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Electron-phonon superconductivity in the filled skutterudites LaRu4P12, LaRu4As12, and LaPt4Ge12
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We have reported on the structural, elastic, electronic, lattice dynamical and electron-phonon interaction
properties of LaT4X12 (T = Ru, Pt and X = P, As, Ge) by using the generalized gradient approximation of
the density functional theory and the plane-wave pseudopotential method. These lanthanum-filled skutterudites
are found to be characterized with a flat band, resulting in a sharp peak in the electronic density of states,
near the Fermi level. The lattice dynamical properties of these materials change considerably when the P atom
is replaced by larger As or Ge atoms. The Migdal-Eliashberg approach is used to determine the Eliashberg
spectral function for all the considered compounds. Using the calculated Eliashberg spectral function, the value
of average electron-phonon coupling parameter is found to be 0.74 for LaRu4P12, 1.03 for LaRu4As12, and 1.08
for LaPt4Ge12. The superconducting critical temperature (Tc) values for LaRu4P12, LaRu4As12, and LaPt4Ge12

are estimated to be 6.95, 11.56, and 8.32 K, respectively, which compare well enough with their experimentally
measured values of 7.2, 10.45, and 8.23 K.

DOI: 10.1103/PhysRevB.95.214514

I. INTRODUCTION

Filled skutterudite pnictides with the general formula
LnT4X12 (Ln = lanthanide, T = transition metal, X =
pnictogen) have received considerable attention in recent years
because of their interesting physical properties at low tem-
perature, such as excellent thermoelectric performance [1–4],
intermediate-valence [5], non-Fermi-liquid behavior [6], mag-
netic ordering [7–9], metal-to-insulator transition [10–16],
semiconducting behavior [17–23], and heavy-fermion behav-
ior [24–36]. Also, lanthanum compounds display interesting
superconducting behavior at low temperatures [37–47]. The
superconducting transition temperature (Tc) of LaRu4X12 with
X = P, As, Sb is found to be 7.2, 10.3, and 2.8 K [37,38,42,43].

Recently, superconducting properties of the filled skutteru-
dite compound LaRu4As12 have been investigated as a function
of both temperature and magnetic field in the experimental
work of Bochenek and co-workers [46]. These authors took
advantage of its high critical temperature (Tc) and high critical
field (Hc2 ∼ 10.2 T) to make investigations in a wide range of
temperatures and magnetic fields. They observed a nonlinear
magnetic field dependence of the specific heat in the limit
T → 0 K, a positive curvature of the upper critical field in the
vicinity of Tc, and a deviation of the electronic specific heat
from the one-gap α model. These behaviors were interpreted,
in contrast to other skutterudites, as evidence that LaRu4As12

is an example of a multiband s-wave superconductor.
In 2007, Bauer and co-workers [48] managed to synthesize

new germanium-platinum compounds MPt4Ge12 (M = Sr,
Ba) with the filled-skutterudite crystal structure and observed
the superconductivity with critical temperatures Tc = 5.10
and 5.35 K, respectively. This discovery is very interesting
because, so far, X elements are restricted to volatile and toxic
pnictogens (X = P, As, Sb) rather than Ge. Furthermore, new
germanium-platinum compounds LaPt4Ge12 and PrPt4Ge12

with the filled-skutterudite crystal structure have been syn-
thesized by experimenters [49–54]. Magnetic susceptibility,
specific heat, and electrical resistivity measurements indicate
superconductivity in LaPt4Ge12 and PrPt4Ge12 below 8.3 K

[49]. Moreover, LaPt4Ge12 has been confirmed to be a conven-
tional Bardeen-Cooper-Schrieffer (BCS)-type superconductor
by nuclear magnetic resonance (NMR) measurements [50]. In
2010, Kanetake and co-workers [55] reported on the supercon-
ducting characteristics of the filled skutterudites LaPt4Ge12

(Tc = 8.3 K) and PrPt4Ge12 (Tc = 7.9 K) by 73Ge nuclear
quadrupole resonance (NQR) at zero field. This experimental
work indicates that one possible reason for the comparable
critical transition temperatures for La and Pr compounds,
which are higher than those of other MPt4Ge12 (M = Sr,
Ba) compounds, is their larger density of states at the Fermi
level. Very recently, Chandra and co-workers [56] presented
the temperature (T ) and magnetic field (H ) dependence of heat
capacity (C) of the superconducting skutterudite compounds
LaPt4Ge12 and PrPt4Ge12 along with their electronic band
structures. This study shows that the zero-field C(T ) in the
superconducting state of both the compounds can only be
explained in terms of two superconducting gaps.

Although there has been a wealth of experimental works
presented in recent years on structural and superconducting
properties of filled-skutterudite superconductors, less attention
has been paid to the theoretical side. Calculations based on
the local density approximation (LDA) and full potential
linearized augmented plane-wave (FP-LAPW) method have
been performed to investigate the electronic properties of
LaRu4P12 [57,58]. These theoretical works indicated that
the density of states at the Fermi level is dominated by P
p and Ru d states. The projector augmented-wave (PAW)
method has been used to investigate the electronic properties
of BaPt4Ge12, LaPt4Ge12, and ThPt4Ge12 by Chen [59]. This
theoretical work shows that the relativistic effect has little
influence on the density of states around the Fermi level for
these Ge-based skutterudites [59]. Recently, the electronic
properties of LaRu4X12 (X = P, As, Sb) were also studied
by the FP-LAPW method [60]. This theoretical work, based
on the generalized approximation of Perdew, Burke, and
Ernzerhof [61], reveals the major contribution at the Fermi
level to be mainly from X p and Ru d states. Furthermore, Ram
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and co-workers [60] found no significant change in the vicinity
of the Fermi level by including spin-orbit coupling (SOC). The
FP-LAPW method has been also used to study the electronic
properties of LaPt4Ge12 [56]. The results on the total density of
states of LaPt4Ge12 are similar to that reported in the theoretical
work of Gumeniuk and co-workers [49]. In addition to the elec-
tronic properties of filled-skutterudite superconductors, their
vibrational properties must be also studied because many mea-
surable properties of metals originate from the nonadiabatic
coupling between electrons and phonons. Thus, the Raman-
scattering technique [62–64] has been used to measure Raman
active phonon modes of LaRu4P12. Chen [59] used a first-
principles lattice dynamics method to calculate the phonon
dispersion curves for BaPt4Ge12, LaPt4Ge12, and ThPt4Ge12.
The calculated phonon dispersion curves for these materials
indicate that these Ge-based skutterudites are dynamically sta-
ble [59]. Furthermore, Koza and co-workers [65] reported on
the vibrational properties of the lanthanum filled skutterudites
LaRu4Sb12, LaOs4Sb12, and LaOs4As12 investigated by inelas-
tic neutron scattering. Ab initio lattice dynamical calculations
by Koza and co-workers [65] were also used to obtain phonon
dispersion curves and phonon density of states for these
lanthanum filled-skutterudite compounds. Their theoretical
work [65] indicated that these lanthanum filled-skutterudite
compounds are dynamically stable since all phonon modes in
these materials have real frequencies and there are no phonon
branches with dispersions that dip towards the zero frequency.

To be able to understand the origin of superconductivity
in the lanthanum filled-skutterudite compounds within the
conventional BCS [66] theory of superconductivity, one needs
to know the electron-phonon interaction in these compounds.
Keeping this in mind, in this work we have employed the
ab initio plane-wave pseudopotential calculations to study
the structural, elastic, electronic, and vibrational proper-
ties, and the electron-phonon interaction in the lanthanum
filled-skutterudite compounds LaRu4As12, LaRu4P12, and
LaPt4Ge12. The electronic band structures for all the studied
compounds close to the Fermi energy are analyzed and
discussed in detail. A linear response theory [67] has been
used to obtain the phonon dispersion relations and density
of states for these compounds. The calculated zone-center
phonon modes for LaRu4As12 are compared with previous
ab initio results [65]. The electron-phonon matrix elements
for all the studied compounds have been determined by
using the linear response method and the Migdal-Eliashberg
approach [68,69]. The phonon dispersion curves and the
electron-phonon matrix elements have been utilized to calcu-
late the Eliashberg spectral functions for these compounds,
from which the electron-phonon coupling parameter and
the logarithmic average of phonon frequency can be deter-
mined. Using the electron-phonon coupling parameter and
the logarithmic average of phonon frequency, we obtain the
superconducting transition temperatures of these lanthanum
filled-skutterudite compounds.

II. COMPUTATIONAL DETAILS

The calculations have been made using a first-principles
pseudopotential method based on density functional theory

with the electronic structure package QUANTUM ESPRESSO [67].
The electronic exchange-correlation energy is estimated ac-
cording to the generalized gradient approximation (GGA) of
Perdew, Burke, and Ernzerhof (PBE) [61]. The electron-ion
interaction is described by using norm-conserving pseudopo-
tentials [70]. The Kohn-Sham equations [71] are solved
using an iterative conjugate gradient scheme to determine
total energy. Reciprocal space integration is made with sets
of special points obtained by using the standard special
k-points technique of Monkhorst and Pack [72]. For structural
properties, the Brillouin zone integration has been performed
using an 8 × 8 × 8 k mesh while a 24 × 24 × 24 k-point mesh
is used for electronic properties.

The ab initio pseudopotential method permits total energy
calculations to be made for arbitrary crystal structures. Thus,
we can apply small strains to the equilibrium lattice, then
determine the resulting change in the total energy, and using
this information deduce the second-order elastic constants.
The elastic constants can be identified as proportional to the
second-order coefficient in a polynomial fit of the total energy
as a function of the distortion parameter δ. There are three
independent elastic constants for a cubic material, called C11,
C12, and C44. Thus, three equations are needed to calculate
these elastic constants. In the direct determination of the bulk
modulus, the energy versus volume curve is fitted to the
Murnaghan equation of state [73]. The bulk modulus for a
cubic crystal is also related to the elastic constants C11 and
C12 as

B = (C11 + 2C12)

3
. (1)

For the calculation of the tetragonal shear modulus C11 − C12,
we use a volume-conserving tetragonal strain [74]

e = (
δ,δ,(1 + δ)−2 − 1,0,0,0

)
. (2)

The energy associated with such a distortion can be written as

E(δ) = E(O) + 3VO(C11 − C12)δ2 + O(δ3), (3)

where E(O) is the unstrained energy and VO is the volume of
the unit cell which remains constant. The relationship between
E − E(O) and δ2 from Eq. (3) gives the shear modulus
C11 − C12. The elastic constants C44 can be calculated by
the distortion of the lattice using the volume-conserving
distortion [74]

e =
(

0,0,
δ2

(4 − δ2)
,0,0,δ

)
. (4)

The energy associated with this distortion is

E = E(O) + 1
2C44VOδ2 + O(δ4). (5)

The elastic constant C44 can be directly obtained from the
above equation. The elastic constants C11 and C12 can be
calculated by combining the tetragonal shear modulus with
the relation for the bulk modulus in Eq. (1). The calculations
of the elastic constants need a very high degree of precision
because the energy differences involved are on the order of
less than 1 mRy. To ensure this requires the use of a fine
k-point mesh. With our choice of a 16 × 16 × 16 k-points
grid the energy per atom is converged to 1 mRy or better in
all cases. In this study, we have calculated a set of 21 values
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of E(δ)−E(0)
Vo

− δ by varying δ from −0.02 to 0.02 in steps of
0.002. Then, we have fitted these results to a parabola, and the
elastic constants are calculated from the quadratic coefficients.
The calculated elastic constants can be used to obtain the
Hill [75] shear modulus GH , which is the arithmetic mean of
the Voigt [76] and Reuss [77] approximations. In addition, the
Debye temperature can be determined by means of the mean
sound velocity (Vm) in the following approximation [78]:

�D = h

k

(
3n

4π

NAρ

M

)1/3

Vm, (6)

where k is Boltzmann’s constant, h is Planck’s constant, n

is the number of atoms in the molecule, NA is Avogadro’s
number, ρ denotes the mass density, and M is the molecular
weight. The mean sound velocity can be given as

Vm =
[

1

3

(
2

V 3
T

+ 1

V 3
L

)]−1/3

, (7)

VT =
(

GH

ρ

)1/2

, (8)

VL =
(

3B + 4GH

3ρ

)1/2

, (9)

where VT and VL are transverse and longitudinal sound
velocities, respectively.

After achieving self-consistent solutions of the Kohn-Sham
equations, the vibrational properties (the phonon spectrum, the
density of states, and the eigenvectors corresponding to phonon
frequencies) have been calculated within the framework of
the self-consistent density functional perturbation theory [67].
We have calculated eight dynamical matrices for a 4 × 4 × 4
q-point mesh within the irreducible part of the Brillouin zone.
The dynamical matrices at arbitrary wave vectors can be
evaluated by means of a Fourier deconvolution on this mesh.
The superconducting properties have been studied using the
phonon-mediated coupling Migdal-Eliashberg [68,69] theory
based on the BCS model [66]. The main quantity in the Migdal-
Eliashberg [68,69] theory is the electron-phonon spectral
function, which is given as [79]

α2F (ω) = 1

2πN (EF )

∑
qj

γqj

h̄ωqj

δ(ω − ωqj ), (10)

where N (EF ) presents the electronic density of states per atom
and spin at the Fermi level. When the electron energies around
the Fermi level are linear in the range of phonon energies, the
phonon linewidth is given by Fermi’s golden rule formula [79]:

γqj = 2πωqj

∑
knm

∣∣gqj

(k+q)m;kn

∣∣2
δ(εkn − εF )δ(ε(k+q)m − εF ),

(11)

where the Dirac delta functions express energy-conservation
conditions. The matrix element for electron-phonon interac-
tion is [79]

g
qj

(k+q)m;kn =
√

h̄

2Mωqj

〈φ(k+q)m|eqj · �∇V SCF(q)|φkn〉, (12)

where M is atomic mass and �∇V SCF(q) is the derivative
of the self-consistent effective potential with respect to the
atomic displacement caused by a phonon with wave vector q.
From α2F (ω), we can obtain λ, which is a good measure of
the overall strength of the electron-phonon interaction; it is
given by

λ = 2
∫

α2F (ω)

ω
dω. (13)

The Allen-Dynes modified McMillan equation [79] can be
used to determine the superconducting critical temperature Tc,

Tc = ωln

1.2
exp

(
− 1.04(1 + λ)

λ − μ∗(1 + 0.62λ)

)
, (14)

where μ∗ is a Coulomb pseudopotential which takes values
between 0.10 and 0.16 [79]. In our calculations, we have
decided to use the average of these limiting values, i.e.,
μ = 0.13. In this work, the logarithmically averaged frequency
ωln is calculated from [79]

ωln = exp

⎛
⎝1

λ

∑
qj

λqj lnωqj

⎞
⎠. (15)

III. RESULTS

A. Structural, elastic, and electronic properties

Ternary intermetallic compounds LnT4X12 (Ln = La;
T = Ru, Pt; X = P, As, Ge) crystallize in the CoAs3-type
skutterudite structure filled by La atoms, as shown in Fig. 1.
This structure is body-centered cubic (bcc) with space group
Im3. The atomic positions are for 1 La atom in (2a) (0,
0, 0); for 4 T atoms in (8c) (1/4, 1/4, 1/4); and for 12
X atoms in (24g) (0,y,z), where y and z are the so-called
internal parameters. These internal parameters determine the
relative positions of X atoms in the [T4X12] polyanion.

y

z

x

La

X (P, As and Ge)

T (Ru and Pt)

FIG. 1. The body-centered cubic structure of the filled skutteru-
dites LaRu4P12, LaRu4As12, and LaPt4Ge12.
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TABLE I. Structural properties of the body-centered cubic
LaRu4P12, LaRu4As12, and LaPt4Ge12 and their comparison with
previous experimental and theoretical results.

Material a (Å) V (Å3) y z B (GPa) B
′

LaRu4P12 8.1227 267.96 0.3588 0.1436 160 4.40
Experiment [45] 8.060 261.85 172
GGA [60] 0.3577 0.1444
Experiment [37] 8.0561 261.42
Experiment [18] 8.0610 261.90 0.3591 0.1428
Experiment [39] 8.0516 260.98
LaRu4As12 8.6254 320.85 0.3499 0.1502 122 4.46
Experiment [38] 8.5097 308.11
Experiment [39] 8.5081 307.94
Experiment [60] 0.3500 0.1470
GGA [60] 0.3501 0.1503
GGA [65] 8.6074 318.8 0.3497 0.1508 115
LaPt4Ge12 8.7683 337.07 0.3550 0.1510 100 4.75
Experiment [51] 8.6235 320.64 0.3549 0.1517
Experiment [55] 8.618 320.03
GGA [59] 8.750 334.96

As a consequence, the structure of these lanthanum filled
skutterudites is defined by one lattice parameter (a) and two
internal structural parameters (y and z). To start with, the
structural optimization calculations for these lanthanum filled
skutterudites have been performed using the total energy
minimization and zero atomic force criteria. Thus, we are
able to identify the equilibrium values of lattice and internal
parameters for all the considered materials. For determining
their bulk modulus and the pressure derivative of bulk modulus,
the total energy is calculated as a function of volume and
fitted to the Murnaghan equation of state [73]. The calculated
equilibrium lattice constant (a), the equilibrium volume (V ),
the internal parameters y and z, the bulk modulus (B), and
its pressure derivative (B

′
) are presented and compared with

previous experimental [18,37–39,45,51,55,60] and theoretical
results [59,60,65] in Table I. As can be seen from this table,
the replacement of P by the larger As and Ge atoms gives
rise to lengthening of the lattice parameter in LaRu4P12 and
LaPt4Ge12. The maximum difference between the calculated
and experimental lattice parameters is found to be around 2%

while the calculated internal parameters are very close to their
experimental values [18,37–39,45,51,55,60]. The calculated
bulk modulus of LaRu4P12 is comparable with its experimental
value [45] of 172 GPa. We note that experimental data do not
exist for the bulk modulus of the remaining lanthanum filled
skutterudites.

In the body-centered cubic structure of the filled skut-
terudites LaRu4P12, LaRu4As12, and LaPt4Ge12, La filler
atoms constitute the electropositive cations and give valence
electrons to the transition metal–X network. In the resulting
polyanions, the transition-metal atoms reside in the center
of a distorted octahedral environment of six X atoms. The
spatial coordination of these octahedra in the unit cell causes
generation of huge empty icosahedral spaces in the framework
structure, which are filled by La atoms. As a result, we can
conclude that the role of the La filler atom as its electron donor
function is primary a geometric one. Thus, the electropositive
La atoms and the [T4X12] polyanions are bonded together
due to ionic interactions. The atomic distance within the
[T4X12] polyanion is found to be slightly shorter than the
sum of the corresponding atomic radii. For example, the bond
length between Pt and Ge atoms is calculated to be 2.53 Å,
which is considerably smaller than the sum of the atomic
radii (RPt = 1.35 Å and RGe = 1.25 Å) and thus confirms
strong covalent Pt-Ge bonding within the [Pt4Ge12] polyanion.
As a consequence, the bonding in these lanthanum filled
skutterudites is primarily of covalent-ionic nature with the
existence of some metallic character.

The elastic properties of solids must be studied because they
constitute a bridge between the mechanical and vibrational
properties. Thus, they must affect the superconducting prop-
erties of solids since phonons play the role of bringing about
the coupling together of two electrons to form Cooper pairs in
the phonon-mediated version of the BCS theory. Furthermore,
they give information on the stability and stiffness of solids.
The calculated values of C11, C12, C44, GH , VT , VL, and
�D are given in Table II. It is well established that for
mechanical stability of cubic crystals their independent elastic
constants must obey Born’s criteria [80]: C11 > C12, C44 > 0,
and C11 + 2C12 > 0. The elastic constants of all the studied
compounds satisfy Born’s criteria [80], which confirms that
these materials are mechanically stable. Unfortunately, no
experimental measurements of the elastic constants of all the

TABLE II. Elastic constants (C11, C12, and C44), Hill’s shear modulus (GH ), transverse and longitudinal acoustic speeds VT and VL, and
Debye temperature (�D) for the body-centered cubic LaRu4P12, LaRu4As12, and LaPt4Ge12 and their comparison with previous experimental
and theoretical results.

Material C11 (GPa) C12 (GPa) C44 (GPa) GH (GPa) VT (m/s) VL (m/s) �D (K)

LaRu4P12 288 95 111 105 4306 7267 566
Experiment [44] 603
Experiment [38] 446
LaRu4As12 235 66 62 70 3089 5360 383
GGA [65] 242 52 64 75 3235 5446 388
Experiment [44] 355
Experiment [38] 233
Experiment [46] 388
LaPt4Ge12 146 77 9 16 1343 3708 168
Experiment [49] 209
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FIG. 2. The electronic band structure for LaRu4P12 along symmetry directions of the body-centered-cubic zone. Total and partial electronic
density of states for LaRu4P12. Fermi level is fixed to 0 eV.

considered materials have been reported yet. However, our cal-
culated elastic constants for LaRu4As12 agree very well with
previous GGA calculations [65]. Furthermore, the calculated
Debye temperatures of all studied materials are comparable
with their corresponding experimental results [38,44,46,49].
These two results indicate that our elastic results for all
the considered materials should show good agreement with
any future measurements. Pugh [81] suggested a simple
relationship in which the ductile and brittle properties of
compounds should be associated empirically to their elastic
constants by the ratio GH /B. If this ratio is smaller than 0.57
(GH/B < 0.57), the compounds behave in a ductile manner
and brittle otherwise. The values of this ratio are found to
be 0.65 for LaRu4P12, 0.57 for LaRu4As12, and 0.16 for
LaPt4Ge12. From these results, we can state that LaPt4Ge12

behaves in a ductile manner while LaRu4P12 behaves in a
brittle manner. However, the value of this ratio for LaRu4As12

is equal to the critical value (0.57) separating ductile and
brittle materials. Now, we can conclude that from the point
of applications, LaPt4Ge12 is more appealing.

Figure 2 depicts the calculated energy-band structure of
LaRu4P12 along selected high-symmetry directions within the
body-centered-cubic first Brillouin zone. The calculated band
structure for LaRu4P12 is consistent with previous theoretical

studies [57,58,60]. The dispersive band crosses the Fermi level
along the �-N and �-H directions, showing the metallic nature
of LaRu4P12. The Fermi level coincides with the band along
the flat band along N-P. This flat feature leads to a peak in
the density of states and hence gives rise to an enhancement
of the superconductivity feature in LaRu4P12. To identify the
specific electronic states connected with superconductivity, the
total and partial density of states (PDOS) are examined in detail
(see Fig. 2). The deep-lying bands below −6.4 eV mainly arise
from the s states of P atoms but a measurable contribution of P
p and d orbitals is also present. The main valence-band region
of LaRu4P12 extends from −6.4 eV to the Fermi level. The
PDOS of Pt and Ge considerably appear in the energy range
below and above the Fermi level. In particular, at energy values
from −6.4 to −4.0 eV, the density of states (DOS) features
are mainly dominated by the p states of P atoms. In contrast,
the contribution of the La filler atoms to the valence bands is
very small while the PDOS of La exist almost only above the
Fermi level. This picture suggests that the bonding nature of
LaRu4P12 can be described as an electron transfer from the
La filler atoms to the [Ru4P12] polyanion. Thus, the valence
DOS region of LaRu4P12 is mainly dominated by the states of
the [Ru4P12] polyanion. In particular, the intensity patterns of
the PDOS of Ru and P atoms resemble each other, confirming

214514-5



TÜTÜNCÜ, KARACA, AND SRIVASTAVA PHYSICAL REVIEW B 95, 214514 (2017)

−14

−14 −14

−12

−12 −12

−10

−10 −10

−8

−8 −8

−6

−6 −6

−4

−4 −4

−2

−2 −2

0

0 0

2

2 2

4

4 4

6

6 6

Energy (eV)

Energy (eV) Energy (eV)

0

0 0

4

4 4

8

8 8

12

12 12

16

16 16

20

20 20

24

24 24

28

28 28

D
en

si
ty

 o
f 

S
ta

te
s 

(S
ta

te
s/

eV
)

D
en

si
ty

 o
f 

S
ta

te
s 

(S
ta

te
s/

eV
)

D
en

si
ty

 o
f 

S
ta

te
s 

(S
ta

te
s/

eV
)

Total

Total Total

La 5d

As 4s Ru 4d

La 6s

As 4p Ru 5s
As 4d

La 6p

Ru 5p

H P Γ H N NP Γ
−16

−14

−12

−10

−8

−6

−4

−2

0

2

4

6

E
ne

rg
y 

(e
V

)

FIG. 3. The electronic band structure for LaRu4As12 along symmetry directions of the body-centered-cubic zone. Total and partial electronic
density of states for LaRu4As12. Fermi level is fixed to 0 eV.

the Ru and P orbitals hybridize over the wide energy range
around the Fermi level. Since electrons near the Fermi level are
involved in the generation of the superconducting state, their
nature must be analyzed in detail. The DOS in the vicinity of
the Fermi level is contributed by the p states of P atoms with
considerable admixture of Ru d states. The Fermi level that
lies on a sharply increasing peak with an energy of 0.008 eV
is mainly made up from P p states due the flat band along
the N-P direction (see Fig. 2). This picture is crucial for
superconductivity in LaRu4P12 because Cooper pairs in BCS
theory can be constituted by electrons which have energies
close to the Fermi level. The density of states at the Fermi level
[N (EF )] for LaRu4P12 amounts to be 6.70 states/eV which is
comparable with the corresponding experimental value of 7.14
states/eV [38]. The orbital analysis of the DOS shows that
primarily La (2%), Ru (26%), and P (72%) electronic states
are contributing to the value of N (EF ). This result indicates
that the influence of La filler atoms on superconductivity can
be ignored while the observed superconductivity in LaRu4P12

seems to be an intrinsic feature of the [Ru4P12] polyanion.
The electronic band structure and total and partial density

of states for LaRu4As12 are displayed in Fig. 3. The overall
band profile is in good agreement with previous theoretical
results [60]. Comparison of the band structure and DOS shapes

for LaRu4As12 and LaRu4P12 indicates that the common
features of their electronic spectra are very similar to each
other. This result is expected because these materials are
isostructural as well as isoelectronic to each other. However,
the main valence-band region of LaRu4As12 is 0.9 eV smaller
than the corresponding region of LaRu4P12. Thus, As p states
and Ru d states hybridize more strongly than P p and Ru d

states. Thus, when P is replaced by As, the value of N (EF )
increases from 6.70 to 11.19 states/eV. The enhancement in
the value of N (EF ) for LaRu4As12 as compared to that for
LaRu4P12 is expected to lead to the increase in the value of Tc of
this material according to the McMillan-Hopfield expression,

λ = N (EF )〈I 2〉
M〈ω2〉 , (16)

where 〈I 2〉 denotes the averaged square of the electron-phonon
matrix element, 〈ω2〉 is the averaged square of the phonon
frequency, and M is the mass involved. This expression shows
that the rise in the value of N (EF ) will increase the value of
the electron-phonon coupling parameter (λ), which makes a
positive contribution to the value of Tc.

The electronic band structure and total and partial density
of states for LaPt4Ge12 are illustrated in Fig. 4. The overall
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FIG. 4. The electronic band structure for LaPt4Ge12 along symmetry directions of the body-centered-cubic zone. Total and partial electronic
density of states for LaPt4Ge12. Fermi level is fixed to 0 eV.

band profile is in good agreement with previous theoretical
results [59]. Again the contribution of La electronic states to
the valence bands is very small, while the PDOS of Pt and Ge
are widely distributed in the energy range below and above the
Fermi level. In particular, the low-lying valence bands mainly
originate from the mixture of Ge electronic states, while the
DOS features between −5.3 and −3.0 eV are dominated by
the d states of Pt atoms, which hybridize strongly with the
p states of Ge atoms. The valence bands close to the Fermi
level are mainly contributed by the p states of Ge atoms with
smaller contributions coming from the d states of remaining
atoms. Again, the Fermi level lies on a sharply increasing peak
for LaPt4Ge12, giving rise to a high density of states at the
Fermi level [N (EF ) = 9.60 states/eV], but is smaller than the
corresponding value of 11.19 states/eV for LaRu4As12. This
decrease can be linked to the decrease in the contribution of
transition-metal atoms to the value of N (EF ) for LaPt4Ge12.
Finally, we have to mention that the largest contribution to
N (EF ) comes from Ge atoms with around 80%. This result
indicates that Ge p states are able to greatly influence the
electronic and superconducting properties of LaPt4Ge12.

It should be pointed out that the sharpness of the DOS at
the Fermi level and the magnitude of the DOS at the Fermi
level [N (EF )] change rather sensitively with the broadening

factor in evaluating the DOS, but more so for the As-
and P-containing compounds than the Ge compounds. This
indicates that the Fermi surface topology, electron-phonon
coupling parameter (λ), and Tc are subject to perturbation
more sensitively for X = As and P than for X = Ge. The
theoretical work in Ref. [60] reported changes in the Fermi
surface topology for As- and Sb-containing compounds under
compression. However, we are not aware of any experimental
reports for the susceptibility of these parameters to the relative
sensitivities against perturbations for X = As and P, compared
to that for X = Ge. It would be useful to perform experiments
for these materials under pressure to examine such features.

B. Phonons and electron-phonon interaction

Since the primitive unit cell of all the studied materials
is composed of 17 atoms, there are 51 phonon branches, con-
taining 3 acoustic branches and 48 optical branches. The zone-
center optical phonon modes of lanthanum filled-skutterudite
compounds are classified by the irreducible representation of
the point group Th (m3). As deduced from group theory, the
symmetries of the optical phonon modes are presented as

� = 8Tu(I ) + 2Eu + 2Au + 4Tg(R) + 2Eg(R) + 2Ag(R),
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TABLE III. The zone-center phonon modes (in THz) of
LaRu4As12, LaRu4P12, and LaPt4Ge12 superconductors. Previous
theoretical results for LaRu4As12 [65] and Raman results for
LaRu4P12 [62,64] are shown in parentheses.

Mode LaRu4As12 LaRu4P12 LaPt4Ge12

Tu (I ) 1.78 (1.95) 2.89 1.80
3.49 (3.41) 5.51 2.25
4.40 (4.34) 6.08 2.58
5.58 (5.58) 7.17 3.68
5.96 (5.96) 8.10 4.02
6.84 (6.83) 9.71 5.04
7.02 (7.09) 11.38 5.99
7.66 (7.73) 12.32 6.25

Eu 4.73 (4.67) 6.07 2.65
7.52 (7.60) 10.79 6.18

Au 3.19 (3.44) 5.07 1.57
6.83 (7.01) 10.29 5.65

Tg (R) 3.79 (3.80) 7.25 2.47
4.50 (4.62) 8.76 3.14
6.13 (6.25) 10.03 5.17
7.25 (7.44) 11.69 5.76

Eg (R) 5.59 (5.59) 10.30 (10.91) 3.93
6.77 (6.17) 12.23 (12.83) 5.93

Ag (R) 6.29 (6.23) 10.20 5.02
6.88 (6.79) 12.64 (13.21) 6.56

where A, E, and T are singly, doubly, and triply degenerate
modes, respectively. R and I correspond to Raman and infrared
active phonon modes. The calculated zone-center optical
phonon modes for all the studied compounds are presented
in Table III, together with previous theoretical results [65]
for LaRu4As12 and Raman results [62,64] for LaRu4P12.
First, as it is expected, the zone-center phonon modes in
LaRu4P12 have higher frequencies than their counterparts in
the remaining materials due to its smaller lattice constant and
smaller total masses as compared to the lattice constants and
total masses of the remaining materials. Second, the calculated
results for LaRu4As12 are consistent with previous theoretical
calculations [65]. In particular, the maximum difference in
the result in Ref. [65] and our work, found for the second
Eg phonon mode of LaRu4As12, is around 9%. Third, the
frequencies of two Eg (10.30 and 12.23 THz) and highest
Ag (12.64) modes for LaRu4P12 compare very well with their
experimental values of 10.91, 12.83, and 13.21 THz [62,64].

The calculated phonon spectra along the high symmetry
lines of the body-centered-cubic Brillouin zone, together with
total and partial phonon DOS, for LaRu4P12 are depicted in
Fig. 5. The phonon frequency spectrum is separated into three
distinct regions with two narrow gaps of 0.5 and 0.3 THz
due to the large mass difference between La (or Ru) and P
atoms. The first frequency region contains a set of 24 phonon
branches extending up to 8.3 THz. Three acoustic phonon
branches disperse up to 3.0 THz while the optical phonon
modes lie between 3.0 and 8.3 THz. The remaining 51
phonon branches lie between 9.5 and 13.6 THz. These optical
phonon branches display dispersive character similar to the
corresponding optical phonon branches in the first frequency
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FIG. 5. Top: The phonon dispersion for LaRu4P12 along symme-
try directions of the body-centered-cubic zone. Bottom: Total and
partial phonon density of states for LaRu4P12.

region. The nature of phonon branches in the phonon spectrum
can be explained much better by analyzing total and partial
DOS in Fig. 5. Vibrational modes related to La atoms are
located in the low-frequency region below 2.9 THz due to
the heaviest mass of these atoms. Thus, La atoms make a
contribution predominantly to three acoustic phonon branches
while they seem motionless above 4 THz. However, the PDOS
of the P atom is widely distributed in the whole range of
phonon frequencies because its mass is much lighter than those
of La and Ru atoms. In particular, a strong overlap between Ru
and P vibrations appears in the frequency region from 3.5 to
6.5 THz due to the strong covalent bond between these atoms.
This frequency region may be crucial for superconductivity in
LaRu4P12 because the coupled motion of Ru and P atoms is ex-
pected to create strong electron-phonon interaction due to the
considerable presence of P p and Ru d states at the Fermi level.

We present the results for the phonon dispersion curves
and the corresponding DOS for LaRu4As12 in Fig. 6. At first
glance, the phonon spectrum of LaRu4As12 looks different
from that of LaRu4P12 owing to the heavier mass of As as
compared to that of P. First, the total phonon spectrum of
LaRu4As12 has a frequency range of about 8.3 THz, which is
5.3 THz smaller than that of LaRu4P12. Second, the 51 phonon
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FIG. 6. Top: The phonon dispersion for LaRu4As12 along sym-
metry directions of the body-centered-cubic zone. Bottom: Total and
partial phonon density of states for LaRu4As12.

branches fill the entire frequency range, leaving no gap in
the phonon spectrum of LaRu4As12. Third, although the
transverse and longitudinal acoustic (TA and LA) branches
behave normally in the long-wave limit with steep slopes,
the LA branch overlaps with two lowest-lying optical phonon
branches along the �-H symmetry direction. Finally, different
from the phonon spectrum of LaRu4P12, all phonon branches
are quite dispersive in the phonon spectrum of LaRu4As12. To
understand the contributions of various modes in the phonon
spectrum, we now examine our results for total and partial
DOS of LaRu4As12. Again, as expected, the vibrations of
La as the heaviest element in the compound dominate the
low-frequency region below 2.0 THz while its contribution
vanishes above 3.0 THz. Different from LaRu4P12, the Ru-
related phonon densities like the Ge-related phonon densities
are quite dispersive, partaking in lattice vibrations over a whole
range of phonon frequencies due to the smaller mass difference
between Ru and As atoms as compared to the corresponding
difference between Ru and P atoms. In particular, strong
hybridization between Ru-related and As-related vibrations
is present at the high-frequency region above 6.5 THz.

The phonon dispersion curves and the corresponding
phonon DOS for LaPt4Ge12 are shown in Fig. 7. At first glance,
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FIG. 7. Top: The phonon dispersion for LaPt4Ge12 along sym-
metry directions of the body-centered-cubic zone. Bottom: Total and
partial phonon density of states for LaPt4Ge12.

the phonon spectrum of LaPt4Ge12 looks similar to that of
LaRu4As12 but different from that of LaRu4P12. In agreement
with LaRu4As12, all phonon branches are quite dispersive, and
there is no gap in the phonon spectrum of LaPt4Ge12. Different
from other lanthanum filled skutterudites, the salient feature
of the phonon spectrum for LaPt4Ge12 is that the low-lying
optical phonon branches strongly overlap with the acoustic
phonon branches. This difference can be related to the large
mass difference between Pt and Ru atoms. The phonon DOS
of LaPt4Ge12 also exhibits some differences from those of
the remaining materials. First, the contribution of Ge atoms to
phonon DOS features is almost the strongest in the whole range
of phonon frequencies. Second, the peak at 1.5 THz in the
phonon DOS is formed by a significant La-Ge hybridization.
Third, although Pt atoms are the heaviest of the three atomic
types, they make considerable contribution to the DOS features
up to 6.4 THz. This finding can be connected to strong bonding
forces between Pt and Ge atoms. A critical assessment of
electronic and phonon structures for LaPt4Ge12 reveals that
the Ge p electrons considerably contribute to valence bands
of this material, and also that Ge atoms almost dominate all
phonon branches of this material. As a consequence, the Ge

214514-9



TÜTÜNCÜ, KARACA, AND SRIVASTAVA PHYSICAL REVIEW B 95, 214514 (2017)

0 2 4 6

0

8 10

0

2 4

Frequency (THz)

1

6

2

8

3

10

4

12

5

14

6 7

Frequency (THz)

8
0.00

0.00

0.00

0.00

0.25

0.00

0.25

0.25

0.00

0.25

0.50

0.50

0.25

0.50

0.25

0.50

0.75

0.50

0.75

0.75

0.50

0.75

1.00

0.75

1.00

1.00

0.75

1.00

1.25

1.00

1.25

1.25

1.00

1.25

1.50

1.25

1.50

1.50

1.25

1.50

1.50

1.75

1.50

1.75

1.75

2.00

1.75

2.00

LaRu P
4 12

F
(ω

)
α2

F(ω)α2

λ

λ

LaRu As
4     12

F
(ω

)
α2

F(ω)α2

λ

 LaPt Ge
4     12

λ
F(ω)α2

F
(ω

)
α2 λ

λ

FIG. 8. The calculated electron-phonon spectral function α2F (ω)
(red line) and the frequency accumulated electron-phonon coupling
parameter λ (blue line) for LaRu4P12, LaRu4As12, and LaPt4Ge12

superconductors.

p DOS and Ge atomic vibrations play a main role in the
formation of the superconducting state for LaPt4Ge12.

Figure 8 illustrates the Eliashberg spectral function
[α2F (ω)] and the frequency accumulation of the average
electron-phonon coupling parameter (λ) for all the studied
materials. First, we examine the spectral function contribution
to the value of λ for LaRu4P12. As we have mentioned before,
the acoustic phonon branches of this material disperse up
to 3.0 THz. These branches make a contribution of about
15% (0.11) to the value of λ while the phonon modes lying
between 3.0 and 6.5 THz contribute about 62% (0.46) to the
value of λ. Thus, only 23% of λ for LaRu4P12 is contributed
by the remaining phonon modes. This smaller contribution
from the frequency region above 6.0 THz can be explained

by using the McMillan-Hopfield expression [see Eq. (16)].
Although the p states of P make the largest contribution to the
value of N (EF ), larger phonon frequencies tend to reduce the
value of λ according to the McMillan-Hopfield expression [see
Eq. (16)]. On the other hand, the largest contribution to λ from
low-frequency optical modes is expected because they are due
to the coupled motion of Ru and P atoms which dominate the
electronic states near the Fermi level with their d (Ru) and p (P)
states. As a consequence, low-frequency optical phonon modes
in LaRu4P12 are more involved in the process of scattering of
electrons as compared to the rest of the phonon modes.

We now examine the spectral function contribution to the
value of λ for LaRu4As12. Different from LaRu4P12, the
value of λ for LaRu4As12 increases considerably with rising
phonon frequency in the whole frequency range. This means
that even high-frequency phonon modes of LaRu4As12 are
significantly involved in the process of scattering of electrons.
The smallest contribution, within about 11% (0.11), to λ comes
from phonon modes below 2.0 THz. This small contribution
is expected since these phonon modes originate from the
oscillations of La atoms. As we have mentioned before, the
effect of the La filler atoms on superconductivity can be
ignored because the contribution of La atoms to valence bands
near the Fermi level is negligible. The phonon modes between
2.0 and 6.0 THz contribute about 68% (0.70) to the value of λ.
This contribution is quite normal because the phonon DOS in
this frequency region exhibits a dominance of As atoms with
considerable contribution from Ru atoms. We have known that
the As-like DOS around the Fermi level is the strongest while
the Ru-like DOS around the Fermi level is considerable. The
most interesting feature of the spectral function for LaRu4As12

is that the value of λ for LaRu4As12 increases almost linearly
in the high-frequency region between 6.0 and 8.3 THz. Phonon
modes in this frequency region make a contribution of about
21% (0.22) to the value of λ due to strong hybridization
between As-related and Ru-related vibrations.

Finally, we analyze the spectral function contribution to the
value of λ for LaPt4Ge12. The value of λ for LaPt4Ge12 scales
up rapidly with increasing frequency up to 5.0 THz. However,
its value rises like a small step function in the narrow frequency
region between 5.0 and 5.7 THz. Finally, its value goes up lin-
early above 5.7 THz. In particular, different from LaRu4As12,
phonon modes below 2.0 THz make a large contribution,
around 40% (0.43), to the value of λ. This large contribution is
not surprising because these phonon modes arise from Ge-La
coupled oscillations. Thus, due to large contribution from Ge-
related vibrations, the acoustic phonon branches in LaPt4Ge12

are more involved in the process of scattering of electrons
as compared to the corresponding phonon branches in the
remaining materials. The contribution of the frequency region
between 2.0 and 5.0 THz to λ is around 44% (0.48). This large
contribution is also acceptable because Ge-related vibrations
are dominant in this frequency region. Now, we can state that
these medium-frequency phonon modes are also involved in
the process of scattering of electrons. Finally, phonon modes
above 5.0 THz contribute about 16% (0.17) to the value of λ.

The parameters related to superconductivity in all the
studied compounds are presented and compared with available
experimental results in Table IV. The calculated values for
λ are 0.74, 1.03, and 1.08 for LaRu4P12, LaRu4As12, and
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TABLE IV. The superconducting state parameters for LaRu4P12,
LaPt4Ge12, and LaRu4As12 and their comparison with available
experimental results.

Superconductor N (EF ) (states/eV) ωln (K) λ TC (K)

LaRu4P12 6.70 227 0.74 6.95
Experiment [38] 7.14 0.57 7.2
LaPt4Ge12 9.60 122 1.08 8.32
Experiment [49,51] 8.27
LaRu4As12 11.19 185 1.03 11.56
Experiment [37] 0.86 10.3
Experiment [46] 10.45

LaPt4Ge12, respectively. These results suggest that electron-
phonon interaction in LaRu4P12 is of medium strength but the
other two materials are characterized with the electron-phonon
interaction of strong strength. Although the value of N (EF )
is the largest for LaRu2As12, its λ is slightly smaller than that
for LaPt4Ge12. This can be related to its larger ωln value of
185 K as compared to the corresponding value of 122 K for
LaPt4Ge12 because the hardening of phonon frequencies tends
to reduce the value of λ according to the McMillan-Hopfield
expression. Our calculated values for Tc are 6.95, 11.56, and
8.32 K for LaRu4P12, LaRu4As12, and LaPt4Ge12, which are
consistent with their experimental values of 7.2, 10.45, and
8.23 K [38,46,49].

IV. SUMMARY

This theoretical work has presented the structural, elas-
tic, electronic, vibrational, and electron-phonon interaction
properties of LaT4X12 by using the generalized gradient
approximation of the density functional theory and the
plane-wave pseudopotential method. The calculated structural
parameters for these lanthanum filled-skutterudite compounds
accord very well with previous theoretical and experimental
results while their calculated elastic constants confirm the
mechanical stability of them. The calculated elastic constants
for LaPt4Ge12 reveal that this material behaves in a ductile
manner and is thus more readily machinable from the point
of applications. Our electronic results for all the studied
compounds indicate that the contribution of La to valence
bands is very small due a charge transfer from it to the

[T4X12] polyanion. This indicates that superconductivity in
these materials is intrinsic to the [T4X12] polyanion while
La electronically stabilizes their structure. Furthermore, a
trademark feature of these filled-skutterudite compounds is
the existence of a flat band very close to the Fermi level,
which causes a peak in the density of states and thus gives
rise to an enhancement of the superconducting properties in
these materials. Phonon calculations indicate that these filled
lanthanum skutterudites are dynamically stable in their body-
centered-cubic structure. The phonon spectrum in LaRu4P12

is much wider in frequency range than its counterparts in the
remaining materials due to its smaller lattice constant and
smaller total masses as compared to the remaining materials.

An examination of the Eliashberg function for LaRu4P12

indicates that the optical phonon modes lying between 3.0
and 6.5 make the largest contribution to the value of λ due
to the coupled motion of Ru and P atoms. In contrast, the
value of λ for LaRu4As12 rises considerably with increasing
phonon frequency in the whole frequency range. Thus, even
high-frequency phonon modes of LaRu4As12 are significantly
involved in the process of scattering of electrons. Different
from LaRu4P12 and LaRu4As12, low-frequency phonon modes
below 2.0 THz make a large contribution to the value
of λ for LaPt4Ge12 because they are due to the coupled
motion of Ge and La atoms. By integrating the Eliashberg
spectral function, the average electron-phonon coupling pa-
rameter λ is obtained to be 0.74 for LaRu4P12, 1.03 for
LaRu4As12, and 1.08 for LaPt4Ge12. These results reveal that
all these lanthanum filled-skutterudite compounds are phonon-
mediated superconductors but electron-phonon interaction in
LaRu4As12 and LaPt4Ge12 is stronger than that in LaRu4P12.
Using the Allen-Dynes modified McMillan equation with the
screened Coulomb pseudopotential parameter μ∗ = 0.13, the
superconducting temperature is obtained to be 6.95 K for
LaRu4P12, 11.56 K for LaRu4As12, and 8.32 K for LaPt4Ge12.
These values are in good accordance with their experimentally
measured values of 7.2, 10.45, and 8.23 K.
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