-type lifting E• of Fil•DS/R(X), corresponding to the isomorphism

class [Y ], we claim that DS/R(X)E• = DS(Y ). Indeed, by the construction of the

bijection β, we have that E• = Fil•H3
dR(Y/S) = Fil•DS(Y ). Then the equivalence

of categories gives

DS/R(X)E• = (u•DS(Y ))Fil•DS(Y ) = DS(Y )

So we have two maps:-
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CY-type liftings
of Fil•DS/R(X)

geometricWS-displays
on H3

cris(X/W (S))

η

ξ

That these are inverses follows easily from the equivalence of categories:-

ξ ◦ η(DS(Y )) = η(Fil•DS(Y ))

= DS/R(X)Fil•DS(Y )

= (u•DS(Y ))Fil•DS(Y )

= DS(Y )

η ◦ ξ(E•) = ξ(DS/R(X)E•)

= Fil•(DS/R(X)E•)

= E•

Write CY3S for the category whose objects are Calabi-Yau threefolds X ′ →

Spec S, and whose morphisms are isomorphisms. Write DCY3S/R for the cate-

gory whose objects are pairs (X,E•) where X → Spec R is a Calabi-Yau three-

fold and E• is a CY-type lifting of Fil•DS/R(X). The morphisms are isomorphisms

with the obvious compatibilities.

Let X ′ ∈ CY3S and write X ′R for its reduction over Spec R. The proof of

Theorem 5.4.3 showed that Fil•DS(X ′) is a CY-type lifting of Fil•DS/R(X ′R). By

the compatibility of crystalline cohomology with base-change, we get a functor

CY3S → DCY3S/R ; X ′ 7→ (X ′R,Fil•DS(X ′))

We can then summarise the results of this section as the following:-

Theorem 5.4.4. The above functor is an equivalence of categories.
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6 Deformation theory of smooth cubic fourfolds

6.1 A Grothendieck-Messing type result for smooth cubic four-

folds

We consider a smooth cubic hypersurface X0 ⊂ P5
k, where k is a perfect field of

characteristic p > 0. Then

H0(X0, TX0/k
) = H2(X0, TX0/k

) = 0

and

dimkH
1(X0, TX0/k

) = 20

(e.g. by [Lev01], §3), so there exists a formally smooth universal family

X→ S = Spf A

with A = W (k)Jt1, . . . , t20K. Just as in Proposition 5.3.1, the derivative of the

period map gives an isomorphism

TG/W
∼−→ H1(X, TX/S)

∼−→ HomA

(
H1(X,Ω3

X/S), H2(X,Ω2
X/S)prim

)

and we conclude as before that {∇1(ω), . . . ,∇20(ω)} is anA-basis ofH2(X,Ω2
X/S)prim,

where ω is a generator of the rank one A-module H1(X,Ω3
X/S).

Now let X/Spec R be a smooth cubic fourfold deforming X0 over R ∈ ArtW,k.

Then the middle de Rham cohomology has Hodge numbers

h4,0 = h0,4 = 0, h3,1 = h1,3 = 1, h2,2 = 21 (4)

Fix a lifting X ′ of X over a nilpotent PD-thickening Spec R ↪→ Spec S. Then one

mimics the argument of §5.3 to prove the following Grothendieck-Messing type

result:-
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Theorem 6.1.1. There is an identification

DefX(S) =
{

lines E ⊆ Fil2P 4
dR(X ′/S) lifting Fil3P 4

dR(X/R)
}

Y 7→ FY := Ψ−1(Fil3P 4
dR(Y/S))

Notice that the cup-product on H4
dR(X/S) induces a self-dual structure on the

primitive cohomology P 4
dR(X/S). Using this one may re-write Theorem 6.1.1:-

Theorem 6.1.2. One has

DefX(S) =
{

isotropic lines E ⊂ P 4
dR(X ′/S) lifting Fil3P 4

dR(X/R)
}

=
{

self-dual filtrations of P 4
dR(X ′/S) lifting Fil•P 4

dR(X/R)
}

=
{

self-dual filtrations of P 4
cris(X/S) lifting Fil•P 4

cris(X/R)
}

Proof. The first equality is because a line E lifting Fil3P 4
dR(X/R) is isotropic in

P 4
dR(X ′/S) if and only if E is contained in Fil2P 4

dR(X ′/S); this follows easily by

writing a generator of E in terms of the basis given by the Gauss-Manin connec-

tion. The second equality is because a self-dual filtration with Hodge numbers as

in (4) is completely determined by its Fil3, via Fil2 = (Fil3)⊥. The final equality is

the comparison isomorphism between crystalline cohomology and the de Rham

cohomology of a lifting:-

P 4
cris(X/S) ∼= P 4

cris(X ′/S) ∼= P 4
dR(X ′/S)

Remark . One should note that Theorem 6.1.2 is explicitly stated as part of

([MP15], Theorem 6.14) in the special case R = k, S = k[ε]/(ε2), which cites

([Lev01],§3) for the origin of the statement.

Write Dprim
R (X) for the WR-display structure on the primitive cohomology P 4

cris(X/W (R)),

as constructed in Corollary 3.4.2. Since X is a smooth projective hypersur-
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face with smooth universal deformation, it satisfies the conditions of Proposition

4.0.1 and has a crystal of relative displays S 7→ Dprim
S/R

(X), where Dprim
S/R

(X) :=

u•D
prim
S (X ′) for a (any) smooth deformation X ′/S of X.

Let SmCub4S denote the category whose objects are smooth cubic fourfolds

over Spec S, and whose morphisms are isomorphisms. Write DSmCub4S/R for

the category whose objects are pairs (X,E•), where X/R is a smooth cubic four-

fold and E• is a lifting of Fil•Dprim
S/R

(X) such that (E3)⊥ = E2. Then copying the

proof of Theorem 5.4.3, this time invoking Theorem 6.1.2, gives the following

analogue of Theorem 5.4.4:-

Theorem 6.1.3. The functor

SmCub4S → DSmCub4S/R ; X ′ 7→ (X ′R,Fil•Dprim
S (X ′))

is an equivalence of categories.

6.2 Fano scheme of lines and 2-displays

Now consider a smooth cubic fourfold X0 over an algebraically closed field k of

characteristic p ≥ 5. Following [AK77], we will recall below the definition of the

Fano scheme of lines F (X0) of X0.

Let V be a six-dimensional k-vector space, so X0 = Z(f) ⊂ P(V ) = P5
k for

some global section f ∈ H0(P5
k,O(3)) = Sym3V ∨. Write G := Grass(2, V ) for the

Grassmannian of lines in P5
k, and write

0→ S → OG ⊗ V → Q→ 0

for the tautological sequence onG. One sees then thatOG⊗Sym3V ∨ � Sym3S∨.

In particular, f induces a global section sf ∈ H0(G,Sym3S∨).

Definition. The Fano scheme of lines of X0 is defined to be the zero locus in G
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of sf :-

F (X0) := Z(sf )

= {[L] ∈ G : L ⊂ X0}

Under the Plücker embedding G ↪→ P14
k , ([AK77], 1.3, 1.12) shows that F (X0)

is a smooth projective fourfold. In [BD85] it is shown that F (X0) is a scheme of

K3-type, and in particular has a Beauville-Bogomolov pairing (see [LZ15],§3).

There is also the notion of relative Fano scheme of lines, which will be useful

to us when considering deformation theory over bases which are not fields. The

construction proceeds in an analogous fashion using relative Grassmannians.

Consider the incidence correspondence

I(X0) = {(x, [L]) ∈ X0 × F (X0) : x ∈ L}

F (X0) X0

q p

Proposition 6.2.1. Let K := Frac W (k). The incidence correspondence induces

an isomorphism of self-dual F -isocrystals:-

aK := a⊗W K : H4
cris(X0/K)

∼−→ H2
cris(F (X0)/K)(1)

where a := q∗p
∗.

Proof. We need to check that the morphism of F -isocrystals

aK : H4
cris(X0/K)→ H2

cris(F (X0)/K)

is in fact an isomporphism and respects the pairings given by cup-product on

the source and by the Beauville-Bogomolov form (see ([LZ15], §3)) on the target.

This is the p-adic analogue of the Beauville-Donagi isomorphism (see [BD85]) on
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`-adic étale cohomology a : H4
ét(X0,Q`)(1)

∼−→ H2
ét(F (X0),Q`). For the reader’s

convenience we will repeat their proof in this setting, and will largely recycle their

notation, in particular we will refrain from writing the intersection pairing each

time.

First lift X0 to a smooth cubic fourfold X/W (k). By the Berthelot-Ogus com-

parison isomorphism, we can, and do, replace crystalline cohomology with de

Rham cohomology of the lifting. The map q : I(X)→ F (X) is a P1-bundle, so the

projective bundle formula for de Rham cohomology over K gives

H∗dR(I(X)/K) ∼=
q∗H∗dR(F (X)/K)[p∗H]

(p∗H2 = q∗σ1p∗H + p∗σ2)

where H is a hyperplane section of X. As such, for ξ ∈ H4
dR(X/K) we can write

p∗ξ = q∗v1(ξ)p∗H + q∗v2(ξ) ∈ H4
dR(I(X)/K) (5)

for some v1(ξ) ∈ H2
dR(F (X)/K) and v2(ξ) ∈ H4

dR(F (X)/K), which we will com-

pute. Firstly, the above equation gives

p∗H2 = q∗v1(H2)p∗H + q∗v2(H2) (6)

Projecting (5) down to F (X), we see that

aK(ξ) = v1(ξ)aK(H) = v1(ξ) (7)

Now suppose that ξ ∈ P 4
dR(X/K), i.e. ξH = 0. Then on the incidence variety we
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have

0 = p∗(ξH)

= p∗ξp∗H

(5)
= q∗v1(ξ)p∗H2 + q∗v2(ξ)p∗H

(6)
= q∗v1(ξ)(q∗v1(H2)p∗H + q∗v2(H2)) + q∗v2(ξ)p∗H

(7)
= q∗(aK(ξ)aK(H2) + v2(ξ))p∗H + q∗(aK(ξ)v2(H2))

We then conclude that v2(ξ) = −aK(ξ)aK(H2), and aK(ξ)v2(H2) = 0 inH4
dR(F (X)/K).

From the first equality we see in particular that v2(H2) = −aK(H2)2, and therefore

aK sends P 4
dR(X/K) to P 2

dR(F (X)/K), where the latter is the orthogonal comple-

ment of aK(H2)2.

Now that we know v2(ξ) for ξ ∈ P 4
dR(X/K), equation (5) can be rewritten as

p∗ξ = q∗aK(ξ)p∗H − q∗(aK(ξ)aK(H2)) (8)

from which we see that

p∗ξ2 = q∗aK(ξ)2p∗H2 − 2q∗(aK(ξ)2aK(H2))p∗H + q∗(aK(ξ)2aK(H2)2)

(8)
= q∗aK(ξ)2(q∗aK(H2)p∗H − q∗aK(H2)2)− 2q∗(aK(ξ)2aK(H2))p∗H

+ q∗(aK(ξ)2aK(H2)2)

= −q∗(aK(ξ)2aK(H2))p∗H

in H8
dR(I(X)/K), and therefore

p∗ξ2q∗aK(H2) = −q∗(aK(ξ)2aK(H2)2)p∗H ∈ H10
dR(I(X)/K) ∼= K

(The isomorphism is because I(X) has dimension five, since F (X) is a fourfold

and the fibres of q are P1’s).

A (general) line inX intersects the hyperplaneH at a point, so p∗H is a section
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of q. We are then left to compute the number of lines through a general point

x ∈ X which pass through a codimension 2 linear space S, that is the degree of

q∗Σ1
p−→ X where Σ1 ⊂ F (X) denotes the space of lines passing through x. In

other words, the number of lines through a general point x in a general hyperplane

section X ∩ 〈x, S〉. But a general hyperplane section of a smooth cubic fourfold is

a smooth cubic threefold, and it is classical that there are six line passing through

a general point on a smooth cubic threefold. Therefore

ξ2 = −6−1aK(ξ2)aK(H2)2

This pairing known to be a (a scalar multiple of) the Beauville-Bogomolov pairing

([BD85], Prop. 6).

Proposition 6.2.2. Suppose that X0/k is an ordinary smooth cubic fourfold and

that its Fano scheme of lines F (X0) is also ordinary. Then the isomorphism aK of

Proposition 6.2.1 extends to an isomorphism

a : H4
cris(X0/W )

∼−→ H2
cris(F (X0)/W )(1)

of self-dual F -crystals. Moreoever, a is an isomorphism of self-dual filtered F -

crystals when we consider the source and target with their Hodge filtrations.

Proof. By the Dieudonné-Manin decomposition (see [Man62]), H4
cris(X0/W ) and

H2
cris(F (X0)/W )(1) both admit canonical largest direct summands on which F is

an isomorphism (the slope zero parts). We denote these summands by Filslope
0 H4

cris(X0/W )

and Filslope
0 H2

cris(F (X0)/W )(1) respectively. They are rank one W -modules. De-

fine increasing 3-step filtration on H4
cris(X0/W ) and H2

cris(F (X0)/W )(1) by setting

Filslope
1 H4

cris(X0/W ) := Filslope
0 H4

cris(X0/W )⊥

Filslope
2 H4

cris(X0/W ) := H4
cris(X0/W )
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and

Filslope
1 H2

cris(F (X0)/W )(1) := Filslope
0 H2

cris(F (X0)/W )(1)⊥

Filslope
2 H2

cris(F (X0)/W )(1) := H2
cris(F (X0)/W )(1)

where in the first definition we take orthogonal complement with respect to cup-

product, and in the second we use the Beauville-Bogomolov pairing. These filtra-

tions are the slope filtrations. In particular, aK respects the filtrations since it is

F -equivariant.

By ordinarity (see [Del81],§1.3), we have splittings

H4
cris(X0/W ) =Fil2H4

cris(X0/W )

⊕ (Fil2H4
cris(X0/W )⊕ Filslope

0 H4
cris(X0/W ))⊥

⊕ Filslope
0 H4

cris(X0/W )

and

H2
cris(F (X0)/W )(1) =Fil2H2

cris(F (X0)/W )(1)

⊕ (Fil2H2
cris(F (X0)/W )(1)⊕ Filslope

0 H2
cris(F (X0)/W ))(1)⊥

⊕ Filslope
0 H2

cris(F (X0)/W )(1)

Since aK respects slope zero parts, it respects these splittings and therefore a

sends H4
cris(X0/W ) to H2

cris(F (X0)/W )(1). To see that

a : FiliH4
cris(X0/W ) = FiliH4

cris(X0/W )
∼−→ Fili−1H2

cris(F (X0)/W )

note that for ordinary F -crystals H we have

H = Filslope
i ⊕ Fili+1
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(see ([Del81], Prop. 1.3.6)).

Remark . Proposition 6.2.2 only used that the F -crystalsH4
cris(X0/W ) andH2

cris(F (X0)/W )

were ordinary; it suffices to work with this weaker assumption for the rest of the

discussion. The author is wary to suggest that F (X0) is an ordinary variety when-

ever X0 is, since one has no control over F (X0) in cohomological degree 4. On

the other hand, it does seem plausible that H2
cris(F (X0)/W ) is an ordinary F -

crystal whenever H4
cris(X0/W ) is.

We now recall that for a perfect field k, a Wk-display D = (Pi, Fi) is just the

same as the data (P0, F0). Indeed, by definition P0 is a projective W (k)-module,

and W (k) is a principal ideal domain, so P0 is free. Then, by the elementary divi-

sor theorem, one always has a decomposition into a direct sum of W (k)-modules

P0 =
d⊕
i=0

Li

such that

F−1
0 P0 =

d⊕
i=0

p−iLi ⊂ P0 ⊗Q

and then the data (Li, p
−iF0|Li) is a standard datum for D .

Corollary 6.2.3. Suppose that X0/k is an ordinary smooth cubic fourfold and that

its Fano scheme of lines F (X0) is also ordinary. Then there is an isomorphism of

self-dual Wk-displays

(Dk(X0), λcup)
∼−→ (Dk(F (X0))(1), λBB)

where Dk(X0) is the 4-display on H4
cris(X0/W ) with the pairing induced by cup-

product, and Dk(F (X0)) is the 2-display on H2
cris(F (X0)/W ) with the Beauville-

Bogomolov pairing.

Proof. This is an immediate consequence of the preceding discussion and Propo-

sition 6.2.2
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Theorem 6.2.4. Let X0 ⊂ P5
k be an ordinary smooth cubic fourfold over an alge-

braically closed field k of characteristic ≥ 5, and suppose that its Fano scheme of

lines F (X0) is also ordinary. Then for R a local artinian ring with residue field k,

we have an injection

isomorphism classes of
deformations of X0

over Spec R

isomorphism classes of
deformations of (Dk(F (X0)), λBB)

to self-dual ŴR-2-displays

Proof. The map is given by sending a deformation X/R to the self-dual ŴR-2-

display (D̂R(F (X), λBB) of its Fano scheme of lines. To see that this is an in-

jection, we first note that the set of classes of self-dual ŴR-2-displays deforming

the self-dual Wk-2-display (Dk(F (X0), λBB) is in bijection with the deformation

classes of the K3-type scheme F (X0); this is ([LZ15], Theorem 36). It then suf-

fices to show that the map X/R 7→ F (X)/R is injective, in other words that one

can recover a smooth cubic fourfold from its Fano scheme of lines, up to defor-

mation equivalence. This is possible, see ([Cha12], Prop. 4).

Corollary 6.2.5. In the setting of the theorem, there is an injection

isomorphism classes of
deformations of X0

over Spec R

isomorphism classes of
deformations of (Dk(X0), λcup)

to self-dual ŴR-4-displays

X/R (D̂R(X0), λcup)
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340, Springer-Verlag, (1973)

[Del81] P. Deligne, Cristaux ordinaires et coordonnées canoniques, Lecture

Notes in Math., 868, Algebraic Surfaces, 80-137, Springer (1981)

[DI87] P. Deligne, L. Illusie, Relevements modulo p2 et decomposition du com-

plexe de de Rham, Invent. Math., Vol. 89 2, 247-270 (1987)

81



[Eke04] T. Ekedahl, On non-liftable Calabi-Yau threefolds, preprint,

math.AG/0306435, (2004)

[ESB05] T. Ekedahl, N.I. Shepherd-Barron, Tangent lifting of deformations in

mixed characteristic, J. Algebra, Vol. 291 1, 108-128 (2005)

[Fal89] G. Faltings, Crystalline cohomology and p-adic Galois representations,

Algebraic analysis, geometry, and number theory (Baltimore MD, 1988), 25-

80, Johns Hopkins Univ. Press (1989)

[Fon83] J.-M. Fontaine, Cohomologie de de Rham, cohomologie cristalline et

représentations p-adiques, Lecture Notes in Math. 1016, Algebraic Geome-

try (Tokyo/Kyoto, 1982) 86-108, Springer (1983)

[GL16] O. Gregory, A. Langer, Higher displays arising from filtered de Rham-Witt

complexes, preprint (2016)
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