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Abstract  

This paper presents a numerical analysis model for an electromagnetic energy 
harvester that is driven by multiple magnetic forces under pulse excitation. The 
energy harvester consists of a tube with magnets on both ends and a shuttle 
magnet moving inside. It converts pulse excitation to oscillation of the shuttle 
magnet with higher frequency and amplitude. A numerical model was developed 
to model operation of the energy harvester. The model correlates analytical 
calculation of magnetic forces and simulation results of magnetic field in 
Maxwell. Operation of the structure was then analysed using fundamental 
equations of motion in the time domain. A prototype was fabricated and two 
example scenarios were tested to verify the numerical model. Experimental 
results in both scenarios were found to agree with results obtained from the 
numerical analysis. It was also found in the numerical analysis that initial 
positions of the end magnets with respect to the shuttle magnet are crucial to the 
performance of the energy harvester. If the distance between the end magnet and 
the shuttle magnet reduces, oscillation of the shuttle magnet will last longer but 
have smaller amplitude. If such distance reduces below a threshold, the shuttle 
magnet cannot move at all. Furthermore, friction between the shuttle magnet and 
the tube also affects its oscillation. The lower the friction becomes, the longer the 
oscillation can last and the higher the oscillation amplitude can be.  
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1.  Introduction 

Energy harvesting from pulse excitation such as footsteps has drawn a lot of attention in recent years [1][2][3]. It 
enables electrical energy to be generated while one is walking or running. Applications of such technology ranges 
widely from powering wearable electronic devices [4] to powering streetlights [5]. One of the major challenges of 
harvesting energy from pulse excitation is that input force in such applications normally has low frequency, e.g. 
~1 Hz for walking and < 5Hz for running. Fundamental analysis of kinetic energy harvesting suggests that more 
mechanical power is available to be harvested if the operating frequency is higher and the resonant frequency of 
the kinetic energy harvester matches it [6]. This makes it difficult to harvest energy harvest from such low 
frequency excitation. However, energy harvesting from footsteps does benefit from large input forces, which 
makes it still attractive as an alternative power source for various applications.  
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Typically, two transducers are used to harvest energy from footsteps, i.e. piezoelectric and electromagnetic. In the 
piezoelectric method, piezoelectric materials can be applied where stress and strain are produced by the footsteps, 
such as shoe insole. The change in strain on the piezoelectric materials results in electric charges being generated. 
By collecting generated charges using electrodes, electric current can be generated. In order to increase the output 
power of the piezoelectric transducers under pulse excitation, novel structures were proposed to increase the strain 
applied to the piezoelectric materials including cymbal [7][8] and pre-stressed diaphragm [9]. In such energy 
harvesters, traditional piezoelectric materials, e.g. PZT, were used. However, PZT are rigid and brittle, which 
makes it not ideal for applications where input pulse force is large. Therefore, flexible materials that have 
piezoelectric properties have been investigated to tackle this problem. Luo et al [4] reported energy harvesting 
from footsteps by mounting porous polypropylene, a lightweight ferrelectret material on shoe insole. An average 
energy of over 100 µJ was generated by each footstep and this is sufficient to power a commercial ZigBee 
transmitter. In terms of electromagnetic method, the excitation force from footsteps drives a magnet to move with 
respect to a coil where current is induced. Ylli et al [10] presented two electromagnetic energy harvesters for 
human foot movement. They targeted swing movement and impact during human walking and average power of 
0.84 mW and 4.13 mW were achieved by these two harvesters respectively.  
 
Frequency up-conversion method is frequently used to improve output power of energy harvesters under low 
frequency and pulse excitation [11][12][13]. In this method, two mechanical structures, typically cantilevers, with 
different resonant frequencies are coupled. The structure with the lower resonant frequency is tuned to match the 
frequency of ambient excitation and thus resonates under such excitation. Oscillation of this structure then triggers 
oscillation of the structure with higher resonant frequency where transducer is attached. Therefore, output of an 
energy harvester with frequency up-conversion has higher frequency compared to the excitation frequency. 
Consequently, higher output power can be achieved under low frequency excitation. Another solution was 
proposed by authors of this paper [14]. It converts pulse excitation to higher frequency oscillation with larger 
amplitude to improve output power. The energy harvester consists of four magnets that interact with each other. 
The magnets are arranged so that the pulse excitation drives a shuttle to oscillate in a tube with higher frequency 
and displacement. However, the complexity of the mechanical structure in [14] makes it difficult to be modelled 
analytically. As multiple magnets are involved, the system is highly nonlinear. Therefore, complete simulation of 
such a structure in finite element analysis software, such ANSYS and COMSOL, becomes very complicated.  
 
In this paper, a numerical analysis model that correlates analytical and simulation results to describe mechanical 
operation of the proposed structure in [14] is presented. Performance of the mechanical structure can thus be 
analysed numerically in the time domain. The proposed model focuses mainly on the mechanical domain. The 
paper is structured as follows: section 2 will introduce the operation principle of the mechanism. Section 3 will 
present the numerical model. Section 4 presents and compares numerical results and experimental results followed 
by discussions and conclusions in Section 5.  

2.  Principle 

The structure of the proposed energy harvester is illustrated in Figure 1. It consists of a cylinder tube with a coil 
wound around it. A shuttle magnet can travel back and forth inside the tube so that electric current is induced in 
the coil. One magnet is fixed to one end of the tube to provide repulsive force when the shuttle magnet approaches 
(the magnet on the left of the tube as in Figure 1(a)). A complementary magnet set (CMS) is suspended by a 
mechanical spring on the other side of the tube. The CMS consists of two bar magnets with opposite poles facing 
the end of the tube.  
 
Figure 1(a) shows the original position of the CMS without external force. In this case, the magnet in the CMS 
that is aligned with the tube has opposite magnetic pole facing the shuttle magnet. Thus, the shuttle magnet moves 
towards the CMS due to the attractive force between them. When an external force is applied to the CMS as shown 
in Figure 1(b), the CMS moves downwards and the other magnet in the CMS is aligned with the tube. In this case, 
there is a repulsive force between the shuttle magnet and the CMS. This causes the shuttle magnet to move away 
from the CMS. When the shuttle magnet approaches the fixed magnet on the left, the repulsive force pushes it 
back towards the CMS where it once again encounters the repulsive force from the CMS and thus a higher 
frequency oscillation is produced. When the external force is released, the CMS returned to its original position 
thanks to the spring and the shuttle magnet moves back to its original position.  
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(a)                                                                                          (b) 

Figure 1. Schematic of the electromagnetic frequency up-converting energy harvester. (a) no external force (b) 
external force is applied. 

 
Movement of the shuttle magnet is highly nonlinear as it depends on its interaction with other three magnets. This 
also makes modelling this structure using analytical method very complicated. Therefore, in this study, a numerical 
method is develop to model operation of this device. 

3.  Numerical analysis 

3.1.  Calculation of magnetic force between two magnets 

The numerical method to calculate magnetic force between simple shape magnets was reported by Akoun and 
Yonnet [15]. Figure 2 shows two cubic magnets whose centres are o and o’, respectively.  
 

 
Figure 2. Magnet configuration as used to analytically calculate magnetic force between two magnets. 

 
Their sides are respectively parallel and they are separated by α, β and γ in x, y and z direction (centre to centre), 
respectively. The dimensions of the lower magnet are 2a × 2b × 2c and that of the upper one is 2A × 2B × 2C. The 
magnetisations of the two magnets, J and J’ are uniform. Their magnetizations are in the z-axis. The magnetic 
force between these two permanent magnets can be calculated using the following equations [15]: 
 

𝐹𝐹(𝛼𝛼,𝛽𝛽, 𝛾𝛾) = 𝐽𝐽∙𝐽𝐽′
4𝜋𝜋𝜇𝜇0

∑ ∑ ∑ ∑ ∑ ∑ (−1)𝑖𝑖+𝑗𝑗+𝑘𝑘+𝑙𝑙+𝑝𝑝+𝑞𝑞 ∙ 𝛷𝛷�𝑢𝑢𝑖𝑖𝑖𝑖 , 𝑣𝑣𝑘𝑘𝑘𝑘 ,𝑤𝑤𝑝𝑝𝑝𝑝, 𝑟𝑟�1
𝑞𝑞=0

1
𝑝𝑝=0

1
𝑙𝑙=0

1
𝑘𝑘=0

1
𝑗𝑗=0

1
𝑖𝑖=0            (1) 
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For the magnetic force in the x axis, Fx,  
𝛷𝛷𝑥𝑥 = 1

2
�𝑣𝑣𝑖𝑖𝑖𝑖2 − 𝑤𝑤𝑝𝑝𝑝𝑝2 � ∙ ln�𝑟𝑟 − 𝑢𝑢𝑖𝑖𝑖𝑖� + 𝑢𝑢𝑖𝑖𝑖𝑖 ∙ 𝑣𝑣𝑘𝑘𝑘𝑘 ∙ ln(𝑟𝑟 − 𝑣𝑣𝑘𝑘𝑘𝑘) + 𝑣𝑣𝑘𝑘𝑘𝑘 ∙ 𝑤𝑤𝑝𝑝𝑝𝑝 ∙ tan−1

𝑢𝑢𝑖𝑖𝑖𝑖∙𝑣𝑣𝑘𝑘𝑘𝑘
𝑟𝑟∙𝑤𝑤𝑝𝑝𝑝𝑝

+ 1
2
𝑟𝑟 ∙ 𝑢𝑢𝑖𝑖𝑖𝑖      

For the magnetic force in the y axis, Fy,  
𝛷𝛷𝑦𝑦 = 1

2
�𝑢𝑢𝑖𝑖𝑖𝑖2 − 𝑤𝑤𝑝𝑝𝑝𝑝2 � ∙ ln(𝑟𝑟 − 𝑣𝑣𝑘𝑘𝑘𝑘) + 𝑢𝑢𝑖𝑖𝑖𝑖 ∙ 𝑣𝑣𝑘𝑘𝑘𝑘 ∙ ln�𝑟𝑟 − 𝑢𝑢𝑖𝑖𝑖𝑖� + 𝑢𝑢𝑖𝑖𝑖𝑖 ∙ 𝑤𝑤𝑝𝑝𝑝𝑝 ∙ tan−1

𝑢𝑢𝑖𝑖𝑖𝑖∙𝑣𝑣𝑘𝑘𝑘𝑘
𝑟𝑟∙𝑤𝑤𝑝𝑝𝑝𝑝

+ 1
2
𝑟𝑟 ∙ 𝑣𝑣𝑘𝑘𝑘𝑘       

For the magnetic force in the z axis, Fz,   
𝛷𝛷𝑧𝑧 = −𝑢𝑢𝑖𝑖𝑖𝑖 ∙ 𝑤𝑤𝑝𝑝𝑝𝑝 ∙ ln�𝑟𝑟 − 𝑢𝑢𝑖𝑖𝑖𝑖� − 𝑣𝑣𝑘𝑘𝑘𝑘 ∙ 𝑤𝑤𝑝𝑝𝑝𝑝 ∙ ln(𝑟𝑟 − 𝑣𝑣𝑘𝑘𝑘𝑘) + 𝑢𝑢𝑖𝑖𝑖𝑖 ∙ 𝑣𝑣𝑘𝑘𝑘𝑘 ∙ tan−1

𝑢𝑢𝑖𝑖𝑖𝑖∙𝑣𝑣𝑘𝑘𝑘𝑘
𝑟𝑟∙𝑤𝑤𝑝𝑝𝑝𝑝

− 𝑟𝑟 ∙ 𝑤𝑤𝑝𝑝𝑝𝑝      

where  
𝑢𝑢𝑖𝑖𝑖𝑖 = 𝛼𝛼 + (−1)𝑗𝑗𝐴𝐴 − (−1)𝑖𝑖𝑎𝑎 
𝑣𝑣𝑘𝑘𝑘𝑘 = 𝛽𝛽 + (−1)𝑙𝑙𝐵𝐵 − (−1)𝑘𝑘𝑏𝑏 
𝑤𝑤𝑝𝑝𝑝𝑝 = 𝛾𝛾 + (−1)𝑞𝑞𝐶𝐶 − (−1)𝑝𝑝𝑐𝑐 

𝑟𝑟 = �𝑢𝑢𝑖𝑖𝑖𝑖2 + 𝑣𝑣𝑘𝑘𝑘𝑘2 + 𝑤𝑤𝑝𝑝𝑝𝑝2  

 
Although this method was developed to calculate magnetic force between two cubic magnets, it was found that it 
can also be used to predict magnetic force between a cylinder magnet and a cubic magnet as required in this work 
with high accuracy. Simulation was conducted in Maxwell 16.0 to verify this. The simulation model is shown in 
Figure 3. Dimensions of the cubic magnet are 15 × 15 × 5 mm3. The cylinder magnet has the diameter of 15 mm 
and length of 20 mm. Both magnets have identical magnetization which is parallel to the z axis. The two magnets 
are perfectly aligned along the z axis. In the simulation, magnetic forces between the two magnets were calculated 
as the distance between them, d, varied.  
 

x

y
z

0 35 70 (mm)
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Figure 3. Maxwell model to calculate magnetic force between two magnets. 

 
As a comparison, magnetic forces were also calculated using the analytical method as described in Eq (1). In the 
analytical calculation, two cubic magnets were considered. One magnet has identical dimensions as the cubic 
magnet in the Maxwell simulation, i.e. 15 × 15 × 5 mm3. The other magnet has the same length as the cylinder 
magnet as in the simulation, i.e. 20 mm. Instead of having a circular cross section, it has a square cross section 
with the side length of 15 mm each, i.e. same as the diameter of the cylinder magnet.  
 
Figure 4 compares the analytical results of the magnetic force between two cubic magnets and the simulation 
results of the magnetic force between a cubic magnet and a cylinder magnet. It was found that these results agree 
with each other very closely. Therefore, the analytical model as described in Eq (1) will be used to calculate 
magnetic forces between cubic and cylinder magnets in this study. 
 



 
 
 
 
 
 

5 
 

 
Figure 4. Comparison of analytical and simulation results of magnetic force between two magnets. 

3.2.  Force analysis of the shuttle magnet 

The shuttle magnet in the tube interacts with three other magnets during its movement. Therefore, it always has 
three sets of magnetic forces applied on it. As all magnets are symmetric with respect to the xz plane, the magnetic 
force in y direction can be neglected and only magnetic forces in x and z directions are considered in this study. 
Therefore, force analysis can be simplified to a 2D problem as shown in Figure 5. 
 
In z direction, the three magnetic forces applied to the shuttle magnets are: the repelling force from magnet 1, Fz1 
in –z direction, the repelling force from magnet 2, Fz2 in +z direction and the attractive force from magnet 3, Fz3 
in –z direction. Therefore, the total magnetic force the shuttle magnet sees in z direction, FzTm is given by: 
 

𝐹𝐹𝑧𝑧𝑧𝑧𝑧𝑧 = 𝐹𝐹𝑧𝑧2 − 𝐹𝐹𝑧𝑧1 − 𝐹𝐹𝑧𝑧3                                                               (2) 
 
In x direction, the shuttle magnet is under two magnetic forces from magnets 2 and 3 plus the gravity. The shuttle 
magnet and magnet 1 aligns perfectly along z direction so the magnetic force between in x direction them can be 
neglected. There are three possible scenarios in x direction. When the centre of magnet 3 is above the centre of the 
shuttle magnet, i.e. scenario 1 as shown in Figure 5(a), magnet 3 applies an attractive force, Fx3, in –x direction 
and magnet 2 applies a repelling force, Fx2, in +x direction to the shuttle magnet, respectively. When the centre of 
shuttle magnet is between those of magnets 2 and 3, scenario 2 as shown in Figure 5(b), both magnets 2 and 3 
apply a repelling force, Fx2 and Fx3, respectively, in +x direction to the shuttle magnet. When the centre of magnet 
2 is below the centre of the shuttle magnet, scenario 3 as shown in Figure 5(c), magnet 3 applies an attractive force, 
Fx3, in +x direction and magnet 2 applies a repelling force, Fx2, in –x direction to the shuttle magnet, respectively. 
Therefore, the total force applied to the shuttle magnet in x direction, FxT is given by: 
 

Scenario 1: 𝐹𝐹𝑥𝑥𝑥𝑥 = 𝐺𝐺 + 𝐹𝐹𝑥𝑥2 − 𝐹𝐹𝑥𝑥3                                                          (3) 
Scenario 2: 𝐹𝐹𝑥𝑥𝑥𝑥 = 𝐺𝐺 + 𝐹𝐹𝑥𝑥2 + 𝐹𝐹𝑥𝑥3                                                          (4) 
Scenario 3: 𝐹𝐹𝑥𝑥𝑥𝑥 = 𝐺𝐺 − 𝐹𝐹𝑥𝑥2 + 𝐹𝐹𝑥𝑥3                                                          (5) 
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Figure 5. Magnetic forces applied to the shuttle magnet (a) scenario 1 (b) scenario 2 (c) scenario 3. 
 
As the shuttle magnet only moves in z direction, total force in x direction, FxT, which is perpendicular to z direction 
can be used to calculate the friction as: 
 

𝐹𝐹𝑓𝑓𝑓𝑓 = 𝜇𝜇 ∙ 𝐹𝐹𝑥𝑥𝑥𝑥                                                                        (6) 
 
where µ is the coefficient of friction.  
 
The friction is always exerted in a direction that opposes movement (for kinetic friction) or potential movement 
(for static friction) between the shuttle magnet and the tube. Therefore, when the shuttle magnet moves or tends to 
move in +z direction as shown in Figure 6(a), the friction is in –z direction and the total force applied to the shuttle 
magnet in z direction, FzT, is given by: 
 

𝐹𝐹𝑧𝑧𝑧𝑧 = 𝐹𝐹𝑧𝑧𝑧𝑧𝑧𝑧 − 𝐹𝐹𝑓𝑓𝑓𝑓                                                                    (7) 
 
When the shuttle magnet moves or tends to move in –z direction as shown in Figure 6(b), the friction is in +z 
direction and the total force applied to the shuttle magnet in z direction, FzT, is given by: 
 

𝐹𝐹𝑧𝑧𝑧𝑧 = 𝐹𝐹𝑧𝑧𝑧𝑧𝑧𝑧 + 𝐹𝐹𝑓𝑓𝑓𝑓                                                                   (8) 
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Figure 6. Total forces applied to the shuttle magnet (a) when it moves to the left (b) when it moves to the right. 

3.3.  Numerical analysis of movement of the shuttle magnet 

In order to analyse movement of the shuttle magnet, a direct method is used to compute the solution in a finite 
number of steps. A small time interval is adopted between steps. In the remaining discussion in this paper, a 
subscripted n is used after parameter symbols to indicate the parameter at the nth step. Figure 7 illustrates 
parameters used in the numerical analysis. 
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Figure 7. Illustration of parameters used in the numerical analysis. 

 
In z direction, DLo and DRo is the initial distance between the shuttle magnet and magnet 1 and CMS respectively. 
DLn and DRn is the distance between the shuttle magnet and magnet 1 and CMS in the current step respectively. Dn 
is the displacement of shuttle magnet in the current step. Therefore, in z direction, 
 

𝐷𝐷𝑅𝑅𝑅𝑅 = 𝐷𝐷𝑅𝑅0 + 𝐷𝐷𝑛𝑛−1                                                                  (9) 
𝐷𝐷𝐿𝐿𝐿𝐿 = 𝐷𝐷𝐿𝐿0 − 𝐷𝐷𝑛𝑛−1                                                                (10) 

 
In x direction, dm2o and dm3o is the initial distance between centre of the shuttle magnet and centres of magnets 2 
and 3 respectively. dm2_n and dm3_n is the distance between centre of the shuttle magnet and centres of magnets 2 
and 3 in the current step respectively. dn is displacement of CMS in the current step. Therefore, in x direction, 
 

𝑑𝑑𝑚𝑚2_𝑛𝑛 = 𝑑𝑑𝑚𝑚2𝑜𝑜 − 𝑑𝑑𝑛𝑛                                                              (11) 
𝑑𝑑𝑚𝑚3_𝑛𝑛 = 𝑑𝑑𝑚𝑚3𝑜𝑜 − 𝑑𝑑𝑛𝑛                                                              (12) 
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Therefore, total magnetic force applied to the shuttle magnet in z direction can be calculated using Eqs (1) and (2) 
as: 
 

𝐹𝐹𝑧𝑧𝑧𝑧𝑧𝑧_𝑛𝑛 = 𝐹𝐹𝑧𝑧2𝑛𝑛�𝐷𝐷𝐿𝐿 , 0,𝑑𝑑𝑚𝑚2_𝑛𝑛� − 𝐹𝐹𝑧𝑧1𝑛𝑛(0,0,𝐷𝐷𝐿𝐿) − 𝐹𝐹𝑧𝑧3𝑛𝑛�𝐷𝐷𝑅𝑅 , 0,𝑑𝑑𝑚𝑚3_𝑛𝑛�                       (13) 
 
Total force applied to the shuttle magnet in x direction can be calculated using Eqs (1) and (3) to (5) as: 
 

Scenario 1: 𝐹𝐹𝑥𝑥𝑥𝑥_𝑛𝑛 = 𝐺𝐺 + 𝐹𝐹𝑥𝑥2𝑛𝑛�𝐷𝐷𝑅𝑅𝑅𝑅 , 0,𝑑𝑑𝑚𝑚2_𝑛𝑛� − 𝐹𝐹𝑥𝑥3𝑛𝑛�𝐷𝐷𝑅𝑅𝑅𝑅 , 0,𝑑𝑑𝑚𝑚3_𝑛𝑛�                      (14) 
Scenario 2: 𝐹𝐹𝑥𝑥𝑥𝑥_𝑛𝑛 = 𝐺𝐺 + 𝐹𝐹𝑥𝑥2𝑛𝑛�𝐷𝐷𝑅𝑅𝑅𝑅 , 0,𝑑𝑑𝑚𝑚2_𝑛𝑛� + 𝐹𝐹𝑥𝑥3𝑛𝑛�𝐷𝐷𝑅𝑅𝑅𝑅 , 0,𝑑𝑑𝑚𝑚3_𝑛𝑛�                      (15) 
Scenario 3: 𝐹𝐹𝑥𝑥𝑥𝑥_𝑛𝑛 = 𝐺𝐺 − 𝐹𝐹𝑥𝑥2𝑛𝑛�𝐷𝐷𝑅𝑅𝑅𝑅 , 0,𝑑𝑑𝑚𝑚2_𝑛𝑛� + 𝐹𝐹𝑥𝑥3𝑛𝑛�𝐷𝐷𝑅𝑅𝑅𝑅 , 0,𝑑𝑑𝑚𝑚3_𝑛𝑛�                      (16) 

 
Friction can thus be calculated according to Eq (6) as: 
 

𝐹𝐹𝑓𝑓𝑓𝑓_𝑛𝑛 = 𝜇𝜇 ∙ 𝐹𝐹𝑥𝑥𝑥𝑥_𝑛𝑛                                                                 (17) 
    

where µ is coefficient of friction. If the shuttle magnet is still, i.e. its velocity in the last step, vn-1, is 0, static 
coefficient is used. Otherwise, kinetic coefficient is used. If the shuttle magnet is still (vn-1 = 0) while friction force 
is greater than or equal to total magnetic force in z direction, the shuttle magnet cannot move and thus the total 
magnetic force applied to the shuttle magnet in z direction, FT_n, is 0. Otherwise, FT_n can be calculated by: 
 

𝐹𝐹𝑇𝑇_𝑛𝑛 = 𝐹𝐹𝑧𝑧𝑧𝑧_𝑛𝑛 + 𝑠𝑠𝑠𝑠𝑠𝑠(𝑣𝑣𝑛𝑛−1) ∙ 𝐹𝐹𝑓𝑓𝑓𝑓_𝑛𝑛                                                 (18) 
 

where sgn(vn-1) is the sign function that extracts the sign of vn-1. Therefore, acceleration, an, velocity vn and 
displacement, Dn, of the shuttle magnet in the current step can be calculated using fundamental equations of motion 
as: 
 

𝑎𝑎𝑛𝑛 = 𝐹𝐹𝑇𝑇𝑇𝑇
𝑚𝑚

                                                                      (19) 
𝑣𝑣𝑛𝑛 = 𝑣𝑣𝑛𝑛−1 + 𝑎𝑎𝑛𝑛 ∙ ∆𝑡𝑡                                                           (20) 

𝐷𝐷𝑛𝑛 = 𝐷𝐷𝑛𝑛−1 + 𝑣𝑣𝑛𝑛 ∙ ∆𝑡𝑡 + 1
2
𝑎𝑎𝑛𝑛 ∙ ∆𝑡𝑡2                                             (21) 

 
where Δt is the time interval between steps. 
 
Figure 8 summarises the flow of the numerical analysis of the movement of the shuttle magnet presented in this 
subsection. 
 



 
 
 
 
 
 

9 
 

START
n = 1

n < n_total

Vn-1 = 0

Ffr_n > Fz_n

and
vn-1 = 0

µ = kinetic coefficient

Calculate friction 
Ffr_n = µ·FxT_n  

Calculate total force applied 
on the shuttle magnet

FT_n = FzT_n + sgn(vn-1)·Ffr_n

END

No

No

No

Yes

Yes

Calculate gaps on 
the left, DLn, and 

right, DRn

Yes

Calculate magnetic forces applied on 
the shuttle magnet

Fx1n, Fz1n

Fx2n, Fz2n

Fz3n

Calculate total magnetic forces 
applied on the shuttle magnet

FxT_n and FzTm_n

µ = static coefficient

Calculate
• Acceleration: an = FTn / m
• Velocity:  vn = vn-1 + an·ΔT
• Displacement:  Dn = Dn-1 + vn·ΔT + 0.5 ·vn·ΔT2

n = n+1

Total force applied 
on the shuttle 

magnet, FT_n = 0

 
Figure 8. Flow of the numerical analysis of movement of the shuttle magnet. 

3.4.  Numerical analysis of open circuit voltage 

According to Faraday’s law of induction, electromotive force (EMF), i.e. voltage across a conductor is given by: 
 

𝑉𝑉 = −𝑁𝑁 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

                                                                       (22) 
 
where N is the number of turns of the conductor and 𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
 is the rate of change of the magnetic flux. Eq (22) can be 

written as:  
 

𝑉𝑉 = −𝑁𝑁 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −𝑁𝑁 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
∙ 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

                                                          (23) 
 

where 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 is the change of the magnetic flux with respect to change of magnet position and 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 is the velocity of the 
magnet, v. Therefore,  
 

𝑉𝑉 = −𝑁𝑁 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
∙ 𝑣𝑣                                                                 (24) 

 
In order to calculate induced voltage in a coil using numerical methods, the coil is divided into m sections along 
its length as shown in Figure 9. Length of each section is ΔD. Change of magnetic flux is determined in simulation 
using Maxwell 16.0. The magnet in the simulation has the same dimensions as the shuttle magnet. Figure 10(a) 
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shows the magnetic flux density around the magnet. Values of magnetic flux density was taken along the axis 
shown in Figure 10(a) at various positions and results are shown in Figure 10(b). Hence, change of magnetic flux 
with respect to magnet location can be calculated as: 
 

∆𝜑𝜑
∆𝐷𝐷

= ∆𝐵𝐵∙𝐴𝐴
∆𝐷𝐷

                                                                        (25) 
 

where ΔB is the change of magnetic flux density for position change of ΔD and A is the cross area of the coil. In 
this case, ΔD is 1 mm and the average diameter of the coil is 19 mm, thus A is 2.84 × 10-4 m2. Figure 10(c) shows 
the simulation results of change of magnetic flux with respect to magnet location. 

 

N         S

ΔD ...

Tube Coil Magnet 
ΔD ΔD ΔD

m sections

0 20 40 60

Position
(mm)

ΔDStarting 
position End position

 
Figure 9. Configuration of the magnet and coil. 
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Figure 10. Simulation of magnetic flux density in Maxwell 16.0. (a) Magnetic field distribution (b) magnetic flux 
density at various locations (c) change of magnetic flux with respect to magnet location. 
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Depending on the position of the coil with respect to the shuttle magnet, corresponding ∆𝜑𝜑
∆𝐷𝐷

  is used to calculate the 
induced voltage at the nth step, Vn, as: 
 

𝑉𝑉𝑛𝑛 = − 𝑁𝑁
𝑚𝑚
∙ ∑ �∆𝜑𝜑

∆𝐷𝐷
�
𝑖𝑖
∙ 𝑣𝑣𝑛𝑛𝑚𝑚

𝑖𝑖=1                                                          (26) 
 
where �∆𝜑𝜑

∆𝐷𝐷
�
1
 and  �∆𝜑𝜑

∆𝐷𝐷
�
𝑚𝑚

 corresponds to the change of flux at the starting and end positions respectively as shown 
in Figure 9. It is worth mentioning that the induced voltage calculated in this case is the open circuit voltage, which 
means there is no closed loop current. Thus, current induced magnetic force exerted to the shuttle magnet is not 
considered in this study. 

4.  Verification of the numerical analysis 

4.1.  Measurement of coefficient of friction 

Coefficient of static friction between the shuttle magnet and the tube was measured using tilt plane method as 
shown in Figure 11. The tube holding the shuttle magnet was placed on a tilted plane. The angle of tilt was 
increased gradually until the shuttle magnet began to slide. This angle, α, also called friction angle, was found to 
be 34.5º. Tangent of the friction is the coefficient of static friction µs, i.e. 
 

µ𝑠𝑠 = 𝐹𝐹𝑓𝑓𝑓𝑓𝑓𝑓
𝐹𝐹𝑁𝑁

= tan𝛼𝛼 = 0.69                                                          (27) 
 
where Ffrs is the static friction and FN is the force perpendicular to the contact surface. Coefficient of kinetic friction 
was estimated as 0.5 according to literature [16]. 
 

 

α 

Ffr

G

FN
α 

Magnet 
Tube 

 
Figure 11. Measurement of coefficient of static friction. 

 

4.2.  Initial conditions 

Initial conditions for both experimental setup and the numerical analysis are summarised in Table 1.Two scenarios 
were considered to verified the numerical model, i.e. DLo = 0.08 m and 0.072 m. Details of these parameters have 
been illustrated in Figure 7. 

Table 1. Summary of initial conditions. 
CMS displacement, d0 (m) 0 
Shuttle magnet displacement, D0 (m) 0 
Shuttle magnet velocity, v0 (m∙s-1) 0 
Shuttle magnet acceleration, a0 (m∙s-2) 0 
Distance between the shuttle magnet and magnet 1, DLo (m) 0.08 and 0.072 
Distance between the shuttle magnet and CMS, DRo (m) 0.017 
Distance between centre of the shuttle magnet and centre of magnet 2, dm2o (m) 0.0195 
Distance between centre of the shuttle magnet and centre of magnet 3, dm3o (m) 0.0115 
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4.3.  Excitation  

Excitation was applied as displacement of CMS along x axis. Profile of such displacement within one excitation 
cycle is shown in Figure 12. The excitation is divided into four stages, i.e. 1. excitation, 2. hold, 3. release and 4. 
idle. In the excitation stage, the CMS moves from the initial position by 31 mm in +x direction to the end position 
within 0.1s. In the hold stage, the CMS remain at the end position for 0.4 s. In the release stage, the CMS moves 
back to the initial position within 0.1 s. The CMS then remains at the initial position for another 0.4 s in the idle 
stage. 

1 2 3 4

 
Figure 12. Displacement profile of CMS within one excitation cycle. 

 

4.4.  Experimental 

A prototype was manufactured for testing as shown in Figure 13. The plastic tube is 80 mm long. Rubber end stops 
are placed on both end of the tube to avoid collision between magnets. All magnets used here are made of NdFeB-
38. The shuttle magnet is a 20 mm long cylinder magnet with a diameter of 15 mm. The fixed magnet on the left 
of the tube is a 15 mm × 15 mm × 5 mm (m) rectangular. The two bar magnets in the CMS have dimensions of 20 
mm × 10 mm × 8 mm (m). (m) notates the magnetization of the magnets. The coil is wound using 75 µm thick 
copper enamel wire. It has around 500 turns and a resistance of 180Ω. All the supporting structures are made of 
3D printed PLA. In the experiment, the CMS was driven by a stepper motor and it moved following the profile 
described in section 4.3.  The reason of using a stepper motor instead of actual footsteps to drive the structure in 
this test is that footsteps are random in amplitude and frequency while the stepper motor can provide a controlled 
excitation with a particular frequency and amplitude. This can provide more accurate results to verify the numerical 
model. However, in practical application, this energy harvesting structure will still be driven by external excitations 
such as footsteps. 

Magnet 1 S

N S

N

N SNS

End stop

End stop

Coil CMSShuttle 
magnet

Magnet 3

Magnet 2

 
Figure 13.  Photo of the testing prototype (stepper motor not shown). 
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4.5.   Results  

The numerical analysis was implemented in Matlab. The interval between steps are 100 µs. Two scenarios were 
considered in this study, i.e. DLo = 0.08 m and DLo = 0.072 m. 

4.5.1.  Scenario 1 (DLo = 0.08 m). Figure 14 and 15 present numerical results of forces exerted to the shuttle 
magnets as well as displacement and velocity of the shuttle magnets at different stages when DLo = 0.08 m 
respectively. There are seven critical moments within one excitation cycle which are marked A to G in Figure 14 
and 15. When the CMS starts moving, although various magnetic forces are exerted to the shuttle magnet, the total 
magnetic force is smaller than static friction force. Therefore, the shuttle magnet remains static. At moment A, 
total magnetic force becomes greater than static friction force, thus the shuttle magnet starts moving. As total force 
is positive, the shuttle magnet accelerates towards +z direction. At moment B, the total force becomes negative, 
which means that the shuttle magnet starts decelerating. However, as the velocity is still positive, the shuttle 
magnet keeps traveling in +z direction. At moment C, the velocity of the shuttle magnet becomes negative, which 
means it starts moving in –z direction. At moment D, the total force is positive again so the velocity increases. As 
the velocity remains negative, the shuttle magnet continues travelling in –z direction. At moment E, both total 
force and velocity becomes zero, which means the shuttle magnet stops moving. When CMS moves back to the 
initial position, i.e. moment F, both total force and velocity are negative so the shuttle magnet moves back to its 
initial position at moment G and then the velocity becomes zero. This completes one excitation cycle. Figure 16 
compares open circuit voltage across the coil measured in experiment and calculated in numerical analysis when 
DLo = 0.08 m. It was found that the two results agree with each other, which verifies the numerical analysis model 
presented in section 3. The ripple on the output voltage found in the experiment (highlighted in Figure 16) is caused 
by the impact between the shuttle magnet and the end stop. This is beyond the scope of this paper so is not 
considered in the numerical model. 
 

 
           (a)              (b) 
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           (c)                (d) 

Figure 14. Force exerted to the shuttle magnet in z direction when DLo = 0.08 m (a) for the entire cycle (b) in 
excitation stage (c) in hold stage (d) in release (3) and idle (4) stages. 
 

  
            (a)       (b) 

Figure 15. Numerical results of (a) displacement and (b) velocity of the shuttle magnet when DLo = 0.08 m. 
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Figure 16. Comparison of open circuit voltage across the coil measured in experiment and calculated in numerical 
analysis when DLo = 0.08 m. 

4.5.2.  Scenario 2 (DLo = 0.072 m). A second scenario when DLo = 0.072 m is also analysed to compare with 
scenario 1. As DLo becomes shorter, the repelling force from magnet 1 increases, which has big impact on 
performance of the structure. Figures 17 and 18 present numerical results of forces exerted to the shuttle magnets 
as well as displacement and velocity of the shuttle magnets at different stages when DLo = 0.072 m respectively. 
Critical moments within one excitation cycle are marked A to I in Figures 17 and 18. The start of the operation (A 
to E) is similar to that in scenario 1. However, although velocity of the shuttle magnet becomes zero at moment E, 
total force is still positive. This means that the shuttle magnet starts accelerating in +z direction. At moment F, 
total force becomes negative and the shuttle magnets start decelerating in +z direction. At both total force and 
velocity becomes zero at moment G, the shuttle magnet stops. When CMS moves back to the initial position in the 
release stage, total magnet force exceeds static friction force at moment H so the shuttle magnet moves back to its 
initial position at moment I and stops. This completes one excitation cycle. Figure 19 compares open circuit voltage 
across the coil measured in experiment and calculated in numerical analysis when DLo = 0.072 m. Again, the two 
results agree with each other. The ripple on the output voltage caused by the impact between the shuttle magnet 
and the end stop in this scenario is found to be more apparent than that in scenario 1. This is because the impact is 
stronger as the repelling force from magnet 1 is greater.  
 

 
             (a)     (b) 
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          (c)                      (d) 

Figure 17. Force exerted to the shuttle magnet in z direction when DLo = 0.072 m (a) for the entire cycle (b) in 
excitation stage (c) in hold stage (d) in release (3) and idle (4) stages. 

    
           (a)                         (b) 

Figure 18. Numerical results of (a) displacement and (b) velocity of the shuttle magnet when DLo = 0.072 m. 

 
Figure 19. Comparison of open circuit voltage across the coil measured in experiment and calculated in numerical 
analysis when DLo = 0.072 m. 
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4.6.  Discussions 

Experimental results obtained in both scenarios have verified that the numerical analysis model presented in this 
paper is viable and can be used to predict performance of the proposed structure accurately. It has demonstrated 
that the initial distance between magnet 1 and the shuttle magnet, DLo, can change oscillation pattern of the shuttle 
magnet significantly. As DLo becomes smaller, more dramatic oscillation can be triggered. In addition, initial 
position of magnet 1 also affects the maximum displacement of the shuttle magnet. As DLo becomes lower, the 
repelling force from magnet 1 is greater. Therefore, it provides more resistance to the shuttle magnet thus the 
maximum displacement reduces. According to numerical analysis, the maximum displacement of the shuttle 
magnet in scenario 1 is 48.98 mm compared to 44.97 mm in scenario 2. It is also found that when DLo reduces 
below 18mm, the repelling force from magnet 1 becomes so large that the shuttle magnet cannot move at all. 
 
Numerical analysis also suggests that the coefficient of friction plays an important part of oscillation of the shuttle 
magnet. If the coefficient of kinetic friction was reduced to 0.2 in scenario 2, both oscillation of the shuttle magnet 
and output open circuit voltage would last longer as shown in Figure 20, which potentially means more energy 
could be generated under the same pulse excitation. 

 

 
               (a)        (b) 

Figure 20. Numerical results of (a) displacement of the shuttle magnet and (b) open circuit output voltage when 
DLo = 0.072 m and coefficient of kinetic friction is 0.2. 
 
Energy harvesting capability of an energy harvester using the proposed structure was demonstrated in [14] where 
more details can be found. The prototype was tested under a series of footsteps of 1 Hz. Experimentally, an average 
energy of 2.8 mJ, i.e. an average energy of 2.8 mW, was generated under footsteps of 1 Hz. Given the total device 
volume of 66 cm3, the power density of the energy harvester is 42.4 µW∙cm-3. The value is comparable to the two 
highly rated electromagnetic footstep energy harvesters presented in [10], which have power density of 40 and 86 
µW∙cm-3 respectively.  

5.  Conclusions 

This paper presents a numerical analysis model of an electromagnetic energy harvester that is driven by multiple 
magnetic forces under pulse excitation. The model correlates analytical calculation of magnetic forces and 
simulation results of magnetic field. Operation of the structure was then analysed using fundamental equations of 
motion in the time domain. In the two example scenarios presented in this paper, both experimental results agreed 
with respective numerical results, which proves that the model is valid.  
 
For the proposed mechanism that consists of a tube with magnets on both ends and a shuttle magnet moving inside, 
initial positions of the end magnets with respect to the shuttle magnet are crucial to the performance of the energy 
harvester. It was found that as the initial distance between the end magnet and the shuttle magnet gets closer, 
oscillation of the shuttle magnet is likely to last longer while its amplitude reduces. This is due to increased 
magnetic force between them. The shuttle magnet can stop oscillate when such distance reduces below a threshold 
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value. One potential method to improve performance of the proposed mechanism is to reduce the friction between 
the shuttle magnet and the tube. If this can be achieved, oscillation of the shuttle magnet will have larger amplitude 
and last longer. 
 
In addition, the proposed numerical method mainly focuses on the mechanical domain. Therefore, only open circuit 
voltage can be estimated as this is the case when no electrical load is connected. Future improvement can be made 
by linking the electrical domain with the mechanical domain and considering effects of electrical load on the 
mechanical performance of the shuttle magnet. 
 
The mechanism investigated in this paper is suitable for energy harvesting from pulse excitation such as footsteps 
as demonstrated in [14]. To achieve this, it can be adapted for either integration with shoes or being embedded 
underneath the floor. It can also be potentially used for energy harvesting in environment where excitation has low 
frequency and large amplitude, such as wave energy harvesting. With the successful development of the numerical 
analysis model, the mechanism can be optimised numerically to improve its performance. Furthermore, the 
proposed concept of numerical analysis can be adapted so that it can be used to model more complex 
electromechanical structures.  
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