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LDOS in terms of induced fields

In this section we derive Eq. 2 in the main text. We consider a point dipole in an inho-

mogeneous environment, e.g. in presence of a dielectric cavity. The discussion is restricted

to monochromatic fields (e−iωt), and thus the amplitudes are assumed complex. The LDOS

enhancement ρp/ρ0, or the decay rate enhancement γ/γ0, of a dipolar emitter in an inhomo-

geneous medium can be written as1

ρp
ρ0

=
γ

γ0
= 1 +

6πε0

|d|2
1

k3
Im {d∗ · Es(rd)} (1)
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with ε0 the permittivity in vacuum, k = ω/c the wavenumber, d = |d|ed the dipole moment

at rd, and Es the electric field scattered by the environment. Eq. 1 states that, for a dipole

oriented along ed, the decay rate is enhanced for (i) an increased intensity of scattered field

|Es(rp) · ed|, and (ii) if the phase of the scattered field is such that arg[d∗ · Es(rd)] = π/2.

Here we demonstrate that, in presence of a dielectric body with permittivity εr(r), these

conditions on amplitude and phase of Es at a single point (the dipole position), can be

rewritten in terms of conditions on amplitude and phase of the field distribution inside the

dielectric. A point dipole current density Jd(r) = −iωdδ(3)(r− rd) is—in the absence of the

dielectric body—the source of a field Ed(r) = ω2µ0G0(r, rd) · d, where G0 is the free space

Green function. This field Ed interacts with the dielectric, and induces a polarization current

density Js(r) = −iωP(r) = −iωε0(εr − 1)E(r) , where E is the total field. Such polarization

current density Js is, in turn, the source of the scattered field Es. The reciprocity theorem1

states that the source (dipole) and detector (antenna) can be exchanged such that

∫
d3r Jd(r) · Es(r) =

∫
d3r Js(r) · Ed(r). (2)

By substituting expressions for Jd and Js, we find

d∗ · Es(rd) = ε0

∫
V

d3r (εr(r)− 1)Ed∗(r) · E(r), (3)

where Ed∗ = ω2µ0G0(r, rd) · d∗, and the integral is extended over the volume V of the

dielectric. Using Eq. 3, Eq. 1 can be rewritten as:

γ

γ0
= 1 +

6πε20
|d|2

1

k3
Im
[∫

V

d3r (εr(r)− 1)Ed∗(r) · E(r)

]
= 1 +

6πε20
|d|2

1

k3

∫
V

d3r (εr(r)− 1)Im[f(r)].

(4)

Throughout this work we assume that εr > 1 and real, so that whether a given point
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contributes positively or negatively to γ/γ0 can be determined entirely from the sign of

Im[f(r)].

Two exactly solvable examples

In this supplementary section we consider the two exactly solvable examples mentioned in

the main text: of emission in a homogeneous medium, and between parallel dielectric plates.

We shall use these well known examples to illustrate our design procedure.

Before treating these examples we connect the standard expression for the decay rate

enhancement in terms of a Green function, with the discussion given in the main text. For

a given dipole orientation, the rate of emission is proportional to the partial local density of

states ρp,1 LDOS here, which has a general dependence on the environment given in terms

of the Green function G:

ρp(ed, rd, ω) =
2ωn2

πc2
Im [e∗d ·G(rd, rd, ω) · ed] , (5)

where ed is the (possibly complex) unit vector in the direction of the dipole moment, nor-

malized such that ed · e∗d = 1. The emission frequency is ω, rd is the position of the emitter,

and n =
√
ε(rd) is the refractive index at the position of the emitter. In this expression for

the local density of states the Green function is the full retarded Green function, including

both emitted and scattered fields.

To make contact between this standard expression for the density of states and the first

two numbered equations of the main text, we apply two useful identities. The first is the

division of the Green function into an environment independent free space Green function

G0 (here we compare everything to the case where ε = 1), and a scattered part Gs,

G(r, r′, ω) = G0(r, r′, ω) + Gs(r, r′, ω) (6)
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The second useful identity is an integral expression for the scattered Green function, that

can be proved from the defining equation, ∇×∇×G− k2εG = 13δ
(3)(r− r′),

∫
d3rG0(r′′, r, ω) ·

[
∇×∇×G(r, r′, ω)− k2εr(r)G(r, r′, ω)

]
= G(r′′, r′, ω)− k2

∫
d3r[εr(r)− 1]G0(r′′, r, ω) ·G(r, r′, ω)

= G0(r′′, r′, ω) (7)

where a small amount of dissipation is included so that we can be sure of neglecting the

surface terms resulting from the two integrations by parts. When Eq. (7) is combined with

Eq. (6) we obtain the following integral equation for the scattered part of the Green function

Gs(r, r′, ω) = k2
∫
d3r′′[εr(r′′)− 1]G0(r, r′′, ω) ·G(r′′, r′, ω). (8)

Equations (6) and (8) allow us to write the partial local density of states Eq. (5) in two

different ways. These are equivalent to the first two equations given in the main text. The

first is a result of substituting Eq. (6) into Eq. (5)

ρp(ed, rd, ω)

ρp,0
= n2

[
1 +

6π

k
Im [e∗d ·Gs(rd, rd, ω) · ed]

]
(9)

where we used the standard expression for the free space partial local density of states

ρp,0 = ω2/3π2c3.1 The final term on the right hand side of Eq. (9) can be interpreted as the

emitted field acting back on the dipole to modify the rate of emission. If we now substitute

our integral expression for the scattered Green function, then this scattered field can be

re–written in terms of contributions from the current induced in the dielectric, mediated by

free space propagation

ρp(ed, rd, ω)

ρp,0
= n2

{
1 + 6πkIm

[∫
d3r′[εr(r′)− 1]e∗d ·G0(rd, r′, ω) ·G(r′, rd, ω) · ed

]}
(10)
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an expression within which we can identify the current induced in the medium at the point

r′, due to the dipole at rd as given by

Js(r′) = −iω[εr(r
′)− 1]E(r′) = −iµ0ω

3|d|[εr(r′)− 1]G(r′, rd, ω) · ed (11)

In equations (10–11) we have the equivalent of the second equation in the main text: the

suppression or enhancement of the local density of states can be understood in terms of the

separate contributions of each induced current element in the dielectric medium. Note that

the local density of states (Eq. 10) has a prefactor of n2 that arises when the emitter is not

located within free space, a factor which cannot be attributed to the aforementioned current

induced at other points in the medium.

Whether the current element at a particular point in the medium enhances or diminishes

the emission is determined by the sign of Im[f ], where, in accordance with its earlier definition

in Eq. (4), we define f as

f =
k4

ε20
|d|2e∗d ·G0(rd, r′, ω) ·G(r′, rd) · ed. (12)

The prefactor of k4|d|2/ε20 is a constant which can be ignored in calculations that maxi-

mize the value of f . Because it is more convenient for our Green function based formalism,

in the next two examples we work with f̄ = f/[k
4

ε20
|d|2].

Meanwhile, in the main text—where the results are derived from an FDTD simulation

we instead use f . The emission can be iteratively enhanced through removing those currents

where Im[f ] (or equivalently Im[f̄ ]) is large and negative (e.g. setting εr = 1 at those points),

recalculating G and so on.

Having made this connection between the standard expression for the emission enhance-

ment Eq. (5) in terms of a Green function, and the ideas we have given in the main text we

now consider two examples.
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Figure S1: The imaginary part of the quantity f̄ defined in (12) determines the enhancement
of the local density of states, with a positive value indicating an increase in the LDOS. In
panels (a) and (b) we show respectively the phase of f̄ and the logarithm of the magnitude
of Im[f̄ ] (units chosen where k = 1) for the case of a homogeneous medium (index n = 2),
computed from the exact Green function (13). The main contribution serving to diminish
the LDOS is the red bow–tie shaped region shown in panel (a).

The homogeneous medium

In a homogeneous medium of relative permittivity ε and permeability µ = 1, the Green

function is given by2

G(r, rd, ω) =

(
13 +

1

εk2
∇⊗∇

)
eikn|r−rd|

4π|r− rd|
. (13)

Calculating the imaginary part of Eq. (13) in the limit r → r′, we can deduce Gs, the

contribution to the field that acts back on the dipole

Im [G(rd, rd, ω)] = 13
kn

6π

→Im [Gs(rd, rd, ω)] = 13
k(n− 1)

6π
(14)

which—when substituted into (9)—shows that, in agreement with e.g. Ref.,3 the local

density of states is enhanced by a factor of n3 in a homogeneous medium.

Through substituting the full Green function G from Eq. (13) and the free space Green
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function G0 into Eq. (10) (the latter of which is obtained through substituting εr = 1 into

Eq. (13)) we can identify the contribution of different regions of our homogeneous medium

to the local density of states. The phase and amplitude of the local contributions to the

LDOS, which we have defined as f̄ are plotted in figure S1.

Parallel dielectric plates

In a region of free space between two identical parallel dielectric plates with interfaces at

z = 0, h, the Green function for an emitter positioned at the centre of the cavity (xd = yd = 0,

and zd = h/2) is given by (0 < z < h)2

G(r, rd, ω) = G0(r, rd, ω)+
∑
ζ=1,2

∫
d2k‖
(2π)2

i eik‖·r‖

2kz

[e(+)
ζ ⊗ e(−)

ζ rζe
ikz(z+h/2) + e(−)

ζ ⊗ e(−)
ζ r2ζe

ikz(5h/2−z)

1− r2ζe2ikzh

+
e(−)
ζ ⊗ e(+)

ζ rζe
ikz(3h/2−z) + e(+)

ζ ⊗ e(+)
ζ r2ζe

ikz(3h/2+z)

1− r2ζe2ikzh

]
(15)

where ‖ indicates a vector quantity in the plane of the dielectric interfaces, kz =
√
k2 − k2‖,

k′z =
√

n2k2 − k2‖, and the two polarization are indicated by ζ, with the polarization unit

vectors being

e(±)
1 = e′(±)1 =

1

k‖
(kxey − kyex)

e(±)
2 =

1

k

(
k‖ez ∓ kzek‖

)
e′(±)2 =

1

nk

(
k‖ez ∓ k′zek‖

)
(16)
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(the ± subscript indicating the direction of propagation), and the reflection coefficients rζ

are the usual expressions due to Fresnel, given by4

r1 =
kz − k′z
kz + k′z

r2 =
n2kz − k′z
n2kz + k′z

(17)

Although this expression for G is sufficient to compute the local density of states within the

gap, we are interested in the induced current within the dielectric plates and thus we also

require the Green function within the plates. These expressions are given by

G(r, rd, ω) =
∑
ζ=1,2

∫
d2k‖
(2π)2

itζe
ik′z(z−h)

2kz

1

1− r2ζe2ikzh
e′(+)
ζ ⊗

[
e(+)
ζ eikzh/2 + e(−)

ζ rζe
3ikzh/2

]
eik‖·r‖ (z > h)

(18)

and

G(r, rd, ω) =
∑
ζ=1,2

∫
d2k‖
(2π)2

itζe
−ik′zz

2kz

1

1− r2ζe2ikzh
e′(−)ζ ⊗

[
e(−)
ζ eikzh/2 + e(+)

ζ rζe
3ikzh/2

]
eik‖·r‖ (z < 0)

(19)

where the two transmission coefficients are given by

t1 =
2kz

kz + k′z

t2 =
2nkz

n2kz + k′z
. (20)

Using the above expressions for the Green function within the dielectric plates, Eqs.

(18–19), we can compute the effect on the emission from the local induced currents in the

plates, using the expression in Eq. (12). These calculations are shown for the two antenna

orientations in figures S2 and S3. It is evident from these figures that for the out of plane

antenna orientation, the largest induced current always serves to enhance the LDOS, an
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Figure S2: Phase and magnitude of the function f̄ defined in (12), for the out of plane antenna
orientation between parallel dielectric plates (n = 2). This function measures the effect of
the induced current on the emission from the antenna, with a positive phase enhancing the
LDOS, and negative phase diminishing the LDOS. In panels (a–b) we plot f̄ for a plate
separation of kh = 3, and in panels (c–d) for a separation of kh = 0.5. Evidently the
induced currents that enhance the LDOS are large for a small plate separations, explaining
the large enhancement observed in e.g. figure S4.

effect that can be enhanced simply through bringing the plates together. Meanwhile, for the

in plane orientation, the largest current has the opposite effect and reduces the LDOS.

To quantify the effects of these currents in this simple case we now calculate the LDOS as

a function of plate separation. Substituting Eq. (15) into our expression for the local density

of states in terms of the scattered Green function, Eq. (9), we find two possible expressions,

depending on the dipole orientation. For the in plane orientation we have

ρp(‖, ω)

ρp,0
= 1 +

6π

k
Re

∫ nk

0

k‖dk‖
4πkz

[
r1e

ikzh

1− r1eikzh
−
(
kz
k

)2
r2e

ikzh

1 + r2eikzh

]
, (21)
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Figure S3: As in figure S2, but for the in–plane antenna orientation. Evidently the induced
currents now serve to both enhance and diminish the LDOS, explaining the rather weak
enhancement seen in figure S4, for this dipole orientation. It is instructive to compare fig-
ures S2–S3 to figure S1, where for small separations the ‘bow–tie’ region (that suppresses
emission) again becomes visible, but with the gap serving to remove a portion of it, conse-
quently enhancing or suppressing the LDOS.

and for the out of plane dipole orientation

ρp(⊥, ω)

ρp,0
= 1 +

6π

k
Re

∫ nk

0

k3‖dk‖

2πk2kz

r2e
ikzh

1− r2eikzh
. (22)

As is evident from figure S3, the induced currents in the dielectric plates do little to enhance

the local density of states for the in plane antenna orientation, while they significantly

enhance it for the out of plane orientation. In figure S4 we plot expressions (Eqs. 21–22),

showing that the enhancement or suppression of the emission is increased through bringing
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Figure S4: Partial local density of states for a dipole antenna placed at the centre of a cav-
ity between identical dielectric plates (εr = 10). In panel (a) we plot the LDOS (equation
(21)) for the in–plane orientation as a function of plate separation h. As anticipated from
equation (23), for small separations this saturates to an enhancement factor equal to the re-
fractive index (which is typically much less than the factor of n3 expected for a homogeneous
medium). In panel (b) we plot the LDOS for the out of plane orientation (equation (22)),
which also agrees with (23), saturating to an enhancement of n5, typically much larger that
the expected enhancement in a homogeneous medium.

the plates together, ultimately saturating to

ρp(‖, ω)

ρp,0
→ n

ρp(⊥, ω)

ρp,0
→ n5 (23)

at small separations nkd � 1. Interestingly neither of these expressions tends to the n3

dependence of the homogeneous medium.

The optimization procedure

As shown in the previous section, the influence of a given point in the medium on the emission

can be understood in terms of the induced currents via the sign of Im[f ], with f defined

by Eq. (12). We now illustrate some methods for iteratively removing those regions of the

dielectric that serve to suppress the emission of radiation. First consider the case where we
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change εr(r) to ε′r(r), and modify the permittivity at only a single point r1

ε′r(r) = εr(r) + δεδ(3)(r− r1) (24)

How does this change the value of ρp/ρ0 given in equation (4)? Because the change in

the permittivity is small we can use perturbation theory (in this case specifically the Born

approximation) to derive the change in the total electric field E, and thus the change in the

emission rate. The change in the rate (4) can be split into two contributions

δγ

γ0
=

6πε20
|d|2

1

k3
Im
{∫

V

d3r [ δεr(r)Ed∗(r) · E(r) + (εr(r)− 1)Ed∗(r) · δE(r)]

}

=
6πε20
|d|2

1

k3
Im
{
δε Ed∗(r1) · E(r1) +

∫
V

d3r [(εr(r)− 1)Ed∗(r) · δE(r)]

}
(25)

To obtain the expression for δE we apply first order perturbation theory to its governing

equation

∇×∇× E− k2εr(r)E = µ0ω
2dδ(3)(r− rd)

→∇×∇× δE− k2εr(r)δE = k20δεδ
(3)(r− r1)E(r) (26)

which has the following solution in terms of the Green function G of the original equation

δE(r) = k20δεG(r, r1ω) · E(r1) (27)

and therefore the change in the rate Eq. (25) can be written as

δγ

γ0
=

6πε20
|d|2

δε

k3
Im
{[

Ed∗(r1) + k2
∫
V

d3r [(εr(r)− 1)Ed∗(r) ·G(r, r1ω)]

]
· E(r1)

}
. (28)

Now consider the electric field emitted from an oscillating dipole moment d∗, which obeys

the first of Eq. (26) with d → d∗. Splitting this up into E∗ = Ed∗ + Es∗ as in section , we
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find that the field scattered from this dipole obeys

∇×∇× Es∗(r)− k2εr(r)Es∗(r) = k2[εr(r)− 1]Ed∗(r), (29)

which again has a solution in terms of the Green function G

Es∗(r) = k2
∫
V

d3r′[εr(r′)− 1]G(r, r′, ω) · Ed∗(r′) = k2
∫
V

d3r′[εr(r′)− 1]Ed∗(r′) ·G(r′, r, ω),

(30)

where in the second step we applied the reciprocity theorem G(r, r′, ω) = GT(r′, r, ω). Ap-

plying the above integral identity for Es∗ in terms of Ed∗ reduces the change in the emission

rate (Eq. 28) to the rather simple local form

δγ

γ0
=

6πε20
|d|2

δε

k3
Im [E∗(r1) · E(r1)] (31)

Equation (31) can be used to design spatial permittivity profiles that will increase the LDOS

at a given point rd. We can choose the sign of δε equal to the sign of Im[E∗(r1) · E(r1)],

so that the LDOS is increased due to the point wise change in permittivity (24). One can

then change the permittivity at another point r2 and perform this process again in order

to iteratively enhance the emission. This enhancement occurs through gradually changing

the induced currents in the dielectric (the effect of which is characterized by f in Eq. (12)),

eliminating the currents responsible for reducing the emission. In fact, the change need

not be confined to a single point, and at each iteration the permittivity can be changed

across all space, so long as the change in the field is small enough for perturbation theory to

apply. Note that an analogous result to Eq. (31) can be obtained very quickly through an

application of first order perturbation theory directly to a calculation of Im[G(rd, rd, ω)].
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Figure S5: Optimization of the LDOS for a slab. The permittivity is changed iteratively
within the slab according to the formula εr,n+1(r) = εr,n(r)(1 + 0.01 sign[Im[E∗n(r) ·En(r)]]),
with n iteration number. (a) Optimized area is 0.6 × 0.6 µm2 around the position of the
emitter (red dots). The emitter is placed at mid-height inside the slab. (b) The convergence
of this process is illustrated, with the decay rate enhancement saturating to the maximum
possible value of 796. The resonance wavelength converges to the set value of 700 nm. In the
inset the comparison of the resonance profile for graded-index structure in (c) (gray dotted
line) and the planar, binary and dispersive index structure in (d) (black solid line). (c)
Graded index profile of the nanoresonator at iteration 300. (d) Binary version of the index
profile in (c). (d) Final nanoresonator. Scale bar is 100 nm.

Double-hole resonator

We now consider the design of a nanoresonator, which can be fabricated by semiconductor

planar process. In figure S5. we performed this optimization numerically, by computing

the Green function via a finite difference approximation. We started with a dipolar emitter

placed at mid-height inside of a slab of 50 nm width, with a fixed value of εr = 5.5 as in

Figure S5a. At each step the value of Im [E∗(r) · E(r)] is monitored at the emitter wavelength

λ = 700 nm, in a 0.6 × 0.6 µm2 region (Figure S5a). The dielectric constant εr is changed

iteratively by δε = ±0.01εr at each point r1 so that sign[δε] = sign[Im [E∗(r) · E(r)]], and it

is bounded between εr = 1 (air) and εr = 10 (GaP). The process is stopped once a maximum

has been reached. The decay rate enhancement increases at each iteration, and saturates to

a value of 796 within 300 iterations, as shown in Figure S5b.

The resulting graded index structure, is shown in Figure S5c. Interestingly the optimiza-

tion turns the infinite homogeneous slab into a finite nanoresonator connected to the slab

by two arms. Note that in Figure S5c we present the cross-section at mid-height. However,

14



Figure S6: Optimization of the LDOS for a GaP slab (50 nm)on a SiO2 substrate. The decay
rate enhancement (or equivalently P/P0, power radiated normalized to the power radiate in
air) is shown (blue curve), along with the power radiated in the substrate (green curve) and
in air (red curve).

the index profile slightly changes within the height of the slab. Finally, we construct a bi-

nary index structure, using εr = 5.5 as a threshold (Figure S5d), which is planar, i.e. the

cross-section is identical to the one in Figure S5c along the height of the structure. This

process slightly varies the resonance profile, as can be seen in the inset of Figure S5b. Note

also that the resonance profile calculated for the final structure takes into account the slight

dispersion of GaP.5 We also investigated the effect of the substrate by optimizing a 50 nm

GaP layer on a glass substrate (Figure S6). The decay rate enhancement decreases down to

400 and light radiates mostly in the substrate.

15



References

(1) Novotny, L.; Hecht, B. Principles of Nano-Optics ; Cambridge University Press: New

York, 2006.

(2) Scheel, S.; Buhmann, S. Acta Phys. Slovaca 2008, 58, 675–809.

(3) Barnett, S. M.; Huttner, B.; Loudon, R.; Matloob, R. J. Phys. B: At., Mol. Opt. Phys.

1996, 29, 3763–3781.

(4) Landau, L. D.; Lifshitz, E. Electrodynamics of Continuous Media; Elsevier, 1984.

(5) Aspnes, D. E.; Studna, A. A. Phys. Rev. B 1983, 27, 985–1009.

16


