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Abstract

For a smooth projective scheme X over a ring R on which p is nilpotent
that meets some general assumptions we prove that the crystalline coho-
mology is equipped with the structure of a higher display which is a rela-
tive version of Fontaine’s strongly divisible lattices. Frobenius-divisibility
is induced by the Nygaard filtration on the relative de Rham-Witt com-
plex. For a nilpotent PD-thickening S/R we also consider the associated
relative display and can describe it explicitly by a relative version of the
Nygaard filtration on the de Rham-Witt complex associated to a lifting of
X over S. We prove that there is a crystal of relative displays if moreover
the mod p reduction of X has a smooth and versal deformation space.

1 Introduction

For a ring R in which p is nilpotent, we constructed in [LZ07] an exact tensor
category of displays which contains the displays associated to p-divisible groups
[Zin02] as a full subcategory. If R = k is a perfect field, a display is a finitely
generated free W(k)-module M endowed with an injective Frobenius-linear
map F : M — M. In general, displays can be regarded as a relative version of
Fontaine’s strongly divisible lattices [Fon83]. For a smooth projective scheme
X over Spec R we developed a strategy in [LZ07] to equip the crystalline coho-
mology HZ..(X/W (R)) with the structure of a display. For a precise statement
see below. The following assumptions were essential in the construction of such
“geometric” displays:

There exists a compatible system of smooth liftings X,,/W,,(R) for n € N
of X/R such that the following properties hold:

(Al) The cohomology groups Hi(Xn,Qg(n/Wn(R)) are for each n,7 and j
locally free W,,(R)-modules of finite type.

(A2) For each n the de Rham spectral sequence degenerates at Ey

Ey) = H (Xo, % jwom) = B (X0, 9% jw, ()

*The first named author is supported by the ERC Consolidator Grant 681838
K3CRYSTAL.



(compare () and () in (JLZ07], p.150) and assumptions 5.2, 5.3 in [LZ07]).
For example, these assumptions are satisfied by K3 surfaces, abelian schemes
and smooth relative complete intersections (see [LZ0T], Introduction).

Let I := VW(R) and WQ%  be the relative de Rham-Witt complex as
constructed in [LZ04]. For r > 0 define the complex N"WQ$ /R as follows:

d

4o !

av . d
R — W g = -+

d
(WQg(/R)[F] - (WQ;'/R)[F]

This is a complex of W (R)-modules where (W r)IF), for i <7, is considered

as a W(R)-module via restriction of scalars along W (R) RN W(R). It was
conjectured in ([LZ07], Conj. 5.8) that the predisplay structure (Appendix, Def.
A.5) on Py := H;(X/W(R)), defined by the data P, := H”(X,NTWQS(/R)
and maps &, : Ir® P, = P.11, ir : Pry1 — P, and F,. : P, — Py induced by
the corresponding maps of complexes &, : Ip ® NTWQ;(/R — ./\/’THWQ;(/R,
Uy ./\/H'lWQ;(/R — /\/'TWQS(/R and F‘T : NTWQ;(/R — WQ;(/R given in
(ILZ07], (5)) and the diagram below and in the same order between the vertically
written complexes
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id®d d d d
id®d d d d
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Is @ W g ——— (WO p)ip) —— WO g —— Wy
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r41 _ mult 41 id r+1 _ PE 41

Is © WL W, — s Wl T wordh
id®d d d d

mu i 2F

Is © W2 —"s W2 — 5 W2, ——— Wayt?

id®d d d d

define a display structure on P, (Appendix, Def. [A.7). (Note that in the
definition of &, F(VE@w) := £Fw).

In this note we prove this conjecture under the assumption r < n < p,
which is a standard hypothesis in integral p-adic Hodge theory, and prove the
following:



Theorem 1.1.

(a) Let R be a local ring in which p is nilpotent, and let X be a smooth
projective scheme over Spec R. Assume that there exists a compatible system of
liftings X,/ Spec Wi (R) satisfying (A1) and (A2). Then the data (P,, iy, Gy, F))
form a display structure Pr on HZ., (X/W(R)) forr <n <p.

(b) Assume that there exists in addition a frame A — R and a smooth pro-
jective pA-adic lifting Y /Spf A of X such that the Y, := Y Xgpr 4 Spf A/p"
satisfy the analogous assumptions (A1) and (A2). Then the display struc-
ture on H?. (X/W(R)) obtained by base change from the window structure on

cris

X/A) (compare [LZOT] Theorem 5.5 and Corollary 5.6) is isomorphic to

CTZS(

Pr.

Remark. Theorem[I.1)(a) was shown for reduced rings R in ([LZ07], Theorem
5.7).

In our second main result we derive a relative version of Theorem [L1] on
relative displays using a modified version of the complexes N"WQ% . For this,
let S — R be a homomorphism of rings in which p is nilpotent and such that
the kernel a is equipped with nilpotent divided powers. In [LZ19] and [Grel6]
we considered the Witt frames Ws, Wg,r, Wr (Appendix, Def. and

the canonical homomorphisms of frames Wy — Ws/r and Wg/r — Wg. Let
X/Spec R be as before and let Xg be a smooth projective lifting of X over
Spec S, admitting liftings (Xg),, over Spec W,,(S) that satisfy the assumptions
(A1) and (A2). Let a be the logarithmic Teichmiiller ideal in W (S), as defined
n ([Zin02], 1.4 and Appendix, Def. [A4). Then J := a ® VW(S) is the
kernel of the composite map W(S) — S — R and is again equipped with
a PD-structure (see [Zin02], 2.3). Define the complex N ret/ WS, /5 as follows:

o ded, ded
(WOXS)[F] Da WOXS (WQX /S) (F] D WQX N B A
dod — - AVt ”
S (WY /s)m O AWy = Wk, /s 4.

The maps @&, i, F, on J\/TWQB(S/S that define the predisplay structure on
X/W(S)) = HI.(Xs/W(S)) can easily be extended to maps on the

CrlS ( cris

complexes N, / WO, /s where multiplication by p on WQg(S /s is replaced
by the map

W g @aTIWL o= WL c@a IO,

which is multiplication by p on WQJXS /s and the inclusion on the other sum-
mand. The divided Frobenius F, is defined on the subcomplex A "Wk, /s s

before and on a"~/ WQJ)-(S /s it is defined to be the zero map. In analogy to
([LZ07], (5)) we get induced maps of complexes

& : j®N:5l/RWQ;(S/S HNrel/R XS/S
N:J/IRWQXS/S - Nrel/RWQXS/S
P Nrel/RWQX /s 7 WQ% /s

It is then easy to see that the above data form a predisplay Pg/r on the hyper-
cohomology of these complexes over the relative Witt frame Wg, g (see ([LZ19],
Def. 2 and Appendix, Def. |A.5). Then one has:



Theorem 1.2.

(a) Let Ps be the display over S constructed in Theorem [1.1|(a). Then the
associated display u,Ps under the homomorphism of frames Wg — Ws/r s
isomorphic to Ps,r. In particular, the predisplay Ps/r is a display over Wg/g
in the sense of ([LZ19], Def. 3 and Appendix, Def. .

(b) Assume that R is artinian local with perfect residue field k. Assume
that Xo := X Xg k has a smooth versal formal deformation space and that the
assumptions (32) and (33) of [LZ19] (analogous to (A1) and (A2)) are satisfied.
Then the display Ps/gr only depends - up to isomorphism - on X, not on the
lifting Xs. The collection (Ps/r)s—r where S — R are PD-morphisms defines
a crystal of relative displays.

Remark.

Relative displays were first considered by Zink [Zin02] and Lau [Lauld] in
their classification of p-divisible groups. Zink associated to a formal p-divisible
group G and a nilpotent PD-thickening S — R a relative display Zg/r(G)
(which he calls a triple in [Zin02]) which is - up to isomorphism - the unique
relative display lifting the display associated to G over R to S. Using Dieudonné
displays, i.e. displays defined over the small Witt ring [Zin01], Zink extended
the classification to all p-divisible groups over an artinian local ring with per-
fect residue field, see also [Lauld] and [Mes07]. Over slightly more general
rings, called admissible rings, Lau [Laul4] constructed a unique functor from p-
divisible groups to crystals of relative displays. The relative display is obtained
by base change from a window structure associated to the universal p-divisible
group over the deformation ring. The proof of Theorem b) was inspired by
this construction.

We assume that the reader is familiar with the basic definitions and proper-
ties of the relative de Rham-Witt complex [LZ04] including the comparison to
crystalline cohomology and the explicit description of the de Rham-Witt com-
plex of a polynomial algebra. In an appendix we recall the basic definitions of
the theory of higher displays including frames, windows and relative displays.

2 Proof of the theorems

Theorem a) is a consequence of the following result which was conjectured
in ([LZ07], Conj. 4.1) and was recently proved by the second named author in
([Cani8], Thm. 0.2) under the assumption r < p:

Theorem 2.1. Let R be a ring on which p is nilpotent and let X/Spec R be
smooth projective, and X, /Spec Wy, (R) a compatible system of smooth liftings.
Let }"TQS(”/WMR) be the following complex:

d d d — d oy d
In®Ox, =5 IR ®Qy w,r) 2 IR @y ) = W pwamy =

where Ig := VW, _1(R), and let N"WHQ;(/R be the Nygaard complex, given as

d d d _ av - d
(W1 Q% p)ir) = Wt Qi p)ir) = - = Wana Qg R)im) — Wl =

Then ]—"TQS(H/WW(R) and NTWnQ;(/R are isomorphic in the derived category of
Wi (R)-modules for r < p.



2.1 Proof of Theorem [1.1](a)

Under the assumptions (A1) and (A2) it follows from [LZ07] Propositions 3.2
and the projection formula Proposition 3.1 that one has a degenerating spectral
sequence By’ = H™ (X, F'Q% yy (gy) Where

g _ IR®H'(X,L,Q%X wa(ry) fori<r
L HI(X,, Q% JWo(R)) for i > r

It follows from the proof of Theorem 2.1 (|[Lanl8], Theorem 0.2) that the iso-
morphisms F"Q% JWn(R) = NTW,Q% /R Are compatible for varying n and yield
an isomorphism F"Q% /W (r) = NTW.Q;(/R of procomplexes in Dpyo zar (X).
This induces an 1bomorphlsm resp. a decomposition

where L; := H" (X, Q% e (r))- Since the divided Frobenius F, is defined
on H"(X, F"Q%, . (r)) via Theorem H we can define @, : L, — Py by
(I)T = FT|LT' R

To show that (P,, F., i,, &,) defines a display on H,

to the condition that
n n n
Do P D
i=0 i=0 i=0

is a o-linear isomorphism, or equivalently that det(® ,®;) € W(R)*. This is
reduced by base change to the case that R = k is a perfect field in the same
way as in the proof of ([LZ07] Thm. 5.5), and then follows from ([Fon83], p.91)
and ([Kat87], Prop. 2.5).

X/W(R)) is equivalent

CI‘IS (

2.2 Proof of Theorem [1.2)(a)

We are going to explicitly construct displays over the relative Witt frames. For
this, let S — R be a homomorphism of rings in which p is nilpotent and such
that the kernel a is equipped with divided powers. Then the kernel of W(S) — R
is a @ Is where I := VIW(S) and a is the logarithmic Teichmiiller ideal. Then
we consider the relative Witt frame Wg, g as defined in [LZ19].

We first prove a relative version of Theorem

Theorem 2.2. Let Xg/Spec S be a smooth projective lifting of X/Spec R and
assume that Xg admits a compatible system of smooth liftings (Xg)n over
Spec Wi (S5). Set Is := VWyn_1(S5). Let Fill, xQy ) jw, (s) be the follow-
ing complex:

pddd ddd
IsO(x5), 88" O(xg), ~— IsQx), jwo(s) © 8 Qxa), ywa(s) —

pd@d d+d
P ISt ws) @ 8URD w(s) T L) wais) =

and let Nfel/RWnQS(s/s be the following complex:



(Wn IOXS)[F]@C‘ W OXS dead (Wn—lQﬁgs/S)[F] D aT_IW Q&S/S ﬁ
ded AV +d -
= (W /s)[F @ aW, QX s —— W, QXS/S—>

Then for r < p the complexes Fil; l/R (Xs) W and Nrel/RW QX /s are
quasi-isomorphic.

Proof. First mnotice that we may write JFil], /R ( X<) and
re S)n/Wn(S)
NI, / aWa 2% 5/5 38 the mapping cones of certain morphisms of complexes:
K f T ()
Fill 1y g xaypwa(s) = Cone@VOK) w521 5 F Qg ywacs)

and

N,

T

o/ RWnQ% s = Cone(@W, Q57 o[—1] 5 NTW,0% /)

where a(T)Q()?s)n/Wn(S) and a( Wan(;/S are the truncated complexes of the

a(mQe
complexes a Q(XS)H/W”(S)
iro =4, g1t Ny 10T, —4 qor -4, .
(Xs)n (X5)n/Wn(S) (X8)n/Wn(S) (X8)n/Wn(S)
and aW,0%

& W,0x, = &1, QL. /S—> = aw, O /S_—>uW Q% /S—>

respectively. The morphisms f and g are respectively given by

—d —d —d
0 aro RIO TNy To U RN BN
d d d
150 25 gt 2 Sy e U L SNYe U N OSSN

(2.3)
and

00— aW,0 % S @w,0r2 S aw,ar ——0—— ..

|, |
(Wn—10)r) g (W1 Q1) py 5.8 (W Q) 5y &, WL 4, W, Qrtt 4.
(2.4)

(we briefly omitted the subscripts for typographical reasons). We will construct
a morphism of distinguished triangles in the derived category

T +1
)Q<Xs)nfwn<sﬂ - F Q(XT/W w5) 0 Filie S x gy ywa(s) T
T g T [ ] T [ ] +1
arw, Q%7511 P NTWRQ% s > N rWn2% /s ’
(2.5)



where the middle vertical arrow is the quasi-isomorphism of Theorem and
the left vertical map is defined as follows:

Assume first that there exists a closed embedding (Xg),, s Z,, into a projec-
tive smooth W, (.S)-scheme which is a Witt lift of Z,, Xgpec w,, (5)SPec S = Zs in
the sense of [LZ04] Definition 3.3. Such a Witt lift always exists locally ([LZ04]
Prop. 3.2 and remarks after Def. 3.3) and induces maps Oz, — W,(Oz,) —
W, (Oxs). Let Op, be the PD-envelope of i and let Il be the divided power
ideal with J = ker(Oz, — O(xy),). The comparison with crystalline coho-
mology yields a chain of quasi-isomorphisms [BOT8] Theorem 7.1 and [LZ04]
Theorem 3.5

(Xs)n/Wa(8) < b, ywi(s) — Wnky/s (2.6)

We construct a complex ﬁ(r)QBi JWn(S) together with a diagram of maps
8O, wais) ¢ 8T s 8T WROR g (2.7)

The argument is very similar to the proof of [Lanl8] Theorem 0.2. Consider the
following diagram for r < p

i"Op,

—d

- —d —d —d _
a29r-A0p, — a3l — ... — a0

—d

alr-to, —4 a2l =4 Gt T aon T4
(2.8)
The complex J¥l — J[Sfl]an == Q= QsDtl is exact in degrees < s
and quasi-isomorphic to Q(Z;S) JW(S) [—s] by [BOT8] Theorem 7.2. Since all
gl ]Qk b, are - locally - free O(x),-modules by [BOT8|] Prop. 3.32, the complexes
Jls—e Q‘ remain exact in degrees < s after @, ()5 and @, (s)R; they coin-
c1de then with the corresponding complexes for the embeddings X¢ — Zg, resp
X — Zs Xspec s Spec R, since a is a direct summand of ker(W,,(S) — R) the
lower horizontal sequence in ([2.8)) is exact in degrees < r and quasi-isomorphic
to aQ(XS) /Wn(s)[ (r—
one sees that the other horizontal sequences in (2.8)) are - up to the diagonal
term - exact as well. The degree wise sum of the two lower sequences is quasi-
isomorphic to

1)]. By an easy induction argument (replace R by S/al)

20yr—2 r—1 —d
( ) — a8 o), /W (s) —> A x o), /wo(s) — ) [—(r—2)]

Finally, the degree wise sum of all horizontal sequences yields a complex denoted
by El(T)an/Wn(S) which is quasi-isomorphic to a(r)Qsz)n/Wn(S)' From the



above we conclude that the complex aFil"Qf,

N e —d —d - —d - —d
agnop, =S aglrlap =5 =5aa; —Saaptt =5

is quasi-isomorphic to

~Or —d ~r+1l —d  ~~r+2 —d
(@ x0),/w(5) — 85y, pwois) — 8UXG) wacs) — )T

The natural embedding of aFil"(2}, into the lower horizontal complex in dia-
gram ([2.8) defines an injective map

aFilQy, —a"os, IWa(S)
<r

D, /Wy,(S)
tified because the complex vanishes in degrees > r. We see that ﬁ(T)QEZ JWn(S)

We denote the mapping cone of this map by a(")Q . The notation is jus-

is quasi-isomorphic to EL(T)QF);S)R SWa(S)"

Note that under the canonical map Op, — W, (Ox,) the image of J is
contained in VW,,_1(Ox,) and hence the image of a - J is zero in W, (Ox,).
Hence the map Op, — W,,(Ox,), compatible with Frobenius, induces a well-
defined map

a"QY, s = 8OWLO% s

If one has two embeddings (Xg), L Z,, (Xs)n LN Z! into Witt lifts then by

considering the product embedding (Xg), G, Zn X Z! we get a well-defined
map in the derived category

80, pwa(s) > 87 Wy s
which induces a map

SO, wais) = 8 WRQRL
on the truncated complexes. This defines (2.7)).

To show that it is a quasi-isomorphism is a Zariski-local question on Xg,
so it suffices to check the case where Xg = Spec B is affine and B is étale
over a polynomial algebra A := S[T4,...,Ty4]. Set A, := W,,(S)[T1,...,T,] and
let ¢, : A, — Ap_1 be the map extending F' : W, (S) — W,,_1(S) given by
setting ¢,,(T;) = T7, and let 8, : A,, — W, (A) be the unique W, (S)-algebra
homomorphism which sends each T; to its Teichmiiller representative. Then
the data (A, ¢n,0,) is a Frobenius lift of A to W(.S) (see §3 of [LZ04]). Since
A — B is étale, there exists a unique set of liftings B,, of B which are each étale
over A,, and homomorphisms v, : B, = B,_1, €, : B, — W,,(B) which are
compatible with ¢,,d,. The morphism EL(’")QJ‘%/W”(S) — ﬁ(T)WnQb/S is the
one induced by the €,.

First let us treat the special case that B = A = S[T7,...,Ty]; the quasi-
isomorphism is easy to establish because in this case the de Rham-Witt complex
has a rather explicit description (originally due to Illusie in the case of a perfect
field, and by §2 of [LZ04] in our generality). Indeed, the de Rham-Witt complex
decomposes into a direct sum of an integral part and an acyclic fractional part
([LZ04], (3.9)) and the fractional part is contained in the image of V resp. dV.



We must check that the fractional part is still acyclic after multiplying by the
logarithmic Teichmiiller ideal a. But multiplying anything in the image of V' by
an element a means applying Frobenius to a, and Frobenius kills a by [Zin02]
Lemma 38, so we conclude that the fractional part of the de Rham-Witt complex
is annihilated by a.

Now we return to the general case where Xg = Spec B for B étale over
A = S[T1,...,T4]. Choose an integer m such that p™W,(S) = 0 and set
O™ = Gmtn O 0Ppt1  Amin — An. Then for each [ we have an isomorphism
(see the proof of [LZ04] Theorem 3.5)

~

Qan/Wn(S) = B, ®a, QQH/WH(S) = Brtn @A pyn,om QlAn/Wn(S)

and, likewise, for each j, [ an isomorphism

&0 jw,(5) = Bn ®a, ¥ 1w, (9) = Bmin @4, p0m ¥, s)

and this gives an isomorphism of complexes

El(r)Q;Bn/Wn(S) = Bitn @Apsn,ém a(T)Q.An/Wn(S)

if we give the right-hand side the differential 1 ® —d.
Let
. int, frac,
WnQA/s = Wnﬂj/st @ WHQX;CS.
be the decomposition into integral and fractional parts, as mentioned above.

Note that this is a direct sum decomposition of complexes of A,,,,-modules via

restriction of scalars A4 LA A,. Then using the following facts proven in

ILZ04] Theorem 3.5 and Prop. 1.7
1. base change of W,,Q2® for étale maps
2. WnQ.B/S %J Bern ®Am+"’¢m WnQA/S

we have

Wallly/s = Bmin @ WaS23)5) & (Brnin @, Wal3750)

= WL, Q578 & W Qs

Since WanX;g" is acyclic and By, is a flat A,,1,-module, Wnﬂga/cs" is acyclic
too.

Then we define complexes ﬁ(’“)WnQ]‘B/S, &(T)Wnﬁgj’g and &(T)Wnﬁfg;cs" in
exactly the same manner as at the beginning of the proof. Evidently we get a
direct sum decomposition

W25 = AW, AW,

Since WnQ:’;S' = Q% w.(s): We get an isomorphism

a(T)WnQiél;g >~ Brin ®a,,., om 6D W, 000

~

= Bm+n ®Am+m¢m a(r) Ap /Wi (S)
o a(T’)

QB /W, (s)



Since a annihilates the fractional part W,Q5 /s s observed above, we get that

a Wnﬂga/céf vanishes. Hence we obtain an isomorphism

aIW,0% s = a0, (s
and likewise for the truncated complexes

aWL Q5 = dV0 )

as desired. Since the construction of this isomorphism using PD-envelopes of
embeddings into Witt lifts is compatible with the construction of the comparison
map

F' QW x oy, wais) = N Wals)s

([Lani8], Theorem 0.2) the diagram (2.5) commutes on the left.
Let ]-'ilTan/Wn(S) be the complex constructed in the proof of [Lanl8, The-
orem 0.2] (see page 1868). Analogously to the map

F 8D w12 F ), was)
in (2.3]), one can define a canonical map
f:aD05 o[- = Fil'Q% w. (s

which is the zero map in degrees # r and equal to d in degree r. Let
}jil:el/Ran/Wn(S) be the mapping cone of f. One obtains a commutative
diagram of complexes

+1

a0 1] Fra

(xyTwn(S) [~ <XT/WW,<S> = Tl Qg was) T
G5 )t Firos Tl 5 .
a Dn/Wn(S)[_ ] WSip /W, (9) Uyel /R D,y /Wi (S)
b T g T J/ L[] T [ ] +1
u“)WnQ;S/s[fl] —— N"W %, /s NI pWnQ g s — -+

(2.9)
where the right vertical arrows are canonical maps induced on the level of
mapping cones by the commutative diagrams of complexes on the left. Since
the vertical arrows on the left and in the middle of the diagram are quasi-
isomorphisms by construction, the vertical arrows on the right hand side are
also quasi-isomorphisms. This proves that is a morphism of distinguished
triangles in the derived category where all vertical arrows are isomorphisms.

In the absence of a global embedding into a Witt lift one proceeds by sim-
plicial methods as in the proof of [Lanl8] Theorem 0.2, [LZ04] §3.2 and [III79)
IL.1. to obtain Theorem 221 For the convenience of the reader we recall the
argument. Let (Xg)n(i), ¢ € I be a covering of (Xg), inducing a covering
Xs(i) of Xg and an embedding (Xg), (i) — (Zs)n (i) which is a Witt lift of
Zs(l) = (Zs)n(l) XW,.(S) S. We set

(Xs)n(in, - i) = (Xg)n(in) N -+ N (Xg)n(ir)

10



(and likewise for Xg itself) and

(Zs)nlir, ... ir) = (Zs)n(i1) XW,(S) " XW,(S) (Zs)n(ir)
We denote by D,(i1,...,i,) the PD-envelope of the canonical morphism
(Xs)n(i1,.. o ir) = (Zs)n(t1,...,4r). One gets simplicial schemes X% —
(Xs)r — D — (Zs)r and an isomorphism in the derived category of sim-
plicial complexes of sheaves on Xg

]:Zl'rel/RQ Xs)e _>Nrel/RW QX'/S’

Let X§ LN Xg be the natural augmentation. By applying Rf, we get by coho-
mological descent in the Zariski topology the desired isomorphism in Theorem
2.2 O

We now prove Theorem a). As in Theorem the isomorphisms be-
tween the complexes in Theorem are compatible for varying n. One first
assumes the existence of a compatible system of embeddings into Witt lifts; in
the general case one uses again simplicial methods as outlined in [LanlS} to ob-

tain an isomorphism of procomplexes ]:erel/RQ(Xs) IWa(S) = /\/;EZ/R 0% /s
Let

(Ps/r)r = H" (X5, Ny g Wk, /5) = H" (X5, Fily e r N x )0 ywa(s))

Using the same argument as in the proof of Theorem [L.1|(a), we see that the E-
spectral sequence associated to the complex Fil:el/RQEXS)./W.(S) degenerates.
This implies a decomposition

(PS/R)T =J Lo Jr1li®---JL,1®L. & ---BL,

where L; = H" '((Xs)e: Qxy). /wa(s)) and Ji = @ @ Is (compare the con-
struction of standard displays over the relative Witt frame Wy, g in [LZ19] and

Appendix, Def. [A.6).
The maps F (PS/R)T - (PS/R)O Crlb(X/W( )) induce maps D,

L, — (Ps)o by &, = =F, |Ly. To show that ((Ps/r)r, F.. i, &) defines a relative
display on X/W(S)) is equivalent to the condition that

Cl‘lb(
EB‘I)Z*LO@“'@L" — (Ps)o

is a o-linear isomorphism. The argument is the same as in the proof of Theo-
rem a). On the level of standard displays (i.e. displays given by standard
data), the relative display associated to the display Pg is given by the inclusions

(Appendix, Remark [A.8g])

ISLO@"'@ISerl EBLT@@Ln%erO@@erfl@Lr@EBLn
Since the chain of quasi- 1som0rphlsrns between F" Q( X )n/Wn(S) and
NTW, % /s and between lerel/R (X6 )n /Wi (S) and /\/;el/R W %, /s are com-
patible under the inclusion maps (see the commutative diagram 1)

F U5y wa(s) 7 Filver/p{xs), /Wa(s)

and
NTWHQ;(S/S - Nrel/RW Q%5

we conclude that u.Ps = Pg/r. This proves Theorem .(a).

11



2.3 Proof of Theorem [1.1|(b)

Let A — R be a frame for R such that the kernel a is equipped with divided
powers, by definition A is equipped with a lifting o : A — A of the Frobenius
A/pA — A/pA. We consider the Cartier map A — W(A) into the Witt ring
([179], 0.1.3.16). Then A — R factors through

A—-W(A) - W(R)—R

The kernel J of W(A) - Ris a®@ VW (A) = a® L4, where a is the logarithmic
Teichmiiller ideal, equipped again with divided powers. We then get a second
frame (W(A),J,0,6) for R, where o is the Frobenius on W(A) and ¢ : J —
W(A), a + V¢ — £ This is the definition of the relative Witt frame Wy, p
(Appendix, Def. .

Assuming the existence of liftings /Spf A of X that satisfy (A1) and (A2),
we get by base change liftings J/Spf W (A) that also satisfy (A1) and (A2). I
is therefore enough to show Theorem -(b ) by working with the relative Wltt
frame W,/ and the hftmg Y. Then a window over W(A) ([LZ07], Def. 5.1
and Appendix, Def. |A.2) is the same as a display P4,r over the relative Witt

frame Wy /p. We denote now by P4,r the display associated to the lifting y
that exists by ([LZ07], Thm. 5.5). Let Y,, , := Y Xway Ws(A/p™). Then

(PA/R)T = m Hg"lb(Xv j;(’,/]WS(A/pm))

, M

®

is equipped with a divided Frobenius F,. = pﬂr where F' is the Frobenius on crys-

talline cohomology. Assume A — R factors through A/p™ — R. By ([BOTS],
Thm. 7.2) the groups

[r] —
chrls(Xv jX/W(A/pm)) hchnrls(X ‘-7 X/Ws( A/pm))

are the hypercohomology groups of the procomplexes Fill"] Y. o/ We(A/p™) de-
fined as follows:

~[r r— d  ~[r— r— d
@ @ p" Lapp), | wacagpmy) = @7 P L )0, waazem)

d o~ r—1 d. d

— (am D IA/pm)QY.mL/W.(A/pm) — QY.,m/W.(A/;D’”) — .
where a,, is the logarithmic Teichmiiller ideal associated to a,, := ker(A/p™ —
R) and I4/pm = VW (A/p™), and we have used that a,, - [4/,» = 0 and for

the ideal J,,, = ker(W(A/p™) — R) we have T = gl S p g pm.
As A and W (A) are p-torsion free, multiplication by p on W(A) and the
pro-group W, (A/p®) is injective, hence the procomplexes Fill"lQ Y I Wa(A/p%)

and ]—'zlml/R Ve /Wa(A/p®)? defined as
d®pd 1 d®pd
(@7 & L), WAy — @ e Lajpe )W, o jwa(ajpe) ——
d®pd - re1 d o~ d

— (a. @ IA/p.)QY.7./W.(A/p.) — QY.,./W.(A/;D.) —_— e

are isomorphic. By Theorem the procomplexes filL?l/RQ;'.,./W.(A/p') and
N[el/RW QF, /(a/ps)» defined as

12



. A®d, ~p_ déd
a.W.Oy. D (W.OY.)[F] — Q4 1WOQ%/./(A/p') ©® (W.Q%/./(A/p.))[F] —_

ddd  ~ r—1 r—1 d+dVv T d
e —— u'W'QY./(A/p’) &) (WoQY. (A/p‘))[F] —_— W'QY./(A/p') — e
are quasi-isomorphic. This implies that
(Pasr)r =H" (Yo, Nty r WS, (a/pe))

and the divided Frobenius on (P4/g), is induced by the divided Frobenius on
Nfel/RW.Q;,./(A/p.). It is unique because A and W (A) are p-torsion free.

The morphism of frames Wy /g 5 Wg induces a base change €, on displays.
Let X =) Xgpt w(a) Spec W(R) be the induced lifting of X over W (R). The
standard display defined on Lo®---® L, with

Li=H""(), Q%’/Spf W(A))

is transformed into the standard display on Ly @ --- & L,, with

Li=1; @wa) W(R) = H" (X, Qgg/W(R))
Note that under the composite map x : A — W(A) — W(R), k(a) € I for
a € a, hence the image of a® I4 in W(R) is Iy.
We have canonical reduction maps

.1[7] . ()
]:erel/R Yo o/We(A/pP®) - F QX/W-(R)

and

N Wy, j(aspey = N"Wek
Under the base change of displays €.Ps/r is a display over R with

(exPa/r)r given by the hypercohomology of }“TQ}(/W(R). Since the quasi-
[r]

isomorphisms between filrel/RQ;/.,./W.(A/w) and N:el/RW.Q;/./(A/p.) and be-
tween F TQ}( JW(R) and N "W /R 8re compatible under the canonical reduc-
tion maps, we see that the divided Frobenius F,. on (e.Pa/r), obtained by
base change coincides with the divided Frobenius on the Nygaard complexes

NTWLQ% IR This finishes the proof of Theorem b).

2.4 Proof of Theorem [1.2](b)

As in the theorem, we assume that R is an artinian local W (k)-algebra with
residue field k, and that the special fibre Xy is a smooth projective variety with
smooth versal deformation space &. Write X/& for the versal family. Then
G = Spf A, where A = W (k)[t1,...,tn] is a formal power series algebra over

Suppose now that Xg is a deformation of X/R over a PD-thickening S — R
and let us write Pg(Xg) for the Wg-display structure on HZ, (X/W(S)). Write
u: Ws — Wg/g for the frame homomorphism. Then we must prove that the
relative display Pg/r = u+Ps does not depend on the lifting Xg. That is to say,
given another deformation X§ of X over S with associated display Ps(Xy), the

relative displays Pg/r(Xs) := u.Ps(Xs) and Pg/r(Xg) := u.Ps(XY) coincide.

13



By the versality of &, the deformations Xg and X are induced by two

W (k)-algebra homomorphisms A = S. Let Ay = (A,0,4,0,0/p) be the
Y

trivial frame for A and write Pfql'i" for the A iv-window structure on the versal

family (given by [LZ07] Thm 5.5). Then Pg/r(Xs) and Pg,r(Xg) are the base

change of PV along the two induced frame homomorphisms

-Atriv = WS/R
Y

that arise from the commutative diagram

A?S
-] |
A R

That is Psya(Xs) = 2. Y™ and P/ p(Xs) = y P,
Now consider the following diagram

O*>J*>B::A®W(k)A&M'>A*>O

|

S R

Write Dpg(J) for the PD-envelope of (B,J). Similarly, set Ay :=

W(k)[Tl,...7Th], Bo = AO ®W(l€) A(), JO = ker(BO %) Ao) and write
Dp,(Jy) for the PD-envelope of (Bg, Jy). Then Dp,(Jy) is the PD-polynomial
algebra over By in h variables. Since A = W (k)[t1,...,ts] is flat over Ay =
W (k)[t1, ..., tn], [BOT8] Prop. 3.21 gives that Dg(.J) is the PD-polynomial al-
gebra over B in h variables. In particular, Dp(J) is a flat Dp,(Jp)-module, so
is certainly p-torsion free. We get a diagram

|

A——— R

—

Let Dp(J) := lim Dg(J)/p™ denote the p-adic completion of Dg(J). Then
A = (D/B(\J) — A) is a frame for A. The sections A = A @) A induce

frame morphisms

-Atriv = A— WS/R

given by the following diagram

TﬁD/B(\J)gn‘g
R

A A

14



Since the geometric construction of windows on HZ, (¥/A) ([LZ07], Thm. 5.5)
is compatible with base change ([LZ07], Cor. 5.6), the base change of PYV
along both frame morphisms Ay, = A gives the same A-window; it is the
A-window P4 given by applying ([LZ07], Thm. 5.5) to the frame A. We may
now conclude the proof since the Wg, g-displays Pg,r(Xs) and Pg/r(Xg) are
both given by the base change of P4 along A — Wg/g.

A Appendix

In this appendix we recall the basic definitions of frames, windows and displays
as given in [LZ07] and [LZ19].

Definition A.1. Let R be a ring such that p is topologically nilpotent in R. A
frame (A, o,a) for R consists of a torsion-free p-adic ring A with an endomor-
phism o : A — A lifting the Frobenius on A/p and a surjective homomorphism
a: A — R such that the kernel a = ker « has divided powers.

Definition A.2. Let A= (A,o,a) be a frame for R. An A-window consists of
1. a finitely generated projective A-module Py

2. a descending filtration of Py by A-submodules

.P7;+1CP7;C"'CP1CP0

3. o-linear homomorphisms
F;:P,— Py

such that the following conditions are satisfied

1. aP; C Pyy1 ; Piy1/aP; is a finitely generated projective R-module E; 1 for
’LZ 0. Let Eo = P()/CLP().

2. The inclusions in 2) induce injective R-module homomorphisms

Ei+1*>Ei*>"’*>EO

3. aP; = P;y1 for i large enough.
4. FZ(CC) :sz—Q—l(x) fOT x € Pi+1.
5. The union of the images F;(P;) fori € Z>o generate Py as an A-module.

It is then shown in [LZ07] page 181 that a window is isomorphic to a standard

window, that is there are finitely generated projective A-modules L, ..., Ly
d d
with @Li = Py and o-linear homomorphisms &; : L; — @ L; such that the
i=0 j=0

determinant of ®¢ @ --- ® P4 is a unit. Attached to this data we set for i > 0

P=dly®a 'Li® - ®ali1®L; ® - & Ly
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and define F; on P;, that is F;

ai—kp, for k <iresp. Fj|p, for k> i, as follows:

Fi(ax) = Ui(flz p(z) for 0< k <i, x € Ly, ac€a™*
p
Fi(z) = p*~i®y(z) for i < k, x € L.

Then these data (P;, F;) and the obvious inclusions P;4; — P; form a window
called a standard window.

To define higher displays we will use frames over the ring of Witt vectors for
a given p-adic ring R.

Definition A.3. Let S be a p-adic ring and W (S) its Witt vectors. The Witt
frame Ws = (W(S), T = Ig, S,0,0) consists of the data Is = VW (S), W(S) —
S the augmentation map with kernel Ig, o the Frobenius on W(S) and ¢ : Is —
W(S), Ve —¢€.

Definition A.4. Let S — R be a surjective homomorphism of p-adic rings
such that a becomes nilpotent in S/pS. Then the relative Witt frame Ws/p =
(W(S),TJ,R,0,5) consists of the ideal J = ker(W(S) — R) which is a direct
sum J = a® Ig where Is = VW(S) is the augmentation ideal in W(S) and
a C W(S) is the ideal consisting of logarithmic Teichmiller representatives of
elements of a ([Zin02], 1.4). We recall the definition:

The divided powers on a yield divided Witt polynomials

n

wn (@) =Y p'al T = (0" = )l (as)
1=0

i=0
for a = (ap,a1,...) € W(a), and an isomorphism

log : W(a) = aV

a— (wi(a),...,w (a),...)

Define @ = log™*(,0,0,...). This is an ideal in W(S).
The map o is the Frobenius on W(S). We have o(ad) =0, Is-a = 0 and
define 6 : J — W(S) by d(a+VE) =€ foraca, £€W(S).

Then both Wg and Wg,r are equipped with maps called “Verjiingung”. In
the case of Wg these are maps v : Ig ® Is — Ig, V& ®@ V& — V(£1&) with
iterations v(*) : I?k = I, V&R @VE — V(& &), and 7 : [g — Ig,
VE — pVE. In the case of Wg/r, the Verjiingung consists of the two maps
v:J @we)J = J and m: J — J with

v((a1 + V&) ® (az +VE)) = a1 -az + V(£ - &)

and
m(a+VE) =a+pVE

with obvious iterations v(*) that satisfy the properties (3) and (4) on page 7 of
[LZ19).

In the following let F be one of the frames considered above, that is F = Wg
or F = Ws/g.

Definition A.5. An F-predisplay (P;, i, a;, F;) consists of the following data:

16



1. A sequence of W(S)-modules P; fori > 0.
2. Two sets of W(S)-module homomorphisms
titPip1— Py ot J Qws) Pi = P
fori>0.
3. A set of o-linear maps for i >0

F,:P,— Py

which satisfy the following properties:

1. Consider the following morphisms:

J &P, — P

idyg @ ti—1 J Jbi

J@P 1 —(— P

the compositions t;0a; and c;—1 0 (idy ®t;-1) are the multiplication maps
J ® P; — P; for all i.

2. Fi®a;=F

Here, for each o-linear map f : M — N between W (S)-modules M, N, we
define a new o-linear map f: J @ M — N by f(n®@m) = &(n)f(m) forne J.

In the following we define standard data of a display over a Witt frame. In
the case of Wy the definition is given in [LZ07] Definition 2.5. We only recall
the definition of standard data of a display over the relative Witt frame Wg, g
given in [LZ19] page 7-8.

Definition A.6. A display given by standard data over the relative Witt frame
Wg/ g is given as follows:
It consists of finitely generated projective W (S)-modules Ly, ...,Lq and o-
linear homomorphisms
(DZLi‘)Lo@@Ld

such that ®o@®-- - ®Py: Lo®-- - DLy — Lo®---® Ly is a o-linear isomorphism.
Define J; = @' @ VW(S). Set

P=JLlo®TJi1l1® - TLi 1L, & P Ly

The map v; is defined by the following diagram

Jisrlo ® Jily & - & JL; ® Lij1 & -+ & Ly

N

JiLo @ Ji-1Li ®--® Li ®Liy1 ® - ® Ly

The homomorphisms «; : J @ P; — P11 are defined as follows
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IJRTiLo ® T RTi—1L1 @ - @I RL;, @ T XLiy1 & - & T ®Ly

$+1L0 &b Jilq b --- D L; D Li+1 DD Ly
Finally we define o-linear maps F; : P; — Py as

JiLo® - ®JLi-1 & L ® Liy1 © Liyo @ ---

o J by J q’iJ Jp‘i)Hl Jp2¢i+2

Lo ©---@® L;_4 EBLiEBLi+1EBLi+2€B"'

where ®; is defined by ®;(nl;) = &(n)®;(1;) forn € T, l; € Ly, j < i.
These data meet the requirements of a predisplay.

Definition A.7. Let F be either of the Witt frames considered above. Then
an F-display is an F-predisplay which is isomorphic to the display associated to
standard data. The choice of such an isomorphism is called a normal decompo-
sition.

For S — R a surjective PD-morphism one has the following morphisms of
frames equipped with Verjiingung

Ws 5 WS/R — Wr

Remark A.8. For a morphism of frames with Verjiingung v : F — F', we
have a base change map of displays, that is the F'-display u.P obtained by base
change of an F-display P exists ([LZ19], Prop. 6).

For any Ws-display Ps we can associate the base change Pg/r = €. Ps, we
also call the relative display for the morphism S — R associated to Pg. It is
clear from the definitions that if Pg has a normal decomposition with finitely
generated projective W (.S)-modules L;, i = 0, ..., d, then using the same finitely
generated projective modules L; for the relative display Pg, g, the inclusion map
Is =VW(S) = a' + Is = J; (for a = ker(S — R)) and the obvious extensions
of t;, a;, F; to the P; in Definition [AZ0] built from the L; defines the standard
data for u.Ps =: Ps/g-

Remark A.9. If (P;) is an A-window for a frame A = (A — R) as in defini-
tions[A.THA G, then there is an induced Wg-display given by the composite ring
homomorphism k : A — W(A) — W(R) that satisfies

K(o(a)) = Fr(a) ; acA
K ("(“)) =Vlk(a) ;aca

p

It is described explicitly for standard data associated to the window and also
gives an invariant construction in [LZ0] page 182.

Remark A.10. For S — R as above and the induced morphism of frames
Ws — Whg, the base change from Wg-displays to Wgr-displays coincides with
the one given in [LZO7] Prop. 2.12.
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