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SUMMARY

This paper develops novel fault tolerant integral sliding mode control alocation schemes for a class of
over-actuated affine nonlinear system. The proposed schemes rely on an existing baseline controller and the
objective is to retain the nominal (fault-free) closed-loop performance in the face of actuator faults/failures
by effectively utilizing actuator redundancy. The online control allocation reroutes the control effort to the
healthy actuators using knowledge of the actuator effectiveness|evel estimates. One of the proposed schemes
istested in simulation using awell known high fidelity model of alarge civil transport aircraft (B747) from
the literature. Good simulation results show the efficacy of the scheme.
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1. INTRODUCTION

Sliding mode control schemes have several unique properties, and these have sustained research
interest in this area since the 1960s. The most important property is its insensitivity (at least
theoretically) to matched uncertainty acting in the control input channels|[1, 2, 3]. In conventional
first order sliding mode systems, the order of the closed-loop system is reduced compared to
the open-loop, by an amount equal to the number of input control signals. The reduced order
dynamics during the sliding motion are determined by the choice of dliding surface — which is a
key component of the design process. Many different approaches for the design of linear sliding
surfaces for uncertain linear systems have been developed, and the area is quite mature [2, 3]. In
conventional sliding modes the closed-loop behaviour has two quite distinguishable phases: @) the
pre-sliding phase in which the system states are driven towards the sliding surface to create asliding
mode; b) the reduced order sliding motion that occurs once the surface is attained. Crucially the
insensitivity properties only manifest themselves once sliding has been achieved. Integral sliding
modes (ISM) were first discussed in the late 1980s and early 1990s [4, 5]. Two clear distinctions
exist between integral sliding modes and conventional first order sliding modes. Firstly, during
diding, ISM systems retain the order of the original system — i.e. no reduction of order occurs
(although the property of insensitivity to matched uncertainty is unaffected); secondly there is no
reaching phase. Key subsequent work has refined these ideas to combat unmatched uncertainty [ 6],
investigated output feedback formulations [7, 8, 9] and extended these ideas to nonlinear systems
[10].

The problem of stabilization of affine nonlinear systems, using variable structure control and
sliding mode paradigms, has been widely studied in last decade (e.g. see [11, 12, 13, 14, 10, 15]).
One of the earliest works described in [11] transformed the affine nonlinear system (with high
relative degree in terms of the system outputs) into one in controllability regular form to achieve
output tracking. As argued in [11], a variable structure output feedback control law can be found
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assuming the nonlinear system is decouplable and minimum phase. The work in [12] proposed a
stable sliding mode tracking control scheme. Although various variable structure control laws were
devel oped to stabilize affine nonlinear systems [ 14, 16], the occurrence of a sliding mode was often
not exploited. Subsequent work in [17, 18, 19] deals with the design of higher-order sliding mode
controllers for asingle-input single output (SISO) nonlinear affine system.

The robustness properties of ISM schemes have been exploited to deal with problems associated
with affine nonlinear systems using first order sliding concepts [4, 5] and later higher order
dliding methods [20, 21]. General ISM schemes were developed for nonlinear affine systems to
minimise the effect of the matched and unmatched uncertainty [ 10], generaising the results from
[6]. The work in [22] proposed a higher order ISM controller for a class of SISO affine nonlinear
systems formulated in a nonlinear block controllable form, and this approach achieved finite-time
exact compensation of unmatched perturbations with semi-globa convergence features, for both
regulation and tracking. In [23], an explicit affine nonlinear model predictive control method was
combined with an ISM control approach to stabilize nonlinear systems in the presence of additive
bounded disturbances, and in [24], an affine nonlinear generalised predictive control method was
proposed. The approach includes an I1ISM framework and guarantees zero steady-stete error for a
class of affine nonlinear systems in the presence of both matched and unmatched disturbances.
In [25], the problem of developing an ISM controller for affine nonlinear systems with input
disturbances and unknown nonlinear terms was considered using the adaptive actorcritic control
method.

Inthelast few decades, the subject of fault tolerant control (FTC) has been the focus of significant
attention: both theoretically and from an applications perspective (e.g. see [ 26, 27, 28, 29]). Many
methodologies have been explored such as control allocation (CA) [30, 31, 32, 33], physicd
approaches [34], and H... approaches[35, 36, 37]. (However it is probably fair to say that the most
mature are based on linear system representations). During this period, the use of sliding mode
controllers as FTC schemes has also been explored [30]. It is at least intuitively clear that certain
classes of actuator faults can be modelled as a special case of matched uncertainty. Consequently, for
faults which only deteriorate the capabilities of the actuators, sliding mode controllers provide de-
facto fault tolerance. Integral Sliding Mode control laws have aso been researched in this context
[38]. However in the literature, very little work has focused on fault tolerant ISM schemes for
nonlinear affine systems.

The work in [39] developed a fault tolerant ISM strategy for a class of second order affine
nonlinear systems (in a framework similar to an Euler-Lagrange representation). This work was
then extended and applied to more general nonlinear affine systems [40]. This paper develops fault-
tolerant integral sliding mode control alocation (ISM/CA) schemes for a class of nonlinear affine
systems. In particular, one version develops an ISM scheme that can be retro-fitted to an existing
controller developed using only the primary actuators, to induce robustness with respect to actuator
faults/failures, and a CA component to redistribute the control signalsto healthy/fault-free actuators
based on actuator effectiveness level estimates (which are assumed to be known). To demonstrate
the efficacy of the scheme, the retro-fitted ISM/CA procedure will be applied to alongitudinal rigid
body aircraft model and evaluated using the RECOVER benchmark [41].

The main contributions of the paper are: i) fault tolerant ISM schemes developed for linear
time invariant (LTI) [42, 38] and linear parameter varying (LPV) representations [43, 44] are
extended into a more general nonlinear affine framework; ii) compared with the work in [10],
a control allocation component has been embedded to ensure fault tolerance and the dimension
of the switching function reduced; iii) one of the two design schemes developed in this paper
introduces fault tolerance by retro-fitting an integral sliding mode control signal to an existing
baseline controller in the presence of actuator faults/failures.

The structure of the paper is as follows. Section 2 describes integral sliding mode online control
alocation (ISM/CA) schemes created to cope with the presence of actuator faults/failures. In Section
3, one of the proposed ISM/CA schemes is then applied to a nonlinear longitudinal rigid aircraft
model. Concluding remarks are made in Section 4.



2. FAULT TOLERANT ISM CONTROL FOR AFFINE NONLINEAR SYSTEMS

2.1. Preliminaries

Consider an over-actuated system subject to faults written in the form

#(t) = f(x,t) + g(x)W (t)u(t) + g()¢m (2, t) @

where the state vector x(t) € D C R™ where the compact region D contains the origin. It is
assumed that the vector field f(z,t) : DxR*T — R™ is known and has at least one equilibrium
point which, without loss of generality, occurs at the origin so that f(0,¢) = 0 (after a possible
coordinate shift). The signal «(t) € R™ denotes the system inputs. The last term in (1) represents
matched disturbances where the signa (,,(z,t) : R™ x Rt — R™ represents an unknown vector
representing modelling uncertainties and external disturbances which is assumed to be worst-case-
norm-bounded by a known function ¢, (,t). In (1), the effectiveness level matrix W (¢) € R™*™
is a diagonal matrix where the diagonal terms w;(¢) € [0 1]. This is a common fault model in
the literature [26, 30]. Here it is assumed that a good estimate of 1V (¢) is available from a fault
detection and diagnosis (FDD) scheme [45, 46] monitoring the system. Suppose the m. columns of
g(z) : D — R™*™ are smooth vector fields and are known. Providing

Eoﬁ’wi(t)g]. fori=1...m (2)

where 0 < ¢y < 1, then W () is nonsingular and the problem of fault tolerant control can be
addressed, for example, using the approach in [10]. Furthermore, the associated sliding mode will
be unaffected by the faults and uncertainty because both are matched disturbances in equation (1).
The situation in which w; = 0, reguiring ¢, = 0, corresponds to the case where the ith actuator
completely fails and the corresponding control signal «; does not appear in (1). In this situation,
the approach in [10] is no longer directly applicable. (It is perhaps unreasonable to expect nomina
performance to be retained in the event of the total failure of certain feedback loops). However,
especialy in safety critical systems, often physical redundancy is built-in at the design stage to
mitigate potential catastrophe. The remainder of the paper considers over-actuated systems which
are represented as affine nonlinear systems. The next sections outline the class of systems to be
considered and the assumptions made. In what follows two different design approaches (with two
different sets of assumptionsimposed on g(z)) will be considered.

2.2. AnISM Design Approach (Design 1)
Supposed the input distribution matrix in (1) can be factorized as

9(x) = g(x)N(x) ©)

where §(z) : D — R™*!issmooth and full rank, and the matrix N (x) isalsorank [ wherel < m. By
assumption the system is over-actuated and [ represents the number of controlled outputs required to
ascribed to the system appropriate closed-loop performance. Note that the non-unique factorization
in (3) must be chosen to avoid an ill-conditioned N (x). Consider the following control allocation
scheme to exploit the overactuatedness of the system

u(t) = WON @) (N (@)W (6N (@)7) " o(t) @

where v(t) € R! represents a virtual control input. The idea is to design the virtual control v(t)
to provide appropriate closed loop performance and this signal is distributed to the real physical
actuatorsthrough (4). Provided the reductionsin effectiveness of the actuators and the possibility of
total failures modelled by W (¢) are such that det(N (z)W (¢)2N(x)T) # 0, then the expression in
(4) iswell defined. From (4) it can be easily shown that N ()W (t)u(t) = v(t). Then exploiting (3),
it followsthat (1) can be written as

i(t) = f(x,t) + g(x)o(t) + g(2) N (2)Cm (2, 1) ©®)
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Figure 1. Schematic of the Overall Control Strategy

The control law in (4) depends on W (t), i.e. it requires knowledge of the faults/failures. Assume, as
inFig. 1, afault diagnosis scheme is available to create an estimate of W (¢) denoted by W (¢).
In the ideal control law (4) replace W () with the estimated value 17/ (¢) so that

u(t) = W (N (@) (N (@)W ()*N (2)") " u(t) (6)
Whilst not a perfect estimate of 1 (), suppose /W(t) satisfies
W(t) = (In — AW (®) (7)

where A(t) € R™*™ s adiagonal matrix where ||A(t)]] < dmaz < 1. The matrix A(¢) is related
to the accuracy of estimation, and if A(¢) =0 then /W(t) = W(t). From (7) and noting that
W(t) € [0 I, the assumption [|A(t)|| < dmae < 1 ensures the diagonal elements w;(¢) > 0 and
there can be no changein polarity.

Choose an ISM switching function for the system in (5), as proposed in [10], as

o(x,t) = h(z) — h(xzo) — /t G(x)(f(x,7) + g(z)N(z)uo (1)) dr 8

where u(t) is chosen so that the nominal closed loop system
@(t) = flx,t) + g(z)N(x)uo(t) ©)

isstable and has appropriate performance. The nonlinear function 4(x) : R™ — R™ hasthe property
that

G(z) = 32(;) (10)
and satisfies
rank(G(z)g(x)) =1 (12)

The objective is to design a control law so that o = 0 for all time, i.e. to ensure a dliding mode is
enforced on
S={zeR":0(x,t) =0} (12)

It follows from (8) that

& = G(2)§(x)N (@) (L — A®)W (t)u(z,t) — G(@)§(2)N (@) (uo (t) =G (, 1))
f

= G(2)g(2)v(z,t) = G(2)§(2)N (@) A(t)N (2) v (2, t) — G(2)g(2)N () (uo(t)—Cm (@, 1))
(13)

where
N(z)" = W(t)*N(z)" (N (z)W(t)*N(z)") ™" (14)



Notethat N (x)T isaright pseudo inverse of N () and by assumptionrank(N(z)) = [ foral = € D.
Consequently, since W (¢) isdiagonal, || NV (x)T|| isbounded for any = € D (for detailson this special
property of pseudo inverses see [47, 48]). Define

o(t) = N(@)uo(t) — ple, 1) oLl (15)

where the scalar p(x, t) represents the modulation gain which needs to be chosen to ensure sliding
can be maintained.

Remark 2.1

The problem of calculating u(t) to stabilize affine nonlinear systems such as those in (9) has
been widely addressed in the literature. For example, methods such as feedback linearization [49],
backstepping [50, 51], methods based on extensions of linear quadratic regulation (LQR) [52], Hoo
(or £5) optimal control [53] and sliding mode control [5, 10] have all been applied.

It follows from (13) that

. T G(2)g(x 2)g(z)) o
ol'e = —p(a,t) ERINEOICD 2 — 5T G (2)g(x) N () AN ()T N(2)ug

TG@I)N (@) AWN @) ol ) R ray o C@aN @G, 1) g
—p(@,1)[|(G(@)3(2)) ol + 1(G(@)a @) o [[[|N (@) |2 N () | [luo]
+ (2, )0maa [ (G(@)3(2)) ol [ N @) N (@) ]| + [(G)d(@) "o l[| N (@), £)

Here assuming 6,y,q. | N ()||[| V ()] < 1, choose

[N (@) 2N @) o[+ 1N (@) [|Gm (2, £) + 10 (. 1)

o) > T Sinaa N @[N] 7
where no(x,t) > 0. Provided
Smaz [N (@) N (2)¥]] < 1 (18)
is satisfied the modulation gain p(z, t) is positive.
Remark 2.2

Note the contribution || N (x)|||| N (x)T| depends on the plant model and the domain D, and the
inequality in (18) is effectively a limit on ¢,,,, which in turn places a constraint in terms of how

accurately /W(t) must represent W (¢).
Using the modulation gain from (17) in inequality (16) it follows

ol < oz, t)\//\mm (G(@)3(2)(G(2)g(2))T) o] (19)

Inequality (19) represents the reachability condition and guarantees sliding will be maintained
despite the occurrence of faults.
From (13), during sliding

0= G(2)g(x)N ()W (t)ueq (2,t) — G(2)g(2)N (2)uo (t)+G(2)g(2)N (2)Cm (z, 1) (20)
where the equivalent control signal
Ueq(t) = W ()N ()" (N (2)W (£)* N (2)7) " veq (t) (21)

and v, (t) isthe equivalent injection signal associated with (15). Sincedet(G(x)g(x)) # 0, equation
(20) implies

N(2)W (t)teq(t) = N(x)uo(t)—=N(2)¢m (2, 1) (22)
Substituting (3) into (1) yields

(t) = f(x,t) + g(z)N(2)W ()u(t)+g(z) N (2)Cm (, t) (23)



then finally substituting for the equivalent control from (22) yields
o(t) = f(z,t) + g(z)N(z)uo(t) (24)

as the dynamics of the sliding motion. From (24) it is clear nominal performance is retained by the
appropriate choice of u(t) despite the faults and uncertainty.

2.3. A Retro-Fitting Approach (Design 2)

Asan dternative, consider aretro-fitted ISM/CA scheme as shown in Fig. 2. The scheme proposed
in Fig. 2 demonstrates the integral sliding mode control signal is retro-fitted to an existing baseline
controller to introduce fault tolerance. Compared with the scheme shown in Fig. 1 where the
control law is created based on the open-loop plant with no cognizance of any existing controller,
the idea of the scheme in Fig, 2 is to use only the primary actuators in the nomina fault-free
case (based on an existing controller), and to engage the secondary (redundant) actuators only if
faults/failures occur. Now suppose g () from (1) hasrank m for all z(t) € D and the systemisover-
actuated. In this subsection, suppose the control input can be written as u(t) = [u) ul]" € R™
where the component u,, € R! represents the primary control inputs and u, € R™~! represent
the secondary control inputs. In this paper, it is assumed m > 21. Note that this assumption is
restrictive but in many over-actuated systems, especially safety critical systems (e.g. civil aircraft),
the extent of actuator redundancy islarge’. Let theinput distribution matrix from (1) be conformally
partitioned as g(z) = [gp(z) gs(x)] where g,(z) : D — R"*! is associated with the primary
control inputs and g,(z) : D — R™*(™~1 s associated with the secondary control inputs. For
the development which follows partition W (t) = diag(W1(t), Wa(t)) where Wy (t) € R™*! and
Wy(t) € Rim=0x(m=0) Here the effectiveness matrices W, (t) and W(t) are associated with the
primary and secondary control inputs, respectively.
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Figure 2. Schematic of the Overall Control Strategy

It follows from the assumptionson g(x) that the ! columnsof g, (z) arelinearly independent vectors
for each x(t) € D. Then there exists adiffeomorphism 7'(x) : D — R™ such that

2,760 = | gt (25)

TFor example, a Boeing747 has 29 actuator/control surfaces (including the four engines) which could be potentially
manipul ated independently [54, 41].



where L, T(z) is the Lie Derivative of T'(x) with respect to g,(z) and Ea(z) € R™! with
det(Ey (x)) # 0 for al z(t) € D. Details about T'(x) are given in the sequel. Then it follows from
the expression in (25) )
0 Elg(l‘)

L, T = | = - N 26

[ g (1‘)] E21 (ZL) Egl(m)EQQ(IL‘) ( )
where L,T(x) is the Lie Derivative of T'(z) with respect to g(z), Eiz(z) € RO=0x(m=1 and
EQQ(I) S Rlx(m_l).

Remark 2.3

According to Frobenius' theorem [55], if Z:=span{g¢,...,q} is involutive, where ¢1,...,q
are the | columns of g,(x), there always exist smooth functions 1 (x),...,¥,—;(z) such
that [0v;/0x]g,(x) =0 where i =1,...,n—1 for al z(0) € D, and there aso exits smooth
functions v, ;.1 (x),...,v,(z) such that the diffeomorphism 7'(x) = [¢1(2),...,¥n(2)]T in a
neighborhood of z(0) satisfies (25).

Remark 2.4

Ingeneral, itisnot straightforward to create adiffeomorphism7'(x) to ensure (25). Nevertheless, the
work in [56] for example developed necessary and sufficient conditions for solving 7'(x) for SISO
systems and the work associated with Section 5.4 in [57] extended the conditions to multi-input
multi-output systems.

Suppose the uncertainty ¢, (x,t) in (1) is only associated with the primary control channels. Then
applying the system coordinate transformation 7'(x) : © — 2z to equation (1) yields the system
representation

SOy 0 E13(z) 0
t) = Fzt) + E1(2) E21(Z)E22(Z)] Wtut)+ [E21(Z)] Gl=1) @7
———
E(z) Eo(2)

where E(z) = E(z) = E(T~'(z)) foral z(t) € T(D),and T(D) = {z € R™ : ||2(t)|| < ro} where
ro represents a positive scalar.

In (27), ,(z,t) represents the matched uncertainty associated with the primary control channels.
The signal (,(z,t) is assumed to be worst-case norm bounded by a known function (,(z,t). As
before the actuator fault effectiveness matrix W (t) must be estimated by some fault detection
scheme (e.g. see [26, 30]). A similar andysis to that in Section 2.2 is considered here: it is
assumed that the matrix T (¢) cannot be estimated perfectly and the estimated value /W(t) =
diag(W, (), Wa(t)) satisfies the relationship in (7).

Let A(t) = diag(Ai(t), Ao(t)) where A;(t) € R and Ay(t) € R(m=Dx(m=D gre unknown
diagonal matrices such that

max(|[[Ar(8)]], [|[A2@)]]) < dmaz < 1 (28)
Specifically, it follows from (7) that
Wi(t) = (I — Ay (1) Wi (1)

— (29)
Wa(t) = (Im—1 — Da(t))Wa(t)
Assumption 2.1
Assume there already exists aprimary control law
up(t) = K(z), K(0)=0 (30)
that ensures the fault free closed-loop system
2(t) = F(z,t) + Eo(2)K(2) := Fe(z,1) (3D

where Ey(z) is defined in (27), is asymptomatically stable for all z(0) € T'(D). Equation (31)
represents anominal system with ‘ideal performance’.



This assumption formalizes the earlier statement that ‘the system is over actuated’ since asymptotic
stability of (31) and hence (1) when W (t) = I,,, can be ensured using only thefirst [ control inputs,
i.e. acontrol input to the healthy actuators of the form

ult) = [K éz)] (32)
stabilizes the systemin (1).

2.3.1. Control allocation component
A control alocation scheme will now be created based on the existing controller in (30) for the
primary surfaces. Define the physical control signals to be sent to all the actuators as

u(t) = N(2)v(t) (33)
where v(t) € R! isthevirtual control and N (z) € R™*! isthe control allocation matrix given by

1

NG = | Moy (1 - W 0)

(34)
where the component

No(2) = Ena(2)" (Baa(2)Wa(t) Bz (2)") " (35)
Remark 2.5 .
Note that Foy(z) € R (™= and hence a necessary condition for Eay(z)WaFEas(2)T in (35) to
be nonsingular is that m — I > [. Furthermore at most m — 21 of the diagonal elements of W, are
allowed to be zero (i.e. failed). Although it is not straightforward to judge if N(z) is full rank for
a nonlinear system, in many real engineering systems such condition has physical meaning and
the system to be controlled is designed to possess these properties at least locally to the operating
conditions. (In the exampl e discussed later in the paper, the rank condition of N (z) iseasy to verify.)

Consequently define the allowable fault/failure set as
We = {W = diag(W, Wa) : det(Eas(2)WaEas(2)") #0 Vz e T(D)} (36)
Substituting (33) and (29) into (27) yields

. o Elg(z)(Im_l — AQ)/W\QNQ(Z)(IZ — /W\l)
Z(t) N F(Z,t) i |:E21(Z)(Il — Al)Wl + Egl(Z)EQQ(Z)(Im_l - Ag)/W\QNQ(Z)(Il — /W\l) 'U(t)
+ [Eg?(z)} dp(2,t)
(37)
Using the definition of N»(z) in equation (35)
E21 (Z)EQQ(Z)/WQNQ(Z) = E21 (Z)EQQ(Z)/WQEQQ(Z)T(EQQ(Z)/WQEQQ(Z)T)71 (38)

= E21 (Z)
Substituting (35) and (38) into (37) yields

. o Elg(z)(Im_l — AQ)/W\QEQQ(Z)T(EQQ(Z)/W\Q(t)EQQ(Z)T)il(Il — Wl)
4 =Flzo+ [ Eo1(2)(I; — AWy + Eau(2) (I — W) ] v(®)

0
+ |:E21(Z):| dp(z,t) (39)
o o [Be@) e = D) En(2) (L - W)] | 0 B
S0 [ B (2)(I = 8 W) } ot {Ezﬂz)} iz

E,(z)



where . .
En(2)1 = WaEy(2)" (Ea2(2)Wa(t) Exa(2)") ™ (40)

represents a weighted right pseudo inverse of Ea,(z).
For agiven z, since W5, is diagonal, the pseudo inverse Ex,(z)' is norm bounded for al z € T(D)
(see[47, 48] for details). Thus

(It — Do) Eaz(2) (I — W) (I, — AyWh) Y| < 70 Yz € T(D), W € W. (42)

for some positive scalar o since || Wy || < 1.
In afault-free situation with perfect fault estimation (A = 0 and W = I), equation (39) becomes

() = F(z,t) + Eo(2)(v(t)+Gp(2, 1)) (42)

where Ey(z) is defined in (27). If the uncertainty ¢, (z,¢) = 0 and the virtual control v(¢) in (33) is
chosenasv = ug whereug inturnisdefinedin (30), ‘ideal’ nominal performanceis achieved. Also,
in afault-free situation with perfect estimation of W (t) (i.e. A(¢) = 0and Wy = ;)

N(z) = {ﬂ = u=N(z)v= [160] (43)
Thusit can be seen from (43) that only the primary actuators are used in the fault-free situation.

2.3.2. Switching function
Choose the (integral) sliding surface as

S={zeR":0(zt)=0} (44)

where the switching function
o(z,t) := Gz(t) — Gz(tg) — G/O (F(z,7) + Eo(2)K(2))dT (45)

where E,(z) is defined in (27). Unlike Design 1 where the scaling matrix G(z) is varying, here
G € R is fixed and as a consequence the design of the equivalent injection signal can be
simplified. The choice of design freedom G employed hereis

G:=[0 I (46)
By selecting G asin (46), it follows
GEo(2) = Fa1(2) and GEy(2) = Ea1 (2)(I — A WY) (47)
Since A, and W, are diagonal, |[W:|| < 1 and ||A1 ]| < Smas < 1, it follows det(Z; — A7) # 0.
Then using the fact that E'2; (z) is nonsingular, GE,,(z) is nonsingular.
Using (39) and (45), the derivative of the switching functionis
6 = GEy(2)v — GE,(2)(K(2)—(p(2,1)) (48)

where E,,(z) is defined in (39). During sliding o = 6 = 0, then exploiting the fact the gain
GE,(z) € R™*! isnonsingular, the equivalent control signal [1] required to maintain sliding is
Veq = (GEw(Z))il(GEO(Z)K(Z) GEo(2)Gp(2,1))

o - (49)
= (I = A W) (K (2)=Gp(2, 1)
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Substituting (49) into (39) yields

. Bia(2)Im—t — A2) B2 ()T (L = W) /7 75 1y
2= F(z,t)+ [ o (2) (1 — A, TY) ] (i = A W) (K (2)=Cp) + Eo(2)Gp

— Pzt + [Elz(z)(fmz - Az)E22(z)0T(Iz - /Wl)(fz - A1/VT71)1} (K (2)—=Cp) + Eo(2)Gp
0
# e K6
= F.(z,t) + [Em(z)(fm—l - A2)]522(»2)(;(Iz - W) (L - A1W1)‘1} (K (2)—Cp)

(50)

where F.(z,t) is defined in (31). Note when the primary actuators are all healthy with perfect
fault estimation Wy, = I; and ¢,(z,¢) = 0, (50) reduces to z = F.(z,t) i.e. nominal closed-loop
performance.

2.3.3. Closed-loop stability
Define ¢ = (In—i — A2)Eaa(2) (I — Wh) (T — A1) "L (K (2)—(y(2, 1)) and consider (50) asan
interconnection of two operators X7 : ¢ — & and X5 : € — ¢ given by

=+ [P39]

0
DIE — (51)
Eq(z)
&=z
St ¢ = (Int — A2)Ean ()T (I — W1) (I — A WL) “HE () —Cp(E,1)) (52)

Theorem2.1
Let v, be a positive scalar and assume there is a continuously differentiable, positive semidefinite
function V(z) that setisfies the inequality

2% 1 0V

Fv() B () (O0)" + LK () K(2) < 0 (53
for al z € T(D). Then if 4170 < 1, where ~, is defined in (41), the siding motion in (50) is
asymptotically stable.

Proof

Using the assumption that K (0) = 0 and the fact that f(0,¢) =0, it is straightforward to verify
F(0,t) = F.(0,t) = 0. Inequality (53) is known as the Hamilton-Jacobi inequality associated with
the operator 3, (see Theorem 5.5 in [58]). Then, for each z(0) € T'(D), the operator ¥ is finite-
gain L, stableand its £, gainislessthan or equal to ;. From (41), the £, gain associated with 3o
islessthan or equal to v, and therefore asmall gain argument guarantees the asymptomatic stability
of (50) when v1vo < 1. O

Remark 2.6

Although solving (53) is not straightforward [58], numerical attempts (e.g. [59, 60]) have been
developed in the literature. The work in [59] tries to solve Hamilton-Jacobi inequality using the
Converse Lyapunov theorem. As argued in [60], if there exists a vector field 8(z) such that

B(2)T(2) B(2) — Ful2)T(2) Fu(z) + K(2)TK(2) <0 (54)
where )
v(z) = 3 EE)BC) (55)
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then the solution ;
V() = / (—Fu(r) = B(r) (7 dr (56)
will satisfy (53) for z € T(D).

2.3.4. diding mode control law
This section describes the appropriate choice of the virtual control law to maintain sliding.

Proposition 2.1
Consider the virtual control based on the integral sliding mode control law

v(t) = up(t) + v, (t) (57)

where u(t) isfrom (30) and represents the baseline controller which ensures ideal performancein
the fault free situation, and the retro-fitted component

2)To ,2
vn(t) = —plt, 2) e (58)

where p(t, z) is the modulation gain. If the modulation gain is selected as

(Omaa|uoll+Cp(2, ) | B21(2) | + 1o
(1 = Omaz) [ E21 (2)]

dliding will be maintained in the presence of the actuator fault/failure represented by W(t) € W..

p(t,z) > (59)

Proof
Using the fact in (47) and substituting (58) into (48) yields

&= B (=) (I = AWK (2) = p(t, 2) (RS y) — Bar(2) (K (2) =Gz, 1)

= — B (2) M Wi (K (2) — plt, 2) (2 ErZE2) — By (2)plt, 2) (2t Fon (2)Gp (2, 1)
(60)
Clearly
076 < —pl| Ea(2)Tol| + | Bas (2) o || A o]l + pll Bas () o | A || Bz (2)T 0|1 Go(z, £)
< —p(1 — [ A1) E21(2) 0| + || Br ()7 o || A o]+ B2 (2)7 0| (2, 1)
< (1~ bumax) | B2t (2) 0]l + Sl Eos () ol lltol|+ | B ()T Nl NGz, £)

(61)
By choosing the modulation gain as proposed in (59), the inequality in (61) can be written as
oT'é < —nol|o|| which represents the standard reachability condition [1]. O

Substituting (57) and (58) into (33), the physical sliding mode control law yields the expression

B I B B (2)To(t,2)
0= | naey 1 - W] K P ARG (62)

Remark 2.7

Equation (62) clearly shows the architecture of FTC scheme: the original control ug = K(z) is
augmented with a nonlinear term to induce sliding and this control signal is distributed to the
physical actuators through the control allocation matrix Ns.

Remark 2.8

It is well known that the discontinuous control law in (62) will generate chattering. In this paper,
in the case study, the discontinuous control signal is approximated by a continuous signal by
approximating the unit vector with a sigmoid function [1, 2]. An alternative way of developing
a continuous controller straightforwardly is to use higher order sliding modes (e.g. the work in
[44, 61] proposes a continuous integral sliding mode fault tolerant control allocation scheme).



12

3. DESIGN EXAMPLE

This approach will now be demonstrated using a nonlinear model of the longitudinal motion of a
rigid aircraft [54, 62].

3.1. Longitudinal aircraft model

Consider
0 0
A #M(QSCL(Z‘) + T, sin(a + or) — mgo cos ) +|: 0 0 ][%}
q ” (gSeCr (x) + Thliz cos o) )
&(t) Fb) gp(z) gs ()
g(x)
(63)

wherethe system states, 6, ¢ denoteflight path angle (FPA), pitch angle and pitch rate, respectively.
The system inputs d., ds represent the elevator and horizontal stabilizer deflections respectively. The
variables Vs, a, ¢, Cr(z), Cp, (x) in (63) denote true air speed, angle of attack, dynamic pressure,
the component of the lift force coefficient and the component of the pitch moment coefficient
respectively. It isassumed that an auto throttle loop exists which maintains Vs a a constant value.
The known parameters m, go, I, T, L=, o1, S, ¢ represent mass, gravity, the body axis moment of
inertia, total engine thrust, the distance from the engine centre line to the fuselage reference line,
the engine inclination angle, the wing area and the wing mean aerodynamic chord respectively.

In (63), the terms 4= and <= are typically available from online estimation or a lookup table.
As in [63], the vector g,(z) is associated with the primary control surface (the elevator) and the
vector g,(x) is associated with the secondary control surface (the stabilizer) which will be used
when faultg/failures occur on the primary control surface.

From (63), f(0) ~ 0 and it is easy to verify g,(z) and g,(x) are slow varying and smooth using the
data extracted from [54]. In this example, a coordinate transformation is necessary. Conseguently
rewrite (63) taking into consideration the effect of actuator faults as

0 0
g21(2)  g21(2)g22(2)

2(t) = f(z,t) + Wu(t) (64)

9(2)

where z =z, g21(2) = £¢5¢%= and gos(z) = +3Se%= /gy (2). For this particular system,

W (t) := diag(we(t), ws(t)) Where the time varying scalars w.(t) and w(t) represent the
effectiveness of the elevator (the primary actuator) and the stabilizer (the secondary actuator)
respectively. It is assumed that w.(¢) and ws(t) cannot be perfectly estimated. The estimated
effectiveness values of the actuators are given by /W(t) = diag(we (t),ws(1)).

Clearly from (64), the system in (63) is formulated as (27) with E;5(z) = 0. Consequently, the
proposed procedure will now be applied to the longitudinal aircraft model.

3.2. Designresults

In this example, the nominal inner-loop control law (uq(¢) in (30)) has been created by using the
back-stepping procedure developed in [50, 51]. Specifically

dc,, > -t (Iyqdes — GSeC () — Tply. cos at>

do. gSe ©9

uo(t) = K(2) = (
where

Y = Vref
Gaes = — | Kikoks kaks K3 || 0 —res — ao (66)
q
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and « isthe angle of attack at a steady state condition [50]. In this example, the gains x4, ko, k3
arechosenask; = 1, k3 = 0.6 and ko = 3 which satisfy

K1 > —1
Ko > 0
) |fl<;1§0
s = {@(Hm) if k1 >0 7

Notice that during the simulation, the atitude/FPA control and velocity are maintained using a
separate outer-loop controller. Furthermore, an Instrument Landing System (ILS) is used to switch
between an altitude/FPA command (in pilot commanded mode) and sideslip tracking (in automated
landing mode) [63]. In this example, only the pilot command mode is active.

In this example, the control allocation matrix N (z) is created from (34) as

1
M) = [922(Z)T(922(2)u7s(t)922(Z)T)_1(1 - wf’(t))]

) (68)
- [(1 - we(t))(gzz(z)ws(t))‘l]
because all theterms are scalars.
The switching function o (¢) is selected as
=0z — Gz — t z 02X1 z T
o(0)i=Galt) = Gx(t0) =G [ (1.0 + | 272 | K(e))a (9
whereG = [0 1] and K (z) isdefined in (65).
Asdefined in (62), the final online ISM/CA law is given by
u(t) = N(2) (K (2) - plt, ) 22 ob2) (70

lg21(2)" o (t, 2)[|+6

where p(t, z) is selected as 0.65. For implementation purposes, a ‘smooth’ approximation of the
discontinuous signal from (62) is used as shown in (70) where the smoothing factor ¢ is selected as
0.01.

3.3. Smulation results

In this section, the proposed (retro-fitted) scheme has been tested on the nonlinear RECOVER
benchmark model which represents a high fidelity model of a large transport aircraft (B747) and
has been used in the GARTEUR AG16 programme for the study of FTC schemes [41]. All the
simulations have been conducted at a trim atitude of 2000m, a mass of 263 tons, 25% centre
gravity, a speed of 92.6m/s and flap settings of 20deg. During the ssimulation, an altitude change
manoeuvre has been commanded and an elevator fault is assumed to occur from 100sec onwards.
In this paper, two simulations are presented where a loss of effectiveness (LOE) fault scenario and
an elevator lock-in-place failure scenario are considered. In the LOE fault scenario, it is assumed
that there exists a time varying estimation error in w. associated with the elevator. In the lock-in-
place failure scenario, the elevator is assumed to be stuck (i.e. w. = 0) at an offset position in the
presence of an imperfect fault estimation w. = 0.2. To demonstrate the efficacy of the scheme, the
system performance in the fault free case and in the case when faults/failures occur on the elevator
in the presence of imperfect knowledge of elevator effectiveness estimation will be compared. The
simulation results associated with the loss of effectiveness fault scenario are shown in Figs. 3-6.
Fig. 3 shows the trgjectories of the aircraft states. It can be seen from Fig. 3 that the proposed
scheme can achieve good fault free (close to nominal) performance despite the elevator fault and
a time varying error in the estimate of the elevator effectiveness level. As shown in Fig. 4, the
altitude change manoeuvre is assumed to start at 50sec. Clearly, the fault free tragjectories of the
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Figure 3. The trgectories of aircraft states (Loss of effectiveness)

altitude can be retained in the presence of the fault. In this paper, the elevator fault (i.e. areduction
of elevator effectiveness level) occurred at 100sec. It can be seen from Fig. 5, both the elevator and
the stabilizer try to compensate after the occurrence of the fault. As shown in Fig. 6, the switching
functions are maintained close to zero for both the fault free and faulty cases. The effect of imperfect
estimation of the elevator effectiveness level is also shown in Fig. 6. In Fig. 6, the blue line and the
red line represent the actual effectiveness level w, and its estimated value . respectively. Clearly,
the estimated effectiveness level @, contains atime varying estimation error. Figs. 3-6 demonstrate
the efficacy of the online ISM/CA scheme.

Figs 7-10 show a comparison between the fault free case and the situation when the elevator
lock-in-place failure occurs at an offset position from 100sec onwards. In this case, the actua
effectiveness level w. = 0 (because of the actuator failure), but it is assumed that w. = 0.2 due
to an imperfect estimation of w.. The state trajectories of the aircraft are shown in Fig. 7 which
demonstrate that fault free performance can be retained despite the actuator failure and theimperfect
estimation error. From Fig. 9 it is clear that once the elevator |ock-in-place failure occurs at 100sec,
the stabilizer becomes active due to a reallocation of the control signals. The switching functions,
as shown in Fig. 10, are close to zero for both the fault free and failure cases. The actua elevator
effectiveness level (blue line) and its estimate (red ling) are shown in Fig. 10.

4. CONCLUSION

This paper has proposed online ISM/CA schemes for a class of overactuated nonlinear affine
systemswith the objective of retaining fault-free (nominal) performancein theface of actuator faults
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Figure 6. Switching function o (-) and elevator effectiveness level we (Loss of effectiveness)

and imperfect estimation of the actuator effectiveness levels. The paper extends earlier work based
on linear plant modelsto awider class of nonlinear systems. The advantage of the proposed schemes
isthat they can be integrated with existing baseline controllers thanks to the special structure of the
ISM formulation. One of the proposed schemes has been applied to a high fidelity nonlinear aircraft
simulation model. The simulation results show the efficacy of the scheme.
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