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ABSTRACT

Some low-mass stars appear to have larger radii than predicted by standard 1D structure models; prior work has suggested
that inefficient convective heat transport, due to rotation and/or magnetism, may ultimately be responsible. We examine this
issue using 1D stellar models constructed using Modules for Experiments in Stellar Astrophysics (MESA). First, we consider
standard models that do not explicitly include rotational/magnetic effects, with convective inhibition modeled by decreasing a
depth-independent mixing length theory (MLT) parameter αMLT (following Cox et al. 1981; Chabrier et al. 2007). We provide
formulae linking changes in αMLT to changes in the interior specific entropy, and hence to the stellar radius. Next, we modify
the MLT formulation in MESA to mimic explicitly the influence of rotation and magnetism, using formulations suggested by
Stevenson (1979) and MacDonald & Mullan (2014) respectively. We find rapid rotation in these models has a negligible impact
on stellar structure, primarily because a stars adiabat, and hence its radius, is predominantly affected by layers near the surface;
convection is rapid and largely uninfluenced by rotation there. Magnetic fields, if they influenced convective transport in the
manner described by MacDonald & Mullan (2014), could lead to more noticeable radius inflation. Finally, we show that these
non-standard effects on stellar structure can be fabricated using a depth-dependent αMLT: a non-magnetic, non-rotating model
can be produced that is virtually indistinguishable from one that explicitly parameterizes rotation and/or magnetism using the two
formulations above. We provide formulae linking the radially-variable αMLT to these putative MLT reformulations.
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1. INTRODUCTION

All main-sequence stars are convective somewhere in
their interior: low-density, high-temperature fluid parcels
rise or fall through the stratified medium, transporting heat
by their motion. In high-mass stars this convective trans-
port occurs primarily in the innermost regions, whereas
low-mass stars like the Sun have convection occurring in
an envelope; stars of sufficiently low mass (. 0.35 M�)
are convective throughout their interiors (e.g., Chabrier &
Baraffe 1997). Pre-main-sequence stars on the Hayashi track
are likewise fully-convective (e.g., Hayashi 1961). Vari-
ations in the opacity, energy generation rate, or adiabatic
index determine where and when this convection occurs:
broadly, it happens whenever the temperature gradient re-
quired to carry a star’s flux by radiative processes alone is
too steep (e.g., Böhm-Vitense 1992). This may be encap-
sulated via the Schwarzschild criterion, which states that
convection occurs whenever the dimensionless temperature
gradient ∇ = d lnT/d ln p is greater than the adiabatic gra-
dient ∇ad = (d lnT/d ln p)ad.

In the interior of a star, modest convective velocities and
temperature gradients very close to the adiabatic value are
usually sufficient to carry a star’s flux outwards (e.g., Kippen-
hahn et al. 2012), owing mainly to the high density and heat
capacity of these regions. For fully-convective stars, this im-
plies that most of the interior lies at nearly constant specific
entropy. However, larger entropy gradients are established
near the surface (as discussed in § 2 below). The interac-
tion between convection and radiative transfer in the region
of the surface layer thus creates a specific entropy jump ∆s

between the nearly-constant specific entropy in the deep in-
terior, conventionally labeled sad, and the specific entropy at
the stellar photosphere sph (e.g., Trampedach et al. 2014).

The gross structure of a star is linked to its entropy (see,
e.g., discussions in Stahler 1988; Hansen et al. 2004). In par-
ticular, for isentropic stars, knowledge of sad—i.e., knowl-
edge of which adiabat the star is on—is enough to specify the
entire structure. As emphasized by Gough & Weiss (1976), a
complete theory of convection would specify the adiabat, but
in practice this is typically calibrated by comparison to obser-
vations. In standard 1D stellar models employing the mixing
length theory (MLT) of convection, fluid parcels are assumed
to travel some characteristic mixing length `MLT = αMLTHp

before transferring their heat to their surroundings, where
αMLT is conventionally a depth-independent dimensionless
parameter andHp is the pressure scale height (Böhm-Vitense
1958). In typical models of fully-convective stars, αMLT ef-
fectively specifies the entropy contrast ∆s, and so fixes the
adiabat and the overall stellar structure.

Observations have suggested that some low-mass stars
have radii that are 5 − 15% larger than standard 1D mod-
els would predict (e.g., Torres & Ribas 2002; Ribas 2006;

Morales et al. 2008; Torres et al. 2010; Terrien et al. 2012).
These “inflated” radii could in turn lead to erroneous age
estimates of stars on the pre-main-sequence (see, e.g., Fei-
den 2016). Several authors have argued that the inhibi-
tion of convection by some mechanism could explain these
modifications to the structure, with rotation and/or magnetic
fields both invoked as possible culprits (e.g., Cox et al. 1981;
Chabrier et al. 2007).

Rotation is well known to influence convection. For ex-
ample, in classic linear stability analysis, the onset of con-
vection is impeded by the presence of rotation: the criti-
cal Rayleigh number for convective instability (measuring,
roughly, how great buoyancy driving must be relative to vis-
cous and thermal dissipation) increases with rotation rate Ω

(Chandrasekhar 1961), scaling as Ω4/3 in appropriate cir-
cumstances. The horizontal scale of the most unstable modes
likewise diminishes with more rapid rotation. The non-
linear effects of rotation on the convection are less clear.
Broadly, the reduction of horizontal lengthscales and con-
vective speeds in rapidly-rotating systems is expected to in-
hibit the heat transport somewhat, leading to higher values
of the temperature (or in a stratified system, entropy) gradi-
ent (Stevenson 1979; Julien et al. 2012; Barker et al. 2014).
Rotation also breaks the spherical symmetry, with motions
increasingly aligned with the rotation axis at rapid rota-
tion rates, in keeping with the Taylor-Proudman constraint
(Proudman 1916; Taylor 1917). Other aspects of the non-
linear impact of rotation, such as its effect on heat transport
and on the establishment of zonal flows, have also been ex-
tensively explored using theory and simulation (e.g., Bassom
& Zhang 1994; Julien & Knobloch 1998; Sprague et al. 2006;
Gastine et al. 2012; King et al. 2012; Julien et al. 2012; Stell-
mach et al. 2014; Aurnou et al. 2015; Calkins et al. 2015;
Grooms 2015; Gastine et al. 2016; Julien et al. 2016; Aubert
et al. 2017).

A reformulation of MLT to treat rapidly-rotating cases was
proposed for example by Stevenson (1979), who argued fol-
lowing Malkus (1954) that the non-linear state was likely
to be dominated by the modes that transport the most heat.
Julien et al. (2012) also examined the transport in rapidly-
rotating systems, by scaling to the state of marginal stability;
they argue that in contrast to classical non-rotating convec-
tion, in which heat transport is “throttled” in narrow bound-
ary layers, the heat transport of rapidly-rotating systems is
limited by the efficiency of turbulent motion in the bulk of
the fluid. Recently, Barker et al. (2014) derived a version
of rotating MLT equivalent to Stevenson (1979) in a different
way, and tested it using 3D simulations in Cartesian domains.
Broadly, several methods of analysis suggest that the temper-
ature gradient in the middle of the rotating convective layer
(dT/dz) increases with rotation rate Ω. In particular, Barker
et al. (2014) have argued specifically that dT/dz ∝ Ω4/5
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in the rapidly rotating limit. Their simulations support this
scaling, though it must be noted that their models encompass
only a single latitude (namely the pole); extensions to other
latitudes are under way (L. Currie, A. Barker, and Y. Lith-
wick, personal communication).

Magnetic fields are likewise known to influence convection
in some manner, but it is not clear how this affects the heat
transport in the stellar context. Magnetic fields can inhibit
convection in the stellar interior via the Lorentz force, hin-
dering fluid flow perpendicular to the field (e.g., Stein 2012).
Like rotation, magnetic fields influence the linear stability
of the fluid to convective motions: in the absence of rota-
tion, magnetism is stabilizing (Chandrasekhar 1961; Gough
& Tayler 1966). When rotation is present, the linear stability
is more complex, and in fact the critical Rayleigh number for
convection with both rotation and magnetism can be lower
than in the presence of either rotation or magnetism alone
(Chandrasekhar 1961; Stevenson 1979). Again, the non-
linear impact of the magnetism is much less clear. Stevenson
(1979) also fashioned a “magnetic” version of MLT, but (to
our knowledge) this has not been incorporated into 1D stellar
structure models. Mullan & MacDonald (2001), drawing on
the linear stability analysis of Gough & Tayler (1966), argued
that the effects of magnetism in a 1D stellar model could be
mimicked simply by modifying the adiabatic gradient ∇ad

(wherever it appears in the MLT prescription) to include a
perturbation term proportional to the magnetic pressure (rela-
tive to the gas pressure). Physically, this amounts to asserting
that the end-state of magnetized convection is to approach a
state of marginal stability—where this stability now depends
on the strength of the magnetism—in much the same way
that non-magnetic convection might be taken to approach an
isentropic state.

Chabrier et al. (2007), noting that even fairly modest mag-
netic fields might strongly feed back on the flows through
Lorentz forces, modeled rotational and magnetic effects sim-
ply by varying the depth-independent αMLT; they also briefly
considered the effects of near-surface spots, taken to be re-
gions of cool effective temperature covering some fraction
of the surface. Feiden & Chaboyer (2012), drawing on
Lydon & Sofia (1995), have implemented a more complex
magnetic MLT model into the Dartmouth stellar evolution
code, with properties of the resulting structure dependent on
the strength and (imposed) spatial distribution of the mag-
netism. Broadly, these authors have argued that magnetic
fields can affect the radius of a star, either by inhibiting con-
vection or through the effects of near-surface spots (e.g., Cox
et al. 1981; Mullan & MacDonald 2001; Chabrier et al. 2007;
MacDonald & Mullan 2012, 2013, 2014, 2017a; Feiden &
Chaboyer 2012, 2014; Feiden 2016).

In this paper, we examine the effects of rotation and mag-
netic fields on the structure of fully-convective stars via 1D

stellar structure models, using the Modules for Experiments
in Stellar Astrophysics (MESA) code (Paxton et al. 2011,
2013, 2015). All the reformulations of MLT noted above
can modify the adiabat of the star, by changing the efficiency
of convective heat transport in the stellar interior. Thus, in
§ 2, we begin by giving an overview of the role of entropy in
standard 1D stellar structure models; in particular, we recall
how the stellar radius is sensitive to changes in the specific
entropy, which is itself sensitive to differing levels of convec-
tive inhibition via changes in αMLT. We give an explicit re-
lationship between specific entropy, stellar radius, and αMLT

for these “standard” models with a depth-independent αMLT.
We then examine the “rotating” and “magnetic” MLT re-

formulations by Stevenson (1979) and MacDonald & Mullan
(2014) respectively in § 3 and § 4 to determine how these
mechanisms inhibit convection, and so influence the stellar
radius, compared to solely changing αMLT. We set aside
for now the question of whether these formulations correctly
capture the complex interaction between rotation, convec-
tion, and magnetism in a star; here, we simply examine the
consequences of these prescriptions for the entropy and ra-
dius of the star. We also investigate the influence on stellar
structure as a result of combining these “rotating” and “mag-
netic” MLT reformulations in § 5.

In § 6, we show that these reformulations to MLT may
be precisely duplicated in a standard (non-magnetic, non-
rotating) 1D model by the introduction of a depth-dependent
αMLT. We provide formulae for depth-dependent αMLT pro-
files that can be used to mimic the effects of rotation or
magnetism on the stellar superadiabaticity, and hence on the
stellar radius (assuming these are captured by the Stevenson
(1979) and MacDonald & Mullan (2014) formulations re-
spectively), providing a simple way for users to model these
non-standard effects. Finally, we discuss our results in § 7.

2. ENTROPY, CONVECTION, AND THE RADII OF
STANDARD 1D STELLAR STRUCTURE MODELS

2.1. Role of specific entropy in standard MLT

Heat transport, entropy, and the stellar structure are tightly
linked in fully-convective objects. Here, we briefly review
these links, outlining how changes in the convective effi-
ciency of classical MLT modify the internal entropy struc-
ture and hence the stellar radius. The material in this section
largely duplicates standard results found elsewhere (see e.g.,
Hansen et al. 2004), but we include it here as background for
our studies in § 3 - § 6.

For an ideal gas without radiation pressure, the specific en-
tropy (i.e., the entropy per unit mass) s is

s ' s0 +
NAkB

µ
ln

(
T 1/(γ−1)

ρ

)
, (1)
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Figure 1. log10 (∇s) as a function of log10 (ρ), for 0.3 M�, (a) 10 Myr (b) 1 Gyr stellar models at αMLT = 0.5 − 2.0 (∆0.5). As αMLT

decreases, the superadiabaticity∇s increases throughout the stellar interior, but∇s is inherently lower in main-sequence models.

where s0 is a constant, NA is Avogadro’s constant, kB is
Boltzmann’s constant, µ is the mean molecular weight, T
is temperature, ρ is density, and γ is the adiabatic exponent.

To examine how the specific entropy changes in response
to variations in the convective efficiency, we first constructed
a series of standard 1D stellar structure models using MESA.
Here, we simply use the default setup provided by MESAs-
tar: the MLT prescription is that of Cox & Giuli (1968); the
atmospheric boundary conditions are MESA’s “simple” op-
tion, in which the photosphere is located at optical depth
τ = 2/3, the surface temperature is given by the Edding-
ton T (τ) relation, and the opacity is calculated in an iterative
fashion (see Paxton et al. (2011) for details); the metallic-
ity is fixed at Z = 0.02. We model stars only at a fixed
mass of 0.3 M�, evolving each model from the pre-main-
sequence up to an age of 4 Gyr. Models of this mass are
convective throughout their interiors. We vary the mixing
length parameter αMLT to vary the convective efficiency, ef-
fectively reducing the distance traveled by convective el-
ements (Trampedach et al. 2014). Taken together, these
choices imply that our models are somewhat more idealized
depictions of a 0.3 M� star than the most sophisticated ones
in use today (e.g., Baraffe et al. 2015). For example, in real-
ity (and in more complete models) convection extends well
into the optically thin regime, mainly because the formation
of H2 decreases the adiabatic gradient, favoring convection
(Chabrier & Baraffe 1997). Values of the effective tempera-
ture in models including this effect will generally differ from
those reported here (which simply assume the Eddington

T (τ) relation). We choose this simpler boundary condition
partly because it allows us to compare more directly with an-
alytical theory below, and because we are interested mainly
in changes between models with differing αMLT rather than
in the absolute values of Teff, R, etc.

We turn first to consideration of the superadiabatic gradi-
ent ∇s ≡ (∇ − ∇ad), which is a dimensionless measure of
the entropy gradient. In Figure 1, we plot log10 (∇s) as a
function of logarithmic density log10 (ρ) for 0.3 M�, 10 Myr
pre-main-sequence and 1 Gyr main-sequence stellar models
with αMLT = 0.5 − 2.0 (∆0.5). Vertical dotted lines in this
figure onwards indicate average radial positions in the region
of the surface layer. A few key features are readily apparent:
first, in the bulk of the convection zone,∇s reaches negligible
values due to highly efficient convective transport, where the
temperature gradient is nearly adiabatic. Nearer the surface,
∇s increases, driven by the continuous decline in the density
and temperature of the plasma. Convection carries nearly all
the flux until radii of greater than 0.995 R, where R is the ra-
dius of a given model, and is highly efficient over most of that
region; radiative diffusion begins to carry a non-negligible
amount of flux only above 0.9995 R. Comparing the left and
right panels of Figure 1, we see that ∇s is somewhat lower
in the main-sequence models (right panel) than on the pre-
main-sequence. In both sets of models, at all depths ∇s de-
pends on the convective efficiency: less efficient convection,
which in these models corresponds simply to a smaller value
of αMLT, means that a higher∇s is required to carry the same
heat flux.
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To quantify how changing αMLT influences the run of ∇s,
and so explain the trends visible in Figure 1, we consider the
convective flux Fconv as defined in the classic MLT prescrip-
tion of Böhm-Vitense (1958), as implemented in MESA:

Fconv =
1

4
√

2
cp(pρQ)1/2T (∇−∇′)3/2α2

MLT, (2)

where cp is the specific heat capacity (at constant pressure), p
is pressure, Q = −(∂ ln ρ/∂ lnT )p is the isobaric expansion
coefficient, and∇′ = (d lnT/d ln p)′ is the temperature gra-
dient of the rising element (Cox & Giuli 1968). Following
Cox & Giuli (1968), we can solve for the convective effi-
ciency Γ = A(∇−∇′)1/2, which is the ratio of energy suc-
cessfully transported and that which is lost by a convective
element, in terms of∇s, and express∇−∇′ as a function of
∇s:

∇−∇′ =

(
Γ

A

)2

=
1

4A2

(√
1 + 4A2∇s − 1

)2

, (3)

where

A =
Q1/2cpκgρ

5/2H2
p

12
√

2acp1/2T 3
α2

MLT ≡ Aotherα
2
MLT (4)

is the ratio of convective and radiative conductivities, where
κ is opacity, g is gravitational acceleration, a is the radiation
constant, and c is the speed of light.

Using equations (2) and (3), we express ∇s as a function
of αMLT:

∇s =

(
4
√

2Fconv

cp(pρQ)1/2T

)2/3

α
−4/3
MLT

+
1

Aother

(
4
√

2Fconv

cp(pρQ)1/2T

)1/3

α
−8/3
MLT . (5)

Equation (5) reflects the fact that there are two regimes of
convective efficiency Γ ∼ A∇1/2

s . As noted by Gough &
Weiss (1976), stellar convection theories tend asymptotically
toward two regimes: high (Γ� 1, left term) and low (Γ� 1,
right term) convective efficiency. The connection between
these two asymptotic limits is very thin, so the structure of
this transition is typically not significant in the astrophysical
context.

For homologous stellar models of highly efficient con-
vection, where luminosity (hence convective flux) is fixed
throughout the radial distribution in the bulk of the stellar
interior,

∇s ∝ α−4/3
MLT , (6)

demonstrating that in this regime a decrease in αMLT corre-
sponds to an monotonic increase of ∇s in the bulk of the
convection zone (e.g., Christensen-Dalsgaard 1997).

From equation (6), it is possible to reproduce a majority of
a model’s ∇s profile using the model’s αMLT, and an unper-
turbed, or reference, model’s αMLT and ∇s, via

∇s ' ∇s0

(
αMLT

αMLT0

)−4/3

, (7)

where zero subscripts denote values from the unperturbed
model. This is valid only for models where the convective
flux remains roughly the same as in our fiducial model. In
Figure 2, we plot the outputted ∇s and those reproduced us-
ing equation (7) as a function of log10 (ρ) for 0.3 M�, 10 Myr
and 1 Gyr stellar models with αMLT = 0.8− 1.7 (∆0.3). We
choose αMLT = 1.7 to be our unperturbed model and the
lower limit αMLT = 0.8 corresponds to the lowest αMLT for
which the convective flux is similar to the unperturbed model.
We plot ∇s linearly to show the surface layers more clearly.
Small deviations are increasingly evident right near the pho-
tosphere in the 10 Myr models with decreasing αMLT, as the
“low efficiency” regime (ignored in equation (7)) begins to
come into play. However, the approximation of equation (7)
captures the behavior of ∇s up to ≈ 0.9995 R.

We turn next to an analysis of the specific entropy in the
same models. In Figure 3, we plot s as a function of log10 (ρ)

for these models. We obtain s as a function of the radial dis-
tribution r in our stellar models by taking the outputted cen-
tral specific entropy sc and integrating the specific entropy
gradient ds/dr up to a radial point r′:

s(r′) = sc +

∫ r′

0

ds

dr
dr. (8)

ds/dr is related to the superadiabaticity ∇s through the first
and second law of thermodynamics:

ds

dr
= − cp

Hp
∇s. (9)

In the bulk of the convection zone, specific entropy asymp-
totically converges with depth towards a nearly constant spe-
cific entropy value sad. The value of sad largely determines
the stellar structure, including the stellar radius. As noted by
Gough & Weiss (1976), a perfect theory of convection would
specify this adiabat (i.e., fix sad), but in practise it must be
calibrated via observations. To be specific, note that for a
fully-convective isentropic star (with γ = 5/3), we would
have s ∝ ln (T 3/2/ρ) = const. In this case, properties at the
center ‘c’ and the photosphere ‘ph’ would be directly linked,
with (T

3/2
c /ρc) = (T

3/2
ph /ρph), where Tph ≡ Teff. Specify-

ing the surface properties and the adiabat would in this case
clearly suffice to determine the properties of the star every-
where in its interior.
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Figure 2. ∇s as a function of log10 (ρ), comparing the outputted values and those reproduced using equation (7) (plus markers), for a selection
of 0.3 M�, (a) 10 Myr (b) 1 Gyr stellar models at αMLT = 0.8 − 1.7 (∆0.3). αMLT = 1.7 is chosen to be the “unperturbed” model. As αMLT

decreases, the 10 Myr model’s reproduced∇s increasingly diverges right at the photosphere, due to the non-negligible low efficiency regime.
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Figure 3. s as a function of log10 (ρ) for 0.3 M�, (a) 10 Myr (b) 1 Gyr stellar models at αMLT = 0.5− 2.0 (∆0.5). Decreasing αMLT increases
sad, i.e., the asymptotic value of specific entropy in the bulk of the convection zone, but to a lesser extent for main-sequence models.
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However, standard stellar structure models are not per-
fectly isentropic. Ascending into the surface layers, specific
entropy decreases: although∇s is nearly constant there (Fig-
ure 1), the entropy gradient (equation (9)) is increasingly neg-
ative. This arises because although cp remains high even near
the surface (in fact, in these models it is higher at 0.9995 R
than at 0.99 R), Hp declines monotonically, implying that
ds/dr increases in magnitude near the surface. This non-
zero ds/dr implies that there is an entropy jump ∆s between
the interior adiabat and the surface value. If this is the only
region where ds/dr is non-zero, then the ratio of the central
and photospheric properties, from the logarithmic argument
of equation (1), is now a function of ∆s:

T
1/(γ−1)
c /ρc

T
1/(γ−1)
ph /ρph

= exp

(
µ∆s

NAkB

)
, (10)

demonstrating explicitly how noticeable values of ∆s may
influence the stellar properties of fully-convective models.

Examining the variation of specific entropy in Figure 3, a
few key trends are clear. At both 10 Myr and 1 Gyr, mod-
els with lower αMLT always have a larger contrast ∆s be-
tween the photosphere and the deep interior. The lower-αMLT

models also have a lower specific entropy at the photosphere
sph. In the pre-main-sequence models, models at lower αMLT

also possess a higher internal entropy sad, but by an age of
1 Gyr this variation has largely vanished, with only the very
lowest-αMLT model here (αMLT = 0.5) possessing a notice-
ably higher sad. These features can be understood as dis-
cussed below.

First, consider the overall entropy contrast ∆s in the near-
surface layers. To quantify how the profile of specific entropy
varies with αMLT, we first consider ∆s expressed in terms of
∇s via equation (9):

∆s = −
∫ R

0

ds

dr
dr =

∫ R

0

cp
Hp
∇s dr. (11)

Using equation (5), it can be shown that ∆s increases with
decreasing αMLT:

∆s = α
−4/3
MLT

∫ R

0

cp
Hp

(
4
√

2Fconv

cp(pρQ)1/2T

)2/3

dr

+ α
−8/3
MLT

∫ R

0

cp
Hp

1

Aother

(
4
√

2Fconv

cp(pρQ)1/2T

)1/3

dr, (12)

where αMLT is taken out of the integrands due to being depth-
independent. As we are able to reproduce a majority of ∇s

via the high efficiency regime using equation (7), it follows

that for models where the convective flux remains roughly
the same as in our unperturbed model that

∆s ∝ α−4/3
MLT . (13)

Next, consider the photospheric entropy in the models. For
an ideal gas with γ = 5/3,

sph '
NAkB

µ
ln
T

5/2
eff

pph
∝ NAkB

µ
ln (T

23/2
eff ρ

1/2
ph R2), (14)

where R is the stellar radius, and the proportionality as-
sumes that the photosphere occurs at a pressure pph ∝ g/κph,
with the surface opacity κph taken for simplicity to be dom-
inated by H- opacity (Stahler 1988), which is proportional
to ρ1/2

ph T 9
eff. Note that in actuality, molecules also contribute

substantially to the near-surface opacity in objects of this
mass (Ferguson et al. 2005), and become more dominant at
lower masses. The photospheric entropy is thus tightly linked
to variations in the effective temperature, and this in turn is
tightly constrained to lie within a narrow range: if the tem-
perature were suddenly made much higher, for example, the
opacity would sharply increase, increasing the optical depth
at a given pressure level and hence driving the photosphere
upwards (i.e., to lower pressure, and hence to lower temper-
atures). Conversely, much lower temperatures would lead
to much lower opacities, requiring that the photosphere (at
fixed optical depth) move inwards (to higher pressures, and
higher temperatures). This behavior is well-known, and is
essentially the basis for the “forbidden region” of cool tem-
peratures in pre-main-sequence evolution (Hayashi 1961). In
the present context, only modest variations in Teff are there-
fore allowed. Within this allowed range, models with lower
αMLT have a lower Teff: for the same initial interior condi-
tions, steeper entropy (and temperature) gradients are, per
our discussion of ∆s above, required to carry out the same
surface luminosity, and this leads to slightly lower surface
temperatures (the subsequent evolution of Teff is somewhat
more involved, as we will discuss more below, but the ten-
dency to have lower Teff at lower αMLT is robust). The strong
dependence of sph on Teff dominates over changes in ρph and
stellar radii between models at a given age, implying (finally)
that sph is lower in models with lower αMLT.

Finally, we turn to discussion of the nearly-constant spe-
cific entropy sad in the deep interior of the models. This ex-
hibits different behavior on the main-sequence than during
the pre-main-sequence contraction phase. Recall that during
this phase, stars descend along a Hayashi track at nearly con-
stant Teff; they contract because they are losing total energy
(via radiative losses from the surface), so the contraction rate
depends on the star’s luminosity. From the virial theorem,
the internal temperature of the star increases as its radius de-
creases (T ∝ R−1), but the increasing density (ρ ∝ R−3)
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results in a net loss of entropy. During this phase, it is clear
from Figure 3 that sad is higher at a given age in models with
lower αMLT. This mostly reflects the fact that these low-αMLT

models have had a slightly lower effective temperature dur-
ing their contraction, and have ultimately lost somewhat less
entropy at any fixed time; they therefore have a somewhat
greater specific entropy at the time sampled in this figure.
They therefore have a somewhat greater specific entropy at
the time sampled in this figure. At these ages, the enhanced
entropy contrast associated with lower αMLT (per our discus-
sion above) is thus not entirely confined to the near-surface
layers: though the photospheric entropy is lower for low-
αMLT models, sad is also higher.

The pre-main-sequence contraction eventually ends be-
cause the interior temperature and density have increased
enough for nuclear fusion in the core (rather than gravita-
tional contraction) to provide the energy needed to offset the
star’s radiative losses at the surface. On the main-sequence,
then, the value of sad is not merely determined by the star’s
initial entropy and by its passive cooling (which was medi-
ated by the near-surface layers): rather, it is bounded from
below by the entropy production associated with nuclear fu-
sion occurring in a steady state. Of course this also is in-
formed by the near-surface layers to some degree, but only
insofar as these affect the entropy production rate by nuclear
reactions. For the depth-independent αMLT values probed
here, these changes are modest, and so the deep interior en-
tropy sad is largely constant across models with varying αMLT

(at even smaller values of αMLT, sad would be altered, as ex-
plored for example in Chabrier et al. 2007). Thus in these
models the higher ∆s associated with less efficient convec-
tion is almost entirely confined to the near-surface layers: the
decrease in photospheric entropy with decreasing αMLT com-
pensates almost exactly for the increasing ∆s.

2.2. Scaling of stellar radius with sad and αMLT

It has long been realized that a star’s radius is sensitive to
changes in its entropy (see, e.g. Stahler 1988; Hansen et al.
2004). For example, for a star with constant specific entropy,
well-described by a polytropic model p = Kργ , where K is
the polytropic constant, straightforward rearrangement gives

s =
NAkB

µ
ln (K). (15)

It can be shown that K ∝ M2−γR3γ−4 (see equation (7.40)
in Hansen et al. 2004), where M is the stellar mass. By sub-
stituting this into equation (15) and integrating over the mass
distribution of the stellar model, yielding the total entropy
Stot ∼ sM for a star of uniform composition, it can be shown

that the stellar radius increases with the exponent of Stot for
fixed mass:

R ∝ exp

(
γ − 1

3γ − 4

µStot

NAkBM

)
, (16)

as noted for example in Hansen et al. (2004) (their equa-
tion (7.150)). More precise relations between R, Stot, and
other variables can be derived in some specific cases, and
these figure prominently in the classic theory of stellar struc-
ture (e.g., Eddington 1926; Hayashi & Hoshi 1961). For ex-
ample, for a star in hydrostatic equilibrium, the assumption
of a perfectly isentropic interior allows relation of the cen-
tral temperature, pressure, and density to the values of these
quantities at the surface, following standard polytropic the-
ory. If the nuclear energy generation ε is provided by fu-
sion, it is further possible to solve for the radius of the star
from first principles (by equating the luminosity produced by
fusion, Lfusion ∝ R3ε ∝ R3ρ2

cT
6
c for the pp-chain, to the

surface luminosity Lsurf = 4πR2T 4
eff, and adopting a closed-

form expression for the surface opacity).
However, the structure models calculated by MESA (or

any other stellar structure code) are not isentropic. The level
of departure from isentropy depends on details of the mod-
els, and in particular on the convective mixing length. In
practice, as discussed in § 2.1, most of the entropy resides in
the deep interior with nearly constant specific entropy sad, so
that Stot ' sadM and equation (16) simplifies to

R ∝ exp

(
γ − 1

3γ − 4

µsad

NAkB

)
. (17)

Thus, we can relate the ratio of two stellar radii and the
change in sad between two fixed mass models:

R2

R1
' exp

(
γ − 1

3γ − 4

µ∆sad

NAkB

)
. (18)

where R1, R2 are the radii of the first and second model re-
spectively, assuming a uniform γ = 5/3 for simplicity. This
illustrates how an increase in sad “inflates” the stellar radius
of these stellar models. Choosing αMLT = 1.7 to be our un-
perturbed model, we determine an unperturbed stellar radius
R0 = 0.683 R� and 0.286 R�, for 10 Myr and 1 Gyr respec-
tively.

Models with different αMLT have somewhat different radii.
For example, at 10 Myr, “perturbing” our standard model by
considering αMLT in the range 0.5-1.7 results in radius in-
flation ∆R/R0 . 17.5% (R . 0.803 R�). However, for
1 Gyr models with the same range of αMLT, we only find
∆R/R0 . 1.5% (R . 0.289 R�); we analyze this important
difference in the radius inflation between pre-main-sequence
and main-sequence models in more detail below, but for now
note that it stems partly from the lower superadiabaticity
of these main-sequence models. This in turn implies that
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the properties of fixed mass fully-convective main-sequence
stars are relatively insensitive to αMLT in standard stellar
structure models (as noted previously by, e.g., Chabrier et al.
2007; Feiden & Chaboyer 2014).

In Figure 4, we examine the ratio of two outputted stellar
radii as a function of ∆sad via equation (18), for 0.3 M� stel-
lar models at both 10 Myr and 1 Gyr for all possible model
comparisons between αMLT = 0.5 − 1.7 (∆0.05). The line
y = x, which would indicate perfect agreement with equa-
tion (18), is over-plotted (orange line) for ease of compari-
son. At 10 Myr (left panel), the variations in stellar radii are
captured extremely well by this expression; at 1 Gyr (right
panel), they deviate from it slightly. The small deviations
from equation (18) arise partly from departures from the ideal
equation of state assumed in our derivation of this equa-
tion. In particular, the central temperature for stars of this
mass on the main sequence deviates slightly from the virial
expectation that T ∝ M/R (owing partly to the fact that
these interiors are somewhat degenerate). Further deviations
from equation (18) arise due to our assumption of a uniform
γ = 5/3 in deriving this expression; in our models, γ is in-
deed roughly uniform (and = 5/3) in the interiors of our
pre-main-sequence models, but deviates from this slightly
on the main-sequence. (These deviations in turn arise partly
from Coulomb interactions, which though small are not en-
tirely negligible.) Note, further, that the overall range in stel-
lar radii across all models, and likewise the variation in sad

across these models, is much smaller than on the pre-main-
sequence.

The changes in sad, and hence in the stellar radius, are
linked to changes in αMLT. To examine this quantitatively,
we must find how the value of the adiabat is linked to ∆s.
For example, if all the changes in ∆s between models were
reflected simply in changes to the photospheric entropy sph,
this would imply an sad that is nearly uniform across mod-
els; meanwhile if sph were instead somehow held constant
across all models, changes in ∆s would translate directly to
changes in sad. The true relation between sph and sad (and
hence ∆s) is more complex than either of these simple exam-
ples. Overall, though, as established previously, a decrease in
αMLT decreases sph and (on the pre-main-sequence in partic-
ular) increases sad.

To see roughly why this is so, note that in general the sur-
face luminosity Lsurf ∝ R2T 4

eff, which (using equation (14))
can be written as

Lsurf ∝ exp

(
µsph

NAkB

)
/(ρ

1/2
ph T

15/2
eff ). (19)

On the pre-main-sequence, the luminosity is ultimately de-
rived from gravitational contraction, withLsurf ∝ R−2(dR/dt).
Equating the two, and noting how R scales with sad (equa-

tion (17)), implies that for contraction at nearly constant
effective temperature, we must have

exp

(
− γ − 1

3γ − 4

µsad

NAkB

)
∝ exp

(
µsph

NAkB

)
/(ρ

1/2
ph T

15/2
eff ).

(20)
This in turn implies that sad ∝ −sph on the pre-main-
sequence (plus additional smaller terms). A similar propor-
tionality holds on the main-sequence, where now the inte-
rior luminosity is generated by fusion, with L ∝ R3ε ∝
R2ρ2

cT
6
c ∝ R−9 for stars in virial equilibrium. This again

implies sad ∝ −sph, but with a different (and in fact sig-
nificantly smaller) constant of proportionality. Thus in both
cases, in comparing models of similar total convective flux
(αMLT = 0.8− 1.7), we have that sad ∝ ∆s, hence

sad ∝ α−4/3
MLT . (21)

The constant of proportionality decreases with the age of
the model—as discussed previously, the interior adiabat in
pre-main-sequence models is more sensitive to variations
in αMLT—but the proportionality holds true even for main-
sequence models.

In Figure 5, we examine sad as a function of α−4/3
MLT for

0.3 M� stellar models at αMLT = 0.8− 1.7 (∆0.05) for both
10 Myr and 1 Gyr, where the proportionality in equation (21)
holds for both ages here. We extrapolate to find sad(αMLT→∞),
i.e., the value corresponding to an isentropic model, which
gives the constant of proportionality in equation (21) as

dsad

dα
−4/3
MLT

≈
sad − sad(αMLT→∞)

α
−4/3
MLT

. (22)

Thus, for fully-convective stellar models of similar total con-
vective flux, one can predict the radius inflation between two
models of known αMLT without having to determine a per-
turbed model’s sad, solely using the unperturbed model’s sad,
and sad(αMLT→∞) at a given age:

R2

R1
≈ exp

(
γ − 1

3γ − 4

µ

NAkB

sad1 − sad(αMLT→∞)

α
−4/3
MLT1

∆
(
α
−4/3
MLT

))
.

(23)
In Figure 6, we examine the ratio of two outputted stellar

radii as a function of ∆
(
α
−4/3
MLT

)
at different ages between

10 Myr and 1 Gyr. Models at all αMLT contract on the pre-
main-sequence, with dR/dt ∝ R4, implying in turn that
R ∝ t−1/3 if the effective temperature remains constant.
In our models, the radius inflation between two models of
differing αMLT decreases with age, becoming almost negli-
gible during the main-sequence (1 Gyr). This time depen-
dence ultimately reflects the fact that (as shown in Figure 5)
dsad/dα

−4/3
MLT (equation (22)) changes with time, becoming
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Figure 4. The ratio of stellar radii R2/R1 as a function ∆sad via equation (18), for 0.3 M�, (a) 10 Myr (b) 1 Gyr stellar models at αMLT =
0.5 − 1.7 (∆0.05). We see a divergence at 1 Gyr, which arise from deviations from the ideal equation of state. y = x (orange) is plotted for
ease of comparison.
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Figure 5. sad as a function of α−4/3
MLT for 0.3 M�, (a) 10 Myr (b) 1 Gyr stellar models at αMLT = 0.8 − 1.7 (∆0.05). We extrapolate to the

isentropic value of sad at that given age, which drops as a function of age in the pre-main-sequence, settling in the main-sequence. The trend
between sad and α−4/3

MLT also decreases with age.
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Figure 6. log (R2/R1) as a function of ∆
(
α
−4/3
MLT

)
at various ages

for 0.3 M� stellar models at αMLT = 0.8 − 1.7 (∆0.05). Dur-
ing the pre-main-sequence, the trend decreases with age (see equa-
tion (24)), eventually reaching levels of negligible radius inflation
in the main-sequence.

much shallower on the main sequence; per equation (23), this
means a less pronounced radius inflation for a given change
in αMLT. Empirically, we find that

R2

R1
∝ t−0.03∆

(
α
−4/3
MLT

)
, (24)

demonstrating that a larger change in αMLT between two
models does indeed result in the model contracting more
rapidly with time.

As previously discussed, during the main-sequence, sad is
predominantly bounded by the entropy production via nu-
clear fusion, thus any changes in sph in our models fail to
produce noticeable changes in sad. Hence, for our range of
main-sequence models, where ∆sph . 107 erg g−1 K−1, we
find that R2 ≈ R1, as demonstrated by the trend at 1 Gyr in
Figure 6.

Note that our lowest-efficiency models in Figures 1 and 3
have αMLT = 0.5; at even lower values, radius inflation is
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possible even on the main sequence, as demonstrated for ex-
ample by Chabrier et al. (2007). In this regime, however,
the convective flux is not the same as at higher values of
αMLT (that is, the nuclear energy generation in the interior
is affected), breaking the assumptions made in our analysis.
Indeed, Chabrier et al. (2007) show that at αMLT ≈ 0.05 a
radiative (stable) core begins to form in the interior, violat-
ing our assumption that the star is fully-convective. We defer
analysis of such cases to other work.

3. ROTATIONAL INHIBITION OF CONVECTION:
STEVENSON (1979) FORMULATION

3.1. Theory: rotational modification to MLT

As noted in § 1, rotation generally acts to inhibit convec-
tion. In linear theory, this inhibition manifests as an increase
in the critical Rayleigh number required to drive convec-
tion (Chandrasekhar 1961). The effects of rotation in the
non-linear regime are more difficult to gauge, but many au-
thors have argued that ultimately the temperature gradient re-
quired to transport a given heat flux by convection must in-
crease somewhat if the rotation is sufficiently rapid. Steven-
son (1979) (S79, hereafter), for example, derived a mixing
length prescription for rotating convection through consider-
ation of the growth of linear, Boussinesq convective modes,
constructing a finite amplitude theory by assuming that non-
linearities, such as shear instabilities, limit the amplitude of
the flow. Following Malkus (1954), S79 argued that the con-
vective flow is dominated by the modes that transport the
most heat. S79 use this model to relate ∇s in a “perturbed”
model (at rotation rate Ω) to the unperturbed (non-rotating)
model’s:(

∇s

∇s0

)5/2

− ∇s

∇s0
=

1

41
Ro−2 ≡ 4

41
τ2

c0Ω2, (25)

where τc0 is the convective turnover time of the unperturbed
model, and Ro ≡ (2τc0Ω)−1 is the Rossby number.

In the slow regime, i.e., Ro� 1,

∇s ' ∇s0

(
1 +

1

62
Ro−2

)
≡ ∇s0

(
1 +

4

62
τ2

c0Ω2

)
, (26)

converging towards the non-rotating model. In the rapid
regime, i.e., Ro� 1,

∇s ' 0.23∇s0Ro−4/5 ≡ 0.92∇s0τ
4/5
c0 Ω4/5. (27)

As ∇s ∝ ds/dr, this mechanism modifies the gradient of
the specific entropy, i.e., specific entropy asymptotically con-
verges to a different adiabat in the presence of rotation.

We are motivated to explore this reformulation of MLT
partly because more recent investigations have suggested

similar scalings for the temperature gradient and/or velocity
in rapidly-rotating convection. For example, as noted in § 1,
Barker et al. (2014) derive a rotating MLT equivalent to that
of S79 via simplified physical arguments, achieving the same
scaling between ∇s (dT/dz in their case) and Ω when in the
rapidly-rotating regime. To test their relationship, they take
an average of dT/dz from the middle third of the convection
zone in a series of 3D hydrodynamical simulations of Boussi-
nesq convection in a Cartesian box. They find that dT/dz in
the simulations does indeed scale with Ω as dictated by equa-
tion (27), and likewise that the typical velocities and spatial
structures amidst the flow also scale with Ω in the manner
predicted by the theory. Previously, Julien et al. (2012) also
examined the transport in rapidly-rotating convection using a
set of asymptotically reduced equations. They likewise find
that heat transport in the rapidly-rotating regime is “throttled”
by convection in the bulk of the domain—in marked contrast
to the non-rotating case, which is controlled mainly by the
boundary layers. Overall, their theoretical model yields scal-
ings of dT/dz as a function of Ω that are arguably compatible
with those in S79 and Barker et al. (2014). The broad concor-
dance between these different theoretical models suggest that
the MLT formulation adopted in S79, though undoubtedly a
simplified description of the complex flows occurring in ac-
tual stars, may nonetheless adequately capture how the pri-
mary quantity of interest for stellar convection—namely the
temperature or entropy gradient as a function of the flux—
varies with rotation rate.

We therefore incorporate rotational effects into our 1D stel-
lar structure models by implementing the modified MLT for-
mulation of S79 into MESA. Observations and simulations
of fully-convective stars have indicated that they are likely to
rotate mostly as solid bodies, supporting our choice of using
a fixed Ω to model rotation inhibition. Barnes et al. (2005)
shows surface differential rotation diminishes with increas-
ing convective depth in low-mass stellar observations, and
magnetohydrodynamical (MHD) simulations performed by,
e.g., Browning (2008) and Yadav et al. (2015, 2016), sug-
gest that magnetic fields react strongly on flows, helping to
enforce solid-body rotation.

3.2. Radius inflation: S79 models

Some active low-mass stars are fast rotators, with rotation
velocities vrot & 10 km s−1 (e.g., Reid et al. 2002; Mohanty
& Basri 2003) in some cases. We test Ω = 5 − 20 Ω�
(∆5 Ω�), which is . 10% of the break-up velocity at 10 Myr,
and . 3% at 1 Gyr, of our unperturbed 0.3 M�, αMLT = 1.7

stellar model. These produce typical rotation velocities of
vrot ' 7 − 27 km s−1 and vrot ' 3 − 11 km s−1 for 10 Myr
and 1 Gyr respectively. We have not attempted to account
for changes in the effective gravity as Ω increases; since the
angular velocity in all cases is only a small fraction of the
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Figure 7. log10 (∇s) as a function of log10 (ρ), for 0.3 M�, (a) 10 Myr (b) 1 Gyr stellar models at Ω = 0− 20 Ω� (∆5 Ω�). As Ω increases,
∇s increases throughout the bulk of the stellar interior (Ro� 1), but becomes comparable to the unperturbed model in the near-surface layers
(Ro� 1).

breakup velocity, these effects probably play only a minor
role. At each Ω, we calculate a new value of∇s at each point
in the mass distribution, by modifying the non-rotating ∇s

according to equation (25), representing a “rotating” version
of the 1D stellar structure model. The depth-dependence of
∇s is then determined by the profile of Ro, which in turn
depends on the convective overturning time at every depth
in the model. Here, we take this overturning time simply to
be τc0 from the unperturbed model—that is, we neglect the
small changes in overturning time associated with changes in
the convective velocity at rapid rotation. This simplification
has the consequence that our models slightly underestimate
the influence of rotation at any fixed Ω (compared to a fully
self-consistent model), but we will see in a moment that this
effect is utterly negligible for the overall structure.

In Figure 7, we plot log10 (∇s) as a function of log10 (ρ)

for 0.3 M�, αMLT = 1.7 stellar models, at both 10 Myr and
1 Gyr, for Ω = 0 − 20 Ω� (∆5 Ω�). In the bulk of the con-
vection zone, convective velocities are low, i.e., Ro � 1,
hence this region becomes more superadiabatic than the un-
perturbed model by a few orders of magnitude. However, due
to the already near-adiabaticity in this region, this perturba-
tion in ∇s does not influence the stellar structure noticeably.
In the surface layers, where convective velocities become in-
creasingly rapid, Ro remains� 1 at all the Ω values sampled,
resulting in negligible changes in the superadiabaticity there,
i.e., ∇s ' ∇s0 .

The near equivalence of∇s in the surface layers of all these
models, and their near-adiabaticity in the bulk of the convec-
tion zone, together imply that there are negligible differences
between the specific entropy profiles of models at varying
rotation rates. As discussed in § 2, the radius of the star is de-
termined primarily by the interior adiabat (i.e., sad), which in
turn is largely established by the near-surface layers. Because
the near-surface layers have Ro � 1 and thus are almost to-
tally uninfluenced by convection, the entropy jump in all our
rotating models is nearly identical to that in the non-rotating
case. This in turn means that the specific entropy of the deep
interior sad is unchanged by rotation, even though the deep
layers of the star are strongly influenced by Coriolis forces
(Ro� 1), and∇s varies considerably between models there.
This, following the discussion in § 2.2, finally implies that
rotation will lead only to negligible changes in the overall
structure and radius of the star.

This expectation is confirmed in our models. We measured
∆R/R0 ∼ 10−2% and∼ 10−4% for Ω = 5−20 Ω� models
at 10 Myr and 1 Gyr respectively. Thus, implementing rota-
tional inhibition of convection using this modified formula-
tion of MLT does not produce noticeable changes in the stel-
lar radius. This is, again, due mainly to the depth-dependence
of the convective velocities and hence of the Rossby number:
if the star were instead well-characterized by a single depth-
independent Rossby number, radius inflation would be much
more noticeable (for low enough values of Ro).
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4. MAGNETIC INHIBITION OF CONVECTION:
MACDONALD & MULLAN (2014) FORMULATION

4.1. Theory: magnetic modification to MLT

It is not clear how best to encapsulate the influence of mag-
netism on convection in 1D stellar structure models. Clearly
magnetic fields can inhibit flows via the Lorentz force. How-
ever, in the presence of rotation, the effects of magnetism
can be more complex, with magnetized rotating fluids some-
times more amenable to convection than their non-magnetic
equivalents (see § 1). As with rotation, the impact of mag-
netism in the non-linear regime is much less clear. Various
authors have turned to different prescriptions for encapsu-
lating these effects in 1D models, motivated by physical ar-
guments and results from linear theory, as summarized also
in § 1. Here, we have chosen to focus our attention on one
such model, namely that proposed by MacDonald & Mul-
lan (2014) (MM14, hereafter), which is a slightly modified
form of Mullan & MacDonald 2001); we have chosen this
model not because it is necessarily superior to others (e.g.,
Feiden & Chaboyer 2012, or the reduced-αMLT models of
Chabrier et al. 2007), but because its physical motivation
is clear, it has been employed in a series of follow-on pa-
pers (see, e.g., MacDonald & Mullan 2015, 2017a,b), and
it is straightforward to implement in a 1D stellar evolution
code. In this section, we briefly describe this prescription, its
physical motivation, and then discuss its implementation into
MESA models. We aim here to examine whether the mecha-
nism by which radii are inflated in these “magnetic” models
is substantially the same as in the non-magnetic cases dis-
cussed in § 2 and § 3; that is, we examine how the radii, spe-
cific entropy, and adopted magnetic prescription are linked.
We show that radius inflation in the MM14 models is, as in
their non-magnetic cousins, associated with changes in the
specific entropy of the deep interior, which in turn is linked
to the entropy contrast in the near-surface layers.

The models of MM14 are based partly on the linear sta-
bility work of Gough & Tayler (1966), who derived a crite-
rion for convective instability onset due to a magnetic field
in certain circumstances. In non-magnetic models, the crite-
rion of convective onset is purely local; magnetic fields con-
nect parcels of fluid at different levels, so such a criterion is
not generally obtainable (Gough & Tayler 1966). However,
simple local stability criteria exist for particularly elementary
magnetic field configurations. In practice, MM14 modify the
Schwarzschild criterion due to the presence of a magnetic
field:

∇rad > ∇ad +
δ

Q
, (28)

where

δ =
B2

v

B2
v + 4πγPg

(29)

is a magnetic inhibition parameter, andQ = −(∂ ln ρ/∂ lnT )p
is the isobaric expansion coefficient. In this expression, Pg

is the gas pressure and Bv is taken by MM14 to represent
the vertical component of the magnetic field, on the grounds
that this component figures prominently in the linear sta-
bility analysis of Gough & Tayler (1966). More generally,
we might take Bv as a crude proxy encompassing both the
strength of the field at a point and some aspects of its spatial
morphology. This parameter (δ/Q) is added to every in-
stance of ∇ad in the MLT prescription, in order to determine
the perturbed temperature gradient at a given convective en-
ergy flux (or vice versa). Physically, this amounts to assert-
ing that the dimensionless temperature gradient in non-linear
convection tends not towards ∇ad, as it would for efficient
non-magnetized, non-rotating convection at sufficiently high
Rayleigh number, but to ∇ad + δ/Q. We have not attempted
to take into consideration other effects arising from the pres-
ence of a magnetic field (e.g., magnetic pressure). At each
time step, the model evolves self-consistently using the per-
turbed structure. The criterion expressed in equation (28)
differs from that used in Mullan & MacDonald (2001) by a
factor Q, which was adopted in MM14 onwards to account
for non-ideal thermodynamic behavior.

Higher values of Bv inhibit convection, requiring a steeper
temperature gradient to transport an equivalent heat flux;
hence, increasing δ will increase the superadiabaticity of
the stellar interior. The choice of radial profile for δ is, in
these models, somewhat arbitrary. MM14 choose δ = const

from the surface downwards to some radius rmax, where Bv

reaches its critical strength Bv-max; thus, δ rapidly decreases
with depth for r < rmax. Best-fit magneto-convection models
performed by this reformulation of MLT are more sensitive
to δ than to the chosen Bv-max. The range of vertical surface
magnetic field strengths Bv-surf in the models is not dictated
by the large range of uncertainty in Bv-max, i.e., deep interior
field strengths, but rather to the range of δ considered.

4.2. Radius inflation: MM14 models

We implement this magnetic inhibition of convection into
MESA, producing “magnetic” 0.3 M�, αMLT = 1.7 stellar
models at both 10 Myr and 1 Gyr. For ease of comparison
with prior work, we adopt the same strategy as MM14 by
assuming δ is constant down to some radius rmax at which
B = Bv-max; below this point, δ decreases rapidly in accord
with the rising gas pressure. It must be noted at the outset that
this assumption amounts to asserting that the magnetic pres-
sure remains a constant fraction of the gas pressure at depths
between the surface and rmax. In non-linear 3D simulations
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Figure 8. log10 (∇s) as a function of log10 (ρ), for 0.3 M�, (a) 10 Myr (b) 1 Gyr, αMLT = 1.7 stellar models at some combinations of
Bv-max = 103 − 105 G and (a) δ = 0.01 − 0.03 (b) δ = 0.04 − 0.06, including the unperturbed model. Increasing δ noticeably increases ∇s

where Bv < Bv-max, and increasing Bv-max increases the depth at which δ noticeably increases∇s.

of turbulent stellar dynamos, the field strength is typically not
directly related to the gas pressure at any given depth, but is
set by the dynamics of the convection coupled to rotation and
shear (e.g., Dobler et al. 2006; Browning 2008; Yadav et al.
2016). But once this choice of δ profile is made, the model is
specified fully by the choice of surface δ and by the value of
Bv-max.

The total gas pressure increases rapidly with depth, so
if no Bv-max is specified, the magnetic field strengths im-
plied by a δ = const profile would quickly become enor-
mous. Some of the first studies along these lines, for exam-
ple, allowed for fields of sufficient strength that the forma-
tion of a radiative core would result (e.g., Mullan & Mac-
Donald 2001). Some later models adopted a maximum field
strength of order 1 MG, (MacDonald & Mullan 2012; Mul-
lan et al. 2015). Recently, Browning et al. (2016) suggested
Bv-max ∼ 105 G to be an extreme upper limit for the maxi-
mum field strengths found in these fully-convective low-mass
stars. They argue that at a given magnetic field strength,
large-scale field configurations are subject to the constraints
of magnetic buoyancy instabilities, whilst Ohmic dissipation
associated with small-scale field configurations was enough
to exceed the stellar luminosity in some cases. Combining
these constraints produced an upper limit on the maximum
field strength of Bv-max ≤ 800 kG, for models of partic-
ularly simple magnetic field spatial structure. Additional,
stronger constraints come again from 3D simulations of dy-
namo action in these objects. For example, Yadav et al.

(2015) found Bv-max ≈ 14 kG for a fully-convective M dwarf
with a rotation period of 20 days, and likewise the simula-
tions of Browning (2008) found fields of order the equiparti-
tion strength (with the turbulent convective energy density).
Broadly, we think models in which the field does not greatly
exceed values of order 104 G are most realistic (as also stud-
ied recently, for example, by MacDonald & Mullan 2017b).
Note that as Bv-max approaches the value of the surface field,
the profile assumed for δ becomes increasingly irrelevant; in
that limit, the field strength throughout the interior is just the
constant Bv-max ≈ Bsurf.

Motivated by these considerations, we testBv-max = 103−
105 G (∆1 log10 (G)) at both ages. Note that we include
105 G for comparison with prior work and to demonstrate the
utility of our mechanism even in the extreme field cases, even
though we think, as noted above, that 104 G is a reasonable
upper limit. We use δ = 0.01−0.03 (∆0.005) for our 10 Myr
models, giving Bv-surf . 0.3 kG. We use an extended range
of δ = 0.01− 0.06 (∆0.005) for our 1 Gyr models, to coun-
teract the suppression of radius inflation in main-sequence
models, producing Bv-surf . 0.9 kG.

In Figure 8, we plot log10 (∇s) as a function of log10 (ρ)

for 0.3 M�, αMLT = 1.7 stellar models, for some combi-
nations of Bv-max = 103 − 105 G, with δ = 0.01 − 0.03

for 10 Myr models and δ = 0.04 − 0.06 for 1 Gyr models,
which we compare with the unperturbed model. In accord
with equation (28),∇s ' ∇s0 + δ/Q0 at all depths. Changes
in Q are negligible between models, hence we used the un-



EFFECTS OF ROTATION AND MAGNETISM IN DEPTH-DEPENDENT MLT 15

perturbed value. In the bulk of the convection zone, where
Bv = Bv-max, ∇s ∼ B2

v-max/Q0γPgas � ∇s0 , thus a factor of
ten increase in Bv-max results in a factor of ∼ 100 increase in
superadiabaticity. As δ increases,∇s increases in the surface
layers. The point at which ∇s transitions—from a nearly-
constant value near the surface to a steeply declining profile
in the interior—is mediated by the point at which the vertical
surface magnetic field (here set by δ) reachesBv-max, because
interior to that point the gas pressure begins to exceed the
magnetic pressure by an increasingly large amount.

In Figure 9, we plot s as a function of log10 (ρ) for the
same stellar models. At fixed δ, the photospheric entropy sph

decreases monotonically with increasing Bv-max; likewise at
fixed Bv-max, increasing δ decreases sph. In turn, sad is shown
to increase strongly with δ, and to a lesser extentBv-max. Pre-
main-sequence stars with lower sph have higher sad for the
reasons discussed in § 2; hence, stars with higher Bv-max and
δ tend to have a higher sad. On the main-sequence, varia-
tions in sad are smaller, due to the self-regulation of the star
through nuclear fusion. However, the differences in sph in-
duced by changes in δ or Bv-max are larger than in our fixed-
αMLT models. A larger entropy contrast, as a result of higher
superadiabaticity in the surface layers, produces small but
noticeable changes in sad. As in § 2 and § 3, stellar struc-
ture is largely insensitive to the increasing ∇s in the deep
interior; it responds more readily to an increased ∇s in the
surface layers.

In Figure 10, we examine radius inflation calculated via
∆sad (equation (18)) as a function of the outputted radius
inflation, showing good agreement for these MM14 mod-
els. For δ = 0.01 − 0.03 models, we find ∆R/R0 .
13% (R . 0.771 R�) for our range of perturbed models at
10 Myr, and ∆R/R0 . 2% (R . 0.292 R�) at 1 Gyr. For
δ = 0.04 − 0.06 models at 1 Gyr, we find ∆R/R0 . 6%

(R . 0.302 R�). Overall, we find greater changes in sph

in these models than in the fixed-αMLT main-sequence mod-
els in § 2.2, which is enough to slightly perturb sad from the
value predominantly determined via nuclear fusion, produc-
ing small, yet noticeable radius inflation. There is a slight
divergence for our most-inhibited fully-convective models,
due to the increasing effective depth of the magnetic inhibi-
tion of convection. For those models, the asymptotic increase
towards sad is reached at ever-increasing depth, thus our ap-
proximation Stot ' sadM becomes increasingly less accu-
rate. Therefore, with increasing levels of radius inflation, the
accuracy of using sad alone to determine the stellar radius
decreases.

5. COMBINED INHIBITION OF CONVECTION BY
ROTATION AND MAGNETISM

Both the S79 rotational and MM14 magnetic reformula-
tions of MLT modify the superadiabaticity of a model. In the

“magnetic” case, the superadiabaticity in the surface layers is
noticeably increased between 0.99-0.995 R, and slightly in-
creased from 0.995 R up to the photosphere (see Figure 8).
In the “rotating” case, there is a small difference in∇s in the
0.99-0.995 R region, but negligible difference after this point
up towards the photosphere (see Figure 7). Here, we briefly
examine whether the combination of rotation and magnetism
using these prescriptions could increase the radius of a model
even further. To do so, we first modify the criterion for con-
vection using the MM14 formulation, as in § 4; the resulting
model is then used as the “unperturbed” model for an appli-
cation of the rotational formulation described in § 3. Hence,
the enhanced superadiabaticity near the surface in the mag-
netic models may be further increased by the rotation, with
possible impacts on the structure. Of course, this is a very
crude approximation; as noted in § 1, the combined effects
of rotation and magnetism may be considerably more com-
plex than either simply rotation or magnetism acting alone,
and these effects may not be additive (and indeed, in the case
of the linear onset of convection, are not). Nonetheless we
adopt it here as a first attempt at the problem.

In Figure 11, we plot log10 (∇s) as a function of log10 (ρ),
comparing a “magnetic rotating” 0.3 M�, αMLT = 1.7 stel-
lar model at Ω = 20 Ω�, Bv-max = 104 G, with δ = 0.03

for 10 Myr and δ = 0.06 for 1 Gyr, compared with the
rotating-only case, the magnetic-only case, and the unper-
turbed model. We choose the most-perturbed model at each
age to be 104 G in order to investigate the highest possible ra-
dius inflation attained by the addition of “rotational” effects
at what we think is a realistic maximum field strength. At
both ages, the superadiabaticity of our “magnetic rotating”
model is higher than in the magnetic-only case by orders of
magnitude within the deep convection zone, where convec-
tive velocities are low (i.e. Ro � 1). Closer to the surface,
this difference diminishes (because Ro increases there).

We plot s as a function of log10 (ρ) in Figure 12 for
our 10 Myr model. These changes in superadiabaticity are
enough to produce a small change in sad for our pre-MS
model. As a result of this, our 10 Myr “magnetic rotating”
model is inflated by a further 1% compared to the magnetic-
only case, giving ∆R/R0 ' 10.5% (R ' 0.755 R�). How-
ever, for our 1 Gyr model, there is negligible inflation, as the
superadiabaticity is much lower throughout the surface layers
compared to the pre-MS model, giving negligible changes in
sad. These results suggest that the combination of rotation
and magnetism may indeed further inflate the stellar radius,
but the additional effect arising from rotation is only notice-
able in the youngest models.

6. DEPTH-DEPENDENT αMLT AS MLT PROXIES FOR
ROTATION AND MAGNETIC FIELDS
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Figure 9. s as a function of log10 (ρ), for 0.3 M�, (a) 10 Myr (b) 1 Gyr, αMLT = 1.7 stellar models at some combinations of Bv-max =
103 − 105 G and (a) δ = 0.01− 0.03 (b) δ = 0.04− 0.06, including the unperturbed model.
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Figure 10. Radius inflation determined from ∆sad via equation (18) as a function of the outputted radius inflation from the MM14 models for
0.3 M�, (a) 10 Myr (b) 1 Gyr, αMLT = 1.7 stellar models at all combinations ofBv-max = 103−105 G (∆1 log10 (G)) and (a) δ = 0.01−0.03
(∆0.005) (b) δ = 0.01− 0.06 (∆0.005). y = x (orange) is plotted for ease of comparison.

The structure of a 1D stellar model constructed with a
modified version of MLT, like the rotationally or magnetically-
constrained versions described in § 3 and § 4, cannot gen-
erally be duplicated by a model with a standard depth-
independent αMLT. The reason for this is straightforward:
in the standard 1D models, ∇s throughout the stellar inte-
rior increases with decreasing αMLT, whereas for the S79
and MM14 models the inhibition of convection depends on
parameters that vary with depth—i.e., Ro in the “rotating”
case and δ in the “magnetic” case. It is not possible to mimic
these effects with a standard depth-independent αMLT, no

matter its value. They can, however, be captured by models
that include a depth-dependent αMLT (αMLT(r), hereafter), as
described in this section.

Here, we provide explicit formulae linking a αMLT(r) pro-
file to the rotationally- and magnetically-inhibited convec-
tion formulae of S79 and MM14 respectively. Our moti-
vation for constructing such profiles is just that, in a given
1D stellar evolution code, it may be much more straightfor-
ward to input (or implement) a αMLT(r) profile than to mod-
ify the whole underlying MLT formulation. Knowledge of
the precise correspondence between αMLT(r) and a particu-
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Figure 11. log10 (∇s) as a function of log10 (ρ), for a 0.3 M�, (a) 10 Myr (b) 1 Gyr, αMLT = 1.7 stellar model at Ω = 20 Ω�, Bv-max = 104 G,
and (a) δ = 0.03 (b) δ = 0.06, including the rotating-only, magnetic-only, and unperturbed models.
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perturbed model.

lar depth-dependent theory of convective inhibition—arising
from rotation, magnetism, or other effects—gives us the abil-
ity to model the non-standard 1D stellar structures arising
from these effects without undue difficulty.

Models constructed with modified MLT formulations of
the type and magnitude considered here can be regarded
as perturbations at each depth to a fiducial unperturbed
model. We write the perturbed model’s ∇s as the unper-
turbed model’s plus a given depth-dependent perturbation
β:

∇s = ∇s0 + β. (30)

Thus any perturbation made to the superadiabaticity results
in the modification of ds/dr ∝ ∇s, implying that the specific
entropy will asymptotically converge to a different adiabat.

In § 2.1, we found that a perturbed model’s ∇s could
be reproduced using the unperturbed model’s and each
model’s αMLT, i.e., equation (7). By substituting equation (7)
into equation (30), we find an approximate expression for
αMLT(r) as a function of the unperturbed model’s depth-
independent αMLT and ∇s, and the perturbation β:

αMLT(r) ' αMLT0(
1 + β

∇s0

)3/4
. (31)

We find that a αMLT(r) profile constructed using this ex-
pression allows us to reproduce virtually all of the radial vari-
ation of∇s in both our 10 Myr and 1 Gyr non-standard “rotat-
ing” and “magnetic” stellar structure models. First, consider
the case of the S79 “rotating” MLT formulation. We express
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Figure 13. log10 (∇s) as a function of log10 (ρ), comparing S79 “rotating” models and our αMLT(r) models (plus markers), for 0.3 M�, (a)
10 Myr (b) 1 Gyr, αMLT = 1.7 stellar models at Ω = 5− 20 Ω� (∆5 Ω�).

equation (25) in terms of αMLT(r) and the unperturbed depth-
independent αMLT using equation (6):

(
αMLT(r)

αMLT0

)−10/3

−
(
αMLT(r)

αMLT0

)−4/3

' 4

41
τ2

c0Ω2. (32)

Therefore, in the case of the S79 models, the depth-
dependent perturbation can be expressed as

β ' ∇s0

[(
αMLT(r)

αMLT0

)−10/3

− 4

41
τ2

c0Ω2 − 1

]
, (33)

giving

αMLT(r) ' αMLT0[(
αMLT(r)
αMLT0

)−10/3

− 4
41τ

2
c0Ω2

]3/4
, (34)

which must be solved iteratively.
We can mimic the “rotating” effects from the S79 MLT for-

mulation in our 1D stellar structure models, solely using this
αMLT(r) profile. We modify MESA to input αMLT(r) rather
than the conventional fixed value and produce near-identical
models to those produced using the S79 reformulation where
we modified ∇s. To demonstrate this, in Figure 13, we plot
log10 (∇s) as a function of log10 (ρ) for both our αMLT(r)

and S79 stellar models, at 10 Myr and 1 Gyr; models con-
structed using the two techniques are indistinguishable here.

We can apply the same technique to mimic the effects of
“magnetic” inhibition of convection via αMLT(r). In the case
of the MM14 MLT formulation in the high efficiency con-
vective regime, β ' δ/Q0, thus

αMLT(r) ' αMLT0(
1 + δ

Q0∇s0

)3/4
. (35)

We again input αMLT(r) into MESA and reproduce near-
identical models to those produced using the MM14 reformu-
lation. In Figures 14 and 15, we plot examples of log10 (∇s)

and s respectively as a function of log10 (ρ), produced by
our αMLT(r) models and our MM14 models; excellent corre-
spondence between the two model structures is evident.

In Figure 16, we examine radius inflation from our
αMLT(r) models as a function of the radius inflation from
our MM14 “magnetic” models, at both 10 Myr and 1 Gyr.
They are in good agreement, with small divergences for our
most-inhibited fully-convective models, as in § 4.2. As with
the models discussed in § 3 and § 4, this agreement is not
just fortuitous: it stems from the fact that changes in the radii
are linked to changes in sad, which are well-described by our
αMLT(r) profiles.

We also create an αMLT(r) expression for the combination
of the magnetic and rotational reformulations of MLT (see
§ 5), by treating αMLT0 in equation (34) as the αMLT(r) profile
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Figure 14. log10 (∇s) as a function of log10 (ρ), comparing MM14 “magnetic” models and our αMLT(r) models (plus markers), for 0.3 M�,
(a) 10 Myr (b) 1 Gyr, αMLT = 1.7 stellar models at some combinations of Bv-max = 103 − 105 G and (a) δ = 0.01− 0.03 (b) δ = 0.04− 0.06.
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Figure 15. s as a function of log10 (ρ), comparing MM14 “magnetic” models and our αMLT(r) models (plus markers), for 0.3 M�, (a) 10 Myr
(b) 1 Gyr, αMLT = 1.7 stellar models at some combinations of Bv-max = 103 − 105 G and (a) δ = 0.01− 0.03 (b) δ = 0.04− 0.06.
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Figure 16. Radius inflation from our αMLT(r) models as a function of radius inflation from our MM14 models, for 0.3 M�, (a) 10 Myr (b)
1 Gyr, αMLT = 1.7 stellar models at all combinations of Bv-max = 103 − 105 G (∆1 log10 (G)) and (a) δ = 0.01 − 0.03 (∆0.005) (b)
δ = 0.01− 0.06 (∆0.005). y = x (orange) is plotted for ease of comparison.
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Figure 17. log10 (∇s) as a function of log10 (ρ), comparing our 0.3 M�, (a) 10 Myr (b) 1 Gyr, αMLT = 1.7 stellar model at Ω = 20 Ω�,
Bv-max = 104 G, and (a) δ = 0.03 (b) δ = 0.06, to our αMLT(r) model (plus markers). We include the rotating-only and magnetic-only cases
for further comparison.
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Figure 18. s as a function of log10 (ρ), comparing our 0.3 M�,
10 Myr, αMLT = 1.7 stellar model at Ω = 20 Ω�, Bv-max = 104 G,
and δ = 0.03, to our αMLT(r) model (plus markers). We include the
rotating-only and magnetic-only cases for further comparison.

for the magnetic prescription in equation (35), which we will
denote as αMLT(r)B , producing

αMLT(r) ' αMLT(r)B[(
αMLT(r)
αMLT(r)B

)−10/3

− 4
41τ

2
c0Ω2

]3/4
, (36)

which must also be solved iteratively. In Figures 17 and 18,
we plot log10 (∇s) for both ages and s for 10 Myr respec-
tively as a function of log10 (ρ), produced by a particu-
lar “rotating magnetic” model from § 5 and our αMLT(r)

model, including profiles from the equivalent rotating-only
and magnetic-only cases; again, we see excellent correspon-
dence between the two model structures.

In Figure 19, we plot αMLT(r) as a function of log10 (ρ)

at both ages for the same model, to show the differences in
the depth-dependence of αMLT(r) for the rotating-only and
magnetic-only cases. For the rotating-only case, αMLT(r) is
constant and close to the unperturbed model value (αMLT =

1.7) across a majority of the surface layers (implying neg-
ligible changes in stellar structure), and drops rapidly with
depth in the deep interior where Ro � 1. For the magnetic-
only case, αMLT(r) starts at a lower value at the photosphere,
and drops sharply with depth in the surface layers (produc-
ing noticeable changes in stellar structure), rising again in the
deep interior where δ drops rapidly.

In § 2.2, we showed that it possible to determine an explicit
relation between sad and the depth-independent αMLT in stan-
dard 1D models. If this were possible in the depth-dependent

case as well, it would allow us to provide analytical estimates
of how sad, and hence (via the formulae of § 2.2) the over-
all stellar radius, responds to changes in the depth-dependent
convective inhibition parameters in any given theory (e.g.,
δ in the MM14 formulation). Unfortunately, although we
find that sad ∝ ∆s in all of our αMLT(r) models, it is no
longer feasible to provide a simple analytical formula encap-
sulating the link between sad and αMLT(r). Essentially, this
arises because we can no longer exclude αMLT(r) from the
integral producing ∆s in equation (12): in the fixed-αMLT

case for models with similar convective flux profiles, the
integral associated with the high efficiency regime (exclud-
ing αMLT due to its depth-independence) is near-homologous
between models, allowing a direct proportionality between
∆s and αMLT (equation (13)). However, in the αMLT(r)

case, this is not possible as the integral is now weighted by
αMLT(r) throughout the radial distribution; hence, in order
to determine a change in sad between two models of differ-
ing αMLT(r), one must also have knowledge of all parame-
ters in equation (12) for the perturbed model, rather than just
αMLT(r) and details of the unperturbed model.

7. DISCUSSION AND CONCLUSION

Rotation and magnetism both affect convection: the veloc-
ities, temperature gradients, and spatial structure that prevail
in a magnetized, rotating flow are not generally the same as
those that occur when rotation and magnetic fields are absent.
In principle, the resulting changes in convective heat trans-
port could affect the structure of stars or planets that host con-
vection. Motivated by the observation that some low-mass
stars appear to have larger radii than predicted by standard
1D stellar models, which parameterize the convective trans-
port using MLT, several authors have suggested that rotation
and/or magnetism may indeed be influencing the overall stel-
lar structure. In this paper, we have examined this issue us-
ing 1D stellar models that attempt to incorporate both rota-
tional and magnetic effects in a highly simplified way, and
compared our results to models constructed using a standard
version of MLT (modified here to allow for a mixing length
parameter αMLT that in some cases varies with depth). Be-
low, we recapitulate our main findings and note some of their
limitations.

The structure of a star may be regarded as a function of
its entropy, so assessing the structural impacts of rotation
or magnetism amounts to determining the role these play in
modifying the star’s entropy. In § 2, we reviewed the links
between entropy, convective efficiency, and stellar radii in
“standard” 1D models, in which the mixing length parame-
ter αMLT is assigned a depth-independent value that must be
calibrated by comparison with observations. In these mod-
els, reducing the convective efficiency via a decrease in αMLT

increases the temperature gradient required to carry an equiv-
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Figure 19. αMLT(r) as a function of log10 (ρ), for a 0.3 M�, (a) 10 Myr (b) 1 Gyr, αMLT = 1.7 stellar model in the rotating-only case
(Ω = 20 Ω�), and the magnetic-only case (Bv-max = 104 G, and (a) δ = 0.03 (b) δ = 0.06).

alent heat flux within the stellar interior. This translates into
a larger entropy contrast between the photosphere and the
deep interior for both pre-main-sequence and main-sequence
models, which in turn influences the specific entropy attained
in the deep interior (i.e., sad) in an age-dependent fashion.
We explicitly determine the radius inflation of a given model
from the difference in sad, with ∆ lnR ∝ ∆sad. We also
show how changes in the depth-independent αMLT are di-
rectly related to changes in the stellar radius, in a manner
similar to that described by Christensen-Dalsgaard (1997) for
solar-like stars.

One of our principal aims was to determine whether ro-
tation alone could plausibly modify the convective transport
enough to change a fully-convective star’s radius by a notice-
able amount. In § 3, we considered a rotationally-constrained
version of MLT originally proposed by S79, and given re-
newed vibrancy by the recent analyses and simulations of
Julien et al. (2012) and Barker et al. (2014). By implement-
ing this theory directly into our 1D MESA models, we find
that rotation has a negligible impact on the star’s overall ra-
dius. This is because the radius is determined primarily by
the interior adiabat, which in turn is established largely by
layers near the stellar surface. These layers are almost com-
pletely uninfluenced by rotation at any plausible rotational
velocity—that is, Ro � 1 there because the convective ve-
locity increases rapidly near the low-density photosphere—
so rotation has little effect on sad and hence on the stellar
radius, even though flows in the deep interior of the star

are strongly affected by rotation. It is worth noting that
if stars were instead well-characterized by a single depth-
independent Rossby number, rotation would (in at least some
stars) be important everywhere, and would have a much more
significant impact on the radius; it is primarily the depth vari-
ation of convective velocities that makes this impossible.

In § 4, we argued that a particular prescription for incorpo-
rating the effects of magnetism into 1D stellar models, due
to MM14, could be usefully analyzed using the same tech-
niques developed in § 2. In particular, we note that the effect
of varying magnetic fields in this model is to vary the en-
tropy content of the deep interior; once this is known, the
stellar radius is also determined, via the same formula devel-
oped in § 2 (namely, equation 18) for standard MLT models.
In accord with MacDonald & Mullan (2017b), we find that if
magnetic fields indeed influence convective transport in the
manner assumed here, fields of a plausible strength (104 G or
less) could noticeably “inflate” the stellar radius. This infla-
tion is larger (by about a factor of two) in models at 10 Myr
than in those at an age of 1 Gyr.

In § 5, we showed that combining the rotational and mag-
netic reformulations of MLT, covered in § 3 and § 4 respec-
tively, can indeed “inflate” stellar radii by a further small
amount. This demonstrates that the S79 rotation prescription
is only effective at changing the stellar structure if the model
is already “perturbed” by magnetism. The superadiabaticity
throughout the stellar interior increases with magnetic field
strength; the effects of rotational inhibition can “feed” on
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this, increasing the superadiabaticity somewhat further and
producing small structural differences in some cases. In our
models, this additional effect is noticeably only on the pre-
main-sequence.

Finally, in § 6 we showed that both the rotationally- and
magnetically-constrained versions of MLT explored in § 3
and § 4, and the combination of these as shown in § 5, can
be duplicated by a “standard” MLT model in which the mix-
ing length parameter αMLT is allowed to be depth-dependent.
We provide explicit formulae linking the radially-variable
αMLT(r) to the rotational and magnetic formulations of S79
and MM14 (equations 34 and 35 respectively), and we show
that models constructed using these αMLT(r) are indistin-
guishable from those directly employing the S79 or MM14
models. These formulae enable the computation of “mag-
netic” or “rotating” models—within the assumptions of the
S79 or MM14 prescriptions—without modification of the
mixing length formulation in a standard 1D stellar evolution
code (though they do require that codes be capable of mod-
eling non-constant αMLT). We must caution, though, against
taking these formulae as providing a quantitatively correct
assessment of how rotation and/or magnetism affect the heat
transport (and hence the structure of the star) at every depth;
this is in our opinion unlikely to be the case, since the formu-
lations on which it is based (namely those of S79 and MM14)
have many potential shortcomings, as detailed below. We
have derived and included these formulae mainly in order to
illustrate how rotation and magnetism (in these prescriptions)
could affect the structure of the star—namely, by modifying
its specific entropy, just as αMLT(r) modifies the entropy in
this depth-dependent MLT. The trends deduced here (regard-
ing the relative efficacy of these mechanisms, for example, in
objects of different ages) may well be qualitatively correct,
even if the specific values of stellar radii, effective tempera-
tures, etc., ultimately are not.

A principal limitation of our work is its reliance through-
out on particularly simple models of how the rotation or mag-
netism affect the convective transport. In considering the ef-
fects of rotation on the structure, we effectively assumed that
only the variation of ds/dr with Ω matters, and also that the
rotationally-constrained MLT of S79 adequately captures this
variation; both assumptions are questionable. For example,
the simulations of Barker et al. (2014), which we cite as pro-
viding some numerical support for this scaling, effectively
model only a single latitude near the pole (i.e., where rota-
tion and the gravity vector are aligned); it is by no means
clear that the same temperature scalings will hold at different
latitudes. In general rotation also introduces new anisotropy
into the system (with motions increasingly aligned with the
rotation axis in accord with the Taylor-Proudman constraint),
implying that we might generally expect variations in the heat
flux and/or entropy gradient with latitude. It is unclear how

these latitudinal variations could best be represented in a 1D
stellar model, which intrinsically assumes spherical symme-
try. Similarly, the scaling of temperature or entropy gradients
with rotation rate may well depend on latitude; indeed, latitu-
dinal variations in these quantities are often present in spher-
ical shell simulations of rotating convection (e.g., Browning
et al. 2004).

It must likewise be acknowledged that the effects of mag-
netism on the flow, and hence on the stellar structure, are still
uncertain. In general they will depend on both the strength
and the spatial morphology of the magnetic fields—which,
in all the models quoted above and in our own work here,
is not solved-for self-consistently as the outcome of a dy-
namo process, but instead must simply be imposed a priori.
Models making different assumptions about the interior field
strengths have yielded substantially different results. For ex-
ample, the low-mass star models of Mullan & MacDonald
(2001) explored fields of such strength (∼ 100 MG) that por-
tions of the interior were rendered convective stable; this was
motivated partly by the striking observational finding that the
coronal heating efficiency of stars did not exhibit any clear
break in behavior at around spectral types M3-M4, where
stars are (in standard non-magnetic models) predicted to tran-
sition from being partially radiative to fully convective (e.g.,
Fleming et al. 1993). Many of the other models noted above,
including MacDonald & Mullan (2012) onwards, have con-
sidered much weaker fields, which are probably more re-
alistic (e.g., Browning et al. 2016). Meanwhile numerical
simulations of the interiors of low-mass stars (Dobler et al.
2006; Browning 2008; Yadav et al. 2015) suggest that in
many cases dynamos in these objects may yield fields that
are approximately in equipartition with the convective kinetic
energy density, rising above this in the most rapidly rotat-
ing cases (see, e.g., discussion in Augustson et al. 2017); the
spatial structure of the fields is not yet certain, but is clearly
influenced by the rotation rate (e.g., Christensen & Aubert
2006; Browning 2008; Gastine et al. 2012; Yadav et al. 2015;
Weber & Browning 2016; Aubert et al. 2017; see also discus-
sions in Brun & Browning 2017). The 1D models considered
here (and for example in MacDonald & Mullan 2017b) are at
least broadly consistent with these constraints on the overall
field strengths, but we have made no effort to mimic the in-
terior radial profile of the field, or to capture aspects of its
actual spatial morphology—which, in any event, are still un-
certain.

The effects of the magnetism on heat transport are also
somewhat unclear, but note for example that Yadav et al.
(2016) find that convective heat transport is actually en-
hanced (relative to conductive transport) by the presence of
magnetism in certain cases, in striking contrast to what is
assumed in the MM14 formulation (or likewise that of Fei-
den & Chaboyer 2014, or in the reduced-αMLT models dis-
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cussed here). Of course the simulations operate in parame-
ter regimes far removed from those in actual stellar interiors,
but they are nonetheless indicative of the sometimes surpris-
ing dynamics that can occur when convection, rotation, and
magnetism interact in spherical domains.

More fundamentally, our models rely on the mixing length
theory of convection, and on extremely simple atmospheric
boundary conditions; both are crude approximations of the
complex 3D transport occurring in these layers. Several au-
thors have noted effects that are present in 3D convection
but not easily captured in MLT (e.g., Canuto & Mazzitelli
1991; Meakin & Arnett 2007; Arnett et al. 2010; Currie &
Browning 2017). Likewise, the role of the near-surface lay-
ers, where 3D convection coupled to radiative transport ul-
timately helps set the stellar adiabat, has lately been studied
using simulations and theory (e.g., Tanner et al. 2014, 2016;
Trampedach et al. 2014; Magic et al. 2015). It is beyond
the scope of this paper to provide detailed comparison be-
tween the effects induced by magnetism or rotation and those
arising from all other effects not included in our modeling.
However, it is worth noting that some of these effects must
be clarified if a quantitative comparison between models and
any specific observational data point is required. For exam-
ple, variations in the surface atmospheric boundary condition
and in metallicity, both fixed in our models, would modify
the precise values of radius or effective temperature achieved
at any given αMLT, whether depth-dependent or not (see, e.g.,
discussions in Tanner et al. 2014, 2016).

Overall, our results suggest that rotation alone (if indeed
it affects convection in the manner assumed here) cannot

notably influence the overall structure of a fully-convective
star, but magnetism might. To have a substantial influence,
the magnetism (or indeed any other agent that modifies the
heat transport) must impact layers relatively close to the stel-
lar surface, which largely establish the star’s overall adiabat
and hence its radius. These effects can be duplicated using
standard MLT, but at the cost of allowing a depth-dependent
αMLT(r) (intended to mimic the depth dependence of con-
vective inhibition). In general, this may be difficult or im-
possible to calibrate using observations that probe the stellar
surface alone. Further independent constraints on the form
such depth-dependent convective inhibition must take—for
example, by detailed comparison with 3D simulations incor-
porating rotation, magnetism, and radiative transport—may
therefore be a prerequisite for truly predictive models of how
magnetism affects the structure and evolution of these stars.
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