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Abstract: An extensive investigation was carried out on the missing rib square 

grid structure using finite element simulations. This showed that, in the cases 

considered in this study, the type of deformation is primarily dependent on the 

ratio of the thickness of different ribs with the structure behaving like an anti-

tetrachiral at particular ratios. The analysis also showed that the ability of the 

structure to deform predominantly through the bending of the ligament allows it 

to achieve much more negative values of the Poisson’s ratio than previously 

reported. Confirmation of the numerical results was obtained through 

experimental methods involving the 3D printing of representative structures 

which were subsequently subjected to compression. 

1. Introduction 

When a material or structure is set in tension in most cases it elongates axially and 

contracts laterally. Nevertheless, not all materials and structures behave in this way. In 

fact there exist systems, which are usually referred to as auxetics,[1] that exhibit the 

unusual behavior of expanding in more than one direction when subjected to a tensile 

force. Interest in these structures has surged in the last decades following the 

publication by Lakes[2] of a method for creating auxetic foams and the work of 

Wojciechowski[3,4] and Evans.[5] This was driven by their enhanced properties, such as 

better indentation resistance[2,6,7] and larger shear stiffness,[2,8] when compared to 

conventional materials. As a result they have been proposed for a variety of applications 

ranging from core materials for curved sandwich panels[9] and shock absorbers[10] to 

dilator[11] and stents[12,13] for medical application. In the process, a variety of techniques 

were used to study them including mathematical methods,[14–17] numerical computation 

[18–21] and experimental.[18,19,22,23] 
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There exist various mechanisms that can lead to auxetic behavior. The most common 

include chiral structures,[3,18,24,25] rotating rigid units,[26,27] re-entrant cells,[14,28,29] and 

more recently perforations.[30–33] However, other mechanisms exist that can lead to 

auxetic behavior. One such mechanism that appears to have received relatively little 

attention is the missing rib model based on the square grid.[34] The structure was 

originally proposed as an extension of the missing rib model based on the lozenge 

grid.[22] However, while the missing rib lozenge grid continued to receive some 

attention[23,35,36] the one based on the square grid much less so. 

A further interesting feature of the missing rib systems that appears to have been, until 

recently, mostly overlooked is the fact that they are chiral (where the literal sense is 

intended meaning that the structures are distinguishable from their mirror images). In 

actual fact, a close inspection shows that they carry strong resemblance to the chiral 

structures, with the missing rib lozenge grid looking like the tetrachiral while the 

missing rib square grid being akin to anti-tetrachiral (Figure 1). This similarity between 

the structures was hinted at in some work. For example Jiang and Li identify the missing 

rib lozenge grid as a chiral structure.[23] Bacigalupo and Bellis modelled the ring of the 

anti-tetrachiral as a rigid cross;[37] while the I-shaped perforations studied by Mizzi et 

al.[38], which are reminiscent of the missing rib square grid, were analyzed in terms of 

the behavior of the anti-tetrachiral. However, the relation between the types of 

structures has been explicitly stated only recently in the work of Lim.[39] 
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Figure 1 (a) illustrates the complete lozenge grid and (b) the resulting missing rib 

lozenge grid while (c) and (d) show respectively the unit cell of the missing rib lozenge 

grid and the tetrachiral; (e) illustrates the complete square grid and (f) the resulting 

missing rib square grid while (g) and (h) show respectively the unit cell of the missing 

rib square grid and the anti-tetrachiral. 

The similarity between the missing rib square grid (henceforth referred to as square grid 

for simplicity) and the anti-tetrachiral suggests that the former structure should be able 

to deform not just through the hinging at the joints as originally proposed[22,34] but also 

through the rotation of the crossed-ligaments as a rigid body coupled with the bending 

of the ligaments joining them, i.e. the crossed-ligaments would act as a rotating 

centre.[40] This possibility has been mentioned by Lim,[39] who grouped the two 

structures under the same deformation mechanism. However, to our knowledge, there 

has never been an investigation to assess under what conditions the square grid will 

behave like the anti-tetrachiral. 

Thus the aim of this work was to investigate how the various geometric parameters 

affect the deformation mechanism of the square grid. This was carried out through a 
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(b)
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parametric analysis using numerical simulations. The results were then confirmed 

through experimental testing of representative structures produced through 3D printing. 

2. Methodologies 

2.1 Finite element simulations 

In order to assess the possible deformation mechanisms of the square grid, finite 

element analysis (FEA) simulations were carried out using ANSYS APDL 13. The 

structure was modelled as a 2D infinite system so as to obtain the bulk properties of the 

material. In order to take into account the symmetry of the structure, the unit cell show 

in Figure 3 was used, with symmetry boundary conditions being imposed along the Ox2 

direction. This was attained by fixing the nodes that lie on one of the edges of the unit 

cell that is perpendicular to the Ox2-axis so that their Ox2 coordinate does not change 

while forcing the nodes on the opposite edge to have the same change in the Ox2 

coordinate. Subsequently a compressive strain was applied in the Ox1 direction on each 

of the other faces by prescribing a displacement along the Ox1-axis on the nodes. 

For these simulations the element used was PLANE183, this being a higher order 2D 

element with 8 or 6 nodes each possessing two degrees of freedom.[41] It also has a 

quadratic displacement behavior (i.e. the edge of the element can take a curved shape) 

that is also suitable for modelling irregular meshes.[41] Plane stress was assumed and 

the Young’s modulus was set to 1.6×109 Pa and the Poisson’s ratio to 0.45. These 

values were specific to the material that was meant to be used for the experimental 

testing and were as average values from different dog bones that have been printed 

using different on-axis orientations. The automatic (smart) element sizing with the fine 

mesh that is available in ANSYS APDL was used. Repeated tests using different 

ligament thicknesses, so as to ensure mesh independency of the results,[40] indicated 
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that the results differed by less than 1 % from much finer meshes as shown in Figure 2. 

The element size was chosen such that the results obtained with it were less than 1 % 

different from those obtained with a finer mesh. Linear elasticity with small 

displacement[41] simulations were also chosen for this initial analysis in order to save 

on the computational time. This involves the solution of an equation of the form 

[K]{u} = {F}, where [K] is the total stiffness matrix, {u} is the nodal displacement 

vector and {F} is the total  reaction and applied load vector.  Subsequently some 

nonlinear simulations were carried out to confirm the initial results obtained in this way. 

 

Figure 2 A sample of the mesh convergence tests that were carried out. The straight 

line indicates the value obtained using automatic (smart) element sizing while the plus 

signs indicate the values obtained by when choosing the element size. The dimensions 

of the structures are l1 = l1 = 25 mm, r′ = 5 mm, tr = 2 mm while tl is given on the graph. 

 

 

(a)

 1
2

Element size / mm

(c)

 1
2

Element size / mm

(b)

 1
2

Element size / mm

(d)

 1
2

Element size / mm

0.0 0.1 0.2 0.3 0.4 0.5
−0.83396

−0.83394

−0.83392

−0.83390

−0.83388

tl = 2 mm
Percentage difference = 0.003 %

0.0 0.1 0.2 0.3 0.4 0.5
−0.70156

−0.70154

−0.70152

−0.70150

−0.70148

−0.70146

tl = 3 mm
Percentage difference = 0.004 %

0.0 0.1 0.2 0.3 0.4 0.5
−0.63718

−0.63716

−0.63714

−0.63712

−0.63710

−0.63708

tl = 4 mm
Percentage difference = 0.01 %

0.0 0.1 0.2 0.3 0.4 0.5
−0.61392

−0.61390

−0.61388

−0.61386

−0.61384

tl = 5 mm
Percentage difference = 0.01 %



Page 7 of 20 
 

 

Figure 3 The physical representation of the parameters used in the analysis. 

The parameters that were varied are illustrated in Figure 3. For simplicity the 

dimensions of the ligaments joining the “nodes” (also referred to as rotating 

centers[40])or crossed-ligaments was taken to be the same for both direction. The same 

holds for the dimensions of the crossed-ligaments. Linear simulations were then carried 

out for the ligament length l varying from 10 mm to 50 mm in steps of 5 mm while the 

ligament thickness tl and the crossed-ligaments thickness tr were both assigned values 

between 0.2 mm and 40 mm in increments of 0.2 mm. Regarding the crossed-ligament, 

initial investigations indicated that it is better to vary the distance from the middle of 

the crossed-ligaments to the inner edge of the ligament r′ rather than to the outer edge 

r. The values of r′ were thus varied between 1 mm and 24 mm in steps of 1 mm. 

Not all resulting geometries were tesselatable because the ligaments could overlap with 

cross-ligaments if r−tl−tr/2≤0. In order to avoid this and to allow space for the 

deformation of the ligament, structures for which r−tl−tr/2≤1 mm were not considered. 

Similarly cases where l−2r≤1 mm were not considered so as to avoid that adjacent 
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crossed-ligaments overlap. Furthermore, in order to reduce the stresses at sharp bends, 

a slight curvature that was relatively small compared to the dimensions of the structure 

being considered was introduced at each corner or joint. 

As will be discussed in more detail later on, the parametric investigation showed that 

the structure could deform both through the bending of the crossed-ligaments and 

through bending of the ligaments. Thus two representative structures which deform 

predominantly through only one of these mechanisms were selected and analyzed using 

non-linear simulations, up to 3.5 % strain. The one deforming through the hinging of 

the joints had the following dimensions l = 14 mm, r = 6 mm, tl = 3 mm and tr = 1.5 mm 

while the one deforming through the bending of the ligaments had the same l and r 

while tl = 1.5 mm and tr = 3 mm. Data for the non-linear behavior of the material was 

obtained by analyzing a dog bone made from the same filament that was used to print 

the structures for testing. 

2.2 Production of the samples and measurements made 

A sample of the representative structures that deform predominantly through only one 

of the mechanisms identified in the parametric analysis were 3D printed using an 

Ultimaker 3 FFF (fused filament fabrication) 3D printer. The structures were printed 

using Ultimaker PLA (polylactic acid) filament with the extruder temperature set to 205 

°C and the bed temperature set to 60 °C. The infill density was set to 100 % whilst the 

layer height was set to 0.2 mm. To prevent the risk of warping, Magigoo® 3D printing 

adhesive was used on the printing bed. 

The samples produced (Figure 4) where made up of 4 by 4 unit cells and had a depth 

of 15 mm. As can be noted from Figure 4, in order to distribute the stress on the whole 
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length of the structure, a bar of width 5 mm was added along the faces perpendicular to 

the loading direction. 

 

Figure 4 The samples used for the experimental measurements with (a) deforming 

through the bending of the ligaments while (b) through the bending of the crossed-

ligaments. 

Once printed, the structures were tested under compression using a Testometric 

universal loading machine (M350-20CT) with a 1000 N load cell (Serial Number: 

31931). One set of two white markers where applied in the axial direction and two sets 

(each containing two) of white markers in the transverse direction. A compressive strain 

of around 3.5 % was applied with the deformation being recorded with a duly calibrated 

Mesh Physique Videoextensiometer camera. The change in lengths, measured for a 

central unit cell,[42] was monitored using the pattern recognition feature found within 

the Videoextensiometer software. This resulted in one reading for the axial direction 

and two readings for the transverse direction from which the Poisson’s ratio could be 

determined.  
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3. Results and discussion 

3.1 Linear finite element simulations 

 

Figure 5 The variation of the Poisson’s ratio with the ratio tl/tr for different values of l, 

r′ and tr. 

The variations of Poisson’s ratio with the ratio tl/tr for different l, r′ and tr are shown in 

Figure 5. Parameter values were chosen so that the graphs obtained provide a 

comprehensive overview of the observed behavior of 12. Furthermore, given the 

symmetry of the structure along the primary axes, only loading in the Ox1 direction was 

considered. 

As can be noted from Figure 5 there appears to be a prevalent general trend: When the 

ratio tl/tr is small, i.e. less than around 0.5, the Poisson’s ratio is close to −1 indicating 

that the structure is behaving like the anti-tetrachiral with the crossed-ligaments rotating 

(a)

tr = 0.2 mm tr = 0.8 mm 

tr = 0.4 mm tr = 1.0 mm

l = 10 mm & r′ = 2 mm

tr = 0.6 mm tr = 1.2 mm

0 2 4 6 8 10 12 14

−1.1

−1.0

−0.9

−0.8

−0.7

−0.6

 1
2

tl /tr

(c)

 1
2

tl /tr

(e)

 1
2

tl /tr

(b)

 1
2

tl /tr

(d)

 1
2

tl /tr

(f)

 1
2

tl /tr

tr = 0.2 mm tr = 0.8 mm 

tr = 0.4 mm tr = 1.0 mm

l = 10 mm & r′ = 3 mm

tr = 0.6 mm tr = 1.2 mm

0 2 4 6 8

−1.1

−1.0

−0.9

−0.8

−0.7

−0.6

0 5 10 15 20

−1.2

−1.0

−0.8

−0.6

−0.4

tr = 0.2 mm tr = 1.0 mm 

tr = 0.4 mm tr = 1.4 mm

l = 30 mm & r′ = 2 mm

tr = 0.6 mm tr = 1.8 mm

0 5 10 15 20

−1.1

−1.0

−0.9

−0.8

−0.7

−0.6

−0.5

tr = 0.2 mm tr = 1.4 mm 

tr = 0.6 mm tr = 1.8 mm

l = 30 mm & r′ = 7 mm

tr = 1.0 mm tr = 2.2 mm

tr = 0.2 mm tr = 1.0 mm 

tr = 0.4 mm tr = 1.4 mm

l = 50 mm & r′ = 2 mm

tr = 0.6 mm tr = 1.8 mm

0 5 10 15 20

−1.2

−1.0

−0.8

−0.6

−0.4

tr = 0.2 mm tr = 1.4 mm 

tr = 0.6 mm tr = 1.8 mm

l = 50 mm & r′ = 10 mm

tr = 1.0 mm tr = 2.2 mm

0 5 10 15 20

−1.1

−1.0

−0.9

−0.8

−0.7

−0.6

−0.5



Page 11 of 20 
 

as a rigid unit. The way the structure behaves in this region is illustrated in Figure 6(a). 

As the tl/tr increases beyond around 0.5, the Poisson’s ratio also starts increasing and 

continues to do so until the tl/tr ratio achieves a value of around 2 where 12 attains a 

maximum. In this region the deformation of both the ligaments and the crossed-

ligaments is important as can be noted from Figure 6(b). On increasing the ratio of the 

thicknesses further, the value of the Poisson’s ratio stays approximately constant or 

decreases slightly. It can be observed from Figure 6(c) that for large values of the ratio 

tl/tr the structure deforms prevalently through the bending of the crossed-ligaments. 

 

Figure 6 The deformed shapes of the structure for different geometric dimensions. In 

(a) only the ligaments deform with l = 50 mm, r′ = 10 mm, tl = 1 mm while tr = 4 mm; 

in (b) both the ligaments and the crossed-ligaments deform with l = 50 mm, r′ = 10 mm, 

while tl = tr = 1 mm; and in (c) only the crossed-ligaments deform with l = 50 mm, 

r′ = 10 mm, tl = 4 mm while tr = 1 mm. 

                                                                                                                                               

Compression
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Further observation of Figure 5 suggests that the mode of deformation is mostly 

independent of the ligament length. However it depends to some extent on r′ and tr. In 

fact when tr increases, the maximum attained by the Poisson’s ratio also increases. This 

is particularly evident for small r′ (refer to Figure 2 for parameters) where the increase 

of the maximum 12 is more pronounced. On the other hand as r′ increases the behavior 

of the Poisson’s ratio for different tr tends to converge. 

The analysis of these results clearly indicates that the behaviour of square chiral when 

uniaxial loaded is more complex than previously reported. There are two mechanisms 

that can act: the bending of the ligaments and the bending of the crossed-ligaments. The 

results indicate that the former leads to a more negative Poisson’s ratio than the latter. 

An explanation for this can be found in the fact that when the dominant mechanism is 

the bending of the ligaments, the angle between the crossed-ligaments does not change. 

Thus the deformation along the loading axis is transmitted in full to the orthogonal axis. 

On the other hand, when the crossed-ligaments bend, the angle at their centre changes 

so that the effective rotation of the “node” is smaller. This makes the on-axis strain 

larger than the lateral strain so that the Poisson’s ratio is less negative. Thus, the extent 

to which the crossed-ligaments act as a rigid rotating centre is an important 

determination factor in the resultant Poisson’s ratio as has already been observed in the 

case of the anti-chiral structures with random circular nodes.[41] This observation is also 

akin to the findings of Pozniak et al.[43] who report that increasing the stiffness of the 

joints of their kagome lattice or replacing the Y-type joints with Δ-type joints (which 

can be expected to be stiffer) decreases the Poisson’s ratio. 

Interestingly enough, the transition region between the two mechanisms occurs 

prevalently along a specific range of the ratio of the thicknesses of the ligaments. This 
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feature can be very important from a production point of view since for the same 

geometric size of the unit cell it allows for a very easy way to fine tune the behaviour 

of the structure. Another important aspect of the behaviour of the material is that when 

r′ is large the variation of 12 with tl/tr is basically the same irrespective of the other 

geometric dimensions. Thus the Poisson’s ratio attained by the structure is rather 

insensitive to production defects for structures with tl/tr greater than 2. For structures 

with tl/tr smaller than 2 the 12 would only be sensitive to the ratio of tl/tr.  The similarity 

of behaviour of the structure for different parametric values can also allow for the 

decrease of the material used in building the system while still retaining the same 

Poisson’s ratio. 

3.2 Experimental results and nonlinear finite element simulations 

In order to investigate further the results obtained, two structures that deform 

predominantly by one of the two mechanisms were studied in more depth by carrying 

out non-linear finite element simulations. At the same time a 3D printer was used to 

produce these structures that were subsequently subject to compressive testing as 

described in Section 2. Comparison of the results obtained is shown in Figures 7 and 8. 

It can be clearly observed that the strains measured experimentally and those obtained 

from the nonlinear finite element simulations are in excellent agreement. In fact for the 

structure shown in Figure 7, the Poisson’s ratio determined experimentally was −0.940, 

that obtained using nonlinear FEA simulations was −0.944 while that obtained using 

linear FEA simulations was −0.946. Similar, in the case of the structure shown in Figure 

8 the Poisson’s ratio determined experimentally was −0.601, that obtained using 

nonlinear FEA simulations was −0.632 while that obtained using linear FEA 

simulations was −0.637. The agreement between the experimental and numerical values 
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indicates that both linear and nonlinear FEA simulation are able to predict with good 

precision the Poisson’s ratio for these structure. This gives further confidence to the 

parametric analysis carried out in the previous section. 
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Figure 7 (a) and (b) illustrate respectively a unit cell of the undeformed and deformed 

3D printed structure when the deformation is dominated by the bending of the 

ligaments; (c) and (d) show the corresponding system obtained using nonlinear FEA 

while (e) shows the variation of 2 with 1. Here l = 14 mm, r = 6 mm, tl = 1.5 mm and 

tr = 3 mm while compression is applied along the vertical direction. 
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Figure 8 (a) and (b) illustrate respectively a unit cell of the undeformed and deformed 

3D printed structure when the deformation is dominated by the bending of the crossed-

ligaments; (c) and (d) show the corresponding system obtained using nonlinear FEA; 

while (e) shows the variation of 2 with 1. Here l = 14 mm, r = 6 mm, tl = 3 mm and 

tr = 1.5 mm while compression is applied along the vertical direction. 

4. Conclusion 

This work analyses in depth the deformation mechanics present in the missing rib 

square grid structure. A parametric analysis of the behavior using finite element 

analysis revealed that two mechanisms can act, one involving the bending of the 
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ligament and the other the bending of the crossed-ligaments. The results show that both 

mechanisms can lead to auxetic behavior. However, the bending of the ligaments allows 

the attainment of more negative Poisson’s ratio. The relative contribution of each 

mechanics was found to be primarily dependent on the ratio of the thickness of the 

ligament to that of the crossed-ligaments. When the thickness of the ligament is small 

compared to that of the crossed-ligaments, the bending of the ligaments dominates and 

the deformation of the square grid is akin to that of the anti-tetrachiral. At the other 

extreme, when the thickness of the ligaments is small compared to that of the crossed-

ligaments, bending of the crossed-ligaments dominates. In between there is a transition 

region that appears to occur over the same range of the ratio of the thicknesses 

irrespective of the other physical dimensions. Experimentally determined Poisson’s 

ratio for representative structures were in good agreement with both the nonlinear and 

the linear finite element results. Thus the work showed that the deformation of the 

square grid is richer than previously reported. In addition the dependence on the 

structure parameters that is being reported provides for new ways of fine tuning its 

Poisson’s ratio. It also provides for regions in the parametric values where the Poisson’s 

ratio is rather insensitive to some or all of the physical dimensions of the structure, a 

feature that can be very important from a production point of view. 
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