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Abstract

The birational variant of Grothendieck's section conjecture proposes a characterisa-

tion of the rational points of a curve over a �nitely generated �eld over Q in terms

of the sections of the absolute Galois group of its function �eld. While the p-adic

version of the birational section conjecture has been proven by Jochen Koenigsmann

[Koe05], and improved upon by Florian Pop [Pop10], the conjecture in its original

form remains very much open. One hopes to deduce the birational section conjec-

ture over number �elds from the p-adic version by invoking a local-global principle,

but if this is achieved the problem remains to deduce from this that the conjecture

holds over all �nitely generated �elds over Q. This is the problem that we address

in this thesis, using an approach which is inspired by a similar result by Mohamed

Saïdi [Saï16] concerning the section conjecture for étale fundamental groups. We

prove a conditional result which says that, under the condition of �niteness of cer-

tain Shafarevich-Tate groups, the birational section conjecture holds over �nitely

generated �elds over Q if it holds over number �elds.
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Introduction

Let X be a smooth, projective, geometrically connected curve over a �eld k of

characteristic zero. Let z̄ : SpecΩ→ X be a geometric point of X, which determines

an algebraic closure k̄ of k. Let Gk := Gal(ksep|k) denote the absolute Galois group

of k, where ksep is the separable closure of k in k̄. The étale fundamental group

π1(X, z̄) of X sits in an exact sequence

1 −−−→ π1(Xk̄, z̄) −−−→ π1(X, z̄) −−−→ Gk −−−→ 1

where Xk̄ := X ×Spec k Spec k̄. By functoriality of the étale fundamental group,

a k-rational point x : Spec k → X gives rise to a section sx : Gk → π1(X, z̄) of

the above exact sequence, de�ned up to conjugation by π1(Xk̄, z̄), with image the

decomposition group Dx̃ ⊂ π1(X, z̄) of a point above x in some universal pro-étale

cover of X.

The section conjecture was proposed by Grothendieck in his 1983 letter to Falt-

ings [Gro97], and asserts the following:

When k is �nitely generated over Q and X is hyperbolic, every section of π1(X, z̄)

arises as above from a unique k-rational point x ∈ X(k).

Whether this is true remains very much an open question. Only the uniqueness

part of the conjecture is known - that is, no two distinct k-rational points x1, x2

give rise to the same conjugacy class of sections of π1(X, z̄). This is also known in

the more general case when k is a sub-p-adic �eld [Moc99, Theorem C].

One may also ask whether the assertion holds for other �elds. For a given �eld k,

we say the section conjecture holds over k if for any smooth, geometrically connected,

projective, hyperbolic curve X over k, every section of π1(X, z̄) arises from a unique

k-rational point x ∈ X(k).
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In his recent paper [Saï16], Mohamed Saïdi considers the following question:

suppose we know that the section conjecture holds over a particular �eld k. Then

does it also hold over function �elds of transcendence degree 1 over k? Saïdi ex-

hibits conditions on the �eld k which, under the condition of �niteness of certain

Shafarevich-Tate groups (which we will introduce in �2.3), result in an a�rmative

answer to this question. The class of �elds which satisfy these conditions includes,

in particular, the �nitely generated �elds over Q. By induction, therefore, the main

result of his paper implies the following:

Assume the section conjecture holds over all number �elds. Then, under the con-

dition of �niteness of the above-mentioned Shafarevich-Tate groups, it also holds

over �nitely generated �elds over Q.

Thus, Grothendieck's section conjecture is reduced to the case of number �elds,

though it is important to stress that this result depends on the �niteness of the

Shafarevich-Tate groups. In this thesis, we prove a similar conditional result for the

birational variant of the section conjecture.

To a smooth, geometrically connected, projective curve X over a �eld k, we can

associate another group GX , the absolute Galois group of the function �eld k(X) of

X. This group also sits in an exact sequence

1 −−−→ GXk̄
−−−→ GX −−−→ Gk −−−→ 1

A k-rational point x ∈ X(k) also de�nes sections of this sequence, and the image

of such a section is contained in the decomposition subgroup Dx̃ ⊂ GX of some

extension of x to k(X)sep. One is naturally led to posit the following, which may be

considered a birational analogue of the section conjecture:

When k is �nitely generated over Q, every section of GX arises as above from a

unique k-rational point x ∈ X(k).

Note that this does not require X to be hyperbolic. One may ask whether this

assertion holds for other �elds. For a given �eld k, we say the birational section

conjecture holds over k if for any smooth, geometrically connected, projective curve

X over k, every section of GX arises from a unique k-rational point x ∈ X(k).
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The uniqueness of such a k-rational point x follows from a classical result of F.

K. Schmidt - see [NSW08, Corollary 12.1.3]. But the question of existence is still an

open problem, though more gains have been made than with Grothendieck's section

conjecture. The �rst notable result was that by Jochen Koenigsmann in [Koe05],

where he proves that the birational section conjecture holds over �nite extensions

of Qp and over R. This was more recently re�ned by Florian Pop in [Pop10], where

he proves a Z /p meta-abelian variant which subsumes the birational p-adic section

conjecture.

This leads one to suspect that we may be closer to proving the birational analogue

of the section conjecture than we are to proving Grothendieck's original assertion.

This motivates the theory of �cuspidalisation�, which aims to show that the section

conjecture follows from its birational variant (see, for example, [Saï12]). Successful

development of such a theory would reinforce the importance of the birational section

conjecture.

In this thesis, we consider curves over the same class of �elds as introduced in

[Saï16], and we prove a similar result reducing the birational section conjecture to

the case of number �elds. This is conditional on the �niteness of certain Shafarevich-

Tate groups, which we de�ne in De�nition 2.3.2. Our main results are Theorems A

and B in �2.3, which imply the following:

Assume the birational section conjecture holds over all number �elds. Then, under

the condition of �niteness of the above-mentioned Shafarevich-Tate groups, it also

holds over �nitely generated �elds over Q.

The proof of these Theorems is inspired by the proofs in [Saï16], and proceeds

as follows. After specifying the necessary conditions for our base �eld k, including

that the birational section conjecture holds over any �nite extension of k, we take a

smooth, separated, connected curve C over k and a smooth relative curve X → C

which satis�es the following properties:

(i) Denoting byK the function �eld k(C) of C, the generic �breX := X ×C SpecK

is a geometrically connected, hyperbolic curve over K such that X(K) 6= ∅.

(ii) Denoting by J := Pic0
X /C the relative Jacobian of X , the Tate module TX(J )

of the Shafarevich-Tate group of J is trivial.
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The bulk of the exposition is devoted to proving that, in this setting, every

section s : GK → GX arises from a K-rational point of X. Using this we easily

prove that, under the triviality condition on appropriate Shafarevich-Tate groups,

the birational section conjecture holds over any �nite extension of K. By induction,

therefore, this implies that the birational section conjecture holds over any function

�eld of arbitrary transcendence degree over k.

The proof uses a reduction argument. For each closed point c in C, we investigate

whether a given section s : GK → GX specialises to a section of the absolute Galois

group GX c of the closed �bre X c := X ×C Spec k(c). This requires passing to the

local setting - taking the completion Kc of K with respect to c and the base change

Xc := X ×SpecK SpecKc, we de�ne a group π1(Xc − S̃) satisfying the following

properties:

(i) There is a natural projection π1(Xc − S̃)� GKc .

(ii) The section s induces a section sc : GKc → π1(Xc − S̃) of this projection.

(iii) There is a surjective specialisation homomorphism Sp : π1(Xc − S̃) � GX c

which makes the following diagram commutative.

π1(Xc − S̃) GKc

GX c Gk(c)

sc

Sp ρ

(See Theorem 3.3.8.) By investigating the image of the kernel IKc = ker ρ under

the composite homomorphism Sp ◦sc, we show that, under our conditions on the

base �eld k, the section sc is associated to a unique k(c)-rational point x̄c of the

closed �bre X c.

We then investigate the étale abelian sections sab, sabc associated to s and sc.

These correspond to elements of the Galois cohomology groups H1(GK , TJ) and

H1(GKc , TJc) respectively, where J := J ×C SpecK denotes the Jacobian of X and

Jc := J ×SpecK SpecKc that of Xc. Moreover, there is a natural restriction map

resc : H1(GK , TJ)→ H1(GKc , TJc), and the image of sab under the diagonal map

H1(GK , TJ) −→
∏
c∈Ccl

H1(GKc , TJc)
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is precisely the family (sabc )c∈Ccl . This diagonal map �ts into a commutative diagram

of Kummer exact sequences

0 Ĵ(K) H1(GK , TJ) TH1(GK , J(K)) 0

0
∏
c∈Ccl

Ĵc(Kc)
∏
c∈Ccl

H1(GKc , TJc)
∏
c∈Ccl

TH1(GKc , Jc(Kc)) 0

Φ

where Ĵ(K) := lim←−N J(K)/NJ(K), and similarly for Ĵc(Kc). (See diagram 4.5.)

The kernel of the homomorphism Φ is precisely the Shafarevich-Tate group TX(J ),

and we show that the assumption TX(J ) = 0, together with the existence of the

points x̄c ∈ X c(k(c)) associated to the sections sc, imply that sab is contained in the

image of the inclusion Ĵ(K) ↪→ H1(GK , TJ). This inclusion may be extended to a

sequence of maps

X(K) ↪→ J(K)→ Ĵ(K) ↪→ H1(GK , TJ)

Using a result concerning the specialisation of points on abelian varieties [PV10,

Proposition 2.4], we show that the map J(K)→ Ĵ(K) is injective, and we then use

the existence of the points x̄c to prove that sab is contained in the image of X(K)

under the inclusion X(K) ↪→ H1(GK , TJ). That is, sab corresponds to a K-rational

point z of X.

Finally, we use this point z, together with the �limit argument� of Akio Tamagawa

[Tam97, Proposition 2.8 (iv)], to prove that our original section s : GK → GX arises

from a K-rational point x of X, which necessarily coincides with z.

The layout of this thesis is as follows. In Chapter 1 we will introduce the back-

ground theory required for the proofs of our main Theorems. This includes the

correspondence between étale covers of smooth, connected, projective curves and

�nite extensions of their function �elds; properties of étale fundamental groups and

absolute Galois groups of curves; and sections of geometrically abelian fundamental

groups.

In Chapter 2 we introduce the section conjecture and its birational analogue in

greater detail. In �2.3 we set up the conditions for our main Theorems. In De�nition

2.3.1 we exhibit the conditions that our base �eld must satisfy. We then give the
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de�nition of the relevant Shafarevich-Tate groups in De�nition 2.3.2, before stating

Theorems A and B.

In Chapter 3 we work in the local setting. We consider a smooth relative curve

over the spectrum of a complete discrete valuation ring. We recall the construction

of the specialisation homomorphism of fundamental groups as described in [GR71,

Exposé X], then show how to extend this to a specialisation homomorphism of

absolute Galois groups (Theorem 3.3.8 and diagram 3.7). Using this we consider, in

�3.4, the specialisation of sections, and the phenomenon of rami�cation.

In Chapter 4 we return to the global setting from the statement of Theorems A

and B. In �4.1 we explain how to pass to the local setting, and thereby apply the

results from Chapter 3. In �4.2 we consider étale abelian sections and show how to

apply a local-global principle, during which we encounter the necessity of �niteness

of the Shafarevich-Tate group (Lemma 4.2.4 and Corollary 4.2.6).

In Chapter 5 we apply the results of Chapters 3 and 4, together with Tamagawa's

limit argument, to prove Theorems A and B.
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Notation

Here we introduce some notation which we will use throughout, but which, to sim-

plify the exposition, we will not de�ne explicitly in the text.

• For a scheme X, we will denote the set of closed points of X by Xcl.

• Given a ring R and morphisms of schemes X → Y and SpecR → Y , we will

denote the �bre product X ×Y SpecR by XR.

• For a �eld k and a given separable closure ksep of k, we will denote the absolute

Galois group Gal(ksep|k) by Gk.

• For an abelian group A and a positive integer N , we denote by A[N ] the group

of N -torsion elements of A, that is, the kernel of the �multiplication by N �

map N : A→ A, a 7→ N · a.

• Given an abelian group A, for any two positive integers M,N such that N |M

there is a natural quotient map ψMN : A/MA → A/NA. Thus there is an

inverse system (A/NA,ψMN), and we denote its inverse limit by Â :

Â := lim←−
N

A/NA

• Given an abelian variety A over a �eld k and an algebraic closure k̄ of k, we

will denote by TA the Tate module TAk̄(k̄) of the abelian group Ak̄(k̄).

• For a commutative, complete, Noetherian local ring R with maximal ideal m,

we denote by SpfR the formal spectrum of R, that is, the formal scheme with

underlying space SpecR and structure sheaf lim←−nOSpecR /m
n. In terms of the

de�nition in [Har77, Ch. II, �9, p. 194], SpfR is the completion of SpecR

along its unique closed point.
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Chapter 1

Background

1.1 Basic de�nitions

Let X be a scheme. For a point x ∈ X, we will denote by OX,x the stalk of X

at x, mx the maximal ideal of OX,x and k(x) := OX,x /mx the residue �eld of X

at x. Associated to x, there is a canonical morphism Spec k(x) → X, which, set-

theoretically, maps the unique point of Spec k(x) to x.

A geometric point x̄ of X is a morphism x̄ : SpecΩ → X where Ω is an alge-

braically closed �eld. Denoting by x the image of the morphism x̄, Ω is an alge-

braically closed extension of the residue �eld k(x) of x. If X is a scheme over a �eld

k then k(x) is an extension of k, hence Ω determines an algebraic closure k̄ of k.

Suppose X is an S-scheme. A section of the structural morphism π : X → S is

a morphism α : S → X such that π ◦ α = Id. The set of sections of X → S will be

denoted X(S). When S = SpecA for some ring A, we also denote X(S) by X(A).

Thus a geometric point of X is an element of X(Ω) for some algebraically closed

�eld Ω, while a point x ∈ X is canonically associated with an element of X(k(x)).

A point x ∈ X is a closed point of X if {x} is a Zariski-closed subset of X.

Suppose X is a scheme over a �eld k. In this case, a point x ∈ X is a closed point if

and only if the residue �eld k(x) is a �nite extension of k. For any �nite extension

l of k, the elements of X(l) are called the l-rational points of X.

If l is a �nite Galois extension of k, there is a bijection between the set X(l) of

l-rational points of X and the set of pairs (x, σ) consisting of a point x with residue

�eld l and an element σ ∈ Gal(l|k). Via this bijection, if x ∈ X is a point with

residue �eld l and α denotes the canonical morphism Spec l → X associated to x,
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the pair (x, 1) corresponds to α. An element σ ∈ Gal(l|k) de�nes a morphism of

k-schemes Specσ : Spec l→ Spec l, and the pair (x, σ) corresponds to the l-rational

point α ◦ Specσ : Spec l → X, which also has image x. Thus, for a point x ∈ X

with residue �eld l, there are [l : k] elements of X(l) with image x.

In particular, there is a bijection between the set X(k) of k-rational points of X

and the set of points x ∈ X such that k(x) = k. Via this bijection, we will identify

an element α ∈ X(k) with its image x ∈ X.

De�nition 1.1.1. Let X be a scheme.

(i) Let x, y be two points of X. We say that x specialises to y if y ∈ {x}.

(ii) A point x ∈ X is a generic point if x is the unique point which specialises to

x.

Let X be a scheme. There is a bijection between the irreducible components of

X and the generic points of X, with each irreducible component being of the form

{ξ} for some generic point ξ of X.

Assume X is an integral scheme. Then it has a unique generic point ξ, and for

any open subset U ⊂ X and any point x ∈ U the canonical homomorphisms

OX(U)→ OX,x → OX,ξ

are injective. If U is a�ne, these homomorphisms induce isomorphisms:

Frac(OX(U)) ' Frac(OX,x) ' OX,ξ

The �eld OX,ξ is called the function �eld of X, and will be denoted k(X).

A geometric point ξ̄ : SpecΩ→ X whose image is the generic point ξ determines

an algebraic closure k(X) of k(X). If X is a scheme over a �eld k then ξ̄ also

determines an algebraic closure k̄ of k.

De�nition 1.1.2. An algebraic variety is a scheme of �nite type over a �eld k. An

algebraic curve over k is an algebraic variety over k whose irreducible components

are of dimension 1.

An algebraic variety over k is thus a Noetherian scheme having a cover by �nitely

many a�ne open subschemes which are the spectra of �nitely generated k-algebras.
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Let X → Y be a morphism of �nite type. For a point y ∈ Y , denote by

Xy := X ×Y Spec k(y) the �bre above y. Since morphisms of �nite type are stable

under base change, the morphisms Xy → Spec k(y), for each y ∈ Y , are also of �nite

type. Thus the �bres Xy are algebraic varieties over their respective �elds k(y). In

this way, X can be thought of as a family of algebraic varieties, parameterised by

the points of Y .

De�nition 1.1.3. Let S be a Dedekind scheme. A �bred surface over S is an

integral, proper, �at S-scheme π : X → S of dimension 2. We will be interested in

the case where S has dimension 1, in which case X may be called a relative curve

over S, or an S-curve.

If η ∈ S denotes the generic point of S, the �bre Xη above η is called the generic

�bre of the �bred surface X. For a closed point s ∈ S, the �bre Xs above s is called

a closed �bre of X.

Suppose S = SpecR where R is a complete discrete valuation ring, and let

X → S be a relative curve over S. Then S has a unique closed point s, thus a

unique closed �bre Xs. For any closed point x ∈ Xcl
η , the Zariski closure {x} of x in

X is a local scheme, whose closed point is the unique point of {x} ∩Xs. The map

r : Xcl
η → Xs

which takes x ∈ Xcl
η to the unique point of {x} ∩ Xs is called the reduction map

of X. For x ∈ Xcl
η , the image r(x) is called the specialisation of x, and we say x

specialises to r(x). Regarding x and r(x) as points of X, this means x specialises to

r(x) in the sense of De�nition 1.1.1. The reduction map is surjective onto the set

Xcl
s of closed points of Xs.

De�nition 1.1.4. Let C be a smooth, connected, projective algebraic curve over a

�eld k, and S a Dedekind scheme of dimension 1 having function �eld k. A model

of C over S is a normal �bred surface X → S with an isomorphism Xη ' C.

For a scheme X, a point x ∈ X is called a point of codimension 1 if the subset

{x} ⊂ X has codimension 1 in X.

LetX be an integral, normal, locally Noetherian scheme with function �eld k(X).

For any point x ∈ X of codimension 1, the local ring OX,x is normal of dimension

1, and thus a discrete valuation ring, with �eld of fractions k(X). Denoting by tx
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a uniformiser of OX,x, any element f ∈ OX,x can be uniquely written in the form

f = tnxu, where u is a unit in OX,x and n ∈ N. We de�ne a discrete valuation νx on

OX,x by νx(f) = n, and a valuation on k(X) by νx(f/g) = νx(f)− νx(g) ∈ Z. Thus

the codimension 1 points of X give rise to discrete valuations on k(X).

In particular, if X is an integral normal algebraic curve over a �eld k, the points

of codimension 1 are simply the closed points. Thus every closed point x ∈ X de�nes

a discrete valuation on k(X). If X is also projective, then the set of closed points of

X is in bijection with the set of discrete valuations on k(X) which are trivial on k.

De�nition 1.1.5. Let X be an integral, normal, Noetherian scheme.

(i) A divisor on X is a formal sum

∑
x∈X, dimOX,x=1

nx[{x}]

over the codimension 1 points of X, where nx = 0 for all but �nitely many

such x. When X is a curve we will write a divisor on X as

∑
x∈X closed

nx[x]

(ii) A principal divisor on X is a divisor of the form

(f) :=
∑

x∈X, dimOX,x=1

νx(f)[{x}]

for f ∈ k(X) a rational function and νx the discrete valuation associated to x.

(iii) When X is a curve over a �eld k, we de�ne the degree of a divisor D =
∑
nx[x]

on X to be the integer

degkD :=
∑

x∈X closed

nx[k(x) : k]

Remark 1.1.6. For an integral, normal, Noetherian scheme X and a �nite set

{x1, . . . , xr} of codimension 1 points ofX, we will identify the union {x1}∪· · ·∪{xr}

with the divisor
∑

i=1,...,r [{xi}].

We denote the group of divisors on X by Div(X). Since νx is additive for each

point x of codimension 1, the principal divisors form a subgroup of Div(X).
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De�nition 1.1.7. Let X be an integral, normal algebraic curve. The Picard group

Pic(X) is the quotient of Div(X) by the subgroup of principal divisors on X. We

denote by Pic0(X) the subgroup of Pic(X) of classes of divisors of degree zero.

Theorem 1.1.8. Let X be a smooth, geometrically connected, projective curve over

a �eld k, and let g denote the genus of X. Then there exists an abelian variety J

of dimension g over k such that, for every extension l|k with X(l) 6= ∅, there is an

isomorphism J(l) ' Pic0(Xl), where Xl := X ×Spec k Spec l.

Proof. See [Liu02, Theorem 7.4.39].

De�nition 1.1.9. The abelian variety J in the above Theorem is called the Jacobian

of X.

Remark 1.1.10. The notion of the Jacobian can be extended to relative curves via

the relative Picard functor [BLR90, De�nition 8.1.2]. Given a smooth relative curve

X → S with geometrically connected �bres, the identity component of the relative

Picard functor PicX/S is representable by an abelian S-scheme [BLR90, Proposition

9.4.4], which we will denote by Pic0
X/S and which we will refer to as the relative

Jacobian of X. For such a relative curve, the relative Jacobian Pic0
X/S is a Néron

model of its generic �bre, which is the Jacobian of the generic �bre of X [BLR90,

Proposition 1.2.4 and Theorem 9.5.1].

1.2 Projective curves and �eld extensions

Lemma 1.2.1. Let f : Y → X be a morphism of projective curves over a �eld k.

The following conditions are equivalent.

(i) f is �nite.

(ii) For any irreducible component Yi of Y , f(Yi) is not reduced to a point.

(iii) For ξ any generic point of Y , f(ξ) is a generic point of X.

Proof. See [Liu02, Lemma 7.3.10].

Corollary 1.2.2. Let X, Y be irreducible projective curves over k with generic

points ξX , ξY respectively, and let f : Y → X be a morphism. The following

conditions are equivalent.

(i) f is �nite.
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(ii) f is surjective.

(iii) f(ξY ) = ξX .

Let X, Y be integral projective curves over k with generic points ξX , ξY re-

spectively, and let f : Y → X be a �nite morphism. By Corollary 1.2.2 we have

f(ξY ) = ξX , hence we have a canonical homomorphism OX,ξX → OY,ξY , that is, an

extension of function �elds

k(X) ↪→ k(Y )

which is a �nite extension since f is �nite. Thus, to a �nite morphism of integral

projective curves over k is associated a �nite extension of function �elds in one

variable over k. Conversely, one can associate to such a �eld extension a �nite

morphism of integral projective curves, thanks to the following Proposition.

Proposition 1.2.3. Let k be a �eld. Then for any function �eld K in one variable

over k, there exists, up to isomorphism, a unique integral, normal, projective curve

X over k such that k(X) = K.

Proof. See [Liu02, Proposition 7.3.13 (a)].

Let K be a function �eld in one variable over k, and XK its associated integral,

normal, projective curve. Let L|K be a �nite extension. Then the normalisation

XL → XK of XK in L is a �nite morphism. This establishes a correspondence

between �nite morphisms of curves and �nite extensions of function �elds in one

variable over k.

Theorem 1.2.4. Let k be a �eld. There exists an equivalence of categories between

the category of integral, normal, projective curves over k with �nite morphisms and

the category of �nitely generated �eld extensions of k of transcendence degree 1 with

morphisms being �eld extensions.

Integral, normal,

projective curves over k

with �nite morphisms




Finitely generated extensions

of k of transcendence degree

1 with �eld extensions




Y −→ X k(Y )|k(X)

XL −→ XK L|K
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The following Proposition shows that this equivalence also characterises integral,

normal curves which are not projective.

Proposition 1.2.5. (i) Every integral, normal curve U can be embedded as an

open subset in a unique integral, normal, projective curve X.

(ii) Every morphism V → U of integral, normal curves extends uniquely to a

morphism Y → X of integral, normal, projective curves.

Proof. See [Sza09, Proposition 4.4.6]

1.3 Étale covers

All schemes in this section are assumed to be locally Noetherian.

De�nition 1.3.1. Let f : Y → X be a morphism of �nite type, y a point of Y , and

x := f(y). We say f is unrami�ed at y if the homomorphism OX,x → OY,y satis�es

mxOY,y = my and the extension of residue �elds k(y)|k(x) is separable. Otherwise

we say f is rami�ed at y.

De�nition 1.3.2. Let f : Y → X be a morphism of �nite type, and let y ∈ Y . We

say f is étale at y if it is �at and unrami�ed at y. If x ∈ X is a point such that f

is étale at every point y ∈ Y with f(y) = x, we say f is étale over x.

We say f is étale if it is étale at every point of Y . If f is étale and �nite, we call

f an étale cover of X.

Suppose X and Y are integral, normal, projective curves over a �eld k, and let

f : Y → X be a �nite morphism. Let y be a point of Y and x := f(y) its image in

X. Then the canonical homomorphism OX,x → OY,y induced by f is an extension

of discrete valuation rings. Thus f is unrami�ed at y if and only if this extension

of rings, or equivalently the extension of function �elds k(Y )|k(X), is unrami�ed in

the classical sense with respect to the valuation νy de�ned by y.

Moreover, the homomorphism OX,x ↪→ OY,y is �at by [Liu02, Corollary 1.2.5].

Hence, to check that f is étale at y, it su�ces to check it is unrami�ed at y.

Lemma 1.3.3. Let f : Y → X be a morphism of �nite type. The set of points

y ∈ Y at which f is étale is open in Y .

Proof. See [Liu02, Corollary 4.4.12].
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Lemma 1.3.4. Let X be a regular, connected scheme, and let f : Y → X be a

�nite, �at morphism with Y irreducible. Then the set of points x ∈ X over which f

is étale is open in X.

Proof. For any x ∈ X and any y ∈ f−1(x), f is étale at y if and only if it is smooth

at y [Liu02, Theorem 6.2.7 and Corollary 6.2.3]. The Lemma then follows from

[Gro67, Ch. IV, Théorème 12.2.4 (iii)].

Let f : Y → X be a �nite, �at morphism with X regular and connected and

Y irreducible. By Lemma 1.3.4, the set of points U ⊂ X over which f is étale is

open in X. The complement S := X − U is called the branch locus of the cover

f : Y → X. The points of the branch locus are called the branch points of f .

Theorem 1.3.5 (Zariski's Purity Theorem). Let f : Y → X be a �nite, surjective

morphism of integral schemes with X regular and Y normal, and denote by S the

branch locus of f . Then either the irreducible components of S have codimension 1,

or S = ∅.

Proof. See [Sza09, Theorem 5.2.13] or [GR71, Exposé X, Theorem 3.1].

De�nition 1.3.6. For a morphism of schemes f : Y → X, we de�ne Aut(Y |X)

to be the group of automorphisms of Y which preserve f , that is, automorphisms

ϕ : Y → Y such that f ◦ ϕ = f .

For the remainder of this section, f : Y → X will denote a �nite morphism

of smooth, geometrically connected, projective curves over a �eld k. Let y be a

closed point of Y , and denote x := f(y). The extension of discrete valuation rings

OX,x ↪→ OY,y veri�es mxOY,y = m
ey
y . The integer ey is called the rami�cation index

of f at y. Clearly, f is unrami�ed at y if and only if ey = 1 and the extension of

residue �elds k(y)|k(x) is separable.

An element σ ∈ Aut(Y |X) de�nes an automorphism σ : Y → Y , hence in partic-

ular a homomorphism σy : OY,σ(y) → OY,y. If σ(y) = y then σy is an automorphism

of OY,y, which also de�nes an automorphism of k(y).

De�nition 1.3.7. With the above notation, assume further that the extension of

function �elds k(Y )|k(X) is Galois. The decomposition group Dy of y is the stabiliser

of y in Aut(Y |X). By the above paragraph, there is a natural action of Dy on k(y),

and thus a homomorphism Dy → Aut(k(y)|k(x)). The inertia group Iy is the kernel

of this homomorphism.
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Under the conditions of this De�nition, Theorem 1.2.4 implies that the automor-

phism group Aut(Y |X) is isomorphic to Aut(k(Y )|k(X)). Thus, when k(Y )|k(X)

is a Galois extension, the decomposition and inertia groups Dy, Iy are isomorphic

to the decomposition and inertia subgroups of the Galois group Gal(k(Y )|k(X))

associated to the extension of valuations νy|νx corresponding to the points y and x.

Lemma 1.3.8. With the notation and assumptions of De�nition 1.3.7, the sequence

1 −−−→ Iy −−−→ Dy −−−→ Aut(k(y)|k(x)) −−−→ 1

is exact.

Proof. By the above paragraph, this follows from [Neu99, Ch. II, Proposition 9.9].

Proposition 1.3.9. With the notation and assumptions of De�nition 1.3.7, the

morphism f is étale at y if and only if the inertia group Iy is trivial. If k(x) has

characteristic zero, then f is rami�ed at y if and only if the rami�cation index ey of

f at y is greater than 1 and Iy is canonically isomorphic to the group µey of ey-th

roots of unity.

Proof. As above, the inertia group Iy is isomorphic to the inertia subgroup of

Gal(k(Y )|k(X)) corresponding to the extension of valuations νy|νx. The cover f

is étale at y if and only if it is unrami�ed at y (see the discussion after De�nition

1.3.2), and this occurs exactly when the extension k(Y )|k(X) is unrami�ed with

respect to νy, in which case Iy is trivial. The second statement follows from [Lan86,

Ch. 2, �5, Proposition 12].

1.4 The fundamental group and absolute Galois group

All schemes in this section are assumed to be locally Noetherian.

For a scheme X, denote by EtX the category whose objects are étale covers of

X, and whose morphisms are morphisms of schemes over X. Fix a geometric point

z̄ : SpecΩ→ X. For an object f : Y → X in EtX , we call the �bre Yz̄ = Y ×XSpecΩ

the geometric �bre above z̄. De�ne Fibz̄(Y ) to be the underlying set of the geometric

�bre Yz̄, which is a �nite set since the morphism f is �nite. A morphism Y → Y ′

in EtX induces a morphism Yz̄ → Y ′z̄ of geometric �bres, hence a set-theoretic map
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Fibz̄(Y )→ Fibz̄(Y ′). Thus Fibz̄ is a functor from EtX to the category of sets, which

we call the �bre functor at z̄.

By base change, there is a natural action of Aut(Y |X) on Yz̄. If Y is connected

then, by [Sza09, Corollary 5.3.4], Aut(Y |X) acts on Yz̄ without �xed points, which

in particular implies that Aut(Y |X) is �nite.

De�nition 1.4.1. Let X be a connected scheme and z̄ : SpecΩ → X a geometric

point. An étale cover f : Y → X is called an étale Galois cover if Y is connected

and Aut(Y |X) acts transitively on Fibz̄(Y ).

Lemma 1.4.2. Let X be a connected scheme and z̄ : SpecΩ → X a geometric

point. The �bre functor Fibz̄ is pro-representable, that is, there exists an inverse

system (Yi, ϕij) of objects of EtX , indexed by a partially ordered set I, such that for

any object Y in EtX there is a functorial isomorphism

Fibz̄(Y ) ' lim−→
i

Hom(Yi, Y )

One can take the inverse system (Yi, ϕij) which pro-represents Fibz̄ to be system

of all étale Galois covers Yi → X. We refer to [Sza09, Proposition 5.4.6] for a proof.

An automorphism of a functor F : C1 → C2 between two categories is a morphism

of functors F → F that has a two-sided inverse. Giving an automorphism of F

amounts to giving, for each object X in C1, an automorphism γX ∈ Aut(F (X)) such

that for any morphism f : X → Y in C1 the following diagram commutes.

F (X) F (X)

F (Y ) F (Y )

γX

F (f) F (f)

γY

The automorphism group Aut(F ) is the set of automorphisms of F with group

operation being composition of morphisms.

De�nition 1.4.3. Let X be a connected scheme and z̄ : SpecΩ → X a geomet-

ric point. The étale fundamental group π1(X, z̄) of X is the automorphism group

Aut(Fibz̄) of the �bre functor on EtX at z̄.

Theorem 1.4.4. Let X be a connected scheme and z̄ : SpecΩ → X a geometric

point. The functor Fibz̄ induces an equivalence of EtX with the category of �nite

sets with a continuous (with respect to the discrete topology) left action of π1(X, z̄).
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The objects Y → X of EtX with Y connected correspond to sets with transitive

π1(X, z̄)-action. The Galois covers Y → X correspond to �nite quotients of π1(X, z̄).

Proof. See [Sza09, Theorem 5.4.2].

Under this equivalence, an étale cover Y → X with Y connected corresponds to

an open subgroup of π1(X, z̄), while an étale Galois cover Y → X corresponds to

an open normal subgroup N ⊂ π1(X, z̄), with π1(X, z̄)/N ' Aut(Y |X).

Lemma 1.4.5. With the notation of Theorem 1.4.4, let (Yi, ϕij) be the inverse

system which pro-represents the �bre functor Fibz̄, consisting of all the étale Galois

covers of X. Then the automorphism groups Aut(Yi|X) form an inverse system,

and we have an isomorphism

π1(X, z̄) ' lim←−
i

Aut(Yi|X)

In particular, the fundamental group is a pro�nite group.

Proof. See [Sza09, Corollary 5.4.8].

Remark 1.4.6. EtX is an example of a Galois category, which is a category with cer-

tain conditions which permit the notions of Galois objects and fundamental group.

See [GR71, Exposé V] for further information on Galois categories.

Example 1.4.7. Let X be a connected scheme of �nite type over C. One can asso-

ciate to X a complex analytic space Xan, which is the set X(C) endowed with the

analytic topology. For some choice of base point z ∈ Xan, this space has an asso-

ciated topological fundamental group πtop1 (Xan, z). There is a canonical morphism

α : Xan → X and an isomorphism

̂πtop1 (Xan, z) ' π1(X, z̄) (1.1)

where ̂πtop1 (Xan, z̄) denotes the pro�nite completion of the topological fundamental

group of Xan and z̄ : SpecΩ → X is a geometric point with image α(z) [GR71,

Exposé XII, Corollaire 5.2 and Théorème et dé�nition 1.1]. This follows from Rie-

mann's Existence Theorem [GR71, Exposé XII, Théorème 5.1], which says there is

an equivalence of categories between the étale covers of X and those of the analytic

space Xan.
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Suppose X is a smooth, connected, projective curve of genus g over C. Let

U ⊂ X be an open subset with complement S := X − U , and denote r := degC S,

where S is regarded as a divisor on X (see Remark 1.1.6). De�ne a group Πg,r by

the presentation

Πg,r :=
〈a1, b1, . . . , ag, bg, c1, . . . , cr〉

〈a1b1a
−1
1 b−1

1 · · · agbga−1
g b−1

g c1 · · · cr = 1〉

There is an isomorphism πtop1 (Uan, z̄) ' Πg,r between the topological fundamental

group of the analytic space Uan and the �nitely generated group Πg,r (see [Sza09,

Remark 3.6.4]). In light of isomorphism 1.1, we thus have an isomorphism

π1(U, z̄) ' Π̂g,r (1.2)

where Π̂g,r denotes the pro�nite completion of Πg,r. This implies that π1(U, z̄) is

abelian if and only if (g, r) = (0, 0), (0, 1), (0, 2) or (1, 0), which is to say the quantity

2− 2g − r is non-negative.

More generally, isomorphism 1.2 holds whenX is a smooth, connected, projective

curve over any algebraically closed �eld k of characteristic 0. Indeed, there exists

a �nitely generated �eld K over Q and a smooth, projective curve V over K such

that U = Vk. The �eld K is isomorphic to a sub�eld of C, hence, denoting by K

the algebraic closure of K in k, there exist embeddings K ↪→ C and K ↪→ k. We

therefore have morphisms VC → VK and U → VK , which give rise by functoriality to

homomorphisms π1(VC, z̄
′)→ π1(VK , z̄

′′) and π1(U, z̄)→ π1(VK , z̄
′′), for appropriate

choices of z̄′ and z̄′′. These homomorphisms are isomorphisms by [GR71, Corollaire

1.8], hence we have isomorphisms

π1(U, z̄) ' ̂πtop1 (V an
C , z′) ' Π̂g,r

De�nition 1.4.8. Let X be a smooth, geometrically connected, projective curve of

genus g over a �eld k of characteristic zero, and let U ⊂ X be an open subset with

complement S := X − U . Let z̄ : SpecΩ → U be a geometric point with image in

U , and let k̄ denote the algebraic closure of k in Ω. We say the curve U is hyperbolic

if the fundamental group π1(Uk̄, z̄) is non-abelian. By the above discussion, this

occurs exactly when 2− 2g − degk S < 0, where S is regarded as a divisor on X.
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Example 1.4.9. Let us consider the spectrum of a �eld, Spec k, with geometric

point z̄ : SpecΩ → Spec k. Let k̄, respectively ksep denote the algebraic, resp. sep-

arable closure of k in Ω. A connected étale cover takes the form Spec l → Spec k,

where l is a �nite separable extension of k. The �bre Fibz̄(Spec l) is the underlying

set of Spec(l ⊗k k̄), or in other words, the set of geometric points SpecΩ→ Spec l,

which is in bijection with the set of k-algebra homomorphisms l → Ω. Since l|k

is a separable extension, such homomorphisms have image in the separable clo-

sure ksep of k in Ω, so we have Fibz̄(Spec l) ' Homk(l, k
sep). Thus Aut(Fibz̄) =

Aut(Homk(−, ksep)) = Gal(ksep|k), where, for any �nite separable extension l|k, an

element σ ∈ Gal(ksep|k) de�nes an automorphism of Homk(l, k
sep) by φ 7→ σ ◦ φ.

Thus we have an isomorphism:

π1(Spec k, z̄) ' Gk := Gal(ksep|k)

The geometric point z̄ in the de�nition of the étale fundamental group is called

the base point. The fundamental group depends on the choice of base point, since

this is instrumental in the de�nition of the �bre functor. However, di�erent choices

of base point give rise to isomorphic groups, as explained in the following theorem

(which may be found in [Sza09, Corollary 5.5.2]).

Theorem 1.4.10. Let X be a connected scheme. For any two geometric points

z̄ : SpecΩ→ X and z̄′ : SpecΩ′ → X, there exists a continuous isomorphism of étale

fundamental groups π1(X, z̄) ' π1(X, z̄′) which is unique up to inner automorphism

of π1(X, z̄′).

This follows from the fact that there exists an isomorphism of �bre functors

λ : Fibz̄
∼−→ Fibz̄′ ([Sza09, Proposition 5.5.1]), which de�nes an isomorphism of their

automorphism groups via σ 7→ λ−1 ◦ σ ◦ λ. Such an isomorphism of �bre functors is

called a path from z̄ to z̄′, and composing it with an inner automorphism of π1(X, z̄′)

de�nes another such path. Thus, in analogy with the topological situation, the

isomorphisms in the above theorem may be regarded as coming from a choice of

path from z̄ to z̄′.

Let ϕ : X → X ′ be a morphism of connected schemes, and let z̄ : SpecΩ → X

and z̄′ : SpecΩ → X ′ be geometric points such that ϕ ◦ z̄ = z̄′. The morphism

ϕ induces a base change functor BCX′,X : EtX′ → EtX , taking an étale cover
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Y ′ → X to the base change Y ′ ×X′ X → X. Since ϕ ◦ z̄ = z̄′ we have an equality

Fibz̄ ◦BCX′,X = Fibz̄′ , hence an automorphism of Fibz̄ induces one of Fibz̄′ by

composition with BCX′,X . The morphism ϕ therefore induces a canonical continuous

homomorphism of pro�nite groups

ϕ∗ : π1(X, z̄)→ π1(X ′, z̄′)

Thus the fundamental group is functorial with respect to morphisms which preserve

base points. If we are given a morphism ϕ : X → X ′ which does not satisfy ϕ◦z̄ = z̄′,

then we may compose ϕ∗ with an appropriate isomorphism, as in Theorem 1.4.10, to

give a homomorphism ϕ∗ : π1(X, z̄)→ π1(X ′, z̄′) de�ned up to inner automorphism

of π1(X ′, z̄′).

Proposition 1.4.11. (i) The homomorphism ϕ∗ is surjective if and only if for

every étale cover Y ′ → X ′ with Y ′ connected, the base change Y ′×X′X is also

connected.

(ii) If every connected étale cover of X is of the form Y ′ ×X′ X → X for some

étale cover Y ′ → X ′, then ϕ∗ is injective.

Proof. See [Sza09, Proposition 5.5.4 (2) and Corollary 5.5.8].

De�nition 1.4.12. A universal pro-étale cover X̃ → X of X is an inverse system

of étale covers Yi → X such that for any étale cover Y → X there is a map Yi → Y

for i su�ciently large.

A point x̃ of the universal pro-étale cover X̃ is a compatible system of points

xi ∈ Yi.

Let X be a smooth, geometrically connected, projective curve over a �eld k,

U ⊂ X an open subset with complement D := X − U , and K := k(X) = k(U)

the function �eld. Fix a universal pro-étale cover Ũ → U , and let Vi → U be

the étale covers in the inverse system de�ning it. By Proposition 1.2.5, Vi → U

extends uniquely to a �nite morphism Yi → X, where Yi is a smooth, geometrically

connected, projective curve over k (note Yi → X may be rami�ed over the points of

D). This Yi is in fact the normalisation of X in the function �eld of Vi (Theorem

1.2.4), which motivates the following de�nition.
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De�nition 1.4.13. With notation as in the above paragraph, the �nite morphism

Yi → X is called the normalisation of X in Vi. The inverse system of these Yi → X

is called the normalisation of X in Ũ , and is denoted X̃U → X.

A point x̃ of X̃U is a compatible system of points xi ∈ Yi.

Let z̄ : SpecΩ→ U be a geometric point with image in U . By Lemma 1.4.5, the

�nite quotients of π1(U, z̄) are exactly the automorphism groups Aut(V |U), where

f : V → U denotes an étale Galois cover of U (see De�nition 1.4.1).

For each point u ∈ U and each v ∈ V with f(v) = u, the group Aut(V |U) con-

tains, as in De�nition 1.3.7, decomposition and inertia subgroups Dv, Iv. Indeed, by

Theorem 1.4.10 we may assume that z̄ has image the generic point of U . Then, since

the morphism Fibz̄(V ) = Vz̄ → SpecK is étale, Vz̄ is isomorphic to the spectrum

of a separable extension L of the function �eld K. Since the automorphism group

Aut(V |U) acts freely and transitively on the geometric �bre Vz̄, L|K is a Galois

extension, and Aut(V |U) contains decomposition and inertia subgroups Dv, Iv.

As above, Proposition 1.2.5 implies that every étale cover f : V → U extends

uniquely to a �nite morphism fY : Y → X, where Y is a smooth, geometrically

connected, projective curve over k (note fY may be rami�ed over the points of

D). It also implies that every automorphism σ ∈ Aut(V |U) extends uniquely to

an automorphism σY ∈ Aut(Y |X). That is, Aut(V |U) = Aut(Y |X), which means

Aut(V |U) also contains decomposition and inertia subgroups associated to the points

of D.

Thus, taking the inverse limit over the étale Galois covers of U , we may de�ne

decomposition and inertia subgroups of π1(U, z̄) associated to the points of U and

of D.

De�nition 1.4.14. With the above notation, let x ∈ X be a point of X and x̃ a

point above x in the normalisation X̃U of X in Ũ . The decomposition group Dx̃ of x̃

is the stabiliser of x̃ under the action of π1(U, z̄). The inertia group Ix̃ is the kernel

of the homomorphism Dx̃ → Aut(k(x)sep|k(x)) (note the separable closure k(x)sep is

the compositum of the �eld extensions k(y)|k(x) for all étale covers Y → X, where

y denotes the image in Y of an element of the inverse system of points de�ning x̃).

It follows immediately from the de�nition that decomposition and inertia groups

for di�erent choices of x̃ above x are conjugate, that is, for any σ ∈ π1(U, x̄) we have

Iσx̃ = σIx̃σ
−1 and Dσx̃ = σDx̃σ

−1.
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Lemma 1.4.15. With the above notation, the sequence

1 −−−→ Ix̃ −−−→ Dx̃ −−−→ Gk(x) −−−→ 1

is exact.

Proof. Take the inverse limit of the exact sequence in Lemma 1.3.8 over all étale

Galois covers of U . The sequence stays exact in the inverse limit because the inverse

system of �nite cyclic inertia groups Iy satis�es the Mittag-Le�er condition.

Proposition 1.4.16. With the above notation, assume further that k has charac-

teristic zero. If x ∈ U , the inertia group Ix̃ is trivial, while if x ∈ D the inertia

group Ix̃ is isomorphic as a Gk(x)-module to Ẑ(1) = lim←−n µn, where the limit is taken

over all positive integers n.

Proof. Follows from Proposition 1.3.9 by taking the inverse limit over all étale Galois

covers of U .

The following Proposition is crucial in our study of rami�cation of sections in

�3.4. See in particular Proposition 3.4.8 and Lemma 3.4.11.

Proposition 1.4.17. With the above notation, assume further that k has charac-

teristic zero and U is hyperbolic (see De�nition 1.4.8). Then the decomposition and

inertia groups of π1(U, z̄) satisfy the following properties.

(i) Inertia groups Ix̃ and Ix̃′ corresponding to distinct points x̃ 6= x̃′ of X̃U intersect

trivially.

(ii) For any point x̃ of X̃U , the decomposition group Dx̃ is the normaliser of Ix̃ in

π1(U, z̄).

Proof. For the proof of (i) we refer to [HM11, Lemma 1.5]. For (ii), let σ ∈ π1(U, z̄),

and suppose that σ normalises Ix̃. Then we have Ix̃ ∩ Iσx̃ 6= 1, thus by (i) we must

have σx̃ = x̃ and hence σ ∈ Dx̃. Clearly any element of Dx̃ normalises Ix̃.

Let ϕ : X → X ′ be a morphism of smooth, geometrically connected, projective

curves over a �eld k, and let U ′ be an open subset of X ′ and U := ϕ−1(U ′) its preim-

age in X. Let Ũ → U be a universal pro-étale cover of U and X̃U the normalisation

of X in Ũ , and similarly let Ũ ′ → U ′ be a universal pro-étale cover of U ′ and X̃ ′U ′

the normalisation of X ′ in Ũ ′.
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Let (Ui → U)i, respectively (U ′j → U ′)j denote the inverse system of étale covers

of U , resp. U ′ de�ning the universal pro-étale cover Ũ , resp. Ũ ′. For each i, let

Yi denote the normalisation of X in Ui, and similarly, for each j, let Y ′j denote the

normalisation of X ′ in U ′j.

Let x be a point of X and x̃ a point of X̃U above x, and let (xi)i denote the

compatible system of points de�ning x̃. For each j, U ′j ×U ′ U → U is an étale cover

of U , hence there is a morphism Ui → U ′j ×U ′ U for i su�ciently large. Composing

this with the projection U ′j ×U ′ U → U ′j, we therefore have a morphism Ui → U ′j,

which, by Proposition 1.2.5, extends uniquely to a morphism Yi → Y ′j . The images

of the xi via these morphisms de�ne a point of X̃ ′U ′ , which we will denote by ϕ(x̃).

Lemma 1.4.18. With the above notation, let z̄ : SpecΩ→ U and z̄′ : SpecΩ→ U ′

be geometric points such that ϕ ◦ z̄ = z̄′, and let ϕ∗ : π1(U, z̄) → π1(U ′, z̄′) denote

the homomorphism induced by ϕ|U . Then the image of the decomposition subgroup

Dx̃ ⊂ π1(U, z̄) under ϕ∗ is contained in Dϕ(x̃) ⊂ π1(U ′, z̄′).

Proof. Since Dx̃ �xes the point xi ∈ Yi, it �xes the image of xi in Y ′j ×X′ X, thus

it �xes the image of xi in Y ′j . Since this holds for every j, by de�nition of the

homomorphism ϕ∗ this means that the image of Dx̃ under ϕ∗ �xes ϕ(x̃), that is, it

is contained in Dϕ(x̃).

Let X be a smooth, connected, projective curve over a �eld k, U ⊆ X an open

subset, and K := k(X) = k(U) the function �eld. The fundamental group of U has

a realisation as the Galois group of an extension of K. Let ξ̄ : SpecΩ → U be a

geometric point of U whose image is the generic point ξ of X. Then Ω necessarily

contains an algebraic closure K of K.

Theorem 1.4.19. With the notation of the above paragraph, there is a canonical

isomorphism

π1(U, ξ̄) ' Gal(KU |K)

where KU denotes the maximal extension of K inside K which is unrami�ed with

respect to the valuations corresponding to the closed points of U .

In particular, there is a canonical isomorphism

π1(X, ξ̄) ' Gal(Kur|K)

where Kur denotes the maximal everywhere unrami�ed extension of K inside K.
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Proof. The étale fundamental group π1(U, ξ̄) can be written as the projective limit

of its �nite quotients, which are exactly the automorphism groups Aut(V |U) with

f : V → U étale Galois covers of U . As in the discussion before De�nition 1.4.14,

each such étale cover f : V → U extends uniquely to a �nite morphism fY : Y → X,

where Y is a smooth, connected, projective curve over k, and we have Aut(V |U) =

Aut(Y |X). Thus we may write

π1(U, ξ̄) ' lim←−
V→U

Aut(Y |X)

where the limit is taken over the étale Galois covers V → U . By the equivalence of

categories in Theorem 1.2.4, each �nite morphism Y → X correponds to an exten-

sion of function �elds k(Y )|k(X) which is unrami�ed with respect to the valuations

νx with x ∈ U , and we may write

π1(U, ξ̄) ' lim←−
L|K

Gal(L|K) ' Gal(KU |K)

where the limit is taken over all �nite extensions L|K which are unrami�ed with

respect to the valuations νx with x ∈ U .

De�nition 1.4.20. Let X be a smooth, connected, projective curve over a �eld k,

K := k(X) its function �eld, and K an algebraic closure of K. The absolute Galois

group of X, denoted GX , is the absolute Galois group of the function �eld of X

GX := Gal(Ksep|K)

where Ksep is the separable closure of K inside K.

A geometric point ξ̄ : SpecΩ → X with image the generic point of X naturally

determines a choice of separable closure of K, and may be considered a �base point�

of GX in the following sense. For each open subset U ⊂ X, ξ̄ : SpecΩ → X

determines a geometric point ξ̄ : SpecΩ → U with image the generic point of U ,

hence a base point of the étale fundamental group of U . Thus we can take the

projective limit of the π1(U, ξ̄) as U ranges over all the open subsets of X, giving

the following useful expression for the absolute Galois group of X.
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Lemma 1.4.21. With X, K and ξ̄ as above, there is a canonical isomorphism

GX ' lim←−
U⊂X open

π1(U, ξ̄)

where the open subsets U ⊂ X are partially ordered by inclusion.

Proof. By Theorem 1.4.19, we have:

lim←−
U⊂X open

π1(U, ξ̄) ' lim←−
U⊂X open

Gal(KU |K) ' Gal(Ksep|K)

where Ksep is the separable closure of K inside Ω.

De�nition 1.4.22. With the notation of De�nition 1.4.20, let x ∈ X be a closed

point of X and x̃ a valuation of Ksep extending the valuation νx of K corresponding

to x. We will refer to x̃ as an extension of x to Ksep.

The decomposition group Dx̃ of x̃ is the stabiliser of x̃ under the action of GX .

The inertia group Ix̃ is the kernel of the natural homomorphism Dx̃ → Gk(x).

In light of Lemma 1.4.21, the decomposition and inertia subgroups of GX can be

interpreted as limits of the decomposition and inertia subgroups of the π1(U, ξ̄) as

U ranges over all the open subsets of X. Indeed, a valuation x̃ of Ksep extending νx

determines a compatible system of points x̃U , parameterised by all the open subsets

U ⊂ X, where each x̃U is a point above x in the normalisation X̃U of X in some

universal pro-étale cover Ũ of U . This is because, for any open subset U ⊂ X, any

étale cover V → U extends uniquely to a �nite, separable morphism Y → X, and

the valuation x̃ naturally determines a valuation of the function �eld k(Y ) extending

νx, that is, a point of Y above x. In this way, as V ranges over the étale covers

of U in the inverse system de�ning a chosen universal pro-étale cover Ũ → U , x̃

determines a point of X̃U .

By Lemma 1.4.21, the decomposition subgroup Dx̃ ⊂ GX is then the inverse

limit

Dx̃ = lim←−
U⊂X open

Dx̃U

of the decomposition subgroups Dx̃U ⊂ π1(U, ξ̄). Thus Proposition 1.4.16 immedi-

ately implies the following.

Proposition 1.4.23. For any closed point x ∈ X and any extension x̃ of x to Ksep,

the inertia subgroup Ix̃ ⊂ GX is canonically isomorphic to Ẑ(1).

31



1.5 The fundamental exact sequence and sections

Let X be a quasi-compact, geometrically integral, locally Noetherian scheme over

a �eld k, z̄ : SpecΩ → X a geometric point, and k̄ the algebraic closure of k in

Ω. The composite morphism SpecΩ → X → Spec k determines a geometric point

of the scheme Spec k. Denoting Xk̄ := X ×k k̄ (see Notation), the geometric point

z̄ naturally de�nes a geometric point z̄ : SpecΩ → Xk̄, which we also denote by

z̄. Thus the projection and structural morphisms Xk̄ → X → Spec k give rise, by

functoriality of the fundamental group, to homomorphisms π1(Xk̄, z̄)→ π1(X, z̄)→

Gk.

Theorem 1.5.1. With the above notation, the sequence

1 −−−→ π1(Xk̄, z̄) −−−→ π1(X, z̄) −−−→ Gk −−−→ 1

is exact.

Proof. See [Sza09, Proposition 5.6.1] or [GR71, Exposé IX, Théorème 6.1].

We shall refer to this as the fundamental exact sequence of X. The fundamental

group π1(Xk̄, z̄) will be called the geometric fundamental group of X.

The statement of the Theorem is easy to see in the following special case. Suppose

that k is perfect, and let X be a smooth, geometrically connected, projective curve

over k. Let K := k(X) be the function �eld of X, U ⊂ X an open subset, z̄ :

SpecΩ→ U a geometric point with image in U , and k̄ the algebraic closure of k in

Ω. Then the fundamental exact sequence

1 −−−→ π1(Uk̄, z̄) −−−→ π1(U, z̄) −−−→ Gk −−−→ 1

is, by Theorem 1.4.19, the sequence of Galois groups

1 −−−→ Gal(KU |Kk̄) −−−→ Gal(KU |K) −−−→ Gk −−−→ 1

which is evidently exact.

Corollary 1.5.2. Let X be a smooth, geometrically connected, projective curve over
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a �eld k. Then there is an exact sequence of absolute Galois groups

1 −−−→ GXk̄
−−−→ GX −−−→ Gk −−−→ 1

Proof. Let ξ̄ : SpecΩ→ X be a geometric point with image the generic point of X.

By Lemma 1.4.21, taking the inverse limit of the fundamental exact sequences

1 −−−→ π1(Uk̄, ξ̄) −−−→ π1(U, ξ̄) −−−→ Gk −−−→ 1

over the open subsets U ⊂ X gives the required exact sequence (the sequence stays

exact in the inverse limit by [RZ10, Proposition 2.2.4]).

We now investigate sections of the above exact sequences. We recall some general

de�nitions from cohomology of pro�nite groups, which we state without assuming

any of our groups are abelian. See [Ser97, Ch. 1, �5] for an account of non-abelian

cohomology of pro�nite groups, and [NSW08, Ch. 1] for a thorough exposition of

abelian cohomology of pro�nite groups.

Let G be a pro�nite group and A a (not necessarily abelian) group with a con-

tinuous action of G (with respect to the discrete topology on A). We denote the

action of σ ∈ G on a ∈ A by σa. A cocycle of G is a continuous function a : G→ A

such that

a(στ) = a(σ) · σa(τ)

for any σ, τ ∈ G. Two cocycles a, a′ of G are cohomologous if there exists b ∈ A

such that a′(σ) = b a(σ)σb−1 for every σ ∈ G. This is an equivalence relation on the

set of cocycles of G, and the set of equivalence classes is called the �rst cohomology

set of G in A, denoted H1(G,A). This set has a distinguished element, namely the

cohomology class of the trivial cocycle σ 7→ 1 ∀σ ∈ G, giving it the structure of a

�pointed set�. When A is abelian, H1(G,A) is a group, namely the �rst cohomology

group of G in A.

Let E be an extension of G by A, that is, a group which sits in an exact sequence

1 −−−→ A −−−→ E
r−−−→ G −−−→ 1

De�nition 1.5.3. A section of the above exact sequence is a continuous group

homomorphism s : G→ E such that r ◦ s = IdG. Such a section may also be called

33



a section of E if the exact sequence is understood.

Two sections s, s′ of the sequence are conjugate if there exists a ∈ A such that

s′(σ) = as(σ)a−1 for all σ ∈ G. We denote by [s] the conjugacy class of a section s,

and by SecE the set of conjugacy classes of sections of E.

The semi-direct product AoG is the group {(a, σ)|a ∈ A, σ ∈ G} with multipli-

cation (a, σ) · (a′, σ′) = (a σa′, σσ′). There is a natural exact sequence

1 −−−→ A −−−→ AoG
r−−−→ G −−−→ 1

The inclusion G ↪→ A o G, σ 7→ (1, σ) obviously de�nes a section of this sequence,

which we shall refer to as the trivial section. The set SecAoG has the structure of a

pointed set, with distinguished element the conjugacy class of the trivial section.

Proposition 1.5.4. Let 1 A E G 1r be an exact sequence of pro�-

nite groups. If there exists a section s0 : G → E of this sequence, then there is a

canonical isomorphism E ' AoG de�ned by:

E AoG

e (e · s0(r(e)−1), r(e))

a · s0(σ) (a, σ)

∼

Note that a bijection of pointed sets means that it takes the distinguished element

of one set to that of the other.

Proof. This statement may be found in [Mac63, Ch. IV, �3], though with the

unnecessary assumption that A is abelian.

Theorem 1.5.5. Let 1 A E G 1r be an exact sequence of pro�nite

groups. Then either:

(i) the sequence has no sections; or

(ii) the sequence has a section s0 : G → E, and there is a canonical bijection of

pointed sets

H1(G,A) ' SecE

where the distinguished element of SecE is the conjugacy class of the section

s0.
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Proof of Theorem 1.5.5. To prove the Theorem we need to show that if E has a

section then there is a canonical bijection of pointed sets H1(G,A) ' SecE. If there

exists a section s0 : G → E then, under the canonical isomorphism of Proposition

1.5.4, it corresponds to the trivial section of A o G. Indeed, we have s0(σ) 7→

(s0(σ) ·s(r◦s0(σ)−1), r◦s0(σ)) = (s0(σ) ·s0(σ−1), σ) = (1, σ). Thus the isomorphism

E ' AoG induces a bijection of pointed sets SecE ' SecAoG, where the conjugacy

class of the section s0 maps to that of the trivial section of AoG.

It remains to show that there exists a canonical bijection of pointed sets

H1(G,A) ' SecAoG

For a cocycle a : G → A, one can de�ne a section sa : G → A o G by sa(σ) =

(a(σ), σ). Conversely, any section s : G → A o G must be of this form - indeed,

s(σ), for some σ ∈ G, has a unique presentation in the form s(σ) = (aσ, σ). For

σ, σ′ ∈ G we therefore have s(σσ′) = s(σ)s(σ′) = (aσ, σ)(aσ′ , σ
′) = (aσ σaσ′ , σσ

′).

The function a : G → A, σ 7→ aσ is evidently a cocycle. Moreover, a section

conjugate to s corresponds to a cocycle cohomologous to aσ. Indeed, for any b ∈ A

we have bs(σ)b−1 = (b, 1) · (aσ, σ) · (b−1, 1) = (b aσ, σ) · (b−1, 1) = (b aσ σb
−1, σ).

The map a 7→ sa therefore de�nes a bijection H1(G,A) ' SecAoG, and it is a

bijection of pointed sets since the conjugacy class of the trivial cocycle clearly maps

to that of the trivial section. The composite

H1(G,A) ' SecAoG ' SecE

is the required bijection of pointed sets.

For the remainder of this section, X will denote a smooth, geometrically con-

nected, projective curve over a �eld k, U an open subset of X, D := X − U its

complement, and z̄ : SpecΩ → U a geometric point with image in U . Let us also

�x a universal pro-étale cover Ũ → U (De�nition 1.4.12).

Let x be a k-rational point of U , which is the image of a morphism Spec k → U

(that is, an element of U(k)). This morphism gives rise, by functoriality of the

fundamental group, to sections of the fundamental exact sequence of U .

Proposition 1.5.6. With the above notation, the k-rational point x ∈ U(k) deter-

mines a conjugacy class of sections sx : Gk → π1(U, z̄) of the fundamental exact
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sequence of U , where the image of a section in this class is contained in a decompo-

sition group Dx̃ for some point x̃ in Ũ above x.

Proof. The section Spec k → U de�ning x gives rise, by functoriality of the funda-

mental group, to a section s′x : Gk → π1(U, x̄), where x̄ : SpecΩ′ → U is a geometric

point with image x. Note that composing s′x with conjugation by π1(Uk̄, x̄) deter-

mines another section of π1(U, x̄).

By Theorem 1.4.10, there is an isomorphism π1(U, x̄) ' π1(U, z̄), which is uniquely

determined up to conjugation by π1(U, z̄). Thus the composition of s′x with this iso-

morphism yields a section sx : Gk → π1(U, z̄) which is uniquely determined up to

conjugation by π1(Uk̄, z̄). (It must be conjugation by π1(Uk̄, z̄) so that sx induces

the identity map on Gk.)

π1(U, x̄)

1 π1(Uk̄, z̄) π1(U, z̄) Gk 1

∼

s′x

sx

To show that the image of sx is contained in a decomposition group Dx̃, let f :

V → U be an étale cover. Then the morphism Vx = V ×U Spec k → Spec k is

also étale. Thus Vx is isomorphic to a disjoint union
∐

i Spec li, where each li is

a separable extension of k, and an element σ ∈ Gk acts on Vx by acting on one

of the components Spec li. In other words, Gk �xes a point in the �bre above x.

Taking the limit over the étale covers of U , this means s′x(σ) ∈ Dx̃ ⊂ π1(U, x̄)

for some x̃ in Ũ above x. Via the isomorphism in the diagram, we therefore have

sx(Gk) ⊆ Dx̃ ⊂ π1(U, z̄).

Let x be any closed point of X, and let x̃ be a point above x in the normalisation

X̃U of X in Ũ (De�nition 1.4.13). Consider again the exact sequence of Lemma

1.4.15, which injects into the fundamental exact sequence:

1 Ix̃ Dx̃ Gk(x) 1

1 π1(Uk̄, z̄) π1(U, z̄) Gk 1

(1.3)

When x ∈ X(k) is a k-rational point, so that Gk(x) = Gk, a splitting of the upper
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exact sequence naturally de�nes one of the fundamental exact sequence.

De�nition 1.5.7. A section s : Gk → π1(U, z̄) is called cuspidal if it factors through

Dx̃ for some (necessarily k-rational) point x ∈ D and some x̃ ∈ X̃U above x.

Suppose now that k has characteristic zero. In this case, when x ∈ U the

inertia group Ix̃ is trivial (Proposition 1.4.16), hence we have an isomorphism Dx̃ '

Gk(x) and the upper exact sequence in diagram 1.3 obviously splits. If x is a k-

rational point of U then Dx̃ ' Gk, so x induces a section sx : Gk → π1(U, z̄) of the

fundamental exact sequence with image Dx̃. Such a section lies in the conjugacy

class of sections induced by functoriality as discussed above. In particular, the image

of a section induced by functoriality from a k-rational point of U not only has image

contained in a decomposition group Dx̃, it has image exactly Dx̃, i.e. sx(Gk) = Dx̃.

But the exact sequence also splits when x is contained in the complement D =

X − U .

Proposition 1.5.8. With the above notation, assume that k has characteristic zero,

and let x be a closed point in D and x̃ a point of X̃U above x. Then the exact sequence

1→ Ix̃ → Dx̃ → Gk(x) → 1 splits.

Proof. For ease of notation, let us write l := k(x). By Proposition 1.4.16, the

inertia group Ix̃ is isomorphic to Ẑ(1) (recall that k is assumed to have charac-

teristic zero). Moreover, denoting by l((t)) the �eld of formal Laurent series with

coe�cients in l, the decomposition group Dx̃ is isomorphic to the absolute Galois

group Gal(l((t))|l((t))), and Gl is isomorphic to the Galois group Gal(l((t))ur|l((t)))

of the maximal unrami�ed extension of l((t)) (see [Ser79, Ch. II, �3, Corollary 4

and Ch. II, �4, Theorem 2]). Thus to �nd a section of the above exact sequence

is to �nd an extension L|l((t)) whose Galois group Gal(L|l((t))) is isomorphic to

Ẑ(1). Indeed, such an extension is totally rami�ed and so we have an isomorphism

Gal(l((t))|L) ' Gl, which de�nes a section of Dx̃.

Such an extension L may be obtained as follows: choose a compatible system

of n-th roots tn of t as n ranges over the positive integers (so (tnn′)
n′ = tn), and

let Ln denote the extension l((t))(tn) of l((t)) obtained by adjoining the n-th root

tn. The inverse limit L := lim←−n Ln de�nes the required extension of l((t)) with

Gal(L|l((t))) ' Ẑ(1).

Thus there exist cuspidal sections of π1(U, z̄) when k has characteristic zero.
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De�nition 1.5.9. With the above notation, assume that k has characteristic zero,

and let x be a k-rational point of D and x̃ a point of X̃U above x. The set of

Ix̃-conjugacy classes of sections of the sequence 1 → Ix̃ → Dx̃ → Gk → 1 is called

the packet of cuspidal sections associated to x̃.

By Proposition 1.5.8 and Theorem 1.5.5, for a k-rational point x of D and a

point x̃ ∈ X̃U above x, the packet of cuspidal sections associated to x̃ is in bijection

with the cohomology group H1(Gk, Ix̃). Note that this is the set of conjugacy classes

with respect to conjugation by the inertia subgroup Ix̃ ⊂ π1(Uk̄, z̄). Conjugation by

an arbitrary element σ ∈ π1(Uk̄, z̄) induces a map of packets

H1(Gk, Ix̃) H1(Gk, Iσx̃)

s σsσ−1

σ

Since x is k-rational, as σ ranges over the elements of π1(Uk̄, z̄) the points σx̃

range over all the points in X̃U above x. Thus, associated to a k-rational point x is

a set of packets {H1(Gk, Ix̃)}x̃ enumerated by the points x̃ of X̃U above x. To say

that a cuspidal section s is �associated to x� is to say that s belongs to a class in

one of the packets H1(Gk, Ix̃) for some x̃ ∈ X̃U above x.

Two cuspidal sections s, s′ which are associated to the same k-rational point

x need not be conjugate by an element of π1(Uk̄, z̄). Indeed, there will exist some

σ ∈ π1(Uk̄, z̄) such that, via the above map, s and σs′σ−1 belong to the same packet

H1(Gk, Ix̃), but their Ix̃-conjugacy classes need not coincide. This contrasts with the

situation for sections arising by functoriality from k-rational points of U : any two

sections arising by functoriality from the same x ∈ U(k) are necessarily conjugate

by some element of π1(Uk̄, z̄) (see Proposition 1.5.6). The di�erence is down to the

structure of Ix̃ (see Proposition 1.4.16): this inertia group is trivial when x ∈ U(k),

but when x ∈ D(k) it is isomorphic to Ẑ(1) and thus gives rise to a non-trivial

packet H1(Gk, Ix̃) ' H1(Gk, Ẑ(1)).

Let us now �x a choice of geometric point ξ̄ : SpecΩ→ X with image the generic

point of X. Let K := k(X) denote the function �eld of X and Ksep the separable

closure of K in Ω. Consider again the exact sequence of absolute Galois groups from

Corollary 1.5.2.

1 −−−→ GXk̄
−−−→ GX −−−→ Gk −−−→ 1
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Let x be a closed point of X, and let x̃ be an extension of x to Ksep (see De�nition

1.4.22). Taking the inverse limit of diagram 1.3 as U ranges over all the open subsets

of X, with ξ̄ in place of the base point z̄, we obtain a commutative diagram with

exact rows:
1 Ix̃ Dx̃ Gk(x) 1

1 GXk̄
GX Gk 1

(See [RZ10, Proposition 2.2.4] for the statement that the horizontal exact sequences

in diagram 1.3 stay exact in the inverse limit.) When x ∈ X(k) is a k-rational

point, a splitting of the upper exact sequence naturally de�nes a section of GX . The

following Lemma follows exactly as in Proposition 1.5.8.

Lemma 1.5.10. With the above notation, assume further that k has characteristic

zero. Then a k-rational point x of X induces, for each extension x̃ of x to Ksep, a set

of Ix̃-conjugacy classes of sections of GX isomorphic to H1(Gk, Ix̃) ' H1(Gk, Ẑ(1)).

The image of such a section is contained in the decomposition subgroup Dx̃ ⊂ GX .

De�nition 1.5.11. With the notation and assumptions of Lemma 1.5.10, the set

of Ix̃-conjugacy classes of sections of GX is called the packet of sections of GX

associated to x̃.

By Lemma 1.4.21, for any open subset U ⊂ X, the fundamental group π1(U, ξ̄)

is naturally a quotient of GX . In fact we have a commutative diagram

1 GXk̄
GX Gk 1

1 π1(Uk̄, ξ̄) π1(U, ξ̄) Gk 1

via which a section s : Gk → GX naturally induces a section sU : Gk → π1(U, ξ̄).

This follows simply by commutativity, which implies that the kernel IU of the pro-

jection GX � π1(U, ξ̄) is contained in the kernel of the projection GX � Gk, hence

the image of the section s is disjoint from IU . Note that, by Theorem 1.4.19, this

kernel IU is the group 〈Ix̃〉 normally generated by the inertia groups Ix̃ for all closed

points x ∈ U and all x̃ in some �xed universal pro-étale cover Ũ of U .

Thus, by Lemma 1.4.21, a section s of GX determines, and is determined by, a

compatible system of sections sU : Gk → π1(U, ξ̄) for the open subsets U ⊂ X.
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When k has characteristic zero, sections of GX induced as in Lemma 1.5.10 by

k-rational points of X may be considered �cuspidal� in the following sense. Let

s : Gk → GX be a section arising from a k-rational point x ∈ X(k), and let(
sU : Gk → π1(U, ξ̄)

)
U⊂X open

be the corresponding compatible system. If x is con-

tained in some open subset U ⊂ X then it gives rise to a single conjugacy class of

sections of π1(U, ξ̄), and sU is an element of this class. Denoting U ′ = U − {x}, the

point x gives rise to a set of packets of cuspidal sections of π1(U ′, ξ̄), and the section

sU ′ is an element of a class in one of these packets. Intuitively, when we delete x

from U the conjugacy class of sections of π1(U, ξ̄) induced by x �becomes� a set of

packets of cuspidal sections, adding a copy of Ẑ(1) into the decomposition subgroup

Dx̃ ⊂ π1(U, ξ̄). When we take the projective limit lim←−U π1(U, ξ̄) we are making U

smaller and smaller, successively deleting points from U , so that all the sections sU

�become� cuspidal.

1.6 Geometrically abelian fundamental groups

In this section we will deal with proper schemes over a �eld, and consider étale

fundamental groups and their quotients. Let X be a proper, integral, normal, locally

Noetherian scheme over a �eld k, and z̄ : SpecΩ→ X a geometric point.

De�nition 1.6.1. Let N denote the set of open normal subgroups N C π1(Xk̄, z̄)

such that π1(Xk̄, z̄)/N is abelian. The maximal abelian quotient π1(Xk̄, z̄)ab of the

geometric fundamental group is the quotient

π1(Xk̄, z̄)ab := π1(Xk̄, z̄)/
⋂
N∈N

N

We consider each N ∈ N a subgroup of the fundamental group π1(X, z̄) via

the injection π1(Xk̄, z̄) ↪→ π1(X, z̄). Then the intersection ∩N∈NN is a normal

subgroup of π1(X, z̄), since it is a characteristic subgroup of π1(Xk̄, z̄) (indeed, for

each N ∈ N , any characteristic subgroup of N is a normal subgroup of π1(Xk̄, z̄)).

The geometrically abelian quotient of the fundamental group π1(X, z̄) is the quotient

π1(X, z̄)(ab) := π1(X, z̄)/
⋂
N∈N

N
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Thus the geometrically abelian quotient is de�ned by the pushout diagram

1 π1(Xk̄, z̄) π1(X, z̄) Gk 1

1 π1(Xk̄, z̄)ab π1(X, z̄)(ab) Gk 1

(1.4)

where the upper row is the fundamental exact sequence.

Remark 1.6.2. By Theorem 1.4.10, for di�erent choices of base point z̄, z̄′ there

exists a unique isomorphism π1(Xk̄, z̄)ab ' π1(Xk̄, z̄
′)ab. Thus the geometrically

abelian quotient of the fundamental group is not dependent on the choice of base

point, so we could omit it from our notation. However, we will include the base

point to be consistent with the other fundamental groups in the above diagram.

Now suppose that X is a smooth, geometrically connected, projective curve over

k. Assume that X(k) 6= ∅, and �x a k-rational point z0 ∈ X(k). Let J denote the

Jacobian of X (see De�nition 1.1.9).

Lemma 1.6.3. There is a unique morphism ι : X → J taking z0 to 0. Moreover, ι

is a closed immersion.

Proof. See the paragraph following the proof of Proposition 2.1 in [Mil86] for the

�rst statement, and Proposition 2.3 in loc. cit. for the second statement.

For any rational point x ∈ X(k), the map ι|X(k) : X(k) ↪→ J(k) = Pic0(X) takes

x to the class of the divisor [x]− [z0] (note this divisor has degree zero, thus is indeed

an element of Pic0(X) - see De�nition 1.1.5).

Let z̄0 : SpecΩ → X be a geometric point of X with image z0, and 0̄ := ι ◦ z̄0 :

SpecΩ → J the induced geometric point of J with image 0. Then the morphism ι

induces, by functoriality of the fundamental group, a canonical homomorphism

ι∗ : π1(X, z̄0)→ π1(J, 0̄)

and similarly a canonical homomorphism of geometric fundamental groups

ῑ∗ : π1(Xk̄, z̄0)→ π1(Jk̄, 0̄)

Lemma 1.6.4. There is an isomorphism π1(Xk̄, z̄0)ab ' π1(Jk̄, 0̄). In particular,

the homomorphism ῑ∗ factors through the maximal abelian quotient π1(Xk̄, z̄0)ab.
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Proof. See [Mil86, Proposition 9.1]

The morphism ι induces the following diagram of exact sequences.

1 π1(Xk̄, z̄0)ab π1(X, z̄0)(ab) Gk 1

1 π1(Jk̄, 0̄) π1(J, 0̄) Gk 1

∼ῑ∗ ι∗

(1.5)

Therefore, since ῑ∗ is an isomorphism, so is ι∗.

We can also identify the maximal abelian quotient π1(Xk̄, z̄0)ab with the Tate

module of the Jacobian Jk̄, which is de�ned as follows.

De�nition 1.6.5. Let A be an abelian group. For any two positive integers M,N

such that N |M , we have a �multiplication by M/N � map φMN : A[M ] → A[N ],

a 7→ (M/N) · a, where A[M ], respectively A[N ] is the group of M -, resp. N -torsion

elements of A (see Notation). Then (A[N ], φMN) de�nes an inverse system, and its

inverse limit is called the Tate module of A, denoted TA:

TA := lim←−
N

A[N ]

In particular, if ` is a prime integer, for every positive integer n we have a �multipli-

cation by ` � map φ` : A[`n+1]→ A[`n], via which we de�ne the `-adic Tate module

T`A:

T`A := lim←−
n

A[`n]

In particular we may consider the Tate module of the abelian group Jk̄(k̄). We

abbreviate by writing TJ := TJk̄(k̄) ' TJ(k̄) (see Notation).

Lemma 1.6.6. There is an isomorphism of Gk-modules π1(Jk, 0̄) ' TJ .

Proof. See [Sza09, Theorem 5.6.10].

We now investigate sections of the geometrically abelian quotient of the funda-

mental group. Let sz0 denote the section of π1(X, z̄0) induced from the k-rational

point z0 by functoriality as in Proposition 1.5.6. By commutativity of diagram 1.4,

sz0 induces a section sabz0 : Gk → π1(X, z̄0)(ab) of the geometrically abelian quotient.

Thus the group π1(X, z̄0)(ab) has a section, so by Theorem 1.5.5 we may identify
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the set of conjugacy classes of sections of π1(X, z̄0)(ab) with the Galois cohomology

group H1(Gk, TJ), the section sz0 corresponding to the conjugacy class of the trivial

section.

Any other k-rational point x ∈ X(k) induces, by functoriality, a section sx :

Gk → π1(X, z̄0), which also induces a section sabx : Gk → π1(X, z̄0)(ab). Thus we

have a natural map X(k) → H1(Gk, TJ) de�ned by x 7→ [sabx ]. This map factors

through J(k), which is to say it coincides with the composite map

X(k) J(k) H1(Gk, TJ)ι

This is because we have an isomorphism π1(X, z̄0)(ab) ' π1(J, 0̄) from diagram 1.5,

via which the section sabx corresponds to the section of π1(J, 0̄) induced by functo-

riality from the rational point ι(x) ∈ J(k). Note that the point z0 maps to the

conjugacy class of the trivial section under this composite map.

Lemma 1.6.7. Suppose that k has characteristic zero. Then there is an exact

sequence

0 −−−→ Ĵ(k) −−−→ H1(Gk, TJ) −−−→ TH1(Gk, J(k̄)) −−−→ 0

where Ĵ(k) := lim←−N J(k)/NJ(k) and TH1(Gk, J(k̄)) is the Tate module of the Galois

cohomology group H1(Gk, J(k̄)).

We call this the Kummer exact sequence.

Proof. For each positive integer N there is a Kummer exact sequence

0 J(k̄)[N ] J(k̄) J(k̄) 0N

This induces a long exact sequence of Galois cohomology groups

· · · J(k) J(k) H1(Gk, J(k̄)[N ]) H1(Gk, J(k̄)) H1(Gk, J(k̄)) · · ·N N

(1.6)

hence a short exact sequence

0 J(k)/NJ(k) H1(Gk, J(k̄)[N ]) H1(Gk, J(k̄))[N ] 0
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Since the inverse system (J(k)/NJ(k))N satis�es the Mittag-Le�er condition, taking

the inverse limit of this sequence over N gives the exact sequence of the Lemma.

In particular, when k has characteristic zero, the map J(k) → H1(Gk, TJ)

coincides with the inverse limit over N of the maps J(k) → H1(Gk, J(k̄)[N ]),

and sequence 1.6 in the above proof shows that each such map factors through

J(k)/NJ(k)→ H1(Gk, J(k̄)[N ]). Thus the map J(k)→ H1(Gk, TJ) factors through

Ĵ(k), and we have a sequence of maps

X(k) J(k) Ĵ(k) H1(Gk, TJ)ι (1.7)

If the map J(k) → Ĵ(k) is injective, di�erent k-rational points of X give rise to

distinct conjugacy classes of sections of π1(X, z̄0)(ab). The same is true for sections

of the étale fundamental group π1(X, z̄0), as the following Proposition explains.

Proposition 1.6.8. With the above notation, suppose that k has characteristic zero,

and assume that the map J(k) → Ĵ(k) is injective. Then two distinct k-rational

points x, x′ ∈ X(k) give rise to distinct conjugacy classes of sections of π1(X, z̄0).

Proof. By Proposition 1.5.6, the points x, x′ ∈ X(k) determine conjugacy classes of

sections sx, sx′ : Gk → π1(X, z̄0). By commutativity of diagram 1.4, these induce

sections sabx , s
ab
x′ : Gk → π1(X, z̄0)(ab) of the geometrically abelian quotient, whose

conjugacy classes [sabx ], [sabx′ ] correspond to elements of H1(Gk, TJ).

We argue by contradiction: suppose that sx and sx′ are conjugate. This implies

that sabx and sabx′ are conjugate, so that [sabx ] = [sabx′ ] in H
1(Gk, TJ). The class [sabx ],

respectively [sabx′ ], is the image of x, resp. x′ in the composite map

X(k) J(k) Ĵ(k) H1(Gk, TJ)

x [x]− [z0]
[
sabx
]

x′ [x′]− [z0]
[
sabx′
]

Injectivity of the map J(k)→ Ĵ(k) implies that the whole composite map is injec-

tive, which implies that x = x′.

We close this chapter with some notation concerning sections of the absolute

Galois group of a curve. Let X be a smooth, geometrically connected, projective
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curve over a �eld k, and let K := k(X) denote its function �eld. Let ξ̄ : SpecΩ→ X

be a geometric point with image the generic point ξ of X. We have a commutative

diagram of exact sequences

1 GXk̄
GX Gk 1

1 π1(Xk̄, ξ̄) π1(X, ξ̄) Gk 1

1 π1(Xk̄, ξ̄)
ab π1(X, ξ̄)(ab) Gk 1

Let s : GK → GX be a section of the absolute Galois group of X. By commutativity

of the above diagram, this naturally induces a section of the étale fundamental group

of X, which we shall denote sét : GK → π1(X, ξ̄). We will call this the étale part of

s, or the étale section corresponding to s.

It also induces a section of the geometrically abelian quotient, which we denote

sab : GK → π1(X, ξ̄)(ab). We will call this the étale abelian part of s, or the étale

abelian section corresponding to s.
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Chapter 2

The birational section conjecture

In his 1997 paper [Tam97], Akio Tamagawa proved that the étale fundamental group

of a smooth, geometrically connected, a�ne, hyperbolic curve over a �nitely gen-

erated �eld over Q determines the curve completely up to isomorphism. He also

proved a similar result for the case of smooth, a�ne curves over �nite �elds. These

results were later extended by Shinichi Mochizuki in [Moc99, Theorem A] to include

smooth, geometrically connected, hyperbolic curves over sub-p-adic �elds. (A sub-

p-adic �eld is any �eld which occurs as a sub-�eld of a �nitely generated extension

of Qp. This class of �elds includes, in particular, the �nitely generated extensions

of Q.)

Thus, when X is a smooth, geometrically connected, hyperbolic curve over a

sub-p-adic �eld k, it should be possible to characterise the set X(k) of k-rational

points of X in terms of group-theoretic properties of the étale fundamental group of

X. The section conjecture of Grothendieck proposes that such a characterisation is

given by the sections of the fundamental exact sequence of X. In this chapter, we

introduce the section conjecture and its birational variant, before stating the main

results of this thesis.

2.1 The section conjecture

Let X be a smooth, projective, geometrically connected curve over a �eld k. Fix a

geometric point z̄ : SpecΩ→ X of X, and let k̄ denote the algebraic closure of k in

Ω. We consider the fundamental exact sequence of Theorem 1.5.1:

1 −−−→ π1(Xk̄, z̄) −−−→ π1(X, z̄) −−−→ Gk −−−→ 1
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Let us �x a universal pro-étale cover X̃ → X (De�nition 1.4.12). By functoriality

of the fundamental group, a k-rational point x ∈ X(k) induces a conjugacy class

of sections sx : Gk → π1(X, z̄) of the fundamental exact sequence, and the image

sx(Gk) of a section in this class is a decomposition subgroup Dx̃ ⊂ π1(X, z̄) for

some point x̃ of X̃ above x. (See Proposition 1.5.6, and see De�nition 1.4.14 for the

de�nition of Dx̃.) Thus we have a set-theoretic map

ΦX : X(k) −→ Secπ1(X,z̄)

x 7→ [sx]

where Secπ1(X,z̄) denotes the set of conjugacy classes of sections of π1(X, z̄), with

respect to conjugation by elements of π1(Xk̄, z̄).

De�nition 2.1.1. We say a section s of π1(X, z̄) is geometric if it is contained in

a conjugacy class in the image of the map ΦX . Equivalently, s is geometric if the

image s(Gk) is a decomposition group Dx̃ associated to some point x̃ of X̃ which

lies above a k-rational point x ∈ X(k).

Bijectivity of ΦX would give us a group-theoretic characterisation of the rational

points of X. One can only expect this when X is hyperbolic (De�nition 1.4.8). For

example, if X has genus zero and k has characteristic zero, the geometric funda-

mental group π1(Xk̄, z̄) is trivial (see Example 1.4.7), hence the fundamental exact

sequence becomes simply an isomorphism π1(X, z̄) ' Gk. Thus there exists a section

of π1(X, z̄) even when X has no k-rational points.

If X is a genus 1 curve and k a number �eld, the geometric fundamental group

is a Ẑ-module (see again Example 1.4.7). Suppose that the set X(k) of k-rational

points of X is in�nite. By the Mordell-Weil Theorem, it is a �nitely generated

abelian group, thus a �nitely generated Z-module. Moreover, in this case the set of

conjugacy classes of sections of π1(X, z̄) is in bijection with the Galois cohomology

group H1(Gk, π1(Xk̄, z̄)), which is a Ẑ-module since π1(Xk̄, z̄) is. If the map ΦX

is bijective then we must have a bijection H1(Gk, π1(Xk̄, z̄)) ' X(k), but this is

impossible since there is no Ẑ-module which is isomorphic to an in�nite, �nitely

generated Z-module.

So we consider only the case when X is hyperbolic. In this case, it is well-known

that ΦX is injective when k is �nitely generated over Q, and more generally when
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k is a sub-p-adic �eld [Moc99, Theorem C]. Thus in these cases, to ask whether the

section conjecture holds is to ask whether ΦX is surjective, that is, every section of

π1(X, z̄) arises from a k-rational point.

The section conjecture of Grothendieck claims that this occurs when k is �nitely

generated over Q.

Conjecture 2.1.2 (Grothendieck's section conjecture, [Gro97]). Let k be a �nitely

generated �eld over Q, and let X be a smooth, geometrically connected, projective,

hyperbolic curve over k. Then the map ΦX is bijective.

We may wish to consider the question of bijectivity of ΦX for curves over other

�elds, so we make the following de�nition.

De�nition 2.1.3. (i) Let X be a smooth, geometrically connected, projective,

hyperbolic curve over a �eld k. We say the section conjecture holds for X if

the map ΦX is bijective.

(ii) For a �eld k, we say the section conjecture holds over k if the section conjecture

holds for every smooth, geometrically connected, projective, hyperbolic curve

over k.

The section conjecture can also be formulated for fundamental groups of a�ne

curves. Let X be a smooth, geometrically connected, projective curve over a �eld k,

and let U ⊆ X be an open subset such that U is hyperbolic. Let z̄ : SpecΩ→ U be a

geometric point of U , and denote by k̄ the algebraic closure of k in Ω. Fix a universal

pro-étale cover Ũ → U , and let X̃U denote the normalisation of X in Ũ (De�nition

1.4.13). A k-rational point of U gives rise to a section of π1(U, z̄) as above, but now

the k-rational points of the complement S := X − U may also induce sections of

π1(U, z̄), called the cuspidal sections (De�nition 1.5.7). The cuspidal sections are

those with image in a decomposition group Dx̃ for x̃ a point of X̃U lying above a

k-rational point x of S.

1 Ix̃ Dx̃ Gk(x) 1

1 π1(Uk̄, z̄) π1(U, z̄) Gk 1

Thus the k-rational points of S may contribute sections of π1(U, z̄) which cannot be

accounted for by the k-rational points of U . When k has characteristic zero, there
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are many conjugacy classes of sections associated to each k-rational point of S (see

the discussion after De�nition 1.5.7). Thus an analogue of the section conjecture for

a�ne curves over �nitely generated �elds over Q can only ask that the k-rational

points of U correspond 1-1 with the conjugacy classes of non-cuspidal sections of

π1(U, z̄).

To formalise this, let Secπ1(U,z̄) denote the set of conjugacy classes of sections

of π1(U, z̄), and let Secncπ1(U,z̄) ⊂ Secπ1(U,z̄) denote the subset consisting of conjugacy

classes of non-cuspidal sections of π1(U, z̄). We de�ne a map

ΦU : U(k) −→ Secncπ1(U,z̄)

x 7→ [sx]

where sx arises from functoriality as above. An analogue of the section conjecture

for a�ne curves may be stated as follows:

Let k be a �nitely generated �eld over Q, X a smooth, geometrically connected,

projective curve over k, and U ⊆ X an open subset such that U is hyperbolic. Then

the map ΦU is bijective.

2.2 The birational section conjecture

Let X be a smooth, projective, geometrically connected (not necessarily hyperbolic)

curve over a �eld k. Fix a choice of separable closure k(X)sep of the function �eld

of X, and let k̄ denote the algebraic closure of k in k(X)sep. The absolute Galois

group of X

GX := Gal(k(X)sep|k(X))

(see De�nition 1.4.20) �ts into an exact sequence of Galois groups

1 −−−→ GXk̄
−−−→ GX −−−→ Gk −−−→ 1
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(see Corollary 1.5.2). Let x ∈ X(k) be a k-rational point, and let x̃ be an extension

of x to k(X)sep (see De�nition 1.4.22). We have a commutative diagram

1 Ix̃ Dx̃ Gk(x) 1

1 GXk̄
GX Gk 1

via which a splitting of the upper exact sequence naturally de�nes a section of GX

with image contained in Dx̃.

When k has characteristic zero, the upper exact sequence in the above diagram

splits, hence x̃ gives rise to a packet of sections of GX , which is isomorphic to

H1(Gk, Ix̃) ' H1(Gk, Ẑ(1)). Via the isomorphism GX ' lim←−U π1(U, ξ̄) from Lemma

1.4.21, where ξ̄ : SpecΩ → X is a geometric point with image the generic point

of X such that k(X)sep ⊂ Ω, such a section determines, and is determined by, a

compatible system of cuspidal sections of the π1(U, ξ̄), for all open subsets U ⊂ X.

(See Lemma 1.5.10 and the discussion after it.)

De�nition 2.2.1. We say a section s of GX is geometric if its image s(Gk) is

contained in a decomposition group Dx̃ for some k-rational point x ∈ X(k) and

some extension x̃ of x to k(X)sep. In this case, we say that the section s arises from

the point x.

The birational analogue of the section conjecture may be stated as follows:

Let k be a �nitely generated �eld over Q, and let X be a smooth, projective,

geometrically connected curve over k. Then every section of GX is geometric and

arises from a unique k-rational point x ∈ X(k).

We will refer to this as the birational section conjecture. One may consider the

statement for more general �elds k, so we establish the following terminology.

De�nition 2.2.2. (i) Let X be a smooth, geometrically connected, projective

curve over a �eld k. We say the birational section conjecture holds for X if

every section of GX is geometric and arises from a unique k-rational point

x ∈ X(k).

(ii) For a �eld k, we say the birational section conjecture holds over k if the

birational section conjecture holds for every smooth, geometrically connected,
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projective curve over k.

Remark 2.2.3. For a smooth, geometrically connected, projective curve X over a

�eld k, to prove that the birational section conjecture holds for X it su�ces to prove

that every section of GX arises from a k-rational point x ∈ X(k). The uniqueness

of this point x is automatic, since decomposition subgroups of GX associated to

distinct valuations of k(X)sep intersect trivially. This statement may be found in

[NSW08, Corollary 12.1.3], though here only the case of global �elds is discussed,

when in fact the proof works for any �eld.

In [Koe05], Koenigsmann proved that the birational section conjecture holds over

�nite extensions of Qp and over R. The section conjecture is still open for all base

�elds, though there is hope that the birational section conjecture might be used

to deduce the section conjecture in some cases, via the theory of �cuspidalisation�.

Conversely, the section conjecture implies the birational section conjecture, as we

now explain.

De�nition 2.2.4. Let X be a smooth, projective, geometrically connected curve

over a �eld k. A neighbourhood of a section s : Gk → GX is an open subgroup

H ⊂ GX which contains s(Gk).

For an open subgroup H ⊂ GX , let us write XH → X for the �nite morphism

corresponding to H, so that GXH = H. The following observation is due to Tama-

gawa (see [Tam97, Proposition 2.8 (iv)].)

Lemma 2.2.5 (Limit Argument). Let k be a �eld which admits a structure of a

Hausdor� topological �eld such that Y (k) is compact for any smooth, geometrically

connected, projective, hyperbolic curve Y over k. Let X be a smooth, geometrically

connected, projective curve over k, and let s : Gk → GX be a section. Then s is

geometric if and only if XH(k) 6= ∅ for every neighbourhood H of s.

Proof. First assume s is geometric. Let x ∈ X(k) be the k-rational point and x̃

the extension of x to k(X)sep such that s(Gk) is contained in the decomposition

subgroup Dx̃ ⊂ GX . For a neighbourhood H of s, let xH ∈ XH denote the point

corresponding to the restriction of x̃ to k(XH). Then Gal(k̄|k(xH)) coincides with

the image ofDx̃∩H under the projection GX � Gk. But sinceH is a neighbourhood

of s, Dx̃ ∩H must map surjectively to Gk, hence k(xH) = k and XH(k) 6= ∅.
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Next assume XH(k) 6= ∅ for every neighbourhood H of s. We have an identity

Xs(Gk)(k) = lim←−
s(Gk)⊂H⊂GX

XH(k) (2.1)

where the limit is taken over the neighbourhoods of s, ordered by inclusion.

Claim. There exists a neighbourhood H of s such that XH is hyperbolic, and then

XH′ is hyperbolic for every neighbourhood H ′ contained in H.

Proof of Claim. First we wish to �nd a �nite, separable morphism f : Y → Xk̄ such

that Y is a smooth, connected, projective hyperbolic curve over k̄ and f is tamely

rami�ed, which is to say the rami�cation indices are all prime to the characteristic

of k. Let g(Xk̄), respectively g(Y ) denote the genus of Xk̄, resp. of Y . Recall

from De�nition 1.4.8 that a smooth, geometrically connected, projective curve is

hyperbolic if its genus is at least 2.

The Hurwitz formula [Liu02, Theorem 7.4.16] implies that g(Y ) ≥ g(Xk̄) (see

also [Liu02, Corollary 7.4.19]). Thus if g(Xk̄) ≥ 2 then we may take f to be any

�nite, separable, tamely rami�ed morphism of smooth, connected, projective curves.

If g(Xk̄) = 1 and f is separable and tamely rami�ed, the Hurwitz formula implies

that g(Y ) = 1 + 1
2

∑
y∈Y (ey − 1), where ey is the rami�cation index of f at y. Thus

g(Y ) is independent of the degree of f , and g(Y ) ≥ 2 if f is rami�ed in at least

2 points. Thus we may take f to be any �nite, separable morphism of any degree

such that Y is a smooth, connected, projective curve and f is tamely rami�ed in at

least 2 points.

If g(Xk̄) = 0 then Xk̄ is isomorphic to P1
k̄. Indeed, the assumption that XH(k) 6=

∅ for every neighbourhoodH of s implies in particular thatX(k) and thereforeXk̄(k̄)

is non-empty, thus Xk̄ ' P1
k̄ by [Liu02, Proposition 7.4.1]. Then we may choose f to

be the �nite morphism corresponding to the polynomial sm = (t − α1) · · · (t − αr),

where m ≥ 2 is prime to the characteristic of k, r ≥ 2(m+1)/(m−1) and α1, . . . , αr

are any r distinct elements of k̄. Then f is a �nite, separable morphism of degree m

which is tamely rami�ed in r points with rami�cation indices all equal to m, thus

g(Y ) ≥ 2 by the Hurwitz formula.

With the morphism f : Y → Xk̄ suitably chosen as above, let Uk̄ ⊂ Xk̄ denote

the open subset over which f is unrami�ed, and let ξ̄ : SpecΩ → Xk̄ denote a

geometric point with image the generic point of Xk̄. Then the �nite morphism
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Y → Xk̄ corresponds to an open subgroup H ⊆ πt1(Uk̄, ξ̄), where the superscript `t'

denotes that this is the tame fundamental group of Uk̄. We will not de�ne this object

explicitly here - su�ce to say it characterises �nite morphisms to Xk̄ which are étale

over Uk̄ and at worst tamely rami�ed over the points of Xk̄ − Uk̄. In particular, if

k has characteristic zero then this is just the usual étale fundamental group of Uk̄.

See, for example, [Sza09, De�nition 5.7.15] for a formal de�nition.

By [Tam97, Proposition 1.1] the group πt1(Uk̄, ξ̄) is �nitely generated, hence by

[RZ10, Proposition 2.5.1] there is a fundamental system of neighbourhoods of the

identity element in πt1(Uk̄, ξ̄) consisting of a countable chain of open characteristic

subgroups

πt1(Uk̄, ξ̄) = H0 ⊇ H1 ⊇ H2 ⊇ · · ·

Thus there exists n such that the n-th characteristic subgroup Hn in this chain

satis�es Hn ⊆ H, so that Hn corresponds to a �nite morphism Y n → Y of smooth,

connected, projective curves, and therefore to a �nite morphism f̄n : Y n → Xk̄.

Moreover, Y n also has genus at least 2 (see above argument and [Liu02, Corollary

7.4.19]).

Let sU : Gk → πt1(U, ξ̄) denote the section of πt1(U, ξ̄) induced by s via the

natural quotient homomorphism GX � πt1(U, ξ̄). Then the semidirect product Hno

sU(Gk) ⊂ πt1(U, ξ̄) de�nes a neighbourhood of the section sU . Moreover, denoting

by fn : Yn → X the �nite morphism corresponding to Hn o sU(Gk), Yn also has

genus at least 2 by the Hurwitz formula - indeed, we have an equality of indices

[Hn o sU(Gk) : πt1(U, ξ̄)] = [Hn : πt1(Uk̄, ξ̄)] and thus an equality of degrees deg fn =

deg f̄n, and the rami�cation indices of fn and f̄n are the same since only the base

�eld is extended.

The preimage of Hn o sU(Gk) in GX is then a neighbourhood of the section s,

corresponding to the same �nite morphism fn : Yn → X. For any neighbourhood

H ′ ⊆ Hn o sU(Gk), XH′ → Yn is a �nite morphism, thus XH′ is also hyperbolic by

the Hurwitz formula.

Let H be a neighbourhood of s such that XH is hyperbolic. Then, by the above

Claim and our assumption on k, for every neighbourhood H ′ contained in H, XH′(k)

is compact. Thus it follows from identity 2.1 that Xs(Gk)(k) 6= ∅.

Let x ∈ Xs(Gk)(k), and choose an extension x̃ of x to k(X)sep. Then Dx̃ ∩ s(Gk)

maps surjectively to Gk under the projection GX � Gk, since x is k-rational. Since
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s(Gk)→ Gk is injective, this implies Dx̃ ∩ s(Gk) = s(Gk), i.e. s(Gk) ⊂ Dx̃ and s is

geometric.

Proposition 2.2.6. Let k be a �eld which admits the structure of a Hausdor� topo-

logical space such that for any smooth, geometrically connected, projective, hyperbolic

curve Y over k, Y (k) is compact. If the section conjecture holds over k, then the

birational section conjecture holds over k.

Proof. Assume the section conjecture holds over k, and let X be any smooth, ge-

ometrically connected, projective (not necessarily hyperbolic) curve over k. Let

s : Gk → GX be a section of the absolute Galois group ofX. LetH ⊂ GX be a neigh-

bourhood of s, XH → X the corresponding �nite morphism and η̄ : SpecΩH → XH

a geometric point with image the generic point of XH . Then s induces a section

sH : Gk → H = GXH , which in turn induces a section sétH : Gk → π1(XH , η̄) of the

étale fundamental group of XH .

GXH GX Gk

π1(XH , η̄) π1(X, ξ̄) Gk

s

sH

sétH

If XH is hyperbolic then, by the assumption that the section conjecture holds over k,

the section sétH is geometric, which means in particular that there exists a k-rational

point x ∈ XH(k). If XH is not hyperbolic, there exists another neighbourhood

H ′ ⊂ H ⊂ GX of s such that XH′ is hyperbolic (see the Claim in the proof of

Lemma 2.2.5). The above argument implies there exists x′ ∈ XH′(k), and the image

of x′ in XH is necessarily also k-rational. Thus XH(k) 6= ∅ for any neighbourhood

H of s, which by Lemma 2.2.5 implies that s is geometric. This proves that the

birational section conjecture holds for X (see Remark 2.2.3), thus, since X was

arbitrary, the birational section conjecture holds over k.
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2.3 Statement of the Main Theorems

In this study we investigate the birational section conjecture over function �elds.

We prove that, for a certain class of �elds k of characteristic zero, and under the

condition of �niteness of certain Shafarevich-Tate groups, proving that the birational

section conjecture holds over �nitely generated extensions of k reduces to proving

that it holds over �nite extensions of k. This class of �elds contains, in particular,

the �nitely generated extensions of Q, so the result reduces the birational section

conjecture over such �elds to the case of number �elds, under the �niteness condition

on the Shafarevich-Tate groups. Our approach is an adaptation of the proof by

Mohamed Saïdi in [Saï16] of a similar result for the section conjecture.

Let us start by describing the aforementioned class of �elds, which was introduced

in [Saï16, De�nition 0.2]. See De�nition 1.6.5 for the de�nitions of the Tate module

and `-adic Tate module.

De�nition 2.3.1. For a �eld k′ of characteristic zero, consider the following condi-

tions on k′.

(i) The birational section conjecture holds over k′.

(ii) For every prime integer `′, the `′-cyclotomic character χ`′ : Gk′ → Z×`′ is non-

Tate, meaning that any Gk′-map Z`′(1) → T`′A, for some abelian variety A,

vanishes.

(iii) Given an abelian variety A over k′, any quotient A(k′) � D of the group of

k′-rational points A(k′) satis�es the following:

(a) The natural map D → D̂ is injective, where D̂ := lim←−N D/ND (see

Notation).

(b) The torsion group D[N ] (see Notation) is �nite for all N ≥ 1, and the

Tate module TD is trivial.

(iv) Given a separated, smooth, connected curve C over k′ with function �eld K =

k′(C), K admits the structure of a Hausdor� topological �eld, so that X(K)

is compact for any smooth, geometrically connected, projective, hyperbolic

curve X over K.

(v) Given a smooth and connected (not necessarily projective) curve C over k′ with

function �eld K = k′(C) and a �nite morphism C̃ → C, then the following

holds. If C̃c(k′(c)) 6= ∅ for all c ∈ Ccl, where k′(c) denotes the residue �eld at
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c and C̃c is the inverse image of c in C̃, then C̃(K) 6= ∅.

For a �eld k of characteristic zero, we say that k strongly satis�es one of the above

conditions (i), (ii), (iii), (iv) and (v) if this condition is satis�ed by any �nite exten-

sion k′|k of k.

Condition (i) is the strongest of the above conditions - conditions (ii)-(v) are

much milder conditions which in particular are satis�ed by �nitely generated �elds

over Q. Condition (v) is satis�ed by Hilbertian �elds (see [Saï16, Lemma 4.1.5]).

De�nition 2.3.2. Let k be a �eld of characteristic zero and C a smooth, separated,

connected curve over k with function �eld K. Let A → C be an abelian scheme

with generic �bre A = A ×C SpecK. For each closed point c ∈ Ccl denote by

Kc the completion of K at c, and write Ac = A ×SpecK SpecKc. Let Kc be an

algebraic closure of Kc and K the algebraic closure of K inside Kc. We de�ne the

Shafarevich-Tate group

X(A) = ker(H1(GK , A(K))→
∏
c∈Ccl

H1(GKc , Ac(Kc)))

where the product is taken over all the closed points of C.

We now state our two main theorems. See De�nition 1.1.3 for the de�nition of

a relative curve (which is, in particular, �at and proper) and Remark 1.1.10 for the

meaning of the relative Jacobian.

Theorem A. Let k be a �eld of characteristic zero that strongly satis�es conditions

(i)-(v) of De�nition 2.3.1. Let C be a smooth, separated, connected curve over k

with function �eld K. Let X → C be a smooth relative curve, with generic �bre

X := X ×C SpecK which is a geometrically connected hyperbolic curve over K such

that X(K) 6= ∅. Denoting by J := Pic0
X /C the relative Jacobian of X , assume

TX(J ) = 0. Then the birational section conjecture holds for X.

Theorem B. Let k, C and K be as in Theorem A. For any �nite extension L of

K, let CL denote the normalisation of C in L. Assume that for any such �nite

extension L and any smooth relative curve Y → CL we have TX(JY) = 0, where

JY := Pic0
Y /CL is the relative Jacobian of Y. Then the birational section conjecture

holds over all �nite extensions of K.
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In the context of Q, this means that if the birational section conjecture holds

over all �elds of some �xed transcendence degree over Q then it holds over all �elds

of transcendence degree one higher, provided that X(JY) is �nite for all such �elds

L and all relative Jacobians JY as described in the statement of Theorem B. By

induction this means that, under the assumption on the relevant Shafarevich-Tate

groups, if the birational section conjecture holds over number �elds then it holds

over all �nitely generated �elds over Q.
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Chapter 3

Specialisation of Sections

In this chapter we will consider curves over local �elds. Let R be a complete discrete

valuation ring with uniformiser π, �eld of fractions K and residue �eld k := R/πR.

Assume further that k has characteristic zero. Let X be a smooth, geometrically

connected relative curve over R, and let XK , resp. Xk denote its generic �bre, resp.

its closed �bre. Given a section s : GK → GXK of the absolute Galois group of

XK (De�nition 1.4.20), our aim is to show that, under the assumption that the

birational section conjecture holds over k (De�nition 2.2.2), s gives rise naturally to

a k-rational point x ∈ X(k) of the closed �bre Xk.

To achieve this we will investigate when such a section s naturally induces a

section s̄ : Gk → GXk of the absolute Galois group of the closed �bre Xk, which we

call the specialisation of s. To this end we de�ne a specialisation homomorphism

of absolute Galois groups by following the de�nition of the specialisation homomor-

phism for fundamental groups of a�ne curves (an exposition of which can be found

in [OV98]), then applying the relation in Lemma 1.4.21.

The fundamental group of an open subset Uk ⊂ Xk contains inertia groups

corresponding to the points of the complement Sk := Xk−Uk. These inertia groups

play an important role in the specialisation of sections, giving rise to the phenomenon

of rami�cation of sections. We impose conditions on k which imply that to each

section of GXK we can naturally associate a k-rational point of Xk, whether or not

it is rami�ed.
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3.1 The specialisation homomorphism: projective

case

We will �rst recall the de�nition of the specialisation homomorphism for fundamental

groups of projective curves using formal geometry. Further details on this theory

can be found in [GR71, Exposé IX] and [OV98, Chapitre 11].

Let R be a complete discrete valuation ring with uniformiser π, �eld of fractions

K and residue �eld k := R/πR. LetX be a smooth, geometrically connected relative

curve over SpecR (see De�nition 1.1.3), and denote by XK its generic �bre and Xk

its closed �bre. Fix an algebraic closure K of K. Denote by R the integral closure

of R in K, and by k̄ the residue �eld of R, which is an algebraic closure of k.

Let XK := X ×SpecR SpecK denote the geometric �bre of XK , and similarly

write XR := X ×SpecR SpecR (see Notation). We have a diagram:

XK XK SpecK

XR X SpecR

Let z̄1 : SpecΩ1 → XK be a geometric point of XK . By composition this de�nes

geometric points of XK , XR and X, which we again denote by z̄1. Similarly, it also

de�nes a geometric point η̄ : SpecΩ1 → SpecR, whose image is the generic point η

of SpecR, corresponding to the zero ideal of R.

Functoriality of the fundamental group yields a diagram:

1 π1(XK , z̄1) π1(XK , z̄1) GK 1

1 π1(XR, z̄1) π1(X, z̄1) π1(SpecR, η̄) 1

(3.1)

where the upper row is the fundamental exact sequence of XK (see Theorem 1.5.1).

Remark 3.1.1. (i) Exactness of the lower row in the above diagram follows from

the same argument used to show exactness of the fundamental exact sequence

of a quasi-compact, geometrically integral scheme over a �eld. See, for exam-

ple, [Sza09, Proposition 5.6.1] for an outline of this argument.

(ii) The homomorphism GK → π1(SpecR, η̄) is surjective. Indeed, the étale Galois

covers of SpecR are exactly the morphisms of the form SpecR′ → SpecR
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where K ′ := Frac(R′) is a Galois extension of K which is unrami�ed with

respect to π. By Lemma 1.4.5, we therefore have

π1(SpecR, η̄) ' lim←−
Frac(R′)|K
unrami�ed

Aut(R′|R) ' lim←−
K′|K

unrami�ed

Gal(K ′|K) ' Gal(Kur|K)

whereKur denotes the maximal unrami�ed extension ofK. Hence π1(SpecR, η̄)

is a quotient of GK .

Lemma 3.1.2. (i) The homomorphisms π1(XK , z̄1)→ π1(XR, z̄1) and π1(XK , z̄1)→

π1(X, z̄1) are surjective.

(ii) The homomorphism π1(XK , z̄1) → π1(XR, z̄1) is an isomorphism when k has

characteristic zero.

Proof. To prove that π1(XK , z̄1)→ π1(X, z̄1) is surjective it su�ces, by Proposition

1.4.11 (i), to show that for any connected étale cover Y → X the �bre product

Y ×X XK = Y ×SpecR SpecK = YK is also connected. If Y is connected then, since

it is regular, it is irreducible. Since YK is an open subset of Y (its complement is the

closed �bre Yk), it is also irreducible, hence connected. The same argument shows

that π1(XK , z̄1)→ π1(XR, z̄1) is surjective.

We give an outline of the proof of statement (ii): for more details see [GR71,

Exposé X, Corollaire 3.9]. To prove the statement it su�ces, by Proposition 1.4.11

(ii), to show that every étale cover YK → XK comes from an étale cover of XR,

that is, there exists an étale cover YR → XR such that YK = YR ×SpecR SpecK.

By [Sza09, Lemma 5.6.2], YK → XK descends to an étale cover of XL for some

�nite extension L|K in K, that is, there exists an étale cover YL → XL such that

YK = YL ×SpecL SpecK. It then su�ces to show that there exists a �nite extension

L′|L in K such that the étale cover YL′ → XL′ induced from YL → XL by base

change to L′ comes from an étale cover YR′ → XR′ , where R′ denotes the integral

closure of R in L′. Indeed, then we may take YR := YR′ ×SpecR′ SpecR.

For any �nite extension L′|L we may take the normalisation YR′ of XR′ in the

function �eld k(YL′), but we need to choose L′ so that the �nite morphism YR′ → XR′

is unrami�ed over the generic point ξ′ of Xl′ , where l′ denotes the residue �eld of R′.

Then the branch locus of YR′ → XR′ is either empty or of codimension 2 (consisting

of �nitely many closed points of Xl′). By Zariski's Purity Theorem (Theorem 1.3.5),

it must therefore be empty, hence YR′ → XR′ is unrami�ed everywhere.
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Since ξ′ has codimension 1 in XR′ , the local ring OXR′ ,ξ′ is a discrete valuation

ring, and its �eld of fractions is the function �eld k(XL′). Abhyankar's Lemma

[GR71, Exposé X, Lemme 3.6] then implies that we can choose L′ so that, for each

ζ ′ ∈ YR′ mapping to ξ′, the local ring OYR′ ,ζ′ , which has �eld of fractions k(YL′), is

unrami�ed over OXR′ ,ξ′ . That is, YR′ → XR′ is unrami�ed over ξ′, which completes

the proof.

Now let z̄2 : SpecΩ2 → Xk̄ be a geometric point of Xk̄. By composition this

de�nes geometric points of Xk, XR and X, which we again denote by z̄2. Similarly,

it also de�nes a geometric point π̄ : SpecΩ2 → SpecR, whose image is the unique

closed point of SpecR corresponding to the maximal ideal πR ⊂ R. Functoriality

again yields a diagram:

1 π1(XR, z̄2) π1(X, z̄2) π1(SpecR, π̄) 1

1 π1(Xk̄, z̄2) π1(Xk, z̄2) Gk 1

(3.2)

where the lower row is the fundamental exact sequence of Xk.

Remark 3.1.3. Note that the homomorphism Gk → π1(SpecR, π̄) is an isomor-

phism. Indeed, we have an isomorphism π1(SpecR, π̄) ' Gal(Kur|K) by Remark

3.1.1 and Theorem 1.4.10, and we have Gal(Kur|K) ' Gk since R is a complete

discrete valuation ring.

Theorem 3.1.4. The homomorphism π1(Xk̄, z̄2)→ π1(XR, z̄2) is an isomorphism.

Proof. We give here an outline of the proof - for more details see [OV98]. First we

prove surjectivity. By Proposition 1.4.11 (i) it su�ces to show that, for any étale

cover Y → XR with Y connected, Yk̄ is also connected. For this we employ the

Stein factorisation Y → Y ′ → SpecR, in which Y ′ is �nite over SpecR and the

morphism Y → Y ′ has non-empty, geometrically connected �bres (see [Sza09, Facts

5.6.5]). In particular, there is a bijection between the connected components of Yk̄

and those of Y ′
k̄
. Since Y ′ → SpecR is �nite and R is Henselian, Y ′ must be of

the form
∏n

i=1 SpecRi, where each Ri is a local ring �nite over R. But since Y is

connected, Y ′ is also connected, hence n = 1. This implies that Y ′
k̄
is connected,

hence so is Yk̄.

For injectivity, by Proposition 1.4.11 (ii) it su�ces to show that any given étale

cover Y → Xk̄ lifts to an étale cover Y → XR such that Yk̄ = Y . There exists a
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�nite extension k′|k such that Y → Xk̄ descends to an étale cover Yk′ → Xk′ [Sza09,

Lemma 5.6.2]. Thus, denoting by R′ a �nite extension of R with residue �eld k′,

it su�ces to show that Yk′ → Xk′ lifts to an étale cover YR′ → XR′ , since then

Y := YR′ ×SpecR′ SpecR→ XR is the desired cover of XR which lifts Y → Xk̄.

One proves this by passing to formal geometry. Let X̂R′ denote the formal com-

pletion of XR′ along the special �bre Xk′ , which is obtained by taking the projective

limit lim←−nXn, where Xn = XR′×SpecR′ SpecR′/(π′)n+1, π′ being a uniformiser of R′.

The formal scheme X̂R′ can be interpreted as a �formal neighbourhood� of Xk′ in

XR′ . By [Gro67, Ch. IV, Théorème 18.1.2], the functor Yn 7→ Yn×Xn Xk′ de�nes an

equivalence of categories between the étale covers of Xn and those of Xk′ . We thus

obtain a formal étale cover ŶR′ → X̂R′ of the formal scheme X̂R′ uniquely deter-

mined by Yk′ → Xk′ . Grothendieck's existence theorem [Gro67, Ch. III, Théorème

5.1.4] tells us that ŶR′ can be uniquely �algebraised� to an étale cover YR′ → XR′ ,

which satis�es YR′ ×SpecR′ Spec k′ = Yk′ by construction.

Corollary 3.1.5. The homomorphism π1(Xk, z̄2)→ π1(X, z̄2) is an isomorphism.

Proof. This follows easily from Theorem 3.1.4 and Remark 3.1.3 via an elementary

diagram chase.

By Theorem 1.4.10, there exist isomorphisms π1(X, z̄1) ' π1(X, z̄2), π1(XR, z̄1) '

π1(XR, z̄2) and π1(SpecR, η̄) ' π1(SpecR, π̄), unique up to inner automorphism.

Thus we can combine diagrams 3.1 and 3.2, to give a commutative diagram

1 π1(XK , z̄1) π1(XK , z̄1) GK 1

1 π1(XR, z̄1) π1(X, z̄1) π1(SpecR, η̄) 1

1 π1(XR, z̄2) π1(X, z̄2) π1(SpecR, π̄) 1

1 π1(Xk̄, z̄2) π1(Xk, z̄2) Gk 1

' ' '

∼ ∼ ∼

(3.3)

where the uppermost and lowermost rows are the fundamental exact sequences. By

composing the vertical homomorphisms we obtain surjective homomorphisms SpX ,

SpX and ρ making the following diagram commutative:
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1 π1(XK , z̄1) π1(XK , z̄1) GK 1

1 π1(Xk̄, z̄2) π1(Xk, z̄2) Gk 1

Sp Sp ρ

The homomorphisms SpX and SpX are called specialisation homomorphisms of fun-

damental groups. They are de�ned only up to inner automorphism of π1(XR, z̄2),

resp. π1(X, z̄2), due to the choices of base points z̄1, z̄2. By Lemma 3.1.2 (ii), the

homomorphism SpX is an isomorphism when k has characteristic zero.

Note that, since R is a complete discrete valuation ring, GK is the decomposition

group associated to the unique prime ideal of R, hence the surjection ρ is the natural

quotient map - see, for example, [Ser79, Ch. 1, �7, Proposition 20].

3.2 The specialisation homomorphism: a�ne case

As in the previous section, let R be a complete discrete valuation ring with uni-

formiser π, �eld of fractions K and residue �eld k, and let X be a smooth, geometri-

cally connected relative curve over SpecR. We will consider complements of divisors

D on X which are �nite étale over R, that is, such that the composite morphism

D ↪→ X → SpecR is a �nite, étale morphism.

Lemma 3.2.1. A divisor D on X is �nite étale over R if and only if the following

conditions hold:

(i) DK and Dk consist of the same �nite number of closed points;

(ii) The points of DK have residue �elds which are unrami�ed extensions of K;

In particular, if D is �nite étale over R then for each closed point x ∈ Dk there

is exactly one closed point of DK which specialises to x.

Proof. D is �nite étale over R if and only if D ' Spec (⊕ni=1Ri) ' ∪ni=1 SpecRi for

some n, where each Ri is a ring whose �eld of fractions Ki is an unrami�ed extension

of K. Then DK ' ∪ni=1 SpecKi, which is to say DK consists of closed points

x1, . . . , xn having residue �elds K1, . . . , Kn respectively. Since SpecRi → SpecR is

unrami�ed for every i, we have Dk ' ∪ni=1 Spec ki, where ki denotes the residue �eld

of Ri, hence Dk also consists of n closed points of Xk. Note that the point of DK

corresponding to SpecKi specialises to the point of Dk corresponding to Spec ki.
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Let S be a divisor on X which is �nite étale over R, and let U := X − S denote

the complement of S in X, which is an open subset of X. Then UK is an open

subset of the generic �bre XK of X with complement SK , and likewise Uk is an open

subset of the closed �bre Xk with complement Sk.

Fix an algebraic closure K of K. Denote by R the integral closure of R in K,

and by k̄ the residue �eld of R, which is an algebraic closure of k. Note that SR

is �nite étale over SpecR (since �nite and étale morphisms are stable under base

change), and it is the complement of UR in XR.

Let z̄1 : SpecΩ1 → UK be a geometric point of UK . By composition it induces

geometric points of UK , U and UR, which we again denote by z̄1, and it also induces

a geometric point η̄ : SpecΩ1 → SpecR with image the generic point η of SpecR.

Similarly, let z̄2 : SpecΩ2 → Uk̄ be a geometric point of Uk̄. By composition this

induces geometric points of Uk, U and UR, which we again denote by z̄2, and it also

induces a geometric point π̄ : SpecΩ2 → SpecR with image the unique closed point

of SpecR corresponding to the maximal ideal πR ⊂ R. As in section 1.1, it follows

from functoriality of the fundamental group along with Theorem 1.4.10 that there

is a commutative diagram:

1 π1(UK , z̄1) π1(UK , z̄1) GK 1

1 π1(UR, z̄1) π1(U, z̄1) π1(SpecR, η̄) 1

1 π1(UR, z̄2) π1(U, z̄2) π1(SpecR, π̄) 1

1 π1(Uk̄, z̄2) π1(Uk, z̄2) Gk 1

' ' '

∼

(3.4)

Lemma 3.2.2. (i) The homomorphisms π1(UK , z̄1)→ π1(UR, z̄1) and π1(UK , z̄1)→

π1(U, z̄1) are surjective.

(ii) The homomorphism π1(UK , z̄1) → π1(UR, z̄1) is an isomorphism when k has

characteristic zero.

Proof. The proof of (i) is identical to the proof of Lemma 3.1.2 (i). For (ii), we need

to show that any �nite morphism YK → XK which is étale over UK comes from a

�nite morphism YR → XR which is étale over UR. The argument proceeds exactly
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as in the proof of Lemma 3.1.2 (ii), except that Zariski's Purity Theorem implies

that the �nite morphism YR′ → XR′ can only be rami�ed over the points of SR′ .

Theorem 3.2.3. Assume that k has characteristic zero. Then the homomorphism

π1(Uk̄, z̄2)→ π1(UR, z̄2) is an isomorphism.

Proof. To prove surjectivity it su�ces to show that, for any �nite morphism Y → XR

étale over UR with Y connected, Yk̄ is also connected. This is proved using the

Stein factorisation of the proper morphism Y → SpecR, exactly as in the proof of

Theorem 3.1.4.

For injectivity we follow the formal patching method used in [Saï04, �1]. We need

to show that a �nite morphism fk̄ : Y → Xk̄ which is étale over Uk̄ and possibly

rami�ed at the points of Sk̄ can be lifted to a �nite morphism f : Y → XR which is

étale over UR and possibly rami�ed above the points of SR, such that Y = Yk̄.

There exists a �nite extension l|k such that fk̄ : Y → Xk̄ descends to a �nite

morphism fl : Yl → Xl which is étale over Ul (this follows from [Sza09, Lemma 5.6.2]

and Proposition 1.2.5). We may assume that fl is rami�ed over Sl. Indeed, if it is

rami�ed only over a subset S ′ ⊂ Sl, we may replace Sl with S ′ and Ul with Xl − S ′

in the rest of the proof.

Since Sl consists of �nitely many points, we may take a �nite, unrami�ed ex-

tension R′ of R such that, denoting by k′ the residue �eld of R′ and K ′ its fraction

�eld, k′ contains l and the points of Sk′ are k′-rational. Since S is étale over R, SR′

is étale over R′, and thus the points of SK′ are K ′-rational and in bijection with the

points of Sk′ . Then fk′ : Yk′ → Xk′ is étale over Uk′ and rami�ed over Sk′ . We will

show that fk′ lifts to a �nite morphism fR′ : YR′ → XR′ which is étale over UR′ and

rami�ed over SR′ . Then Y := YR′ ×SpecR′ SpecR → XR is the desired morphism

which lifts fk̄ : Y → Xk̄.

We can consider fk′ to be composed of étale and rami�ed �parts�. First, denoting

Vk′ := f−1
k′ (Uk′), the morphism fk′ induces an étale cover fk′|Vk′ : Vk′ → Uk′ . Then,

for each x ∈ Sk′ , fk′ induces a �nite morphism Ŷk′,x → Spec ÔXk′ ,x, rami�ed at x,

where ÔXk′ ,x is the completion of OXk′ ,x with respect to its maximal ideal, and Ŷk′,x

is the completion of Yk′ along the closed subscheme de�ned by the preimage of x in

Yk′ .

Let X̂R′ denote the completion of XR′ along its closed �bre Xk′ (see [Har77,

Ch. II, �9, p. 194] for a de�nition), and similarly, ÛR′ the completion of UR′ along
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Uk′ . For each x ∈ Sk′ , consider also the completion Spf ÔXR′ ,x of XR′ at the point

x, where ÔXR′ ,x is the completion of OXR′ ,x with respect to its maximal ideal and

Spf ÔXR′ ,x denotes its formal spectrum (see Notation). This can be considered a

�formal neighbourhood� of x in X̂R′ . To lift fk′ to a �nite morphism fR′ : YR′ → XR′

we use a formal patching argument, wherein we �nd lifts of Vk′ and Ŷk′,x to ÛR′ and

Spf ÔXR′ ,x respectively, then �glue� them together.

Proposition 3.2.4. With the above notation, we have the following.

(i) There exists a unique étale formal cover V̂R′ → ÛR′ which lifts the étale cover

fk′|Vk′ : Vk′ → Uk′.

(ii) For each x ∈ Sk′ there exists a �nite morphism ŶR′,x → Spf ÔXR′ ,x which lifts

the �nite morphism Ŷk′,x → Spec ÔXk′ ,x induced by fk′.

Proof. Statement (i) follows from [Gro67, Ch. IV, Théorème 18.1.2] and [Gro67,

Ch. III, Théorème 5.1.4], exactly as in the proof of Theorem 3.1.4.

It remains to prove statement (ii). Since Xk′ is smooth, ÔXk′ ,x is a complete

discrete valuation ring. Since x is k′-rational, we have an isomorphism ÔXk′ ,x '

k′[[t]], where t is a local parameter at x, so that x corresponds to the maximal

ideal (t) ⊂ k′[[t]] [Ser79, Ch. 2, �4]. Similarly, since the point y ∈ SK′ specialising

to x is K ′-rational, ÔXR′ ,x is isomorphic to R′[[T ]], where T is a local parameter

at x whose image modulo π is t, and the point y corresponds to the prime ideal

(T ) ⊂ R′[[T ]]. Since the morphism Ŷk′,x → Spec ÔXk′ ,x is �nite and rami�ed at x,

Ŷk′,x is isomorphic to Spec k′[[t]][z]/(zn − t), for some n. To lift this to ÔXR′ ,x we

need to lift the equation zn − t to a polynomial in R′[[T ]][Z] which is rami�ed at y,

i.e. at the ideal (T ). For this we can just take the same equation, Zn − T , so we

indeed obtain a �nite morphism ŶR′,x ' SpfR′[[T ]][Z]/(Zn−T )→ Spf ÔXR′ ,x which

is rami�ed at y and which lifts Ŷk′,x → Spec ÔXk′ ,x.

The patching of the above morphisms is enabled by the following proposition

(see [Saï04, Proposition 1.6]).

Proposition 3.2.5 (Formal patching). With notation as in Proposition 3.2.4, there

exists a unique (up to isomorphism) �nite morphism fR′ : YR′ → XR′ which lifts

fk′ : Yk′ → Xk′ and which induces the étale formal cover V̂R′ → ÛR′, resp. the �nite

morphisms ŶR′,x → Spf ÔXR′ ,x, when pulled back to ÛR′, resp. to Spf ÔXR′ ,x for each

x ∈ Sk′.
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Proof. To �glue� the morphisms V̂R′ → ÛR′ and ŶR′,x → Spf ÔXR′ ,x to give a �nite

morphism YR′ → XR′ it su�ces, by the formal GAGA theorem [Har03, Theorem

3.2.8], to check that they agree over the �overlap� of ÛR′ and Spf ÔXR′ ,x, which is the

formal scheme Spf(ÔXR′ ,x)p, where p is the minimal prime ideal of ÔXR′ ,x containing

the uniformiser π and (ÔXR′ ,x)p is the localisation of ÔXR′ ,x at p.

The morphisms V̂R′ → ÛR′ and ŶR′,x → Spf ÔXR′ ,x induce, by pullback, mor-

phisms V̂p → Spf(ÔXR′ ,x)p and Ŷp → Spf(ÔXR′ ,x)p. These morphisms coincide over

the closed �bre of Spf(ÔXR′ ,x)p, because they were both constructed from fk′ . Since

both V̂p and Ŷp are étale over Spf(ÔXR′ ,x)p, and since Spf(ÔXR′ ,x)p is local and com-

plete, V̂p and Ŷp are indeed isomorphic.

This concludes the proof of the Theorem.

Corollary 3.2.6. The homomorphism π1(Uk, z̄2) → π1(U, z̄2) is an isomorphism

when k has characteristic zero.

Proof. As in the proof of Corollary 3.1.5, this follows from the following commutative

diagram.

1 π1(UR, z̄2) π1(U, z̄2) π1(SpecR, π̄) 1

1 π1(Uk̄, z̄2) π1(Uk, z̄2) Gk 1

∼ ∼

Thus, under the assumption that k has characteristic zero, diagram 3.4 becomes:

1 π1(UK , z̄1) π1(UK , z̄1) GK 1

1 π1(UR, z̄1) π1(U, z̄1) π1(SpecR, η̄) 1

1 π1(UR, z̄2) π1(U, z̄2) π1(SpecR, π̄) 1

1 π1(Uk̄, z̄2) π1(Uk, z̄2) Gk 1

∼

' ' '
∼ ∼ ∼

where the homomorphism π1(UK , z̄1) → π1(UR, z̄1) is an isomorphism by Lemma
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3.2.2 (ii). Composing the vertical maps, we obtain surjective homomorphisms SpU

and ρ and an isomorphism SpU making the following diagram commutative.

1 π1(UK , z̄1) π1(UK , z̄1) GK 1

1 π1(Uk̄, z̄2) π1(Uk, z̄2) Gk 1

SpU ∼ SpU ρ

(3.5)

The homomorphisms SpU , SpU are called specialisation homomorphisms of funda-

mental groups, and they are de�ned only up to inner automorphism of π1(UR, z̄2),

respectively π1(U, z̄2).

3.3 A specialisation homomorphism for absolute Ga-

lois groups

As in the previous section, let R be a complete discrete valuation ring with �eld of

fractions K and residue �eld k. Fix an algebraic closure K of K. Denote by R the

integral closure of R in K, and by k̄ the residue �eld of R, which is an algebraic

closure of k. Let X be a smooth, geometrically connected relative curve over R.

In this section we construct a homomorphism GXK → GXk between the absolute

Galois groups of the generic and closed �bres ofX. For this we will use the identity of

Lemma 1.4.21, along with the specialisation homomorphism of fundamental groups

of a�ne curves from the previous section. However, this method yields directly only

a homomorphism from a quotient of GXK , for which we need the following de�nition.

De�nition 3.3.1. Let C be a smooth, projective, geometrically connected curve

over a �eld F , and let B̃ be an in�nite set of closed points of C. Let ξ̄ be a

geometric point with image the generic point of C. We de�ne the group π1(C − B̃)

to be the inverse limit

π1(C − B̃) = lim←−
B⊂B̃ �nite

π1(C −B, ξ̄)

where the limit is taken over the open subsets of C of the form C − B (i.e. whose

complements are �nite subsets of B̃), ordered by inclusion.
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De�nition 3.3.2. A universal pro-étale cover C̃B̃ → C − B̃ is an inverse system of

�nite morphisms Yi → C such that:

(i) for each i, the branch locus of Yi → C is contained in B̃;

(ii) for any �nite morphism Y → C with branch locus contained in B̃ there is a

morphism Yi → Y for i su�ciently large.

A point c̃ of C̃B̃ is a compatible system of points yi ∈ Yi.

De�nition 3.3.3. Let C̃B̃ → C − B̃ be a universal pro-étale cover, and let c be a

point of C and c̃ a point of C̃B̃ above c. The decomposition group Dc̃ of c̃ is the

stabiliser of c̃ under the action of π1(C − B̃). The inertia group Ic̃ is the kernel of

the homomorphism Dc̃ → Gk(c).

Remark 3.3.4. (i) The decomposition and inertia groups of De�nition 3.3.3 sat-

isfy analogous properties to those of De�nitions 1.4.14 and 1.4.22. In par-

ticular, they may be written as inverse limits of decomposition and inertia

subgroups of the fundamental groups of the open subsets of C of the form

C −B, for �nite subsets B ⊂ B̃ (see the paragraph after De�nition 1.4.22).

(ii) While we omit the base point ξ̄ in the notation π1(C − B̃), it is implicit that

this group comes with the choice of base point ξ̄, with which π1(C − B̃) is

naturally a quotient of GC (see Lemma 1.4.21).

As in De�nition 3.3.1, we will consider in�nite sets of closed points of the curves

XK and XK , the construction of which requires the following Lemma.

Lemma 3.3.5. For each closed point x of Xk, there exists a closed point y of XK

specialising to x whose residue �eld is the unique unrami�ed extension L of K whose

valuation ring OL has residue �eld k(x).

Proof. The closed point x is de�ned by a section Spec k(x)→ Xk (such a section is

not unique - there are [k(x) : k] such sections). By composition with the projection

morphism Xk → X, this de�nes a morphism Spec k(x)→ Xk → X. We will denote

this composite morphism and its image in X both by x.

Denote by π the uniformiser of R and by πL the uniformiser of OL (where π maps

to πL under the inclusion R ↪→ OL). Then, for each positive integer n, we have a

composite morphism SpecOL /πnL → SpecOL → SpecR and, since k(x) = OL /πL
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by de�nition, a morphism Spec k(x) → SpecOL /πnL. Thus for each n we have a

commutative diagram:

X SpecR

SpecOL /πnL

Xk Spec k(x)

x

The morphism x : Spec k(x) → X extends to a morphism xn : SpecOL /πnL → X.

A proof of this statement may be found in [GR71, Exposé III, Théorème 3.1 (iii)],

but we will explain the argument here.

Since X → SpecR is a smooth morphism, there exists an étale morphism

U → A1
R for some open neighbourhood U of x in X [Liu02, Corollary 6.2.11]. We

therefore have a composite morphism Spec k(x) → U → A1
R, which is de�ned by

a ring homomorphism R[T ] → k(x), and with a suitable choice of the parameter

T we may assume that T maps to zero under this homomorphism. The morphism

Spec k(x)→ A1
R therefore extends to a morphism SpecR→ A1

R, de�ned by the ring

homomorphism R[T ] → R with T 7→ π (this homomorphism is clearly compatible

with the projection to k(x)). For each n, we may compose this morphism with the

morphism SpecOL /πnL → SpecR to obtain a morphism SpecOL /πnL → A1
R.

Thus we may take the �bre products U ×A1
R
Spec k(x) and U ×A1

R
SpecOL /πnL,

and we have a commutative diagram

U ×A1
R
Spec k(x) U ×A1

R
SpecOL /πnL

Spec k(x) SpecOL /πnL

x

where the downward vertical morphisms are both étale (since U → A1
R is étale

and étale morphisms are stable under base change), and the upper horizontal mor-

phism and the upward left vertical morphism each come from the universal property

of pullbacks - e.g. the morphism x : Spec k(x) → U together with the identity

morphism Spec k(x) → Spec k(x) uniquely determines a morphism Spec k(x) →
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U ×A1
R
Spec k(x), which we also denote by x in the diagram.

Since Spec k(x) and SpecOL /πnL both have the same underlying topological

space, the morphism x : Spec k(x) → U ×A1
R
Spec k(x) uniquely extends to a mor-

phism xn : SpecOL /πnL → U×A1
R
SpecOL /πnL (see [GR71, Exposé I, Théorème 5.5]).

Composing this with the projection and inclusion morphisms U ×A1
R
SpecOL /πnL →

U ↪→ X, we obtain a morphism SpecOL /πnL → X, which we also denote by xn.

Since such a morphism exists for every positive integer n, in the projective limit

over n we obtain a morphism x̂ : SpfOL → X̂, where SpfOL is the formal spectrum

of OL and X̂ is the completion of X along its closed �bre Xk (see Notation). Locally

this is given by morphisms SpfOL → Spf Â, where Â := lim←−nA/π
n
L is the completion

with respect to πL of a ring A such that SpecA is an a�ne open subset of X. Such

a morphism is de�ned by a ring homomorphism Â→ OL, which may be composed

with the natural inclusion A ↪→ Â to give a homomorphism A→ OL. This in turn

de�nes a morphism SpecOL → SpecA, and since such a morphism exists for every

a�ne open subset of X we have a morphism SpecOL → X. The restriction of this

morphism to SpecL de�nes a morphism SpecL → XK , which de�nes the desired

point y.

Remark 3.3.6. We can generalise the above Lemma as follows: for any �nite exten-

sion M of K whose valuation ring has residue �eld k(x), there exists an M -rational

point of XK specialising to x. Indeed, our proof only requires that the morphism

X → SpecR is smooth, and does not use the fact that L|K is an unrami�ed exten-

sion.

De�nition 3.3.7. For each closed point x of Xk, �x a choice of closed point y ∈ Xcl
K

of the generic �bre which specialises to x and whose residue �eld is the unique

unrami�ed extension of K whose valuation ring has residue �eld k(x) (such a point

exists by Lemma 3.3.5 above). We de�ne S̃ to be the set of these chosen closed

points y ∈ Xcl
K . Thus, S̃ is a subset of Xcl

K in bijection with Xcl
k .

We denote by S̃K the base change of S̃ to K. Thus S̃K is a subset of Xcl

K
in

bijection with Xcl
k̄
.

Let B = {y1, . . . , yn} ⊂ S̃ be any �nite subset of S̃, and denote by S the closure

of B in X, that is the union {y1} ∪ · · · ∪ {yn} ⊂ X. Then SK = B, and, denoting

the specialisation of yi by xi, Sk is the �nite subset {x1, . . . , xn} ⊂ Xcl
k . Since the

points yi were chosen so that their residue �elds are unrami�ed extensions of K (see
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the above De�nition), S is a divisor on X which is �nite étale over R, by Lemma

3.2.1. Then the base change SR of any such S to R is a divisor on XR which is �nite

étale over R, since �nite and étale morphisms are stable under base change.

Theorem 3.3.8. Assume k has characteristic zero. Then there exist surjective

homomorphisms Sp and ρ and an isomorphism Sp making the following diagram

commutative.

1 π1(XK − S̃K) π1(XK − S̃) GK 1

1 GXk̄
GXk Gk 1

Sp ∼ Sp ρ

(3.6)

The homomorphisms Sp and Sp will be referred to as specialisation homomor-

phisms. As in diagram 3.5, Sp, resp. Sp, is de�ned only up to inner automorphism

of GXk , resp. GXk̄
.

Proof. Let ξ̄1 : SpecΩ1 → XK be a geometric point with image the generic point

of XK , and similarly let ξ̄2 : SpecΩ2 → Xk̄ be a geometric point with image the

generic point of Xk̄. By composition these induce geometric points of XK and Xk,

which we also denote by ξ̄1 and ξ̄2 respectively.

Let B ⊂ S̃ be a �nite subset of S̃, and let S denote its closure in X. Thus,

S is a divisor on X which is �nite étale over R such that SK = B. Denote UK =

XK − SK and Uk = Xk − Sk. By Corollary 3.2.6 and Lemma 3.2.2 (i), there exists

a surjective specialisation homomorphism SpU : π1(UK , ξ̄1)� π1(Uk, ξ̄2). Since such

a homomorphism exists for every �nite subset B ⊂ S̃, we have a compatible system

of surjective homomorphisms {SpU} parameterised by the �nite subsets B ⊂ S̃,

and taking the inverse limit of this system yields the surjective homomorphism

Sp : π1(XK − S̃)→ GXk .

Similarly, by Theorem 3.2.3 and Lemma 3.2.2 (ii), there is a compatible system

of isomorphisms SpU : π1(UK , ξ̄1) ' π1(Uk̄, ξ̄2), parameterised by the �nite subsets

of S̃K . The inverse limit of this system yields the isomorphism Sp : π1(XK − S̃K) '

GXk̄
. Thus we have the required homomorphisms in diagram 3.6, and this diagram

is clearly commutative.

Since the groups π1(XK − S̃K) and π1(XK − S̃) are naturally quotients of GXK
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and GXK , respectively, we can expand diagram 3.6:

1 GXK
GXK GK 1

1 π1(XK − S̃K) π1(XK − S̃) GK 1

1 GXk̄
GXk Gk 1

Sp Sp ρ

(3.7)

One could consider the composite homomorphism GXK → π1(XK − S̃)→ GXk , and

similarly for GXK
, to be a specialisation homomorphism for absolute Galois groups.

However, we will reserve the label `Sp' for the homomorphism in Theorem 3.3.8,

since this will be important in the next section.

3.4 Rami�cation of sections

Let R be a complete discrete valuation ring with �eld of fractions K and residue

�eld k. We will assume throughout this section that k has characteristic zero. Fix

an algebraic closure K of K, and let k̄ denote the algebraic closure of k in K.

Let X be a smooth, geometrically connected relative curve over SpecR whose

closed �bre Xk is hyperbolic. Let S be a divisor of X which is �nite étale over R, and

denote by U = X−S the complement. Let z̄1 : SpecΩ1 → UK and z̄2 : SpecΩ2 → Uk̄

be geometric points, and denote the induced geometric points of UK and Uk again

by z̄1 and z̄2 respectively. Recall diagram 3.5 from the end of section 3.2:

1 π1(UK , z̄1) π1(UK , z̄1) GK 1

1 π1(Uk̄, z̄2) π1(Uk, z̄2) Gk 1

SpU ∼ SpU ρ

(3.8)

Fix universal pro-étale covers ŨK → UK and Ũk → Uk, and let X̃UK denote the

normalisation of XK in ŨK , and likewise X̃Uk the normalisation of Xk in Ũk (see

De�nitions 1.4.12 and 1.4.13).

Lemma 3.4.1. Let y be a closed point of XK, ỹ a point of X̃UK above y and x ∈

Xk the specialisation of y. Then the image of the decomposition subgroup Dỹ ⊂
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π1(UK , z̄1) under SpU is contained in a decomposition subgroup Dx̃ ⊂ π1(Uk, z̄2) for

some x̃ in X̃Uk above x.

Proof. Let V → Uk be an étale cover in the system of étale covers de�ning Ũk, and

let Y → Xk denote the normalisation of Xk in V . From the proof of Theorem 3.2.3,

there exists a �nite extension K ′|K such that, denoting by R′ the integral closure

of R in K ′ and by k′ the residue �eld of R′, the �nite morphism Y k′ → Xk′ lifts to

a �nite morphism Y R′ → XR′ which is étale over UR′ and possibly rami�ed over the

points of SR′ . The base change Y K′ → XK′ is a �nite morphism which is étale over

UK′ and possibly ram�ed over SK′ .

Let (Vi → UK)i denote the inverse system of étale covers de�ning ŨK , and for

each i, let Yi denote the normalisation of XK in Vi. The point ỹ ∈ X̃UK is de�ned by

a compatible system of points (yi) ∈ (Yi). For some i su�ciently large, there exists a

morphism Yi → Y K′ . Let ȳ denote the image of yi in Y K′ , and denote the image of ȳ

in Y R′ again by ȳ. Let H denote the image of Dỹ in π1(UR′ , z̄1). Then H acts on Y R′ ,

and since Dỹ �xes ȳ ∈ Y K′ , H �xes ȳ ∈ Y R′ . Let C denote the closed subscheme

{ȳ} ⊂ Y R′ , which is proper over SpecR′ since it is the composition of a closed

immersion C ↪→ Y R′ , a �nite morphism Y R′ → XR′ and a proper morphism XR′ →

SpecR′. The action of H on C restricts to a morphism Spec k(C)→ C. Denote by x̄

the unique closed point of C, which is the specialisation of ȳ to Y k′ . Since OC,x̄ is a

discrete valuation ring, the valuative criterion of properness [Liu02, Corollary 3.3.26]

implies that Spec k(C) → C extends uniquely to a morphism SpecOC,x̄ ' C → C.

This morphism is the action of H on C, and since it already �xes ȳ it must be the

identity morphism.

Thus H �xes x̄ ∈ Y k′ , and since this holds for every étale cover in the system of

étale covers de�ning Ũk, the images of these x̄ in their respective Y de�ne a point x̃

of X̃Uk above x which is �xed by SpU(Dỹ), that is, SpU(Dỹ) ⊂ Dx̃. Note that, since

SpU is only de�ned up to conjugation by π1(U, z̄2) ' π1(Uk, z̄2), the image SpU(Dỹ)

may be contained in any of the conjugates Dσx̃ for any σ ∈ π1(Uk, z̄2).

Recall that the kernel of the projection ρ : GK � Gk is the inertia group IK

associated to the discrete valuation on K.

Lemma 3.4.2. (i) The projection π1(UK , z̄1)� GK restricts to an isomorphism

ker(SpU) ' IK.

(ii) The right square in diagram 3.8 is a pullback square.
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Proof. The isomorphism ker(Sp) ' IK follows from a simple diagram chase, and (ii)

follows easily from (i).

Let x be a closed point of Xk which is not contained in Sk. Let y ∈ XK be a

point specialising to x such that the residue �eld L of y is the unique unrami�ed

extension of K whose ring of integers OL has residue �eld k(x). Such a point exists

by Lemma 3.3.5, and, moreover, y is not contained in SK since x 6∈ Sk and S is

�nite étale over R.

Let ỹ be a point of ŨK above y. By Lemma 3.4.1, the image of the decomposition

group Dỹ under SpU is contained in Dx̃ for some x̃ in Ũk above x. By Proposition

1.4.16 we have isomorphisms Dỹ ' GL and Dx̃ ' Gk(x). Together with commuta-

tivity of diagram 3.8, this implies that the image of Dỹ under SpU is equal to Dx̃.

Thus we have a diagram:

Dỹ GL

Dx̃ Gk(x)

∼

SpU ρ|GL

∼

(3.9)

Suppose now that x ∈ Sk. There are in�nitely many points of XK specialising

to x, but since S is �nite étale over R, there is exactly one point of SK specialising

to x, and its residue �eld is the unique unrami�ed extension of K whose ring of

integers OL has residue �eld k(x).

Lemma 3.4.3. Let x ∈ Sk, and let y′ be the unique point of SK which specialises to

x. Let L denote the residue �eld of y′, which is the unique unrami�ed extension of

K whose ring of integers OL has residue �eld k(x). Let ỹ′ be a point of X̃UK above

y′. For some x̃ in X̃Uk above x, we have the following commutative diagram:

1 Iỹ′ Dỹ′ GL 1

1 Ix̃ Dx̃ Gk(x) 1

SpU ∼ SpU ρ

Moreover, the right square in this diagram is a pullback square, that is, Dỹ′ is the

pullback of Dx̃ to GL.

Proof. By Lemma 1.4.18, the image ofDỹ′ under SpU is contained inDx̃ for some x̃ in
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X̃Uk above x. Since SpU is an isomorphism, this means the inertia subgroup Iỹ′ ⊂ Dỹ′

maps isomorphically to Ix̃ ⊂ π1(Uk̄, z̄2). Commutativity of diagram 3.8 then implies

that Dỹ′ maps surjectively onto Dx̃, whence the diagram of the Lemma. As in the

proof of Lemma 3.4.2, the right square in this diagram is a pullback square.

Lemma 3.4.4. With the notation of Lemma 3.4.3, for any closed point y of UK

specialising to x and any point ỹ of ŨK above y, Dỹ is contained in Dỹ′ for some ỹ′

in X̃UK above y′.

Proof. Let L′ denote the residue �eld of y, which is a �nite extension of L. Then y

is de�ned by a (non-unique) section SpecL′ → UK , which induces, by functoriality,

a conjugacy class of sections sy : G′L → π1(UK , z̄1), where each such section sy has

image the decomposition group Dỹ of some ỹ in ŨK above y (see Proposition 1.5.6

and the discussion after it). Writing iỹ : Dỹ ↪→ π1(UK , z̄1) for the inclusion ofDỹ into

π1(UK , z̄1) and ϕs for the composite ϕs := SpU ◦sy = SpU ◦ iỹ ◦sy : GL′ → π1(Uk, z̄2),

we have the following commutative diagram:

Dỹ GL′

π1(UK , z̄1) GK

π1(Uk, z̄2) Gk

iỹ

SpU

sy

ϕs

ρ

(3.10)

Since we have homomorphisms ϕs : GL′ → π1(Uk, z̄2) and GL′ ↪→ GK , by Lemma

3.4.2 (ii) the pullback property implies there is a unique homomorphism GL′ →

π1(UK , z̄1) commuting with all the homomorphisms in the above diagram. Thus,

the composite iỹ ◦ sy is the unique such homomorphism.

By Lemma 3.4.1, the image of Dỹ under SpU is contained in Dx̃ for some x̃ in X̃Uk

above x. Thus we have homomorphisms ϕs := SpU ◦sy : GL′ → Dx̃ and GL′ ↪→ GL
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such that the following diagram is commutative:

Dỹ GL′

GL

Dx̃ Gk(x)

SpU

sy

ϕs

ρ

There exists some ỹ′ in X̃UK above y′ such that the image of Dỹ′ under SpU

is contained in Dx̃. Indeed, choose any w̃ in X̃UK above y′, and suppose that

SpU(Dw̃) ⊂ Dσx̃ for some σ ∈ π1(Uk, z̄2). Then we may take any τ ∈ π1(UK , z̄1) with

SpU(τ) = σ, and choose ỹ′ = τ−1w̃. By Lemma 3.4.3, the pullback property then

implies the existence of a unique homomorphism GL′ → Dỹ′ making the following

diagram commutative:

Dỹ GL′

Dỹ′ GL

Dx̃ Gk(x)

SpU

sy

ϕs

∃!

SpU

ρ

The composite GL′ → Dỹ′ ↪→ π1(UK , z̄1) must then commute with all the ho-

momorphisms in diagram 3.10. By the above discussion, it must therefore coin-

cide with the composite iỹ ◦ sy : GL′ → Dỹ ↪→ π1(UK , z̄1), which implies that

sy(GL′) = Dỹ ⊂ Dỹ′ .

Recall from De�nition 1.5.7 that a cuspidal section of π1(UK , z̄1), resp. of

π1(Uk, x̄2), is a section which factors through the decomposition group of a point

of X̃UK above a point of SK , resp. a point of X̃Uk above a point of Sk. The above

Lemma immediately implies the following.

Corollary 3.4.5. Let x be a k-rational point of Xk which is contained in Sk, and let

y be a K-rational point of XK specialising to x. Then a section s : GK → π1(UK , z̄1)

with image contained in Dỹ for some ỹ in X̃UK above y is cuspidal, even if y 6∈ SK.
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Proof. By Lemma 3.4.4, s(GK) ⊂ Dỹ′ for some ỹ′ in X̃UK above the unique point y′

of SK specialising to x.

Since π1(UK , z̄1) is the pullback of π1(Uk, z̄2) to GK (see Lemma 3.4.2), any

element of π1(UK , z̄1) can be written as a pair (τ, σ), where τ ∈ π1(Uk, z̄2) and

σ ∈ GK , such that τ and σ both map to the same element of Gk. Therefore, any

section s̄ : Gk → π1(Uk, z̄2) pulls back to a section s : GK → π1(UK , z̄1) de�ned by

s(σ) = (s̄(ρ(σ)), σ) for any σ ∈ GK .

However, not every section of π1(UK , z̄1) induces a section of π1(Uk, z̄2). Given

any section s : GK → π1(UK , z̄1), let us de�ne a homomorphism ϕs : GK →

π1(Uk, z̄2) by the composition ϕs := SpU ◦s.

1 π1(UK , z̄1) π1(UK , z̄1) GK 1

1 π1(Uk̄, z̄2) π1(Uk, z̄2) Gk 1

SpU ∼ SpU

s

ϕs
ρ

(3.11)

De�nition 3.4.6. We say the above section s is unrami�ed if ϕs(IK) = 1. Otherwise

we say s is rami�ed.

An unrami�ed section s : GK → π1(UK , z̄1) naturally induces a section s̄ : Gk →

π1(Uk, z̄1) de�ned by s̄(σIK) = ϕs(σ) for every σ ∈ GK , where σIK is the coset of σ

modulo IK . This induced section will be called the specialisation of s.

For an unrami�ed section s of π1(UK , z̄1), we will denote its specialisation by s̄.

One can easily see that, for unrami�ed sections, the operations of specialisation

and pullback are inverse to each other. That is, if s : GK → π1(UK , z̄1) is unrami�ed,

then the pullback of s̄ to GK is precisely s.

Lemma 3.4.7. Let y be a K-rational point of UK such that the specialisation x of

y is (k-rational and) contained in Uk, and let s : GK → π1(UK , z̄1) be a section with

s(GK) = Dỹ for some ỹ in ŨK above y. Then s is unrami�ed, and s̄(Gk) = Dx̃ for

some x̃ in Ũk above x.

Proof. Regarding y as a section y : SpecK → XK , it induces, by the valuative

criterion of properness [Liu02, Theorem 3.3.25], a section yR : SpecR → X, which
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pulls back to a section ȳ : Spec k → Xk with image the specialisation x of y. Since

y ∈ UK and x ∈ Uk, these sections have images in UK , U and Uk respectively.

Since s(GK) = Dỹ, the section s arises from y by functoriality of the funda-

mental group (see Proposition 1.5.6). Similarly, yR and ȳ give rise to sections

sR : π1(SpecR, η̄) → π1(U, z̄1) and s̄ : Gx → π1(Uk, z̄2). Since the specialisa-

tion homomorphism SpU also comes from functoriality (see diagram 3.4), the image

s̄(Gk) of the section s̄ must coincide with ϕs(GK). Thus ϕs(IK) must be trivial and

s̄ is induced by s via SpU as in De�nition 3.4.6, that is, s is unrami�ed and s̄ is its

specialisation. Since s̄ arises from ȳ, we must have s̄(Gk) ⊂ Dx̃ for some x̃ in Ũk

above x.

Proposition 3.4.8. Assume that k satis�es condition (ii) in De�nition 2.3.1. Let

s : GK → π1(UK , z̄1) be a section, and denote ϕs := SpU ◦s as above. If ϕs(IK) is

non-trivial then it is contained in the inertia group Ix̃ of a unique point x̃ of X̃Uk

above a point of Sk.

Proof. For simplicity, let us write H := ϕs(IK). If H is non-trivial then, by com-

mutativity of diagram 3.11, it must be contained in π1(Uk̄, z̄2), and it is a procyclic

subgroup of π1(Uk̄, z̄2) because IK ' Ẑ(1) is procyclic. Since k satis�es condition

(ii) of De�nition 2.3.1, the image of H under the composite homomorphism

π1(Uk̄, z̄2) π1(Xk̄, z̄2) π1(Xk̄, z̄2)ab (3.12)

is trivial. The Proposition then follows from [HM11, Lemma 1.6], but we will re-

iterate the proof here, since this result is of central importance for the rest of this

chapter.

Choose a universal pro-étale cover Ũk̄ → Uk̄, and denote by X̃Uk̄
the normali-

sation of Xk̄ in Ũk̄. Let N be any open normal subgroup of π1(Uk̄, z̄2), and denote

by UN → Uk̄ the corresponding étale cover, XN the normalisation of Xk̄ in UN (see

De�nition 1.4.13) and SN the complement XN − UN . The product H.N is also an

open subgroup of π1(Uk̄, z̄2), and thus corresponds to an étale cover UH.N → Uk̄. We

similarly denote by XH.N the normalisation of Xk̄ in UH.N and by SH.N the comple-

ment XH.N − UH.N . Since H is procyclic, the quotient H.N/N (the automorphism

group of the étale cover UN → UH.N) is �nite and cyclic, hence we have a natural
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composite homomorphism

⊕
x̃∈X̃Uk̄

above SH.N

Ix̃|xH.N H.N H.Nab H.N/N (3.13)

where the direct sum is taken over all points x̃ of X̃Uk̄
above points of SH.N , Ix̃|xH.N

denotes the inertia subgroup of H.N corresponding to the point x̃ of X̃Uk̄
above

xH.N ∈ SH.N , and H.Nab denotes the maximal abelian quotient of H.N .

SinceH.N/N is generated by the image ofH, it must become trivial when we take

the quotient by the image of ⊕Ix̃|xH.N in H.N/N via the composite homomorphism

3.13 (since the image of H under the composite 3.12 is trivial). Therefore the

composite 3.13 is surjective. Moreover, since H.N/N is cyclic there must exist some

x̃ ∈ X̃Uk̄
above some xH.N ∈ SH.N such that the composite homomorphism

Ix̃|xH.N H.N H.Nab H.N/N (3.14)

is surjective. That is, there exists a point x̃ ∈ X̃Uk̄
above some xH.N ∈ SH.N such

that, denoting by xN the image of x̃ in SN , the �nite morphism XN → XH.N is

totally rami�ed at xN . This means that H.N/N has as a quotient the �nite cyclic

inertia group IxN (see De�nition 1.3.7), hence the action of H on XN must �x xN .

Denoting by TN ⊂ SN the set of points of SN which are �xed by the action of H

on XN , we therefore have that TN is non-empty for each N , and since it is �nite

we conclude that lim←−N TN is non-empty. An element x̃ ∈ lim←−N TN corresponds to a

point of X̃Uk̄
above a point of Sk̄, i.e. a compatible system of points xN ∈ SN such

that, for every N , the action of H on XN �xes xN . Therefore, H is contained in the

inertia subgroup Ix̃ ⊂ π1(Uk̄, z̄2), and Proposition 1.4.17 (i) implies that this is the

unique such inertia group.

Remark 3.4.9. Under the hypotheses of the above Proposition, if S = ∅, so that

U = X is proper over SpecR, then any section s : GK → π1(UK , z̄1) is necessarily

unrami�ed. Indeed, π1(Uk, z̄2) contains no nontrivial inertia subgroups, so by the

Proposition ϕs(IK) must be trivial.

Let y ∈ X(K) be a K-rational point which specialises to a (k-rational) point x

of Sk. Suppose that we are given a section s : GK → π1(UK , z̄1) whose image is

contained in Dỹ for some ỹ in X̃UK above y. Then s is a cuspidal section, by Lemma
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3.4.4 and Corollary 3.4.5. If s is unrami�ed, then necessarily s̄(Gk) ⊂ Dx̃ for some

x̃ in X̃Uk above x. Conversely, we have the following.

Lemma 3.4.10. Let s : GK → π1(UK , z̄1) be an unrami�ed section, and suppose

s̄(Gk) ⊂ Dx̃ for some x ∈ S(k) and some x̃ in X̃Uk above x. Then s(GK) ⊂ Dỹ′ for

some ỹ′ in X̃UK above the unique (K-rational) point y′ ∈ S(K) specialising to x.

Proof. There exists some ỹ′ in X̃UK above y′ such that the image of Dỹ′ ⊂ π1(UK , z̄1)

under SpU is contained in Dx̃, and this ỹ′ is unique since y′ is K-rational and SpU is

an isomorphism (see the proof of Lemma 3.4.4). The pullback of s̄ to GK is exactly

s (see De�nition 3.4.6 and the paragraphs before and after it), so s(GK) must be

contained in the pullback of Dx̃ to GK , which is Dỹ′ by Lemma 3.4.3.

A cuspidal section may still be rami�ed. The following Lemma shows that, with

a suitable condition on k, the phenomenon of rami�cation is exclusive to the cuspidal

sections.

Lemma 3.4.11. Assume that k satis�es condition (ii) in De�nition 2.3.1, and

let s : GK → π1(UK , z̄1) be a section and ϕs := SpU ◦s. If s is rami�ed then

ϕs(GK) ⊂ Dx̃ for some k-rational point x of Sk and some x̃ in X̃Uk above x, and

s(GK) ⊂ Dỹ where ỹ is a point of X̃UK above the unique K-rational point of SK

specialising to x. In particular, s is cuspidal.

Moreover, the k-rational point x is unique if k also satis�es condition (iii) (a)

of De�nition 2.3.1.

Proof. If ϕs(IK) is non-trivial then, by Proposition 3.4.8, it must be contained in a

unique inertia group Ix̃ for some x ∈ Sk and some x̃ ∈ X̃Uk above x. Since ϕs(GK)

normalises ϕs(IK), for some σ ∈ GK we have ϕs(IK) = ϕs(σ)−1 · ϕs(IK) · ϕs(σ) ⊆

ϕs(σ)−1 · Ix̃ · ϕs(σ) = Iϕs(σ)·x̃. But ϕs(IK) is contained in a unique inertia group,

so ϕs(σ) · x̃ = x̃ and ϕs(GK) �xes x̃, i.e. ϕs(GK) ⊆ Dx̃. Moreover, x is necessarily

a k-rational point of Sk since, by commutativity of diagram 3.11, ϕs(GK) maps

surjectively onto Gk. Then Lemma 3.4.3 implies that s(GK) ⊆ Dỹ for some ỹ in

X̃UK above the unique K-rational point y of SK specialising to x.

It remains to prove the uniqueness of x under condition (iii) (a) of De�nition

2.3.1. Suppose there exists another k-rational point x′ ∈ Xk such that ϕs(GK) ⊂ Dx̃′

for some x̃′ in X̃Uk above x
′. The section s induces a section sX : GK → π1(XK , z̄1)

of the étale fundamental group of the projective curve XK , which is unrami�ed
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(see Remark 3.4.9) and thus induces a section s̄X : Gk → π1(Xk, z̄2). Choosing a

universal pro-étale cover X̃ → X, Lemma 1.4.18 implies that s̄X(Gk) is contained

in Dw̃ and in Dw̃′ for some w̃, resp. w̃′ in X̃ above x, resp. x′. Thus s̄X is conjugate

to two sections s̄x, s̄x′ : Gk → π1(Xk, z̄2) induced from the elements x, x′ ∈ Xk(k) by

functoriality of the fundamental group. Hence, s̄x is conjugate to s̄x′ , so Proposition

1.6.8 implies that x = x′.

Remark 3.4.12. The use of Proposition 1.6.8 in the above proof relies on the exis-

tence of a k-rational point of Xk, in order to identify the maximal abelian quotient

π1(Xk̄, z̄2) of the geometric fundamental group of Xk with the Tate module of the Ja-

cobian of Xk̄. In this case, the fact that s is rami�ed implies existence of a k-rational

point of Xk.

Let us �x, for the rest of this chapter, a set S̃ of closed points of XK in bijection

with the set Xcl
k of closed points of Xk, de�ned as in De�nition 3.3.7. Suppose we are

given a section s : GK → π1(XK − S̃), where π1(XK − S̃) is de�ned as in De�nition

3.3.1. There exists a surjective specialisation homomorphism Sp : π1(XK − S̃) �

GXk (Theorem 3.3.8), and we denote ϕs := Sp ◦s.

π1(XK − S̃) GK

GXk Gk

Sp

s

ϕs
ρ

(3.15)

De�nition 3.4.13. We say the section s : GK → π1(XK − S̃) is unrami�ed if

ϕs(IK) = 0. Otherwise we say s is rami�ed.

An unrami�ed section s : GK → π1(XK − S̃) naturally induces a section s̄ :

Gk → GXk de�ned by s̄(σIK) = ϕs(σ) for every σ ∈ GK , where σIK is the coset of

σ modulo IK . This induced section is called the specialisation of s.

For an unrami�ed section s of π1(XK − S̃), we will denote its specialisation by

s̄.

Recall from De�nition 3.3.1 that

π1(XK − S̃) = lim←−
B⊂S̃ �nite

π1(XK −B, ξ̄1)
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where ξ̄1 is a geometric point with image the generic point of XK , and each B is

a �nite subset of S̃. For some �nite subset B ⊂ S̃, let S denote the closure of B

in X, which is a divisor on X that is �nite étale over R such that SK = B (see

the paragraph before Theorem 3.3.8). Denote UK := XK − SK and Uk := Xk − Sk.

Then a section s : GK → π1(XK − S̃) induces a section sU : GK → π1(UK , ξ̄1).

For B′ ⊂ S̃ another �nite subset with B ⊂ B′, write similarly S ′ for the closure

of B′ in X, and denote U ′K = XK − S ′K and U ′k = Xk − S ′k. Then the section s also

induces a section sU ′ : GK → π1(U ′K , ξ̄1), which, moreover, is compatible with sU

under the homomorphism prUK : π1(U ′K , ξ̄1) � π1(UK , ξ̄1), which is to say that, in

the following diagram, prUK ◦sU ′ = sU .

· · · π1(U ′K , ξ̄1) π1(UK , ξ̄1) · · · GK

π1(XK − S̃) GK

prUK

s

sU

sU′

(3.16)

Thus the section s : GK → π1(XK − S̃) de�nes a system of sections {sU} of the

quotients π1(UK , ξ̄1) of π1(XK − S̃) which are compatible with the homomorphisms

prUK : π1(U ′K , ξ̄1) � π1(UK , ξ̄1), for �nite subsets B ⊂ B′ of S̃. Conversely, such a

compatible system de�nes a section of π1(XK − S̃).

For UK and U ′K as above, there exist surjective specialisation homomorphisms

SpU : π1(UK , ξ̄1) � π1(Uk, ξ̄2) and SpU ′ : π1(U ′K , ξ̄1) � π1(U ′k, ξ̄2), where ξ̄2 is a

geometric point with image the generic point of Xk. The homomorphisms ϕU :=

SpU ◦sU and ϕU ′ := SpU ′ ◦sU ′ are compatible with the homomorphism prUk : π1(U ′k, ξ̄2)�
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π1(Uk, ξ̄2), meaning that, in the following diagram, prUk ◦ϕU ′ = ϕU .

· · · π1(U ′k, ξ̄2) π1(Uk, ξ̄2) · · · Gk

· · · π1(U ′K , ξ̄1) π1(UK , ξ̄1) · · · GK

π1(XK − S̃) GK

prUk

prUK

SpU′ SpU ρ

s

sU

sU′

ϕU
ϕU′

(3.17)

Thus the section s : GK → π1(XK − S̃) de�nes a system of homomorphisms {ϕU}

which are compatible with the homomorphisms prUk : π1(U ′k, ξ̄2) � π1(Uk, ξ̄2). In

particular, the inverse limit lim←−B⊂S̃ �nite
ϕU is exactly the homomorphism ϕs of dia-

gram 3.15.

Lemma 3.4.14. A section s : GK → π1(XK − S̃) is rami�ed if and only if there is

an open subset Uk ⊂ Xk for which the section sU : GK → π1(UK , ξ̄1) induced by s is

rami�ed.

Proof. Since ϕs(IK) = lim←−Uk⊂Xk open
ϕU(IK), ϕs(IK) is trivial if and only if ϕU(IK)

is trivial for every open subset Uk ⊂ Xk.

Proposition 3.4.15. Assume that k satis�es condition (ii) of De�nition 2.3.1. Let

U ′k ⊂ Uk ⊂ Xk be any two open subsets, and let X̃Uk , resp. X̃U ′k
be the normalisation

of Xk in some universal pro-étale cover Ũk → Uk, resp. Ũ ′k → U ′k.

Suppose that the section sU is rami�ed, with ϕU(IK) contained in the inertia

subgroup Ix̃U ⊂ π1(Uk, ξ̄2) for some x ∈ S(k) and some x̃U in X̃Uk above x (see

Lemma 3.4.11). Then the section sU ′ is rami�ed, and ϕU ′(IK) is contained in the

inertia subgroup Ix̃U′ ⊂ π1(U ′k, ξ̄2) of some x̃U ′ in X̃U ′k
above the same point x ∈ S ′(k).

Proof. If U ′k ⊂ Uk then S ′k ⊃ Sk, so S ′k contains x. If ϕU ′(IK) is trivial, then its

image under the homomorphism prUk : π1(U ′k, ξ̄2)� π1(Uk, ξ̄2) must also be trivial,

but by compatibility of the homomorphisms ϕU (see above discussion), this image

coincides with ϕU(IK), which is nontrivial by assumption.
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Thus ϕU ′(IK) must be non-trivial, so, by Lemma 3.4.11, it is contained in an

inertia subgroup Iz̃U′ for some z ∈ S ′(k) and some z̃U ′ in X̃U ′k
above z. Suppose

z 6= x. By Lemma 1.4.18, if z ∈ Sk then the image of Iz̃U′ under prUk is an inertia

subgroup Iz̃U ⊂ π1(Uk, ξ̄2) for some z̃U in X̃Uk above z, which intersects trivially with

Ix̃U by Proposition 1.4.17 (i). Meanwhile, if z 6∈ Sk the image of Iz̃U′ in π1(Uk, ξ̄2) is

trivial by Proposition 1.4.16. Both of these contradict compatibility of ϕU and ϕU ′ ,

so we must have z = x.

Intuitively, when we pass from Uk to U ′k we add points to Sk, hence we add inertia

groups into π1(Uk, ξ̄2). But in doing this we would not expect ϕU(IK) to become

trivial or contained in a di�erent inertia subgroup. The above Proposition veri�es

this intuition in the case where k satis�es condition (ii) of De�nition 2.3.1.

The rami�cation of a section s of π1(XK − S̃) is therefore characterised by the

rami�cation of the system of sections sU it induces. There are two cases - either

all the sU in the system are unrami�ed, in which case s is unrami�ed; or at some

Uk the section sU becomes rami�ed associated to some closed point x ∈ Xk, and

then it stays rami�ed as we enlarge Sk, associated to the same point x if k satis�es

condition (ii) of De�nition 2.3.1.

Let us �x a universal pro-étale cover X̃S̃ → XK − S̃ (see De�nition 3.3.2), and

denote by k(Xk)
sep the separable closure of the function �eld k(Xk) determined by

the geometric point ξ̄2.

Lemma 3.4.16. Assume that k satis�es condition (ii) of De�nition 2.3.1. If s

is rami�ed then ϕs(GK) ⊂ Dx̃ for a unique valuation x̃ on k(Xk)
sep extending a

k-rational point x of Xk, and s(GK) ⊂ Dỹ for some ỹ in X̃S̃ above the unique

K-rational point y in S̃ specialising to x.

See De�nition 3.3.3 and Remark 3.3.4 for the de�nition of the decomposition

subgroups of π1(XK − S̃). See also De�nition 1.4.22 for the de�nition of the decom-

position subgroups of GXk and the meaning of an extension of a k-rational point of

Xk to k(Xk)
sep.

Proof. Lemma 3.4.14 and Proposition 3.4.15 imply that, for some open subset Uk ⊂

Xk, sU ′ is rami�ed for every open subset U ′k ⊂ Xk contained in Uk. For each such

U ′k, let S
′
k denote the complement Xk − U ′k, S ′K ⊂ S̃ the �nite subset consisting of

those points of S̃ specialising to S ′k, and U
′
K := XK−S ′K . Choose universal pro-étale
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covers Ũ ′k → U ′k and Ũ
′
K → U ′K , and denote by X̃U ′k

and X̃U ′K
the normalisations of

Xk and XK in Ũ ′k and Ũ
′
K respectively.

By Proposition 3.4.8, for each such U ′k we have ϕU ′(IK) ⊂ Ix̃U′ for a unique x̃U ′ in

X̃U ′k
above a k-rational point x of S ′k. As in the proof of Lemma 3.4.11, this implies

that ϕU ′(GK) is contained in the decomposition subgroup Dx̃U′
, and sU ′(GK) ⊂ DỹU′

for some ỹU ′ in X̃U ′K
above the unique K-rational point y of S ′K specialising to x.

By Proposition 3.4.15, the points x ∈ X(k), y ∈ X(K) are the same for every such

U ′k, thus taking the inverse limit over the open subsets of Xk gives the result of

the Lemma. The uniqueness of x̃ follows from [NSW08, Corollary 12.1.3] (see also

Remark 2.2.3).

Lemma 3.4.17. Suppose s is unrami�ed and its specialisation s̄ is geometric with

s̄(Gk) ⊂ Dx̃ for some x ∈ X(k) and some extension x̃ of x to k(Xk)
sep. Then

s(GK) ⊂ Dỹ for some ỹ in X̃S̃ above the unique (K-rational) point y of S̃ specialising

to x.

Proof. Let B ⊂ S̃ be a �nite subset of S̃ with closure S in X such that x ∈ Sk.

Denoting U = X−S, the section s induces a section sU : GK → π1(UK , ξ̄1), which is

unrami�ed by Lemma 3.4.14. Let X̃Uk , respectively X̃Uk denote the normalisation of

XK , resp. Xk in some universal pro-étale cover of UK , resp. Uk. By commutativity

of diagram 3.17, s̄U(Gk) ⊂ Dx̃U for some x̃U in X̃Uk above x. Hence, by Lemma

3.4.10, sU(GK) ⊂ DỹU for some ỹ in X̃UK above the unique point y of SK specialising

to x. This is true for every �nite subset of S̃, so taking the inverse limit gives the

statement of the Lemma.

A section s : GK → π1(XK − S̃) induces, in particular, a section sX : GK →

π1(XK , ξ̄1) of the étale fundamental group of the projective curve XK . The section

sX is always unrami�ed, by Proposition 3.4.8 (see also Remark 3.4.9), thus it induces
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a section s̄X : Gk → π1(Xk, ξ̄2).

π1(XK − S̃) GK

π1(XK , ξ̄1) GK

π1(Xk, ξ̄2) Gk

s

sX

SpX ρ
s̄X

Proposition 3.4.18. Assume that k satis�es conditions (ii) and (iii) (a) of De�ni-

tion 2.3.1, and assume the birational section conjecture holds for Xk. Let s : GK →

π1(XK− S̃) be a section, sX : GK → π1(XK , ξ̄1) the unrami�ed section of π1(XK , ξ̄1)

induced as above by s, and s̄X the specialisation of sX . Let X̃K → XK and X̃k → Xk

be universal pro-étale covers. Then s̄X(Gk) ⊂ Dx̃ for a unique k-rational point x

of Xk and some x̃ in X̃k above x, and sX(GK) ⊂ Dỹ for some ỹ in X̃K above the

unique (K-rational) point y of S̃ specialising to x.

Proof. We have the following commutative diagram.

π1(XK − S̃) π1(XK , ξ̄1) GK

GXk π1(Xk, ξ̄2) Gk

SpU SpX

s

sX

ϕs ϕX

ρ

s̄X

If s is rami�ed then, by Lemma 3.4.16, ϕs(GK) ⊂ Dx̃′ for a unique k-rational point

x of Xk and a (unique) extension x̃′ of x to k(Xk)
sep, and s(GK) ⊂ Dỹ′ some ỹ′ in

X̃S̃ above the unique K-rational point y of S̃ specialising to x. By commutativity

of the above diagram, therefore, sX(GK) = Dỹ for some ỹ in X̃K above y, and

s̄X(Gk) = Dx̃ for some x̃ in X̃k above x (see also diagrams 3.16 and 3.17 and their

surrounding paragraphs).

If s is unrami�ed then, by the assumption that the birational section conjecture

holds for Xk, the specialisation s̄ : Gk → GXk satis�es s̄(Gk) ⊂ Dx̃′ for a unique
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x ∈ X(k) and a (unique) extension x̃′ of x to k(Xk)
sep. Then, by Lemma 3.4.17,

s(GK) ⊂ Dỹ′ for some ỹ′ in X̃S̃ above the unique point y of S̃ specialising to x. By

commutativity of the above diagram (or of diagram 3.17), this implies sX(GK) = Dỹ

for some ỹ in X̃K above y, and s̄X(Gk) = Dx̃ for some x̃ in X̃k above x.

It remains to prove that x is the unique k-rational point ofXk such that s̄X(Gk) ⊂

Dx̃ for some x̃ in X̃k above x. But this follows immediately from Proposition 1.6.8

and condition (iii) (a) of De�nition 2.3.1 (see the proof of Lemma 3.4.11).
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Chapter 4

Sections over function �elds

Let k be a �eld and let C a smooth, separated, connected curve over k with

function �eld K. Let X → C be a smooth relative curve, with generic �bre

X := X ×C SpecK which is a geometrically connected curve over K. For each

closed point c of C, denote by X c := X ×C Spec k(c) the closed �bre of X at c. We

have a diagram

X SpecK

X C

X c Spec k(c)

In this chapter we explore under what circumstances sections of the absolute Galois

group GX of X induce sections of the absolute Galois group GX c of the closed �bre

at c. To do this we pass to the local situation by taking the completion of K with

respect to the valuation corresponding to the point c ∈ Ccl, and we may then use

the results from chapter 3.

We also investigate the étale abelian parts of such sections, which enables us

to get back to the global setting under the condition that the Tate module of the

Shafarevich-Tate group X(J ) of the relative Jacobian of X is trivial.
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4.1 Specialisation of sections

We start with some general de�nitions. Let Y be a smooth, projective, geometrically

connected curve over a �eld F . For any valuation ν on F , let Fν denote the com-

pletion of F with respect to ν, and let Yν denote the base change Y ×SpecF SpecFν .

Let Fν be an algebraic closure of Fν , and denote by F the algebraic closure of F in

Fν . Set-theoretically, an element y : SpecF → Y of Y (F ) maps the unique point

of SpecF to a closed point of Y , which we will refer to the �image of y in Y cl�.

Similarly, we may speak of the image of an element of Yν(Fν) in Y cl
ν .

By the universal property of pullbacks, an element of Y (F ) uniquely de�nes and

element of Yν(Fν), hence there is an inclusion i : Y (F ) ↪→ Yν(Fν).

De�nition 4.1.1. With the above notation, an algebraic point of Yν is the image

in Y cl
ν of an element of i(Y (F )). A transcendental point of Yν is the image in Y cl

ν of

an element of Yν(Fν)\i(Y (F )).

Let V ⊂ Y be an open subset of Y , with complement T = {y1, . . . yn} a �nite set

of closed points of Y . Each yi ∈ T is the image in Y cl of an element of Y (F ), which we

denote yi : SpecF → Y (such an element is not unique). By the pullback property,

this naturally determines an element of Yν(Fν), which has image a closed point yν,i of

Yν that maps to yi under the projection Yν → Y . By the above de�nition, the closed

point yν,i is an algebraic point of Yν . Thus the base change Tν := T ×SpecF SpecFν

consists of algebraic points, and Vν = V ×SpecF SpecFν = Yν − Tν contains all the

transcendental points of Yν .

Let us denote by Y tr
ν the complement in Yν of the set of all algebraic points of

Yν . As we enlarge the closed set T ⊂ Y , the open subset Vν ⊂ Yν approaches Y tr
ν .

De�nition 4.1.2. With the above notation, let ξ̄ν : SpecK(Yν)→ Yν be a geometric

point with image the generic point of Yν . De�ne the group π1(Y tr
ν ) to be the inverse

limit

π1(Y tr
ν ) := lim←−

V⊂Y open

π1(Vν , ξ̄ν)

where the limit is taken over all open subsets V ⊂ Y , ordered by inclusion, and Vν

denotes the base change V ×SpecF SpecFν .

Remark 4.1.3. While we omit the base point ξ̄ν in the notation π1(Y tr
ν ), it is

implicit that this group comes with this choice of base point (compare with Remark

3.3.4). Thus π1(Y tr
ν ) is naturally a quotient of GYν by Lemma 1.4.21.
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Now we return to the notation of the beginning of this chapter. Let k be a �eld

and let C a smooth, separated, connected curve over k with function �eld K. Let

X → C be a smooth relative curve, with generic �bre X := X ×C SpecK which

is a geometrically connected curve over K. For some c ∈ Ccl, let Kc denote the

completion of K with respect to the valuation of K corresponding to the closed

point c ∈ Ccl. Denote by Xc := X ×SpecK SpecKc the base change of X to Kc. Let

ξ̄c : SpecΩc → Xc be a geometric point with image the generic point of Xc. Then

ξ̄c maps to a geometric point ξ̄ : SpecΩ → X of X with image the generic point

of X. Denoting by Kc, respectively K the algebraic closure of Kc in Ωc, resp. of

K in Ω, we denote the induced geometric points of XKc
and XK again by ξ̄c and ξ̄,

respectively.

Let U ⊂ X be an open subset of X, with complement S = {x1, ..., xn} a �nite

set of closed points of X. Then Sc := S ×SpecK SpecKc consists of algebraic points

of Xc, and Uc := U ×SpecK SpecKc = Xc−Sc contains all the transcendental points

of Xc. Similarly, the points of SKc are algebraic points of YKc , and UKc = YKc −SKc
contains all the transcendental points of YKc .

Functoriality of the fundamental group yields a diagram

1 π1(UKc , ξ̄c) π1(Uc, ξ̄c) GKc 1

1 π1(UK , ξ̄) π1(U, ξ̄) GK 1
(4.1)

where the rows are the fundamental exact sequences.

Lemma 4.1.4. If K has characteristic zero, the left vertical map in diagram 4.1 is

an isomorphism, and the right square is a pullback square.

Proof. For a proof of the �rst statement we refer to [Sza09], �Second proof of Corol-

lary 5.7.6�, as well as Remark 5.7.8 after it. The second statement follows from the

�rst as in the proof of Lemma 3.4.2.

A section sU : GK → π1(U, ξ̄) therefore pulls back to a section sUc : GKc →

π1(Uc, ξ̄c) (see the paragraph after Corollary 3.4.5).

Taking the projective limit of the homomorphisms π1(Uc, ξ̄c) → π1(U, ξ̄) over

the open subsets of X yields a homomorphism π1(Xtr
c ) → GX , and similarly, tak-

ing the projective limit of the homomorphisms π1(UKc , ξ̄c) → π1(UK , ξ̄) over the
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open subsets of XK yields a homomorphism π1(Xtr

Kc
) → GXK

(see Lemma 1.4.21

and De�nition 4.1.2). Thus we obtain the following commutative diagram of exact

sequences.

1 π1(Xtr

Kc
) π1(Xtr

c ) GKc 1

1 GXK
GX GK 1

(4.2)

Lemma 4.1.5. If K has characteristic zero, the left vertical map in diagram 4.2 is

an isomorphism, and the right square is a pullback square.

Proof. Follows from Lemma 4.1.4 on taking the projective limit over the open subsets

of X.

Thus, when K has characteristic zero, a section s : GK → GX pulls back to a

section sc : GKc → π1(Xtr
c ).

Denote by X c := X ×C Spec k(c) the closed �bre of X at c. Let Oc denote the

valuation ring of Kc, and write X̂ c := X ×C SpecOc. Thus X̂ c has closed �bre X c

and generic �bre Xc, as illustrated by the following diagram.

Xc SpecKc

X̂ c SpecOc

X c Spec k(c)

The following Lemma and De�nition are directly comparable to Lemma 3.3.5

and De�nition 3.3.7, the di�erence being that we are now concerned with algebraic

points of Xc.

Lemma 4.1.6. For each closed point x of X c, there exists an algebraic point y of

Xc specialising to x whose residue �eld is the unique unrami�ed extension Lc of Kc

whose valuation ring OLc has residue �eld k(x).

Proof. Recall that Lemma 3.3.5 implies existence of an Lc-rational point of Xc spe-

cialising to x. To prove that we can choose such a point to be algebraic, we now
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take a di�erent approach.

Let πc denote the uniformiser of Oc, πLc the image under the inclusion Oc ↪→ OLc
(which is a uniformiser ofOLc sinceOLc is unrami�ed overOc), and mLc the maximal

ideal (πLc) ⊂ OLc . For ease of notation, let us write X̂
′
c := X̂ c ×SpecOc SpecOLc ,

and similarly X ′c := Xc ×SpecKc SpecLc and X ′c := X c×Spec k(c) Spec k(x). This is

illustrated by the following diagram.

X ′c SpecLc

X̂
′
c SpecOLc

X ′c Spec k(x)

Let x′ be a point of X ′c which maps to x under the projection X ′c → X c. A point

y′ ∈ X ′c specialising to x′ corresponds to a prime ideal of OX̂ ′c,x′ of height 1 which

does not contain πLc . This remains true when we pass to the mx′-adic completion

ÔX̂ ′c,x′ , where mx′ is the maximal ideal of OX̂ ′c,x′ . This is because mx′ÔX̂ ′c,x′ is the

maximal ideal of ÔX̂ ′c,x′ , and dimOX̂ ′c,x′ = dim ÔX̂ ′c,x′ .

We have an isomorphism ÔX̂ ′c,x′ ' OLc [[T ]] for some parameter T , under which

the maximal ideal of ÔX̂ ′c,x′ corresponds to mLc + (T ) = (πLc , T ). The ring OLc [[T ]]

is a local ring of dimension 2, and it is a regular local UFD since OLc is. Thus all

prime ideals of OLc [[T ]] which are not maximal or the zero ideal have height 1, and

since it is a UFD, every such prime ideal is generated by an irreducible element.

By the Weierstrass Preparation Theorem, any element f ∈ OLc [[T ]] can be written

uniquely in the form uF , where u is a unit in OLc [[T ]] and F is a monic polynomial

whose coe�cients are all in mLc . Therefore, f is an irreducible element of OLc [[T ]]

if and only if F is an irreducible polynomial in OLc [T ].

To choose an Lc-rational point y′ of X ′c which specialises to x′ is therefore to

choose a prime ideal of OLc [[T ]] of the form (T − α), where α ∈ mLc . That is, the

set of Lc-rational points of X ′c specialising to x′ is in bijection with mLc . Let L be a

�nite extension of K whose completion is Lc and which is unrami�ed with respect

to the valuation corresponding to c. Then choosing α to be an element of mLc ∩ L

yields an Lc-rational algebraic point y′ of X ′c which specialises to x′. The image y of
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y′ under the projection X ′c → Xc is then an Lc-rational algebraic point of Xc which

specialises to x.

De�nition 4.1.7. For each closed point x of X c, �x a choice of algebraic point

y ∈ Xcl
c which specialises to x and whose residue �eld is the unique unrami�ed

extension of K whose valuation ring has residue �eld k(x) (such a point exists by

Lemma 4.1.6 above). We de�ne S̃ to be the set of these chosen algebraic points

y ∈ Xcl
c . Thus, S̃ is a subset of Xcl

c which consists of algebraic points and which is

in bijection with X cl
c .

We denote by S̃Kc the base change of S̃ to Kc. Thus S̃Kc is a subset of Xcl

Kc
in

bijection with X k(c). The points of S̃Kc are algebraic points, since they are de�ned

by sections in the image of the composite map X(K) ↪→ Xc(Kc) ' XKc
(Kc).

By Lemma 3.2.1, for every �nite subset B ⊂ S̃, the closure of B in X̂ c is a divisor

which is �nite étale over Oc. Thus, under the condition that k has characteristic

zero, we deduce the existence of specialisation homomorphisms as in the following

Theorem.

Theorem 4.1.8. Assume that k has characteristic zero. With S̃ and S̃Kc as in

De�nition 4.1.7, there exist surjective homomorphisms Sp and ρ and an isomorphism

Sp making the following diagram commutative.

1 π1(XKc
− S̃Kc) π1(Xc − S̃) GK 1

1 GX
k(c)

GX c Gk(c) 1

Sp ∼ Sp ρ

Proof. This is just a re-statement of Theorem 3.3.8.

Since we have chosen S̃ to consist of algebraic points, π1(Xc − S̃) is naturally

a quotient of π1(Xtr
c ). Hence, under the conditions of Theorem 4.1.8, we have the

following commutative diagram.
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1 π1(Xtr

Kc
) π1(Xtr

c ) GKc 1

1 π1(XKc
− S̃Kc) π1(Xc − S̃) GKc 1

1 GX
k(c)

GX c Gk(c) 1

Sp ∼ Sp ρ

We will assume for the rest of this section that X is hyperbolic and that k has

characteristic zero. Note that since X → C is �at, hyperbolicity of X implies

that every closed �bre X c is hyperbolic. Let s : GK → GX be a section, and let

sc : GKc → π1(Xtr
c ) be the section of π1(Xtr

c ) induced by s. This naturally induces

a section s̃c : GKc → π1(Xc − S̃) of the quotient. The results of �3.4 describe the

rami�cation of s̃c.

Theorem 4.1.9. With the notation and assumptions of the above paragraph, �x

a universal pro-étale cover X̃c,S̃ → Xc − S̃ (see De�nition 3.3.2), and denote by

k(X c)
sep the separable closure of the function �eld of X c.

(i) Suppose s̃c is unrami�ed and induces a section s̄c : Gk(c) → GX c. If s̄c is

geometric with s̄c(Gk(c)) ⊂ Dx̃ for some x ∈ X c(k(c)) and some extension

x̃ of x to k(X c)
sep, then s̃c(GKc) ⊂ Dỹ for some ỹ in X̃c,S̃ above the unique

(Kc-rational) point y of S̃ specialising to x.

(ii) Assume further that k satis�es condition (ii) of De�nition 2.3.1. Suppose s̃c is

rami�ed, and denote ϕs := Sp ◦s̃c. Then ϕs(GKc) ⊂ Dx̃ for a unique valuation

on k(X c)
sep extending a k(c)-rational point x of X c, and s̃c(GKc) ⊂ Dỹ for

some ỹ in X̃c,S̃ above the unique (Kc-rational) point y of S̃ specialising to x.

Proof. Part (i) follows from Lemma 3.4.17, and (ii) follows from Lemma 3.4.16.

In the following, �x universal pro-étale covers X̃c → Xc and X̃ c → X c, and

denote by η̄c : SpecΩ′c → X c a geometric point with image the generic point of X c.

See De�nition 1.4.14 for the de�nition of the decomposition subgroups.

Corollary 4.1.10. Assume that k satis�es conditions (ii) and (iii) (a) of De�ni-

tion 2.3.1. Assume further that the birational section conjecture holds for X c. Let

sétc : GKc → π1(Xc, ξ̄c) denote the (unrami�ed) section of π1(Xc, ξ̄c) induced by sc,
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and s̄étc : Gk(c) → π1(X c, η̄c) its specialisation. Then s̄étc (Gk(c)) is contained in a

decomposition subgroup Dx̃ ⊂ π1(X c, η̄c) for a unique k(c)-rational point x of X c

and some x̃ in X̃ c above x, and sétc (GKc) is contained in a decomposition subgroup

Dỹ ⊂ π1(Xc, ξ̄c) for some ỹ in X̃c above the unique (Kc-rational) point y of S̃ spe-

cialising to x.

Proof. Follows from Proposition 3.4.18 (see also its preceding paragraph).

4.2 Étale abelian sections

We use the notation of �4.1, and hereafter we assume that k has characteristic zero,

that X is hyperbolic, and that X(K) 6= ∅. In this section we explore the étale

abelian portions of sections of GX .

Let ξ̄ : SpecΩ→ X be a geometric point with image the generic point of X, and

similarly let ξ̄′c : SpecΩ′c → X c be a geometric point of X c with image the generic

point of X c. By composition, ξ̄ induces a geometric point of X , which we will again

denote by ξ̄, and a geometric point of C, which we denote by η̄. It also induces, by

the pullback property, a geometric point ξ̄c : SpecΩc → Xc with image the generic

point of Xc.

Lemma 4.2.1. For each c ∈ Ccl, there is a commutative diagram

1 π1(XK , ξ̄) π1(X, ξ̄) GK = GC 1

1 π1(XK , ξ̄) π1(X , ξ̄) π1(C, η̄) 1

1 π1(X k(c), ξ̄
′
c) π1(X c, ξ̄

′
c) Gk(c) 1

∼

(4.3)

where the lower vertical homomorphisms are de�ned up to conjugation.

Proof. This follows from functoriality of the fundamental group and the fundamental

exact sequences for X and X c. Exactness of the middle row follows from [GR71,

Exposé XIII, Proposition 4.3], noting that there exists a section of the morphism

X → C. Indeed, since this morphism is proper and C is a smooth curve, the
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valuative criterion of properness implies that X(K) = X (C), and X(K) is non-

empty by assumption. The lower left vertical map is an isomorphism by Theorem

3.1.4 and Lemma 3.1.2 (ii) (see also the discussion after Corollary 3.1.5). The upper

right vertical map is surjective by Lemma 1.4.21, and the lower right vertical map is

injective by Proposition 1.4.11. Surjectivity of the upper middle vertical map may

be shown via an elementary diagram chase, and similarly for injectivity of the lower

middle vertical map.

A section s : GK → GX induces a section sét : GK → π1(X, ξ̄) of the étale

fundamental group of X (see the last two paragraphs of �1.6). By Lemma 4.1.5, the

section s also pulls back to a section sc : GKc → π1(Xtr
c ), and this induces an étale

section sétc : GKc → π1(Xc, ξ̄c). By Proposition 3.4.8 (see also Remark 3.4.9), the

section sétc specialises to a section s̄étc : Gk(c) → π1(X c, ξ̄
′
c). The following Lemma

shows that we may also consider s̄étc the specialisation of sét.

Lemma 4.2.2. The étale section sét extends to a section sétC : π1(C, η̄) → π1(X , ξ̄)

which restricts to the section sétc for each c ∈ Ccl.

Proof. The étale sections sét, sétc and s̄étc �t into the following commutative diagram.

π1(Xc, ξ̄c) GKc

π1(X, ξ̄) GK = GC

π1(X c, ξ̄
′
c) Gk(c)

π1(X , ξ̄) π1(C, η̄)

SpX

sétc

ρc

sét

s̄étc

The kernel of the homomorphism GC � π1(C, η̄) is the inertia group IC normally

generated by the inertia subgroups associated to the closed points of C, or in other

words, by the inertia subgroups IKc ⊂ GKc , where each IKc is the inertia group of

the unique valuation of Kc and the kernel of the homomorphism ρc.

Since sétc is unrami�ed, the image of IKc in π1(X c, ξ̄
′
c) is trivial, and since this is

true for every c ∈ Ccl we conclude that the image of IC in π1(X , ξ̄) is trivial. Thus
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sét extends to a section sétC : π1(C, η̄) → π1(X , ξ̄), which, by commutativity of the

above diagram, restricts to s̄étc : Gk(c) → π1(X c, ξ̄
′
c).

Let J := Pic0
X /C → C denote the relative Jacobian of the relative curve X , and

J := J K the Jacobian of X (see Remark 1.1.10). For each closed point c ∈ Ccl,

let Jc := JKc denote the Jacobian of Xc and J c := J k(c) that of X c. An element

of X(K) (which is non-empty by assumption) induces a section of the geometri-

cally abelian quotient π1(X, ξ̄)(ab) of the étale fundamental group of X, hence, by

Theorem 1.4.10 and Theorem 1.5.5, there is a natural identi�cation of the set of

conjugacy classes of sections of π1(X, ξ̄)(ab) with the cohomology group H1(GK , TJ)

(see Lemma 1.6.6 and the paragraph after it). Similarly, since Xc(Kc) 6= ∅ and

X c(k(c)) 6= ∅ (indeed, we can take the pullback of an element of X(K) to Xc and its

specialisation to X c), the set of conjugacy classes of sections of π1(Xc, ξ̄c)
(ab), respec-

tively π1(X c, ξ̄
′
c)

(ab), may be identi�ed with H1(GKc , TJc), resp. H
1(Gk(c), T J c).

The above étale sections sét, sétc and s̄étc induce étale abelian sections sab, sabc

and s̄abc respectively, while diagram 4.3 induces a commutative diagram of exact

sequences of geometrically abelian fundamental groups

1 π1(XK , ξ̄)
ab π1(X, ξ̄)(ab) GK = GC 1

1 π1(XK , ξ̄)
ab π1(X , ξ̄)(ab) π1(C, η̄) 1

1 π1(X k(c), ξ̄
′
c)

ab π1(X c, ξ̄
′
c)

(ab) Gk(c) 1

sab

sabC

∼

s̄abc

(4.4)

where π1(X , ξ̄)(ab) is de�ned so that the middle horizontal sequence is exact, and

sabC : π1(C, η̄) → π1(X , ξ̄)(ab) is induced by sétC . The étale abelian sections sab,

sabc , sabC and s̄abc are elements of the cohomology groups H1(GK , TJ), H1(GKc , TJc),

H1(π1(C, η̄), TJ) andH1(Gk(c), T J c) respectively, which are related by the following

restriction and in�ation maps:
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H1(GK , TJ) H1(GKc , TJc)

H1(π1(C, η̄), TJ) H1(Gk(c), T J c)

resc

infC

resC,c

infc

Lemma 4.2.3. With the above notation, we have the following.

(i) resc(sab) = infc(s̄
ab
c ) = sabc ;

(ii) infC(sabC ) = sab and resC,c(sabC ) = s̄abc .

H1(π1(C, η̄), TJ)

H1(GK , TJ)

H1(Gk(c), T J c)

H1(GKc , TJc)

sabC

sab

s̄abc

sabc

resc

infC

resC,c

infc

Proof. Part (i) follows from the fact that sét and s̄étc both pull back to sétc - see

diagrams 4.1 and 3.11, considering the case when U = X is proper. Part (ii) follows

from diagram 4.4. Note that the statement of this Lemma may also be found in

[Saï16, Lemma 3.4].

The image of sab under the diagonal map

∏
c∈Ccl

resc : H1(GK , TJ) −→
∏
c∈Ccl

H1(GKc , TJc)

is therefore the family (sabc )c∈Ccl . This diagonal map �ts into the following commu-

tative diagram of Kummer exact sequences (see Lemma 1.6.7).

0 Ĵ(K) H1(GK , TJ) TH1(GK , J(K)) 0

0
∏
c∈Ccl

Ĵc(Kc)
∏
c∈Ccl

H1(GKc , TJc)
∏
c∈Ccl

TH1(GKc , Jc(Kc)) 0

Φ

(4.5)
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where K, respectively Kc is the algebraic closure of K in Ω, resp. Ωc. We denote

the right vertical map in this diagram by Φ. See Notation for the meaning of Ĵ(K)

and Ĵc(Kc).

Lemma 4.2.4. The kernel of the map Φ is the Tate module TX(J ) of the Shafarevich-

Tate group X(J ).

(See De�nition 2.3.2 for the de�nition of the Shafarevich-Tate group.)

Proof. For each c ∈ Ccl and each positive integer N , the homomorphism φc :

H1(GK , J(K)) → H1(GKc , Jc(Kc)) induces a homomorphism of N -torsion groups

φc,N : H1(GK , J(K))[N ] → H1(GKc , Jc(Kc))[N ] (see Notation). Thus the diagonal

map
∏

c∈Ccl φc induces a map

ΦN :=
∏
c∈Ccl

φc,N : H1(GK , J(K))[N ]→
∏
c∈Ccl

H1(GKc , Jc(Kc))[N ]

The kernel of this map is X(J )[N ]. Taking the projective limit over N , we �nd

that the kernel of the map

Φ = lim←−
N

ΦN : TH1(GK , J(K))→
∏
c∈Ccl

TH1(GKc , Jc(Kc))

is lim←−N X(J )[N ] = TX(J ), since the projective limit lim←−N is left exact.

Proposition 4.2.5. Suppose that, for every c ∈ Ccl, the section sabc ∈ H1(GKc , TJc)

is contained in Ĵc(Kc). Then if TX(J ) = 0, the section sab ∈ H1(GK , TJ) is

contained in Ĵ(K).

Proof. By commutativity of diagram 4.5 and the assumption that sabc ∈ Ĵc(Kc) for

every c ∈ Ccl, the image of sab in TH1(GK , J(K)) must be contained in ker Φ =

TX(J ). Since this is trivial, sab must map trivially to TH1(GK , J(K)), hence

sab ∈ Ĵ(K).

Corollary 4.2.6. Assume that TX(J ) = 0, and that k strongly satis�es conditions

(i) and (ii) of De�nition 2.3.1. Then sab is contained in Ĵ(K).

Proof. Under these conditions on k, Theorem 4.1.9 implies that, for every c ∈ Ccl,

the section s̃c : GKc → π1(Xc − S̃) satis�es s̃c(GKc) ⊂ Dx̃c for some Kc-rational

point xc of Xc and some x̃c above xc in a universal pro-étale cover X̃c,S̃ → Xc −
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S̃. Thus sétc (GKc) = Dx̃′c ⊂ π1(Xc, ξ̄c), for some x̃′c above xc in a universal pro-

étale cover X̃c → Xc, which implies that sabc is the image of xc under the map

Xc(Kc) → H1(GKc , TJc) (see the paragraph before Lemma 1.6.7). Since this map

factors through Ĵc(Kc) (see sequence 1.7 in �1.6 and the discussion before and after

Lemma 1.6.7), this implies that sabc is the image of xc in the composite map

Xc(Kc) ↪→ Jc(Kc)→ Ĵc(Kc) ↪→ H1(GKc , TJc)

In particular, sabc is contained in the image of Ĵc(Kc), and since this is true for every

c ∈ Ccl, Proposition 4.2.5 implies that sab ∈ Ĵ(K).

Lemma 4.2.7. Assume that k(c) satis�es conditions (ii) and (iii) (a) of De�nition

2.3.1, and assume the birational section conjecture holds for X c. Then s̄abc is in the

image of the map X c(k(c))→ H1(Gk(c), T J c), and sabc is in the image of Xc(Kc)→

H1(GKc , TJc).

Proof. This follows from Corollary 4.1.10, since s̄étc (Gk(c)) ⊂ Dx̃ implies that s̄étc

arises from x ∈ X c(k(c)) by functoriality, and likewise sétc (GKc) ⊂ Dỹ implies sétc

arises from y ∈ Xc(Kc) (see also the paragraph before Lemma 1.6.7).
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Chapter 5

Proof of the Main Theorems

In this chapter we prove Theorems A and B.

5.1 Proof of Theorem A

We use the notation from Theorem A. Let k be a �eld of characteristic zero that

strongly satis�es the conditions of De�nition 2.3.1. Let C be a smooth, separated,

connected curve over k with function �eld K. Let X → C be a smooth relative curve

whose generic �bre X := X ×C SpecK is geometrically connected and hyperbolic,

with X(K) 6= ∅. Note that since the morphism X → C is �at, hyperbolicity of X

implies that, for every c ∈ Ccl, the closed �bre X c := X ×C Spec k(c) is hyperbolic.

Let J := Pic0
X /C denote the relative Jacobian of X , and J := J K the Jacobian of

X. For a closed point c ∈ Ccl, denote by J c := J k(c) the Jacobian of X c. Assume

that TX(J ) = 0.

We will show that the birational section conjecture holds for X, which is to say

that every section of the projection GX � GK arises from a unique K-rational point

of X (see De�nition 2.2.2). It su�ces to show the existence of such a point, since its

uniqueness follows from [NSW08, Corollary 12.1.3] (see Remark 2.2.3). The proofs

in this section are inspired by the proofs in [Saï16, �4.1] - the proofs of Lemmas 5.1.1

to 5.1.3 in particular are directly comparable to those of Lemmas 4.1.1 to 4.1.3 in

[Saï16].

Let s : GK → GX be any section. We must show that s(GK) is contained in

a decomposition subgroup Dx̃ ⊂ GX for some K-rational point x of X and some

extension x̃ of x to k(X)sep. Under our assumptions, Corollary 4.2.6 implies that

the abelian portion sab of s is contained in Ĵ(K).
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Lemma 5.1.1. The homomorphism J(K)→ Ĵ(K) is injective and sab is contained

in J(K).

Proof. There exist c1, c2 ∈ Ccl such that the natural specialisation homomorphism

J(K) → J c1(k(c1)) × J c2(k(c2)) is injective [PV10, Proposition 2.4]. Let l be a

�nite extension of k that contains k(c1) and k(c2). Then there is an injective homo-

morphism J ci(k(ci)) ↪→ J ci(l) for each i = 1, 2, and these induce an injective ho-

momorphism J c1(k(c1))×J c2(k(c2)) ↪→ J c1(l)×J c2(l) ' (J c1 ×J c2)(l). For ease

of notation, let us write J 1,2(l) := (J c1 ×J c2)(l). Denoting H := J 1,2(l)/J(K), we

thus have an exact sequence:

0 −−−→ J(K) −−−→ J 1,2(l) −−−→ H −−−→ 0

The multiplication by N map on these abelian groups induces an exact sequence

0 J(K)[N ] J 1,2(l)[N ] H[N ]

J(K)

NJ(K)

J 1,2(l)

N J 1,2(l)

H

NH
0

δN

αN βN

(5.1)

where the map δN comes from the Snake Lemma. By condition (iii)(b) of De�nition

2.3.1 we have lim←−N H[N ] = TH = 0, thus, taking the inverse limit of sequence 5.1

as N →∞, we see that the homomorphism

lim←−
N

αN : Ĵ(K)→ Ĵ 1,2(l)

is injective. Moreover, sequence 5.1 induces a short exact sequence

0 −−−→ J(K)/NJ(K)

δN(H[N ])

αN−−−→ J 1,2(l)

N J 1,2(l)

βN−−−→ H

NH
−−−→ 0 (5.2)

Since the maps J(K)/MJ(K)→ J(K)/NJ(K) is surjective for any N |M , the maps

J(K)/MJ(K)

δM(H[M ])
−→ J(K)/NJ(K)

δN(H[N ])
for N |M

are surjective, hence the inverse system they de�ne satis�es the Mittag-Le�er con-

dition. Therefore, taking the projective limit of sequence 5.2 as N → ∞, we �nd
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that the homomorphism

lim←−
N

βN : Ĵ 1,2(l) −→ Ĥ

is surjective. Thus we have a commutative diagram of exact sequences

0 J(K) J 1,2(l) H 0

0 Ĵ(K) Ĵ 1,2(l) Ĥ 0

φ

ψ

The middle and right vertical maps are injective by condition (iii)(a) of De�nition

2.3.1, and this implies that the left vertical map is injective. Therefore the equality

J(K) = φ(J 1,2(l)) ∩ ψ(Ĵ(K)) holds inside Ĵ 1,2(l).

For each ci, i = 1, 2, the section s induces an element s̄abci ∈ H1(Gk(ci), T J ci)

(see the discussion after Lemma 4.2.1), which is contained in the image of the map

X ci(k(ci))→ H1(Gk(ci), T J ci) by Lemma 4.2.7. This map is injective by condition

(iii)(a) of De�nition 2.3.1, so we may consider s̄abci to be contained in X ci(k(ci)).

Then s̄abci is contained in J ci(l) for each i = 1, 2, due to injectivity of the maps

X ci(k(ci)) ↪→ J ci(k(ci)) ↪→ J ci(l). Thus (s̄abc1 , s̄
ab
c2

) is contained in J c1(l) × J c2(l),

hence in φ(J 1,2(l)). By Lemma 4.2.3, the image of sab ∈ Ĵ(K) in Ĵ 1,2(l) under ψ

is the element (s̄abc1 , s̄
ab
c2

), and since this lies in φ(J 1,2(l)) we have sab ∈ φ(J 1,2(l)) ∩

ψ(Ĵ(K)) = J(K).

Since the morphism X → C is proper and C is a smooth curve, the valuative

criterion of properness implies that X(K) = X (C). Fix a K-rational point x0 ∈

X(K) = X (C) (non-empty by assumption), and let ιK : X → J denote the unique

closed immersion taking x0 to 0. This extends uniquely to a closed immersion

ι : X → J by the Néron mapping property (see Remark 1.1.10).

Lemma 5.1.2. sab is contained in X(K).

Proof. Since J → C is proper and C is smooth, we have J(K) = J (C). Since sab is

contained in J(K), we may consider it a morphism sab : C → J . By Lemma 4.2.3,

the pullback of this morphism to Spec k(c) is precisely s̄abc , considered an element of

J c(k(c)) ⊂ H1(Gk(c), T J c). But s̄abc is contained in X c(k(c)) by Lemma 4.2.7, hence

the morphism s̄abc : Spec k(c)→ J c must factor through X c, where X c is considered

a closed subscheme of J c via ι. Thus, for each c ∈ Ccl, the image of c under the
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morphism sab : C → J is a closed point of X c. This implies that sab : C → J

factors through ι : X → J , thus sab is contained in the subset ι(X(K)) ⊆ J(K).

Let z denote the point in X(K) such that ι(z) = sab, and for each c ∈ Ccl let z̄c

denote its specialisation to X c. Let x̄c ∈ X c(k(c)) be the point associated to s̄abc by

the assumption that the birational section conjecture holds over k(c) (see Lemma

4.2.7).

Lemma 5.1.3. z̄c = x̄c in X c(k(c)) for all c ∈ Ccl.

Proof. Lemma 4.2.3 implies that, for each c ∈ Ccl, s̄abc is the image of both x̄c and

z̄c under the composite map X c(k(c)) ↪→ J c(k(c)) → ̂J c(k(c)) ↪→ H1(Gk(c), T J c).

Condition (iii)(a) of De�nition 2.3.1 implies this composite map is injective for each

c ∈ Ccl, hence z̄c = x̄c.

Proposition 5.1.4. s is geometric.

Proof. Recall the de�nition of neighbourhood from De�nition 2.2.4: a neighbourhood

of the section s : GK → GX is an open subgroup H ⊂ GX which contains s(GK).

For such a neighbourhood H, if XH → X denotes the �nite morphism corresponding

to H, we have GXH = H. By the �limit argument� of Lemma 2.2.5, to prove the

Proposition it su�ces to show that every neighbourhood H of s satis�es XH(K) 6= ∅.

So let H be a neighbourhood of s, and let f : Y → X denote the corresponding

�nite morphism, so that GY = H. We will show that Y (K) 6= ∅. By de�nition, s

de�nes a section of the subgroup GY ⊂ GX , which we shall call sY .

GY GX GK

s

sY

For c ∈ Ccl, let Kc denote the completion of K at c, and denote Xc := X×SpecK

SpecKc and Yc := Y ×SpecK SpecKc. Let fc denote the morphism fc : Yc → Xc. By

Lemma 4.1.5, the section s : GK → GX pulls back to a section sc : GKc → π1(Xtr
c )

(see De�nition 4.1.2 for the de�nition of π1(Xtr
c )). Likewise sY pulls back to a section
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sYc : GKc → π1(Y tr
c ).

π1(Y tr
c ) π1(Xtr

c ) GKc

GY GX GK

g

r

p

sc

sYc

s

sY

Note the existence of g and the fact that the projection π1(Y tr
c )� GKc coincides

with r ◦ g follow from the universal property of pullbacks.

Lemma 5.1.5. With notation as in the above diagram, g(sYc(GKc)) = sc(GKc).

Proof. Take σ ∈ GKc , and consider sc(σ) and g(sYc(σ)). Since sYc is the pullback of

sY and sc is the pullback of s, we must have p(sc(σ)) = p(g(sYc(σ))) in GX . If sc(σ)

and g(sYc(σ)) are not equal then g(sYc(σ)) = τ · sc(σ) for some τ ∈ ker(p). Then:

r(g(sYc(σ))) = r(τ · sc(σ))

= r(τ) · r(sc(σ))

= r(τ) · σ

But since the projection π1(Y tr
c )� GKc coincides with r ◦ g, we have r(g(sYc(σ))) =

r(sc(σ)) = σ, and therefore r(τ) = 1 and τ ∈ ker(r). Thus τ = 1, since existence of a

non-trivial element of ker(p)∩ker(r) violates the universal property of pullbacks.

Remark 5.1.6. One can see from the above diagram that the preimage in Yc of

the set of algebraic points of Xc is exactly the set of algebraic points of Yc. This

is because the �nite morphism Y tr
c → Xtr

c is étale by construction, hence any �nite

morphism Z → Yc which is étale over Y tr
c comes from a �nite morphism Z ′ → Xc

which is étale over Xtr
c (one can take Z ′ → Xc to be the composite Z → Yc → Xc).

This implies that any such Z → Yc must be étale over the complement of the

preimage in Yc of the set of algebraic points of Xc, since this is true of the pullback

Z ′ ×Xc Yc → Yc. We therefore have π1(Y tr
c ) = π1(Yc − f−1

c (alg. pts)), which proves

the assertion.
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Let K(Y ) denote the function �eld of Y , and let Y denote the normalisation of

X in K(Y ). Thus Y is a normal relative curve over C with generic �bre Y , and the

normalisation morphism f : Y → X extends the map Y → X. Let fK denote the

�nite morphism fK : Y → X, and f̄c the �nite morphism Yc → X c, where Yc is the

closed �bre of Y at c ∈ Ccl.

After possibly removing �nitely many points from C, we may assume that Y is

smooth over C. Indeed, by [Liu02, Proposition 10.1.21] the closed �bres Yc of Y are

smooth except possibly for �nitely many closed points c ∈ Ccl. So, if necessary, we

may replace C by the largest open subset C ′ ⊂ C such that Yc is smooth for every

c ∈ (C ′)cl, and f by the induced map of �bre products f×CC ′ : Y ×CC ′ → X ×CC ′.

So we assume that the �bres Yc are smooth for all c ∈ Ccl. For each such c we

have the following commutative diagram.

Y X SpecK

Y X C

Yc X c Spec k(c)

fK

f

f̄c

For c ∈ Ccl, let ÔC,c denote the valuation ring ofKc. Denote by X̂c := X×CSpec ÔC,c
the base change of X to ÔC,c, and similarly write Ŷc := Y×CSpec ÔC,c. Let f̂c denote

the morphism f̂c : Ŷc → X̂c. We have the following commutative diagram.

Yc Xc SpecKc

Ŷc X̂c Spec ÔC,c

Yc X c Spec k(c)

fc

f̂c

f̄c

Let Sc ⊂ Xc denote the �nite set of closed points over which fc is rami�ed. For each

closed point x̄c of X c, choose, as in De�nition 4.1.7, an algebraic point xc ∈ Xc−Sc
specialising to x̄c whose residue �eld is the unique unrami�ed extension Lc of Kc
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whose valuation ring has residue �eld k(x̄c). Note it is possible to choose xc such

that xc 6∈ Sc since, as shown in the proof of Lemma 4.1.6, choosing an Lc-rational

algebraic point of Xc specialising to x̄c amounts to choosing an element of mLc ∩ L

for some �nite extension L of K which is unrami�ed with respect to (the valuation

corresponding to) c. The set mLc ∩ L is in�nite, hence, since Sc is �nite, there are

in�nitely many possible choices for xc with xc 6∈ Sc.

Let S̃ denote this set of chosen points of Xc. Thus, S̃ is a set of algebraic points

of Xc in bijection with the closed points of X c. By Lemma 3.2.1, for any �nite subset

D ⊂ S̃ the closure of D in X̂c is a divisor on X̂c which is �nite étale over Spec ÔC,c.

Let T̃ := f−1
c (S̃) denote the preimage of S̃ in Yc, and similarly E := f−1

c (D) ⊂ T̃

the preimage of D in Yc. For each such D there is a morphism of Kc-schemes

Yc−E → Xc−D, which induces a homomorphism π1(Yc−E, ξ̄Yc)→ π1(Xc−D, ξ̄Xc)

for geometric points ξ̄Yc , ξ̄Xc with images the generic points of Yc, Xc. In the limit

as D ranges over the �nite subsets of S̃, we obtain a homomorphism

π1(Yc − T̃ ) −→ π1(Xc − S̃)

Since S̃ ⊂ Xc − Sc and fc is étale over Xc − Sc, for each �nite subset D ⊂ S̃ the

closure in Ŷc of the preimage E := f−1
c (D) ⊂ T̃ is a divisor on Ŷc which is �nite

étale over Spec ÔC,c. Moreover, E consists of algebraic points of Yc (see Remark

5.1.6).

Thus T̃ is a set of algebraic points of Yc in bijection with the set of closed points of

Yc, and for every �nite subset E ⊂ T̃ the closure of E in Ŷc is a divisor on Ŷc which

is étale over Spec ÔC,c. Therefore, as in Theorem 4.1.8, there exist specialisation

homomorphisms SpX , SpY making the following diagram commute.

π1(Yc − T̃ ) π1(Xc − S̃) GKc

GYc GX c Gk(c)

SpY SpX ρ

Since T̃ and S̃ consist of algebraic points, the groups π1(Yc− T̃ ) and π1(Xc− S̃)

are naturally quotients of π1(Y tr
c ) and π1(Xtr

c ) respectively. Thus the section sc

naturally induces a section s̃c : GKc → π1(Xc − S̃), and likewise sYc induces a

108



section s̃Yc : GKc → π1(Yc − T̃ ). We denote ϕX := SpX ◦s̃c and ϕY := SpY ◦s̃Yc .

π1(Y tr
c ) π1(Xtr

c ) GKc

π1(Yc − T̃ ) π1(Xc − S̃) GKc

GYc GX c Gk(c)

g

sc

sYc

g̃

SpY SpX

s̃c

s̃Yc

ϕXϕY ρ

ḡ

Note that the map GYc → GX c in the above diagram is injective, since Yc → X c is

a �nite morphism.

Lemma 5.1.7. With notation as in the above diagram, g̃(s̃Yc(GKc)) = s̃c(GKc) and

ḡ(ϕY (GKc)) = ϕX(GKc).

Proof. Follows from Lemma 5.1.5 and commutativity of the above diagram, together

with the fact that, as in Lemma 3.4.2, ker SpY and ker SpX both map isomorphically

to ker ρ ⊂ GKc , and therefore g̃(ker SpY ) = ker SpX .

Corollary 5.1.8. The section s̃c is unrami�ed if and only if s̃Yc is unrami�ed.

Proof. By Lemma 5.1.7, ḡ(ϕY (IKc)) = ϕX(IKc). Since ḡ is injective, ϕY (IKc) is

trivial if and only if ϕX(IKc) is.

Now we consider two cases - the case when s̃c and s̃Yc are unrami�ed, and the

case when they are rami�ed.

Case 1. Suppose s̃c and s̃Yc are unrami�ed. Then they induce sections s̄c : Gk(c) →

GX c and s̄Yc : Gk(c) → GYc .
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π1(Yc − T̃ ) π1(Xc − S̃) GKc

GYc GX c Gk(c)

SpY SpX

s̃c

s̃Yc

ϕX
ϕY ρ

ḡ

s̄cs̄Yc

By the assumption of the birational section conjecture over k(c), the sections s̄c and

s̄Yc are geometric. Let ȳc be the k(c)-rational point and ỹc the extension of ȳc to

k(X c)
sep such that s̄Yc(Gk(c)) ⊂ Dỹc ⊂ GYc . By Lemma 5.1.7 and injectivity of g̃,

this implies that s̄c(Gk(c)) is contained in the decomposition subgroup Dỹc ⊂ GX c of

the same valuation ỹc on k(X c)
sep, and the restriction of of ỹc to k(X c) corresponds

to the image of ȳc in X c, which we will denote x̄′c.

Case 2. Suppose s̄c and s̄Yc are rami�ed. Then, by Proposition 3.4.8, Lemma

3.4.14 and Proposition 3.4.15, ϕY (IKc) is contained in the inertia subgroup Iỹc ⊂ GYc

of a unique valuation ỹc on k(X c)
sep extending a k(c)-rational point ȳc ∈ Yc(k(c)).

By Lemma 5.1.7 and injectivity of g̃, ϕX(IKc) is contained in the inertia subgroup

Iỹc ⊂ GX c of the same valuation ỹc on k(X c)
sep, whose restriction to k(X c) corre-

sponds to the image x̄′c of ȳc in X c.

Thus we have found, for every c ∈ Ccl, unique k(c)-rational points ȳc ∈ Yc(k(c))

and x̄′c ∈ X c(k(c)) such that ȳc maps to x̄′c via Yc → X c. Moreover, this x̄′c must

be the same as the point x̄c associated to s̄abc (see Lemma 5.1.3 and the paragraph

before it).

Recall the section sab is associated to a K-rational point z (see Lemma 5.1.2 and

the paragraph after it). View z ∈ X(K) = X (C) as a section z : C → X , and denote

by Yz the pullback of the image z(C) via the map Y → X . Then Yz → z(C) is a

�nite morphism, and since z specialises to x̄c ∈ X c(k(c)) (Lemma 5.1.3), x̄c ∈ z(C)

and therefore ȳc ∈ Yz(k(c)) for every c ∈ Ccl. Then condition (v) of De�nition 2.3.1

implies that Yz(K) 6= ∅. Thus Yz(K) ⊆ Y(K) = Y (K) 6= ∅, which completes the

proof of Proposition 5.1.4.
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Thus s(GK) ⊂ Dx̃ for a unique K-rational point x ∈ X(K) and some extension

x̃ of x to k(X)sep. This concludes the proof of Theorem A. It also implies that

the abelian portion sab is the image of both x and z under the composite map

Xc(Kc) ↪→ Jc(Kc) → Ĵc(Kc) ↪→ H1(GKc , TJc). This map is injective by Lemma

5.1.1, so we must have x = z.

5.2 Proof of Theorem B

In this section we explain how Theorem B is deduced from Theorem A. Let k be a

�eld of characteristic zero that strongly satis�es the conditions of De�nition 2.3.1.

Let C be a smooth, separated, connected curve over k with function �eld K. For

any �nite extension L of K, let CL denote the normalisation of C in L, and for any

smooth relative curve Y → CL, let JY := Pic0
Y /CL denote the relative Jacobian of

Y . Assume that for any such �nite extension L and any such relative curve Y we

have TX(JY) = 0.

We will show that for any �nite extension L of K and any smooth, projective,

geometrically connected (not necessarily hyperbolic) curve X over L, the birational

section conjecture holds for X, which is to say that for any section s : GL → GX the

image s(GL) is contained in a decomposition group Dx̃ for a unique L-rational point

x ∈ X(L) and some extension x̃ of x to k(X)sep. It su�ces to show the existence

of such an L-rational point, since its uniqueness follows from [NSW08, Corollary

12.1.3] (see Remark 2.2.3).

Proposition 5.2.1. With the above notation and hypotheses, let s : GL → GX be a

section of GX . Then s is geometric.

Proof. As in the proof of Lemma 2.2.5, we may choose a neighbourhood H ⊂ GX of

the section s such that, denoting by Y → X the corresponding �nite morphism, Y

is hyperbolic. We have an isomorphism H ' GY , and s naturally de�nes a section

sY : GL → GY . Let L′|L be a �nite extension such that Y (L′) 6= ∅, and let M |L

be a Galois extension of L containing L′. Then YM(M) 6= ∅, and sY restricts to a
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section sYM : GM → GYM of the absolute Galois group of YM .

1 GYL
GYM GM 1

1 GYL
GY GL 1

sYM

sY

Let CM denote the normalisation of C in M , and let Y → CM be a model of

YM over CM (see De�nition 1.1.4). As in the proof of Proposition 5.1.4, after

possibly removing �nitely many closed points from CM we may assume that the

closed �bres Yc := Y ×CM Spec k(c) of Y are smooth for all c ∈ (CM)cl. Then

Y → CM is a smooth relative curve whose generic �bre YM is hyperbolic and has at

least one M -rational point. Theorem A then implies that sYM (GM) is contained in

a decomposition subgroup DM
ỹ ⊂ GYM for a unique M -rational point y of YM and

some extension ỹ of y to k(X)sep. Note we use a superscript M to emphasise that

DM
ỹ is a subgroup of GYM .

Since M |L is a Galois extension, GM is a normal subgroup of GL, and hence

sY (GL) normalises sYM (GM) in GY . Indeed, for any σ ∈ GL we have

sYM (GM) = sY (GM) = sY (σ−1GMσ)

= sY (σ)−1sY (GM)sY (σ)

= sY (σ)−1sYM (GM)sY (σ)

This implies that sY (GL) is contained in the decomposition subgroup Dỹ ⊂ GY of

the same valuation ỹ of k(X)sep, whose restriction to k(Y ) corresponds to the image

y′ of y under the projection YM → Y . Indeed, for any σ ∈ GL we have

sYM (GM) = sY (σ)−1sYM (GM)sY (σ)

⊂ sY (σ)−1DM
ỹ sY (σ)

= DM
sY (σ)·ỹ

Thus sYM (GM) is contained in DM
ỹ and in DM

sY (σ)·ỹ, which implies that ỹ = sY (σ) · ỹ

[NSW08, Corollary 12.1.3], hence sY (GL) normalises DM
ỹ in GY . This means sY (GL)

is contained in the normaliser of DM
ỹ in GY , which is precisely Dỹ.

112



This implies that s(GL) is contained in the decomposition subgroup Dỹ ⊂ GX

of the same valuation ỹ of k(X)sep, whose restriction to k(X) corresponds to the

image x of y′ in X. The point x is then necessarily L-rational, since Dỹ must map

surjectively to GL.

This concludes the proof of Theorem B.
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