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GALOIS SCAFFOLDS AND GALOIS MODULE STRUCTURE IN
EXTENSIONS OF CHARACTERISTIC p LOCAL FIELDS OF
DEGREE p?

NIGEL P. BYOTT AND G. GRIFFITH ELDER

ABSTRACT. A Galois scaffold, in a Galois extension of local fields with perfect
residue fields, is an adaptation of the normal basis to the valuation of the
extension field, and thus can be applied to answer questions of Galois module
structure. Here we give a sufficient condition for a Galois scaffold to exist in
fully ramified Galois extensions of degree p? of characteristic p local fields.
This condition becomes necessary when we restrict to p = 3. For extensions
L/K of degree p? that satisfy this condition, we determine the Galois module
structure of the ring of integers by finding necessary and sufficient conditions
for the ring of integers of L to be free over its associated order in K [Gal(L/K)].

1. INTRODUCTION

The Galois module structure of the ring of integers in ramified C)p-extensions
of local fields L/K of characteristic p was studied in [Aib03, [IST07]. Of basic
importance to that work was a K-basis for the group algebra K[Gal(L/K)] whose
effect on the valuation of the elements of L was easy to determine. In [EId09], an
attempt was made to capture the nice properties of this basis with the definition
of a Galois scaffold.

In this paper, we revise this definition slightly, and show that, in general, a
totally ramified Galois p-extension need not admit a Galois scaffold. Indeed, the
conditions, given in [EId09], that are sufficient for a Galois scaffold to exist in
a fully ramified elementary abelian p-extension of characteristic p local fields are
shown here to be necessary for C5 x Cs-extensions. This is technical work (i.e.
painstaking linear algebra). So we take the opportunity here to extend the results
of [EId09] to C,2-extensions. Thus in Theorem 1] we give conditions that are
sufficient for a Galois scaffold to exist in any fully ramified, degree p? extension of
characteristic p local fields with perfect residue fields, and then prove:

Theorem 1.1. Let L/K be a fully ramified Galois extension of degree p* that
because it satisfies the conditions of Theorem [2.] possesses a Galois scaffold. Let
AUk ={a € K[G] : aO1 C O} be the associated order of the ring of integers O,
of L. Then
O, is free over Ay i if and only if r(b) | p? -1,

where 7(b) denotes the least nonnegative residue modulo p* of the second (lower)
ramification number of L/K. Furthermore, if O, is free over Ak then any ele-
ment p € L with normalized valuation vy, (p) = 7(b) satisfies O, = Uk p.

The proof of this result appears in §2.4.
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1.1. Notation. Let p be prime and let F,, be the finite field with p elements. Let
k be a perfect field containing F,, let Ko = x((t)) be the local function field with
residue field k, and let K, /Ky be a fully ramified Galois extension of degree p"
with Galois group G = Gal(K,,/Ky). The ramification filtration of G is the set of
subgroups G; = {0 € G : v, ((0—1)m,) > i+1}. Subscripts denote field of reference.
So, for example, v,, is the additive valuation on K, normalized so that v, (K) = Z,
7, 1s a prime element of K,, with v, (m,) =1, and O,, = {x € K,, : v,(x) > 0} is
the valuation ring with maximal ideal B,, = {z € K,, : v,(z) > 0}.

Quotients of consecutive ramification groups G;/G;y1 are either trivial or el-
ementary abelian C), x --- x C}, [Ser79, IV§2 Prop 7 Cor 3]. Thus the usual
ramification filtration can be refined: There is a filtration G = Hy 2 H; 2

- 2 Hy,-1 2 H, = {1} such that H;/H;41 = C, for 0 < i < n —1 and
{H; : 0 < i <n} D {G; :i > 1}. Choose one such filtration. Choose ele-
ments o;41 € H; \ H;11 for each 0 < i <n—1 and define b; = v,((o; — 1)m,) — 1.
Then by < by < -+ < b,. Define the ramification multiset to be {b; : 1 < i < n},
which is independent of our choices [Ser79, IV§1 Prop 3 Cor|, and thus should be
considered a fundamental invariant of the extension. As a set, it is just the set of
(lower) ramification numbers, subscripts ¢ with G; 2 Giy1.

Define K; = KT to be the fixed field of H;. Thus we have a path through the
subfields of K,, from K, down to K, which is consistent with the ramification
multiset: {b; : j < i <n} is the ramification multiset for K,,/K;, {b; : 0 <i < j} is
the ramification multiset for K; /Ky, and b; is the ramification number for K; /K, ;.

Let ™Ax,/x, = {a € Ko[G] : oD, C O, } denote the associated order of O,, in
the group algebra Ko[G]. Since Ak, /x, is an Og-order in Ko[G] containing Oo[G]
and O, is a module over g, /k,, it is natural to ask about the structure of O,
over A, /x,. Although more general questions can be addressed (e.g. [dSTQT]),
we follow [Aib03], BE] here and focus our attention on determining conditions that
are necessary and sufficient for O,, to free over g, /k, -

Let || and [2] denote the greatest integer and least integer functions, respec-
tively. Let p(X) = X?—X € Z[X] and ()f) =X(X—-1)---(X—i+1)/i! denote the
binomial coefficient. Define truncated exponentiation by the following truncation
of the binomial series:

p—1
Y\ i
(1+x) .= Z (Z)X € Zip X, Y],

i=0
where Z,) is the integers localized at p. Vandermonde’s Convolution Identity is
o ()z/) (t)—(z) = (XIY) € L)X, Y] for 0 <t <p—1.
1.2. Definition of Galois scaffold. The term was introduced in [EId09]. Its
definition is refined here. Two ingredients are required: A valuation criterion for a
normal basis generator and a generating set for a particularly nice Ky-basis of the
group algebra Ky[G].

1.2.1. Valuation criterion. In a Galois extension of local fields K,,/ Ky, a valuation
criterion for a normal basis generator is an integer ¢ such that if p € L with v, (p) = ¢
then {op : 0 € G} is a normal basis for K,, over K. For fields of characteristic p,
every totally ramified Galois p-extension K,, /Ky has a valuation criterion. Indeed,
if the extension is abelian, ¢ can then be any integer ¢ = b,, mod p™ [EId10].
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1.2.2. Generating set for the group algebra Ko[G]. We have chosen a refined filtra-
tion {H;} of the Galois group along with group elements o; € H;—1 \ H;. These
elements certainly generate the Galois group, G = {[[;—, oi" : 0 < a; < p—1}, and
thus generate a basis for Ky[G] over Ky, a basis that is naturally associated with
a normal basis for K,,/Ky. A Galois scaffold occurs if there is a similar generating
set of n elements {¥;} from the augmentation ideal (c — 1 : o € G) of Ky[G] that
satisfies a regularity condition and a spanning condition: For all 0 < j < p and all
p,p' € K,, that satisfy the valuation criterion, v, (p), vn(p") = ¢ mod p™,

(1) Un(\ygp) —vn(p) = j - (vn(Wip) — valp)).

For 0 < a < p", define ¥(®) = U@ @M ... """ where a is expanded p-adically
asa=)y, a(i)pi with 0 < a¢;y < p. Then for v,(p) = ¢ mod p",

2) {vn(‘ll(a)p) 0<a< p"}

is a complete set of residues modulo p™. Because K, /Ky is fully ramified of degree
p", this means that {¥(® : 0 < a < p"} is a Ko-basis for Ko[G].

A quick comment now about the definition of Galois scaffold in [EId09]. While
we explicitly require a Galois scaffold here to have two properties, () and (2I),
the definition stated in [EId09] required only (2)) explicitly. Note however that the
Galois scaffold given in [EId09] did satisfy both (1) and (2.

2. (GALOIS EXTENSIONS OF DEGREE p2 WITH (GALOIS SCAFFOLD AND THEIR
RESULTING GALOIS MODULE STRUCTURE

2.1. Characterizing the extensions. Elementary abelian extensions of degree
p? correspond to 2-dimensional subspaces of Ko/p(Kp), where p(Ko) = {p(k) :
k € Ko}. Cyclic extensions of degree p? correspond to Witt vectors (81, 32) of
length 2, and the extension is unchanged if we add an element of p(Kjy) to 81 or Bo.
Thus, in either case, the extensions are determined by a pair of coset representations
of p(Kjp). In this subsection, we explain these correspondences and tie those coset
representatives (reduced representatives) that are distinguished for having maximal
valuation to the ramification numbers for Ko/ Ky. We also set up notation for the
Galois action that is consistent with §1.1.

2.1.1. Elementary abelian. The map that takes Ko = Ko(x1,x2) with p(z;) = 8; €
Ko toV =F,01+F,02+ p(Ko) sets up bijection between C, x Cp-extensions of Ky
and 2-dimensional F,-vector spaces of K¢/p(Ky). Given such a subspace V, choose
B1 so that vo(51) = max{vg(B) : B € V}. Choose B2 € V so that 31 and B2 span
V' and replace 5> by another representative of 52 + Fp51 + o(XKj) if necessary so
that vo(B2) = max{vo(8) : 5 € fo+Fpf1+ p(Ko)}. As a result, vo(8;) = —u; with
0 < wuy < ug and ptu; unless uy = 0, in which case K2/ Ky is not fully ramified.

Restrict to the situation where K5/Kj is fully ramified. Then because of our
choices for 81 and 2, {u1, u2} is the set of upper ramification numbers for Ks/ K.
The lower ramification numbers are by = uy and by = uy + p(us — uy) [Ser79, IV
§3]. Choose o; € G so that (0; — 1)z; = d; ; where

1 for i =y,
i = 0
0 fori#j.
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Set Hy = (02), so that Ko(z1) = K; = K3j°. Since the norm Ny, k,(71) =
p(x1) = B1, we have vi(x1) = —by as well. Similarly, ve(x2) = —pua.

2.1.2. Cyclic. As shown in [Sch3@, [Sch37], each C)2-extension of Ky can be asso-
ciated with a Witt vector (51, 82). We can assume that §; € Ky is the element
of maximum valuation in its nonzero coset of p(Ky) and that B2 € Ky is a ele-
ment of maximum valuation in its coset of F,31 + p(Kp). If we abuse notation by
identifying these cosets with their representatives, this gives a bijection between
C2-extensions and the one-dimensional F)-vector spaces {(af1,af2) : a € Fp,}.

Restrict now to the situation where Ky/Kj is fully ramified. Let o1 generate
the Galois group G, and set oy = o} and H; = (02). Then K; = Ky(z1), where
p(x1) = B1, is the fixed field of o5. Without loss of generality, (o7 — 1)z1; = 1. Our
choice of 31 means that vo(B1) = —b; < 0 with p 1 b;. Since f; is the norm of x,
v1(z1) = —b1. Thus by is the ramification number for K7 /Ky, and also the first
(lower) ramification number for Ko/ K.

The second (lower) ramification number by of Ko/Kj is also the ramification
number for K3/K;. It is dependent upon both vg(81) = —by and vo(f2) = —u3,
which due to our assumption on [ satisfies 0 < wj and if u} # 0 then p { uj.
Indeed, we will proceed now to show that by = max{(p? —p+1)by, pu — (p—1)b1},
and thus that the upper ramification numbers are uy = by < ug = max{pby, us}.

Let Dy = (2} + B — (21 + B1)P)/p = — Y0 L(M)2ipy™" € Ky, Observe
that v1(D1) = —(p? — p + 1)b;. As explained in [Sch36, [Sch37], Ko(x3) with
p(z3) = Dy is a Cpe-extension of Ky that contains K (and is associated with the
Witt vector (f1,0)). Moreover, every Cj2-extension of Ky that contains K arises
as Ko = Ko(x2) with p(z2) = D1 + B2. Then xo = x5 + 20 where p(23) = 2, and
Ky = Ko(x2) is contained in the Cp2 x Cp-extension Ko(x3,22). Without loss of
generality, we may assume that o; € Gal(Ko(z3, z2)/Kp) satisfies (o7 — 1)zo = 0.
Furthermore (o1 — 1)ag = (01 — 1)a3 = C; where Cy = (2] +1 — (21 +1)P)/p =
— Z;in;ll %(f)xll, and (0’2 - I)IQ = 1. Notice that ’Ul(Ol> = —(p - 1)b1

We now work with the ramification filtrations of two different C), x Cj,-extensions:
Ko(z1,22)/Ko and K1 (%, 22)/K7. There are three possibilities for the set of upper
ramification numbers for Ko(x1, 22)/Ko: If by # ub, the set is {by,us}. If by = u3,
the set is either {b1} or {b1,v} (for some v < by). In each case, we pass to the lower
ramification numbers for Ko(z1,22)/ Ko, using [Ser79, IV §3]. The ramification
number for Kj(z2)/K; is therefore by + p(ud — b1) (when uj > b1) or some integer
< by (when uy < b1). Now consider Kj(x5,22)/K;. Tt is easy to see that the
ramification number for K;(23)/Kj is —v1(D1) = (p?>—p+1)b1. This means, since if
ud # 0 then p { u}, that the ramification numbers for K (z3)/K; and for K1(22)/ K1
are distinct. As a result, these are the two distinct upper ramification numbers
for K1(z%, 22)/K;. Passing to the lower ramification numbers for K (x5, 22)/ K1,
considering all the cases, we find that the ramification number of K (z2)/K; is

by = max{(p? — p+ 1)by,pu’ — (p — 1)b1 }.

2.2. The Galois scaffold. Since p { vo(31), the set {vo(B:) : 0 <t < p—1}is
a complete set of residues modulo p. As a result, it is generically the case that
B2 = Zf:_ol ul Bt for some p; € Ko. Moreover, since we are only interested in the
expression for 8 in Ko/K§, we may assume that the ¢ = 0 term satisfies uf, € x.
Gather all terms except uf3; into an “error term” e. Replace py with p, and let
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m = —vo(p). Thus

P2 = PP +e€
where we may assume either € € x or p { vg(e) = —e < 0. Note that vg(e) #
vo(uP 1) mod p. Thus e Z by mod p. We are now prepared to state:

Theorem 2.1. Let Ko/ Kq be a fully ramified Galois extension of degree p*. Adopt
the notation of this section, and assume that vo(€) > vo(B2) + (p — 1)b1/p. For
G = Cy2, additionally assume vo(BY) > vo(B2) + (p — 1)by/p. Then there is a

Galois scaffold. Define U1 € Ky|G| by

p—1
Uy +1=00) = ") (o2 — 1)1
1+ 0109 Ul%(@. (02 )
Let Wy = 09 — 1. Then for a € Ko with va(a) = by mod p? and 0 < i,5 <p—1,
V9 (\115\11{04) = vo(a) + ibg + jpb.

The proof of this theorem appears in §2.3. First, we examine its conditions
in terms of the ramification numbers for Ko/Ky. In §2.1.2, we observed that for
G = Cp2, by = max{(p? —p+1)b1,puj — (p—1)b1 }. The requirement that vo(S}) >
vo(B2) + (p— 1)b1 /p means that pui — (p—1)by > p?by. Thus for G = Cpz2, us = uj,
by = puz — (p — 1)by and so the requirement that vo(8}) > vo(B2) + (p — 1)b1/p is
a strengthening of the lower bound on by, from by > (p? — p + 1)b1 to

(3) by > p?by.

The other condition vg(e) > vo(B2) + (p — 1)b1/p, which is a restriction for both
G = (O, x C)p and C)p2, implies B2 = pP By mod pP 51P2. Using by = by + p(uz — by)
(and thus (@) when G = C2), this means that vg(€) > vo(B2) + (p — 1)b1/p can be
rewritten as

(4) by > pe.

2.3. Proof of Theorem [2.11 The result for G = C, x C, follows from [EId09,
Thm 4.1]. So we focus here on the result for G = C)2 and recall the notation of
§2.1.2. There are three steps in our argument. Thus three subsections.

2.3.1. An explicit element satisfying the valuation criterion. The hypothesis on
vo(€) ensures at least that vo(e) > wvo(B2) = vo(uPP1), so that —by — pm < —e
and u3 = pm + b;. Under this weaker assumption, we determine €; € K; such that
Xy = x9—px1+e€1 € Ky has valuation ve(Xs) = —by = — max{pu’— (p—1)by, (p* —
p+ 1)b1}. Once this is done, p = (p)?l) (pjl) € K, satisfies v2(p) = by mod p2.
The element €; € K is determined by e. Recall that either e € kor pt —e < 0. If
€ € k, we simply let ¢; = 0 (and also set E7 = ¢€). The interesting case occurs when
€ € k and thus K (z)/Ko with p(z) = € is a fully ramified C}, x C), extension with
upper ramification numbers e = —vg(€) and b;. Recall e Z by mod p. So e # b;.
Passing to the lower numbering for K;(z)/ Ky using [Ser79, IV §3], we find that the
ramification number for K;(z)/K; is max{e, by + p(e — b1)} (either e when e < by,
or pe — (p — 1)by when e > by). Using this information regarding K;(z)/K; there
must be a coset representative E; for the coset € + p(K1) in K;/p(K7) such that
v1(E1) = —max{e, by + p(e — b1)}. Thus Ey = € + p(e;) for some €; € K;. Since
v1(E1) > vi(€), we have —pe = v1(€) = v1(p(€e1)). This means that vy1(e;) = —e.
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Observe, based upon §2.1.2, that p(x2) = D1+ P2 = D1+ pPB1+¢€ and p(uxy) =
pPay — pry = pP (214 pr) — pey = p(p)w1+pP B1. Therefore p(Xo) = D1 —p(u)z1 +
E; € K;. Because —b; —pm < —e, vi(p(p)x1) = —by — p?>m < (p — 1)by — pe <
v1(E1). Thus vi(—p(u)z1 + E1) = —by — p*m. Furthermore v1(D;) = —(p? —
p+ 1)b1. Thus v (p(X2)) = min{-b; — p?*m,—(p*> —p + 1)b1} = —by. Since
Normp, /rc, (X2) = p(X2), v2(X2) = —bs.

2.3.2. A Galois scaffold for the explicit element in §2.3.1. Observe that (o1 —
1)Xo = C1—p+(0—1)e; and thus (01 —1)Xo = —p+& where £ = C14 (01— 1)e; €
K satisfies v1(€) = min{—(p — 1)b1, b1 — e}. Note that for e > 0 we have pte. So
(p—1)b1 # e—by. In any case, [B) means —(p—1)by > by —ba/p and (@) means that
by — e > by — ba/p. Together they yield v1(E) > by — ba/p. Thus v (E) > pby — ba.
Using truncated exponentiation and Vandermonde’s Convolution Identity,

—1 p—1
Xo — (K i X2 Iz Xo Xo+p
p i=o \' p im0 N/ NPT p
Therefore alag” | (p)izl) = ();2_"’15 );Q_Jrlg)
volution Identity, we notice that for 0 < ¢ < p—1, vg(()?) (p_f_l)) > (p—i—1)pby —

(p = Db So va((%2)(,_5_1)) > pb1 — (p — b2 = va((;X3) /21) for 0 < i <p—1

and thus
[u] X5 . Xo+ €& _ X5 d X5 i
e (p—l) _(p—l BAVEEY R VY
Let ¥y = olog‘] — 1 and observe that for 0 < i < p — 1, \Iﬂi(p)%l)(zl) =

p—1
(p)?l) (p_””il_l) mod (p)izl) (pfil_l)‘ﬁg, which means that with ¥y = 05 — 1,

L Xo T Xo T
Pl = d
25 (p—z‘—l)(p—j—l)mo (p—z‘—l)(p—j—l)m?’

and therefore vg(\IIQ\II{p) = vy(p) + by + jpby for 0 < 4,5 < p — 1. Note that
{va(p) + by + jpby : 0 <i,j < p— 1} is a complete set of residues modulo p?.

). If we expand ( using Vandermonde’s Con-

2.3.3. The Galois scaffold holds for any element o € Ko with va(a) = be mod p?.
Express a € Ko with va(a) = by mod p? in the Ky-basis {¥5Up:0<m,n <p—
1}. So a0 =3 < pmnep Amn P53 ¥ p for some 4; ; € Ko. Since va(a) = va(p) mod
p?, Apo # 0 and it will be enough to prove the result for o/ = a/Ago. Therefore,
without loss of generality, we assume Ap g = 1 and va(Au, ) + mba + npby > 0 for
(m,n) # (0,0). Now apply WiW? for 0 <i,j < p—1to a. Clearly vy(U5W)p) =
va(a@) + iba + jpbi. The only question then is whether vo (\Ilé‘lﬂl A YUY p) >
va(a) + b + jpby for (m,n) # (0,0). Since ¥5 = 0 and U} = W, the interesting
cases, when \1112\11{ - WP £ 0, occur only when j+n < p and i +m < p, or
j+n >pandi+m+1 < p Consider them separately. If j +n < p and
i+m < p, then va (WEW) - A, , WU p) = vo(p) +v2(Amn)+ (i+m)ba+ (5 +n)pby >
va(p) + iba + jpby. Of course va(p) = va(). If j+n > pand i + m+ 1 < p, then
03 (W] + Ay WTUTp) = v(p) + va(Amn) + (i + 0+ Db + (j + 1 — p)pby >
vo(p) + by + jpby + (by — p?by). Recall restriction (B) that by > p?by.
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2.4. Proof of Theorem [I.Il The proof for G = Gal(Ks/Ky) = Cp, x Cp is con-
tained in [BE]. Here we adjust that argument so that it applies to G = Ce.
Let K3/K, satisfy the conditions in Theorem 21 So, in particular, by = by =
7(b) mod p?. Recall ¥} = Uy and U5 = 0. This means that if we represent every
nonnegative integer p-adically (i.e. for a € Z with a > 0 write a = Zio a(i)pi for
some 0 < a¢;) <p— 1), then we may define

\Ij(a) B \Ijg(l)\lj‘llw) a < p27
0 otherwise,

and find that U(®) (@) = glata)  Fyrthermore, if we define a function b from the
nonnegative integers to Z U {oo}:

bla) = {(1 + ay)be + a@ypbr  a < p?,

0 otherwise,

then because of Theorem21] given any p € K with va(p) = by, we have vy (U(®) p) =
b(a). For 0 < a < p?, set
b(@)J
0o = L_ .
P2

So b(a) = dup? + r(b(a)) where 7(b(a)) is the least nonnegative residue modulo p.
Let p,. € Ko with va(ps) = 7(b2). Recall that ¢ is a uniformizer for Ko = F((¢)).
Set p = t%p,, s0 va(p) = by. Moreover, for 0 < a set

Pa = t_da\p(a) P
which means that p, = 0 for a > p?. Note that va(ps) = r(b(a)) for 0 < a < p?.
Thus {va(ps) : 0 < a < p?} ={0,...,p* — 1}, {pato<acp? is an Og-basis for O,
and the elements ¥(®) p span K, over Ky. By comparing dimensions, we see that p

generates a normal basis for the extension K»/Ko, and {¥(¥}<,_,2 is a Ko-basis
for the group algebra Ky[G]. Observe that

(5) \Ij(al) *Pay = tda1+a2_da2 Pai+azs

and define w; = min{d;1, —d, : 0 < a < j+a < p?} where 0 < j < p?. Note, in
particular, that wo = 0 and that we have w; < d; — do for all j.

Lemma 2.2. The associated order Uk, i, of D2 has Oo-basis {t~" T} ocjcpe.

Moreover, O3 is a free module over Ay, i, if and only if w; = d;j — do for all j,
and in this case p. is a free generator of O over A, k-

Proof. Follow [BE] Theorem 2.3]. Since {TU) : 0 < j < p?} is a Ko-basis for Ko[G],
any element o € Ko[G] may be written o = Zfi_ol ¢; UV with ¢; € Ky. Using (B)
and the fact that {pa}o<a<p? is an Oo-basis for Oo, we find that a € Ag, /x, is
equivalent to ap, = Z?igl cj\I/(j)pa € O, for all 0 < a < p?. This in turn is
equivalent to cjtdﬂ*a*da € Dg or vo(c;) > dy —djsq for all 0 < a < a+j < p®. But
this is equivalent to —vg(c;) < wj for all 0 < j < p?. The first statement is proven.

Consider the second. Suppose that w; = d; — do for all j. As p. = po, (@) yields
t=wiwl) . p, = p,, the basis elements {t~“¥U) : 0 < j < p?} take p. to the basis
elements {p; : 0 < j < p®} of Oy, which means that O is a free Ay, /x,-module.
Conversely, suppose that O is a free A, g ,-module. So Oy = A, /7 for some

2
n € K. Since 1 € ™k, /k,, N € O2 and so n = Zf:f)l xrpr for some z, € Dy. We
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have two Og-bases for O, {p; : 0 < j < p?} and {t=* ¥y : 0 < i < p?}. Because
of (@) the matrix that takes the first of these to the second, namely M = (a; ;), is

upper triangular with
0 1> 7,
Qs =
] Ijiitdjfdjfi*wi 'L S .]

Furthermore, it must have coefficients in Oy and unit determinant. Recall z, €
Do, s0 in particular x¢g € Og. Because the coefficients on the diagonal lie in Oy,

2 2 2 .
zot~witdi=do € 9. Because the determinant H:;:Ol aj; = b H?:ol tdi—do—wj jg

a unit, we have w; = d; — do for all 0 < j < p?, as required. (]

The condition w; = d; —dp for all 0 < j < p? can be restated as Aypgy — dy >
dy —do forall 0 <y < p? and 0 < z < p? —y. In other words, Aypqy +do > dy +dy
for all 0 < o,y and 0 < 2 +y < p?. As this is symmetric in z,y we may assume
y < x. Thus we are concerned with the condition

(6) dw+y+d02dw+dyfora110§y§x§x+y<p2.

We have the p-adic expressions: x = (o) + z(1)p and y = y(oy + y(1)p- When we
add these expressions, we get = +y = c) + c)p + e(l)p2 where 0 < ¢(;y < p—1,
Z(0) +Y) = C0) T PE©), €0) T ) T Y1) = ca) +PeEq) and the €) € {0, 1} depend
upon whether there is a carry. Note (1) = 0, since z+y < p?. Recall by = by +p?*m.
Replace by in (@) with by = by + p?m, and get

) {(1—1—:10'—1—3;21)1 +e(0>DJ N U)T;J > {(1 +p:2v’)b1J N {(1 J;g’)le 7

where ' = x(1)+px(0), ¥ = Y1) +PY0) and D = (ba —p?by), all over the same range
of z,y. There are two cases to consider: €) = 0 and €y = 1. We consider the case
€(0) = 1 first. Using by = by + p*m, observe that ([3) means m > by — [b1/p?| and
thus by replacing m in by = by +p?*m with by — |b1/p?|, we find D > by —p?| b1 /p?].
It is enough therefore to show that () with €y = 1 holds when D is replaced by
by — p?|b1/p?]. In other words, it is enough to show that

{(2+x'+y’)b1J > {(1+x’)b1J N {(1+y’)b1J '

p? P’ p?
But this follows from the generic fact: |(a + b)/c| > |a/c] + |b/c| for positive
integers a, b, c. The case of (@) for those x,y with €y = 0 (so that z(; +yq) < p for
both ¢ = 0,1) is equivalent to [BEL (6)], which, because of [ByoO8|[BE], is equivalent
to r(b) | p* — 1.

3. EXAMPLES: p =2 AND 3

In this section, we determine necessary conditions for a Galois scaffold to exist
when p = 2, 3. Assuming the case p = 3 to be representative of the general case, p
odd, our results suggest that the conditions in Theorem [21] are sharp.

We treat p = 2 for the sake of completeness. Note that the condition on the
residue of the ramification numbers in Theorem [Tl holds vacuously. Consequently,
every fully ramified Cy x Cy-extension possesses a Galois scaffold [EId09, Thm 5.1],
and furthermore the ring of integers is free over its associated order in every fully
ramified Cy x Ca-extension [BE, Cor 1.3]. This suggests that p = 2 is a special
case. It also explains why we only consider Cy-extensions here.
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3.1. Outline. Recall that a Galois scaffold for an extension of degree p? requires
two elements ¥q, Uy € Ko[G] satisfying (), ). Here we outline a general proce-
dure which, in principle, should enable us to obtain a necessary condition for the
existence of a Galois scaffold for arbitrary p. In the remainder of this section, we
implement this procedure.

Adopt the notation of §2.1. So whether G = C, x C, or C)2, we have K| =
Ko(x1) with v1(x1) = —b1. Our first step is then to identify an element X5 € Ko
such that v3(Xa) = —bs. Once this is done, we have

X
®) o= () (%) vsii<n

satisfying va(a; ;) = —iba — jpb1. So {va(ey;) : 0 < i, < p} is a complete set of
residues modulo p?, and thus B = {a; ; : 0 < i,j < p} is a basis for K over Kj.
Notice that a1 p—1 satisfies va(ap—1,p—1) = b2 mod P2

A basis for Ko[G] is given by {(o2 — 1)%(o1 — 1)7 : 0 < 4,5 < p}. Our next step
in each case is to express (o2 — 1)"(01 — 1)1 -1 in terms of B. The fact for
each 0 < i< p both (0’2 — 1)%0’1 — 1)0041),17;071 and (0'2 — 1)p*1(0.1 — 1)1.04;07171),1
are expressed as a single element of B motivates the use of binomial coefficients to
create our basis B (rather than the more naive basis {Xiz] : 0 <i,j < p}).

At this point, we are prepared to identify elements ©; € Ky[G] for 0 < j < p
such that v2(Ojap—1p-1) = va(ap_1,p—1) + jpbi. They exist because ap_1p-1
generates a normal basis [EId10]. Because {va((02 — 1)'0jap—1,-1): 0 <4i,j < p}
is a complete set of residues, Ky = ZOSi,j<p Ko - (02 —1)'©;a,-1,p—1. Therefore
{(02 —1)'0®; : 0 < i,j < p} is a basis for Ko[G].

If there is a Galois scaffold there must be Wo, ¥; in the augmentation ideal
(0 =1 : 0 € G) of Ky|G] satisfying (I) and (@)). Because of (@], there exist
0 < i,j < p such that va(WsWa, 1, 1) = va(ap_1,-1) + pby mod p?. Thus
v2(aViW a1 p—1) = va(@p_1p—1)+pby for some a € K. Clearly a¥¥] € (0—1:
o € G)J. Lemma 3.1 below gives i + j = 1. Thus, without loss of generality, we
assume ¢ = 0 and j = 1 and that vo(Viap_1p—1) = va(p—1,p—1) + pb1. Note that
the augmentation ideal (¢ — 1 : 0 € G) of Ky[G] is also its Jacobson radical and
unique maximal ideal. Express W1 =, ;i a; (02 — 1)'0, for some a; ; € Ko
with apo = 0, and proceed to impose the first requirement of a Galois scaffold,
namely (). How? This depends upon p.

Lemma 3.1. Given o € Ky with va(a) = by mod p?. If 0 lies in the augmentation
ideal of Ko[G], (0—1:0 € G), and v2(6a) = va(a) +pb1, then 0 & (c—1:0 € G)?.

Proof. Let Try,/x, = (02 —1)P~" denote the trace from K; down to K. Using
[Ser79, V§3 Lemma 4], v1(Trg, /x, @) = (va(a) 4 (p — 1)b2) /p = b = by mod p. So
v1((o1 — 1) Trg, /i) = (i 4+ 1)by mod p for 0 < i < p. It is also the case that
v1(Trg, /K, 0a) = (v2(@) +pby + (p — 1)b2)/p = ba + b1 = 2b; mod p. In particular,
v1(Trpe, /k, 0a) <oo. Let 0 =37, ., aij(on— 1)!(og — 1) with a; ; € K. Since
6 lies in the augmentation ideal of Ko[G], agp = 0. If § € (c —1: 0 € G)?,
then a9 = 0 as well. As a result, Trg, /5, 0o = Zf;; aiolor — 1) oy — )P la =
S aio(on — 1)'Try, /i, . If p =2, the contradiction arises because we can not
have both vy (Trg, /k, 0a) < 0o and Trg, /i, 0o = 0. If p > 2, the contraction arises
because for 2 < i < p, 2b; Z (i + 1)b; mod p. O
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3.2. C4-extensions. There are two conditions stated in Theorem 211 They are
sufficient for a Galois scaffold. For p = 2, one of these conditions holds vacuously,
which leaves by > 4b1, namely (@), as the only interesting condition. Here we show
that by > 4b; — 1 is both necessary and sufficient for a Galois scaffold to exist in
a fully ramified Cy-extension. Assume notation of §2.1.2. So vo(B1) = —b1 < 0
odd, and K3/K, satisfies Ky = Ko(z2) with p(x2) = Biz1 + p2p1 + € where
1 € Ko, and because p = 2, € € k. Recall (07 — 1)z = x1 with p(x1) = $1. Let
m = —vg(p) and Xo = 9 — puz1 € Ko. Then p(X3) = (81 + p(u))x1 + € where
v1((B1 + p(u))z1) = —max{3by,b; + 4m} = —by. Thus v2(X3) = —by. The basis
Bis {am :0 S i,j S 1} = {1,$1,X2,X2$1}.

Note that (o7 — )Xo = 71 — . So 01 Xex; = (Xo + 21 — p)(w1 + 1) and
thus (o1 — 1)Xox1 = Xo + pxy + 51 + p. Therefore for 0 < 4,5 < 1 we have
(02— 1) (o1 — 1) sy = Q11— 1—; + € j, where the error term ¢, ; is zero for (4, j) €
{(0,0),(1,0),(1,1)}, and €91 = pag,1 +(B1+p)ao,0- Use this to find ©1 = (alaé"] —
1)+ B1(o1 —1)(02 — 1), so that the effect of ©1, (02 —1), (62 —1)O1 on a1 = Xoxy,
a1.0 = Xo2, a1 = 21 is as follows:

| XQIl X2 X1
@1 X2 I 1
(9) (0’2 — 1) X1 1 0

(02 —1)04 1 0 0

Now a1 satisfies the valuation criterion for a normal basis generator, namely
va(a1,1) = ba mod 4. Thus, if there is a Galois scaffold, then there is a ¥y in the
augmentation ideal of Ky[G], which is expressible as U1 = a¢,101 + a1 9(02 — 1) +
CLLl(O'Q — 1)@1 with aij; € Ko, such that ’UQ(\Iflp) = Ug(p) + 2b; for all p < Ky
with va(p) = va(@1,1) mod 4. Since v2(O1a1,1) = va(a1,1) + 2b1, v2(ap1) = 0 and
va(a; ;) + tba + 25b1 > 2by for (4,7) # (0,1). Multiplying p by an element of Ky if
necessary, we may assume, without loss of generality, that p = Xox1 +aXs+bx1+c¢
with a,b,c¢ € Ko. So that v2(p) = v2(a1,1), we require va(a) > —2by, v2(b) > —b2
and ’UQ(C) > —bs — 2b;. Note that U p = CL071X2 + (CLOJCL + Glﬂo)xl + (&0711) +
aipa + a1,1). Using the bounds on wva(a), va(b), ve(c) and the wva(a; ), we find
U1p = ap,1(X2+az1) mod X2, which means that for a Galois scaffold we require
vo(axy) > va(Xa) for all a € Ky with vo(a) > [—2b1/4]. Thus [b1/2] < |(b2 —
2b1)/4], which since by is odd is equivalent to by > 4b; — 1. On the other hand,
if by > 4b; — 1 a Galois scaffold exists. This follows from the observation that for
p* € Ko with v2(p*) odd, we have va((o2 — 1)p*) = va(p*) + ba.

3.3. Cy-extensions. We prove that for Cy-extensions the conditions in Theorem
21 are sharp. Assume p = 3 in §2.1.2. So vo(f1) = —b1 < 0 with p t b;. Either
vo(B2) < 0 with p 1 vo(B2) or B2 € k. In any case, there are uq, p2 € Ko (either
or both of which may be 0) and k € k such that 82 = p3f + 3 ('821) + k. Let
m; = —vo(p;) for i =1, 2. If By # 0, vo(B2) = — max{3mi + b1, 3ma + 2b1,0}. Our
Co-extension Ko/ Ky satisfies Ko = Ko(z2) with p(z2) = —p123 — Biz1 + uip +
ILL% (621)+k, and (0'1—1)$2 = —x%—xl with p(Il) = ﬂl- Let XQ = To2— HU1T1— U2 (121).
Then p(XQ) = —[31I% — [3%:1:1 — p(,ul)xl - p(,ug)(gl) — ,ugﬁlxl + k. Notice that
’Ul(p(Xg)) = —b2 and (01 — 1)X2 = —LL‘% — L1 — M1 — U2T1. Thus ’U2(X2) = —bg.
We have our basis B = {a; ; : 0 <1i,j < 2} using (8.

Verify, using a software package like Maple, that for 0 < 7,57 < 2 we have
(02 —1)i (01 — 1) a2 = az—;2—; + € j, where the error term ¢; ; is zero for (i, j) €
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{(0,0),(1,0),(2,0).(2,1),(2,2)}. Otherwise

01 = (I—p—p2)long+ao11)+ Prars+ (pe —1)fraip
+H(papz + 1 — pi + p2 — p3) (02 + a0,1) + p2fiaos
+(u3 — pa)Braog + ((u1 — p2 — papz + p3)B1 + B7 )0

€11 = (1—p1—p2)(aoe +ao01)+ Praos + (p2 —1)Braoo

€2 = (n2—1)(o2—ai0)+ (o +aio)
(5 = po 4 117 = (1+ p2)B1)evo 2
+(—pap2 — 1+ (L4 po — p3 + 1) Br)ao
+(p2 — p3 — p1 — w3 — pape + (pape — g — p2 — 3 — 1)B1 — B)aoo
€12 = (p2 —1)(ao2 — a00) + p1(ao,1 + o)
Now observe that because by = max{7by,b; + 9m1,4b; + Ims}, we have vz(u_l) >

b1 — b2 and wva(u2) > 4by — ba. So using the expressions for (o2 — 1)"(01 — 1) g2
and Gaussian Elimination, we find that

01 = (0104 —1) = Bi(o2 —1)(01 — 1) — p2f1 (02 — 1)(01 — 1)?
(13 — )10z = 1)* + [(upz — 1 — p3)B1 + B3] (02 — 1)*(o1 — 1)
+ [pap2Br + (1 + p2) B3] (02 — 1)* (01 — 1),
0 = (010" = 1) —pia(02 — 1) + (1 + p2)a (02 — 1)?
+(u — p2)Bi(02 = 1)* (o1 — 1) + [(u2 + p3)B1 + Bi(02 — 1)*(01 — 1)?,
give @jQQ)Q = 0225 mod 052_’2,]'(1}2. Let @0 =1.

If there is a Galois scaffold then there is a ¥y in the augmentation ideal of Ko[G],
which is expressible as W1 = 37, .5 aij(02 — 1)'0; for some a; ; € Ky, such that
UQ(\IllaQ?Q) = 'UQ(QQ)Q) =+ 3b1 and 1)2(\1/%052_’2) = 1)2(052_’2) + 6b1 Note that CL()_’() = 0,
since ¥ is in the augmentation ideal. Since vo(¥ia2,2) = va(@22) + 3b1, we have
v2(ap,1) = 0 and wva(a; ;) + iba + 3jby > 3by for (i, ) # (0,1).

To determine vo(¥iaz o), we expand ¥% in terms of the Ko-basis {(02 — 1)'0; :
0 <1i,j <2} for Ky[G]. This requires the following identities, which can be verified

with a software package like Maple (establish polynomial identities where x = 01 —1,
23 =09 — 1, and 27 = 0):

0] = Oy+4Bi(oz—1)02 — (u2B1 + B7)(02 — 1)°02
+B1 (43 + p2)(og — 1)?01 + (2 — 1)B1(02 — 1)* + pa (o2 — 1),
010; = (02 —1) = pz(oz — 1)O1 + Bi(o2 — 1)°O1 — B (uz + p3) (02 — 1)°O2
—Bi(o2 — 1)27
03 = (02— 1)01+ B1(02 — 1)?O1 + pa(02 — 1)O2 — Bi (02 — 1)?O;
—p (o2 — 1)%.

In the expansion of ¥% in terms of {(o2 — 1)'0; : 0 < 4,5 < 2}, we find the
coefficient of (o2 — 1) to be 2ag1a0,2 + ag?l,uQ, while the coefficient of (oo — 1)O4 is
2a0_,1a1,1+2a1,0a012+a3)2u2+a8)161. When we apply \I/% to a2, it must be that both
v2((2a0,1a0,2+0a3 1 12) (02 —1)az,2) > v2(O20122) = va(arz,2)+6by and va((2a0,1a1,1+
2a1 pao,2 + a%)ng +ad 151)(02 —1)O2022) > va(az2) + 6b;. We may discard those
terms of valuation greéter than vs(a 2)+6b1, using va2(ap,1) = 0 and va(a; ;) +iba+
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3jby > 3by for (i, ) # (0,1). This means that we can drop —ag 1611 — a1,0a0,2 from
the coefficient for (02 —1)O2a2 2, leaving (a§ opi2+a§ 1 81)(02—1)O2az2. Ifva(p2) <
6b1 — by, then because vg(aalug (02—1)az2) < va(ag,2)+6b; we must have vg(p2) =
vo(ag,2). If by < 9by, then because vg(aalﬁl (02—1)O202,2) < va(c2,2)+6b1 we must
have 2vg(ao,2) +vo(p2) = vo(B1). So if va(uz) < 6by —be and ba < 9b1, then we must
have 3ug(u2) = vo(B1) = —b1. But 3 1 b1. This means that we have vy (u2) > 6b1—bo
or by > 9b1, and there are two cases to consider. Suppose that va(pe) > 6b1 — be.
Then because we must have vz ((ag op12 +a§ 1 51)(02 —1)O20r22) > va(r2,2) +6b1, we
must have v2((agy1ﬁ1)(@ —1)O2a2,2) > va(az2) + 6b1, or by > 9b;. Suppose that
by > 9b1. Then because we must have va((ag 1 12 —a0,100,2)(02—1)a2,2) > va (a2 2)+
6b1, we must have vg(aalug(ag —1)az2) > va(ag2) 4+ 6b1, or va(ua) > 6by — ba. As
a result, we have shown that in order for a Galois scaffold to exist, both by > 9by
and va(p2) > 6b; — by must hold. The first condition agrees with (B]). The second
condition agrees with ().

3.4. C3 x Cz-extensions. We prove that for C3 x Cs-extensions the conditions in
Theorem [2.1] are sharp. Assume p = 3 in §2.1.1. So vy(f2) < vo(B1) = —b1 <0
with p { b1,v9(f2). We follow §3.3 closely, except that the technical issues here
are easier, since expressions here are often truncations of the expressions in §3.3:
Again, there are elements u1,ue € Ko with vg(y;) = —m; and a k € k such that
ﬂg = ,u?ﬁl + ILL% (621) + k. Since ’Uo(ﬂz) < 0, 00(52) = —max{3m1 + b1,3m2 + 2b1}
Let p(z;) = fi, and let (o, — 1)x; = &;; be the Kronecker delta function. Let

Xo = @9 — 171 — [i2 (9”21) Then p(X2) = —p(p1)z1 — p(ug)(zzl) — p3B1x1 + k. So
v1(p(X2)) = —be and (07 — 1) X2 = —p1 — pexy. A basis for Ko/ Ky is given by
B={a;;:0<1i,j<2} where a; ; = ()?) (w;)

Verify, using a software package as in §3.3, that for 0 < ¢,j < 2 we have (og —

(o1 — 1)y = as_j2—; + €. j, where the error term ¢; ; is zero for (i,7) €
{(0.0),(1,0), (2.0).(2, 1), (2.2)}. Otherwise

€01 = —(u1+p2)(arz+ar1)+ pefiaro
+(pap2 — pn — i — p2 — p3) (0.2 + @0,1) + p3B100,1
+(p2 — pap2 + p3)Braoo,
€1 = —(p1+p2)(2 + aon) + peBiaoo,
€2 = pa(ar2 —a1o)+pi(ais +aio) + (13 + pe + pui)ao 2
+(p1 — papz — p3B1)ao
(= 1} = po — 5 — pape + (papz — p3)Br)o,,
€12 = p2(2 — o) + pi(ao1 + o).

Use this and the fact that because by = max{b;+9my, 4b1+9ms}, we have va(u1) >
bl — b2 and 'UQ(‘LLQ) Z 4b1 — b2 to find that @jO{Q?Q = Q22j mod O[Q)Q,J';BQ for

01 = (0105 — 1) + p3B1 (02 — 1)? — 21 (02 — 1)(04 — 1)
+ (pap2 — p3)B1(o9 — 1)*(01 — 1) + (map2 — p2) 1 (02 — 1)* (01 — 1)%,
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O = (0108 = 1)% — pa(02 — 1) — pra(02 — 1) + i3Br (02 — 1)* (01 — 1)
+ u3Bi(or — 1)%(o01 — 1)
Let ©g = 1. Using a software package as in §3.3, we establish:

07 = Os+pa(02 — 1) + pa(02 — 1)* + p3fi (02 — 1)%61,
0102 = —pa(o2 —1)01 — pz(o2 — 1)°01 — 1581 (02 — 1)*02
@g = —ug(ag — 1)2 + ,UQ(O'Q — 1)@2 + ,LL2(O'2 — 1)2@2

If there is a Galois scaffold then there is a ¥ = EOSZ‘,J‘Q a; j(02 —1)'0; in the
augmentation ideal of Ky[G] with a;; € Ko and ago = 0, such that ve(¥1ag2) =
v2(2,2)+3b1 and thus va(ap,1) = 0 and for (i, 5) # (0, 1), va(a, ;)+iba+35b1 > 3b1.
Furthermore va (W3 2) = va(an2) + 6b1. Expand W% in terms of {(o2 — 1)!O; :
0 <4,j < 2}. The coefficient of (o2 — 1) is ag ;2. When we apply ¥F to ags,
we must have vg(aalug(az — 1Dag2) > v2(O202,2) = va(agz) + 6b;. This implies
va(g) > 6b1 — by and thus ().
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