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Abstract

For an extension of local fields, a scaffold is shown to be a powerful tool for dealing
with the problem of the freeness of fractional ideals over their associated orders
(Byott, Childs and Elder: Scaffolds and Generalized Integral Galois Module Struc-
ture, Ann. Inst. Fourier, 2018). The first class of field extensions admitting
scaffolds is ‘near one-dimensional elementary abelian extension’, introduced by El-
der (Galois Scaffolding in One-dimensional Elementary Abelian Extensions, Proc.
Amer. Math. Soc. 2009). However, the scaffolds constructed in Elder’s paper
arise only from the classical Hopf-Galois structure. Therefore, the study in this
thesis aims to investigate scaffolds in non-classical Hopf-Galois structures. Let
L/K be a near one-dimensional elementary abelian extension of degree p? for a
prime p > 3. We show that, among the p? — 1 non-classical Hopf-Galois structures
on the extension, there are only p — 1 of them for which scaffolds may exist, and
these exist only under certain restrictive arithmetic condition on the ramification
break numbers for the extension. The existence of scaffolds is beneficial for deter-
mining the freeness status of fractional ideals of O, over their associated orders. In
almost all other cases, there is no fractional ideal which is free over its associated

order. As a result, scaffolds fail to exist.
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Chapter 1

Introduction

The so-called normal basis theorem, which states that for a finite Galois extension
L/K with Galois group G there exists an z € L such that the set {g(z) : g € G}
is a basis for L/K, is an origin of Galois module theory. There have been many
problems,; including our study, inspired by this theorem. For example, any ele-
ment y in L can be written as deG kyg(x) for some k, € K. Equivalently, L is
a free module of rank one over the group ring K[G]. From this idea, when L/K
is an extension of global or local fields, it is natural to ask whether an analogous
result holds at integral level. In other words, is 9 a free module of rank one over
Ok[G]? In the local setting, this question was answered by Noether’s theorem.
The necessary and sufficient condition for Oy, to be free over Ok [G] is that L/ K is
tamely ramified. After that, many authors have tried to investigate this question
for various classes of wildly ramified extensions. By Noether’s theorem, in the wild
case, Oy is not a free module of rank one over Ok [G]. Later, it was found that the
associated order k(g = {a € K[G] : O, C O} was an eligible candidate over
which 97, could be free. Yet, how to address such a question is still very difficult

unless we have a powerful weapon.

The concept of Galois scaffolds first appeared in Elder’s paper [EI09]. Let
K = k((T)) be a local function field with perfect residue field k of charac-



teristic p > 0. For a totally ramified abelian extension L/K of degree p"!
with a special assumption, Elder constructed n + 1 elements from the group ring
K|G] := K|Gal(L/K)], say {V¥;}", and chose an appropriate integer (called the
integer certificate) such that if p € L and v (p) is equal to the integer certificate,
then the set {v, (Vg°Wi*---Wirp) : 0 < a; < p — 1} forms a complete set of

"+l where vy, is the nomalised valuation on L. If a field exten-

residues modulo p
sion possesses the two ingredients which satisfy the property, we say it admits a

Galois scaffold. In particular, this gives us a basis for L/K.

Nevertheless, the question of the existence of a class of field extensions satis-
fying the special assumption cannot be ignored. Consequently, in the last section
of [El09], near one-dimensional elementary abelian extensions are created. Un-
doubtedly, due to the construction, they satisfy such an assumption and hence
admit Galois scaffolds. Moreover, one of the benefits of Galois scaffolds can be
seen in [BE14]. Going back to the Galois module theoretic view, it enables us to
determine a necessary and sufficient condition for Oy to be free over Ugq, the

associated order of Oy, in the group ring K|[G].

Later, the notion of Galois scaffolds is generalised in [BCE] in the sense that
the suitable n + 1 elements can be picked not only from the group ring K|[G] but
also from any K-algebra of dimension p"™! acting faithfully on L. As a result,
the phrase ‘Galois scaffold” becomes just ‘scaffold’. Also, the generalisation of
associated orders in any K-algebra, as well as the investigation of the freeness of
fractional ideals of O/, over their generalised associated orders, are provided in this
paper. However, in this thesis, the study is restricted to certain type of K-Hopf
algebras giving Hopf-Galois structures rather than general K-algebras. We also
say that a Hopf-Galois structure is classical if the Hopf algebra acting on the field

is K|G]; otherwise, it is called non-classical.

Therefore, it can be said that scaffolds exist in the classical Hopf-Galois struc-



ture on the class of near one-dimensional elementary abelian extensions, but the
question of the existence of scaffolds in non-classical Hopf-Galois structures is still
open. The main purpose of this study is to investigate such a problem in near one-
dimensional elementary abelian extensions of degree p? with p > 3. Furthermore,
if they exist, in the light of the main result in [BCE], we obtain a necessary and
sufficient condition for a fractional ideal of O to be free over its associated order

in a given Hopf algebra.

For an elementary abelian extension of degree p? (and thus near one-dimensional
elementary abelian extensions are included), it is known that each of the p + 1
subgroups of order p in Galois group generates p — 1 non-classical Hopf-Galois
structures. This yields precisely p? — 1 non-classical Hopf-Galois structures on the

extension.

In this research, it is found that scaffolds can exist only in p — 1 of the non-
classical Hopf-Galois structures on any near one-dimensional elementary abelian
extension of degree p?, and then only under certain arithmetic conditions. There-
fore, in these structures, we can answer the freeness question of fractional ideals.
In terms of the other structures, which are the majority of the Hopf-Galois struc-
tures on the extension, we can show that scaffolds fail to exist, and indeed no
fractional ideal is free over its associated order. Unfortunately, the study cannot
cover a few marginal cases under some arithmetic conditions in the minority of

the Hopf-Galois structures.

This thesis contains eight chapters. All the background material needed in or-
der to conduct this research is given in Chapter 2. This includes basic definitions

and the essential results from the papers cited above.

Since there are plenty of Hopf-Galois structures on near one-dimensional el-

ementary abelian extensions of degree p?, we introduce the ‘unified language’ in



Chapter 3. It enables us to work with all the non-classical Hopf-Galois structures
simultaneously. The descriptions of all the Hopf algebras on the extensions, as

well as nice generators for them, are also presented in this chapter.

The aim of Chapter 4 is to understand the actions of Hopf algebras, obtained
from Chapter 3, on near one-dimensional elementary abelian extensions. As a for-
mula for the actions is intractable, an ordering on terms in L is introduced. This
ordering acts like a compass navigating us to pay attention to certain significant

terms, which become main keys in the next chapter.

Chapter 5 contains the main lemma playing a major role in the proof of the
non-freeness of fractional ideals in Hopf-Galois structures on near one-dimensional
elementary abelian extensions. The proof can be seen in Chapter 6. Sadly, there
is a type of Hopf-Galois structures to which the main lemma cannot be applied.
In one case of this type, which is clearly stated in the last section of Chapter 6, the
study cannot get through; whereas in the other case, we can construct scaffolds,
the most desirable object in this thesis. This can be seen in Chapter 7. Lastly, the
final chapter is responsible for providing the consequences of the results in Chapter
6 and 7. Also, the final theorem summarising all the main results obtained in this

thesis is presented in this final chapter.

Notations

For the reader’s convenience, the following notations used throughout this report
are given here. We set p to be a prime number at least 3. We denote by C,, and I,
the cyclic group with p elements and the finite field of order p respectively. As far
as local fields are concerned, we use subscripts to denote the field of reference. For
example, let L/K be a finite Galois extension of local fields. Then, 7k is a prime

element of K, my is a prime element of L. Let vg (resp. vr) be the valuation
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on K (resp. L) normalised so that vg(7mgx) = 1 (resp. vp(mg) = 1). We define
Op ={x € L :vy(z) > 0} to be the valuation ring of L and B, = 7,90 to be
the maximal ideal of 9. Also, we denote by G; the ith ramification group of G
ie. Gi={oeG: v ((c—1Dzx)>i+1Vre O}



Chapter 2

Background

This chapter is dedicated to collecting all materials required for doing this research.
Since we investigate Hopf-Galois structures on certain extensions of local fields, we
begin with introducing Hopf algebras, followed by Hopf-Galois structures. Then,
some background on local fields is provided. Lastly, the concept of Galois scaffolds,

along with its generalisation and application, are presented.

2.1 Hopf Algebras

Before defining a Hopf algebra, we need to define an algebra and a bialgebra.

Definition 2.1.1. Let R be a commutative ring with unity and let A be an R-
module. A triple (A, u,t), where p: A®r A — A and ¢ : R — A, is said to be an
R-algebra if the following diagrams commute:

e Associativity:

Aop Ao A—" L A, A

AxgA m A

11



12 2.1. Hopf Algebras

e Unitarity:
AR R—2 s A@pA

)

A®grR

module mult.
and

RopA—"2" s AgpA
‘u

We call p the multiplication map and ¢ the unit map.

R®rA

module mult.

For instance, we see that R is an R-algebra.

Definition 2.1.2. Let R be a commutative ring with unity and let A be an R-
algebra. A triple (A, A,¢€), where A: A - A®r A and € : A — R are R-algebra
homomorphisms, is said to be an R-bialgebra if the following diagrams commute:

e Coassociativity:

A A A®p A

A®RA1®T>A®RA®RA

e Counitarity:

ll@e

A module mult. A ®R R
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and

le@l

A module mult. R®RA

We call A the comultiplication map and e the counit map.

For the sake of computation, it is a wise idea to use the notation of Sweedler

to write A(a) = Z an) ® ap) € A®g A for all a € A. For instance, we have
(a)

(1@ A)A@@) =12 A) [ > an ®ag
(a)
= Z a1y &@ A(a(g))
(a)

= Z a(1) @ ae2),y @ a2)q,
(a,a(2))

and (A ® 1)A(a) = Z (1), @ A1), @ ag). However, by the coassociativity,
(a,a(1y)
we have Z am) ® ae),, ® a@), = Z A1)y ® A1) © a2) and usually write
(a,a(2)) (a,a(1))
Z a1y @ ae) @ a(z) instead.
(a)

Now, we are ready to define a Hopf algebra.

Definition 2.1.3. Let R be a commutative ring with unity and let H be an
R-bialgebra equipped with the multiplication map p, the unit map ¢, the comul-
tiplication map A and the counit map e. Then, H is called an R-Hopf algebra if
there is an R-module homomorphism A : H — H called the antipode map such

that

(i) A is an R-algebra antihomomorphism i.e. A(hjhg) = A(ho)A(hy) for all
hi,he € H;



14 2.2. Hopf-Galois Structures

(ii) A is an R-coalgebra antihomomorphism i.e. AA(h) = (A ® A\)TA(h) where
T:H®grH — H®pr H is the switch map defined as 7(hy ® hy) = hy ® hy
for all hy, hy € H;

(iii) A satisfies p(1 @ M)A = e = p(A ® 1)A.
Example 2.1.4. Let G be a finite group and K a field. Then, the group ring
K[G] = {Z kog : kg € K}
geG

is a K-Hopf algebra with A(g) = g® g, €(g) = 1 and \(g) = g~

2.2 Hopf-Galois Structures

Let L/K be a finite Galois extension with Galois group G. According to the
example above, K[G] is a K-Hopf algebra and one can make it act on L intuitively

ie. Z kyg-x = Z kyg(zx) for any x € L. In particular, we have

geG geG

D kgg-wy = keg(@)g(y) =Y kelg-x)(g-y)

geG geG geG

for any x,y € L. With the intention of generalising this idea to any Hopf algebra

acting on an algebra, we define a module algebra.

Definition 2.2.1. Let R be a commutative ring with unity. Let H be an R-Hopf

algebra and S an R-algebra. Then S is called an H-module algebra if
(i) S is an H-module;

(ii) We have h(sysqe) = Z(h(l)Sl)(h(z)Sg) and hlg = €(h)lg for all h € H and

(h)
S1, 892 € S.
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Definition 2.2.2. Let R be a commutative ring with unity. Let H be an R-Hopf
algebra, and let S be a finite commutative R-algebra such that S is an H-module
algebra. Then S is said to be an H-Galois extension of R, or H-Galois over R for

short, if the R-module homomorphism

j:S®@rH — Endg(S)

defined as j(s ® h)(t) = s(ht) for s,t € S, h € H is an R-module isomorphism.

If S is an H-Galois extension of R, we sometimes say that H gives a Hopf-
Galois structure on the extension. Although, in the definition above, S and R can
be commutative rings, we consider only the special case where S is a finite Galois

extension of a field R.

The question of how many Hopf-Galois structures there are on a finite Galois
extension is very intriguing. In order to deal with this question, we need a powerful
tool which is the theorem of Greither and Pareigis. Moreover, the theorem can
even tell us what all Hopf algebras giving Hopf-Galois structures on the extension
look like and how the Hopf algebras act on the given field. Before stating this

theorem, we have to mention certain unavoidable concepts.

Throughout the rest of this section, all materials are selected from [ChO00],
[By96] and [By02], with some minor modifications to be in accordance with our
situation. In spite of the fact that the theorem of Greither and Pareigis requires a
field extension to be finite and separable, we only consider finite Galois extensions

in this study.

Definition 2.2.3. Denote by Perm(X) the group of permutations of the finite set
X. Let N be a subgroup of Perm(X). Then, we say N is regular provided that it

satisfies any two of the following conditions:
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(i) The cardinalities of N and X are equal;
(ii) N acts transitively on X;
(ili) For each x € X, its stabiliser Staby(z) = {n € N : n(z) = z} is trivial.

It can be verified that if two of the conditions above are satisfied, then the

other will hold automatically.

Let L/K be a finite Galois extension with Galois group G. In our setting, the
set X is nothing but G.

Definition 2.2.4. (i) The left translation map X\ : G — Perm(G) is defined by

Ma1)(92) = g1g2 for all g1, 92 € G.

(ii) The right translation map p : G — Perm(G) is defined by

p(91)(g2) = gogi " for all g1, g2 € G.

These maps are highly crucial. Not every Hopf algebra can give us a Hopf-
Galois structure on a given extension but only those filtered by A in some sense.
In terms of the latter, the map p is responsible for giving us the classical Hopf-

Galois structure.

Definition 2.2.5. We say that a regular subgroup N of Perm(G) is normalised
by M(G) if N = X(g)NA(g™!) for all g € G.

Proposition 2.2.6. If N is normalised by A\(G), then an action of G on L[N| can
be given by

g- Z TrT = Z g(‘TT))\(g)T)\(gil)

TEN TEN

for g € G and Z:L’TT € L[N].

TEN
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Proof. This is part of the proof of [Ch00, 6.7]. ]

Theorem 2.2.7 (Greither and Pareigis). Let L/K be a finite Galois extension
with group G. Then, there is a bijection between regular subgroups N of Perm(G)
normalised by AN(G) and Hopf-Galois structures on L/K. In particular, a reqular
subgroup N corresponds to a Hopf algebra L[N]% := {z € L[N]: g-x = z Vg € G}.

Proof. See [Ch00, 6.8] O

The Greither-Pareigis theorem is one of the vital tools since it gives us all Hopf
algebras giving Hopf-Galois structures on an extension. The next question is how
those Hopf algebras act on the field L. One can tackle this question by consulting
[By02, (2.2)].

The algebra L[N] acts on Map(G, L), the algebra of functions f : G — L, by

for x € L, n € N, g € G. One can identify Map,(G, L), the subalgebra of
Map(G, L) of G-equivalent functions G — L (where G acts on itself by left trans-
lations), with L via f — f(1¢).

Let [ € L. Then, there exists f € Mapg(G, L) such that | = f(1¢) and hence
flg) = g(l) for all g € G. Let ZxTT € L[N]“. Since ZQJTT € L[N] and

TeEN TeEN
f € Map(G, L), the action of L[N] on Map(G, L) gives f : G — L defined by

Flo)=> . f(m(g).

TEN

To see how Z z,7 acts on [, we first need to check that f is in Mapg (G, L).
TEN
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Let h € G. We compute

h

T;Va»f (T’l(h’lhg))>
T%:me (Tl)\(hl)(@)))
WS af (B h (7 AR )(hg)))>

TEN

h(z:)f (b (7" A(h71)(hg)))

h

I
=

Il
o o YR

I
M/\

\]
2

€

hao) f ((ABTAR) ™ (h))

~‘
=

€

., f (Tﬁl(hg)) (. ZITT € L[N]%)

TEN

3

I
=l
> =
S

€

Hence, f € Maps (G, L). Then, we have

Do l=3 (@) ) (le) = D 2 f (T(1e) = Do (La)().

TEN TEN TEN TEN

(2.2.1)

Note that (2.2.1) tells us how L[N]% (not L[N]) acts on L.

2.3 Local Fields

To define local fields, we first introduce the concept of discrete valuations on fields.

Definition 2.3.1. Let K be a field. The surjective group homomorphism

v: K\{0} - Z
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is called a discrete valuation on K if for every z,y € K \ {0} with x # —y, we

have v(z + y) > min{v(z),v(y)}. We also make the convention that v(0) = occ.

When a field K equipped with a valuation vk, we define the ring of integers of
its as

O ={r € K :vg(zx) > 0}.

Then, one can show that Oy is a local PID with the unique maximal ideal
Pr ={r € K : vg(z) > 0}.

An element generating Bx is called a uniformiser, say 7. Note that vg(7mg) = 1.

We call the quotient O /By the residue field of (K, vg).

Each valuation on K induces a metric defined as
de,C(J:a y) = CUK(x_y)

when 0 < ¢ < 1. In fact, for 0 < ¢, c2 < 0, the metrics d,,. ., and d,, ., generate
the same topology (see e.g. [Ef06, Chapter 9] for the proof). Therefore, we can

omit the constant ¢ and write just d,, .

Definition 2.3.2. The valuation vg on K is said to be complete if the metric

space (K,d,) is complete.
Now, we can define a local field.

Definition 2.3.3. A local field is a complete discrete valuation field with perfect
residue field.

Let K be alocal field and L/K a finite extension. Then, L is a local field with
the valuation vy, prolonging vy with index e(L/K). The index e(L/K) is known
as the ramification index, which is the number such that 7O, = WE(L/K)DL. See
e.g. [Se79, Chapter I, §2, Corollary 2|). In particular, if the extension is Galois,

we define:
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Definition 2.3.4. Let L/K be a finite Galois extension with Galois group G. The
ramification group G; (i € Z and i > —1) of G is the subgroup

G ={oceG:vy(o(x)—z)>i+1VreO}.

Hence, we have a filtration of normal subgroups of G [Se79]:

G:G712G02G122<6>

It is possible that some consecutive ramification groups are equal. Considering
the subscript j such that G; 2 Gj;; becomes interesting. We say that j is a

ramification break number for L/K if G; D Gj41.

Through the notion of ramification groups, we can classify extensions of local

fields.

Definition 2.3.5. Let K be a local field. Then a finite Galois extension L/K is
said to be:

o unramified if Gy = 1;

ramified if Gy # 1;

totally ramified if Gy = G,

tamely ramified if G; = 1; and

wildly ramified if G1 # 1

2.4 Scaffolds and Integral Hopf-Galois Module
Structure

We first present the concept of Galois scaffolds, especially the exposition of the

special assumption mentioned in Chapter 1 and a class of field extensions admitting
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Galois scaffolds. However, there is no explicit definition of Galois scaffold in [EI09].
Thus, the well-organised definition of Galois scaffold in a generalised version, called
scaffold, is presented in Section 2.4.2.

The concept of Galois scaffolds is first used as a tool in [BE14] to investigate a
classic question in Galois module structures i.e. the freeness of the valuation ring
over its associated order. Moreover, the generalisation of these ideas is published
in [BCE]. Namely, the concept of scaffolds is employed to investigate such a classic
question but in a generalised version, which is finding a condition for fractional

ideals to be free over their associated orders in a Hopf algebra.

2.4.1 Galois Scaffolds

Let K = k((T)) be alocal function field with perfect residue field k of characteristic
p > 0. Let K,,/K be a totally ramified abelian extension of degree p"*! with the
Galois group G. Assume that the ramification break numbers for this extension

are by < by < ... < b,,,. Hence, we have

Next, using the fact that every quotient of consecutive ramification groups G; /G 1
is elementary abelian (see [Se79, Chapter IV, §2, Corollary 3]), we can extend the

series to n + 2 subgroups
G = G(O) 2 G(l) 2 2 G(n) 2 G(n+1) = <6>

such that G(;)/Guy1y = Cp and for each j € {1,2,...,m + 1} there exists i €
{0,1,...,n + 1} such that G(; = Gy,. For each i, picking o; € Gy \ G(iq1), we
have Gy = (04,0i41,...,0,). We denote by K;_; the fixed field of G(;. Since
K;/K; 1 is an Artin—Schreier extension of degree p, there exists X; € K; such that
XV =X, € Ki_1, 04(X;) = X; +1 and vk, (X;) = —b(;) where bg;) is the ramification
break number for K;/K; ;. We also have that gcd(bg),p) = 1. See [EI09] for the
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full detail.
It is known in [E109, §3, p.1195] that

{b(g), b(l), >b(n)} — {bl, ey bm}

is the set of ramification break numbers for K, /K. Note that possibly b = b
although ¢ # j. Also, Elder explains that each constant b(;) has a relationship with
b(n) as

by = by (mod p*h) (2.4.1)

for 1 <1i < n. See [EI09, §3, (2)].

Now, we are ready to present the special assumption. Define
Ay = (oi = 1)(X;).

Assumption 1. A;; € K for all 0 <i,j7 < n.

If Assumption 1 holds, Elder shows that K, /K is elementary abelian and has

the following property:

Proposition 2.4.1. Let K,,/K be an extension defined above and satisfying As-
sumption 1. Let p € K, be such that vk, (p) = by (mod p"). Then, there exist
Uy, ¥y, ..., ¥, € K[G] such that

Uk, <H ﬁf?ﬂ) = vk, (p) + Y cip'b)
i=0 =0

for all ¢; € {0,1,...,p — 1}.
Proof. See [E109, Proposition 3.3] ]

Since ged(beny, p) = 1, Proposition 2.4.1 implies that

{vKn (H \Ilflp> e, =0,1,...,p— 1}
i=0
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is a complete set of residues modulo p"™. Thus K,/K admits a Galois scaffold

by considering e.g. b(,) as an integer certificate.

Noticeably, the existence of Galois scaffolds in K, /K depends on only As-
sumption 1. If there were no extensions satisfying Assumption 1, Proposition
2.4.1 would become vacuous. So, Elder constructed a class of field extensions,
which he called ‘one-dimensional elementary abelian extensions’. In fact, he also
broadened that class of extensions to a larger class, near one-dimensional elemen-

tary abelian extensions, which still satisfy Assumption 1.

Definition 2.4.2. Let K = k((T')) be a local function field with perfect residue
field k of characteristic p > 0. Let L/K be an abelian extension of degree p™*!.
Then, L is said to be a one-dimensional elementary abelian extension of K if there

exists xg, r1, ..., T, satisfying the following conditions:
(1) L= K(f]?o, Ty, ,.Tn),

(i) 2P — x; = Q"3 for some 3,0y = 1,Q,...,Q, € K where vg(f) = —b < 0
with ged(b,p) = 1 and vk (Q,) < ... < v () < vk (Qo) = 0;

(ili) If vg () = ... = vk(Q;) for ¢ < j, then the projections of €, ...,€; into
2,0k /Q Pk are linearly independent over F,.

The extension L/K is called a near one-dimensional elementary abelian exten-

sion if 3,8, ..., 2, and xq are as above but for 1 <1i¢ < n,

for some error terms ¢; € K which satisfy

o n—1
UK(Q) > vk (anﬁ) + %
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Elder proves that near one-dimensional elementary abelian extensions satisfy

Assumption 1. Thus, by Proposition 2.4.1, we have:

Theorem 2.4.3. Any near one-dimensional elementary abelian extension pos-

sesses a Galois Scaffold.

To close this subsection, it is worth mentioning that the set of ramification

break numbers for a near one-dimensional elementary abelian extension L/K is

{b(0)7 b(l), ceey b(n)}

where by = b+ p” Zp] (Vi (€2-1) — vk (€25)) [EL09, p.1200].

j=1
2.4.2 Scaffolds

In [BCE], not only the definition of scaffolds, but the generalisation of integral

Galois module structure is also included and studied.

Throughout this subsection, let L/K be a totally ramified extension of local
fields of degree p™ where the residue field of K has characteristic p > 0. Let A be
a K-algebra acting linearly on L with dimension p". For convenience, let us put

Sm =1{0,1,...,m — 1}. Note that for any s € S,», we can write

n
5 = Z s(n_i)p”’i for some s(,—;) € S,,. (2.4.2)

i=1
To present the definition of A-scaffold on L, it remains to set two notations b
and a. Let by, ...,b, be a sequence of integers relatively prime to p called shift pa-

rameters. With the expression of s in (2.4.2), we define a function b : Syn — Z

by
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To make the map b bijective, we define v : Z — Syn to be the residue function
modulo p". In other words, t(a) = a (mod p") for any a € Z. Using the fact that
b; is relatively prime to p, we see that vo b is a bijection on Sy.. In particular, the

map to (—b) is bijective. We denote the inverse of the map to (—b) by a.

Definition 2.4.4 (A-scaffold on L). Let by, ...,b,, b and a be as above. Let ¢ > 1.

Then, an A-scaffold on L of precision ¢ with shift parameters by, ..., b, comprises

(i) The collection of {\, € L : ¢t € Z} with vy (\;) = ¢ such that A\, \,' € K
provided that t; =ty (mod p™);

(ii) The collection of {¥; € A: 1 <1i <n} with ¥, -1 = 0 such that for any pair
(i,t) there exists a unit u;; € O making the following congruence modulo

At+pn_ibi q:;i hOld:

ui,t)\t n—ip, if Cl(t) n—i) = 1,
U\ = " o

If the congruence in (ii) is replaced by equality, we call A-scaffold of precision oo.

Next, we explain how the concept of Galois scaffolds in [E109] agrees with the
definition above after stating a theorem seen in the appendix A of [BCE]. Note

that the theorem below is partially picked from the original version.

Theorem 2.4.5. We use the notations as mentioned above and assume further

that A is commutative. If, for each i, we have W; -1 =0, UV” =0 and there exists

p € L such that vy, (H g -p) = vr(p) + b(s) for all s; € S, then L/K has
i=1
an A-scaffold of precision oc.

Proof. See [BCE, Theorem A.1]. O
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From the above theorem, we see that the Galois scaffold in a near one-dimensional
clementary abelian extension L/K as in [EI09] is a K[G]-scaffold of precision co
in the sense of Definition 2.4.4. This is because we can put the shift parameter b;
as the ramification break number b(; of the extension K;/K;_; for i = 0,1,....,n
with the assistance of (2.4.1) i.e. by = bgm) (mod p™*h). Also, p is any element in
L whose valuation is congruent to b(,y modulo p"*'.

Moreover, it is simpler to show the existence of a scaffold by using Theorem
2.4.5 rather than by using Definition 2.4.4 directly.

We close this subsection by providing some references to see more examples of
scaffolds. Byott and Elder show in [BE18] that Galois scaffolds can be found in
both equicharacteristic and mixed characteristic local fields. Precisely, sufficient
conditions for certain totally ramified extensions of equicharacteristic local fields
to admit Galois scaffolds [BE18, Theorem 2.10] are provided. In the case of mixed
characteristic local fields, see [BE18, Theorem 3.1 and Theorem 3.5]. Note that this
paper contains only Galois scaffolds. To see examples of non-Galois scaffolds, one
can consult [BCE, §5] and [Kol5]. However, the field extensions in both places are

assumed to be inseparable, which is totally different from the setting in this thesis.

2.4.3 Integral Hopf-Galois Module Structure

This subsection can be understood as an application of scaffolds. To see the
motivation for the study of integral Hopf-Galois module structure, we begin with

some core materials in Galois module theory.

Theorem 2.4.6 (The Normal Basis Theorem). Let L/K be a finite Galois exten-
sion with Galois group G = {g1,92,--.,9m}- Then, there exists x € L such that
g1(x), ..., gm(x) form a basis for L/ K.

Proof. See [Unll, Proposition 10.5.1] O

The normal basis theorem is equivalent to the assertion that L is a free K[G]-

module of rank 1. When L/K is an extension of global or local fields, algebraic
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number theorists can naturally ask whether Oy is a free module of rank 1 over

(G,

Theorem 2.4.7 (Noether). Let L/K be a finite Galois extension of local fields
with Galois group G. Then, the necessary and sufficient condition for Oy to be

free over Ok |G| is that the extension is at most tamely ramified.
Proof. See [Fr83, Theorem 3]. O

Clearly, Noether’s theorem can answer such a question. Consequently, in the
wild case, Ok[G] is not a choice over which Oy, can be free. This leads to the

study of the associated order in K|[G]:
QLK[G] = {Oz € K[G] car C DL}

We see from the definition above that the associated order can be easily defined
in other Hopf-Galois structures on L/K by replacing K |G| with any Hopf-Galois
structures on the extension. Recall that, in this thesis, the classical Hopf-Galois
structure K[G] is excluded from the study. Moreover, the associated order is likely
to be the most appropriate choice for the freeness question (see [Ch00, 12.5]). Now,

we are ready to study integral Hopf-Galois module structure.

Let H be a Hopf algebra giving a Hopf-Galois structure on the extension L/K.
Let h € Z and consider the fractional ideal B? of the valuation ring O. Abusing
the definition, we will call a fractional ideal an ideal although a fractional ideal is

not necessarily an ideal. We define
A:=Ah,H)={a e H:aP} CP}}

to be the associated order of the ideal ‘B? in the Hopf algebra H. Then, we see
that the ideal B” becomes an A-module. Next, one can naturally ask if the ideal

P is free over its associated order 2.
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Byott, Childs and Elder can answer such a question by giving a necessary
condition for PB” to be free over 2 provided that a scaffold exist on the field
extension. This condition is also sufficient if the precision is high enough.

In order to see the condition, we have to put a partial order < on S,» based
upon the expression in (2.4.2). For s,t € Syn, we write s =< ¢ if 54, < ¢,y for
alli=1,2,...,n.

Assume that L/K admits an H-scaffold of precision ¢. Fix an ideal 3% and
define Syn(h) = {t € Z : h <t < h+ p"}. Note that Syn(0) = Syn. Let # be an
integer such that # € Syn(h) and a (v (%)) = p™ — 1. Then, the relationship of

following maps on S,» plays a major part in determining the freeness of the ideal

¥

o(s) = V’(S);#J (2.4.3)
and (s) =min{d(s+7) —0(j) : j € Spn, j Ip" —1—5} (2.4.4)

for any s € Spn.

Theorem 2.4.8. Assume that L/K possesses an H-scaffold of precision ¢. Let
B be an ideal of Oy.

(i) If ¢ > max (# — h,1) and w(s) = 0(s) for all s € Syn, then P} is free over
2.

(i) If ¢ > p™ + B — h, then Bl is free over 2A iff w(s) = 0(s) for all s € Syn.
Proof. See [BCE, Theorem 3.1]. O

Remarkably, having a scaffold of high precision in hand, we can answer the

question of the freeness of ideals over their associated orders easily.



Chapter 3

Hopf-Galois Structures on C) x C)

Extensions in Characteristic p

We recall in Theorem 3.1.1 below the description of the Hopf-Galois structures
on an elementary extension L/K of degree p®. There are precisely p? such Hopf-
Galois structures, with p—1 non-classical Hopf-Galois structures associated to each
of the p + 1 subgroups T of order p in G = Gal(L/K). This applies in particu-

lar when L/K is a near one-dimensional elementary abelian extension of degree p?.

After knowing all the Hopf-Galois structures on L/K, a near one-dimensional
elementary abelian extension, we introduce a unified language to carry out cer-
tain algebraic calculations in all the non-classical Hopf-Galois structures simulta-
neously. Our extension L/K will typically have two distinct ramification break
numbers. When we bring arithmetic information (the valuations of particular ele-
ments) into play, we will need to treat the non-classical Hopf-Galois structures for
which T is the ‘special’ subgroup of order p occurring in the ramification filtrations
separately from the rest. We end this chapter by introducing two convenient gen-

erators for each Hopf algebra arising in the non-classical Hopf-Galois structures.

29
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3.1 The Set-Up

Theorem 3.1.1. Let L/K be a Galois extension of degree p* with elementary
abelian Galois group G. Let T be one of the p+ 1 subgroups of G of order p. Let
T = (1) for some T € G. Let 0 € G be such that G = (o, 7) and o = 1. We fix
de{0,1,....p—1}. Then, we have

(i) There are well-defined elements p,n € Perm(G) determined by

plotrl) = ohri-t

n(o*rl) = ogh-ipi+=ld for k,l € 7,
(ii) From (i), we have that pP =1 and pn = np. Furthermore,

nr(o,le) _ O,kfrTl+drkfdr(r+1)/2 fOT' re Z;

(i1i) If p#2 ord # 1, then nP = 1;

() Taking N = Nrq = (p,n), we have that N is a regular subgroup of Perm(G)
of order p* normalised by A(G), and N = G unless p =2, d = 1;

(v) If d =0, then N gives us the classical Hopf-Galois structure;

(vi) There are p* Hopf-Galois structures on L/K.
Proof. See [By96] O

The scope of this thesis is to investigate non-classical Hopf-Galois structures
on near one-dimensional elementary abelian extensions of degree p?, p > 3. We
recall from Definition 2.4.2 that in our situation K = k((7')) and L/K is a near
one-dimensional elementary abelian extension of degree p? with Galois group G.
Note that the reason why we exclude p = 2 is due to Theorem 3.1.1(iii). Then,
there exist xg, x; € L such that L = K(xg,z;) with the properties that

zh—xo=p and 2} —x; =QPF+e€ (3.1.1)
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for some 3,€), ¢ € K. The error term e satisfies

(p—1)b

vk (€) > vk (B) + p

(3.1.2)

We also have vg () = —b < 0 and p 1 b. We denote by w := —vg(Q2) where w > 0.
Recall that if w = 0, then 1 and © must satisfy the independence condition (iii)
in Definition 2.4.2. Since G = C),, x (), we fix w € G be such that

w(zg) =20+ 1 and w(zy) = 1. (3.1.3)
Then there exists v € G such that
v(ry) =21+ 1 and v(xy) = . (3.1.4)

We also have w? = v =1 and thus G = (v, w).

3.2 Unified Language

Since there are p + 1 subgroups of order p in G = C), x C,, there are p + 1 choices
for T in Theorem 3.1.1. Explicitly, they are (w), (vw), (1?w),..., (P w), (v). In
order to study all the p?> — 1 non-classical Hopf-Galois structures on L/K simul-

taneously, we set a pack of parameters called ‘unified language’ to work with.

Before providing a dictionary between unified language and other Hopf-Galois
structures, we distinguish subgroups of order p in G by the ramification break
numbers for L/K. In [ElI09], it is known that the set of ramification break num-
bers of L/K is {b,b+ p*w}. However, w is allowed to be 0. If it is the case, the
extension has only one break; otherwise there are two. In particular, for the latter
case, the subfield K(zy) (over K') has the ramification break number b; whereas
the other subfields have the ramification break number b+ p?w. With this reason,
we say that the subgroup (r) of G is special as it corresponds to the distinguished
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subfield K (xy) of L. The other subgroups of order p in G are called non-special.
However, when w = 0, or in other words, L/K has only one ramification break
number, the word ‘special’ does not literally mean special but only refer to the
subgroup (v) not the others.
Then, Table 1 introduces all the notations used in this thesis as well as the
dictionary between unified language and Hopf-Galois structures arising from the

special /non-special subgroups.

Unified language | HGS arising from (v~‘w) | HGS arising from (v)
e B arp
0 Q+i Q!
Q (Q+i)PB+e 5
T viw v
o v w
1T + 11 To
B xo — (2 +4)"(izg + x1) x1 — Qxg

Table 1: Dictionary between unified language and other Hopf-Galois structures

arising from various subgroups of G.

The dictionary is used for translating parameters in Hopf-Galois structures into

unified language and vice versa. For example, if we write
T(A = 5)
in unified language, it means we write
v 'w ((izo + 21) — B)
in Hopf-Galois structures arising from subgroup (r~*w) and means

v(xg — QPP)
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in Hopf-Galois structures arising from the special subgroup (v).
Moreover, with this dictionary, we can translate some algebraic relations, which
are required in this study (Proposition 3.2.1 and 3.2.2), from one language to an-

other. This allows us to work with all of them at a time via unified language.

For the unified study, we set L[Ny 4] (or sometimes just L[N]%) as a delegate
of all the non-classical Hopf-Galois structures on L/K. Bear in mind that T is

any of the following subgroups

(W), (ww), (W), ..., P 1w, (V)

and d € {1,2,...,p — 1}. Also, all the parameters are written in unified language.
Once the interpretation is needed, we use Table 1 to translate back into the context

of the considered Hopf-Galois structure.

Proposition 3.2.1. In the Hopf-Galois structure L[Nz4)%, the following algebraic

relations hold:
(1) 7(A) = A,
(ii) o(A) = A+ 1,
(iii) AP — A = Q,
(iv) 7(B) = B+ 1,
(v) o(B) = B — Q7.

Proof. Refer to (3.1.3) and (3.1.4). For the Hopf-Galois structure arising from

(v™'w), we have that
(i) v 'w(izg + 1) = v " (izo + 71 + 1) = ixo + 71,
(11) V(iﬂ?o + xl) = (Z.TL'O + .%1) + 1,

(111) (’L$0 + Il)p — (Zl‘o + LUl) = (le) — Il) + Z(l’g — LEQ) = (Q + Z)pﬁ +e€ by (311),
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(iv) v7iw (2o — (Q+1) " (dzg +21)) = w0 — (Q+4) " (izo + 21) + 1,
(v) v (w0 — (Q+4) 7" (izo +21)) = 29 — (Q+4) " (img + 21) — (Q+14) 7%
In terms of the other, we have
(i) ¥(x0) = o,
(i) w(wo) = 20 + 1,
(iif) 26 —z0 = 5,
(iv) v (21 — Qo) = (21 — Qo) + 1,
(v) w (21 — Qo) = (21 — Qo) —
O

Previously, we proceeded from algebraic viewpoint. Now, it is time to adopt

an arithmetic one. Due to (3.1.1) and (3.1.2), we have
pur(zo) = —p°b and pup(z1) = —p*w — p°b.

Hence, vy (zg) = —pb and vy (z;) = —p?w — pb. This suggests that o, z; are not
good objects to work with as they have the same valuation modulo p.

It is found that A, B defined as in the dictionary Table 1 are worth working
with due to their arithmetic property.

Proposition 3.2.2. We have
e v (A) = —p*wir — pb; and
e v (B)=—p*w(l—46r)—b

1 if T is non-special;
where 0p =

0  otherwise.
In particular, {A'B’ : 0 < i,5 < p— 1} forms a basis for L/K in any Hopf-

Galois structure.
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Proof. In Hopf-Galois structures arising from non-special subgroups, we have
AP — A= (Q+9)PS +e

If v () < 0, then, by (3.1.2), we have vy, ((Q +9)?8 + €) = v, (QB) = —p>w—pb.
If v (2) = 0, then, by Definition 2.4.2(iii), we have v, (2 +9)P8+¢€) = v (B8) =
—p?b. Hence, in the both cases, we have v (A) = —p?w — pb.

It is easy to see vy, (A) = —pb in Hopf-Galois structures arising from the special
subgroup as A = x.

The computation for vy (B) is a bit more complicated as shown below.

e Hopf-Galois structures arising from (v~"'w)

BP — B = (a — z9) — (Q+1)P(izg + 21)P + (Q + i) (izg + 71)
=B—(Q+4) ((izo + 1) — (imog + 1)) — (A+7) " = (Q+10)7") (izo + 1)
=B8—(Q+)P((Q+9)B+e) — (U+)F = (Q+14)7") (img + z1)
=—(Q+i)Pe— ((A+i)" = (Q+10)7") (img + 21).

If v (€2) <0, by (3.1.2), we have
vr (Q+10) 7€) = pPw+p®vr(e) > —pb = vy (2 +4) " — (Q+10)7") (izo + 21)) -

This gives us pvr(B) = —pb and hence v (B) = —b. If vg(2) = 0, we consider
that (Q+4)7 - Q44" = (Q+49)P(1—(Q+4)P"). Due to the fact that
the polynomial 7P~! — 1 splits in F, and the third condition of one-dimensional

elementary abelian extensions, we have vy, (1 — (Q +7)P~!) = 0 and hence
Vg, (((Q + i)_p — (Q + i)_l) (Z[L’O + Zlfl)) = —pb.
As far as € is concerned, we have

v, (24 10)Pe) = p*w + v (€) > p’w — p*w — pb = —pb.
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Thus, v (B) = —b

e Hopf-Galois structures arising from (v)

BP — B = (2] — 1) — QP(ah — z0) — (O — Q)
= (B +¢€)— QP — (P — Q)xg
=e— (2 — Q).

Then, we compute
o ((QF — Q) o) = v, (Q (7' — 1) 2) = —p’w — pb.

Since vg (€) > —p*w — pb, we have that vy (B) is determined by the term (27 — )z
Hence, we have pvr(B) = —p3w — pb implying that vz (B) = —p*w — b in Hopf-
Galois structures arising from the special subgroup.

Thus, for every non-classical Hopf-Galois structure, vy (A) # v (B) (mod p).
In particular, {v;(A*'B?):0<14,j <p—1} is a complete set of residues modulo
p?. As aresult, {A'B7 : 0 <4,j <p— 1} forms a basis for L/K. O

Remark. We draw a table below recording the valuations of significant terms in
any Hopf-Galois structure. According to the table, we see that if € is a unit (i.e.

w =0), v (A) (resp. v (B)) is the same in all non-classical Hopf-Galois structures.

Valuation in L of | HGS arising from (v~‘w) | HGS arising from (v)
0 —p?w pPw
ol —p°b —p*w — p*b
Q —pdw — p?b —p?b
A —p?w — pb —pb
B —b —p?w —b

Table 2: Valuation table.
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3.3 Shapes of Hopf algebras on L/K

Before describing L[Nr4]¢, we need to know how G acts on N = (p,n). Bear
in mind that no matter what subgroup we pick for 7" and what value for d, we
work with unified language instead thanks to Proposition 3.2.1. Hence, T' = (1),
G = (o,7) and L = K(A, B).

Proposition 3.3.1. We have
(i) 7" pn’ = pn

(ZZ) o - panb — pa+dbn b.

n

Proof. (i) By Proposition 2.2.6, we have 7™ - p®n® = X(7™)pn?A(7~™). Then, by

Theorem 3.1.1, for any u,v € S,, we have

M)A 07 = Al
(7
_ O_u—bTU+dbu—db(b+1)/2—a

m) anb (o_uTv—m)

-\ >pa (Ju7b7v7m+dbufdb(b+l)/2)
= p"n’(o"7").

(i) Similarly to (i), we have

/\(O_n)panb)\(o_—n) (CTUTU) — O_U—b,rv-l—dbu—db(b—i—l)/Z—dbn—a

— pa+dbn7]b(0uTU).
O
Proposition 3.3.2. We make the convention that 0° = 1. Taking Ag = p — 1 and
p—1 p—1
A =— 2:(—1)’/11””_1 Zjipdjn — 1, we have
i=0 Jj=0

(i) Ao, Ay € L[N]%;
(11) Ay = A} =0; and

(iii) LIN]® = K[Ao, Ay].
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Proof. (i) By Proposition 3.3.1(i) and Proposition 3.2.1(i), we have
T'AOZAO and T'Al :Al'

By Proposition 3.3.1(ii), we have o - Ag = Ay implying that Ag € L[N]®.
Before we see A; € L[N]%, it is worth recalling that 0° = 1 and noting that
-1 ,

(p , ) = (—1)". The latter is obtained from the so-called Wilson’s theorem and
i

the fact that we work over F,,. Then, we compute

p—1

\P:_—Al—l_; puzjzdy
B
_Z( )pr(ozm%jz d3>

7j=1

p—1 p—1

— AP~ 177+Z ( )Ap 1— z]zpd]n
=0 j=1
p—1

=AYy (At
7=1

[y

=

(A+5)"" p"n.

<.
I
o

Then, by Proposition 3.3.1(ii) and Proposition 3.2.1(ii), we have

o-V=o- (i(z‘l +j)p‘1pdjn>

J=0

3
L

(A+ (G + 1)) pfUtty

I
=N,
[l
- O

(A+ )P p¥n = 0.

I
|
=)

Thus, o - Ay = Ay.
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(ii) It is obvious from Theorem 3.1.1(ii) that Aj = 0. To see that A} = 0, we

compute:
P
(ij dj > <Ozn+Z]z dj )
p—1
=0+
j=1
p—1
L+ ' ifi=0;
j=1
p—1
5 ifi=1,...,p— 1.
j=1
Since
pz_l_ —1 (mod p) ifp—1]i
=
j=1 0 (mod p) otherwise,
we have
( )” 0 ifi=0,1,....,p—2;
i) =
-1 ifi=p—1.
Thus,
. P
WP Z( App i—1) (Zjl dj > = (=1 (=1) = -1
=0

and hence A} = 0.
(iii) From (i) and (ii), we see that K[Ag, Ai] is a K-subalgebra of L[N]¢ of
dimension p?. Therefore, K[Ag, Ay] = L[N]®. O

Remark. Ay and A; are well-behaved generators since, by Proposition 3.3.2(ii),
we see that they satisfy one third of conditions in Theorem 2.4.5. Moreover, we

can shortly show that Ag-1=A;-1=0 (see Proposition 4.1.1(ii)).



Chapter 4

Actions of Hopf Algebras on L

To master the p? — 1 non-classical Hopf-Galois structures on L/K, we provide
formulae enabling us to compute the actions of the two generators Ay and A; on L.
Bear in mind that in this chapter we work only in unified language. Unfortunately,
the formulae are quite difficult to work with. We need some tools making them
tractable. It is found that colexicographical ordering can help us develop tools by

extracting only essential information from the intricate formulae.

4.1 Formulae for Actions of Aj and A; on L

Recall that in the previous chapter we have the Hopf algebra L[NTyd]G where
G = (1,0) and N1 4= (p,n). Let us occasionally write L|N]¢ for short. Now, we
are in a position to translate the action of it on L.

—dk(k—1)

Proposition 4.1.1. (i) p~*(1g) = 7" and n7*(1g) = o*r— 2

Proof. (i) follows immediately from Theorem 3.1.1(i) and (ii).

40
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(ii) Recall (2.2.1). From (i), we see that

Ap-1=(p—1)-1
=(p) ' (1e)(1) — 1
=7(1)—1

= 0.

For the other identity, we calculate as shown below:

1
A1~1—< pz AP%IZ]zd] >.1

=0
p—1

Z )i AP 12; 1g)(1) — 1
= — Z (—1) APt Zjim-dj(l) —

-1

Z AP“Z; (-1)—1=0.

i=0
[l

In this thesis, there are two useful ways of expressing the action of L[N]¥ on
L. Of course, one way is writing in terms of A" B* for 0 < r, s < p— 1, whereas the
other is in terms of A"B* for r > 0 (with r > p allowed) and 0 < s < p — 1. The
latter will be applied only when we want to count the degree of A in At A" B*.

Due to Proposition 3.2.1, we can prove Proposition 4.1.2. Moreover, the propo-
sition can be translated into every non-classical Hopf-Galois structure on L/K

since every algebraic action done in the proof is contained in Proposition 3.2.1.

Proposition 4.1.2. In the Hopf-Galois structure L[Nz,q)%, forr >0 and 0 < s <

p — 1, we have

(i) NgATB* = A
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(i)

T S - - S r u T— u — S—Uu - r v T S
MAB =) ") (u) (t)(—d) A B -7y 4y (U)é&p_lA — A"B*.

u=0 t=0 v=0
(4.1.1)

For0<r,s<p-—1, we have

MATB =} (=d)" (2) (z) AU (B — Q)
L 5 () ()i

u+t+v>p
u<s,v<r

> (_d)u@ (Z>mu+”_p<3 -

u+v>p
u<s,v<r

. T v T S
+) <U> Ssp 1 A® — A'B®. (4.1.2)
v=0

Note that (4.1.1) expresses Ay A" B in terms of A'B? fori > 0 (withi > p allowed)
and 0 < j < p — 1; whereas (4.1.2) expresses in terms of the basis A'B? for

Proof. (i) By Proposition 4.1.1(i) and Proposition 3.2.1(i) and (iv), we have
MNA"B* =(p—1)- A"B?

= (r— 1) (A"B*)
— A"(B+1) — A™B*

S0

u=1

p—1 p—1
(ii) For simplicity, we will work with ¥ := —A; — 1 = Z(—l)iA”_l_i Zjipdjn.
i=0 =0
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Then, we have

—1
\I/ATBSZPZ: Apllzjz dj
=0

p—1 p—1

= Z(—l)iAp_l_i ZjiUde(ATBS) (by Proposition 4.1.1(i))
=0 =0
p—1

:Z Aplzzjz d] B Q )
1=0

(by Proposition 3.2.1(ii) and(v))

p—1 p—1

=D (DAY A D) (B - Q) + d)°

i=0 §j=0

(by Proposition 3.2.1(i) and (iv))

p—1
=(A+1) Y (-1 AP“ZJ )+ )
=0

p—1

rz Ap 1— ZZ] Z( ) B Q )s u(d])u
1=0 u=
p—1 s p—1
(A+1)7> (=1)' A= ’Z (u) (B—Qr')y~d" )y 5
i=0 u—0 =0

We see that, for each u, the final sum vanishes unless ¢ + u is divisible by p — 1
and i +u > 0. Thus, if u € {0,1,...,p— 2}, i must be p— 1 —u; but if u =p — 1
then ¢ can be both 0 and p — 1. It follows that

VAR = —(A41)

Z( ) “(B - QY “+65,p_1dp—1]

w
T

=0
_ - - S r u+1 ju Au+tv r —1 Av
= (u) v>( ) gu AT (B — Q7)™ — Z (v) s p1d? 1AV

u=0 v= =0

[e=]

Thus, we have

MA™B® = ZZ( )( ) d)* A (B — Q7Y +§r: <Z>5S,p_1Av — A'B*

u=0 v=0 v=0
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or, putting t =r — v,

T S - - S r u T— u - S—Uu - r v T S
MAB =) "% (u) (t)(—d) ATB -7y Y (U)(Ss,plA — A"B°.

u=0 t=0 v=0

This proves (4.1.1).
Next, we prove (4.1.2). Recall that, here, 0 < r,s < p— 1. As u + v can be

greater than p — 1, we expand the formula. Recall from Proposition 3.2.1(iii) that

AP = A+ Q.

If u+ v > p, then Avt? = Autv=—ptl L gutv=p() Therefore, we have

MA'B = > (—d)" (Z) <Z) A (B — Qp s

u+v<p
u<s,v<r

+ Y (=) (Z) (Z) Auto-pHl(g 1y

utv>p
u<s,v<r

T u;p (—d)" (2) (z)ﬁAquv—p(B — Q)

u<s,v<r

- r v ' S
+) (v) 8y p1 A" — A"B°.
v=0

Note that since 0 <r,s <p—1, we haveu+v—p<u+v—p+1<p—1. This
proves (4.1.2). O

Due to the identity A7 = A + €, there are two ways to express terms in
A A" B®. The first way is to write in terms of A’B’ for ¢ > 0 (with i > p allowed)
and 0 < j < p— 1. Note that, in this way, the coefficients of A’B7 are in F,, [Q']
without involving 2 (as in (4.1.1)). The other is in terms of A’B7 for 0 < 4,5 < p—1
but with coefficients involving Q (as in (4.1.2)). The identity also makes ‘degree in
A’ not well-defined. To avoid confusion, let us declare here that we express terms
in AjA"B® as in (4.1.1) only in Proposition 4.2.7, the whole of Section 4.3 and the

whole of Chapter 7. Hence, apart from these places, we express terms in Ay A" B*
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as in (4.1.2). This means that each way of expressions is explicitly assigned to
where to be used and does not overlap with each other. Thus, ‘degree in A’ is

defined corresponding to the way to express terms in each context.

Example 4.1.3. For p = 3, using Maple! and writing terms as in (4.1.2), we have
o NgA2B? = 2A%B + A%
o A2A2B? = 2A%

o MAPB? = 2AB% + B + (O + 2d) A’ B + (207 +2d)AB + (dQ + Q") B +
(A7 + Q72 A2 4 (dPQ + dOTE + 2072 + 1) A + 20 + 2d0268, + Q2 + 1

o AN2A?B? = 2B% + 2dA’B + (Q7' + d)AB + dB + (dQ7* + 2Q72) A% + (20 +
DA+ (Q+dQ38; +dQy ' + 207 + 1);

o ANgMA%B? = AB+ 2B + (07" +2d) A% + (207 +2d +2) A +dQ + Q' + 1;
o N2AA’B? = A+ 2;

o ANA2A2B2 = B +2dA% + (Q; ' + d)A + d + 2;

o A2A2A2B% =1.

As the shape of A; is complicated, it is unsurprising that the formula we ob-
tained is even more so. Besides, we have to confront more tortuous objects like
AéA{ where 0 < 7,7 < p — 1. Without some techniques, it seems to be impossible
to move forwards.

Let us record the summary table below containing all the algebraic and arith-
metic information required in this study. Note that, with the unified language, all
the algebraic actions are given by the same formulae in non-classical Hopf-Galois
structures. Unfortunately, this is not the case for the arithmetic considerations
involving valuations and this leads to different results in the two types of all the
non-classical Hopf-Galois structures. Nevertheless, this allows us to successfully

construct a scaffold.

Imathematical software
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Non-special Special
AP —A=Q AP —A=Q
T(A)=A T(A)=A
Algebraic 7(B)=B+1 7(B)=B+1
o(A)=A+1 og(A)=A+1
o(B)=B—Q;! o(B) =B — Q!
vp(A) = —p*w — pb vp(A) = —pb
Arithmetic vr(B) = =b vr(B) = —pw = b
v () = —p*w v (Q) = pPw
vr(f1) = —p°b vr(B1) = —p*w — pb
v, (ﬁ) = —pdw — p*b v, (ﬁ) = —p?b

Table 3: Summary table of algebraic and arithmetic actions in various Hopf-Galois
structures on a near one-dimensional elementary abelian extension.

4.2 Ordering Terms in L

Before we move on, it is worth mentioning that all the algebraic results onwards can
be translated from unified language to every non-classical Hopf-Galois structure
on L/K since every single move from now on is based on nothing else but what is

stated in Table 3 (algebraic part).

Definition 4.2.1. Writing in terms of the basis A'B7 for 0 < i,7 < p — 1, we
say A'B7 is colezicographically higher than A” B/" and denote by A'B7 = A" B7" if
j > j orif j =4 then i > ¢. In this ordering, we ignore coefficients in K. Also,

we make the convention that 0 is the least colexicographical order followed by 1.

For example, we have that AB? = AP~!B. However, APB? £ A%2B2. This is
because under the basis A’B’ for 0 < i,j < p—1, we have that A?PB? = AB*+QOB?
and A2B? = AB?, A’B? = QB?. The latter example emphasises on the necessity
of how to write expressions in L in the context of colexicographical order.

The importance of the colexicographical order will be mainly seen in the next

chapter as a systematic way for the elimination process. Also, in this chapter, it
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can be used to simplify some complicated expressions arising from actions of Ag
and Ay, which is Lemma 4.2.5. In particular, this lemma is the main ingredient

for the elimination process of the construction of ® in Lemma 5.1.3.
Proposition 4.2.2. The colexicographically highest term in Ay A" B is

(

rAr—1Bs ifr>1
§ —dsAB*™! ifr=0,5s#0

0 ifr=0,5s=0.

\

Proof. From (4.1.2) in Proposition 4.1.2, if » > 1, the degree of B is the highest
when u = 0 and then v must be r — 1. Note that it is not necessary to consider
the second and third summation since v = 0. Also, the fourth one can be ignored
because even if s = p— 1 the first summation gives higher terms. If » = 0, we only

have the terms from the first summation. The highest term is from when v = 1

and v = 0. O

Remark.

(1) Ay always reduces colexicographical order.

(73) It is clear from Proposition 4.1.2(i) that if s # 0, then Ay respects colexi-
cographical order. That is, if s # 0 and A" B* = A" B¥, then AjA"B* = AyA" B*.

(73i) When s = 0, it follows from Proposition 4.2.2 that A; respects the colexi-
cographical order; whereas it is not always the case if s # 0. In more detail, the only
condition when A; fails to respect colexicographical order is s # 0,7 =0,s—1 = ¢
and " > 2. To see this, if r # 0, we have that A; respects the order since we
have both A" 'B* = A”"~'B* and A""'B* = AB*~!. Now, we suppose that
r =0. Then s > s'. If s — 1 > s, we again have that A, respects the order be-
cause AB*~! = A"-1B¥ AB¥~! However, if s — 1 = ', the only condition for
AB* 1 = A”1B¥ = A”"-'B*~!is v/ < 2. For instance, without caring about the
coefficients in K, AB*~! is the colexicographically highest term in both A;B* and
A A2B5~1 although B* = A?Bs~!,
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For convenience, we define

Definition 4.2.3. Let X, Y € L. Writing X,Y in terms of the basis A'B7 where
0<14,5<p-—1, we write
X =Y +C(A"B?)

if the colexicographically highest term in X — Y has colexicographical order lower

than A" B?.

For instance, from Example 4.1.3, we can write

AgA’B? = 2A’B + C(A’B),
A A’B* =2A?B 4 C(B),
but AgA%B? # 2A’B + C(A?).

The new notation C allows us to simplify calculation by absorbing all the

irrelevant terms.

Proposition 4.2.4. Letr > 1 and let X € L. If X = kA" B* +C(A"B*) for some
k€ K, then A\ X = krA™'B* + C(A""'B®).

s p—1

Proof. Assume that X — kA"B® = ZCZAT ‘B + Z chJAhBS I for some
7=1 h=0

¢i,cn,j € K. Then,

s

1
AMX — MEAB® = Ay (Z GATB ) pz e AN B ﬂ) :
h=0

7j=1

From Proposition 4.2.2, the colexicographically highest term on the RHS is lower
than A"~!B*. On the LHS, since r > 1, from the same proposition, the colexico-

graphically highest term in A kA" B?® is rk A"~ B*. Therefore,

A X = krA™'B* + C(A"'B*).
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Lemma 4.2.5. If s > ¢ and r > j, then the colexicographically highest term in

AN AT B® s
i1 (S) (r) AT g
? J

Thus, we can simply write

st =i (0) (7)) aom = ewm)
J

(4

In particular, the colezicographically highest term in ALA] AP~ BP~1 s
(—1)*itj1Ap=3—t grict,
Proof. First, computing the iteration of Ay by Proposition 4.1.2(i), we have
AN ATBS = M {u (j) ATB i C(A’“B“')] .

Then by Proposition 4.2.4 we have

e o s

]

= A7 {fu (S> r(r— 1A 2B ¢ C(AT2B“)}

]

(4

= il (S) (;) ATIBST L C(ATI BT,

]

=gl (S)r(r —1)(r—j+ 1A IB L C(ATI B

In particular, when r = s = p — 1, we have

w071 = o

Then, we provide an immediate consequence of Lemma 4.2.5.
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Corollary 4.2.6. The term AP~'BP~! is a normal basis generator for the Hopf-

Galois structure L[Ny 4] .

Remark. Corollary 4.2.6 asserts that AjAJ AP~'BP~! hehaves algebraically well.
Unfortunately, this is not the case for the arithmetic view since occasionally A
decreases the valuation dramatically by increasing the degree in A. This would be
a sign that scaffolds might not exist as colexicographically highest terms occasion-

ally fail to determine the valuation.

We end this section by considering things arithmetically. Noticing that, in
Hopf-Galois structures arising from non-special subgroups, v,(A) < pvp(B), we
see degree of A is the first matter for determining the valuation. Although this is
not the case in Hopf-Galois structures arising from the special subgroup, knowing
the highest degree of A still allows us to very nearly complete the study. Recall
that, from the proposition below to the next subsection, we write AéA{A”BS in
terms of AYBY for f,r > 0and 0 < ¢g,s < p — 1. Here, f and r are allowed to be

greater than p.

Proposition 4.2.7. The maximal degree of A in A{A’”BS withp—12>37>11s at

most

r+s if 1 <s
r+2s—j5 ifj>s,r+2s—35>0

T_j ?:fjg?’}S:O

0 ifj>r,s=0o0rj>ss#0,r+2s—j<0.

Proof. Recall the formula (4.1.1)

® - S r r—t4u —1\s—u $ r v T RS
AIATBSZZZ(@) (t)(_d)uA e p— Q) +Z(U)6svp_1A — A"B°.

u=0 t=0 v=0
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If s =0, it becomes just

MA =Y (:) AT AT (4.2.1)

t=0

From (4.2.1), it is easy to see the two cases when j < r,s=0and j > r,5s=0.
Then, we observe the mechanism of action of A; on A" B*.
(1) Due to (4.1.1), Ay can transfer degree from B to A.
(2) Ay cannot increase degree of B.
(3) Without B, A; must decrease degree of A as in (4.2.1).
Hence, to attain degree of A as high as possible, we have to avoid (3) by letting
Ay gradually transfer degree from B to A. Once we have run out of B and Ay’s
still exist, let the remaining A;’s decrease degree of A.
Case j < s. By (1), AJ7'A"B* contains the term cA™/~1B*=J+1 for some
c € K. Note that c could be 0 but let us assume that it is not as we want to know
the least upper bound of degree of A in A{ATBS when j,7, s are arbitrary. Then,
again by (1), the maximal degree of A in AJA"B® = A{AJ A" B* is

r+j—1)+(s—j+1)=r+s.

Case j > s,7+2s—j > 0. By (1), A{A"B® contains the term cA"** for some
¢ € K. As in the previous case, we assume that ¢ # 0. Then by (3), the maximal
degree of A in AJA"B* = A" ASA"B* is (r +s) — (j —s) = r + 25 — j.

Case j > s,r +2s —j < 0. We consider
MA™B® = N]777% (AP ATB) = A% (AT AJATBY)

As shown in the previous case, we know that the maximal degree of A and B in
A"25 A" B* are 0. In more detail, B* transfers all its degree to A” by A% and then
ATt® decreases all the degree of A in A™**. Indeed, since j — r — 2s > 0, we have

ANATB® = A7 (AP ATB) = 0. O
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Remark. The proposition tells only the least upper bound of degree of A not the
term with highest degree of A occurring in A{A””BS. This is because the coefficient
of the term whose degree of A is equal to the amount stated in the proposition
might vanish (see Example 4.3.4 below). Yet, this proposition can allow us to

simplify some complicated proofs later.

4.3 Computing Some Terms in A]A"B*

In the next chapter, we have to face A{ATBS. It is very exhausting or perhaps
impossible to compute A{ATBS especially when p is large. Fortunately, we do
not have to know every term in A{A’”Bs but only certain significant terms. The

method enabling us to find them is called (4, —)-diagram.

4.3.1 Computing the coefficient of A"~/ in AJA" B

Throughout this subsection, we fix j,r, s where j > s>1andr+2s—j > 1. We
aim to compute the term A™*2*~7 in AJ A" B®. Recall that r+2s— j is the maximal
degree of A in A{A’”BS by Proposition 4.2.7. In the calculation, there are many
terms coming out. However, there are only a few terms which can contribute
A™t2577 at the end. To know the coefficient of A™*2*~7 in AJA"B* we provide
an algorithm to construct a (+, —)-diagram after stating Lemma 4.3.2 and 4.3.3,

which are the main ingredients of the algorithm.

Proposition 4.2.7 plays a major role in computing the coefficient. For conve-
nience, we pick only the two cases required in this study as shown below. The

maximal degree of A in AJA/BY is at most

f+29—7 ifj>g [Case4.3.1]

f+g if j <g [Case 4.3.2].

Also, we define:
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Definition 4.3.1. Let X, Y € L. We write
X=Y+T*

for some z € N if X — Y contains only terms, say A/B9, with the property that
f+2g9 <z

With the notation 77, the formula (4.1.1) can be simply written as in the

lemma below.

Lemma 4.3.2. We have

p

JAITIBY — gd AT B9 4 TIH2071 Gf f>1,9 > 1

AN ATBY = —gd AT B! 4 T 201 if f=0,9g>1

FAT 4TI if f=1,9=0.

\

Proof. Assume that g > 1. From the formula (4.1.1), if ¢ is fixed, we observe that
the maximal total degree is f + g —t. Hence, the sum of total degree and degree

of B is at most

(f+g—t)+(g—u)=[f+29—(t+u)
Consequently, those terms not absorbed in 7/%29~! are colexicographically highest
terms obtained from putting u, ¢ such that

f+29—(t+u) > f+2g—1,which is simplified to u +¢ < 1.

For u = 0,¢ = 1, we obtain the term fA/~'BY and for u = 1,t = 0, we obtain
—gdA’1 B9~ Note that if f = 0, we have only the latter term.

If g = 0, the lemma follows from (4.2.1) in the proof of Proposition 4.2.7. [

To compute the coefficient of A”*2577 in AJA”B*, we have to act A; on A" B

repeatedly ;7 times. Hence, there are j steps in the algorithm for computing the



o4 4.3. Computing Some Terms in A]A"B®

coefficient, which is clearly explained below. The principle of the algorithm is that
in each step we know potential candidates which might contribute A™+2577 at the
end by Lemma 4.3.2 and then decide which ones of them can do so by using [Case
4.3.1] or [Case 4.3.2]. The qualified terms are called ‘contributors’ as they can

contribute A”t2577 at the end.

Algorithm for computing A™72577 in A{ATBS

Step 0: The contributor in this step is A" B?®.

Step k (1 <k <j—1): Act Ay on each contributor from the previous step,
say cA/ B9 for some ¢ € F,. Then, by Lemma 4.3.2, we know candidates for being

contributors containing in A;cA’ B9, which are
cfATIBI, — cqgdATHIBITY T2
Next, compute the maximal degree of A in
N FefAIIBI) A8 (—egd AP BITY) | AT 20!

by [Case 4.3.1] or [Case 4.3.2]. Lastly, pass contributors happening in this step to
the next step (i.e. terms which can give the maximal degree of A in the amount
of r +2s — 7).

Step j: We obtain the coefficient of A™2$7J which is the sum of the coeffi-

cients of the contributors happening in step 7 — 1.

To simplify the process of the determination of candidates, we present the

lemma below.

Lemma 4.3.3. Suppose that we are in step k and A B9 is a contributor from the

previous step. Then, considering terms on the RHS of Lemma 4.3.2, we have

(i) —gdA/*1BI=1 is a contributor;

(ii) T+~ absorbs only terms failing to be contributors;
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(iii) fATYBY can be a contributor iff f + g > r + 2s — j;
(iv) fAT=Y is a contributor (if g =0);
(v) T/~ absorbs only terms failing to be contributors (if g =0).

Proof. We omit writing coefficients in K. We aim to decide which of the following

terms can be contributors:
Af“Bg_l, Af_lBg, 7~f+2g—17 Af—l’ Tf—l_
This can be done by computing the maximal degree of A in
ATRATT BT ATRATT B, AR R AR AT AR

by employing [Case 4.3.1] or [Case 4.3.2]. Only terms with the highest amount of

degree of A will become contributors.

(i)-(iii) Considering A/T1B9~1 A/=1B9 T/+29-1 we know that at least one
of them must be a contributor since otherwise we do not have terms contributing
A™+257J at the end. To determine which terms can be, we first prove the claim
below. Note that the claim allows us to know which of [Case 4.3.1] and [Case 4.3.2]

we have to employ.

CrAIM: If we are in step k and A B9 is a contributor from the previous step,
then 7 — k> g— 1.

We prove by induction on step number k. Obviously, the claim holds when £ = 1
since A"B* is a contributor from the previous step (step 0) and j — 1 > s — 1.
Recall that j > s.

Now, suppose that the claim holds in step k and AfB9Y is a contributor from
the previous step with the property that j — k& > g — 1. By Lemma 4.3.2, we know
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that
14er1Bgfl7 Afleg’ Tf+2gfl

are candidates for being contributors in step k. To decide which terms can be
contributors and sent to step k + 1, we compute the maximal degree of A in
i—k 1 —1 j—k —1 j—k 2g—1
NFATRI ge=l AR AT g AR e

e The maximal degree of A in AJ " A1 B91 is at most

f+29g—1—j+k iftj—k>g (by [Case 4.3.1]);

f+yg if j—k=g—1 (by [Case 4.3.2]).
e The maximal degree of A in AJ""A/~1BY is at most

f4+2g—1—j+k ifj—k>g (by [Case 4.3.1]);

f+g—1 if j—k=g—1 (by [Case 4.3.2]).

In terms of 7/729~! we assume that A% BY is contained in 7/%29~!. Then, we have
y<gandz+2y< f+29—1 (by definition of 7). The maximal degree of A in

AR ATbY is at most

(

r+2y—j+k< f+29g—-1—j+k if j —k>g;

r+y<f+g—-1<f+g ifj—k=g—1andy=g;

r+2y—j+k<f+29g—1—j+k=f+g itj—k=g—1landy<g-—1
\

If j —k > g, the contributors sent to step k+1 are both A1 B9~! and A/~1 B9
since their amount of maximal degree of A is highest. This implies that the claim
holds in step £+ 1 in this case as j — (k+1) > (¢9—1)—land j—(k+1) > g—1.

On the other hand, if j — k = g — 1, we have the only one contributor sent to

step k+ 1, which is A/*1B9~1, The claim still holds in this cases since j — (k+1) >
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(g — 1) — 1. Therefore, the claim is proved.
Moreover, since j — k > g, we learn from the proof of the claim that A/+!B9~1

is always a contributor and hence
r+2s—j=f+29—-1—-7+k;

whereas all the terms absorbed in 77/+297! fail to be. In terms of A1 B9, we see
that it can be a contributor iff j — k > ¢. This is equivalent to f +¢g > r+2s —j
asr+2s—j)=f+29g—1—j+k.

(iv) and (v) Suppose we are in step k. From the last case of Lemma 4.3.2,
Af1is a contributor as long as Af is a contributor in step & — 1. This means the
maximal degree of A in Ajf(k*l)Af is at most f —j+k—1=r+2s—j. Thus, the
maximal degree of A in Ajkaf_l is at most f —1— 7+ k =r+2s—j. Note that
all the terms absorbed in 777!, which are only of the type A’ for some ¢t < f —1,

fail to be contributors. O

Having Lemma 4.3.3, we can provide the algorithm along with how to con-
struct a (4, —)-diagram to compute the coefficient of A™+2*~7 in A A" B*. Recall

that j > s>1andr+2s—j5 > 1.

Step 1:

—sdA™1 B! as a contributor and
A" B? originates
rA—1Bs as a contributor if r # 0,7 — s # 0.

Ifj=sorj>s,r=0, wedraw a diagram.

Ar+1Bsfl
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If j>sandr > 1, we do

Ar+lBs—1
+
—sd
ATBS\
AT1Bs,

For more explanation of the diagrams, we draw

A" B* + Ar—l—lBs—l
—sd
to mean that —sdA™ ™' B! is a contributor contained in A;A"B?%. The sign ‘+’
indicates that the degree of A of the contributor is increased by 1 from the original
term at the expense of degree of B. We draw
A"B* — A™'B®
to mean that r A"~ B* is a contributor contained in A; A" B*. The sign ‘—’ indicates
that the degree of A of this contributor is decreased by 1 from the original term:;
whereas the degree of B stays the same. Each number under each arrow is called
a transition coefficient.
Step i (1 < i < j): Each contributor from the previous step, say A/BY, has to
go with

+ if g #0 by Lemma 4.3.3(i);

— iff+g>r+2s—jand f #0 by Lemma 4.3.3(iii) or (iv).

The algorithm terminates once A"2577 appears.
After knowing contributors in each step, we draw an extension diagram on the
diagram in the previous step. For example, if we are in step 2 and assume further

that we receive two contributors from step 1 and each contributor in step 1 can
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originate two contributors in step 2, then we draw the diagram

Ar+2Bs—2
i
—(s—1)d
Ar+1Bs—1
+ —
—sd r+1
ArBs rBs—l
\ i
r —sd
Ar—lBs
(r-1)
Ar—ZBs

The diagram allows us to compute contributors happening in each step easily.

For instance, the path

Ar+1 Bs—l

—sd r+1
A" B* AT g1

means that —(r+1)sdA”B*~! is a contributor contained in A? A" B*. Note that the
coefficient of A" B*~! from this path is obtained from the product of the transition
coefficients. Also, the degree of A; is equal to the number of arrows.
Remark. While a (4, —)-diagram is running, it is possible that a transition
coefficient might be equal to p in some paths. If this happens, we can still carry
on performing. But note that the product of all the transition coefficients of these

paths will vanish. See e.g. the example below.

Example 4.3.4. For p = 5, the (+, —)-diagram for computing the coefficient of
A3 in A}A3B? is shown below. Note that, in this case, we have r = 3, s = 2 and

j = 4. Then, by Proposition 4.2.7, the maximal degree of A is at most 3.
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Therefore, the coefficient of A3 in ATA3B? is 0 since
40d? + 32d* + 24d* + 12d* + 18d* + 24d* = 0 (mod 5).

With a (4, —)-diagram, we can compute some terms we need to know in the

proof of Lemma 5.1.3.

Lemma 4.3.5. (i) The coefficient of AP=3 in AP~'BP=2 js —dr—2.
(ii) The coefficient of AP=3 in AP BP=3 is dP=3(p — 3)\.

Proof. (i) The (4, —)-diagram for this problem is

Br2_t.Apr3_* ., q2gp4 . Foap3p Tt pp-2

—(p—2)d —(p—3)d —(p—4)d —2d —d
11 lz lp—fﬂ lp—2

pr3_t oApr4 . FoApap T, A3
—(p—3)d —(p—a)d —2d —d

There are p — 2 terms of AP~3 with various coefficients happening from this

action and the exact coefficient of AP~3 is

(=) 2[p—=2)+20 =2 +...+(p—2)(p—2)| = (&)’ *[1+ 2+ ...+ (p—2)]
(by Wilson’s theorem)

= —d”? (mod p).
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(77) We construct

Br3_t.oAr4_* ., oq2gp5 . FoApap T Ap-3
—(p—3)d —(p—4)d —(p—5)d —2d -

Thus, d?—3(p — 3)! is the coefficient of AP~3 in AP~?BP=3, O

4.3.2 Computing the coefficient of A2BP~3 in AP~'Ar—1pr-2

We provide an algorithm for constructing the (4, —)-diagram for computing the
coefficient of A2BP~3 in AP~'AP~'BP=2. As in subsection 4.3.1, we have Lemma
4.3.6 allowing us to know candidates for being contributors like Lemma 4.3.2 and
Lemma 4.3.7 acting as Lemma 4.3.3 to decide which candidates are qualified to be
contributors.

We come back to use the notation C (see Definition 4.2.3) to collect all the
irrelevant terms in this subsection as the notation 7 does not really fit in this

context.

Lemma 4.3.6. For 1 <r <p—1, we have

(i)
( p—1
_Ap—2Bp—2 + Z(_l)tAp—l—th—Z
t=2

A. A" BP2 +C(B"?) ifr=p-—1;
1 f—

TAT_IBP_2 + 2dAr+pr—3 + Z (7’) ArfthfZ
t
t=2
+ C(ATT1BP=3) ifr <p-—1.

\
(ii) Ay AT BP=3 = p AT=1BP=3 4 C(AT-1BP=3).

Proof. (i) We observe that if r = p — 1, (i) is obtained from collecting terms with
colexicographical order at most BP~% in (4.1.1); whereas from collecting terms with
colexicographical order at most A"*'!BP=3 if r < p — 1. Although there are two

cases for r, we can first consider r to be arbitrary as explained below. Note that,



62

4.3. Computing Some Terms in A]A"B®

from (4.1.1), it suffices to consider the cases u = 0, 1 <t <r and u = 1,t = 0,

since otherwise all terms will be absorbed in C (BP~2) or C(A™ BP~3).

e We have rA""1BP~2 is the colexicographically highest term in

(:) Ar‘fl(B - Qlfl)pr — ’I"ATil(B _ Q;l)p72

by putting w = 0,¢ =1 in (4.1.1). The rest of terms i.e.
rA"H B - QP2 - r AT BP?

will be absorbed in C.

,
For » >t > 2, we have (t) A"t BP=2 is the colexicographically highest term
in

(Voo - oy

by putting u = 0 in (4.1.1). Similarly as above, we absorb

r Arft(B o Qfl)pr . r Arfth72
t ' t

" /r
in C. Since t = 2,...,r, we have Z (t) A"'BP=2 is a surviving term. This
t=2
completes the proof when r =p— 1. If r < p— 1, we continue considering as

below.

We have 2d A" BP=3 is the colexicographically highest term in
-2
(p ) >(_d)Ar+1<B _ Q;l)pfis
by putting u =1, = 0 in (4.1.1). Absorbing

2d A" (B — Q1P — 2d AT B
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in C, we are done.
(ii) Done by Lemma 4.2.5. O
Lemma 4.3.7. Let k > 1. Then, A¥A"B* does not contain A2BP~3 if
(i) s=p—2, r<k;
(ii)) s=p—3, 0<r<k+2; or
(iii) s <p—3.
Proof. (iii) The case s < p — 3 is easy since A; cannot increase degree of B.

(i) For s = p — 2,r < k, by Lemma 4.2.5, we have
AFATBP ™2 = NTTTATATBP T =AY (r1BPT? 4 C(BPY)) .

It is impossible for A¥="BP~2 to contain A?BP~? since from (4.1.1) we cannot have
terms containing A? without sacrificing B2

To see that A¥~"C(BP~2) does not contain A2BP~3, we first find the (possibly)
colexicographically highest term in A7A”BP~2 — rIBP=2. To preserve the degree of
B as high as possible, we can let only one A; decrease degree of B in A" BP~2 (by
transferring degree to A) and then A]™' must decrease degree of A. This means

that the (possibly) colexicographically highest term in AJA"BP~2 — r!BP~2 is
Ar+17(r71)B(p72)71 — AQBpf?)‘

Since k — r > 0, it is impossible that A¥~"C(BP~?) can contain A2BP~3.
(ii) Obviously, A¥A"BP~3 does not contain A2BP~2 if r < 2. So, we suppose

that 3 <r < k + 2. Then, we have

AIfATBp_S _ Allf—r+2A71”—2Aer—3

= Ay ((r - 2)!( ' 2) A?BP3 4 C(AZB”_S))

r —

! ( (
:A?*H(EJPBV5+CQPB%ﬁ).
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Since k — r + 2 > 1, the colexicographically highest term in
7! )
Allcfr+2 (EAZde 4 C(AZBp?)))

must be lower than A2BP~3. |

Now, we are ready to explain the algorithm. Note that each step refers to each

number of A; acting on AP~1BP~2,

Step 1: By Lemma 4.3.6(i) case r = p — 1, we have

p—1
MAPTIBP? = —APTBPT 4N (1) AP BT 4 ¢ (BPY)

t=2

Next, by Lemma 4.3.7 with putting & = p — 2, the only one surviving term is
(p—1)AP2BP2,

Like in subsection 4.3.1, any term not filtered out by Lemma 4.3.7 is called a
contributor. It might not be foreseeable that contributors in most steps (especially
in early ones) can truly contribute A>BP~3 at the end. However, we will see later
that only those terms satisfying the condition for being contributors above can
truly do so. Then, we draw the (4, —)-diagram for this first step as
APTIBPT? — APT2BPT2,
p—1
Step 2: Apply Ay on (p — 1)AP~2BP~2. By Lemma 4.3.6(i), we know candidates
for being contributors in this step. Then, taking k = p — 3 in Lemma 4.3.7 gives

the contributors which are

(p—1)(p—2)A*°BP? and — (p—1)(p — 2)dA?"'BP~3.
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The (4, —)-diagram is drawn as

Ap—tpr=3
+T—(p—2)d

Ar—1pBp—2 ;1> Ap—2pBp—2 ;2> Ar—3pBp—2
p— p—

To set the inductive step, we prove the claim:

CLAIM. For 2 <1 <p—1, the contributors happening in step © are precisely
cgi_l)(p — ) AP BP? and —cgi_l)(p —2)d+ cg_l)(p — i+ 2)| AP P

1) (i-1 ,
where cg ), cé ) are defined recursively as

cgi) = cgi_l)(p — 1) and cg) = —cgi_l)(p —2)d + cg_l)(p —1+2)

with the initial conditions cgl) =p—1and cgl) =0.
Proof. For i = 2, we see from step 1 that cgl) =p—1and cgl) = 0. Moreover, step

2 above confirms that the claim holds for ¢ = 2. Now, assume that the claim holds

for i < p — 3. Hence, in step 7 + 1, the contributors received from step 7 are
cgi_l)(p —i)AP~"1BP~2 and —cgi_l)(p —2)d + c;i_l)(p —i+ 2)] AP~ g3,

Since cgi) = cgi_l)(p —1) and cé“ = —cgi_l)(p —2)d+ cgi_l)(p — 1+ 2), we have that

the contributors above simply are

cﬁi)Ap—"—l BP~2 and cgi)Ap—i“ BP3,
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By Lemma 4.3.6, we have

AV APTIBP2 = (p — i — 1) AP BP 2 _ (p — 2)dAP~ipP

p—i—1 .
O O e e

and

AAPTHIBPTS — () — i 4 1) AP BP3 4 C (AP B

Taking k = p — ¢ — 2 in Lemma 4.3.7, we have that the contributors in step 7 + 1

are
cgi) (p—i—1)AP~""2BP~% and [—cgi) (p—2)d+ Cg) (p—i+1)] A'BP2,

Thus, the claim holds in step @ 4 1. O]

Step i (3 <i < p—1): For convenience, let us ignore coefficients in F,. From the
claim, we receive AP~*BP~2 and AP~*2BP=3 from the previous step and we see that
AP~BP~2 must go with both + and — to obtain the contributors in step ¢ which
are AP~ BP=3 and AP~i~1BP=2 respectively. On the other hand, the contributor
AP=H2BP=3 from the previous step must go with — only. This yields the other

contributor AP~ BP=3 in step i.

Thus, in step p — 2, the (+, —)-diagram is drawn as

Ar-1pp=3 _—_, Ar—2pp-3 *2_> e — s A3BP3
p—1 p—
+T—(p—2)d +T—(p—2)d +T—(p—2)d

Ar~1ppr=2 p—:1> Ap=2pp=2 p—:2> Ap_3Bp_2p:3—> o APBP? —— ABP?

Step p—1: From the diagram above, the contributors received from the step p—2
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are ABP~% and A3BP~3. By Lemma 4.3.6, we have

MABP™? = BP> — (p— 2)dA’BP ™ + C (A’B %),
MAPBP? =3A’BP % 4 C (A*B?) .

Therefore, the final diagram is drawn as

AP1BP=3 _— _, Ap2Bp—3__, ... __—, A3Br—3___, A2ppr—3
p—1 p—2 4 3
+T(p2)d +T(p2)d +T(p2)d +T<P2)d

Ar~1pr=2 p—:1> Ar—2pr=2 p—:2> Ap*3Bp*2p:3—> o APBP? —— ABP2,

Lemma 4.3.8. The coefficient of A2BP~3 in AL"'AP~1BP=2 s (.

Proof. Due to the final diagram, we have the coefficient is

—(p=2)dp-1)p-2)--3((p—-D)+@-2)+--+2)=dp-D(p-1)

=d.



Chapter 5

The Main Lemma

Due to the remark on Corollary 4.2.6, the possibility of having scaffolds is likely
to be slim. We then provide the main lemma (Lemma 5.1.3), an essential key to
show that, in most Hopf-Galois structures on L/K, no ideal of the valuation ring

is free over its associated order.

5.1 Elimination Process

The idea to show the non-freeness of ideals over their associated orders is based

on Theorem 5.1.1 and Lemma 5.1.2 published in [By97| by Byott.

Theorem 5.1.1. Let PB? be an ideal of Op. If A := A(h, L[N]%) is a local ring
and there exists a generating set {my, ..., m,} for B over A with the property that

2Am; # B for all i, then P is not free as an A-module.
Proof. See [By97, Theorem 2.1]. O

Note that we change notations in [By97] to the notations used in this thesis.

Working over F,,, we have that 2l is local with the maximal ideal

p—1
M = {Z ai NN s a;; € K agg € ‘BK} N2l

4,j=0

68
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p—1
This is because the ideal 9 contains non-units in A. Also, if o = Z ai ;AN €
i,j=0
2\ M, then app € Ok \ Px. Then, we see that « is a unit in A and its inverse in
A is agaP "
A difficulty in employing Theorem 5.1.1 is to verify that 2Am; # 3%, so Byott

gave a criterion to check such a condition.

Lemma 5.1.2. Let m € P, If there exists a € L[N| such that am € LB but
am’ & PPh for some m’ € P, then Am # Rh

Proof. See [By97, Lemma 2.2]. O
To employ Lemma 5.1.2; we prove the lemma below.

Lemma 5.1.3 (The main lemma). In any Hopf-Galois structure L[N]%, there

exists ® € L[N|“ satisfying the following properties:
(1) vr ([Ay + @] AP~ BP~1) = v (AP~2BP~1); and
(ii) vr, ([Ay + @] BP7Y) < vy (QAP~3).

According to the main lemma, we have to construct ® € L[N]® such that
—Ar=2BP=1 the colexicographically highest term in A;AP~!1BP~! becomes the
‘dominant term’, the term of least valuation, in [A; + ®]AP~'BP~!. Also, our con-
struction will enable us to give an upper bound on vy, ([A; + ®] BP~!) . These two
properties of @, together, will allow us to apply Lemma 5.1.2. The algorithm used
to construct ® is called the Elimination process.

The key idea of this process is to eliminate some terms especially ones with
valuations less than vy (AP~2BP~1) in descending colexicographical order by em-
ploying Lemma 4.2.5 along with choosing suitable coefficients in K. Bear in mind
that every term must be written in terms of the basis A°B7 with 0 <1i,j < p — 1.

The question of comparing valuations of terms happening in the calculation
is essential. From Table 3, in Hopf-Galois structures arising from non-special

subgroups, we always have v;(A) < v (B). However, in Hopf-Galois structures
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arising from the special subgroup, we cannot determine whether vy, (A) < v (B)
or vy (A) > vp(B). This depends on the parameters b and w. This leads to a
difficulty in performing the elimination process in every non-classical Hopf-Galois
structure on L/K simultaneously.

In order to address this problem, we allow ourselves to use only common arith-
metic properties holding in every non-classical Hopf-Galois structure and for every
choice of b and w, i.e. vr(A), vr(B), vy (@i B) and vy, (7 'AB™') are negative,
to decide which terms need to be eliminated.

For brevity, we define the notation £ to absorb all the terms which need not

to be eliminated.

Definition 5.1.4. In the unified language, we write
X=Y+¢

for X, Y € L if every term in X — Y is colexicographically higher than ABP~3 and
the condition that
vp (AP72BP ) <o (X —Y)

is deducible only from the fact that, v,(A), vL(B), v, (QB) and vy, (Q;'AB™!)
are negative. In other words, we can obtain vy, (AP"2BP™1) < v (X —Y) from the

fact that vy (A), vr(B), vy (@1 B) and vy, (Q7'AB™!) are negative.

Example 5.1.5. For p > 5, putting
X =Q AP BP? 4 QBP R 4+ QP APTPBP
by the notation £, we can write
X =Q0'AP B2 L QBP 2+ €.

The term Q;2AP~2BP~3 is absorbed in £ because we have that the condition

vr, (AP72BP71) < op (Q72AP72BP3) is deducible from vy, (Q2B?) = 2v, (1 B) < 0.
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Also, note that AP~*BP=2 BP~2 and AP~2BP~3 are colexicographically higher
than ABP=3.

Then, the elimination process aims to eliminate terms in A; AP~ BP~! with the

following properties:
e they are not absorbed in &; or
e their colexicographical order is lower than A?BP~3.

Note that the first property implies that all the terms, with colexicographical or-
der higher than ABP~ but valuation less than vy, (AP~2BP~!) in some non-classical
Hopf-Galois structures on L/K or for some choices of b and w, need to be elimi-
nated. Then, killing all the terms satisfying any of the properties above, we ensure
that

vL ([Al + <I>] . Aplepfl) — ’UL(AP72BP71)

in every non-classical Hopf-Galois structure on L/K and for every choice of b and
w. Although each step of the elimination process may introduce new terms with
low valuation, this does not pose any problem since these new terms are colexico-
graphically lower than the one being eliminated in that step. Thus, finally, they

will be eliminated in some future steps.

Let us first perform the elimination process for p > 5.
Step 1: Know terms in Ay AP~1BP~L,
Putting 7 = s = p — 1 in Proposition 4.1.2(ii), we first roughly list the terms

whose colexicographical order is at most A2BP~3 :
o AP~27kpr—lfor 0 < k <p—2,
o Ar71=kpr=2for 0 <k <p-—1,

o AP717FpBr=3 for 0 < k <p— 3.
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Next, we find the coefficients of these terms.

Coefficient of AP~2BP~1,

Applying Lemma 4.2.5, we have the coefficient is —1.

From now on, we consider each summation in (4.1.2) of Proposition 4.1.2(ii)

with r = s = p — 1. Note that the fourth summation can be ignored.

Coefficient of AP=3=*kBP=1 for 0 < k < p— 3.

e 15 summation: Clearly, for each k, the pair (u,v) is (0,p — 3 — k).

e 274 and 3" summation: We first observe that v must be 0. However, there

is no v due to the condition u + v > p.

Thus, the coefficient of AP=3*BP~1 for 0 < k < p—3is (—1)P37F = (1),

Coefficient of AP717F¥BP=2 for 0 < k < p — 1.

Note that previously u could be only 0; however, in this situation, u can be

either 0 or 1.

e 15 summation: If u = 0, we have v =p—1—k forall k =0,...,p — 1.
However, if u = 1, we see that v =p—2—Fk only for k =0,...,p—2. Hence,
this summation gives (—1)¥(Q;! — d)AP~1=*BP~2 for k = 0,...,p — 2 and
QB2

e 2" summation: Due to the condition u 4+ v > p, the pair (0,v) for v =
0,...,p — 1 cannot give the term AP~'=*BP=2 If 4 = 1, we then have 1 +
v—p+1l=p—1—k = v =2p—3— k. However, again, because of the
condition u+wv > p, we must have v = p— 1. This can be possible only when

k = p — 2. Hence, the second summation only contains the term dABP~2.

e 3’4 summation: We can ignore the case v = 0. If u = 1, then we have

l+v—p=p—1—Fk and hence v = 2p — k — 2. Since v < p — 1, we have
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k>p—1=k=p—1 and hence v = p — 1. This means that the third

summation can only contain the term dQBP~2.

Coefficient of AP~7=FBP=3 for 0 < k < p — 3.
Note that here u can be 0,1 or 2.

e 1% summation: If u = 0, then we have v = p—1—k. This yields the coefficient

(—1)*Q;? for each k. Similarly, for each k, the coefficient is

(=1)F (=2dQ7")  ifu=1;

(—1)kq? ifu=2.

o 2°d summation: f u =1, then 1l +v—p+1l=p—1—-k=v=2p—k— 3.
Since u + v > p, we must have 2p —k —3 =p—1 = k = p — 2, which is not
possible. Similarly, for u = 2, we have (v,k) = (p — 1,p — 3) and this only
gives the term d?A%2BP~3.

e 3" summation: Suppose that there exists (u, v) giving the term AP~1-%kBr=3
for some k. Since u+v—p=p—1—k, we have v = 2p — k —u — 1. Because
v <p—1, we have p — u < k. However, due to the fact that u < 2, we have

p—2 <k <p-—3, acontradiction.

Writing all the terms from the above computation in descending colexicograph-
ical order and enclosing in square brackets those terms which will be absorbed in

&, we have:
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p—3
(_ 1)kAp—3—k:Bp—1
k=0

Z(_l)k (Ql—l . d) Ap—l—kBp—Q
k=1

A APTIBPt = gr2prl + (97! —d) AP B

(@5 - 2d) ABP?]

+ (dQ+ 07 B2 4 (972 — 240" + d?) A B

p—4
+ D (DR - 2dQy ! + d?) A E g
k=1
+ [(Q72 — 2407t + 2d2) A2BP®] 4 C (A2BP). (%)

Considering (), we see that we need p > 3 for the expression

bS]

—4

(—D)M(Q? — 2dQ; " + &?) AP 1R BP?
k=1
to make sense.

Note that terms with colexicographical order lower than A?2BP~3 are absorbed
in C (A?2BP~3). This is because they all will be killed whatever their valuation is.
It turns out later that the coefficients of the killers of these terms cannot affect us
unlike those of the terms with colexicographical order higher than ABP~3. This is
the reason why we have to compute seriously in early steps.

Collecting terms enclosed in square brackets in £, we have

AJAPTIBP-1 — _ pp2pp-l g (Ql—l — d) AP-ipr=2 4 (dﬁ + Ql_l) Br2
(72 = 240 + ) APTIBPTE 4 € 4-C (A2BPR)

Hence, the first term we need to kill is
(O — d) AP B

as it is the colexicographically highest term among terms not absorbed in &.
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Step 2: Eliminate (Q" — d) AP~'BP2,
Due to Lemma 4.2.5, (Ql_l — d) Ay is responsible for this task. By Proposition
4.1.2(i), we have

(" — d) AgAP ' B = — (7' — d) AP B
(7 — d) AP BP R 4 C (A2BPY).

Thus, we have

[Ay+ (27! = d)Ag) AP'BP = —AP2BP 4 (dQ + O Y) BP?
+ (02— (2d— 1) +d* — d) AT B
+E+C(A*BP).

Step 3: Eliminate (dQ+ Q') BP~2,

By Lemma 4.2.5, it is known that the colexicographically highest term in
AgAP~1 AP=1 BP=1 is BP=2 We then claim that the second colexicographically high-
est term in it is —dA?BP73.

First, we consider
AgATTHAPTIBP=E = ATTH (= APTIBP2 4 APTIBPTS 4 C (APBPY)).

Since the colexicographically highest term in AP~ (AP~'BP=3 4 C (A2BP~3)) is
—BP~3 which is colexicographically lower than A?BP~3, we can ignore it.

In terms of AP~'(—AP~'BP~2) Lemma 4.3.8 asserts that the coefficient of
A2BP=3 is precisely —d. Moreover, we show that A"BP~3 does not appear in
APH (= AP=1BP=2) when r > 2. We see that, from the mechanism of A; acting on
A" B?® explained in the proof of Proposition 4.2.7, only one A; can act by transfer-
ring degree from B to A (by exactly 1) otherwise the degree of B would have to
be less than p — 3. Hence, the (p — 2) Ay’s must decrease degree of A and then
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maximal degree of A is

p—-1+1-(p—2)=2.
Hence, we have

— (dY+ Q) ApAYTT AP BT = — (d + Q7 Y) B2
+ (d*Q+dQy') A’BP% + C (A°BP7?).

Thus, we have

(AL + (7" = d)Ag — (d+ Q1) AgAY '] AP~ Br
= —APPBP 4 (77 = (2d — 1) + & — d) AP BPTR
+ (®Q+Q? —dQT +2d°)APBPP + £ 4+ C (A*BPY) .

Step 4: Eliminate (Q7% — (2d — 1)Qy " + d? — d) AP~'BP3.
Since

AZAPIBP=E = 2APTIBP=3 L C(A2BPT?),

we use

1
-5 Q7%= (2d— 1) + & — d) A]

1
to kill (Q7? — (2d — 1) + ¢* — d) AP7' BP~3. Note that —3 is interpreted in F,,
for p > 5 (or even for p = 3) as (p — 3)! from the so-called Wilson’s theorem.
For short, let us denote (27" —d)Ag— (dQ + Q') AoA?~! by A,. Thus, we have

A+ Ay — % (272 — (2d — 1) + d* — d) AZ| A7~ B!

= —APTPBP 4 (PQ 4+ Q7 — dOy T 4 2d7) APBPTP + £+ C (APBPY) .

Step 5: Eliminate (d*Q + Q72 — dQ; ' + 2d?) A2 B3,
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By Lemma 4.2.5, we have

(2 + Q7% — dQ7 + 2d°) AN AP B = — (@0 + Q72 — dOy 4 2d2) ABP R
+C (A’B"?) .

1
Again, for short, let us denote Ay — 3 (077 — (2d — 1)Q7" + d* — d) A2 by As.

Hence, we have

(A1 + Az + (PQ+ Q72 — dQt + 2d*) A2 %] AP~ pr!
= —APTPBPTl + £ 4 C(A’BPY).

Step 6: Eliminate every term absorbed in C (A*BP~3).

As before, this step can be done by choosing appropriate elements in K to-
gether with using Lemma 4.2.5. Bear in mind that a systematic way to proceed is
to eliminate terms in descending colexicographical order.

Every time we kill a term with colexicographical order lower than A2BP~3, we
need to use k;i,jAf)A{ for some ,7 € S, and k; ; € K. Moreover, we have that the
pair (i, 7) must be lezicographically higher than (2,p — 3) (i.e. i > 2, orif i = 2
then j > p — 3), which is denoted as (i,7) > (2,p — 3). This is because, omitting
writing coefficients in K, we have that the colexicographically highest term in
Aj A AP=1BP=1 s AP=1=i BP=1=i by Lemma 4.2.5. Since AP~'=IBP~1=i < A2Bp3,
we have p—1—i<p—3orifp—1—7¢=p—3,then p—1—75 < 2. This is

equivalent to ¢ > 2, or if i = 2 then 5 > p — 3.

The ultimate outcome of the elimination process is that, for p > 5, we obtain

O = (O — d)Ag — (dQ2+ Q") AgAT™
1
-3 (272 — (2d — 1)Q' + d&® — d) A

(P4 Q7 —dOT 2NN D T ki AA] (5.1.1)

(i,j)D(?,p—S)
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for some k; ; € K. Especially, for p > 5, we have
VI, ([A1 + 9] Aplepfl) = v (AP2BPh)

in every Hopf-Galois structure and for every choice of b and w.
Going back to the case p = 3, by using Maple, we show how to construct ®

step by step.

Step 1:

MA’B? = 2AB? + B? + (7' +2d)A’B + (297" + 2d)AB + (dQ + Q;")B
+ (dU QA+ (Q A 207+ DA

4+ 20 42407+ Q72 + 1.
Step 2: To eliminate A%B.

[Ay + (' +2d)Ao]A’B? = 2AB* + B> + (20, + 2d)AB + (dQ + Q') B
+ ((d+ 1)Q " + Q7% + 2d) A
+(Q+d0 +20,°+1) A

+2d07 T+ Q2+ 1.
Step 3: To eliminate B.

Ay + (Q7 1+ 2d) Ay + (2d2 + 20971 A A A% B?
=2AB* + B? + (207" + 2d)AB + (Q + (2d + 1)Q; ' + Q72 + 2d) A?

+(2d7 A+ QP+ DA+ (d+ 1DQ +2d07'Q + (2d + 1)Q7 + Q7% + 1.
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Step 4: To eliminate A2

[Ar + (Q7 1+ 2d)Ag + (2d2 + 297 ) AgAT + (2 + (2d + 1)Q7 + Q72 + 2d) A3 A* B?
=2AB* + B* + (207! + 2d)AB + (2dQ7'Q + Q77 + 1) A

+(d+1)Q+2dQ7'Q + (2d + 1) + Q77 + 1.
Step 5: To eliminate A.

Ay + (Q7 4 2d)Ag + (2dQ + 207 AA? + (4 (2d + 1)Q7 + Q72 4 2d) A2
+ (dQ7TQ + 2077 + 2)AZA | A2 B?

=2AB* + B* + (207" + 2d)AB + (d + 1)Q + dQ;7'Q 4 2072 + (2d + 1)Q7 ' + 2.
Step 6: To eliminate 1.

AL+ (Q7 + 2d)Ag + (2dQ + 2Q7 ) AgAT + (Q + (2d + 1) + Q2 + 2d) A2
+ (1 + 2077 + 2)AZA,
+2((d+1)Q+d'Q+ 2077 + (2d + 1) + 2) AZAT|AB?
=2AB* + B>+ (2Q;"' + 2d) AB.

Hence, we have

= (Q7' + 2d)Ag + (2dQ + 207 1) AgAT
+(Q+ (2d + DO+ Q72+ 2d)AZ + (dQ7TQ + 2972 + 2)ASA,

+2((d+ DQ+d '+ 297 + (2d + 1)Q; ' +2) AGAT

and [A; + ®|A2B? = 2AB% + B2 + (2Q; " + 2d)AB.

5.2 Proof of The Main Lemma

Proof of Lemma 5.1.3. (i) Done by the elimination process above. Note that, due

to the construction, this result holds even in Hopf-Galois structures arising from
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the special subgroup without putting any further assumption on b and w.

(ii) We first show the result when p > 5. Expressing [A; + ®]|BP~! in terms of
the basis A'B7 with 0 < i,j < p — 1, we aim to show that the coefficient of AP~3
in [A; + ®]BP~! is —2Q — 2. Note that this allows us to know an upper bound on
vy ([Ay + ®]BP~1) . However, —2QAP~3 is not necessarily the dominant term since
we do not know coefficients of other basis elements.

Recall (5.1.1) for the definition of ®. Since Ay can only decrease degree of B,
the killers

1
Q' —d)Ay and — 3 Q77— (2d — 1) + & — d) A}

in ® cannot give us AP~3.

Then, we compute the coefficients of AP~2 from A; and the remaining killers
in ® acting on BP~ L.
From A, BP~ 1. ‘

Considering (4.1.1) in Proposition 4.1.2(ii), we see that A;BP~! gives AP~3

whenr =0, t=0, s=p—1and u = p — 3. So, the coefficient of AP~3 is

(=1)P3(=d)P2Q7% = dP300

Prom — (d2 + Q7') AgA} ' BP~.

We first compute
AN ' BPt = AT (=B 2+ C(BPY)).

By Lemma 4.3.5(i), we have d?~2AP~3 is contained in AgA?""BP~!. Note that we
can ignore C(BP~?) because of Proposition 4.2.7 and the fact that C(BP~?) contains

only terms of type B¥, k < p — 3. Therefore, we have that

C(dQ Q) AT = (0 dr0pt) AP
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is contained in — (d€2 + Q7") AgAP~'Br—1,

From (d*Q + Q% — dQy* + 2d2) AZA, > BP1,

We compute
ANPPBP T = (p— 1) (p — 2)AY 2 (BP~3 +C(BP?)).
By Lemma 4.3.5(ii), we have
(PQ+ Q2 —dOTt +2d%) (p—1)(p—2) (p—3)1dP 3 = (= — d"*Q % + 27! — 2)

is the coefficient of AP~3 from (d?Q + Q;? — dQ;* + 2d%) A2AY > BP~1. Note that
we can ignore C(BP~3) since it contains only terms of type B*, k < p—4 and even
AP~3 Br=4 cannot give AP~ by Proposition 4.2.7.

Lastly, we show that Z ki jALA] BP~! fails to contain AP~3. It is remark-
(ivj)b(27p_3) ) .
able from Proposition 4.1.2(i) that the maximal degree of A in A{AJBP~! is equal

to the maximal degree of A in AJBP~1-7,
If j < p—1—1, then, by Proposition 4.2.7, the maximal degree of A in A{Bp_l_i
is at most
p—1l—1<p—3
since (,7) is lexicographically higher than (2,p — 3). If 7 > p — 1 — i, then the

maximal degree of A is at most

2p—1-i)—j=2(p—1)—i—(i+))
<2(p-1)—i—(p—1)=p—1-i

<p-3.
As a result, we have that the coefficient of AP~ in [A; + ®] BP~! is

(d3072) + (-0 — 207 + (~Q — P07 + P20 — 2) = —20 - 2
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and the lemma follows for p > 5.

For p = 3, after doing a long calculation in Maple, we have
(Ay + @) B> =dAB +dB + A* +2d0; ' A+ Q + 1,

and hence vy, ([A1 + @] B?) < v, () . O

Remark. Aj is responsible for decreasing degree of B. So we construct ® to
decrease degree of A in order that —AP~2BP~! becomes the dominant term in
[Ay + ®]AP~1 BP~1. If this was the case for the iteration of A; + @, we would have a
scaffold. Unfortunately, Lemma 5.1.3(ii) tells that this is impossible when B can-
not completely dominate A. In particular, we see that some killers ki,jAf)A{ in ¢

obstruct to have a scaffold by decreasing valuation sharply from certain coefficient

ki j.



Chapter 6

Non-freeness of Ideals over Their

Associated Orders

Thanks to the main Lemma, we can give the negative answer for the freeness of
ideals over their associated orders in most Hopf-Galois structures on L/K. In the
case of Hopf-Galois structures arising from non-special subgroups, the answer is
unconditionally negative. However, in the case of the special subgroup, the main
results vary on arithmetic conditions. The answer is still negative in most cases
although there is a tiny gap which remains open. Moreover, under certain specific

conditions, we show in the next chapter that scaffolds exist.

We begin this chapter by showing that, if, in some non-classical Hopf-Galois

structure, there is an ideal which is free over its associated order, then
B+2p+2>2A (6.0.1)

where A := —vp(A) and B := —v(B). Moreover, this inequality can be used to
show the non-freeness of ideals over their associated orders in most non-classical

Hopf-Galois structures.

83
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Assume that B? is free over its associated order . For i, j € S,2, we put

h+iA + jB
T

where [z] is the least integer that is greater than or equal to real number z. Then,
{r%? ATBY 4,5 € Spe} is a generating set for B? over 2A.

Since, for (i,7) # (p—1,p — 1), we have
AFTIAPTTAIB = 0 but ARTTAYTTAPTIBRT = 1

we see that Ay’ A'BY # PB" due to Lemma 5.1.2. Since the ideal 3% is free over
2, then, by Theorem 5.1.1, w2 "*"' AP~ BP~! is a generator. For brevity, let us
write ¢ instead of ¢,_1 1.

With the notations A and B, Lemma 5.1.3 can be restated as
v ([Ar 4+ @]AP'BPY) = —(p—2)A—(p—1)B and vy, ([A; + ®]BP") < —(2p—3)A.

After choosing

(At -2A+(p-1)B
e= = —c
and
WL +(p— 1)18%"
9= 11— |
p

we have 7% (A; + @) € A because 75 (A + @)7w5 AP~ BP~1 € Ph . Also, 7%, BP~! €
B Hence, we have 7 (A + ®)7% B~ € PB" which implies that

v, (W;{(Al + @)W%Bp_l) > h.
This yields the inequality

p’le+g)—(2p—3)A>h (6.0.2)
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since vy, ([A; + ®]BP) < —(2p — 3)A. Then, we have

pQ[h—i-(p—Q)A—b—(p—l)B-‘ _p2[h+(p—1)(A—|—IB3)-‘ +p2[h+(p—1)1ﬂ

P’ P’ P’
—(2p—3)A—h>0.
(6.0.3)
In other words,
h+(p—-2)A+(p—1)B h+(p—1)B
pz[ (p )2 (p ) —‘4—]92{ (p2 ) -‘
p p
h+(p—-1)(A+B
2h+p2[ v p2)( )-‘+(2p—3)A.

Due to the fact that m [ﬁ—‘ <a+m—1for all m € N and a € Z, it follows that
m

[h+(p—2)A+(p—1)B+p*—1]+[h+(p—1)B4+p*—1] > h+[h+(p—1)(A+B)]+(2p—3)A.
Collecting terms and dividing by p — 1, this simplifies to
B+ 2p+2 > 2A.

Now, we are ready to show the non-freeness of ideals in non-classical Hopf-

Galois structures.

6.1 Non-freeness in Hopf-Galois Structures Aris-
ing from Non-special Subgroups

Theorem 6.1.1. In the Hopf-Galois structures arising from non-special subgroups,

no ideal of Oy, is free over ils associated order.

Proof. Suppose for a contradiction that there exists an ideal 3% which is free

over its associated order 2. Recall from Table 3 that in the non-special case,
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A = p*w + pb and B = b. Then, by (6.0.1), we have

)
b < 2pw+2p+2.
- 2p—1

Recall that w > 0. If w > 0, we have a contradiction as b is positive. This
implies that the only possibility for JB” to be free over the associated order is when
w=0and b=1

However, we can further show that the ideal cannot be free even when w = 0

and b = 1. Let us first record some necessary information:

(1) vp(r AP BPY) = 1,

(2) vi(rxBP ) =p* —p+ 1,

(3) v ([Ay + @ APIBPY) = p+ 1,
(4) vr ([A1 + Qe BPY) < 3p — p”.

Without loss of generality, let h € {1,2,...,p*}. Since the following arguments
do not completely work when p = 3, let us assume that p > 5 at this moment.
If h=1, we have c=1,e = 0 and g = 1. Then, the equation (6.0.2) gives us a

contradiction since

P’ —2p—3)p=3p—p*#h

If 1 < h < p? we have c = 2,

1 ifl<h<p+1

0 ifh>p+1,

and
1 ifh<p?—p+1
g:
2 ifh>p*—p+1.
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If g =1, by (6.0.2), we have
h<p*le+1)—2p°+3p < —p*+3p<0.
If g = 2, we have
Pop+l<h<pie+2) =20 +3p<3p=p°+1<dp.

Hence, for either value of g, we have a contradiction since p > 5.

For p = 3, we define a function as the LHS of (6.0.3):

sy =o[127] o[ 1] 12

By using Maple, the values of A on {1,2,...,9} are shown in the table below.

Ah)| -1 —11 —-12 —-13 -5 —6 -7 1 0

Table 4: Values of A(h)

Due to (6.0.3), we obtain contradictions if A(h) < 0. Hence, by Table 4, we have
to deal with the cases when h = 8 and 9.
By trial and error, we find that [A; + ®] AB? can close the case. Recall that,

for p = 3, we have

D = (Q7' + 2d)Ag + (2d2 + 207 ") AgAT
+ (4 (2d + DO 4+ Q72 + 2d)AZ 4 (AT 4 2977 + 2)A2A,

+2((d+ 1D)Q+dOT'Q+ 2077 + (2d + 1)1 + 2) AGAT.
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By using Maple, letting [A; + @] act on AB?, we have

[Ay + @) AB* = B> + dA’B + 2dAB + Q'B + (2dQ; ' + 1)A* + (2Q + 1) A

+(20+14+Q7'd+1).

We have:

(1) v (A2B?) = -8,

(2) vi(AB?) = =5,

(3) vr ([A1 + @] A%B?) = —5,

(4) vp, ([A 4+ ®) AB?) = —12.

Note that (202 + 1) A is the dominant term in [A; + ®] AB? since v (A) < 3vy(B),
vp (Q) =9 and vg () = 0. Then, for h = 8,9, we have % A?B* 7% AB? € B}

and
vy, ([A1 + D] -W%A2BQ) =13>h
but
vr, ([Ay + @] - 73 AB?) =6 < h,
a contradiction. O

Remark. The main lemma (Lemma 5.1.3) can be applied to show the non-freeness
of ideals over their associated orders provided that vy, (ﬁAP*S) is highly negative.
This is the case in Hopf-Galois structures arising from non-special subgroups since

we have v (A) < pvr(B).

6.2 Non-freeness in Hopf-Galois Structures Aris-
ing from the Special Subgroup

The success in the proof of Theorem 6.1.1 is owing to the two facts. In Hopf-
Galois structures arising from non-special subgroups, we have vy (A) < pvr(B).
Moreover, we can significantly increase degree of A so that the contradiction oc-

curs by the influence of ®. Unfortunately, in the case of the special subgroup, the
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fact v, (A) < pvr(B) does not always hold, so the main lemma is not sufficiently
strong to cover this case. This is the reason why the result in this section diverges

into several cases.

Throughout this section, we consider only Hopf-Galois structures arising from
the special subgroup. We begin with providing a lemma giving a necessary con-
dition for the non-freeness of ideals in the present situation. In this section, €2 is
assumed to be non-unit (i.e. w = —v.(2) > 0) since otherwise it was exactly done

in the previous theorem. Recall that A = —vy(A) > 0 and B = —v,(B) > 0.

Lemma 6.2.1. In any Hopf-Galois structures arising from the special subgroup,

if there exist r,s € N such that

1

r>s, rA>sB and YRR
(p—Dw

> -+

1
2

S|l ®»

then no ideal of Oy is free over its associated order.
Proof. Suppose that there exists an ideal B? which is free over its associated order
21. Replacing A by pb and B by p?w + b in (6.0.1) gives us

(p*w +b) +2p + 2 > 2(pb)

and then
< p*w +2p + 2'
- 2p—1

b (6.2.1)
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Qws

The assumption rA > sB, equivalent to b > P , yields

pr — S

2 2 2 2
pws _pwtopt & (2p — )p*ws < (pr — s) (p°w + 2p + 2)
pr—s 2p—1

& (2p — D)p*ws < (pr — s)p*w + (pr — 5)(2p + 2)

& (25 —r)pPw < 2(pr — s)(p+ 1)
& (258 —r)p*w <2(p+1) (T—E>

= 2s—r) (" -1 w<2p+1)r

s 1 L.
& — < — 4+ ———, a contradiction.
r 2 (p—1lw

]

Due to Lemma 6.2.1, the roles of b and w can affect the non-freeness of ideals
over their associated orders. To close the study, we classify all the possibilities of

b and w in terms of A and B into 4 cases as below:

AL
B 2’
2.1<§<g
2 B 3
3.g<§<1and
3 B ’
A
4.1<@.

Note that in the four cases, the equality can be dropped since p > 3 and A is not
congruent to B modulo p.

It is remarkable that case 1 and 2 cannot be addressed by Lemma 6.2.1. In
fact, it is found that scaffolds exists in case 1 (see the next chapter). A special
treatment is required for case 2. Yet, there is an unsolved remaining gap in this

case. For case 3 and 4, we have:

Theorem 6.2.2. No ideal of Oy is free over its associated order in Hopf-Galois

2 A
structures arising from the special subgroup provided that 3 < B <lorl< B
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A
Proof. By Lemma 6.2.1, it is obvious when 1 < B We see that the last condition,

A
3 < B < 1, satisfies Lemma 6.2.1 except when p =3, w=1,2 or p=5, w=1.

For each p, knowing w, we can compute for b via the inequality

<b< )
3p—2 p—1

<A<1<:>
B

[GVIN )

Recall that p 1 b. Therefore, we have to deal with
(p7 b7 w) = (37 4’ 1)7 (37 77 2)7 (3’ 87 2)7 (57 47 1)7 (57 67 1)‘

According to the LHS of (6.0.3), we define

Ay(h,b,w) = pz{’“r (p—2)pb+ (p— 1)(p2w+b)w

p2
_pg[th (p—1@Pw+(p+ 1)b)w
p2
+pz[h+(p—]19)2(p w+b)w —(2p—3)pb—h

pz[h—b(erl)w _pﬁh—bw +p2[h+b(p—1)w

p? p? p?

+p*w(p —1) — (2p — 3)pb — h. (6.2.2)

Then, we compute values of A,(h, b, w) by using Maple as shown in Table 5 and
Table 6.

h 1 2 3 4 5 6 7T 8 9

As(h,4,1) | =19 —11 —12 —13 -23 —24 —-25 —17 —18

As(h,7,2) | =37 —20 —30 —31 -23 —24 —25 —35 —36

As(h,8,2) | —46 —47 -39 —40 —41 —33 —34 —35 —45
Table 5: Values of As(h, b, w)
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h | As(h,4,1) | As(h,6,1) | h | As(h,4,1) | As(h,6,1)
1 -16 —111 14 —29 —-99

2 —-17 —87 15 —-30 —100

3 —18 —88 16 —31 —101

4 —19 —89 17 —32 —102

5 —45 —-90 18 -33 —103

6 —46 —-91 19 —-34 —104

7 —47 —117 20 —35 —105

8 —48 —118 21 —36 —106

9 —49 —119 22 37 —107
10 —25 —120 23 —38 —108
11 —26 —121 24 -39 —109
12 27 —-97 25 —-15 —110
13 —28 —98

Table 6: Values of As(h,b, w)
Since every value in both tables is negative, we are done. O

1 A 2
Now, it is time for the most complicated case 3 < B < 3 Equivalently,

2
2
pw b pw

<0< .
2p—1 3p —2

2

In the light of the main lemma (Lemma 5.1.3), (6.2.1) says that if

2
prw 3

b > 1
2p—1+<+2p—1>

then no ideal of 9} can be free over its associated order. Thus, for each w, the

unknown range in terms of b is shrunk as

2w 2w 3
L N .
2p—1 2p—1 2p —1

Hence, the range can contain at most two choices for b as far as only the main

lemma is concerned.

One of the goals of this thesis is to minimize those choices for b to be at most
only one. Moreover, in the unknown case, we also provide a necessary but not
sufficient condition to determine which ideal 3% of O cannot be free over its

associated order. Sadly, as the condition is not sufficient, there are some ideals
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with which our technique cannot cope.

Fix w € N and an ideal B?. In order to address the unknown range in terms

of b, we set

2
° b:2§f1+5forsome0<6<1+2p_1

o A:=A,(h,bw). See (6.2.2).

so that b € N and p 1 b.

B :=p*w — pPw+2p* = b(2p* = 3p+1).

D= [ww _ W’—ﬂ N Wﬁb(p—l)]

° 2 2 2
p p p
h—1b t b
° >~ = s+ — and iQ?Ix—i-%forsomes,t,x,yethelr60§t<p2
p p p p

andye{pa2pa7(p_1)p}

It can be first observed that

B—A=2p*+h—0b—p°D.

Bear in mind that, due to (6.0.3), we want A to be negative to obtain a contra-
diction. The only difficulty in the calculation is how to deal with ceiling functions
in D. Analysing the cases of the parameters ¢ and y, we can break those ceiling

functions and compute the term B — A as shown in the table below.



94

6.2. The special subgroups

h—b 1 h—b h+bp—1
Case [ (Z;+ )—‘ [ 5 —‘ [#—‘ D | B-A
p p p

y <t t+y>p? s—x+1 s+1 s+x+2 s+ 2 t
y<tt+y<p? s—z+1 s+1 s+x+1 s+1 | p?+t
y>t>0,t+y>p S— s+1 s+x+2 s+1| p?+t
y>t>0,t+y <p? s—x s+1 s+x+1 s | 2p*+t
y>t=0 S—x S s+x+1 s+1| p2+t

Table 7: Computing D and B — A

According to the table, we can say in general that

A=B—ap*—t
p’w
for some a € {0,1,2}. Substituting b = 5,1
p J—

+ £, we have

A=2—a)p* —<(2p* —3p+1) —t.

Then, the theorem below summarises a necessary condition for JB? to be not free

over its associated order.

1 A 2
Theorem 6.2.3. Assume that = < — < —. With the notations defined above, the

2 B

3

ideal B is not free over its associated order in L [N<,,>7d}G if the parameters t,y

and € fall into any of the following cases:

(1) y<t,t+y>p?andt>2p*—c(2p* —3p+1),

() y<t,t+y<p®>andt>p*>—e(2p*—3p+1),

(iii) y >t > 0,t+y > p* and t > p* —e(2p® — 3p + 1),
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(w) y>t>0andt+y < p?

p2

>t=0ande > ——F——.
(v) y and 7 31

Proof. This is straightforward from considering Table 7 and the inequality
A=02—-a)p*—c(2p* - 3p+1)—t<0.

]

Remark. Although ¢ and y must fall into any case in Table 7, it is possible that
relations of p,t and € do not meet any condition in Theorem 6.2.3. In this case,
we have A is nonnegative. In other words, we cannot say whether the ideal B? is

free or not.

With the full potential of the technique in this thesis, the following theorem is

drawn on the condition that all the ideals must behave uniformly.

1 A 2 3p 4+ 2
Theorem 6.2.4. Assume that 5 < 3 < 3 If e > 4§1L2

free over its associated order in Hopf-Galois structures arising from the special

, then no ideal is

subgroup.

Proof. The idea is to find a unified condition satisfying all the cases in Theorem
6.2.3 in terms of €. Hence, case (iv) can be ignored. Considering case (i), we

compute the possible least value of ¢ satisfying y < ¢, t +y > p?. Since y €
{pa 2p7 R (p - 1)p}a we have

p(p—1) p’+p pP4p+2

t+ 5 > p?, which is equivalent to ¢ > , and hence t > 5

Thus, to satisfy case (i) for all possible t’s, we must have

P+ p+2
2

3 —p—2 _3p+2
42 —6p+2  dp—2

> 27 —e(2p* —3p+1) e >
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Moreover, since this condition can fulfil every condition in every remaining case

except case (iv)), we are done. O
(excep (iv)),

Corollary 6.2.5. A necessary condition for the non-freeness of all the ideals of
the valuation ring over their associated orders for p > 3 is € > 1.1. In particular,

17
the condition can be relaxed to € > 8 if p>5.

Proof. This is an immediate result of Theorem 6.2.4. O
3p+2 . . .
Remark. If ¢ < 2 it means that there are some ideals for which we cannot
p J—

determine the freeness status. However, ideals satisfying any case in Theorem 6.2.3

can be determined as ‘not free’. To see a picture of all the unknown cases, it is

worth mentioning the least choice for b. From the assumption % < % < 3 they
are ) )
1+2§i”1 it 2p— 11w,
{2;)211) —‘ if 2p—14wand p1 [2;?211)1—‘,
\1+ [2;?2101—‘ if 2p—14w butp| {2;)25)1—‘.

By Theorem 6.2.4, for p > 5, the only case when some ideals could be free is when

2 2 2
2
pw—‘,bZ[prandb P <3p+

2% — 1 . .
P Tw7pj[[2p—1 2 —1 W—1"4dp—2

For p = 3, the unknown cases are

Note that although the necessary condition for non-freeness of every ideal in Corol-

lary 6.2.5 is € > 1.1, we can exclude the case

b= [9%0—‘4—1 if 54w but 3 | P?w—‘
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from the list of the least choices for b. This is because

w Qw 9w 1
_ 7 | -== 1>-4+1=12>1.1.
== (5] -F) rrzge-res

2

w
In conclusion, when b is sufficiently greater than 2p 1 there are not any ideals

p —_—
of the valuation ring free over their associated orders in Hopf-Galois structures

arising from the special subgroup.



Chapter 7

Scaffolds

Previously, in Hopf-Galois structures arising from the special subgroup, we clas-

sified the relation of A and B into 4 cases. This chapter is responsible for inves-
1

tigating the remaining case — < 3 Since, in this case, the valuation of B can

B
sufficiently dominate A, we can construct scaffolds of precision oco.

7.1 Description of Scaffolds

Although, in this chapter, we write expressions with parameters in unified lan-
guage, we interpret them only in Hopf-Galois structures arising from the special
subgroup. Hence, in this chapter, we have vy (A) = —pb, vp(B) = —p*w — b and
v (1) = p?w. Also, due to the condition % < %, we have v (B) < 2vg(A). Of
course, the difference cannot be seen in the algebraic viewpoint. Yet, there is a

huge impact once arithmetic properties come into play.

Due to Proposition 4.1.2(i), it is obvious to see that the dominant term (the

term determining the valuation) in AjA"B* for i < s is
s(s—1)---(s—i+1)A"B*".
Then, to have a scaffold, we have to find an element in L [N<V>,d]G, say 'y, with

98
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the property that for j <r
vy (T4A™B*) = v (A"7B*).

Then, we show that A; + T where

-1
Y= (p—t— 1A,

t=1

bS]

A 1
has such a desired property thanks to the condition B < 7 Indeed, T is a product
A 1
of the elimination process in Chapter 5 but the extra condition B < 5 is added
when we compare the valuation to decide which terms need to be eliminated.

Recall that, in Chapter 5, we use only the fact given in Definition 5.1.4. Before
seeing that A; + T satisfies the property, we need the lemma below.

A1
Lemma 7.1.1. Suppose that B < 7" Let 1 <s<p—1and0<r <p—1. Then,

the dominant term in

S (o) )raraman,

(u,t)#(0,0)

rAT1ps ifr>1
where u < s,t <1, is
—dsAB™Y ifr=0.
Proof. In this computation, we can omit writing elements from I, since their

valuation is 0. Also note that since vy (B) = —p*w — b < —p*w = v (Q; '), we can

consider only the term A"~ 'T*Bs~% in
Ar7t+u(B . Qlfl)sfu.

In other words, it suffices to find the dominant term in

3 | (Z) (Z) (—dys ATt g

(u,t)#(0,0
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Let r > 1. Suppose that there exist f € {0,1,...,s} and g € {0,1,...,r} with
(f,9) # (0,0) such that vy (A" 9+ B*=/) < v, (A""1B*). Then, we have

’UL(Afingl) < ’UL(Bf>.

If f =0, we must have 1 — ¢ > 0 implying that g = 0. This is not possible because
(f,g9) # (0,0). Now, we assume that f > 1. Then, we consider

UL(Af+1> S UL(Af_g+1) < ’UL(Bf).

This gives us

Y

& =
DO | —

f

a contradiction.

If r =0, we see that
S r > S
_ uAr7t+uBsfu —_ _ J\u AvBs—u
3, e yar()re
(u’t)#(oﬂ) u=1

which has valuation vy, (AB*™1) since v (B) < vp(A). O

The lemma below asserts that A; + T satisfies the desired property to have a
scaffold.

Lemma 7.1.2. Suppose that — < —. Let 1 <r <p—1and0<s<p-—1. We

& >
N | —

have
(i) vr, (AL + ) A" B?%) = v, (A™"1B%).
(i1) vr, (A + ) a) > vp(a) + A forall « € L.

(iii) v, ((A1 + T)”A?BS) — v (A7) forr > > 1.
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Proof. (i) We first compute

p—1
TA'B* =) (p—t—1)Q ALA" B
t=1
p—1
=A™ (p—t—1)Q'ALB
t=1
e[S (o) )|
t=1 z>1

1 ifi>
for some f, € F, and where 9, ; =
0 otherwise.

By Wilson’s theorem, it can be shown that
(p—t— D= (=1)""" (mod p).

This gives us

- S —t AT PS—
TA'B® = —Z(—l)t(t) QtA B

t=1

FY D (p—t = Dby QP ATBT

t=1 z>1
Then, recall the formula (4.1.1)
AIATBS _ Z Z (S) (Z) (_d)uAr—t+u(B . Ql—l)s—u + Z (T) 6s,p—1Av — A"BS®
u v
u=0 t=0 v=0

or equivalently, expanding the term u = ¢ = 0 in the first sum,

w3 (st 3 (o
(=1 v=0
s r _ J\u pAr—t+u _ 0O~ 1\s—u
> ()(5)caratm o
)#(0,0)

u,t

+
(
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It follows that

(M + 1) A'B° = ZZ —t = D fobur AB+Z<Z> Oap-1 A"

t=1 z>1

+ 2 <Z) <Z> (—d)*A(B = Q)T (7.1.1)

(u,t)#(0,0

It is obvious that

) vp(QTATBT?) if s > 2
- 0,9)

UL <Z Z(p —t- 1>!fz5s,t+le_tArBS_t_Z

t=1 2>1 otherwise.

and

r vp (A") ifs=p—1
()

v=0 00 otherwise.

Next, by Lemma 7.1.1, we have

wl| (Z) (:) (~d)"A(B — Q1) | = v (rATUBY)

(u,t)#(0,0)

To find the dominant term in (7.1.1), we first see that

v=0

v (T,AT—lBS) < vy, <Z <Z> 5S,p_1AU>

for all 0 < s < p — 1. In fact, we see that vy, (rA"™"'B%) < vy (A") if s > 1 due
A 1
to the assumption B <73 The assumption also implies that vy (B) < vy (A) and

hence vy, (B?) < vy, (Q7'A) . The latter inequality is equivalent to
vy, (TAT_IBS) < vy, (QI_IATBS_2)

for s > 2. This proves (i).
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(ii) Without loss of generality, we may assume that & = kA*BY for some

z,y €S, and k € K. If x > 1, by (i), we have
Vg, ((Al + T) Oé) = UL((Al + T) k‘AxBy) = U[Xk‘AxilBy) = UL(Oé) + A.

Now assume that x = 0. It also suffices to assume that y > 1. Considering the

derivation of (7.1.1), we have that

(A +7) BY = ZZ —t = Dby B

+Z() Ay A (B - 07

To find the dominant term in (A; + 1) BY, we see that

Y
(S0 1 D

t=1 z>1

) v (1 BY?) ify > 2
>
oo

otherwise;

and

v (i (g) (—d)"A"(B - Q;l)y—“> = v, (~dyABY")

u=1

since vr,(B) < vr(A) and vy (B) < vy (Q7'). Then, it is easy to see that
v, (A + YY) BY) = v, (—dyABY™")
since v, (B) < vy, (Q27") . Thus, we have
v (A1 +Y)kBY) = v (kBY) +B — A > v (kBY) + A

A 1
since B <7 This proves (ii).

(iii) This follows immediately from (i) and (ii). Note that (ii) guarantees that

the iteration can be done. O
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Finally, we are ready to introduce the scaffolds constructed in this thesis. For
short, let us put I'y := Ay and I'y := A; + Y. The theorem below asserts that I’y

and I'y are ingredients of the scaffolds.

Theorem 7.1.3. The field extension LK possesses an L[Ny, 4%-scaffold of pre-

A 1
cision oo with the shift parameters by == b < b+ p*w =: by provided that B < 27
which is equivalent to by /by > 2p.

In particular, the scaffold constructed in this thesis consists of:
o shift parameters by = b and by = b + p*w,

o the collection {\ € L : t € Z} with \, = 7L DTS AP~ BP~1 where s =
s1p+50 € Sp2 and f € Z is chosen such that p* f+v, (AP~ BP~1)4-b(s) = t(the
construction of A is guided by some part of the proof of Theorem A.1(ii) in
[BCE] and the existence of f is due to the fact that {b(s):s € Sy} is a

complete set of residues modulo p?),
e the collection of {T'g,I'1}.

Proof. Let s € Sj2. Then, s = s1p+ s for some sg, s1 € S,. By Proposition 4.1.2(i)

and Lemma 7.1.2(iii) we have

VL, (FgoFilAp—pr—l) =y (AP~lmsipr-izs)
= v (AP BPTY) + s1pby + sobo
= v (AP7IBPY) + b(s).

Since Ag-1=A;-1=0and Aj = A} =0, we have
F01:F11:O and Fg:FIf:O

Then, the theorem follows from Theorem 2.4.5. ]



Chapter 8

Consequences and Conclusion

The consequences in this chapter are immediately derived through Theorem 2.4.8,
the main theorem of [BCE], with the assistance of the main theorems in this thesis.
Eventually, in the last section, we provide the final theorem summarising all the

core materials in this study.

Recall that {b; := b, by := b + p?w} is the set of ramification break numbers for
L/K. Thus, we have A = pb; and B = by in Hopf-Galois structures arising from
the special subgroup. Then, we state theorems in this final chapter through the

concept of the ramification break numbers.

8.1 Freeness Condition

As scaffolds of precision oo exist in Hopf-Galois structures arising from the special
subgroup, we can employ them to determine which ideals of the valuation ring can
be free over their associated orders. Recall (2.4.3) and (2.4.4) for the definitions

of 0 and tv, respectively.

Theorem 8.1.1. In Hopf-Galois structures arising from the special subgroup to-
gether with the condition by /by > 2p, an ideal B" is free over its associated iff
(s) =0(s) for all s € Spe.
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Proof. This immediately follows from Theorem 2.4.8(ii). Note that the map 9 in

our context is defined as

b b 2 B —h
os) = lep + s0( +p129 w) +

where s = s1p+ sp and & € S,2(h) such that a (¢(%)) =p? — 1. O

Under the assumption in Theorem 8.1.1, we provide the necessary and sufficient
condition for Oy, (i.e. P with h = 0) to be free over its associated order 2 in the
example below. However, since it is not easy to check the condition w(s) = 0(s)
for all s € Sy2, we state an equivalent form of the condition but much simpler to

digest.

Example 8.1.2. In L [Ny, 4|7, if by/b; > 2p, then O, is free over 2 iff t(b)
divides p? — 1. This is due to [BCE, Theorem 4.8].

8.2 Non-existence of Scaffolds

The negative answer to the question of the freeness of ideals is obtained in most
Hopf-Galois structures. This gives rise to the non-existence of scaffolds due to the

theorem below.

Theorem 8.2.1. Let L/K be a totally ramified extension of degree p". In a Hopf-
Galois structure H, if a scaffold exists, then there is an ideal free over its associated

order.

Proof. Choose % € S, such that a(%) = p" — 1. Then, we claim that B7 is free
over its associated order due to the fact that to(s) = d(s) for all s € S,» with

h = % as in Theorem 2.4.8(i).

Assume that s = Z S(H_i)p"’i and j = Zj(n_i)p”’i. By putting h = A, we
i=1 i=1

2(s) = V’(S)J

simply have

pn
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and wie) =min {| 22D 2D s g1

P "

Since j <X p" — 1 — s, we have s,y + jm—iy < p — 1 for 1 < 7 < n. Then,

s+7 = (S-i) T jm-n) p"" and hence b(s + j) = b(s) + b().
=1

By the definition, to(s) < 9(s). On the other hand, we have

o(s) = {&J - {b(smm J B rau) J

" " "

for all j such that j < p" — 1 — s. Note that the inequality above follows from the
fact [z| + |y| < |+ y]. This gives us 9(s) < to(s). O

8.3 Conclusion

Theorem 8.3.1. Let L/K be a near one-dimensional elementary abelian exten-
sion of degree p? and L|Nr.4)® a Hopf-Galois structure we consider.
(1) No ideal is free over its associated order and hence scaffolds do not exist pro-

vided that
(i) L/K has only one ramification break number;
(i1) L/K has two ramification break numbers and T is a non-special subgroup or

(i1i) L/K has two ramification break numbers, T is the special subgroup and
by/by <p
p <by/by <3p/2 or
3p/2 < by /by < 2p and 2pby — by > 1.1(2p — 1).

(II) In Hopf-Galois structures arising from the special subgroup, if 2p < by /by, then
a scaffold exists with the description conveyed in Theorem 7.1.3. Moreover, the
necessary and sufficient condition for an ideal to be free over its associated order

is that w(s) = 0(s) for all s € Sye.
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