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Anti-windup for Partially Linearizable Nonlinear

Systems with An Application to Wave Energy

Converter Control

Angeliki Lekka, Matthew C Turner and Prathyush P Menon

Abstract

Three anti-windup compensators are proposed for a class of nonlinear systems under partial nonlinear dynamic inversion

control. The class of systems under consideration is assumed to be globally quadratically stable, but some of the nonlinear

terms are assumed not to belong to the range space of the input distribution matrix. One of the IMC compensators is a natural

generalisation of a linear IMC compensator, but it is also shown that a globally stabilising reduced-order compensator, of a similar

structure to the first, exists for this class of plants. The third one, has a similar structure to the reduced-order compensator, but

contains also an extra term that allows for performance improvements. The three anti-windup compensators are applied to a wave

energy converter control system, the dynamics of which fall into the class of nonlinear systems studied here. Results show that the

three IMC-type anti-windup compensators provide global stability for the Wave Energy Converter (WEC) system and in addition,

the third one enables a crisp recovery of linear behaviour.

I. INTRODUCTION

Anti-windup (AW) compensator design has advanced significantly over the past decade or so, with many techniques now

available for rigorous analysis and systematic design. The literature is replete with papers on the subject and the interested reader

is referred to the surveys (Galeani et al., 2009; Tarbouriech and Turner, 2009) or the books (Glattfelder and Schaufelberger,

2003; Hippe, 2006; Tarbouriech et al., 2011; Zaccarian and Teel, 2011), and the references therein for more detail. Much of

the literature treats the problem of AW design for systems with linear plants and linear controllers. This is appealing because,

in the linear setting, AW design and analysis can typically be conducted using tools from convex optimisation (Grimm et al.,

2003a; Mulder et al., 2001; Saeki and Wada, 2002) or frequency domain absolute stability theory (Kerr et al., 2007; 2011; Wu
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and Jayasuriya, 2001). Moreover, many physical systems can often be approximated as linear systems, at least around a given

operating point.

There are of course systems which are not easy to approximate with linear models and, for these systems, AW design

becomes more complicated, with accompanying stability and performance properties more difficult to ensure. It seems unlikely

that one AW compensation method will be satisfactory for all varieties of nonlinear systems, so researchers have focused

their attention on particular classes of nonlinear systems and have developed dedicated AW procedures for that class. One of

the first papers to rigorously treat AW synthesis for a class of nonlinear systems was (Morabito et al., 2004) in which the

method of (Teel and Kapoor, 1997) was adapted for AW design in Euler-Lagrange systems. Work on AW for nonlinear systems

under adaptive control was reported in (Kahveci et al., 2008) (and references therein); the work there essentially sought to

modify linear AW techniques (Esmeral et al., 2010) to adaptive systems. Recently, a differential algebraic representation of

nonlinear systems has been proposed by (Coutinho et al., 2004) and applied to the AW problem for nonlinear systems (Oliveira

et al., 2011). The attractive feature of (Oliveira et al., 2011) is that various concepts used in linear AW are generalised, but

the transformation proposed is rather complicated and the AW synthesis conditions are typically non-convex. Furthermore,

recent results on constrained control for systems with sector bounded nonlinearities have also been specialised to AW design

(da Silva Jr. and Turner, 2012; da Silva Jr. et al., 2008).

In addition to the above approaches, a number of papers have appeared on AW design for feedback linearisable systems under

nonlinear dynamic inversion (NDI) control (Herrman et al., 2006; 2010; III, 1999; Kapoor and Daoutidis, 1999; Valmorbida

et al., 2011). The work in (Herrman et al., 2010) showed that, for a particular class of nonlinear systems under NDI control, an

AW scheme, exhibiting intuitive parallels to the attractive linear scheme of (Weston and Postlethwaite, 2000), could be devised.

Although the details of the proof differed, (Herrman et al., 2010) showed that the decoupled scheme appearing in (Weston and

Postlethwaite, 2000) was effectively preserved, suggesting natural generalisations of the linear scheme’s performance properties.

Although the results of (Herrman et al., 2010) are fairly powerful, they only apply to the class of nonlinear systems in which

the nonlinearity is Lipschitz, and appears in the range space of the system’s input distribution matrix. Moreover, in general,

AW compensator construction is dependent on the solution of a partial differential inequality.

The work in this paper is motivated by saturation problems in a wave energy converter (WEC) used for potable water

production (Nolan, 2006; Nolan and Ringwood, 2006). The plant considered in (Nolan and Ringwood, 2006) is nonlinear, but

does not belong to the class considered by (Herrman et al., 2010). However, the plant in (Nolan and Ringwood, 2006) has

a similar structure to the one in (Herrman et al., 2010) and the controller is a partial-NDI type in that it “cancels” some,

but not all of the nonlinear terms. The plant displays a “weakly” nonlinear structure, consisting of two predominantly linear
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subsystems, coupled by two nonlinear terms, one of which is not Lipschitz. This paper proposes three AW compensators for

this class of systems: The first two are nonlinear versions of so-called IMC anti-windup(Adegbebe and Heath, 2012), which is

well known to be globally stabilising in the linear case. The third contains a free “state-feedback” matrix, which can be used to

optimise performance. This last compensator has a similar structure to that in (Herrman et al., 2010), however its construction

requires only the solution of an LMI rather than a nonlinear partial differential equation (PDE) as in (Herrman et al., 2010).

The main results of this paper show that the proposed AW compensators preserve exponential stability of the overall closed-

loop nonlinear system and can be constructed for a certain class of nonlinear systems. These results are then applied to the

WEC problem and illustrative results show promising performance. Thus all the three proposed compensators are relatively

simple to construct; the IMC compensators require no optimisation and the third compensator requires only a standard convex

optimisation.

II. NOMINAL PLANT AND CONTROLLER

A. Notation and preliminaries

‖(.)‖ denotes the Euclidean norm of a vector or the norm induced by the Euclidean vector norm of a matrix (maximum

singular value). X > 0 (X < 0 ) means the matrix X is positive (negative) definite. M ′ denotes the transpose of a matrix

M . diag(X1, X2, . . . , Xn) means a block diagonal matrix formed from the matrices X1, X2, . . . , Xn) in order. Iq denotes the

identity matrix of dimension q×q. The decentralised saturation function is defined as sat(u) = [sat1(u1), . . . , sat2(um)]′,

where sati(ui) = min {|ui|, ūi}. The deadzone function is defined as Dz(u) = u− sat(u). Both the saturation and deadzone

functions belong to the sector [0, I] and thus the following fact applies:

Fact 1. Let φ(v) ∈ Sector[0, I] where v ∈ Rm and φ(.) : Rm 7→ Rm. Then for any diagonal W > 0 the following inequality

holds

φ(v)′W [v − φ(v)] ≥ 0 ∀v ∈ Rm.

B. Nominal plant and controller

1) Plant: The class of systems considered in this paper are given by the following state-space equations:

P ∼


ẋ1 = A11x1 +A12(x1)x2 +B11d

ẋ2 = A21(x1) +A22x2 +B21d+B22um

y = C2x2

(1)
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where x1 ∈ Rn1 , x2 ∈ Rn2 and n = n1 +n2 is the total state dimension of the plant. d ∈ Rnd represents a disturbance vector,

um = sat(yc) ∈ Rm represents the control input to the plant with yc the output of the controller (to be defined shortly), and

y ∈ Rp represents the output of the system which is available to the linear part of the controller. Sometimes it is convenient

to use x := [x′1, x′2]′. The term A12(.) : Rn1 7→ Rn1×n2 represents an “unmatched” nonlinearity which is not in the range

space of the input distribution matrix B22. The term A21(.) : Rn1 7→ Rn2 is the “matched” nonlinearity as formalised below.

The following assumption is made.

Assumption 1. Consider the plant P given by equation (1). It is assumed that:-

1) When d ≡ 0 and um ≡ 0, P is quadratically stable, that is there exists a symmetric positive definite matrix P > 0 and a

scalar α > 0 such that with V (x) = αx′Px there exists a scalar ε > 0 such that V̇ (x) < −αε‖x‖2.

2) The matrices A11 and A22 are Hurwitz.

3) A21(z) = B22f1(z) where f1(.) : Rn1 7→ Rm is globally Lipschitz with constant k1.

4) ‖A12(z)‖ ≤ β ∀z ∈ Rn1 .

Remark 1. The first item is similar to that used in linear anti-windup when seeking global results: the open-loop plant should

be asymptotically stable. It is stronger than that required in (Herrman et al., 2010), but makes the derivation of the results

straightforward. The requirement that A11 and A22 be Hurwitz is not strictly necessary in general, but it is compatible with the

form of partial-NDI controller introduced next. The third item effectively requires the nonlinearity in the second state equation

to be in the range space of the input distribution matrix and is a structural requirement for the results derived here. The

fourth item effectively limits the “growth” of the nonlinear term in the first state equation in (1), and again is a structural

requirement.

2) Controller: Under nominal conditions, the system above is assumed to be controlled using a partial-NDI controller given

below.

C ∼


ẋc = Acxc +Bc(y − θ2) +Dcrr

yc = Ccxc +Dc(y − θ2) +Dcrr − f1(x1) + θ1

(2)

where xc ∈ Rnc is the controller’s state, r ∈ Rnr is the reference and θ1 ∈ Rm and θ2 ∈ Rp are the compensation signals

generated by the anti-windup compensator; in the absence of saturation, θ1 ≡ 0 and θ2 ≡ 0. In addition to measurement of the

system output y, the controller is also assumed to have access to either the state x1, or measurement of the function f1(x1).

This allows the controller to partially (and only partially) “cancel” the nonlinear terms present.
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3) Closed-loop system: Without anti-windup (θ1 ≡ 0 and θ2 ≡ 0) and without saturation (um = yc) and with the reference,

r, and disturbance, d, set to zero, from equations (1) and (2) yield the closed-loop dynamicss


ẋ1 = A11x1 +A12(x1)x2 ẋ2

ẋc

 =

 A22 +B22DcC2 B22Cc

BcC2 Ac


 x2

xc

 (3)

This can be written more concisely as

 ẋ1

ẋ2c

 =

 A11 0

0 A2c


 x1

x2c

+

 A12(x1)x2

0

 (4)

where x2c := [x′2 x′c]
′ and

A2c :=

 A22 +B22DcC2 B22Cc

BcC2 Ac

 (5)

This motivates the second assumption given below.

Assumption 2. The matrix A2c is Hurwitz

This is obviously a natural necessary condition for closed-loop stability, and through a quadratic Lyapunov argument (Lekka

et al., 2012) and under Assumption 1, can be shown to be sufficient for ensuring global asymptotic (exponential) stability of

the nominal closed-loop system.

III. ANTI-WINDUP DESIGN

A. Nonlinear IMC

The anti-windup compensator, similar to the nonlinear IMC compensator in (Herrman et al., 2010), is basically a copy of

the plant augmented with a state-feedback term (Fig. 1), viz:

AWF ∼



ẋa1 = A11xa1 +A12(xa1)xa2

ẋa2 = A21(xa1) +A22xa2 −B22Dz(yc)

θ1 = f1(xa1)

θ2 = C2xa2

(6)
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Fig. 1: System block diagram of the proposed nonlinear IMC anti-windup compensator.

where xa = [x′a1 x′a2]′ is the anti-windup state vector, with xa1 ∈ Rn1 and xa2 ∈ Rn2 . As with standard linear anti-windup

compensators, the above nonlinear IMC compensator is driven by the deadzone function Dz(u) = u− sat(u), meaning that it

is activated upon saturation occurring.

The first objective is to show that the dynamics of the overall closed-loop system comprising the anti-windup compensator

(6), the plant (1) and the controller (2) remain internally stable when the reference and disturbance inputs are set to zero. Thus,

before stating the main result, it is useful to perform a coordinate transformation similar to (Herrman et al., 2010; Kapoor and

Daoutidis, 1999). Let r ≡ 0 and d ≡ 0 and um = sat(yc) and define e1 := x1−xa1, e2 := x2−xa2 and e2c := [e′2 x′c]
′. Some

tedious algebra then shows that the closed-loop interconnection of the plant (1), controller (2) and anti-windup compensator

(6) can be described in the (e1, e2c, xa1, xa2) coordinates as follows:



ė1 = A11e1 +A12(x1)x2 −A12(xa1)xa2

ė2c = A2ce2c

ẋa1 = A11xa1 +A12(xa1)xa2

ẋa2 = A21(xa1) +A22xa2 −B22Dz(yc)

yc = C2ce2c − f1(x1) + f1(xa1)

(7)

where C2c = [C2Dc Cc]. The main result of the section is the following.

Proposition 1. Consider the interconnection of (1), (2) and (6) through um = sat(yc). Let r ≡ 0, d ≡ 0 and let Assumptions

1 and 2 be satisfied. Then the origin of the interconnected system is globally exponentially stable.

Proof: See appendix, Section A. ��

AWF 
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Remark 2. The IMC compensator (6) share several features with its linear counterpart (see for example Turner et al. (2007)).

In particular, it features the same number of states as present in the plant and, hence, may be computationally expensive to

implement.

B. Reduced-order IMC

The partial NDI controller (2) works, under nominal conditions, by cancelling the nonlinear terms in the x2 state equation,

thereby making the x1 portion of the state vector unobservable from the output y. The linear part of the controller is then

chosen to bestow desirable properties on the x2 dynamics. Due to the stability of the x1 subsystem, this part of the plant will

remain well-behaved and not interfere with the system’s operation (Lekka et al., 2012).

Complete decoupling of the two sub-systems becomes impossible when saturation occurs, but it does suggest that focusing

anti-windup design only on the x2 subsystem could be beneficial. Therefore, consider now a reduced-order anti-windup

compensator with the xa1 state equation omitted and xa1, and functions thereof, set to zero wherever else they appear.

In this case, the anti-windup compensator state-space description becomes

AWRO ∼


ẋa2 = A22xa2 −B22Dz(yc)

θ1 = 0

θ2 = C2xa2

(8)

Note that this compensator is of order n2 and that, apart from the nonlinear driving function, has linear dynamics. (8) looks

very much like a reduced-order IMC compensator (and if the x1 dynamics were indeed absent, would operate exactly like a

linear IMC compensator) and it transpires that this is able to guarantee stability of the full nonlinear system.

Proposition 2. Consider the interconnection (1), (2) and (8). Let r ≡ 0, d ≡ 0 and um = sat(yc). Let Assumption 1 and 2 be

satisfied. Then the origin of the interconnected system is globally exponentially stable.

Proof: See appendix, Section B. ��

Remark 3. It is again emphasized that the reduced order compensator (8) is entirely linear. It is also important to note that

the compensator is not equivalent to a compensator calculated from the Jacobian linearisation of the model, but it is obtained

by simply setting the nonlinear terms to zero.
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C. A sub-optimal anti-windup design

In section III-B, it was proved that, despite omitting the xa1 dynamics, the system is globally exponentially stable. This

compensator could be interpreted as reduced-order IMC compensator because of its structure. However, IMC compensators

of this type are well known to suffer performance problems (Grimm et al., 2003b) and can lead to unsatisfactory transient

performance, despite their global stabilising guarantees.

In common with other techniques for linear systems (e.g. (Turner et al., 2007; Zaccarian and Teel, 2011)), an extra “state-

feedback-like” term is added to the xa2 dynamics of the AW compensator of Eq. (8), equal to B22Fxa2, where F ∈ Rm×n.

The addition of this term gives design freedom to the anti-windup problem and, as will be shown below leads to an LMI-based

condition for compensator design. In this case, the improved anti-windup compensator state-space description becomes

AWI ∼


ẋa2 = A22xa2 −B22Dz(yc) +B22Fxa2

θ1 = Fxa2

θ2 = C2xa2

(9)

Again, note that this compensator is of order n2 and, apart from the input nonlinearity, has linear dynamics. The following

Proposition shows that the so-called improved compensator (shown in Fig. 2) is able to guarantee stability of the nonlinear

system providing a certain LMI is satisfied.

C
r

P
umyc

y
+

+ -

-

+

Dz(.)

)(xf 11

NDI

-

xa2
C2

d
F

x1

Fig. 2: System block diagram of the proposed sub-optimal reduced-order anti-windup compensator

Proposition 3. Consider the interconnection of (1), (2) and (9). Let r ≡ 0, d ≡ 0 and um = sat(yc). Let Assumption 1 and

2 be satisfied. Then there exists an anti-windup compensator of the form (9) which ensures the origin of the interconnected

system is globally exponentially stable, provided there exist a symmetric positive definite matrix Q̃ > 0, a diagonal matrix

AWI 
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Ũ > 0 and a matrix L̃ such that the following LMI is satisfied.

 A22Q̃+ Q̃A′22 +B22L̃+ L̃′B22 −B22Ũ + L̃

? −2Ũ

 < 0 (10)

Furthermore, such an anti-windup compensator can be constructed as given in equation (9) with F = L̃Q̃−1.

Proof: See appendix, Section C. ��

Remark 4. It is noteworthy that the improved AW compensator is entirely linear (as with the case of the reduced IMC

compensator) and that it can be synthesised by simply solving an LMI problem. This is in contrast to the equivalent technique

proposed in (Herrman et al., 2010) where a matrix partial differential inequality needed to be solved. Note also, that when

F ≡ 0 (and thus L ≡ 0), satisfaction of the LMI in Proposition 3 is guaranteed and hence the reduced order IMC compensator

appears as a special case of Proposition 3, as one might expect.

Note that the LMI (10) which appears in Proposition 3 could be combined with other approaches in order to guarantee

attractive solutions. One simple manner to adapt it would be to solve the LMI associated with linear anti-windup design

appearing in (Turner et al., 2007) but for the reduced-order dynamics associated with the compensator (9). We term this

approach the L2 approach since the linear LMIs deal with minimising a given L2 gain.

An alternative construction would replace the LMI (10) with the generalised eigenvalue problem involving the positive scalar

λ  A22Q̃+ Q̃A′22 +B22L̃+ L̃′B22 + λQ̃ −B22Ũ + L̃

? −2Ũ

 < 0 (11)

Maximising λ then leads to a compensator with a maximum decay rate, which might lead to anti-windup compensator

performance. We term this approach the decay rate approach. Note that the matrix inequality (11) can be solved using

the GEVP function in, for example the Matlab Robust Control Toolbox Balas et al. (2010)

IV. APPLICATION OF THE PROPOSED ANTI-WINDUP COMPENSATORS ON THE CONTROL OF A WAVE ENERGY CONVERTER

The effectiveness of the anti-windup theory developed will be tested through a practical case study: the control of a Wave

Energy Converter (WEC). Recently, there has been intense interest in the use of WECs to harvest sustainable energy/potable

water, and optimal predictive control strategies have been proposed in (Abraham and Kerrigan, 2012; Li et al., 2012) and

compared with other simple linear techniques. In such predictive control methodologies, the control signal amplitude limits

are accounted for, as an additional norm bound inequality constraint in the original finite horizon optimisation problem and

thus might not face with the consequences of the saturation phenomena over the finite horizon time window. While, traditional
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linear-based control methods employed by (Nolan and Ringwood, 2006) offer the appeal of simplicity, they may require

anti-windup protection in order to prevent performance loss which may occur in rough sea states.

This case study focuses on the production of potable water from waves, through a desalination process called Reverse

Osmosis (RO). Wave-powered desalination appears particularly attractive since both of the primary requirements, seawater

and energy, are available at the same location. The case study is based on a WEC model developed in (Nolan, 2006; Nolan

and Ringwood, 2006), where the controller suggested was a type of nonlinear PI controller. As mentioned in (Nolan, 2006),

saturation occurred regularly and posed a significant challenge for the control and efficiency of the WEC and subsequently for

the production of potable water.

The WEC studied here consists of a generic floating body oscillating in heave (point absorber) and its parameters can be

found in (Nolan, 2006). The body of the WEC is coupled to a Power Take-Off unit (PTO), which converts captured wave

energy into useful quantities (e.g. pressure and flow). The goal of the control system is to regulate the pressure on the WEC’s

RO membrane to 60bar in order to ensure the efficiency of the RO process. To prevent poor quality water production or damage

to the RO membrane, ideally the deviation from the 60bar reference should be less than 3%. The system under consideration

consists of three distinct parts; the mechanical model of the buoy, the PTO subsystem and the excitation force.

A. State-space model

The mechanical model of the buoy and the PTO model of the buoy are coupled and, around a desired equilibrium pressure

of Pro = 6 · 106 Pa, can be represented by equation (1) where the state-space matrices are:

A11 =

 0 1

− S
M −Rf+Rc

M

 , A12(x1) =

 0

−A∗
p

M


A21(x1) =

[
0

A∗
p

C

]
, A22 = − (Pro − Posm)pro

C · Pro
(12)

B11 =

[
0 1

M

]′
, B21 = 0 B22 =

−Cr
√
Pro

200C

A detailed explanation of the model, and numerical values for the parameters, can be found in Nolan and Ringwood (2006).

The states are the WEC heave position (x11), heave velocity x12 and the PTO state, x2. The model in Eq. (12) is nonlinear,

since the term A∗p switches according to the sign of x12, where x1 has been partitioned as x1 = [x11 x12]; that is
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A∗p = sign(x12)Ap =


Ap, if x12 > 0

0, if x12 = 0

−Ap, if x12 < 0

where Ap is the pump area (Nolan, 2006). A∗p is the only source of nonlinearity and is such that Items 3 and 4 of Assumption

1 are satisfied. The matrices A11 and A22 are Hurwitz meaning that Items 1 and 2 of Assumption 1 are also satisfied.

B. Excitation force

The excitation force model represents the motion of the ocean waves that exert a force on the buoy, thereby inducing motion.

The excitation force is an exogenous input (acting as a disturbance) to the system and there are a number of different ways

to represent it. Here a model for producing irregular waves, based on the Pierson-Moskowitz (PM) (Jr. and Moskowitz, 1964)

energy spectrum for fully developed seas, has been used and it is representative of a large number of ocean locations. The PM

energy spectrum is given by

Eω(ω) =
0.11H2

1
3

T1

2π

(
ωT1
2π

)−5
exp [−0.44(

ωT1
2π

)−4] (13)

where H 1
3

is the significant wave height, T1 is the mean wave period and ω is the wave frequency.

0.5 1 1.5 2 2.5 3
0

2

4

6

8
Energy spectum

ω (rad/sec)

E
(ω

)

Fig. 3: Energy spectrum characterised by H1/3 = 6m and T1 = 10sec.

The time series corresponding to the spectrum of Fig. 3 can be calculated by dividing it into 100 equally spaced frequencies

at intervals of ∆ω = 0.0325 rad/s up to a maximum frequency of 3.2459 rad/s (Nolan, 2006). The surface elevation is then
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calculated as

η(t) =

100∑
i=1

κ(i) sin(ω(i)t+ ψ(i)) (14)

where

κ(i) =
√

2Eω(ω(i))∆ω (15)

and ψ(i) are random phase angles distributed uniformly from 0 to 2π. The excitation force corresponding to the energy

spectrum of Fig. 3 gives rise to the excitation force, Fe, depicted in Fig. 4 [see (Nolan, 2006) for details].

0 100 200 300 400 500
−3

−2

−1

0

1

2

3x 10
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time (sec)

E
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tio

n 
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rc
e 

 f e  (
N

)

Fig. 4: Realisation of the excitation force corresponding to the energy spectrum of Fig. 3.

C. Nominal controller

The controller suggested in (Nolan, 2006; Nolan and Ringwood, 2006) was a type of nonlinear PI controller. When no

saturation occurs the controller decouples the PTO subsystem from the mechanical subsystem and allows excellent pressure

regulation to be achieved; it also globally asymptotically stabilises the nonlinear system (Lekka et al., 2012). This controller

belongs to the class of controllers, C (2), considered earlier and has the following state-space realisation.

Cwec ∼


ẋc = −x3 + r

u = Kixc −Kpx3 + (Kp +Kff )r +Ks(x)

(16)

where the PI gains Kp = −(µ1+µ2)+A22

B22
and Ki = µ1µ2

B22
, and µ1 = µ2 = 0.12 determine the closed-loop pole locations (Nolan,

2006; Nolan and Ringwood, 2006). The feedforward controller gain Kff = −A22

B22
and Ks(x) is a nonlinear term chosen to

cancel the nonlinear terms associated with the PTO state equation,

Ks(x) = − 1

B22

Ap

C
sign(x12)x12 (17)
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The magnitude of the control signal is limited between 0−100%1. The non-symmetric saturation function used here is defined

as

sat(u) =


u, u ≥ u

u, u < u < u

u, u ≤ u

(18)

where u = 0 and u = 100. According to (Nolan, 2006), actuator saturation occurs regularly and poses a significant challenge

to the operation of WECs, as their performance deteriorates rapidly after saturation occurs. Noting the good performance of

the baseline control system, it seems natural to tackle these saturation issues using anti-windup compensation.

V. SIMULATION RESULTS

In this section the efficacy of the AW compensators proposed earlier will be tested. A comparison is made between the

following compensators.

1) The nonlinear IMC AW compensator (6) from Proposition 1.

2) The reduced-order IMC AW compensator (8) from Proposition 2. Note that although this compensator has been designed

taking the nonlinear dynamics of the plant into account, the dynamics of the compensator itself are purely linear.

3) A standard linear IMC compensator. This compensator has been designed according to equation (16) in (Turner et al.,

2007) with F ≡ 0 and the state-space realisation of the linearised plant taken from equation (12) with Ap
∗ = Ap. This

implies the anti-windup compensator has been designed based only on linearised dynamcis of the plant, not the full

nonlinear equations as with compensators (6) and (8) above.

4) An improved reduced-order compensator (9) from Proposition 3 and using the LMI from equation (23) in Turner et al.

(2007) to enforce the inequality (10). Note that, if the plant were linear, this would correspond to the minimisation of a

useful L2 performance map. Of course, here the plant dynamics are nonlinear so there is no guarantee that such an L2

performance measure is minimised, but the approach has appeared to be useful in simulations.

5) An improved reduced-order compensator (9) from Proposition 3 but with inequality (11) used to enforce inequality (10)

and to maximise the decay rate of the anti-windup compensator state.

Table I compares the responses of the system under various different wave profiles, with r(t) fixed as a ramp-type function

with a steady-state value of 6 · 106 Pa, the pressure required for the RO process. A sample of the pressure regulation time-

histories obtained is given in Fig. 5.

1The control signal corresponds to the position of a throttle valve, which ranges from fully closed to fully open, hence 0-100%.
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linear AW schemes.
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Table I reveals several broad patterns.

• Saturation with no anti-windup leads to poor performance in many cases with tracking sometimes not achievable.

• The proposed nonlinear IMC and linear reduced-order AW compensators stabilise the system indeed, but appear to provide

poor reference tracking, which is scarcely distinguishable from the linear IMC case.

• The proposed linear reduced-order AW compensator with decay rate maximiser generally gives good results, although

inspection of the time histories reveals that peak overshoot may be higher than desired in some cases. The drawback of

this scheme is the resulting control signals are very oscillatory. They are not shown in Fig. 6 as they occlude the control

actions of the other compensators.

• The reduced-order AW compensator designed using method appearing in (Turner et al., 2007) exhibits the same perfor-

mance as the decay rate maximiser, but crucially, the control signal contains much lower activity - see Fig. 6.

VI. CONCLUSIONS

Three IMC-type compensators which guarantee global exponential stability have been proposed for a class of input-

constrained nonlinear systems. The first is a natural counterpart to the IMC compensator derived in (Herrman et al., 2010);

the second is a reduced-order IMC compensator which only features linear dynamics, giving it twofold practical appeal. The

third one is of similar structure to the second one, however it contains an extra term that can be used to maximise the decay

rate, hence improving performance.

The results derived here have been applied to, and indeed were motivated by, a WEC pressure regulation case study. Results

from this case study have indicated that the new nonlinear IMC and linear reduced-order AW compensators stabilise the system,

however they are unable to track the reference. In contrast, the new linear AW compensator with decay rate maximiser performed

well although the window in which tracking was typically achieved (waves of height 1− 1.3m) is quite narrow. However, the

success with the IMC compensators leads one to believe that a nonlinear anti-windup compensator whose performance would

be analysed in more detail/using different techniques of proving performance could yield further improvements in the WEC

example and perhaps enable a wider variety of wave heights to be catered for without tracking performance breakdown.
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TABLE I: AW schemes.

Wave profiles - no saturation saturation NL IMC NL RO LRO L2 decoupled RO decay rate RO

H=1.0m,
T1=10s

PO 3.06 % 27.08 % stable[3] stable[3] stable[3] 1.08 % 1.08 %
ST 97 sec – – – – 387 sec 387 sec
FV 6 · 106 Pa no tracking – – – 6 · 106 Pa 6 · 106 Pa

H=1.0m,
T1=10s
(v2)

PO 3.06 % 28.2 % stable[3] stable[3] stable[3] 0 % 0 %
ST 97 sec 990 sec – – – 441 sec 441 sec
FV 6 · 106 Pa around 6 · 106 Pa – – – 6 · 106 Pa 6 · 106 Pa

H=1.0m,
T1=10s
(v3)

PO 3.06 % 27.21 % stable[3] stable[3] stable[3] 0 % 0 %
ST 97 sec 980 sec – – – 429 sec 429 sec
FV 6 · 106 Pa around 6 · 106 Pa – – – 6 · 106 Pa 6 · 106 Pa

H=1.1m,
T1=10s

PO 3.06 % 19.28 % stable[3] stable[3] stable[3] 0 % 0 %
ST 97 sec 648 sec – – – 298 sec 298 sec
FV 6 · 106 Pa around 6 · 106 Pa – – – 6 · 106 Pa 6 · 106 Pa

H=1.1m,
T1=10s
(v2)

PO 3.06 % 30.11 % stable[3] stable[3] stable[3] 18.01 % 18.01 %
ST 97 sec no steady-state – – – 176 sec 176 sec
FV 6 · 106 Pa outside limits – – – around 6 · 106 Pa around 6 · 106 Pa

H=1.1m,
T1=10s
(v3)

PO 3.06 % 22.61 % stable[3] stable[3] stable[3] 4.1 % 4.1 %
ST 97 sec 565 sec – – – 199.5 sec 199.5 sec
FV 6 · 106 Pa around 6 · 106 Pa – – – 6 · 106 Pa 6 · 106 Pa

H=1.2m,
T1=10s

PO 3.06 % 19.66 % stable[3] stable[3] stable[3] 7.78 % 7.78 %
ST 97 sec 413 sec – – – 193 sec 193 sec
FV 6 · 106 Pa around 6 · 106 Pa – – – around 6 · 106 Pa around 6 · 106 Pa

H=1.2m,
T1=10s
(v2)

PO 3.06 % 11.83 % stable[3] stable[3] stable[3] 2.53 % 2.53 %
ST 97 sec 371 sec – – – 170 sec 170 sec
FV 6 · 106 Pa around 6 · 106 Pa – – – 6 · 106 Pa 6 · 106 Pa

H=1.2m,
T1=10s
(v3)

PO 3.06 % 14.38 % stable[3] stable[3] stable[3] 6.98 % 6.98 %
ST 97 sec 365 sec – – – 156 sec 156 sec
FV 6 · 106 Pa around 6 · 106 Pa – – – 6 · 106 Pa 6 · 106 Pa

H=1.3m,
T1=10s

PO 3.06 % 20.98 % stable[3] stable[3] stable[3] 13.3 % 13.3 %
ST 97 sec oscillatory – – – 189 sec 189 sec
FV 6 · 106 Pa out of limits – – – around 6 · 106 Pa around 6 · 106 Pa

H=1.3m,
T1=10s
(v2)

PO 3.06 % 8.95 % stable[3] stable[3] stable[3] 6.66 % 6.66 %
ST 97 sec 114 sec – – – 109 sec 109 sec
FV 6 · 106 Pa around 6 · 106 Pa – – – 6 · 106 Pa 6 · 106 Pa

H=1.3m,
T1=10s
(v3)

PO 3.06 % 11.43 % stable[3] stable[3] stable[3] 5.83 % 5.83 %
ST 97 sec no steady-state – – – 155 sec 155 sec
FV 6 · 106 Pa out of limits – – – 6 · 106 Pa 6 · 106 Pa

1 PO stands for Peak Overshoot, ST for Settling Time, FV for Final Value, NL for nonlinear, L for linear, RO for reduced-order.
2 The LRO compensator is that obtained from simply using a linearisation of the nonlinear model
3 When compensators have simply maintained stability but have provided no tracking performance, they are simply labelled “stable”

APPENDIX

A. Stability proof for the nonlinear IMC AW compensator of Section III-A

Consider the closed-loop interconnection represented by equation (7). A composite Lyapunov function approach is adopted

where each individual Lyapunov function corresponds to a “subsystem”. It is then necessary to prove that the time derivative

of this composite Lyapunov function is negative definite.
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Lyapunov function candidate: Va(xa)

Let Va(xa) = αx′aPaxa, with Pa > 0. Then the time derivative of this function along the trajectories of the xa subsystem

(6) is

V̇a(xa) = 2αx′aPa

 A11(xa1) +A12(xa1)xa2

A21(xa1) +A22xa2

− 2αx′aPa[0 B′22]′φ (19)

where φ := Dz(yc). Regarding the xa subsystem, it is split in an “unforced” part and in a “forced” part (due to the deadzone).

Due to Assumption 1, it thus follows that there exists an ε > 0 such that

V̇a(xa) ≤ −αε‖xa‖2 − 2αx′aPa[0 B′22]′φ (20)

Then using Fact 1 we have

V̇a(xa) ≤ −αε‖xa‖2 − 2αx′aPa[0 B′22]′φ (21)

+ 2φ′W [C2ce2c − f1(x1) + f1(xa1)︸ ︷︷ ︸
yc from Eq. 7

−φ]

≤

 xa

φ


′


−αεIn αPa

 0

B22


? −2W


 xa

φ

 (22)

+ 2‖φ‖‖W‖(‖C2ce2c‖+ ‖f1(x1)− f1(xa1)‖)

where W is some positive definite diagonal matrix to be decided. Thus, using Young’s inequality (Khalil (2002))

2x′y ≤ γ‖x‖2 +
1

γ
‖y‖2 ∀x ∈ Rp, y ∈ Rq, γ > 0 (23)

it follows, for any δa > 0, that

V̇ (xa) ≤

 xa

φ


′


−αεIn αPa

 0

B22


? −2W


 xa

φ

 (24)

+ δa‖φ‖2‖W‖2 +
2

δa
(‖C2c‖2‖e2c‖2 + k21‖e1‖2)
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Lyapunov function candidate: V1(e1)

Let V1(e1) = e′1P1e0 with P1 > 0. The time derivative along the trajectories of the e1 sub-system is then

V̇1(e1) = 2e′1P1[A11e1 +A12(x1)x2 −A12(xa1)xa2] (25)

≤ 2e′1P1A11e1 + 2e′1P1[A12(x1)x2 −A12(xa1)xa2] (26)

≤ e′1(P1A11 +A′11P1)e1 + 2‖e1‖‖P1‖‖A12(x1)x2 −A12(xa1)xa2‖ (27)

Now adding and substracting A12(xa1)x2

A12(x1)x2 −A12(xa1)xa2

= A12(x1)x2 −A12(xa1)x2 +A12(xa1)x2 −A12(xa1)xa2

= [A12(x1)−A12(xa1)]x2 +A12(xa1)e2

so, using item 4 of Assumption 1, the norm can be bounded in terms of norms of the states e2c and xa

‖A12(x1)x2 −A12(xa1)xa2‖

≤ ‖A12(x1)−A12(xa1)‖‖x2‖+ ‖A12(xa1)‖‖e2‖

≤ (‖A12(x1)‖+ ‖A12(xa1)‖)‖x2‖+ β‖e2‖

≤ 2β‖x2‖+ β‖e2‖

≤ 3β‖e2‖+ 2β‖xa2‖

≤ 3β‖e2c‖+ 2β‖xa‖ (28)

where the terms involving β arise from repeated application of item 4 of Assumption 1. This implies, for any δ1, that V̇ (xa)

in (27) can be bounded by

V̇1(e1) ≤ e′1(P1A11 +A′11P1)e1 + 2‖e1‖‖P1‖β(3‖e2c‖+ 2‖xa‖) (29)

≤ e′1(P1A11 +A′11P1 + δ1‖P1‖2I)e1 +
2β2

δ1
(9‖e2c‖2 + 4‖xa‖2) (30)

Lyapunov function candidate: V2(e2c)

Let V2(e2c) = e′2cP2e2c with P2 > 0. The time derivative along the trajectories of the e2c sub-system is then

V̇2(e2c) = e′2c(A
′
2cP2 + P2A2c)e2c (31)
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Sum of Lyapunov function candidates:

Define the state-vector of the interconnection as ξ := [e′1, e
′
2c, xa]′, then a Lyapunov function candidate for the entire system

can be formed as

Vtot(ξ) := Va(xa) + V1(e1) + V2(e2c) > 0 ∀(e1, e2c, xa) 6= 0

Obviously Vtot is positive definite and radially unbounded. Using the expressions above, its derivative is bounded by

V̇tot(ξ) = V̇a(xa) + V̇1(e1) + V̇2(e2c) (32)

≤

 xa

φ


′


(−αε+ 4β2

δ1
)In αPa

 0

B22


? −2W + δa‖W‖2Im


 xa

φ



+ e′1(P1A11 +A′11P1 + δ1‖P1‖2In1 +
2k21
δa

In1)e1

+ e′2c(A
′
2cP2 + P2A2c +

(
18β2

δ1
+

2‖C2c‖2

δa

)
In2+nc

)e2c (33)

For stability it is sufficient for each of the three terms in the above inequality to themselves be negative definite. Consider

each term individually.

1)

M1 :=


(−αε+ 4β2

δ1
)In αPa

 0

B22


? −2W + δa‖W‖2Im


For any (arbitrarily small) δ1, it is always possible to choose α sufficiently large such that −αε + 4β2

δ1
< 0. Next, for

any W it is possible to choose, δa sufficiently small such that −2W + δa‖W‖2 < 0 for any W > 0. Finally, choosing

W = αW W̃ , it is always possible to choose αW > 0 sufficiently large such that M1 < 0.

2)

M2 := P1A11 +A′11P1 + δ1‖P1‖2In1
+
k21
δa
In1

By Assumption 1 there exists a P̃1 such that P̃1A11 +A′11P̃1 = −Q̃1 < 0. Then with P1 = α1P̃1, choosing δ1 sufficiently

small ensures that α1(P̃1A11 + A′11P̃1) + α2
1δ1‖P̃1‖2In1 for any P̃1. Next choosing α1 sufficiently large ensures that

M2 < 0.
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3)

M3 := A′2cP2 + P2A2c +
9β2

δ1
In2+nc +

‖C2c‖2

δa
In2+nc

By Assumption 2 there exists a P2 = α2P̃2 such that α2(A′2cP̃2 + P̃2A2c) = −α2Q2 < 0. Choosing α2 sufficiently large

then implies that M3 is negative definite for any given β, δ1, δa and C2c.

Thus by judicious choice of the free parameters W , δa, δ1, α, α1 and α2, it is always possible to ensure V̇tot(ξ) ≤ −η‖ξ‖2

and, thus, the system is exponentially stable. �

B. Stability proof of the reduced-order IMC-type AW compensator of Section III-B

Note that with xa1 ≡ 0, and recalling the notation from the proof of Proposition 1, e1 ≡ x1. The approach taken in the proof

is similar to that in Proposition 1 and involves one proving that the system in the coordinates (e1, e2, xc, xa2) is exponentially

stable. It proceeds in the same way as above.

ė1 = A11e1 +A12(x1)x2

ė2c = A2ce2c

ẋa2 = A22xa2 −B22Dz(yc)

yc = C2ce2c − f1(x1)

(34)

where C2c = [C2Dc Cc].

Lyapunov function candidate: Va2(xa2)

Let Va2(xa2) = x′a2Pa2xa2 with Pa2 > 0. By identical arguments as followed in the proof of Proposition 1, and using

Assumption 1 and Fact 1, it follows that the time-derivative of Va2(xa2) along the xa2 subsystem is bounded by

V̇a2 ≤ x′a2(Pa2A22 +A′22Pa2)xa2 + 2x′a2Pa2B22φ

+ 2φ′W [C2ce2c − f1(x1)︸ ︷︷ ︸
yc from Eq.34

−φ] (35)

≤

 xa2

φ


′  Pa2A22 +A′22Pa2 Pa2B22

? −2W


 xa2

φ


+ 2‖φ‖‖W‖(‖C2ce2c‖+ k1‖e1‖) (36)

≤

 xa2

φ


′  Pa2A22 +A′22Pa2 Pa2B22

? −2W


 xa2

φ


+ δa‖W‖2‖φ‖2 +

2

δa
(‖C2c‖2‖e2c‖2 + k21‖e1‖2)
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where again W > 0 is some positive definite diagonal matrix and δa > 0 is some positive scalar.

Lyapunov function candidate: V1(e1)

Let V1(e1) = e′1P1e1 > 0. Then we have, using Assumption 1

V̇ (e1) ≤ e′1(P1A11 +A′11P1)e1 + 2‖e1‖‖P1‖‖A12(e1)x2‖

≤ e′1(P1A11 +A′11P1)e1 + δ1‖P1‖2‖e1‖2 +
β2

δ1
‖x2‖2

≤ e′1(P1A11 +A′11P1)e1 + δ1‖P1‖2‖e1‖2 +
2β2

δ1
(‖x2c‖2 + ‖xa2‖2) (37)

where δ1 > 0 is some positive scalar.

Lyapunov function candidate: V2(e2c)

V̇ (e2c) = e′2c(A
′
2cP2 + P2A2c)e2c (38)

Sum of Lyapunov function candidates:

Collecting terms together as in the proof of Proposition 1, and defining the state-vector ξr := [e′1, e
′
2c, x2a]′, then allows us

to write

V̇r(ξr) = V̇a2(xa2) + V̇1(e1) + V̇2(e2c) (39)

≤

 xa

φ


′

M1r

 xa

φ


+ e′1(P1A11 +A′11P1 + δ1‖P1‖2In1

+
k21
δa
In1

)e1

+ e′2c(A
′
2cP2+P2A2c+(

β2

δ1
+
‖C2c‖2

δa
)In1+nc

)e2c (40)

where

M1r =

Pa2A22 +A′22Pa2 + β2

δ1
In2 Pa2B22

? −2W + δa‖W‖2Im

 (41)

As in Proposition 1, by Assumption 1 and with judicious choices of the scalars δ1, δa and the matrices W , Pa2, P1 and P2,

it follows that V̇r(ξr) ≤ −η‖ξr‖2 and exponential stability follows. �
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C. Stability proof of the improved reduced-order AW compensator of Section III-C

Note that with xa1 ≡ 0, and recalling the notation from the proof of Proposition 1, e1 = x1. As indicated earlier, instead of

working in the (x1, x2c, xa) coordinates, it is more convenient to work in the (e1, e2, xc, xa2) coordinates. The approach taken in

the proof is similar to that in Propositions 1,2; to define quadratic Lyapunov function candidates for each “subsystem” and then

to sum together these functions, and their time derivatives, in order to obtain a positive definite (radially unbounded) Lyapunov

function with a negative definite derivative, i.e. proving that the system in the coordinates (e1, e2, xc, xa2) is exponentially

stable.

Some tedious algebra shows that the closed-loop interconnection (Fig. 2) of the plant (1), the controller (2) and the anti-

windup compensator (9) can be described in the (e1, e2, xc, xa2) coordinates as follows:



ė1 = A11x1 +A12(x1)x2

ė2c = A2ce2c

ẋa2 = (A22 +B22F )xa2 −B22Dz(yc)

yc = C2ce2c − f1(x1) + Fxa2

(42)

Lyapunov function candidate: Va2(xa2)

Let Va2(xa2) = x′a2Pa2xa2 > 0. Then, similar to the proof of Proposition 1, and using Assumption 1, it follows that

V̇a2 = 2x′a2Pa2[(A22 +B22F )xa2 −B22φ] (43)

≤ x′a2[P ′a2(A22 +B22F ) + (A22 +B22F )′Pa2]xa2 − 2x′a2Pa2B22φ

+ 2φ′W [C2ce2c − f1(x1) + Fxa2︸ ︷︷ ︸
yc from Eq.42

−φ] (44)

≤

 xa2

φ


′  Pa2(A22 +B22F ) + (A22 +B22F )′Pa2 −Pa2B22 + F ′W

? −2W


 xa2

φ


+ 2‖φ‖‖W‖(‖C2ce2c − f(x1)‖) (45)
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and using Young’s inequality (23) it follows, for any δa > 0, that

V̇ (xa) ≤

 xa2

φ


′  Pa2(A22 +B22F ) + (A22 +B22F )′Pa2 −Pa2B22 + F ′W

? −2W


 xa2

φ


+ δa‖φ‖2‖W‖2 +

1

δa
‖C2ce2c − f(x1)‖2

≤

 xa2

φ


′  Pa2(A22 +B22F ) + (A22 +B22F )′Pa2 −Pa2B22 + F ′W

? −2W


 xa2

φ


+ δa‖φ‖2‖W‖2 +

2

δa
‖C2c‖2‖e2c‖2 +

2

δa
k21‖ x1︸︷︷︸

e1

‖2 (46)

where again W > 0 is some positive definite diagonal matrix and δa > 0 is some positive scalar.

Lyapunov function candidate: V1(e1)

Let V1(e1) = e′1P1e1 > 0. Then we have, using Assumption 1

V̇ (e1) = 2e′1P1 (A11e1 +A12(e1)x2)

= 2e′1P1A11e1 + 2e′1P1A12(e1)x2

≤ e′1(P1A11 +A′11P1)e1 + 2‖e1‖‖P1‖‖A12(e1)x2‖

≤ e′1(P1A11 +A′11P1)e1 + 2‖e1‖‖P1‖ ‖A12(e1)‖︸ ︷︷ ︸
≤β Assumption1.4

‖x2‖. (47)

Using Young’s inequality (23)

V̇ (e1) ≤ e′1(P1A11 +A′11P1)e1 + δ1‖P1‖2‖e1‖2 +
β2

δ1
‖x2‖2 (48)

where δ1 > 0 is some positive scalar. Now e2 = x2 − xa2 ⇒ x2 = e2 − xa2, hence

V̇ (e1) ≤ e′1(P1A11 +A′11P1)e1 + δ1‖P1‖2‖e1‖2 +
2β2

δ1
(‖e2‖2 + ‖xa2‖2) (49)

Lyapunov function candidate: V2(e2c)

As before V2(e2c) = e′2cP2e2c > 0. Then we have, using Assumption 2,

V̇ (e2c) = e′2c(A
′
2cP2 + P2A2c)e2c (50)
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Sum of Lyapunov function candidates

Collecting terms together and defining the state-vector ξro := [e′1, e
′
2c, x2a]′, then allows us to write

Vtot(ξro) = Va2(xa2) + V1(e1) + V2(e2c)

and taking derivative w.r.t. time yields

V̇tot(ξro) =

xa2
φ


′  Pa2(A22 +B22F ) + (A22 +B22F )′Pa2 −Pa2B22 + F ′W

? −2W + δa‖W‖2


xa2
φ


+

2

δa
‖C2c‖2‖e2c‖2 +

2

δa
k1‖e1‖2

+ e′1(P1A11 +A′11P1 + δ1‖P1‖2)e1 +
2β2

δ1
(‖e2c‖2 + ‖xa2‖2)

+ e′2c(P2A2c +A′2cP2)e2c

=

xa2
φ


′ Pa2(A22 +B22F ) + (A22 +B22F )′Pa2 +

2β2

δ1
In2 −Pa2B22 + F ′W

? −2W + δa‖W‖2


xa2
φ


+ e′1(P1A11 +A′11P1 + δ1‖P1‖2In1

+
2

δa
k1

2In1
)e1

+ e′2c(P2A2c +A′2cP2 +
2

δa
‖C2c‖2In2+nc

+
2β2

δ1
In2+nc

)e2c (51)

For stability it is sufficient for each of the three terms in the above inequality to themselves be negative definite. Consider

each term individually.

1)

M1ro :=

 Pa2(A22 +B22F ) + (A22 +B22F )′Pa2 + 2β2

δ1
In2 −Pa2B22 + F ′W

? −2W + δa‖W‖2

 (52)

Let’s Pa2 = αP̃a, W = αW̃ and we have

M1ro =α

 P̃a(A22 +B22F ) + (A22 +B22F )′P̃a −P̃aB22 + F ′W̃

? −2W̃



+

 2β2

δ1
0

0 δaα
2‖W̃‖

 (53)
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Now for large enough α and small enough δa this holds for any (arbitrarily small) δ1 provided P̃a(A22 +B22F ) + (A22 +B22F )′P̃a −P̃aB22 + F ′W̃

? −2W̃

 < 0 (54)

Note that Eq.54 is a Bilinear Matrix Inequality (BMI). Using the congruence transformation with diag(P̃−1a , W̃ ) =

diag(Q̃−1, Ũ) we have  A22Q̃+ Q̃A′22 +B22FQ̃+ Q̃F ′B′22 −B22Ũ + Q̃′F

? −2Ũ

 < 0 (55)

 A22Q̃+ Q̃A′22 +B22L̃+ L̃′B22 −B22Ũ + L̃

? −2Ũ

 < 0 (56)

which is an LMI in Q̃, L̃.

2)

M2ro := P1A11 +A′11P1 + (δ1‖P1‖2 +
2

δa
k1

2)In1 (57)

Let’s P1 = α1P̃1, now we have

M2ro = α1(P̃1A11 +A′11P̃1) + (α1
2δ1‖P̃1‖2 +

2

δa
k1

2)In1
(58)

Now by choosing α1 sufficiently large and δ1 sufficiently small M2ro is negative definite for any (arbitrarily small) δa.

3)

M3ro := P2A2c +A′2cP2 + (
2

δa
‖C2c‖2 +

2β2

δ1
)In2+nc

(59)

Let’s P2 = α2P̃2. So, we have

M3ro = α2(P̃2A2c +A′2cP̃2) +

(
2

δa
‖C2c‖2 +

2β2

δ1

)
In2+nc (60)

So for any arbitrarily small δa, δ1, α2 can always be chosen so that M3ro is negative definite.

Thus by judicious choice of the free parameters W , δa, δ1, α, α1 and α2, it is always possible to ensure V̇tot(ξro) ≤ −η‖ξro‖2

and, thus, the system is exponentially stable.

�
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