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Abstract

Interval exchange transformations (IET) are bijective piecewise translations of an
interval divided into a finite partition of subintervals. Piecewise isometries (PWIs)
are generalizations of IETSs to higher dimension where a region is split into a number
of convex sets and these are rearranged using isometries. Although PWIs are higher
dimensional generalizations of IETS, their generic dynamical properties seem to be
quite different. In this thesis we consider embeddings of IETs into PWIs in order to
understand their similarities and differences.

We investigate translated cone exchange transformations, a new family of piece-
wise isometries and renormalize its first return map to a subset of its partition. As
a consequence we show that the existence of an embedding of an interval exchange
transformation into a map of this family implies the existence of infinitely many
bounded invariant sets. We also prove the existence of infinitely many periodic is-
lands, accumulating on the real line, as well as non-ergodicity of our family of maps
close to the origin.

We derive some necessary conditions for existence of embeddings using combina-
torial, topological and measure theoretic properties of IETSs. In particular, we prove
that continuous embeddings of minimal 2-IET'Ss into orientation preserving PWIs are
necessarily trivial and that any 3-PWI has at most one non-trivially continuously
embedded minimal 3-IET with the same underlying permutation. Furthermore,
we introduce a family of 4-PWIs with apparent abundance of invariant nonsmooth
fractal curves supporting [ETSs, that limit to a trivial embedding of an TET.

Finally, we prove that almost every interval exchange transformation, with an
associated translation surface of genus g > 2, can be non-trivially and isometrically
embedded into a family of piecewise isometries. In particular, this proves the ex-
istence of invariant curves for piecewise isometries, reminiscent of KAM curves for

area preserving maps, which are not unions of circle arcs or line segments.
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Chapter 1

Introduction

In 1888 the French mathematician Henri Poincaré submitted a famous memoir [47],
to the Acta Mathematica, for a prized competition in honour of King Oscar II of
Sweden and Norway. In his paper he made a remarkable contribution towards
the understanding of Hamiltonian systems with practical implications extending to
celestial mechanics, particularly, the stability of the solar system (see [28]). His
original work, however, contained a fundamental error which he would only later
correct. This gave rise to the first published example of chaotic behaviour in a

deterministic system, giving birth to the field of Dynamical Systems.

1.1 Dynamical systems, chaos and hyperbolicity

Although time evolving systems have been studied for hundreds of years, since math-
ematics was first used to model the dynamics of the surrounding natural phenomena,
it was in the 19th century that Poincaré pioneered the qualitative theory of ordi-
nary differential equations realizing for the first time that even simple deterministic
systems could give rise to very complex behaviour. It is the main endeavour of the
theory of dynamical systems, to formalize and explain this complexity.

A dynamical system is a formalization of a law describing the time evolution
of a point in an underlying space. Time can be considered continuous or discrete,
which leads to the description of different families of dynamical systems. In discrete
time a dynamical system, on a space X, is a map f : X — X. Hence, in this case,
the dynamical properties of a system can be studied by understanding the repeated
iteration of the map f.

Defining, measuring and understanding the mechanisms causing the emergence
of complex behaviour is central to the field of dynamical systems. The term chaos

is commonly used to describe such behaviour, but it actually encompasses a number
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CHAPTER 1. INTRODUCTION

of different definitions. One of the most useful is called Devaney chaos.

Devaney’s definition of chaos [27]. Let (X,d) be a metric space. A map f :
X — X is said to be Devaney-chaotic on X if it satisfies the following conditions:
(1) Sensitive dependence on initial conditions: There exists a § > 0 such that, for
any z € X and € > 0, there exist some y € X satisfying d(x,y) < € and m € N such
that d(f™(x), f"(y)) > 6.
(2) Topological transitivity: For any pair of open sets U,V C X there exists an
m € N such that f™(U) NV # 0.
(3) The set of periodic orbits is dense in X.

Other definitions include Lyapunov chaos (the existence of a positive Lyapunov
exponent) and topological chaos (positive topological entropy). In fact, Lyapunov
exponents measure the exponential rate of divergence of orbits of nearby points,
while topological entropy measures the asymptotic exponential growth rate of dis-
tinguishable orbits as iterations of a map tend to infinity.

The latter definitions are fitting tools to characterize hyperbolic dynamics. Infor-
mally, hyperbolicity in a smooth dynamical system is characterized by the existence
of expanding and contracting directions for its derivative. The presence of these di-
rections leads, as time evolves, to an exponential deviation between orbits of nearby
points. The resulting stretching and folding of the phase space gives rise to complex

long term behaviour in such systems.

1.2 Renormalization in dynamical systems

Hyperbolic dynamics may be, perhaps, the best studied sub-field of dynamical sys-
tems, however, is it possible to observe complex behaviour in non-hyperbolic sys-
tems, with both Lyapunov exponents and topological entropy equal to zero?

The answer is in fact, yes! In fact conditions (1) and (2) in the definition of
Devaney chaos do not imply the existence of any sort of hyperbolicity and indeed
there are such systems which still exhibit topological transitivity and sensitivity to
initial conditions. A natural question that arises is then what is the mechanism
causing the emerging complexity in such systems? To answer this question we
need to focus on the most powerful tool we have to study such dynamical systems:
renormalization.

Informally, renormalization is the study of the self-similarity of a system at

different spatial scales.
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1.2. RENORMALIZATION IN DYNAMICAL SYSTEMS

Quoting Artur Avila on his survey [13] titled “Dynamics of Renormalization

Operators”:

“It 1s a remarkable characteristic of some classes of low-dimensional dy-
namical systems that their long time behaviour at a short spatial scale
1s described by an induced dynamical system in the same class. The
renormalization operator that relates the original and the induced trans-
formations can then be iterated, and a basic theme is that certain features
(such as hyperbolicity, or the existence of an attractor) of the resulting
‘dynamics in parameter space’ impact the behaviour of the underlying

systems.”

Consider a family of dynamical systems F = {f, : X — X} parametrized by
i € P, where P is called the parameter space of F. A renormalization scheme for

F is a decreasing chain of subsets of X,
X =Yo(p) D Vi(p) D Ya(p) O ..y

together with a renormalization operator R : P — P such that the first return
map of a point in Y, i(x) under iteration by frn(y @ Yn(n) — Y, (p) is given by
Jresr gy © Yo (1) = Yo (p).

In general, renormalizable dynamical systems are not Lyapunov chaotic. The
reason for this is that after renormalization, each iteration corresponds to several
iterations of the original map. In this way if a Lyapunov exponent were positive,
it would increase after each successive induction and eventually diverge. Therefore
this cannot happen in a renormalizable system. In contrast with the dynamics of the
underlying renormalizable map, the renormalization dynamics itself tends to display
hyperbolicity, which allows for the use of strong techniques from ergodic theory to
aid in its study.

Renormalization can be a powerful tool in the study of nonlinear maps (see [13]),
such as diffeomorphisms of the circle [51], one-frequency Schrodinger cocycles [14]
and analytic unimodal maps [22]. It can also be a useful concept in the absence
of continuity of the map, indeed, an example of this is given by interval exchange

transformations.

An interval exchange transformation (IET) is a bijective piecewise order preserv-
ing isometry f of an interval I C R. Specifically I is partitioned into subintervals
{I.}aca, indexed over a finite alphabet A of d > 2 symbols, so that the restric-

tion of f to each subinterval is a translation. An IET f is determined by a vector
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CHAPTER 1. INTRODUCTION

A E Rf, with coordinates A\, determining the lengths of the subintervals I, and
a permutation m which describes the ordering of the subintervals before and after
applying f.

IETs were defined by Keane [37] and studied for instance in [4, 18, 29, 54, 55].
Masur and Veech [42, 54] established unique ergodicity of typical IETs while Avila
and Forni [15] showed that a typical IET is either weakly mixing or an irrational
rotation. It is known that IETs (and suspension flows over IETs with roof function
of bounded variation) are not strongly mixing [23, 36].

A translation surface (as defined in [15]), is a surface with a finite number of
conical singularities endowed with an atlas such that coordinate changes are given
by translations in R?. Given an IET it is possible to associate, via a suspension
construction, a translation surface, with genus only depending on the combinatorial
properties of the underlying IET (see [54]). Indeed these maps are deeply related
to geodesic flows on flat surfaces, Teichmiiller flows in moduli spaces of Abelian

differentials and polygonal billiards [42].

Another important example of the power of renormalization in the absence of
non-linearity is that of Piecewise Isometries (PWIs), higher dimensional generaliza-
tions of IETSs. The subject of this thesis is the study of the dynamics of PWIs with

emphasis on renormalization and their relation with IETSs.

1.3 Background on interval exchange transforma-
tions

We recall some notions of the theory of interval exchange transformations following
[17], [53] and [56].

1.3.1 Definition

As in [17, 56|, let A be an alphabet on d > 2 symbols, and let I C R be an
interval having 0 as left endpoint. In what follows we use the notation R4 ~ R? and
R4 ~ R?. We choose a partition {I,}aca of I into subintervals which we assume
to be closed on the left and open on the right. An interval exchange transformation
(IET) is a bijection of I defined by two data

(1) A vector A = (Ay)aca € RY with coordinates corresponding to the lengths
of the subintervals, that is, for all @ € A, A\, = |I,|. We write I = I()\) = [0, |)]),
where [A] =" o4 Ao

14



1.3. BACKGROUND ON INTERVAL EXCHANGE TRANSFORMATIONS

E D C B A

Figure 1.1:  An illustrative depiction of the action of a 5-IET, with
m0({A,B,C,D,E}) = {3,1,4,2,5} and m ({A, B,C, D, E}) = {5,4,3,2,1} on the

interval.

(2) A pair T = ( :) of bijections 7. : A — {1,...,d}, € = 0, 1, describing the
1
ordering of the subintervals I, before and after the application of the map. This is

represented as

We call © a permutation and identify it, at times, with its monodromy invariant

T =mom' :{l,.d} — {1,..d}. We denote by &(A) the set of irreducible

permutations, that is 7 € &(A) if and only if 7({1,...,k}) # {1,....,k} for 1 <k < d.
Define a linear map €2, : RA — RA by

@MW Vaca= D N=— D N (131)
m1(B)<m1(e) mo(B)<mo(e)

Given a permutation 7 € &(A) and A € R the interval exchange transformation

associated with this data is the map f) . that rearranges I, according to =, that is
fax(x) =2+ va, (1.3.2)

for any = € I, where v, = (2:(A))o. We write f = f . and also denote an IET by
the pair (I, far).

1.3.2 Rauzy induction

We will assume throughout the rest of this thesis that (A, ) satisfies the infinite
distinct orbit condition (IDOC), first introduced by Keane in [37]. The pair (A, )
satisfies the IDOC if the orbits of the endpoints of the subintervals {/,},c4 are as

disjoint as possible

el D X #E DD A

7o(s)<mo () mo(s)<mo(B)

15



CHAPTER 1. INTRODUCTION

for all n > 1 and o, € A with m(5) # 1. In particular the IDOC implies
minimality of fy , that is, every orbit is dense in the interval.

We define Rauzy induction (also known as Rauzy- Veech induction) as in [56]. Let

(A, ) € R{ x S(A). For e = 0,1, denote by f3. the last symbol in the expression of
7., that is

B. =7 d) = af. (1.3.3)

Assume the intervals I, and I, have different lengths. We say that (A, 7) is of type

0if Mg, > A, and is of type 1 if Ag, < Ag,. The largest interval is called winner and

the smallest loser of (A, 7). Let I") be the interval obtained by removing the loser
from I(\):

I =10, [A] = min(|Ag, |, [Nz, )}) (1.3.4)

The first return map of f) » to the subinterval / D) ig again an IET, fya) ), where

the parameters (A1), 7(1)) are defined as follows. If (), 7) is of type 0 then

(1 0 0 0 .0
(1) o 7T0 o Oél cen Oék_l ak. O(k+1 e e /BO ) 1
) — = ) 3.5
( 7#) ) ( al .. ar .y Bo B Wy o Oy ( )
where k € {1,...,d — 1} is defined by o} = fy, and A(M) = (A&l))aeA, where

MY =, for @ # By, and A5 = Ag, — Mg,

If (A, m) is of type 1 then

(1) 0 0 0 0

o . 0y 0 Qg - . B
where k € {1,...,d — 1} is defined by o = ;, and A(M) = ()\8))&64, where
MY =), for @ # B, and \S) = A, — Ag,. (1.3.7)

The map R : RY x &(A) = R4 x &(A) defined by R(A\,m) = (AD,71) is called
the Rauzy induction map.
The IDOC condition assures that the iterates R™ are defined for all n > 0. We

denote
R\, ) = (A, 7)), (1.3.8)

with 70" = ( 7{” 7™ )T, Furthermore we denote by f.,, the last symbol in the

expression of ™, by g(n) the type of fym zm, by 1™ its domain and by {I&")}QGA
its partition in subintervals, for n > 0. We also denote the translation vector of
f)\(n)ﬂr(n) by U(n) = Qﬂ(n)()\(n)).

16



1.3. BACKGROUND ON INTERVAL EXCHANGE TRANSFORMATIONS

A B C D
| | | | |
| | | | |
| | | |
| | | |

D B c A

A B C D
| | | |
| | | |
| I | |
| I | |

D A B C

Figure 1.2: A schematic illustration of Rauzy-Veech induction on a 4-IET described
by a pair (A, 7) of type 0 (depicted on top), as A\p > A4. In the bottom we can
see the IET, obtained by Rauzy-Veech induction, which is described by parameters
A = (A4, Mg, Ac, Ap — A4) and 7 given by (1.3.5).

1.3.3 Rauzy classes

The Rauzy class (see [56]) of a permutation 7 € &(A), is the set R(m) of all
7)€ &(A) such that there exist A, \(').€ R4 and n € N such that R"(\,7) =
(AW 7). A Rauzy class R can be visualized in terms of a directed labelled graph,
the Rauzy graph (see [53]). Its vertices are in bijection with R and it is formed by
edges that connect permutations which are obtained one from another by (1.3.5)
and (1.3.6) labeled respectively by 0 or 1 according to the type of the induction. A
path 0 = (01, ..., 0n) is & sequence of compatible edges of the Rauzy graph, that is,
such that the starting vertex of g;,1 is the ending vertex of g;, e = 1,....n — 1. We
say a path is closed if the starting vertex of oy is the ending vertex of p,. The set
of all paths in this graph is denoted by II(R).

1.3.4 Rauzy cocycle

We define the Rauzy cocycle as in [17]. Let (X, u) be a probability space. A linear
cocycle is a pair (T, A), where T : X — X and A : X — GL(p,R), viewed as
a linear skew-product (z,v) — (T'(z),A(z) -v) on X x R?, p € N. Notice that
(T, A)» = (T", A™), where

A (z) = A(T" Yz)) - ...- A(z), n>0.

17



CHAPTER 1. INTRODUCTION

D C B A

Figure 1.3: A schematic illustration of Rauzy-Veech induction on a 4-IET described
by a pair (A, 7) of type 1 (depicted on top), as A\p > A4. In the bottom we can
see the IET, obtained by Rauzy-Veech induction, which is described by parameters
A = (A4 — Ap, A, Ao, A\p) and 7 given by (1.3.6).

In what follows, we use the notation SL(A,Z) ~ SL(d,Z). Let || - || denote a matrix
norm on SL(A,Z). Let log" y = max{log(y),0} for any y > 0. If x is an ergodic

probability measure for T" and

/x log* || A(z) | du(z) < +oo,

we say (T, A) is a measurable cocycle.

Denote by E,s the elementary matrix (0;00;5)i>1,j<a and let R C &(A) be a
Rauzy class. To any given path o € II(R) we associate a matrix Bp(o) € SL(A,Z),

defined inductively as follows

i) If o is an edge labeled by 0, set Bp(0) = 14 + Egs,5,, with 1, denoting the d x d
identity matrix;

ii) If o is an edge labeled by 1, set Bp(0) = 14+ Egyp,;

iii) If o = (01, -, 0n), set Bp(o) = Bp(o,)...Bp(01).

We denote by o(\, 7) € II(R(7)), the edge in the Rauzy graph starting at 7
labeled by the type of (A, ).
Define the function Bg : R4 x R — SL(A,Z) such that Br(\, ) = Bp(o(\, 7)).

The Rauzy cocycle is the linear cocycle over the Rauzy induction (R, Br) on R x

18



1.4. RENORMALIZATION IN PIECEWISE ISOMETRIES

R x RA. Note that (R, Bg)" = (R", BY), where

BY (A ) =14, By (\7) = BrAD, 720D) . Br(AD 7M. Br(\, 7),
(1.3.9)
for n > 1, with (A", 7(™) as in (1.3.8). Note that, we have

A= <Bg1)(>\,7r)>* A,

for all n > 0, where * denotes the transpose operator.
We now stress an important property of the Rauzy cocycle (see [56]). For any
n>0andz € 1™, let 7% - (z) denote the first return time of x by fy . to I™. Note

) for any a € A. We write r;‘m(]c(yn)) to mean

that 7% (z) is constant on each 1
3 (x), for any x € .

Each entry (Bg)()\, 7r)> of the matrix BI(%")()\, 7) counts the number of visits

a?ﬁ

of I8 to the interval I5 up to the Tﬁ,ﬂ(_f&n))—th iterate of fy .. That is for every
a,p € Aand every n > 1,

(BROum) = eard{0<j <3 () : fiaI) € I}

1.4 Renormalization in piecewise isometries

One of the central problems in dynamical systems is to investigate renormalization of
certain classes of maps. In this thesis we study piecewise isometries with emphasis on
renormalization of a family of these maps and also use techniques from the theory of
renormalization of IETSs to solve a problem in the dynamics of piecewise isometries.

Piecewise isometries (PWIs) are higher dimensional generalizations of one di-
mensional interval exchange transformations. Both IETs and PWIs arise in a num-
ber of applications. For example, PWIs in two dimension have been found in models
used for signal processing and digital filters [7, 25, 26, 38|, for Hamiltonian systems
[49, 50], for printing processes [2] or for other types of geometric dynamics [48].
PWIs exhibit complex and diverse dynamical behaviour that is far less understood
than, and more sophisticated than that of IETs. There are many results that suggest
generic choices of parameters for IETs give ergodicity while many examples suggest

that this is rarely the case for PWIs in dimension two or more.

Piecewise isometries have been defined on higher dimensional spaces and Rie-
mannian manifolds (see [8, 33]). In this thesis we consider orientation preserving

planar piecewise isometries with respect to the standard euclidean metric, which
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CHAPTER 1. INTRODUCTION

we now define as follows. Let X be a subset of C and P = {X,}aca be a finite
partition of X into convex sets (or atoms), that is |J,. 4, Xo = X and X, N Xg =0
for a # 3. Given a rotation vector § € T4 (with T4 denoting the torus R*/27ZA)
and a translation vector n € C*, we say (X, T) is a piecewise isometry if T is such
that

T(2) := Ty(2) = €2 4+ n,, if z € X,, (1.4.1)

so that 7" is a piecewise isometric rotation or translation (see [30]).

PWIs occur naturally in the dynamics of Hamiltonian systems with periodic
kicks [41, 50] as well as outer billiards [48]. Many examples of PWIs have been
studied in recent years; for example, in [19], the authors studied a class of piece-
wise rotations on the square and numerically computed box-counting dimensions,
correlation dimensions and complexity of the symbolic language produced by the
system. Adler, Kitchens and Tresser [1] investigated a specific class of nonergodic
piecewise affine maps of the torus and gave a decomposition into three invariant
sets whose dynamics is very different. They showed that the map on one of these
invariant set is minimal, uniquely ergodic and an odometer; they also demonstrated
the existence of a full Lebesgue measure set of periodic points. In [40] the authors
studied the renormalizability of a one-parameter family of piecewise isometries of
a rhombus with a fixed rotational component. It was proved by Buzzi [20] that
piecewise isometries have zero topological entropy.

In general, for a given PWI it is helpful to define a partition of X into a regular
and an ezceptional set [10]. If we consider the zero measure set given by the union £
of all preimages of the set of discontinuities D, then we say its closure £ (which may
be of positive measure) is called the ezceptional set for the map. The complement
of the exceptional set is called the reqular set for the map and consists of disjoint
polygons or disks that are periodically coded by their itinerary through the atoms
of the PWI. As an example, in [1] the authors show, for a particular transformation
where the rotations are rational, that the regular set has full Lebesgue measure
and as a consequence, the exceptional set has zero Lebesgue measure. However
as highlighted in [8] there is numerical evidence that the exceptional set may have
positive Lebesgue measure for typical PWIs. In [34], the author shows that this is
the case for certain rectangle-exchange transformations.

Even when the exceptional set has positive Lebesgue measure, as noted in [10]
there is numerical evidence that Lebesgue measure on the exceptional set may not
be ergodic - there can be invariant curves that prevent trajectories from spreading

across the whole of the exceptional set. In the same paper, a planar PWI whose
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1.4. RENORMALIZATION IN PIECEWISE ISOMETRIES

generating map is a permutation of four cones was investigated, and coexistence
of an infinite number of periodic components and of an uncountable number of
transitive components was proved. On these transitive components it was noted
that the dynamics is conjugate to a transitive interval exchange. In [5, 10], similar
maps were examined and the existence of a large number of these invariant curves,
apparently nowhere smooth, are investigated.

This suggests that renormalization in a general family of PWIs should be con-
nected to that of IETs. Although renormalization of IETs has been well studied
over the past years, renormalization of PWIs is still far from understood.

In [1] Adler, Kitchens and Tresser find renormalization operators for three ra-
tional rotation parameters for a non ergodic piecewise affine map of the Torus.
Lowenstein and Vivaldi [40] gave a computer assisted proof of the renormalization
of a family of piecewise isometries of a rhombus with one translation parameter
and a fixed rational rotation parameter. They show that recursive constructions
of first-return maps on an appropriate sub-domain produce a scaleddown replica of
this domain, but described by a parameter given by a renormalization operator, re-
lated to a map of generalised Liiroth type, a piecewise-affine version of Gauss map.
Their renormalization process is organized by a graph, particularly there are ten
distinct renormalization scenarios corresponding to as many closed circuits in this
graph. These results however rely on fixing the rotation component such that its
coefficients belong to a quadratic number field in order to perform computer assisted
calculations. Recently, Hooper [35] investigated a two dimensional parameter space
of polygon exchange maps, a family of PWIs with no rotation, invariant under a
renormalization operation, related to corner percolation and Truchet tillings, where
each map admits a return map affinely conjugate to a map in the same family. In
[3] the authors show how to construct minimal rectangle exchange maps, associated
to Pisot numbers, using a cut-and-project method and prove that these maps are
renormalizable. The maps described in these papers are PWIs with no rotational
component, exhibiting very particular behaviour among typical PWIs, making it
difficult to generalize their techniques.

In this thesis we study the dynamics of piecewise isometries using renormalization
techniques. In particular we introduce a new notion of renormalization to study a
class of PWIs called Translation Cone Exchange Transformations. We also introduce
the notion of embedding IETSs into PWIs and use IET renormalization techniques
to establish the existence of invariant curves for PWIs which are not the union of

line segments or circle arcs.
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1.4.1 Translated cone exchange transformations

In Chapter 2 of this thesis, we introduce and renormalize a particular family of
PWIs - Translated Cone Exchange Transformations (TCEs).
Set w = (wy,...,wq) € W, where W is the open polytope defined by

d
W:{wERi:O<ij<7T}. (1.4.2)

i=1

Note that we have ]
T |w
V== —— 1.4.3
T (143)
where |w]| is the ¢; norm of w.
To introduce the family of TCEs, consider a partition of the upper half plane H
into d 4 2 cones

P:{P())Ph'"vpdvpd—i-l}a
where P; = {z € C: arg(z) € W;}, and W, for j =0,...,d + 1 are defined as

[0,9), for 7 =0,
W, — [19,194-@1], ' fOl"jzl,
T O+ w0+ 0w, for j € {2, ..., d},
(m — 9, ], for j =d+ 1.

We set v = tan(?). Note that v depends on |w|, and when necessary to stress
this dependence we write v = v(|w|).

Denote the ray in H passing through the origin and with slope a € R by
L,={z€ H:Im(z) = aRe(2)}. (1.4.4)

We denote by 9P the union of the boundaries of the elements of the partition P
and by L, and L_,, respectively, the rays Py N P, and Py N Py ;.
Let G : H — H be the following family of translation maps
Z — ]_, Z € Pg,
G(z)=¢ z—1n, z€eP;, je{l,..,d},
z24+m, 2z € Py,
depending on the parameters 9,1 and 7’ with ¥ > 0, n € RT\Q and 0 < 7' < n.
Consider a permutation 7 € &({1,...,d}) with a monodromy invariant 7, and

let 0;(w, ) be the angle associated to the monodromy invariant 7 for the cone P,
for j=1,...,d. We have

Oi(w,®) = > wpi— Y wk (1.4.5)

7 (k)<7(4) k<j
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1.4. RENORMALIZATION IN PIECEWISE ISOMETRIES

Figure 1.4: On the left a partition P with d = 5. On the right the action of map F
on this partition with 7(1) =4, 7(2) =3, 7 =2 and 7 = 1.

Let £ : H — H be the following family of maps

z, 2 € PyU Pyyq,
E(z) = { zei@m e Py, je{l,..d},
depending on §;(w, 7). This map also depends on w and ¢ as the partition elements

P; depend on these parameters. Note that we have

U+ arg (E(2)) = fux(arg(z) — ),

for z € Pj, j =1,...,d, where arg : C — [0, 27) is the argument function. Hence E
exchanges these cones according to the monodromy invariant 7.
From the translation and exchange families of maps we get our family of TCEs,
F:H — H, given by
F(z) =Go E(2).

The dynamics of F' restricted to F, is a translation to the left by 1 while the dy-
namics of F' restricted to P,y is a translation to the right by 7, via the action
of the translation map G. The rest of the cones are all permuted, according to a
monodromy invariant 7, by the exchange map E and horizontally translated by 7’
by the translation map G.

Note that TCEs are cone isometry transformations for which the map induced by
projection onto the circle at infinity F' (see [11]) is invertible. F is defined on H C C,
partitioned into d + 2 cones by P, hence it is a cone exchange transformation. Fis
an interval exchange transformation with interval partition given by {Wy, ..., Wai1}
and combinatorial data given by the bijection 7', where 7'(0) = 0, 7#'(d+1) = d+ 1,
and 7'(7) = 7'(j), for j =1, ..., d.

Let us introduce some notation. We define the central cone P, of F' as
Pc:P1U...UPd7
the first hitting time of z € H to P,., as the map k : H — N given by

k(z) =inf{n >1: F"(2) € P.}, (1.4.6)
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and the first return map of z € P, to P,, as the map F,. : P, — P, such that
E,(2) = F*9(2). (1.4.7)

The typical notion of renormalization may not capture all possible self similar
behaviour in PWIs. TCEs apparently exhibit invariant regions on which the dy-
namics is self similar after rescaling. Thus, we say a TCE is renormalizable if F,

the first return map to P. described above, is conjugated to itself by a scaling map.

1.4.2 Embedding interval exchange transformations into piece-
wise isometries

It is a general belief that the phase space of typical Hamiltonian systems is divided
into regions of regular and chaotic motion [21]. Area preserving maps which can be
obtained as Poincaré sections of Hamiltonian systems, exhibit this property as well,
with KAM curves splitting the domain into regions of chaotic and periodic dynamics
(see for instance [44]). A general and rigorous treatment of this has been however
missing.

PWIs, which are area preserving maps that have been studied as linear models
for the standard map (see [6]), can exhibit a similar phenomenon. Unlike IETs which
are typically ergodic, there is numerical evidence, as noted in [10], that Lebesgue
measure on the exceptional set is typically not ergodic in some families of PWIs -
there can be non-smooth invariant curves that prevent trajectories from spreading
across the whole of the exceptional set. These curves were first observed in [5] for
an isolated parameter and later found in [10] to be apparently abundant for a large
family of PWIs. For cases where the exceptional set is a union of annuli a small per-
turbation in the rotational parameters causes it to decompose into invariant curves
and periodic orbits, a phenomenon that is reminiscent of KAM curves. An under-
standing of these invariant curves would thus shed light on the ergodic properties
of PWIs and would be an important first step towards the study of the dynamical
behaviour shared by generic PWIs and systems which are modelled by these. A
proof of their existence however remained elusive for more than a decade.

The first progress was made in [9], where a planar PWI, with a rational rotation
vector, whose generating map is a permutation of four cones was investigated, and
the existence of an uncountable number of invariant polygonal curves on which the
dynamics is conjugate to a transitive interval exchange was proved. The methods
used however are based on calculations in a rational cyclotomic field and do not

generalize for typical choices of parameters.

24



1.5. MAIN THEOREMS

We relate the existence of invariant curves to the general problem of embedding
IET dynamics within PWIs, of which we give rigorous definitions.

An injective map v : I — X is a piecewise continuous embedding of (I, f) into
(X, T) if 7|7, is a homeomorphism for each o € A such that v(I,) C X, and

vo f(z) =T ovy(z), (1.4.8)

for all x € I. In this case note that (I) C X is an invariant set for (X, T).

If v is a piecewise continuous embedding that is continuous on I, we say it is
a continuous embedding (or embedding when this does not cause any ambiguity).
Otherwise we say it is a discontinuous embedding.

We say v is a differentiable embedding if it is a piecewise continuous embedding
and |y, is continuously differentiable. We characterize certain differentiable em-
beddings as, in some sense, trivial. Given I’ C I we say a map 7 : I’ — C is an arc
map if there exists £ € C, r,a > 0 and ¢ € [0,27) such that for all z € I,

7(1,) _ Tei(aa:—i—w) + 5

We say an embedding v : I — C of an IET into a PWI is an arc embedding if there
exists a finite partition of I into subintervals such that the restriction of v to each
subinterval is an arc map. We say an embedding v of an IET into a PWI is a linear
embedding if v is a piecewise linear map. Moreover an embedding is non-trivial if
it is not an arc embedding or a linear embedding. Figure 1.5 shows an illustration
of a non-trivial embedding.

From the definitions it is clear that the image v(I) of an embedding is an invariant
curve for the underlying PWI and that if the embedding is non-trivial this curve
is not the union of line segments or circle arcs. For any IET it is straightforward
to construct a PWI in which it is trivially embedded. The same is not true for

non-trivial embeddings, for which results have been much scarcer.

1.5 Main Theorems

The main results of this thesis are the following. We consider first the family of
TCEs and then more general PWIs.

Translated cone exchange transformations. Recall, from (1.4.7), the def-
inition of F,, the first return map under F' to P.. In Theorem A we renormalize

TCEs, in the sense defined in subsection 1.4.1, for all rotation parameters and for
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v )fi % Ty ))£ E
(a) (b)

Figure 1.5: An illustration of the action of a PWI T with rotation vector 6 =~
(4.85,0.92,1.31, 1.28) on its partition and on an invariant curve (I). The map =,
estimated using technical tools from this chapter, is a non-trivial embedding of a self-
inducing IET associated to the monodromy invariant 7(j) =4—(j—1),j=1,...,4
and a translation vector of algebraic irrationals A ~ (0.43,0.34,0.12,0.11).

infinitely many translational parameters. We show that for a set of parameters, the

first return map under a TCE to P,, is self-similar by a scaling factor ®? where
= (v5—1)/2.

Theorem A Forallw e W, n=1/(k+®) andn' = 1—kn with k € N, there is an

open set U containing the origin such that F is renormalizable for all z € U, that is
F (%2) = ®*F,(2). (1.5.1)

The proof of this theorem is centred around a one dimensional approach to the
study of these PWIs. In particular we define sequences coding information related
to the first return map of a given line contained in the cone P.. We are able to relate
the renormalizability of a map of this family with the periodicity of these sequences
and indeed, for the parameters in the statement of the theorem, these are proved
to be periodic. As a consequence of this we show that for these parameters F, is a

PWI with respect to a partition Pg, of countably many atoms.

We say a collection of atoms B C P is a barrier for a PWI (T, P) if X\B is the

union of two disjoint connected components Ay, Ay such that
Ay NT(Ay) =T(A) N Ay =0,

and for any P € P such that P C A; and T(P) N BN A; = 0 then T(P)N B =0,
for j =1,2.
The first condition says that the image by T of a connected component A; cannot

intersect the other component As_; while the second condition guarantees that if
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1.5. MAIN THEOREMS

the image by 7" of an atom in A; does not intersect the boundary shared between
B and X] then it does not intersect B.

Recall, from (1.4.4), the definition of L,, a € R.

Forwe W, n=1/(k+®) and ' =1 — kn, k € N. We denote by 2(n,n') the
subset of W such that for all w € 2(n, ') there are d’ > 2, A € R, 7 € &({1,...,d'})
and a continuous embedding v of fy, : I — [ into F, : P, — P, such that

i) the collection B = {P € Pg, : PN~(I) # 0}, is a barrier for F,
ii) v(0) € L_, and lim,_, 5 y(a) € L,,
iii) v(I) C ®2U, where U is the open set from Theorem A.

Informally this is the set of parameters w € W such that the associated map F,
admits an embedding of an IET which image is strictly contained in atoms of the
partition of F, which form a barrier. Condition ii) guarantees that the endpoints of
~(I) are contained in the boundary of P., respectively in L_, and L,. Condition
iii) is a technical requirement guarantees the applicability of Theorem A to a useful
domain in the next theorem.

Although numerical experiments (see Section 3.4.3), support that the set (n, 1)
should be non-empty for the parameters in consideration, it is not known whether
this is true. Indeed, this is related to one of the greatest open questions in the field:

whether typical families of PWIs support embeddings of IETs.

In the next theorem we show, as a consequence of renormalization of TCEs, that
the existence of one continuous embedding of an IET into a first return map F, of
a TCE, satisfying the property that the image of the embedding is contained in a
barrier, implies the existence of infinitely many embeddings of the same IET into
F., as well as infinitely many bounded and forward invariant regions. This shows
in particular that if one non trivial embedding exists then the results from Chapter
3 for 2,3-PWIs do not generalize for PWIs with partitions with a higher number of
atoms. We prove that for w € (n,n’) there are infinitely many sets, bounded away
from 0 and infinity, which are forward invariant by F, and that there exist infinitely

many continuous embeddings of IETs into F..

Theorem B Letn =1/(k+ ®), 0’ =1 — kn with k € N and assume that A(n,n’)
is non-empty. For all w € A(n,n'),
i) There exist sets Vi, Va, ..., which are forward invariant for F, and y* > 0 such

that for all z € P,, satisfying 0 < Im(z) < y*, there is an n € N for which z € V.
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Figure 1.6: A schematic representation of the action of F, on the cone P, close to
the origin, for parameters 7(1,2) = (2,1), w = (0.5,7 —2.5), n =P and ' = 1 — P.
F. is a PWI with respect to a partition of infinitely many atoms, which correspond
to the polygons depicted in the figure (A). In (B) the image of this partition by F.
can be seen. Each curve in both figures corresponds to the orbit of a given point.
By Theorem A if the orbit remains close to the origin then there are infinitely many
replica of this orbit accumulating on the origin. It is still an open question whether
the closure of this orbit is the image of an embedding of an IET into F.

ii) For all n € N there exist constants 0 < b, < b, such that for all z € V,, and
ke N,
b, < |F*(2)| < b,. (1.5.2)

ii1) There exist infinitely many continuous embeddings of IETs into F,.

The proof of Theorem B relies on the Jordan curve Theorem, and on the proper-
ties of the barrier containing the image of the embedding, to prove the existence of
one invariant set V7, and relies on the renormalizability of F', established in Theorem
A, to show that this implies the existence of infinitely many such sets.

This result, and the study of TCEs in general, gives a strong motivation to study
the existence of embeddings of IETs into PWIs which we develop in the following

two chapters.

Embeddings of IETs into PWIs. In Chapter 3 we establish necessary con-
ditions which PWIs must satisfy in order to support an embedding of an IET. As a

consequence we prove the following theorem.

Theorem C A minimal 2-IET has no non-trivial continuous embedding into a 2-
PWI.
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This is a surprising result, considering that numerical evidence supports the
existence of non-trivial embeddings of d-IETs into d-PWIs for d > 4. We will later
see in Chapter 4 that this is indeed established. The proof of Theorem C reveals
that for d = 2 there are not enough parametric degrees of freedom to allow for this to
occur in this case. As another consequence of the techniques developed in Chapter

3 we also prove the following theorem.

Theorem D A 3-PWI has at most one non-trivially continuously embedded mini-

mal 3-IET with the same underlying permutation.

Once again this result contrasts with the numerical evidence for the case d = 4
which suggests that there can be an abundance of embeddings of IETs for the same
PWI.

The proofs of these Theorems C and D rely on the use combinatorial properties
of IETs to prove that in order for a PWI to realize a continuous embedding of an IET
with the same permutation, its parameters must satisfy a necessary condition: the
parametric connecting equation. Making use of a generalization of Rauzy-Veech in-
duction to PWIs this allows for arguments which give strong parametric restrictions

for PWIs supporting non-trivial embeddings of TETs.

In Chapter 4 we prove that a full measure set of IETs admit non-trivial embed-
dings into a class of PWIs thus also establishing the existence of invariant curves

for PWIs which are not unions of circle arcs or line segments.

Theorem E For almost every IET (I, fy ) satisfying g(R) > 2, there exists a set
W C T4, of dimension g(R), such that for all 8 € W there is a family Fy, of PWIs
with rotation vector 6, and a map vy : I — C, which is a non-trivial and isometric
embedding of (I, fr) into any (X,T) € Fy. Furthermore vy(I) is an invariant curve

for (X, T) which is not the union of circle arcs or line segments.

To prove this result we inductively define, associated to a given IET, a sequence of
piecewise linear parametrized curves, which we call the breaking sequence, dependent
on a rotation vector § € T4. In particular for its construction we define the breaking
operator, which acts on piecewise linear maps from I to C by rotating particular
segments of their image by a given angle. The construction also involves the Rauzy
cocycle, an important tool in the theory of IET renormalization. We then show that
each element of the breaking sequence is a quasi-embedding (a rigorous notion defined
in Section 4.2) of the underlying IET into a certain sequence of piecewise isometric

maps related to Rauzy induction. Provided the breaking sequence converges to a
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topological embedding of the interval, this is enough to show that its limit is an
embedding of the underlying IET into a family of PWIs. Hence the following step
is to use tools from the theory of IET renormalization and measurable cocycles
such as Zorich cocycle [58] and Oseledets Theorem [45] to prove this is the case
for almost every (\,7) and for @ contained in a submanifold of T4. After some
further parameter exclusion to guarantee that the embedding is non-trivial we finally

conclude the proof of Theorem E.

1.6 Organization

This thesis is organized as follows, in Chapter 2 we introduce and investigate the
dynamics of translated cone exchange transformations, introduced in Section 1.4.1.
We renormalize its first return map to a subset of its partition. As a consequence we
prove Theorems A and B. We also prove the existence of infinitely many periodic
islands, accumulating on the real line, as well as non-ergodicity of our family of
maps close to the origin.

In Chapter 3 we derive some necessary conditions for existence of continuous
and discontinuous embeddings of IETs into PWIs, using combinatorial, topological
and measure theoretic properties of IETs. We use some of these techniques to prove
Theorems C and D. We also introduce a family of 4-PWIs with apparent abundance
of invariant non-smooth curves supporting IETSs, that limit to a trivial embedding
of an IET.

In Chapter 4 we introduce the breaking operator and breaking sequence of curves.
We prove that these curves are quasi-embedded into a family of PWIs and use tools
from the theory of IET renormalization to establish several resuts leading to the
proof of Theorem E.

Finally in Chapter 5 we present some concluding remarks and discuss possible

directions for future work.

The material in Chapter 3 has been published in Ergodic Theory and Dynamical
Systems [12].
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Chapter 2

Dynamics of Translated Cone
Exchange Transformations

In this chapter, we investigate translated cone exchange transformations and renor-
malize its first return map to a subset of its partition. As a consequence we show
that the existence of an embedding of an interval exchange transformation into a
map of this family implies the existence of infinitely many bounded invariant sets.
We also prove the existence of infinitely many periodic islands, accumulating on the
real line, as well as non-ergodicity of our family of maps close to the origin.

This chapter is organized as follows. In Section 2.1 we investigate a family of
maps related to IETs. In Section 2.2 we study the sequence of bifurcation points
and the bifurcation sequence for the family of maps introduced in the previous
section making use of the theory of continued fractions. In Section 2.3 we introduce
two sequences that we designate by dynamical sequences that will be an important
tool to prove our main theorems. We derive inductive formulas to compute these
sequences. In Section 2.4 we study the dynamics of the first return map to the

central cone P,.. Finally, in Sections 2.5 and 2.6 we prove theorems A and B.

2.1 Bifurcation points

Recall, from Section 1.4.1, the definition of Translated Cone Exchange Transforma-
tions (TCEs). In this section we study a specific family of maps gy, closely related
to IETS, on the interval I = [0,1 + 7] with n € RT\Q. Orbits of points of the map
ge¢ are connected to those of a TCE under certain conditions. Indeed the real part
of iterates, under a TCE, of a point outside the cone P, can be described by iterates
of a point on the interval I under the map g,.

We will introduce the left and right bifurcation points and bifurcation sets for

this family of maps.
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Consider the interval I = [0,1 4+ 5] and the following family of maps

xr + n, T S ]1(£)
ge(x) =< =z, x € 1.(0) (2.1.1)

r—1, x € lhl).
with I;(¢) = [0,1], I.(¢) = (1,1 +¢) and [,(¢) = [1 +¢,1+n] and 0 < ¢ < n. To
simplify notation we will only include the argument when it is necessary, otherwise
we just refer to these intervals as [;, for j = 1,2, c. Note that when ¢ = 0 we have
I. = () and we set I(¢) = (1,1 + 7] therefore
{ T+mn, TE [071]

xT) =
90(2) z—1, ze(1,1+7),

Recall k(z) as in (1.4.6). Given ¢ € (0,7/2), consider the trapping region
R,o = {z € H\P. : Re(z) +Im(z) cot(?) € [—1,7] and 2Im(z) cot(¥) < n}. (2.1.2)

It is simple to see, by definition of F, that for any z € P, such that 2Im(F(z)) cot(9)) <
n, either F(z) € P,, or F(z) € H\P,, in which case we get

—1 —Im(z)cot(V¥) < Re(F(z)) < n—Im(z)cot(v),

and thus F'(z) € R,».
In this way we may think R, y as a region of C where orbits of points z € F,

with sufficiently small imaginary part, are confined until they return to P..

The next lemma relates iterates of our family of maps F' with iterates of g, for

some values of z.
Lemma 2.1.1 For anyn >0, ¥ € (0,7/2) and z € R,y we have

F™(2) = 57" 0 g5t (2) cor() © S(Re(2)) + ilm(2), (2.1.3)
for all n < k(z), where s(x) =x + 14 (/2.

Proof. As z € R,y we have z € ByNR, 9 or 2 € Pyy1 N'R, 9. By the definitions
of Py and Py, in both cases we have Re(F(2)) = s 0 gatm(z)cot(w) © S(Re(2)). It
is direct to see that for n < k(z) we have F"(z) € R,y and thus repeating the
previous argument n times we get (2.1.3). O

We define the first hitting time of x to I.(¢) as the map n, : I — N given by

ne(x) =inf{n > 1: g} (z) € I.(0)}, (2.1.4)
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and the first hitting map of x to 1.(¢), as the map
re(z) = g (x). (2.1.5)

For our next lemma we need also to consider the map

i) = { Z(x)’ v %; (2.1.6)

Recall the first return to the central cone map F, from (1.4.7).

Lemma 2.1.2 Letn € R"\Q and 0 < ¥ < 5. If z € P, with 2Im(F(z)) cot(d) < 7,
then
Fo(z)=s"o Thtm(F(2)) cot(s) © S(Re(F(2))) 4+ iIm(F(2)). (2.1.7)

Proof. 1t is clear that if F'(z) € P., then we have (2.1.7), so we may assume
F(z) € H\PFP, and therefore F/(z) € R, y. From Lemma 2.1.1 it follows that (2.1.3)
holds for all n < k(F(z)). It is simple to see that

k(F'(2)) = Nomm(p(2)) cot(w) (Re(F(2))),

and thus by definition of 7, we get (2.1.7) as intended. O
Let n € R"\Q and I = [0,1+7n]. Let N € N. Define

(V) 1, if gf(1) >1forall1 <n <N,
I - max;<,<ny{90(1) <1}, otherwise,

and

, ifgh(l)<lforalll<n<N,
d+(N):{77 95 (1)

min;<,<ny {gg(1) > 1} — 1, otherwise.

We want now to investigate orbits by gg of points which are in a small neigh-

bourhood of 1. We prove the next lemmas.

Lemma 2.1.3 Assume that n € RT\Q.
i) If N >0 and 0 < £ < dt(N), then for all 0 <n < N we have

Q=0 = gi()—¢. 2.15)
ii) I[f N >2 and 0 < € < d (N), then for all 2 <n < N we have

90 (1 +0) =g5(1) + L. (2.1.9)
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Proof. To simplify notation we denote d* = d™(N) and d~ = d~(N). Let us prove
i) by induction on n. It is clear that (2.1.8) holds for n € {0,1}. We now assume
(2.1.8) holds for 1 <n < N and we show it holds for n + 1.

It follows from the definitions of d~ and d* that ¢f(1) ¢ (1 —d~,1+ d"), for
1<n<N,thus gf(1) <1—d orgj(l)>1+d".

If g¢(1) <1—d, then as £ > 0 and since we are assuming (2.1.8) holds for n we
have g (1 —¢) <1 —d~. Therefore gj(1 —¢) € [0, 1] and since g (1) € [0, 1] we get

g1 =0) =g (1)L

If g5 (1) > 1+ d*, then as ¢ < d" and since we are assuming (2.1.8) holds for n
we have gif(1 — ¢) > 1. Therefore g (1) € (1,1 + 7] and thus

B =0)=g3(1) =€~ 1.

Since g{(1) € (1,1 + n|, we get that (2.1.8), holds for n + 1 and we finish the proof
of 1).
The proof of ii) is similar to the proof of i) so we omit it. O
Given £ > 0 and z € I\[1,1 + ¢], we define
- =1- 0 <1}. 1.
O (e =1 - _max {a() < 1) (2.1.10)
Lemma 2.1.4 Assume 0 < ¢/ < {, x € I\[L,1 + /] and 2’ € (z+ — ({ = V'), x +
0 (z,ne(x))). Then for all n < ny(x) we have

g9¢(z) — gp(a') =z — 2. (2.1.11)
Moreover, ng(z'") > ny(x).

Proof. To simplify notation we denote 9~ = 9~ (2, ns(x)). We proceed by induction
on n. It is clear that (2.1.11) holds for n = 0. Now assume (2.1.11) holds for
n < ng(x) and we prove it for n + 1 instead.

As n < ny(x) we have gj(z) ¢ [1,1 + ¢]. Since we are assuming (2.1.11) holds

for n, we get
gi(') € (g7 (z) = (€= 1), gj(x) +27).

If g (z) < 1, then g} (z) <1—0" and thus gji(2') e 1 -0~ — ({ = ¢'),1).

Otherwise, if gj'(z) > 1+ ¢ then gj(2') € (1 +¢,1+ ¢+ 07), thus we have
gp(x') € I; if and only if gj(x) € I;, for j = 0,1 and g (2’) ¢ [1,1 + ¢']. Therefore
by (2.1.1) we get g, (z) — gi™ (2') = 2 — 2’. This proves (2.1.11) for n < ny(x).
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2.1. BIFURCATION POINTS

Since gj(2') ¢ [1,1 4 ] for n < ny(z) we have ny(x’) > ny(z) and we finish our
proof. [l

In the beginning of this section we defined the first hitting map of z to I.(¢),
as ro(z) = g/"(z), where ny(z) is the first hitting time of z to I.(¢). We want
now to investigate when is 1 + ¢ mapped to 1 under r,(z) and when is 1 mapped to
1+ ¢. Note that these are the endpoints of the central interval I,(¢). We define the
following points and sets.

We say ¢ is a right bifurcation point if ro(1 4+ ¢) = 1, £ is a left bifurcation point
if 7,(1) = 1+ ¢ and ¢ is a bifurcation point if it is either a left or right bifurcation
point.

The left/right bifurcation sets are defined respectively as
Ap={0<t<n:foralll <t ngl)<mn(l)},

and
Ap={0<l<np:foralll <t ny(l+7¢) <nm(l+1)}.

The main result of this section is the next theorem, relating bifurcation points

with the bifurcation sets.

Theorem 2.1.5 ¢ is a left (resp. right) bifurcation point if and only if ¢ € Ay, (resp.
¢ € Ag). Furthermore, { — ny(1) and £ — ny(1 4+ £) are decreasing functions of ¢

and the sets Ar, A, are discrete with 0 as the only possible point of accumulation.

Proof.

First assume that r,(1) = 1+ ¢ and [ < ¢. By the definitions of n, and r, we
have, for 1 < n < ny(1), that either ¢g;(1) < 1 or gp(1) > 1+ 0. Asl < {, by
(2.1.1) we have for 1 <n < ny(1), g/(1) <1 or ¢g;(1) > 1+ 1. Thus n,(1) < ny(1)
and glnl(l)(l) = g;‘(l)(l). Since g;”(l)(l) =1+ /¢and 1+ ¢ > 1+ 1 this shows
glnl(l)(l) > 1+ 1 and thus ny(1) < n;(1). This proves that if ¢ is a left bifurcation
point, then ¢ € Ay.

Now assume that 7,(1) # 1+ (. As 7 is irrational we must have r,(1) € (1,1+44),
therefore there is 0 < ¢’ < ¢ such that gg’g(l)(l) =1+7.

We show, by induction on n, that for all [ € [¢/, /] and 0 < n < n,y(1)

gr(1) =gy (1). (2.1.12)

It is clear that (2.1.12) holds for n = 0. We assume it holds for n < n,(1) and we
prove it for n+ 1. As n < ny(1) we have g;(1) ¢ (1,1+¢), and since g/'(1) = g;(1),
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this implies that g/*(1) ¢ (1,1 + 1), thus by (2.1.1) we have that (2.1.12) must hold
for n + 1.

Since (2.1.12) holds for n = ny(1) we have glné(l)(l) = 14/ and thus n,(1) = n;(1)
for all I € [V, ¢].

Thus, there is | < ¢ such that ny(1) > n(1). This proves that ¢ is a left
bifurcation point if and only if £ € A;. Note that it also shows that ¢ — n,(1) is a
decreasing function of /.

By Lemma 2.1.4, for all [ < ¢ and 0 < n < ny(1 + £) we have

g+l =g/(14+0)—(-1). (2.1.13)

From which follows that /"™ (14+1) = g/ (14 0) = (0 —1). If ro(14+0) = 1, as
re(14€) = g7 (1 4 ¢), this implies

g+ =1- (1) ¢ 1),

thus, ny(1 4+ ¢) < ny(1 +1). Then for all [ < ¢, we have ny(1 +¢) < ny(1+1). This
proves that if ¢ is a right bifurcation point then ¢ € Ag,

If ro(14¢) # 1, as n is irrational we must have r,(1 4 ¢) € (1,1 + ¥), therefore
there is an 0 < ¢’ < ¢ such that g?e(l%)(l +/0)=1.

Now take [ € [¢',¢). By (2.1.13) we get

glne(w)(l +)=1+1-0€[1,1+1),

hence ng(HZ)(l +1) € I(I) and we have ny(1+ ¢) = n;(141). Thus, thereis a [ < ¢
such that ny(14¢) > n;(141). This proves that if £ € Ag then ¢ is a right bifurcation
point. This proves that ¢ is a right bifurcation point if and only if £ € Agr. Note
that it also shows that ¢ — n,(1 + ¢) is a decreasing function of .

Since ¢ +— ny(1) and ¢ — ny(1 + ¢) are decreasing functions of ¢ and are also
integer valued functions this implies that the sets Ap and Ay are discrete and each

has at most one point of accumulation, which has to be 0. 0

2.2 Bifurcation sequence

In this section we study the sequence of bifurcation points for the family ¢, (in
(2.1.1)). We will first recall some elements of the theory of continued fractions, and
compute the sequence of errors of the semiconvergents of n = 1/(k + ®), where
® = (v/5—1)/2 and k € N. We will then relate the bifurcation sequence with the
theory of continued fractions by showing that this sequence is equal to the sequence

of errors of the semiconvergents of 7.
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2.2. BIFURCATION SEQUENCE

Throughout this section we assume that n € (0, 1) is an irrational real number
with continued fraction expansion 7 = [0,71,72,...]. Consider the sequence of its

convergents given by

n 0 n
<p_) , Where Po_ 2 ana Br— (0,71, .., ).
qn n>0 qo 1 Qn

For all n > 0 it is well known that

Pn+2 = P+ NMn+2Pn+1, (2.2.1)
Gn+2 = qn + Mnt2Gnt1-

Define the sequence of upper semiconvergents of n as

Py
<q_,) = ([07 1]7 sy [07771]7 [0777177727 1]7 [ERE) [0777177727773]7 )

which is the sequence of best rational approximations of 1 by above , this is, any
other fraction § # 2’—2, with 1 < b < ¢, satisfies a — by > p/, — ¢/,n (see for instance
[39]).
The sequence of errors of approximation of the upper semiconvergents smaller
than 7 is given by
P/n = (p;q,-s-m—l - q;Ler_lTl)n-

Analogously, we define the sequence of lower semiconvergents of n as

Pn
(?) = (07 {077717 ]-]7 LERE) [0;7)17772}7 [077]1777277737 1]7 sy [077]1777277737774]7 )

n

which is the sequence of best rational approximations of n by below, this is, any
other fraction § # 2—% with 1 < b < ¢/, satisfies bn —a > ¢/'n — pl!.

/79
n

The sequence of errors of approximation of the lower semiconvergents is given
by
Iy = (@un — 1), -
Note that I'" and I are monotonic sequences of positive real numbers that converge

to 0. Finally, we define recursively the intercalation of I}, and I'”/ as I, given by

n—1
Iy = max(I'), Tg), I', = max ((F' UT")\ U Fk> , n>1
k=0

In the next lemma, we compute explicitly the sequences I';,, I} and I"/.
Lemma 2.2.1 Let ® = (5 —1)/2, k € N and n = 1/(k + ®). For all n > 0 we

have
[/ = nd>tt (2.2.2)
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I = nd?", (2.2.3)
and /
r ‘ s odd
Lo = { F’(’nil)/y ZZ Z Z ZUG;”L (2.24)
n/2’ :

Proof. Let (F,)n>0, be the Fibonacci sequence, given by Fy =0, F; = 1 and
Fn: n—1+Fn—27

for n > 2.
We begin by proving, by induction on n, that for all n > 0,

77(192n+1 = F2n+1 — (F2n+1]{f —|— an)n, (225)
and that for all n > 1,
7’](1)271 = (ank’ —f- an_l)n — an. (226)

Clearly, (2.2.5) holds for n = 0 and (2.2.6) holds for n = 1. Assuming that (2.2.5)
holds for n, (2.2.6) holds for n + 1 and using 1 — ® = ®2, we get Fb, 3 — (Fonysk +
Foni2)n = n®?**3. The proof of (2.2.6) is similar to the proof of (2.2.5) and so we
omit it.

Using the fact that (F),),>o is the Fibonacci sequence and some elementary

properties of continued fractions it can be easily proved by induction on n that
pn=Fn, @u=Fk+ F, 1. (2.2.7)

Finally we show that (2.2.2) holds for all n > 0. It is clear that I'y = 1 —kn = n®
and T” = n®?" for n = 0,1. Hence (2.2.2) holds for n = 0, and (2.2.3) holds for
n=20,1.

Now assume (2.2.2) holds for all 0 < n < N and (2.2.3) for all 0 <n < N + 1.
We now prove that (2.2.2) holds for 0 <n < N+1 and (2.2.3) forall 0 <n < N+2.
We have I'f > Ty > T'f > ... >T7% > 1 > T,

Thus, we have (2.2.4) for n < 2(N + 1), also

P = Dans = Gons (2.2.8)

for1<n<N+1, and

p;"ri-’l]l—l = DP2n+1, q;+m—1 = Q2n+1, (2.2.9)

for 0 <n<N.
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By (2.2.5) and (2.2.7), we get pani3 — ngan+3 = n®*V 3 > 0. Thus, from (2.2.8)
and (2.2.9) we have py_,, = Pan+13, Qiy4y, = G2n+3 and we get Iy, = n®>¥+3. This
proves (2.2.2) for 0 <n < N + 1.

Now, by (2.2.6) and (2.2.7), ngan+4 — Pana = n®*N 4. Thus, from (2.2.8) and
(2.2.9) we have py. o = Pant4:  Qnio = Gon+a and we get I'}, = n®2N+4 This
proves now (2.2.3) for 0 <n < N + 2.

This completes our proof. 0

Let
Ko=m+1, K =min{k>1:g""(1)<g"(1) <1}, (2.2.10)
foralln>1, s =1— gg%(l), and consider the the sequence S’ given by
5" = (sp)nx0.
We have &/, =min{k >1:1—5s/, | <gh(l—s, ;) <1} +k,_,. Also let

Bo=m+2, Ko=min{k>1:1<g5(1) < g (1)}, (2.2.11)

for allm > 2, s§ =n and s = glgx(l) — 1, for n > 1. We define another sequence S”

as

8" = (sp)nz0,
Note that &/ = min{k > 1:1 < g¥(s!!_;+1) < s”_,+1}+k"”_,. We are interested in
studying the bifurcation sets A; and Ag of go. By Theorem 2.1.5 they are discrete
with 0 as the only possible point of accumulation, hence they can be regarded

as decreasing sequences, which we now define. Let the right bifurcation sequence
A = (A), be given by

n—1
Ay = max(Ag), Al =max (AR\ U A;) , n>1,
k=0

the left bifurcation sequence A" = (A), by

n—1
Ay =max(Az), A =max <AL\ U AZ) , n>1,

k=0
and finally we define recursively the sequence of all bifurcation points of g, A, (it

follows from Theorem 2.1.5 that it is equal to the intercalation of A’ and A”)

n—1
Ao = max(Aj, Ag), A, = max ((AR UAL)\ U Ak> , n>1

k=0
In the next lemma we relate the sequences s/, and s/ with A/, and A for all
n > 0.
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Lemma 2.2.2 The sequences S, S” are equal to A', N”, respectively.

Pmof. We first prove by induction on n, that s = A for all n € N. It is clear that
s§ =n=Aj. Assuming s’ = A” we have K = min{k > 1:1 < gk(1) < 1+ A},
and ng = kI, for all £ € [s/,,A"). This shows that s/, > A" . As gO"“(l) =
1+ s, ., we get that s, = A7 ;. This proves that S” is equal to A”.

We now prove, by induction on n, that s/, = A/, for all n € N. It is clear
that s; = 1 —mn = Af, where 7, is the first coefficient in the continued fraction
expansion of 7. Assume s;, = A},. Let £ be a constant such that s, ; < ¢ < s,. Since

=d (k,,—1),0<d (k:;tJrl 1), where k:’+1 1>kj—1>2andwithk =k,
by Lemma 2.1.3, we have gO"“(l +0) = go (90"“ 1(1) +0) for s, < ¢ < s, and
since go"“(l) =1-s/,,, andn <1, we have go _1(1) =1-n—s),,. Combining

these, we get
g4 =1—5  +1. (2.2.12)
By Lemma 2.1.3 we have g5(1+ () = gi(1) + ¢, for all 1 < k < k,,;. Note that
gr(1) ¢ (glgil(l), 1). Combining these we get gi(1+¢) ¢ (1— s/, 4+ ¢,1+¢), and since

n is irrational and ¢ < s/, this gives
g(1+0) ¢ [1,1+14,

for all k < k:n+1 Thus from (2.2.12), we get that s;,; is the largest value ¢ can take
such that gon“(l + () = 1. Since we have s;, = A/, this proves that s], ; = A},
and so, that S’ is equal to A’.

U

In the next theorem we relate the sequences of errors of upper/lower semicon-

vergents of 1 with the right/left bifurcation sequences of 7.

Theorem 2.2.3 Assume n € (0, 1) is an irrational number. The sequences ' and
A" are equal to I and T, respectively. Moreover, the associated bifurcation sequence

A is equal to the sequence I' of errors of the semiconvergents of 7).
Proof. Let v: N x N — N be given by
n, m < 1,
vim,n)=4¢ m+m+..+0,+n, m>0and m is even,
N3 +Mn5+ ... +0m +n, m>1and m is odd.

for m,n € N.

Since n is irrational, this shows that we have

U {U<m, n)}ogngnm_m = U {U(m, n)}USnSnm+2 =N

m2>0 even m>1 odd
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From this we get that I'] = A} and I'), = A}, for all £ € N if and only if for all even
m >0
wmn) = Nogmnys
for 0 < n < Mpyo, and
F;(m-‘rl,n) = A:)(m—&-l,n)?
for 0 < n < Mpys.
It is well known (see for instance [39]) that [0, 71, ..., D] = (MPm + Pm—-1)/(NGm +

Gm-1), for all m,;n € N. From this it follows that for all even m > 0 we have

FZ(m,n) = <Qm7] - pm) - n(pm—i-l - Qm+17)),

for 0 < n < npyye, and

;(mﬂ,n) = (pm+1 - Qm+177) - n(qm+277 - pm+2),

for 0 < n < Myys. Combining the four expressions above it follows that I'] = A}

and I, = A} for all k£ € N if and only if for all even m > 0 we have

Ag(m,n) = (an - pm) - n<pm+1 - Qm+177)7 (2213)

for 0 < n < Mo, and

Ai}(m-i-l,n) = (pm+1 - Qm+177> - n(Qm+277 - pm+2)7 (2214)

for 0 < n < Mppys.

We now prove, by induction on m, that (2.2.13) and (2.2.14) hold for all even

m > 0. Before, we prove by induction on n, that

Aoy = (q0m = po) — n(p1 — @in), (2.2.15)

for 0 < n <.

We have v(0,0) = 0, thus A7, = Ag. Since sg = n and (po, g0) = (0,1), by
Lemma 2.2.2 we have Aj = qyn — po. Thus, (2.2.15) holds for n = 0. Now fix
n < Nmio. We assume (2.2.15) holds for n and prove it for n + 1 instead.

We have that (2.2.15) is equivalent to go """ (1) =1 = n—n(1—mn), therefore

since we are assuming (2.2.15) holds for n we get
go " VII(L) = 1= go(g! (14 Ao ). (2.2.16)

Recall the definition of d~. We have d=(N) = 1 — maxj<x<n {gé(l) < 1}’ for
any N > 2. Note that d” () =1— (m — 1)n, therefore A7, < d™(m).
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Assume now that 7; > 2. Applying Lemma 2.1.3 with ¢ = A;’(Om) and N =
we get g (1+ A7) = go' (1) + AJ ). Since 1 — gt (1) = ), s) =1 —mn and
n < 1 we have gJ'(1) = (m — 1)n. Combining this we get

90 (L+Ajon) =1 =0+ (m — (n+1)(1 —mn)),
which combined with (2.2.16) gives
go EIL) = 14 (g — (n+ 1)1 — mm), (2.2.17)

which is smaller than 1+ A7 .
If ;i = 11t is clear from (2.2.16) that we get (2.2.17) as well. Since I'” is the

sequence of best rational approximations of 1 by below and we have AZ(O,n) = F;’(Om

and g(l)+(n+1)(1+771)(1) —1=1

o(0m)410 W€ MUSE have

1+ (n+1)(1+mn)=min{k>1:1<g5(1) < g™ (1)},

and thus by Lemma 2.2.2 and (2.2.17) we have A7 1y = (qon—po)—(n+1)(p1—q1n).
This completes the proof that (2.2.15) holds for 0 < n < 9,,49.

In a similar way, it can be proved that

A;(l,n) = (p1 — @n) — n(g2n — p2),

for all 0 < n < n3, so we omit the proof.

We now assume that for 0 < n < n,,,2, we have

A/v,(m,n) = (an - pm) - n(pm—H - qm—&—lﬁ), (2218)

and that for 0 < n < n,,,3, we have

A;J(m—l—l,n) = (Pm+1 = Gm+11) — n(gm+21 — Prmt2)- (2.2.19)
and prove that we have

AZ(m+2,n) = (Gm+20 — Pmr2) — M(Pmt3 — Gms3n), (2.2.20)

for all 0 < n < nypag, and

Ai}(m+3,n) = (pm+3 - Qm+377> - n(Qm+477 - pm+4)- (2221>

for all 0 < n < Myys.

First we prove (2.2.20), by induction on n, for all n < n,,.4 .
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Since v(m + 2,0) = v(m, Nm42), by (2.2.18) and (2.2.1), we get AJ
Gm+21 — Pmae- Thus, (2.2.20) holds for n = 0.

Fix n < my44. We assume that (2.2.20) holds for n and prove it for n+ 1 instead.
Recall the definition of A”. With K”(n) = pmi2 + Gm+2 + n(Pms3 + Gmys), we have
that (2.2.20) is equivalent to gé«/(n)(l) — 1 = Gm+2m — Pm+2 — N(Dm+3 — Gm+3n), and

m+2,0)

combining these we get
K" (n m 3 —
g0 ") = golgg T L4 Alguga)- (2:2.22)

From (2.2.19) we get
A;(erl,n) = Fi}(m+1,n)7

for 0 < n < n,e3. It follows from this identity and fact that the upper semi-
convergents of 7 are its best rational approximations by above, that v(m+1, 7, 3—1)
is the largest integer such that k), ., .. 1) < @m+3+Pm+3, where k' is asin (2.2.10).
Recall the definition of d~. We have d™(N) = 1 — max;<x<n {g§(1) < 1}, for any
N > 2, thus d” (¢ms3 + Pmis — 1) and by Lemma 2.2.2, (2.2.19) and
(2.2.1) we get

o
- 877m+3_17

A (Gm+3 + Pm+3 — 1) = Pimts — G430 + Gmi2?) — Dmy2-

Therefore AZ(erQ,n) < d (Gm+3 + Pmys — 1). Applying Lemma 2.1.3 with ¢ =

A;)/(m—l—Q,n) and N = D43 + @mys — 1 yields

g:gm+3+qm+3—1(1 + A;}/(m+27n)) _ ggm+3+(Im+3—1(1) + AZ(m-i—Z,n)' (2.2.23)

By Lemma 2.2.2, (2.2.19) and (2.2.1) we have 1 — g&™ "3 (1) = p,.1 5 — @mysn),

and since n < 1, we get

pm+3+qm+3(1> -1

90 n—= (pm+3 - (Jm+377)-

Combining this identity with (2.2.22) and (2.2.23) we have

K" (n+1
g (1) = go(1 =1 = (Dnts — Gmral) + Nl o)

and since (2.2.20) holds for n we get

gé( (""H)(l) =1+ (qm+2n — pm+2) — (n + 1)<pm+3 - Qm+377)7 (2‘2'24)

which is smaller than 1+ A7, ., n)-
Since I is the sequence of best rational approximations of n by below and we

have A” =17 ) and gé((nﬂ)(l) —1=17

v(m+2,n) v(m+2,n v(m+2,n)+1° we must have

K'(n+1)=min{k >1:1< gf(1) < g ™),
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and thus by Lemma 2.2.2 and (2.2.24) we have

AZ(m+2,n+1) = (Gmt2m — Pmt2) — (0 + 1) (Dmts — Gm+3n).-

This completes the proof that (2.2.20) holds for 0 < n < 1,44.

We now prove (2.2.21) by induction on n, for all n < 7,45 .
Since v(m +3,0) = v(m + 1, 9n13), by (2.2.1) and (2.2.19), we get A}
Pm+s — @ma3n and so (2.2.21) holds for n = 0.

m+3,0)

Fix n < my45. We assume that (2.2.21) holds for n and prove it for n+ 1 instead.
Recall the definition of A’. With K'(n) = punis + @mas + n(Pmea + Gmia), We
have that (2.2.21) is equivalent to 1 — gi- " (1) = prss — Gmast) — 7(Grmeal) — Prusa),

and we get
g0 (1) = golgdm TV = Al a)- (2.2.25)

From (2.2.20) we get A” =T

(m+2,n) ) for 0 < n < mpag. It follows from this

"
v(m+2,n
identity and from the fact that the lower semi-convergents of n are its best rational
approximations by below, that v(m + 2,7,14 — 1) is the largest integer such that
kg(m+2,nm+471) < Qmaa + Pmya, where k" is as in (2.2.11).

Recall the definition of d*. We have d*(N) = minj<,<y {gk(1) > 1} — 1, for

any N > n; + 1. Thus, d*(¢m+a + Pm+a — 1) = s, By Lemma 2.2.2, (2.2.20)

Nm44—1"
and (2.2.1) we get d* (Guia + Pmsa — 1) = Grmra) — Pmsa + Pmts — Gm+3n. Therefore
Ay ) < A" (Gmia +Pmra—1). Applying Lemma 2.1.3 with £ =1 — Ay
N = ppmia + @mya — 1 we get

) and

m+3,n m+3,n

m +qm -1 m Fam -1
gg +4Tdm+4 (1 - Afu(m+3,n)) = gg A (1) - A'IU(m‘HSyn)'

By Lemma 2.2.2, (2.2.20) and (2.2.1) we have g&™ ™ (1) — 1 = qpui4?) — Pra,

and since n < 1 we get

ggm+4+qm+4(1) =1 n+ (Qm+47] - pm+4)'

Combining the two above identities with (2.2.25) and since (2.2.21) holds for n

we get

which is larger than 1 — A/ (m+3.m)"

Since I is the sequence of best rational approximations of 1 by above and we

have A/ =1 yand 1 — gé(,(nﬂ)(l) =TI

v(m+3,n) v(m+3,n v(m+3,n)+17 we must have

K'(n+1)=min{k > 1: ¢ ™ 1) < gb(1) < 1},
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and thus by Lemma 2.2.2 and (2.2.26) we have

;(m+3,n+1) = (pm+3 - Qm+3n) - (n + 1)(Qm+4n - pm+4)'

This completes the proof that (2.2.21) holds for 0 < n < n,45.
This proves (2.2.13) and (2.2.14) and therefore A’ is equal to the sequence I'" and
A" is equal to the sequence I'”. By definition of A and I', this implies that I' = A as
well. This finishes our proof.
U
Recall, from (2.2.10) and (2.2.11), the definitions of &’ and £”. Also recall our
definitions of first hitting time n,(z) of z to I.(£), in (2.1.4), and the first hitting
map 7y, in (2.1.5). We want now to relate these to IV and I'. This is done in the

next theorem.

Theorem 2.2.4 Let 0 < ¢ <n and let ny,ny € N be such that I';, |, <t <T and
Iy <e<Iy . Thenre(l+4) =14+L—17 1 andry(l) =141} .. Furthermore
ne(1+40) =k, ., andne(1) =k _,,.

Proof. We prove only that r,(1+¢) =1+ —17, ,,. As the proof for the other case
is similar, we omit it.

By Theorem 2.2.3, we have I" = A’, therefore I',, |, < ¢ < I, implies that
A, 41 < € < Ay Also, combining Theorem 2.2.3 with Lemma 2.2.2, we have
S’ =T" and we get
w1y =1-T" .. (2.2.27)
As kpyp1 >2and I, | <d (K, ), applying Lemma 2.1.3 we get

/

K k
90n1+1(1 + le—l—l) = 90n1+1(1) + F,n1+1'

From these two identities we get glg;‘”l(l—i-FQHH) =1 thusnyy (1417, ) =k
Therefore r,(1 4 () = glg;l“(l +0).

Asl < d (kp,41—1) by Lemma 2.1.3, g?”“_l(l +7) = glg;”“_l(l) +/¢. Applying
go on both sides and combining with (2.2.27), we get ggnl“(l +O) =1+L0-T17 1.
This finishes our proof. O

2.3 Dynamical sequences

In this section, we introduce the dynamical sequences (y,), and (u,),. We define
these sequences abstractly, independently from any dynamical interpretation. These

will be an important tool in order to prove our main theorems and will be later
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Figure 2.1: An illustration of the action of map F.. The dashed line is L, and

the union of disjoint line segments is F.(L,/). Also marked are the points z, =
(un, — 1/2)0(yn) + iyn. (A) shows points z, such that the corresponding sequence
un(p) satisfies u, () = wyp1(p) for all n > 1. (B) shows points z, such that the
corresponding sequence u, (u) satisfies u, () = u,12(p) for all n > 0.

related to the dynamics of our family of maps. Indeed (y,,) will be the sequence of
imaginary parts of the discontinuities of a map p (defined in the following section)
containing information related to the first return under our transformation F' to
the central cone P, , while (u,) is the sequence of ratios of the horizontal jumps
produced by discontinuities of p relative to the cone width ¢(y,,).

In this section we show inductive formulas to compute these sequences and prove

that for some choice of parameters (u,,), is periodic with period at most 2.

Let 5
Y
ly) = —, (2.3.1)
14
and denote 5 5
o= o= 2 (2.3.2)
u+v u—v

We now inductively define our sequences (yn)nen, (Un)nen and (K, )neny depending
on the parameters v > 0, |u| > v, n € (0,1)\Q and 0 < ' < n. We will denote
these sequences by (yn(t))nen, (Un(ft))nen and (K, (1) )neny when it is important to
stress the dependence on the parameter pu.

Set
)

p+v

Yo =1 (2.3.3)

Note that as ' > 0 we have yp > 0. Since 7 is irrational, (I'?) (see Section 2.2)
is an infinite sequence and converges to 0. Furthermore by the definitions of ¢ and

Yo we have ¢(yo) > 0. Thus there exists a smallest natural number rg such that
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Iy < {(yo). Set To =17, and

Uy = ——.

(o)

For n > 0 assume we defined y,,, u,, Kk, and Y,, and that at least one of the
conditions y,, > 0 or u, = 1/ C’: holds. Set

(1 = Crn)Yn, if u, < 1/CF,
Ynyr = (1= C7 (1 —up))yn, ifu, >1/CF, (2.3.4)
0, if u, = 1/CF.

Since 7 is irrational, (I'}) and (I'/) (see Section 2.2) are infinite sequences and
converge to 0, furthermore if u,, # 1/C}F, by (2.3.2) and (2.3.4) we have {(y,41) >
0, thus there are integers k' and k” such that I}, < l(y,41) and I} < £(yni1)
respectively. We set

min{k € N: I} < l(y,1)}, ifu, <1/CF,
finp1 = § min{k € N: T} < l(y,41)}, ifu, > 1/CF,
K, if u, =1/C.

Ifu, <1/CF set Yoy =17 elseif u, > 1/C; set

1, if (1) > 1,
Ty =4 1— (1 + [%]) 0, AT < Uynsr) < 1, (2.3.5)
o if ((yns1) < T,

where [-], denotes the integer part of a real number. Finally set

( Tn+1 .
, if u, <1/CF,
o) /G
_ Torr . 2.3.6)
Un+1 1— —2  if g, > 1/CF, (
o /G
L 0, if u, =1/C.

The following lemma characterizes the sequence (Y, )neN-

Lemma 2.3.1 Given v > 0, |u| > v, n € (0,1)\Q and 0 < n' < 1, the sequence
(Yn)nen with N = {n € N : y,, > 0} is strictly decreasing and it is either finite or

converges to 0.

Proof. 1f u, < 1/C} or u, > 1/C} then (1 — Cfu,) € (0,1) or (1 -C, (1 —u,)) €
(0,1), respectively, and by (2.3.4), Yny1 < yn. If u, = 1/C} then, by definition,
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Yn+1 = 0 and thus n + 1 ¢ N. This shows that (y,).en is strictly decreasing and
either N is finite or for all n € N we have y,,.1 < yp.

We now show that if y,, > 0 we have y,, — 0. Assume by contradiction that (y,,)
does not converge to 0. Since it is strictly decreasing there must exist 3’ > 0 such
that y, — 3. Since for all n € N, u,, # 1/C;;", we must have that either u, < 1/C/f
or u, > 1/C} for infinitely many values of n € N.

Assume the first case holds. Then there is a subsequence (un(l))leN such that

unqy < 1/C; for all [ € N. Since y,, — y' we have in particular that

lim ypqq = Hm ypp =
l—>1—r&—nooy 0+ l—g-nooy @ y

and by (2.3.4) yn@y+1 = (1 — CFtn@))Yn(), thus, we must have 1 — CFuy,q) — 1 and
therefore u, ;) — 0. Hence by the definition of u,, and since €(y,)) — £(y'), we have
anm 4 — 0.

Since 7 is irrational, {I”} is an infinite sequence and converges to 0. Thus
there exists an unique natural number £’ such that I}, ,; < {(y') <T7,, and by the
definition of x, we must have x,i) — k. Thus we get I'},,; = 0, which implies that
7 is rational which is a contradiction.

The proof is analogous if u, > 1/C/\" for infinitely many values of n € N, hence
we omit it. O

Given n € N and = € R we introduce the following maps:

x , ifu, <1/CF, cr o ifu, <1/CF,
Xn(x) =< 1=z ,ifu, >1/CF, and ¢,(x) =4 C, , ifu,>1/CF,
1 i, = 1/C 1 ifu, = 1/CF

The next lemma, which follows direcly from combining the above expressions

with (2.3.4), (2.3.5) and (2.3.6), gives recursive expressions for v, and w,.

Lemma 2.3.2 Given v > 0 and p € R satisfying |u| > v, for all n € N\{0} we
have

Yn(pt) = (1 — Ypaxn—1(Un—1(1t)))Yn—1(p).
Moreover if u,—1(u) # 1/CF, we have

M’

Tn(:u) Xn—2(un—1(:u))
Tn—l(:u> 1- ¢n—1Xn—1(un—1(/~L)).

Next theorem provides, under some conditions on 7 and 7/, a closed form expres-

X1 (un (1)) =

sion for the sequence {u,} and shows that it is periodic with period at most 2. We

will denote

_ v
M—@-
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Theorem 2.3.3 Assume v >0, n = 1/(k+®) andn’ =1 — kn with k € N. Let
p € R be such that |u| > v. If |u| > [, then u,(pu) = unpyo(p) for all n > 0, in

particular
1
Un(p) = == and Ly, () = Cin@" ™, if n is even, (2.3.7)
Cro
and
Up(p) =1 — ——= and L(y,(p)) = C’M_n@"“, if n is odd. (2.3.8)
c,o

If |u| < @, then u, (@) = upyr () for allm > 1. In particular, if —fi < p < —v, then
foralln > 1,
P — n
Up(p) =1— Vo and ((y, (1)) = C, n®*". (2.3.9)
n
If v < p < p, then for alln > 0,

)

— _ 1+ 2n+1

un (1) = o and L(y,(p)) = Cyn®"". (2.3.10)
Proof.
Let us first investigate C;f and C as in (2.3.2). It is clear that

1 21 p 1
—<2<(C, = < = —
o Pop—v 1 —-®3 @2’

where we used the fact that 0C, /Ou = —v/(n —v) < 0, as long as v > 0 and also
®*>=1-. Now, if p < —fi < —v < 0 we have 1 <, <2 < 1/®* Since p < —fi

we get
v v
PSTH= 7%~ T -1
which is equivalent to 2u® < p — v, and since p < 0 we get C; > (i_“y) > é.

Since C}7 and C are Holder conjugate we have /= < Cr < 5. Combining
this we get that if |u| > [, then
é <Cr < %, é <C, < % (2.3.11)
We now prove by induction on n that if [u| > i, we have (2.3.7) and (2.3.8) for
all n > 0.
From (2.3.3) we have ((yo(u)) = 2u(1 — kn)/(pn + v). Since n® = 1 — kn we get

((yo(p)) = Cfnd. For |u| > i we get from (2.3.11) that

n<yo(p)) <n/® <1

Hence we have that o = 0, and by Lemma 2.2.1 and (2.3.5) we get To(u) = I'y and

by definition of uy we have

FO F()l/ PQ
U = = =
T lw(m) 2w 2u

I/
Ciiy — Crd

(n+v)
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Thus we get (2.3.7) for n = 0.
Since ® < 1 and (2.3.7) holds for n = 0, we have ug(u) > 1/C,F, hence by Lemma
2.3.2 we have

Uyi(p) = (1= C (1 = uo(p))) o (1)) (2.3.12)
Simple computations show that
1— (1= ug(p) =1—C; (1 — CZ ) = %CD, (2.3.13)
p'l p

where we used Hélder conjugacy of CF and C several times to simplify the expres-

-
sion. By (2.3.13) and (2.3.12) we have £(y;(n)) = C—’i@f(yo(u)) and since (2.3.7)
n

holds for n = 0, we get
Uy (p) = Cyn®@. (2.3.14)

Now, by Lemma 2.3.2 we have

T (p) uo(p)

n 1—=Cr(1—uo(u)
and by (2.3.14) and (2.3.11), since |u| > @, we get n® < £(y1(p)) < n. This
together with Lemma 2.2.1 and (2.3.5) shows that T;(x) = n®, and from (2.3.13)
and (2.3.15) we get uy(u) =1 —1/(C; ®). Together with (2.3.14) this shows (2.3.8)
holds for n = 1.

Let n > 0 be an even number. We now assume that (2.3.7) holds for n, (2.3.8)
holds for n + 1 and prove that (2.3.7) holds for n 4 2 and (2.3.8) holds for n + 3.
Note that since we assume (2.3.7) holds for n and (2.3.8) for n + 1, by (2.3.11)

we have

(2.3.15)

u(p) =1-

ne" < yn(p)) <@ 1, @™ < L(ypia(p) < nd" (2.3.16)

Since 1/® > 1 we have uy(p) =1 — 55 < 1 — % = C%, thus unq1(pn) < 1/CF,

since we also have u,(u) > 1/C we get from Lemma 2.3.2 that

((Ynt2(1) = (1 = Crua () (1 = C (1 = uo()) £ (yn(1))- (2.3.17)

After a simple computation we have
1—Clui(p) = —— = ==. (2.3.18)

Combining (2.3.13), (2.3.17) and (2.3.18) we get

U(Ynr2(1)) = P*U(yn())- (2.3.19)
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Since we assume (2.3.7) for n, we get from (2.3.19) that
NP < U(ynia(p)) < n®™+h (2.3.20)

We now prove that (2.3.7) holds for n+2. Since (2.3.7) holds for n, from (2.3.19)
we get {(yni2(p)) = Cn®@™*3. To see that upia(p) = ue(p) note that by Lemma
2.2.1, by the definition of Y, and by (2.3.16) and (2.3.20), we have Y, 1(p) = gy
and Ty 2(p) = [nyo. Together with w,(u) > 1/CF and w,y1(p) < 1/C)f, Lemma
2.3.2 implies

Prvo 1 —tpqr(p) _ % C @ _ 1

o

Unt2(p) =

Finally we prove that (2.3.8) holds for n+3. Since (2.3.8) holds for n+1 and (2.3.7)
holds for n + 2, from (2.3.19) we get £(yn13(p)) = C;;n®"**. By (2.3.11) this gives

N < Uy ya(p)) < n@" 2.

To see that u,3(p) = ui(u) note that the above inequalities, by Lemma 2.2.1 and
by the definition of 1,11, we have T, 3(¢) = ['nys. Together w,1(pn) < 1/C; and
Uny2(p) > 1/CF, by Lemma 2.3.2 this gives

1

L3 Upy2(ft) 1 cre _q_ 1

Lol —C5 (1 — upya(p)) 1-Cr(1- =) C; o

m C,T<I>

Uni3(p) =1 —

Therefore if |p] > [, (2.3.7) and (2.3.8) holds for all n > 0 and thus u, (1) = Up2(1)
for all n > 0.
We now prove that if —g < u < —v, we have

_ 1
P<C, < 3 (2.3.21)

Since n < 1 and C; > 1 the left inequality follows. Since p > —p and €2, = 1/®
we get C7 < 1/.

We now prove by induction on n that if —ji < p < —v, we have (2.3.9) for all
n > 1. From (2.3.3) and n® = 1 — kn we get £(yo(1)) = C;in®. Since u < —v, we
have ® < {(yo(u)) < +00, hence kg = 0 and by Lemma 2.2.1 we get To(u) = L.
Thus by Lemma 2.3.2 we have

1

Uo(ﬂ) = ﬁ’

from which we get uo(p) > 1/C;, hence (2.3.12-2.3.15) hold. By (2.3.14) and
(2.3.21), since pu > —[i, we have n®3 < £(y;(u)) < n®. This together with Lemma
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2.2.1 and by the definition of 1,1 shows that T;(u) = I's, and from (2.3.13) and
(2.3.15) we get uy(p) = 1 — ®/C, . Hence (2.3.9) holds for n = 1. We now assume
that (2.3.9) holds for n and prove that (2.3.9) holds for n + 1. Since ® < 1 we have
1-®/C; >1-1/C; =1/CF, thus by Lemma 2.3.2,

((ynra(p)) = (1= C (1 = ua (1)) (yn (1)),

and as (2.3.9) holds for n, combining this with (2.3.21) we get
N> < Uy () < @ and n®F < U(yppa(p)) < nd*

Therefore by Lemma 2.2.1 and by the definition of Y,1, Y, (¢) = Is,41 and
Yor1(p) = Dopys. By Lemma 2.3.2 we get

n®@2Ht 1 — up(p) 21 — ()
1-— = = =1—u,(u).

Therefore if —fi < p < —v, then (2.3.9) holds for n > 1 and thus u, (@) = uy41 (@)
for all n > 1.
We now prove by induction on n that if v < p < f, (2.3.10) holds for all n > 0.
We have -
C’jzlandC’;[: _QN :l,
n+v P

Since p C’j is a continuous map for v < pu < p this gives

1
+
1<C) < . (2.3.22)

From (2.3.3) and n® = 1 — kn we get £(yo(1)) = C;in®. Since p < fi, from (2.3.22)

we get n® < (yo(p)) < 1.
Hence we also have n®* < £(yo(i)) < n. Therefore by Lemma 2.2.1 ¢ = 0 and

we get Yo(p) = I's. Thus by Lemma 2.3.2 we have

ry 79> &
Uyo(w)) — Cin® G

and thus (2.3.10) holds for n = 0. We now assume that (2.3.10) holds for n and
prove that (2.3.9) holds for n + 1. Since u, (1) = uo(p) < 1/C; we have,

Ug =

Uy (i) = (1= Cruo(m)l(ya(n) = ©*C(yn(p))-

Since we assume (2.3.10) holds for n, then we have

U(yn(p)) = Cln@*"*,
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From these two identities, combined with (2.3.22), we get
N> < Uy, (1)) < n®*" and n®>H < Uy, (p)) < nd* 2

Therefore by Lemma 2.2.1 and by the definition of Y, we have T, (1) = Lopqr)
and Yy, 41(p) = I'ogny2). By Lemma 2.3.2 we get

o
Fn—&-l un(ﬂ) _ 77(1)2”+2 ﬁ _ P
Lp 1= Clu,(p) ne* 1-&  Cf

Unt1(pt) =

Therefore if v < p < [ then (2.3.10) holds for n > 1 and thus if |u| < f then

U, = Upy1 for all n > 1. This completes the proof. O

2.4 Dynamics of the first return map to the cen-
tral cone

In this section we introduce a map, denoted by p, containing information related to
the first return under our transformation F' to the central cone P, and we show how
it can be computed using tools from sections 2.2 and 2.3. This gives a dynamical
meaning to the sequences introduced in Section 2.3, (y,,) is the sequence of imaginary
parts of the discontinuities of the map p, while (u,,) is the sequence of ratios of the
horizontal jumps produced by discontinuities of p relative to the cone width £(y,,).

From Section 1.4.1 recall (1.4.3) and the definition of v = tan(v). Note that v
depends on |w|, and when necessary to stress this dependence we write v = v(|w|).
Let 1/ € R, be such that || > v. Recall that we denote the upper-half plane of C
by H. With this notation we can write

P.={z€eH: —vRe(z) < Im(z) AlIm(z) > vRe(2)}.

Note that by (2.3.1), £(y) is the length of the line segment P.N{z € H : Im(z) =
y}. From Section 1.4.1 recall (1.4.4). Particularly we denote by L, and L_,, re-
spectively, the lines Py N P; and P; N Py, and also a ray L, of slope p' lying on
F,

L,={ze€H:Im(z) = vRe(2)},
L_, ={z€H:Im(z) = —vRe(z)},
Ly ={ze€H:Im(z) = p'Re(z)}.

Let L be the image of L, by F', denote its slope by i and consider also the ray

L, of slope p lying on P, this is:

L,={z e H:Im(z) = pRe(2)},
L ={ze€H:Im(z) = pRe(z) + (1 + 5)3/0},

23



CHAPTER 2. TRANSLATED CONE EXCHANGE TRANSFORMATIONS

where vy is as in (2.3.3).

Let Ry be a rotation by an angle 6 centred at the origin. If y’ is such that L, is
contained in Pj, j = 1,...,d then we have L, = Ry (L), with 6; = 0;(w, ), where
7 is the monodromy invariant associated to the TCE. Thus p and p’ are related by

the expression
r_ H— tan(ej)
1+ ptan(6;)
or, equivalently,
_ p/ - tan(6;)
11—/ tan(6;)
The image by F' of a point 2’ € L,/ is a point z € L where

(=) = 7 )m(), () = \/ (1+2) /(14 3) -

0

Note that by the definition of y, since |u/| > v, we also have |u| > v. Now for
y > 0, let £g(y) denote the point z € L/, such that Im(F'(z)) = y. This point is
unique and is given by z = (u'=! + @)y (u, 1) " y.

Recall the first return to the central cone map F, from (1.4.7). Define the first

return of s(y) to P. as the map p: R™ — P. given by

p(y) = Fu(Es(y))-
By the definition of F, we have

Fe(z) = p(Im(F(2))),

for z € P.. Thus, the study of the map p and F, are very closely related.
Let
D = {y > 0: p is discontinuous at y}.

Theorem 2.4.2 relates the sequence {y, }nen with D, and characterizes the map p.
Recall our definitions of first hitting time ny(z) of x to I.(¢), in (2.1.4), and the
map 1y, in (2.1.6). Before stating and proving this theorem we need the following

lemma.

Lemma 2.4.1 i) Assume there is anny € N and constants 0 <17, ,,, £ and (' such
that I, ., <l <l <l+06<T, , thenngl+/0) =k, ., and

re(1+0)=1+0-T) .. (2.4.1)
i) Assume there is an ng € N and constants £ and (' such that 0 < ¢/ <T7 .| <

¢<Ty , thenng(l—10') =k, . and

n

r(l=0)=1—0+T" ... (2.4.2)
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Proof. We begin by proving i). First note that as 1 4+ ¢ ¢ (1,1 + ¢) we have
rp(1+0) =r1+1). (2.4.3)

Also it is clear that for 1 <n < ng(1+¢') we have gj(1+¢') ¢ [1,1+ '], and since
¢ < ¢ this shows that gj(1+¢') ¢ [1,1+ ¢] as well. Thus n,(1+¢") > ng(1+ ).
Since I', | <" <T7, , by Theorem 2.2.4 we have

ggz/(l—i—e')(l _‘_6/) — 140 — F;'L1+17

and as ¢ < ' < ¢+ ¢ this implies that ggz'(lﬁ/)(l +0) € [1,1 + /], thus n,(1 +

')y = np(1 +¢') and from (2.4.3) we get (2.4.1). Since by Theorem 2.2.4 we have
ng(1+ (') = k], | this shows that ny(1+¢') = k], |, as well.

We now prove ii). Note that as 1 — ¢ < 1 we have
r(L—=10") =r(1=1). (2.4.4)

By the definition of d*, since ¢’ < ¢ we have ¢/ < d*(ny(1 — ¢')), hence, by Lemma

2.1.3 we get
g A=) =r(1) —

As TV

mar1 <€ < T} we can apply Theorem 2.2.4 from whence we obtain

ggé(l—é’)<1 . g/) — 17 + F;;d+1' (245)

As O <0 <T ,y we get ggé(l_m(l — 0" e [1,1+ ], hence np(1 — ') = ny(1 — ')

which implies that (1 — ¢) = go*=)(1 = ¢'). Thus, combining (2.4.4) and (2.4.5)
we get (2.4.2). Since by Theorem 2.2.4 we have ny(1) = k;, ,; and combined with
(2.4.5) this proves that n,(1 — ') = k;, ., as well. O

Theorem 2.4.2 Assume n € (0,1)\Q and |¢/| > v > 0. Then p is a piecewise

affine map of slope pu=*.

(Yn)nen- Furthermore, for all n € N; if p(y,) € Ly, for yni1 <y <y, we have

The set D is equal to the union of all points in the sequence

ply) = FFEU)(Eg(y)) — T, (2.4.6)
if p(yn) € Ly, for yps1 <y <y, we have
py) = FFEU)(Eg(y)) + T, (2.4.7)

Also p(yn) € Ly, (resp. p(yn) € L) if and only if up—1 > 1/CF (resp. up 1 <
1/Cr).
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Proof. We begin by proving, by induction on n, that for all n € N
card {DN{y e R :y > y,}} =n, (2.4.8)
p(yn) € L, U L_, and that for all y < y,,, we have

k(&s(y)) > k(Es(yn))- (2.4.9)

For all n € N, we prove that the map p, : [0,y,) — H such that

puly) = FHEWD) (g4(y)), (2.4.10)

is an affine map of slope p~t. Furthermore, if p(y,) € L, (resp. p(y,) € L_,) then
for all y < y,, we have

FMEWD (g5(y) = puly) — Ty (2.4.11)

(vesp. FHE(eg(y)) = paly) + T (2.4.12)

where ¢ = y,41 if n+1 € N and ¢y = y,,/2 otherwise. For y,,11 <y <y, we have
(2.4.6) (resp. (2.4.7)).

We first show that for n = 0 we have (2.4.8), (2.4.9), p(yo) € L_, and that py is
an affine map of slope 1.
Note that for all y > 0 we have

_ . 1 1
Flese) =+ (5 4+ ) (24.13)
which is an affine map of slope x~!. By (2.3.3) we have that p(ys) € L_, and thus
Yo € D.
As Ltn{z € H:Im(z) > yo} C P., for y > yo we have (2.4.8) and

p(y) = F(&s(y))-

Thus by (2.4.13) we have that pg is an affine map of slope p~!. Note that for
y < yo we have F(£s(y)) € Pyyq and thus we have (2.4.9) as well.

It is clear that if ug > 1/C7 (vesp. ug < 1/C}) then p(y;) € L, (vesp. p(y1) €
L_,). Now assume, for n € N that p(y,) € L, (resp. p(yn) € L), up_1 > 1/CF
(resp. u,—1 < 1/C}), that (2.4.8) and (2.4.9) are true and p, is an affine map
of slope p='. We show that (2.4.8) and (2.4.9) hold for n + 1. If p(y,) € L,
(resp. p(yn) € L_,) then for all y < y,, we have (2.4.11) (resp. (2.4.12)) and for
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Yn+1 < Y < yp we have (2.4.6) (resp. (2.4.7)). In particular if y,1 > 0 then p,4q is
an affine map of slope p~! and p(y,11) € L, U L_,.

Assume that p(y,) € L,. We begin by proving that there is § < y,, such that for
7 <y < yn we have p(y) = FF&s@)(£4(y)) and (2.4.6).

Since p,, is an affine map of slope u~! and p(y,) € L,, for y < y, we have

1 1 1 .
Pu(y) = Un (— - —) + —y +iy. (2.4.14)
vou) o op
We now consider that ¢(y,) < I'j. As in the other case the proof is similar we

will omit it for brevity. By the definition of x, we have

T <y, <T. .. (2.4.15)

K

As Ty, < n we get {(y,) < n, hence by the definition of ¢ we get (2.1.7) for
z = €g(y) and combining Lemma 2.1.2 with p(y) = F.(£s(y)), by (2.4.9) and (2.4.10)

we get

((y)

Re(p(y)) = s~ oryy, (1 t— ot Re(pn(y))) . (2.4.16)

Recall the sequence (Y, ),en as in (2.3.5). Take 0 < ¢’ < T, and

3 1 1\ ', v,
Yy = max | Yy, — ;—p o, 5 |-

Note that we have § < y,, since by (2.3.1) and (2.4.15), we have % < y, and as
11| > v we also have (1/v —1/p)"" > 0.

We now show that for y <y < y,, we have

I, <{(y) < @ +Re(pn(y)) <l(y)+d <T), 4, (2.4.17)

K

with
6 =max(I', _, —{(y),T}. ). (2.4.18)

First note that as y > § > vI',  we have I}, < {(y). As p,(y) € P, we have
Re(pn(y)) > £(y)/2 and thus ((y) < £(y)/2 + Re(pn(y))-

By (2.4.14) and the definition of ¢ we have

((y)

At Relpu) = () + (5= ) (o =) (2.4.19)

As |p| > v we have (1/v+1/u) > 0, thus, as y < y,, we get that £(y)/2+Re(pn(y)) <
2y, /v, which combined with (2.4.15) and (2.3.1) shows that
((y)

= T Re(pa(y)) < Uy) + (T, — €y))-
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Since ¢’ < I', we have y > § >y, — (1/v — 1/p)~'T"), ,; and from (2.4.18) and

(2.4.19) we get

)4 Refputu) < tlw) + 4

Finally note that if £(y) > I',, _,—T". then{(y)+0 =1" _ andifl(y) <T) _,-T"
then
ly)+d=1Ly)+T), | <T,

Kn—1*

This shows that (2.4.17) holds true.
Therefore the conditions for applying Lemma 2.4.1 i) are satisfied. With ¢ = ¢(y)
and ¢’ = ((y)/2 + Re(p,(y)) we get

)

5+ Re(pn(y)) — T,

Tiy) <1 + &23/) + Re(pn(y))) =1+

and nyy) (1 + £(y)/2 + Re(pn(y))) = ki, where ny) and 7y, are as in (2.1.4) and
(2.1.6) respectively.

Combining this with (2.4.16) and noting that Im(p(y)) = Im(p,(y)) = y we
get (2.4.6) for y € [g,yn). Since k(§s(y)) = new) (1 + £(y)/2 + Re(pn(y))) + 1 we
get that for y € [7,yn), k(§s(y)) = ki, + 1, and thus k({s(7)) = k(Es(y)) and
ply) = FHED(gs(y)).

Denote
o =0 (14 22 R (st (1+ 2+ Re(Ples()) )
and let ~
Aw.5) = W4 Re(F(Esw) - W~ Re(Fles ().
we will show that
FREO (£5(y)) = pu(y) — T, (2.4.20)

for all y < y,.

Let us first prove (2.4.20) for all y < y,,. Since it holds for y € [7, y,), we are left
to prove it for y < g.

Note first that by (2.4.13), we have

s = (24 1) w-p <o

and since 9~ > 0 we have A(y,g) < ?~. Combining this with (2.3.1), we get for
y <4y,
—(U(y) — Uy)) < Aly,9) <2
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From these inequalities and Lemma 2.1.4 we get that for n < ngg) (1 + €(9)/2 +
Re(F(£s(7))))
()

4 _ _
dt (14 20+ Re(Fest))) = s (1+ 70 + RelFEs()) ) + Ao ).
(2.4.21)
Recalling the definition of R, s in (2.1.2) and also that

@1+ 0(7)/2 + Re(F(&s(9)))) = k(&s(7)) —
by Lemma 2.1.2 we have F({5(7))) € R,» and

sogg (1 +A4D Re(F@s(g)))) = Re(p(7)).

By Lemma 2.1.1, combining the previous identity with (2.4.21) gives

and since (2.4.6) holds true for y = g, by (2.4.14) we also have
1 1 1
e (L2 Ly
@) = (57 ) + 201,
Combining the two expressions above and (2.4.14) we get F*&s@)(&g(y)) = pu(y) —
I, which together with (2.3.5) gives (2.4.20) as intended.

We now prove that for all y,11 <y < yn,

k(&s(y)) = k(&s(9))- (2.4.22)

By Lemma 2.1.4, 1) (14+6(9) /24 Re(F (E5(9)))) < nugy) (14+-L(y) /2+Re(F(€s(y)))),
for y <7, thus k(&s(y)) > k(Es(7)).

For all y € [9,yn), since k(¢s(y)) = k(€s(7)), to prove (2.4.22) for y,1 <y <y,
it is enough instead to show that

HEs@)(£4(y)) € (2.4.23)

Begin by noting that by (2.4.20) we have

1 1 1
HEs O (Es(y)) = yn (— = —) +-y—T +iy. (2.4.24)
vop) op "
Combining (2.3.2) with the definitions of y,11, Knt1, Lrny1 and u,4q, we get
(o - (1 _ 1)_1 I
) yn v m Kn'?
A 11\
Yn+1 = § Yn — (; - ;) L Yn > <5 N ﬁ) . (2.4.25)
-1 — v -1
Ly kY n<<1_1) I
\(V+u> o e < b)) I
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It is clear from (2.4.25) and using || > v that yn4q > 0if y, # (1/v—1/p) 7T,
and y,+1 = 0 otherwise.

We consider the three separate cases in (2.4.25).

Ify, = (1/v—1/p)"'T, ., by (2.4.24) we have F*&s@)(¢g(y)) = y/p+ iy, which,
since || > v proves (2.4.23).

If y, > (1/v — 1/p)7'T, it follows from (2.4.24) and |p| > v that —y/v <
Re(F*FEs@)(gg(y))), also it follows from (2.4.24) that

RPN s(s)) = (1 — ) (1 = 1) ~ L, + 2

and since y > y,.1, we get from (2.4.25) that Re(F*&s@)(¢q(y))) < y/v, proving
(2.4.23) in this case.

Finally, if y, < (1/v —1/p)7'T, . it follows from (2.4.24) and |u| > v that
Re(FFEs@)(¢g(y))) < y/v, and from (2.4.24) that

. 1 1 1 1 1
R (es)) =un (3 - 1) +u (24 1) -1, - L.
1 ) v
Since y > Yn41, we get from the above expression and (2.4.25) that

Re(FM&s@)(¢5(y))) > —y/v,

and thus (2.4.23).
This shows that for all y,,+1 <y < y, we have (2.4.22).

From (2.4.22) it follows that (2.4.8) holds for n + 1. It also follows that

PHE0(g(y) = FHE0) (g (y),

hence by (2.4.20) we have that (2.4.11) holds for all y < y,. Also from (2.4.22) it
follows that for all y,11 <y < yn, p(y) = FF¥EW))(¢g(y)) and thus from (2.4.11) we
get (2.4.6) as well.

Finally note that if y,.; > 0, then ¢ = y,+1 and hence by (2.4.6) p,41 is an
affine map of slope p=*. As p(y,) € L, we have u,_1 > 1/C;f, hence by (2.4.25) and
the definitions of y,, and w, it is straightforward to check that p(y,y1) € L, (resp.
p(Yns1) € L) if and only if y, > (™' — p=) ' T, (resp. y, < (v™' —p7) T, )
if and only if u, > 1/C; (vesp. u, < 1/C}).

The proof for the case p(y,) € L_, is similar to the previous one and so we omit
it.

By (2.4.6), (2.4.7) and (2.4.13) we get that p(y) is a an affine map of slope p=*
for all y,11 <y < yn, n € N, hence by Lemma 2.3.1 it is a picewise affine map in
[0,40]. Also by Lemma 2.3.1 and (2.4.8) it follows that the set of discontinuities D

is equal to the union of all {y, },en. O
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2.5 Proof of Theorems A and B

In this section we prove our main results, theorems A and B.
Set z, (1) = Re(p(y,, (11))). By Theorem 2.4.2 and by the definition of T, for all

n € N, we have

Yn (1)

= Tulp) +iya(p), p(yn(p)) € Lo,

()~ S ), ol € Lo

Py, (1) =

which by the definitions of ¢ and w,, gives

. mn(ﬂ)
) = G (o)

2.5.1 Proof of Theorem A

1
+ 2 for all n € N. (2.5.1)

Let (y,(n)) be the sequence associated to L%(u). Recall that by (1.4.3) we have
V= (m—|wl|)/2.

We begin by proving that there is a positive real number y; such that, for all y
satisfying |p| > tan(¥) = v, we have y;(u) > 1. Let o, ¢’ € [J, 7 — 9] be such that

p=tan(p) and pu' = tan(y’). (2.5.2)
Let L, C P;, we define

7i(19) = [eos(6;) — sin(0;) cot ()|, (2:5.3)
and

75(#") = [cos(0;) — sin(0;) cot(¢')],
where 0; = 0;(w, ) and 7 is the monodromy invariant associated to the TCE. By

the definition of i/ we can see that

(s 1) = 75(0) = 7;(#"). (2.5.4)

Recall from (2.3.3) that
o) =/ =
‘ p+v

Hence using (2.5.3), we have

an()y(e) = vlcos(o)][FERAED ) as
Let
o= in fint (o) (0} 256
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Fix je J={1<j<d:60; =n/2}. By (2.5.5), if ¢ # m/2, we have

cot(p)
1+ vcot(yp)

!/

yo(tan(p))v;(p) = n'v

‘>0.

We now show that 7/2 ¢ W;. Assume that ¢ = 7/2 € W;. Note that from the
definition of L, and (2.5.2) we get ¢’ = ¢ — ;. Therefore, since 0; = 7/2, we have
¢' = 0, which is impossible since v = tan(d) > 0 and ¢’ € [, 7 — J]. Thus, we get

=i { g Goltan()yo)} -

jg¢J | peW;

Now fix j € {1,...,d}. Since ¢’ € [J, 7 — 9] we have ¢’ > arctan(v), and thus,
since ¢’ = ¢ — 0}, we have ¢ — 6; > arctan(v). Thus, ¢ is bounded away from 6,
and this bound depends only on v. Therefore tan(d;) # tan(¢) and thus there is
¢(v,j) > 0 such that

|1 — tan(6;) cot(p)| > é(v, j).

Since ¢ € [arctan(v), ™ — arctan(v)] we have |vcot(p) < 1|, thus we also have

|14+ v cot(p)| < 2. From this and the above inequality we get

1 — tan(f;) cot(y)
1 + v cot(yp)

’ > %E(V,j) |cos(6;)| > 0.

/v cos(8,) \

Combining this with (2.5.5) and (2.5.6) we get

Thus, for all v > 0, we have gy > 0.
Note that from (2.5.2) and the definitions of Cf and C};, we can write D(y) =

C, /O as a function of ¢ as

1+ wvcot(p)

Dlp) = 1 —veot(p)

Define the interval W¢ = [arctan(v), ™ — arctan(z)]. Note that () is a positive,

continuous and decreasing function of ¢ € W¥. Since ¢ < m — arctan(jz), we have

l+v(—0%/v) 1-0°
S i <y Sl S A

since ®2 = 1 — ®. Thus we obtain

inf D(¢) > P. (2.5.7)

peWe
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It follows from Theorem 2.3.3 that y; = yoC,; ®/C\ if p > —fi and y; = yo®? if
it < —pi. This implies that for all ¢ € W¥, we have that

_ [ ®wltan(p), p<p
yi(tan(p)) = { D(@)yo(tan(p)) > fi.

By (2.5.6) this gives

peW;

i i Gnean(o)y )} = min (22, int 900))

Define ; = ®%yy. Note that since 7 > 0, we have 7; > 0 as well. From the
above inequality and (2.5.7) we get

J€{L,..y PEW;

w( > min {ing ntane) e} = (253)

Define U = {z € P. : Im(z) < g1}. We now prove (1.5.1) for z € U. Let p/
be such that z € L, then ®*z € L,/ hence by the definition of v(u, ') and as
F.(2) = p(Im(F(z))) we have

1

gale(@%2) = ép(v(u,u’)y‘lﬂ), (2.5.9)

Set v = y(u, p')y. From (2.5.4) and (2.5.8) we have

yr (i) = (s )5 () " () > (s )i, (2.5.10)

for j such that (x,y) € P;. Since Im(p(y’)) = v/, by (2.5.9) and (2.5.10), to prove
(1.5.1) it is enough to prove that

Re(p(y/®?)) = $*Re(p(y)). (2.5.11)

for v/ < yi(n). We prove (2.5.11) for ¢’ < y;(u). Recall that y; = y1 (). By (2.5.10),

there must be an n > 1, such that

Yni1 (1) <Y < yn(p). (2.5.12)

Recall from Theorem 2.4.2 that p(y’) is a piecewise affine map of constant slope p~*

and it is continuous if 3’ satisfies (2.5.12). From this we have

Ynt1 — Y
P(y/) = p<yn+1) - —+N ,

and combining this with (2.5.1) and by the definition of ¢, we have

mwwnzmwmwﬂﬂiﬁ”—%“f‘y. (2.5.13)
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Now multiplying (2.5.12) by &2 we get

Y (1)@ < YO <y (1) D7,
thus by Theorem 2.3.3 we have

{ Yura(i) Y <yoia(u) il |ul <o
yn+3(:u) < y/q)Q < yn—i—?(,u) ) if |,u| > .

By a similar argument to the used to prove (2.5.1), from the above inequalities we

get
Un Un -y -~
P i) *““L it <
Re(p(y' ®7)) = 152
Yn Yn -y . ~
(2usalyr) — 12 “’“‘L i >

applying Theorem 2.3.3 to this expression gives

)yn+1(u)<1>2 Y () 0? — Y22

Re(p(y'®?)) = (2un(p) — 1 ” .

Comparing this identity with (2.5.13) we get (2.5.11). This completes our proof.
0]

Recall our definition of first return map F, of z € P, to the central cone P,.. Before
proving Theorem B we need the following result showing that in the conditions of

Theorem A, F, is a PWI with respect to a partition of countably many atoms.

Theorem 2.5.1 For allw e W, n=1/(k+ ®) and n’ =1 — kn with k € N, F, is

a piecewise isometry with respect to a partition of countably many atoms.

Proof. We begin by noting that F,. is a PWI since it is the first return map under
F to P. which is a union of elements of the partition of F'. We now prove that the
partition of F,. has countably many atoms. Assume by contradiction that there is
that
F.z) =™y 4 2€Q;.
By Theorem A there is an open set U of P., containing the origin, where F, is
renormalizable. Consider the set U’ = U\®?U and take j' € {0,..., N — 1} such

that U’ N Pj # (. Since n and 1’ are irrational numbers, we have that F.(z) =
ey (W) 4 ny for z € U' N Py,
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Define the sequence (Uk) k>0, Where
Up=U'NP; and U, = &**D\d*0, for k > 1.

For every k > 0 and all z € Uk we have that &2z € (70. Since Uk C U, we can

renormalize F, k times to get
FC(Z) — ®2kch(®72kz) — eiej/(w,fr)z + (b2k77j/-

Since n;; # 0, ®*n; takes countably many different values, hence for each k
there must be a jj, such that for z € Uy, we have z € P;, and ji # ji for k # k.
But j; € {0,..., N — 1} hence there must exist k' # k” such that jp = jg», which is

a contradiction. This finishes our proof. 0

2.5.2 Proof of Theorem B

We begin by proving that P. can be separated into two connected regions Cj, and C,,
which are forward invariant for F,, such that Cj is bounded and C,, is unbounded.

By the proof of Theorem A there exists a 77 > 0 and an open set
U={z¢€P.:Im(z) <7}, (2.5.14)

such that we have (1.5.1) for all z € U.
Since n = 1/(k + ®) and ¥ = 1 — kn with & € N, by Theorem 2.5.1, F, is
a PWI with respect to a partition of countably many atoms which we denote Pp,.
Furthermore, since w € A(n,7'), there exist d’ > 2, \ € Ri’, m € Sy and a continuous
embedding v, of fy,: I — I into F, : P. — P., such that y(I) C ®?U, v(0) € L_,,
v(|A]) € L, and
B={P€Pr:PnyI)#0}

is a barrier for F.. Let
L, ={z€ L, :Im(z) <Im(y(|A])}, L-,={z€L_,:Im(z) <Im(y(0))}.

Since y(|A|) € L, and v(0) € L_, we have that v(|\|) € £, and v(0) € £_, re-
spectively. As v is a homeomorphism of I, £,Ny(I) = ~v(|A|) and £_,N~(I) = ~(0),
we have that J = £, U £_, U~(I) is homeomorphic to a circle, hence by the Jordan
curve Theorem C\J consists of two connected components, a bounded C} and an
unbounded Cj,.

Take C), = Uéﬁ P. and C, = C/ N P.. We now show that for any P € B we have
FC<P N Cu) Q Cu and FC(P N Cb) Q Cb.
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Let P € B. Note that the restriction F,.|p of F,. to P is an orientation preserving
isometry. Furthermore since 7 is a continuous embedding it is order preserving,
hence F.|pny(r) is order preserving as well. Thus it is possible to construct an
orientation preserving homeomorphism 4 : C — C such that 3|p = F.|p. ¥ must
map Cj, into C, and C,, into C,,. In particular if z € PNC, (resp. z € PN C}) then
F.(2) =7(z) € C, (resp. ().

We now show that F.(C,) C C,. Note that since B is a barrier, P.\B is the
union of two disjoint connected components A,, Ay. Since y(I) C (Jyep A, these
regions must be contained in C, or (. Without loss of generality assume A, C C,
and A, C (.

Assume by contradiction that there is a z € C,, such that F.(z) ¢ C,. Since for
any P € B we have F,(PNC,) C C,, we must have z € B,,. Since B is a barrier we
have that F.(z) ¢ Ay, thus we must have F.(z) € C,\A,. Let P C A, be the atom
of the partition P, such that z € P. Since F.(z) € Cy\ A, we have F.(P)NB # 0
and since B is a barrier this implies that F.(P)N (BN A,) # 0.

As B, C C, we have that either F.(P)N~(I) # 0 or F.(P)NC, # (. In the
later case, as F.(z) € Cy, F.(P) is connected and C, and C) are disjoint we have
that F.(P)NC,NC, # 0 and hence F.(P)N~(I) # () as well. As v is bijective this
is only possible if A € B which contradicts P C A,.

Similarly we can see that F.(Cj) C Cj. We will omit this part for brevity of the

argument.

We now construct sets Vi, Vs, ..., which are forward invariant by F.. We first
define a set V; C U and show that F,(17) C V4.

Let 7/ = ®~ 2y, we show that 7/ : [ — ®2v([) is a continuous embedding of
far into F.. Since y(I) C ®2U, by Theorem A we have (1.5.1) for all z € ®~2(I).

Hence for all x € I we have
Foo9/(z) = @7°F, oy(2).
Combining this with (1.4.8), which holds as v is an embedding, we get
Feor/(z) =90 f(a),

for all z € I.

As before /(1) separates P, into two disjoint connected components, one bounded
C} and other unbounded C!. Take V; = C} N C,. Since 7/(I) C U we have
Cy) C U and thus V; C U. To see that V; is forward invariant by F., note that if
z € C, then ®*2 € C, and hence F.(®%2) € (. Since Cf C U, by Theorem A
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we have F.(z) € ®72C, C C}. Thus F.(C}) C C/ and as F.(C,) C C, we get that
F.(V1) C V; as intended.

Take V,, = ®2»=DV; for n > 2. To see that V,, is forward invariant by F., take
z €V, then @Yz € V; C U. Hence by Theorem A we have

FC<Z) — CI)2(TL_1)FC(CI)_2(”_1)Z),

and thus F.(z) € V.

We now prove that
+oo
Vi = ci\{o}. (2.5.15)
n=1
First we show, by induction on n, that for all n > 1 we have
ViU..UV, =C/nd*"-Vg,. (2.5.16)

It is simple to see that (2.5.16) holds for n = 1. We assume (2.5.16) holds for n and
show it holds for n + 1. By (2.5.16) we get

ViU ..UV, = (CYn@*=DC)u (d2Cy N d*C,).
As ®"CY = &2~V we have that
Cy = oCy U (G n XDy,
and as @2~V C, C ®**C,, we have
"0, = ®*C, U (CY N d*=D ).

Combining the three expressions above we get that (2.5.16) is true for n + 1, as

intended.

Since () C ®*U, we have that P.\®*U C C,, hence, by (2.5.14), if Im(2) >
7192 then 2z € C,,. Similarly it can be seen that if Im(z) > 7y ®?", then z € C,®>"~ 1,
Therefore, as ® < 1, for all z € P.\{0}, there is an n € N such that z € ®>"~D(C,.
Combining this with (2.5.16) we get (2.5.15).

We now show that there exists an m € N such that ®>™U C Cy. Let

y' = inf {Im(y(z))}.

zel

67



CHAPTER 2. TRANSLATED CONE EXCHANGE TRANSFORMATIONS

Note that as 7/ is an embedding we must have 3’ > 0. Hence there must be an
m € N such that y > 7;®*™. Thus v(I) C P.\®*"U. As P\®*"U is unbounded
we must have C,, C P.\®*"U and hence ®*"U C (Y.

To conclude the proof of i), take y* = 7;®?*". For any z € P,, such that
0 < Im(z2) < y*, by (2.5.14), as ®*"U C C} we have 2z € C;\{0}. Hence by (2.5.15)
there must be a n € N such that z € V,,.

We now prove ii). We show that for all n > 1 we have
V, C o2\ @Aminy, (2.5.17)
Note that we have
™ C Oy C U,
therefore as Cj, = ®*C}/ we get
Xty C ¢, C 97U,
hence C, C P\®*™ D and thus
CY N e, C(P\O* ™I NU.

Therefore V; C U\®*™+DU. As V,, = &>"C)' N d*"C,, we get (2.5.17) as intended.

We now show that for any n € N there exist constants 0 < b,, < b,, such that for
all z € V,, and k € N we have (1.5.2). Let

b, = i ®*" ™ gin(¥9), (2.5.18)
1
b, = (‘1 + 7102 cot () CSC(Q?)‘Q + @b 0802(19)> ° (2.5.19)
As ¥ < /2 it is straightforward to check that 0 < b, < b,,.
We first show that |F*(2)| > b, for all k € N. Recall the definition of ~(u, 1/).
For 1 <k < k(z) we have
Im(F*(2)) = yIm(z). (2.5.20)

Let j € {1,...,d} be such that z € P}, by (2.5.3) and (2.5.4) we have

_ sin(arg(z))
7= sin(arg(z) — 0;)’

as {arg(z),arg(z) — 6,} C [0, 7 — 9], this shows

sin(¥) <y < cesc(v). (2.5.21)

68



2.5. PROOF OF THEOREMS A AND B

Combining (2.5.20) and (2.5.21) we get ming<y(,) Im(F*(z)) > sin(J)Im(z). As z €
Vo, by (2.5.14) and (2.5.17) we have

O™ < Im(z) < rd*nY, (2.5.22)
Combining the inequalities above we get

[FH(2)] > i Im(F*(2)) > gre®™ ™ sin(v),

hence, by (2.5.18) we get that |F*(z)| > b, for all k < k(z). Since F*(z2) = F.(z) €
V,, this holds for all k£ € N.

We now prove that |F¥(z)| < b, for all £ € N. Recall the definition of trapping
region in (2.1.2). If Im(F(z)) < /(200‘5(19)), then F(z) € R,y and by Lemma
2.1.1, we get that for k < k(z)

IRe(F*(2))| < |14 Im(F*(2)) cot (1)) (2.5.23)
If Im(F(2)) > n/(2cot(d)), we get
In — Im(F(2)) cot(9)| < |1 + Im(F(z)) cot()|,

and combining this with the definition of F' we get that (2.5.23) holds in this case
as well.
By (2.5.21), (2.5.20), (2.5.22) and noting that csc(d) > 1, for 0 < k < k(z) we
have
Tm(F*(2))| < esc(9)gr®@2—b.

Combining this with (2.5.23) we get
IRe(F*(2))] < |14 7102~V cot(d)) csc(¥)].

From the two inequalities above we obtain

|—=

|F*(2)] < (‘1 + 71®% Y cot () ese( ‘ + 72 @4 esce (19))2.

hence, by (2.5.19) we get that |F*(2)| < b, for all k < k(z). Since F*(z) = F.(z) €
V,, this holds for all k € N.

Finally we prove iii). Let v,(z) = ®*y(z), for all z € I. We show that for all
n € N, 7, is an embedding of f, , into Fr.

As 7 is an embedding it is clear that v, : I — ®*"y(I) is a homeomorphism.
Since y(I) C U we have that ~, (1) C ®*"U, hence by Theorem A we get

F.o ’7n<x> = (I)MFC © y(l‘),
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for all z € I. Since v, = 2"y by (1.4.8) we also have
(I)2nFc © ’V(x) = Tn© f)\Jl'(x)?

for all x € I. Combining the identities above we get

Fe.o '7?1(‘7:) = Tn© f)\,ﬂ'(x)7

for all € I, and hence 7, is an embedding of fy , into Fi. ([l

2.6 Infinitely many periodic islands
and non-ergodicity

In this section we prove the existence of infinitely many periodic islands, accu-
mulating on the real line, as well as non-ergodicity of Translated Cone Exchange
Transformations (TCEs) close to the origin.

An horizontal periodic orbit is a periodic orbit O, such that there is an h € R
for every z € O such that Im(z;) = h for all K € N. We say h is the height of the
orbit. An horizontal periodic island is a periodic island that contains an horizontal
periodic orbit.

Recall the open polytope W defined in (1.4.2). Let R(7) denote the set of all
w € W such that for some j € {1,...,d} we have

Z Wi — Zwk < wj. (2.6.1)

(k)>7(j) k<j

Given a permutation m € &({1,...,d}) with monodromy invariant 7, let Jg ()
be the set of all j € {1, ...,d} such that (2.6.1) holds for some w € W.

Define the sets (_(d) (resp. (4(d)) of all monodromy invariants 7 : {1,...,d} —
{1,...,d} such that 7({1, ..., k}) # {1, ...,k} for 1 <k < d, thereisa j € Jr(7) and a
j" €{1,...,d} such that j* < 77 and 7(5") < 7(j') (resp. j' > 5" and 7(5") > 7(j')).
Denote by ((d) their union _(d) U {4 (d).

In this section we prove the following theorem, which states that there is a
non-empty open set of rotation parameters for which TCEs have infinitely many

horizontal periodic islands accumulating on the real line.

Theorem 2.6.1 Let 7 € ((d), n = 1/(k+ ®) and ' =1 — kn, for some k € N.
There is a non-empty open set W C W N R(7) such that for all w € W, F has

infinitely many horizontal periodic islands accumulating on the real line.
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As a result we get that for the same parameter set, TCEs are not ergodic in a

neighbourhood of the origin.

Theorem 2.6.2 Let 7 € ((d), we WNR(7), n=1/(k+ ) andn =1 —kn, for
some k € N. If U is an invariant set for F,. that contains a neighbourhood of the
origin then the restriction of F, to U does not have a dense orbit. In particular F

15 mot ergodic with respect to Lebesgue measure.

We begin by proving Theorem 2.6.3, which states that periodic points of a TCE
are contained in periodically coded islands formed by unions of invariant circles.

We introduce reflective interval exchange transformations, relate them to TCEs
and prove Theorem 2.6.6 which shows that for a family of TCEs for every n € N
such that u, belongs to a certain interval Ip(, ;) there is a horizontal periodic orbit for
the TCE. The final part of the section contalns the proof of Theorems 2.6.1 and 2.6.2.

We define the itinerary of a point z € H, under F', to be i(z) = igi;..., with

,lka( )Epo,
=197, if F¥2) € Py, j=1,...d,
d—|—1 fF()EPd_H,

for k € N. Given § > 0, denote by S°(z), the circle of radius & centred at 2.
Let m/(k) be the number of js in the k-th first symbols of the itinerary of p, for
j =1,...,d. In the next theorem we prove that for n irrational, every periodic orbit
that does not fall on the boundary of the partition must have a family of invariant
manifolds. These are unions of circles centred on the periodic point parametrized

by their radii.

Theorem 2.6.3 Let p € H\ U?/:o F=7(OP) be a periodic point of F of period k.
Assume n € RT\Q . There exists ¢ > 0 such that for all 0 < § < € the union
UL S(F(p)) is an invariant set for F. The orbit of any z € J*Z) S°(F"(p)) is
dense on this set if and only if m| (k)6 (w,T) + ... + mj(k)0a(w,7) € 7 - R\Q.

Proof. We begin by showing that the itinerary of p contains at least one symbol in
{1,...,d}. Assume by contradiction that i(p) is a periodic sequence of Os and d + 1s.
It is clear that

F¥(p) = Fro®tman®) (p) = 2 4 mly, (k) — my(k).

Since p is a periodic point of F of period k we have z = F*(z) = m/,, (k)n—m(k)+z.
Therefore we get that n = mg(k)/m}, (k) € Q, contradicting the assumption that

7 is irrational.
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Hence we can assume io(p) € {1,...,d} without loss of generality, since we can
choose to start the periodic orbit at the first iterate that falls in P; for some j =
1,...,d. Since p € H\ Ujf,:o F~7'(0P), then p belongs to some open cell Uy in the
k-th refinement of the partition. Since all points in this cell will share the first &
addresses in the itinerary, we have ig(p)...ix(p) = io(2)...ix(2) for z € Uy. Therefore
F* . U, — C is such that

Fk(z) _ eiel(w,ﬂ)z + t’(w, 197 n, 77/)7

for some functions 6 : [0,7)? — [0,7) and ¢’ : [0,7)? x R2 — R. Since F*(p) = p

we have
(w9, 1)
P= oo

From this it is easy to check that we can rewrite
F¥(z) = (z =p) +pe” +t=e"(z—p) +p,

and we get
[FE(2) = pl = | (z = p) +p = p = |2 = p]. (2.6.2)
This implies that F* is invariant in the largest circle with center p contained in Uj,.

Take € > 0 such that B.(p) C Uy. We now see that for [ = 1,....,k — 1 we have
FUB.(p)) = B.(F'(p).

From (2.6.2) we have |F*(2) — p| = |z — p| < e which implies that F*(z) € B.(p).
Therefore F*(B.(p)) C B.(p). This implies that for all r € N, we have F™(2) €
Bc(p), hence we also have for [ = 1,...,k — 1 that i(F'(z)) = i(F™!(2)). Therefore
every z € B.(p) has the same itinerary of p. It follows that B.(F'(p)) is also an
invariant set for F', since we can repeat the above argument for [ = 1,...,k — 1 and
conclude F'(B.(p)) = B.(F'(p)).

For any 0 < 6 < ¢ we know that z € S%(p) if and only if z = p + de™ for some
V' € [0,27). Since F*(z) = §e'"*) 4 p, we have F*(S%(p)) C S°(p). Therefore
F*(S%(p)) = S%(p), since the reverse inclusion is clear. We can repeat this argument
for | = 1,....,k — 1 and conclude that F'(S°(p)) = S°(F'(p)) is an invariant set for
F'. Therefore |J*Z) S?(F"(p)) is an invariant set for F.

Finally we prove that the orbit of any z € U':;é S%(F"(p)) is dense on this set if
and only if m/ (k)6 (w, ) + ... + m}(k)0s(w, 7) € 7 - R\Q. Note that

0 (w, ) = my (k)01 (w, ) + ... + my(k)ba(w, ).

We also have that F* acts as a rotation by an angle ¢ in S°(p), so the orbit of F*
is dense if and only if m/ (k)0 (w, T) + ... + m/(k)0a(w, 7) € - R\Q. The statement
for F follows by F'(S°(p)) = S°(F'(p)). O
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Recall the definition of interval exchange transformation (IET) in the Introduc-
tion. We will adopt this definition throughout the remainder of this chapter. Given
weRL 7:{1,...d} = {1,...,d}, we say an IET f, 7 is reflective if there is a point
x € I such that f, .(z) = |w| — 2. Where |w| denotes the ¢; norm of w.

Recall, from the Introduction, that R(7) denotes the parameter region of all
w € RY such that for some j € {1,...,d} we have (2.6.1). The following lemma gives

an alternative characterization of this set.

Lemma 2.6.4 Letw € RY and m € &({1,...,d}). Then f, . is reflective if and only
if w e R(T).

Proof. Consider the map f : I — I such that f(z) = |w| — f,.(z), for = € I.
By definition of this property, f. r is reflective if and only if f has a fixed point.
Note that for all j € {1,...,d} the restriction of f to I; is an orientation reversing
continuous bijection, hence f has a fixed point if and only if there is a j € {1,...,d}
such that f (I;) N I; # 0. It is simple to see that this condition is satisfied if and
only if (2.6.1) holds. Thus f, , is reflective if and only if w € R(7) as desired. O
Recall, from the Introduction, that given 7 € &({1,...,d}), Jr(7) is the set of
all j € {1,...,d} such that (2.6.1) holds, for some w € RZ.
Given w € WNR(7) and j € Jr(7) set
T+ 0 (w, 7”%))

(2.6.3)

o) = tan (T

We omit, for simplicity, the arguments of y1;(w, 7) when this does not cause ambi-

guity.

Lemma 2.6.5 Let m € S({1,....d}), w e WNR(7), j € Jr(7) and pj(w, ) as in
(2.6.3). We have L_,, C P; and for all z € L_,, we have Im(F(z)) = Im(z).

Proof. We begin by showing that there is a j € {1,...,d} and a ¢ € W; such that

Jorlp=0) =7 -3 -, (2.6.4)

with ¥ as in (1.4.3). Since w € R(7) we have that f, , is a reflective IET, hence
there is a j € {1,....,d} and a ¢’ € I; such that f, .(¢') = |w| — ¢'. Since |w| =
7 — 249, by taking ¢ = ¢’ + 19 we get (2.6.4). We show that for z € Lian,) we have
Im(F(2)) = Im(z). By the definition of the map E and by (1.4.5), for z € P. we

have
E(z) = |z|exp[i (¥ + for(arg(z) —))]. (2.6.5)
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0.7

q1 0.618

Figure 2.2: Periodic structures of the TCE with parameters d = 2, w = (0.7, 7—2.7),
7(1,2) = (2,1), n = ® and 1 = ®2. The lines represented are L, and L_, and the
differently coloured disks are periodic islands, formed by invariant circles, containing
periodic points 2, 2}, ... . In light grey the first 10? iterates of the orbits of 320 points
can be seen.

In particular for 2 € Lian(e), by the definition of F', (2.6.4) and (2.6.5) we have
F(z2) = |z|ef™#) — .

From (2.6.5) it follows that Im(z) = |z|sin(¢) = Im(F(2)). We now prove that
tan(y) = —p;. By comparing the two identities above we get

m—0;(w, )

¢: 2

Therefore, by (2.6.5) the slope of LY is equal to tan(m — ¢) which coincides with p;.

Thus tan(yp) = —p;, which completes the proof. O
Given v > 0 and p such |u| > v, let
I I
P(p)={z€P.: —% < Re(z) < T/Ef)}

Define the interval Ip(,) as

_ (1/C,,1/CF), > v,
Pl (1/CH1/CL), p< —v.

The following theorem shows that a simple condition for the existence of a hori-
zontal periodic island, as defined in the Introduction, for a TCE. A visual depiction

of this can be seen in Figure 2.2.
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Theorem 2.6.6 Let m € S({1,...,d}), w € WNR(7), j € Jr(7) and pj(w,7) as
in (2.6.3). For every n € N such that p,(u;) € Ipw,), F has a horizontal periodic
orbit at height y,, for a certain yni1(p;) < Yn < yn(j). If Ly NOP = (0, then F

has an horizontal periodic island.

Proof. Since m € 6({1,...,d} and w € W N R(7), by Lemma 2.6.5 we have for
all z € L_,, that Im(F(z)) = Im(z). Recall (2.5.1). We begin by proving that if
for some n € N we have u,(p;) € Ip(,), then x,(p;) + iyn(p;) € P(p;). By the
definition of ¢ and from (2.5.1) we have

ynlig)) \ v

i) = 5 b))

From this, we have x,(1;) + iy, (1tj) € P(u;), if and only if we have

%(1—|—Z|) <un(uj)<%(1+|%|).

By (2.3.2) it is direct to see that these inequalities are satisfied if and only if
Un(t3) € Ip(uy).-

We now prove that if wu,(u;) € Ip(,,), there is an 3, satisfying

yn+1<ﬂj) < Yn < yn(:uj)v (2'6-6>

such that £5(y,) is a horizontal periodic orbit of I at height .

We split the proof in two cases p; > v and p; < —v, but omit the p; < —v case
as it is analogous to the other case.

Assume p; > v. As for y > 0, {s5(y) € L_,, we have Re(&s(y)) = —y/uy,
moreover as Un(t;) € Ip(;) we have z,(u;) + iyn(p;) € P(p;) and hence z, >
—Yn/ ;. Since x,(p;) = Re(p(y;,)) this shows that

Re(&s(y,, ) < Re(p(y,))-

As p; > v and up(p;) € Ip(u,) we have un(p;) < 1/C), hence by Theorem 2.4.2 we
get that p(yn,11) € L. As Es(yns1) € int(P.) we get

Re(p(yn+1>) < Re(és(yn—&-l))‘

By Theorem 2.4.2, p(y) is an affine map for y,11 <y < y, and the map y — &s(y)
is also affine, in particular both maps are continuous for y,.1 <y < y,. Therefore

by the two inequalities above, there must be a , satisfying (2.6.6) such that

Re(p(yn)) = Re(€s(9n))-
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As €s(yn) € L, by Lemma 2.6.5 we have that

Im(&s(yn)) = I (F(Es(Yn))) = Y-

By Theorem 2.4.2, Im(p(y,)) = yn, hence by the two identities above we get that
p(Yn) = &s(Yn). Thus by the definition of p, £5(¥,) is a periodic orbit for F'. More-
over by Lemma 2.1.1 we have that the imaginary part of {s(¥,) remains constant,

and equal to 1, throughout its orbit, hence it is an horizontal periodic orbit for F'.

Finally we show that if L_, NP = (), then F has a periodic island that contains
this periodic orbit. Since {s(y,) € L_,, and L_,, N 0P = () we can apply Theorem
2.6.3 which shows that this orbit shadows a periodic island which is formed by the
union of infinitely many invariant circles. U

We now prove Theorems 2.6.1 and 2.6.2.

2.6.1 Proof of Theorem 2.6.1

We divide the proof in two cases T € (_(d) (resp. (;(d)) and prove that there is a
non-empty open set W_ C W N R(7) (resp. W) such that for all w € W_ (resp.
W,), F has infinitely many horizontal periodic islands accumulating on the origin.
Having proved this, taking W = W_ U W, gives the desired result.

We begin by considering the case 7 € (_(d). Given j € Jr(7), consider the set

Je (4,m)={j"e€{1,....d} : j < j"and 7(j") < 7(j")} .
Since 7 € (_(d), we can take j' € Jg(7) such that J. (j',7) # 0 and take j” €
Je (4, 7).
Let pj(w, ) be as in (2.6.3). Consider the set V_ of all w € W N R(7), such
that:

2 y T , 7
n>1

> v(|wl) pyr (w, @) — v(|w])
We now show that if |w| ¢ {27/n}, -, there is a § > 0 such that for 0; (w/|w|,7) €
(1 - 6,1), we have (2.6.7). .
Since the map r — (r+1)/(r — 1) is continuous for all r € R\{—1} and zero for
r = —1, there is an € > 0, such that for all w € V_ such that if:
Hy' (w, )
v(|wl)
then we have (2.6.7). By (2.6.3) we have

R )

€(-1—¢-1), (2.6.8)
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Using linearity of w — 6 (w, ) and simple trigonometric identities, from the above

D) (Y o (1)

Since w > 0 (w/|wl, 7) is independent of |w| and we have |w| ¢ {27/n}, -, the map
0 — — cot(|w|6/2) tan(|w|/2) is continuous and therefore there is a § > 0 such that
for 6,/ (w/|w|, 7) € (1 —6,1), we have (2.6.8) and thus (2.6.7).

We now show that there is a nonempty open set W C V_. To do this we
construct an open set YW such that for w € W’ we have 0 (w/|w|,7) € (1 —4,1).
By (1.4.5) and (2.6.1), it suffices to show there is an @ € V_ such that we have

=) @ > @l -9), (2.6.9)

7 (k)<7(5') k<jy’

Z wk =) | < @y (2.6.10)

k<j’

identity, we get

Since the above inequalities are strict, we have that there is a neighbourhood W' C
V_ of @, such that both inequalities are true for all w € W'.

We now prove there is @ € V_ satisfying (2.6.9) and (2.6.10). Assume first that
d = 2 and take @ such that @; = |@|d/2 and @w;» = |@|(1—3/2). Since j” € J._(j',7),
we have j < j” and 7(j"”) < 7(j’), we have 7' = 1 and j” = 2, hence

Z wk—Zwk—|w| 1-0/2),

#(k)<7 (") k<j’
thus (2.6.9) holds. We also have
D, =) =0,
T (k)>7(5") k<j’

hence, since @; > 0, we get (2.6.10) as well.

Now assume d > 2 and set @ = (©;)j=1,.. 4, Where
@lsfe.  i=J"
“i1 —_—
(:Jj — |w||<%|5 5/4)7 J J (2.6.11)
W . T
12(d—2) J#35"

We show that (2.6.9) is true for @. Since j” € J; (j',7) we have

Zwk + Z wk < 2|@| — 2w;n.

k<g’ 7(k)>m(j
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By (2.6.11) we have 2|@| — 2@;» = |©]6/2, hence by the inequality above we have

doa+ > @ <|@ls,
k<y’ #(k)=7(5")
which is equivalent to (2.6.9).
We now show that (2.6.10) is true for @. Since for k € {j’, 7"} we have 7(k) <
7(j7') and k > j' we have

S a-Yalc Y a

7 (k)>7(5") k<j’ k#5",5"
By (2.6.11) we have @; = |@|6/6 and _,; ;» @ = 6/12 hence by the inequality
above we have that (2.6.10) is true for @.

We now prove that for w € W', F has infinitely many horizontal periodic orbits
accumulating on the origin. By Theorem 2.6.6 it suffices to show that for infinitely
many n € N we have u,(p; (w, 7)) € Ip(u, (w7). Note that we have

C;:j/(w,fr) o ,U,j/(

O oy (@) = vfel)’

&

=N
+
=
£

hence since w € W C V_ we have

ﬂj’(wzﬁ)

+
Cuj (

7 (w, )

<d <1 (2.6.12)

Assume first that —p < py < —v, with i = g. Using Holder conjugacy of C:[j,
and € it can be seen that (2.6.12) is equivalent to

1 <1 d - 1
cr, Co, Cu,
By Theorem 2.3.3 (2.3.9), for all n > 1 we have that w, (u;) =1— CID/C;J_,, hence by
the inequality above we get u, (u;) € I P(uy) for infinitely many n € N. Now assume

pjr < —f. It can be seen that (2.6.12) is equivalent to:

U |
Ci, ~Cre o

By Theorem 2.3.3 (2.3.7), for all even n € N we have that u,(u;) = (C’;rj_lfl))_l,
hence by the inequality above we get u, (u;) € I P(u,) for infinitely many n € N.
We now show that there is a non-empty open set W_ C W N R(7) such that

for all w € W_, F has infinitely many horizontal periodic islands accumulating on
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the origin. By Theorem 2.6.6 it suffices to show that there is a non-empty open set
W_ C W' such that for all w € W_ we have L,/ (7 NP = 0.

J
Consider the sets

Hy = {wEW: |w| —Gj/(w,fr)—Zij :0},
i<k

for k =0,1,...,d. Note that we have L, (7 NOP # 0 if for some k € {0,1,...,d}

we have
. T — |w|
—py(w, ) = tan < 5 + g wj) .

J<k

By (2.6.3) and the two identities above it follows that we have Lu;.,(wir) NOP # 0 if
and only if w € H, for some k € {0,1,...,d}.

Set W_ = W'\ U}_, Hi. Since M, are codimension 1 closed subsets of W, we
have that W_ is a non-empty open set and since for w € WW_ we have LM;/(M,,}) NOP =
(), F has infinitely many horizontal periodic islands accumulating on the origin.

We now consider the case @ € (,(d). This case is mostly analogous to the
previous one, so for brevity we will only outline the proof.

Given j € Jg(7), consider the set

Jo, (,m)={j"e{1,...d} - j > j" and 7(j") > 7(j")}.
Take j' € Jgr(7) such that J., (j',7) # 0 and take j” € Jc, (', 7).
Consider the set V., of all w € WNR(7), such that:
2 Aoy ey ) —
|w| ¢ {_W} 7 pj (w, ) ~1 and M (Wﬂf) v(|wl) <&
n s (W) pyr (w, ) + v(|wl)
By a similar argument to the previous case, if [w| ¢ {27/n},,, there is a § > 0
such that for 8 (w/|w|, 7) € (=1, —14 0), the expression above is satisfied.
To find a nonempty open set W/ C V_ by (1.4.5) and (2.6.1), it suffices to show
there is an @ € V, such that we have (2.6.10) and:

oo @m= ) @< @l(-1+9).

7 (k)<7(5') k<j’

Indeed it can be seen that both this inequality and (2.6.10) hold for the same choice
of @ of the previous case.

We prove that for w € W/, F has infinitely many horizontal periodic orbits
accumulating on the origin. By Theorem 2.6.6 it suffices to show that for infinitely

many n € N we have u,(p1;/(w, 7)) € Ip(u, (w,7)- Note that we have

+ ~

nyrw) (W, @) — v(jw])
Cortory M@, ®) +v(lw])’

J

79



CHAPTER 2. TRANSLATED CONE EXCHANGE TRANSFORMATIONS

hence since w € W/ C V, we have

+ ~
1y (0,7)

<® <1 (2.6.13)

,u,j/(wﬂr)

Assume first that v < pj < fi. It can be seen that (2.6.13) is equivalent to

1 <1 1 - 1
C, C.® G

By Theorem 2.3.3 (2.3.8), for all odd n we have that w, (y;) =1— (C’;j/@)_l, hence
by the inequality above we get w, (1) € Ip(u,) for infinitely many n € N. Now

assume ft; > fi. It can be seen that (2.6.13) is equivalent to:

1L _ @ _ 1
C., ~Ci TG

By Theorem 2.3.3 (2.3.10), for all n € N we have that w, (u;) = (C’lfj,@)’l, hence
by the inequality above we get w, (1) € Ip(u,) for all n € N.

Setting W, = W/ \ UZ:O Hy,, we get that for w € W, we have L,y (o, s NOP =0,
hence by Theorem 2.6.6 F' has infinitely many horizontal periodic isljands at heights

which converge to 0, hence accumulating on the real line. 0

2.6.2 Proof of Theorem 2.6.2

Let U be an invariant set for F,. that contains a neighbourhood of the origin. By
Theorem 2.6.1 it contains infinitely many periodic islands. Suppose there is a point
z € U with a dense orbit in U. Then {F(z)}, can get arbitrarily close to a periodic
point z; this implies that for some m € N, F™(z) is contained in a periodic island.
Hence its orbit is contained in a circle thus contradicting the hypothesis that the

orbit of z is dense in U. O
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Chapter 3

Embeddings of Interval Exchange
Transformations into Piecewise
Isometries

Recall the definitions of Interval Exchange Transformation (IET) and Piecewise
Isometry (PWI) in the Introduction.

In this chapter, we discuss the general problem of embedding IET dynamics
within PWIs with a particular focus on the regularity of this embedding for two
dimensional PWIs. In particular, we consider conditions for this embedding to be

trivial or non-trivial. Our main results are as follows.

e In Theorem 3.2.4 we use combinatorial properties of IETs to prove that in
order for a PWI realize a continuous embedding of an IET with the same
permutation, its parameters must satisfy a necessary condition: the parametric

connecting equation (3.2.10).

e As a consequence of this, Theorem C, states that all continuous embeddings
of minimal 2-IETs are trivial and Theorem D asserts that a 3-PWI has at
most one non-trivially continuously embedded minimal 3-IET with the same

underlying permutation.

e Given an IET embedded into a PWI we use the derived tangent exchange
map (3.3.1) to prove Theorem 3.3.1, which gives a necessary condition on the
parameters of a PWI such that there is a continuous embedding of an IET
into that PWI.

We introduce a specific example F' (3.4.3) of a translated cone exchange trans-
formation that has a trivially embedded IET on the boundary. Recalling F,, a first

return map under F' to a subset of the phase space P. we observe invariant regions
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0.55
,/

0.45
0.35
-0.353 0 0.353
0.55
0.45
0.35
-0.353 0 0.353

Figure 3.1: An illustration of the action of a piecewise isometry F. (see (3.4.5)),
on the image of a non-trivial embedding Y = (J,c 4 Yo, with A = {0,1,2,3} of a
minimal 4-IET. (A) An invariant set Y where each Y, is contained in a polygon.
Points in each polygon are mapped isometrically by F. to a subset of the region
{z € C:0.35 <Im(z) < 0.55}. (B) Image of ¥ and the polygons in (A) under F..

bounded by invariant curves (Figure 3.7) and perform numerical experiments to ver-
ify the conditions of Theorems 3.2.4 and 3.3.1. We introduce a PWI T (see (3.4.1))
on 3 atoms that apparently exhibits a single invariant curve that is a non-trivial
embedding of a 3-IET into 7”. Using this we make specific conjectures about the

nature of non-trivial embeddings of IETs in PWIs.

This chapter is organized as follows. In Section 3.1 we consider possible embed-
dings of a transitive IET into a PWI, and make some definitions regarding their
regularity. We identify trivial cases of embedding as where the image of the embed-
ding is either a union of lines or of arcs of the same radius. Furthermore, we extend
the Rauzy-Veech induction for IETs to PWIs that admit continuous embeddings of
IETs. In Section 3.2 we introduce some combinatorial conditions on the embedding
of an IET into a PWI and state a necessary condition for existence of continuous em-
beddings. Using these techical tools, we prove that only trivial embeddings of 2-1ET's
are possible and that a 3-PWI has at most one non-trivially continuous embedded
3-IET with the same underlying permutation. In Section 3.3 we turn to ergodic

properties of the embeddings and in Theorem 3.3.1 give a necessary condition for
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3.1. SYMBOLIC, TOPOLOGICAL AND DIFFERENTTIABLE EMBEDDINGS

embedding in terms of average returns. In Section 3.4 we introduce concrete exam-
ples of PWIs and show numerical results. We introduce a PWI on 3 atoms, illustrate
some examples of orbits for this piecewise isometry and numerically estimate the
parameters of a 3-IET which is embedded into this PWI. We also introduce a partic-
ular planar translated cone exchange transformation illustrated in Figure 3.4. This
transformation has a trivially embedded 2-IET on a line that we call the baseline
and arbitrarily close to this baseline there are non-trivial rotations. The dynamics of
points close to this baseline is remarkably rich. In particular, numerical simulations
suggest that the baseline is an accumulation for non-smooth invariant curves that
are non-trivial embeddings of 4-IETs in the 4-PWI. We illustrate some examples
of orbits for this piecewise isometry and show numerical evidence for abundance of
periodic orbits for certain regions of the parameters. We show that the parameters
of this map satisfy the restrictions from Theorem 3.2.4. We numerically verify that

the condition from Theorem 3.3.1 is satisfied.

The material in this chapter has been published in Ergodic Theory and Dynamical
Systems [12].

3.1 Symbolic, topological and differentiable em-
beddings

In this section we introduce some definitions of various regularity properties that
characterize an embedding of an IET into a PWI. The weakest of these is a symbolic
embedding. Furthermore, we extend Rauzy-Veech induction for IETs to PWIs that
admit continuous embeddings of [ETSs.

Consider a d-IET (I, fy ) which we sometimes denote by (I, f) when parameters
are clear from context. For a point x € I we define the itinerary or symbolic encoding
of x by the IET as

W(r) = apay ... € AY, (3.1.1)

where oy € A is such that f*(x) € I, if and only if o, = .
Similarly, suppose that (X, T) is a d-PWI with atoms {X, },ca. We define the
itinerary of a point z € X by the PWI as

V(2) = ayay... ¢ AV (3.1.2)

where o), € A is such that T%(z) € X, if and only if o}, = «.

We now introduce some definitions that will be used throughout this chapter.
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An injective map v : I — X is a symbolic embedding of (I, f) into (X,T) if
v(I) € X is an invariant set for (X,7") and there is a labeling of the atoms such
that

Vovy(z)=1(x) forallzel.

Recall, from the Introduction Section 1.4.2, the definitions of piecewise continu-
ous, continuous, differentiable, arc, linear, trivial and non-trivial embeddings.

Note that if (I, f) has a piecewise continuous embedding v into (X, 7T) then it is
also a symbolic embedding, but the converse does not necessarily hold (to see this,
note that () need not be closed if it is a disconnected union of disjoint orbits).

It follows immediately from the definitions of linear and arc embeddings that if
a piecewise continuous embedding of (I, f) by v into (X,T) is a linear embedding
then there are z,, v, € C such that

fy‘la (1;) = ZCM + Uaxa (313)

for all x € I, while if it is an arc embedding, then there are &, € C, r, > 0 and
Goy Pa € R such that

7’111 (x) = 8o+ Ta eXp[i(aoﬂj + 9001)]7 (3'1'4)

for all x € I.
The following lemma shows that there exist some basic relations for the param-

eters defining trivial embeddings which are automatically satisfied.

Lemma 3.1.1 For any d-IET (I, f) there exists a trivial continuous embedding
v: 1 — X of (I, f) into a d-PWI (X, T), which can be either a linear embedding or
an arc embedding. Suppose in addition that (I, f) is minimal. (a) If v is a linear
embedding then |v,| is independent of c. (b) If 7y is an arc embedding then r, and

aq are independent of .

Proof. Assume without loss of generality that I C [0,7). Note that there exists a
linear embedding with rectangular atoms such that T'(z +iy) = f(x)+1iy, and there
exists an arc embedding such that T'(re?) = retf(©)
We now prove (a) and (b). Fix z € I3 for some 5 € A. Since (I, f) is minimal, for
alls € A\{B} thereisa N, > 0such that N (z) = z4v € I, with v = 300" v, (a)-
We begin by proving (a). Assume that 7 is a linear embedding of (7, f) into
(X,T) as in (3.1.3). We show that |vg| = |v¢|. By (1.4.1), (1.4.8) and (3.1.3) we
have
€% (25 + vax) + 15 = 20 + ve(T + V). (3.1.5)
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Differentiating (3.1.5) with respect to z gives e®svg = v, thus |vg] = |v.].
We now prove (b). Assume that 7 is an arc embedding of (I, f) into (X,T’)
as in (3.1.4). We show that ag = a. and rz = r.. Combining (1.4.8), (3.1.4) and

differentiating with respect to = we get
irgag expli(0s + asr + b)] = ircac expli(acx + acv + b)),

and taking modulus gives

ralagl = relad, (3.1.6)

while the argument gives
s + agr + bg = acr + a;v + b, mod 2. (3.1.7)

Note that (3.1.7) holds for any x € f~"<(I.)N1z. Since this set contains an interval,
(3.1.7) must hold for infinitely many values of x, hence we get ag = a.. Together
with (3.1.6) this shows that rz = r., completing the proof. O
Recall from the definition of IET that a permutation 7 is a pair of bijections
me: A—={l,...,d}, e=0,1.
Given an IET (I, f) ), consider the points

J
mo=0, ;=Y M 1<j<d (3.1.8)
k=1
Note that I = [zg,x4) and that [ﬂ_o—l(j) = [z;_1,2;) for 1 < j <d.
The next theorem allow us to characterize the existence of continuous or discon-

tinuous embeddings in terms of the preimages of interior discontinuities of f.

Theorem 3.1.2 Assume that (I, f) is a d-IET with intervals Loy = [z_1,2;)
for j =1,...d. There exists a d-PWI (X, T), such that (I, f) has a discontinuous
embedding into (X, T) if and only if

fil({xh “‘7xd*1}) N {x(]? ~--;xd} # 0.

Proof. Let I =1 14y U... UL, with [; = [zj_1,2;),7 € {1,...,d}.

We begin by proving that if there is j* € {1,...,d — 1} such that f~'(z;) €
{zg, ..., 24}, then there exists a d-PWI (X, T), such that (I, f) has a discontinuous
embedding into (X, 7).

By Lemma 3.1.1 there is a continuous embedding of (I, f) by 7' into a d-PWI
(X', T") with Y’ = ~v(I) C X’ invariant set for (X’,7"). Note that since this embed-
ding is trivial we can take X’ to be a compact set. Therefore it has a finite diameter,

which we denote as | X’|.
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SetY', =Y’ ﬂX’,l(j) for j =1,...,d and let
o T

€)
, P
Xﬂal(j)’ if j <4,

X+ 2X, iG>

X -1, =

o (])

with X = Xwgl(j) u..u Xwal(j). Define the maps

T/,l . (Z), 1f] < j,7
o (9)
Tﬂ_l(j)(z): / / / e ./
Tw,l(j)(z—2|X|)—l—2]X|, if 7> 7.
)

IET(2) =T, -1(;(2), for z € X1y, with j =1,....d, then (X,T) defines a d-PWI.

T (J

Define the function v: I — X as

’Y(I): { 7(56)7 r < Zj,

(@) + 21X, e >y

Set Y = ~(I). The map v : I — Y is bijective and it is simple to check that (I, f)
has a piecewise continuous embedding by 7 into (X,T"). Moreover, note that the
restriction of v to Iﬂal(ﬂ') is continuous for 7 = 1, ..., d, but v has a discontinuity at
x = xj. Thus, the embedding is discontinuous.

Now assume there is no x; € {1, ...,xq_1} such that f~(z;) € {0, ..., x4} and
there exists a &-PWI (X, T), such that (I, f) has a discontinuous embedding by =y
into (X, T).

Since the restriction of v to IWO—1(j) is continuous for all j = 1,...,d, the set of
discontinuities of v must be contained in {xy,...,z4_1}. Assume j' € {1,...,d—1} is

such that v is discontinuous at ;.. Let

zp = lim v(z), Zy= lim 7(z)
and ! € {1,...,d} besuch that z; € f(I -1(). Set Y = () and Y1) = X -1 yNY

for j =1,....d. Then {2;,Z;} C T(Y,-1)). Since f~'(z;) & {xo, ..., x4}, we have

T {z, 7)) N {y(wo), o y(2a)} = 0.

Thus there must be an I’ € {1, ...,d} such that {z;,,Z;} C Y —1(y- Therefore the
restriction of v’ to IWO_1 @y must be discontinuous, contradicting y being a piecewise
continuous embedding of (I, f) into (X, 7). This completes the proof. O

Recall Rauzy-Veech induction from the Introduction, Section 1.3.2. Particularly
recall (1.3.3), (1.3.4) and that we say that (A, 7) is of type 0 if Ag, > Ag, and is of
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type 1 if A\g, < Ag,. The largest interval is called winner and the smallest loser of
(A, 7).

We now extend Rauzy-Veech induction to PWIs which admit embeddings of
IETs as follows. Assume (I, f) ) has an embedding by 7 into (X, T’). Define the
map S(T') as the first return map under 7" to X*, where

e Ua;«éﬁo Xo U (Xp, NT(Xg,)), if (A, m) has type 0,
- Uaxzs, Xa if (A, 7) has type 1.

Note that (X*,S(T")) is again a d’-PWI since it is a first return map or a PWI
to a convex subset of X. However it is now possible that d' # d. Denote by A’ an
alphabet with d’ symbols and denote by { X } e the partition of X*. It is simple
to see that there is a collection of d symbols A C A’ possibly after relabeling, such
that X7, Ny(IM) # 0 if and only if o’ € A. Define X' = |, , Xz. Now, (X', S(T))
is a d-PWI. We show, in the following theorem, that a continuous embedding of
(I, f) into (X, T) also embeds (I',R(f)) into (X', S(T)).

Theorem 3.1.3 Assume that a d-IET (I, fr,), such that 15, # f(B1), has a con-
tinuous embedding by v into a d-PWI (X,T). Then (I',R(f)) has a continuous
embedding by v into (X', S(T)).

Proof. We prove that for all x € I’ we have

7o fxwqm (@) = S(T) o y(w). (3.1.9)

Assume first that (A, 7) has type 0. Let ](1,)1(],) = ]ﬂ51(j) for j # d and ]éi) =
To
I, \f(Ig,). It is well known (see [56]) that

fa), zely),

3.1.10
flz), =ze€ 17(1’?1(]')’ 75 (5) # B ( )

@ -0 (7) =

We now show that we have
T2(2), ze(13)),

e [ e T L 1.

) C IM for w3 '(j) # B1. Thus, by (1.4.8) we have T(y(I'Y, ) c

75 ()

Note that f([(l_)l(j)
)
y(IM), and we get (3.1.11) for z € 'y([(l_)l(j)) and 7,1 (4) # B
o
Since f(IS)) = f(Is,) ¢ I and f2(I{)) C f(Ig) € IW, by (1.4.8) we have
T(y(I3)) = T(v(Is,)) ¢ y(IW) and T*(4(I}))) € T(v(Is,)) € (IW), and thus
we have (3.1.11).
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Noting that z € I -1 if and only if v(z) € V(I( ) for j = 1,...,d, and
combining (1.4.8), (3.1.10) and (3.1.11) we get (3.1.9).

Assume now that (A, 7) has type 1. Let I(? () = L 1) for 1 < j < mo(B),
15) = I \f 7 (Tao)s I2s o1y iy = 7 ) and T2, = 1 ) for mo(B1) + 1 <
j <d. It is clear that

2 (1)
f (x)’ x 6 ]ﬂgl(ﬂo(ﬁl)‘i’l)’

; (3.1.12)
f(z), =€ ffro—)l(j)a mo(j) # mo(fr) + 1

fro o () =

By a similar argument it can be proved that

T2(2), ze~(IY,
S(T)(2) = ) eyt on): (3.1.13)

T(2), =€y ), (i) # mo(B1) + 1

Since x € I -1, if and only if v(z) € ’y(I( ) for j = 1,...,d, combining (1.4.8),
(3.1.12) and (3.1.13) we get (3.1.9). O

3.2 Connecting equations and embeddings of 2, 3-
interval exchange transformations

In this section we introduce, a graph for a given permutation. We use its combina-
torial and topological properties to obtain a necessary condition for the parameters
of a PWI to be a continuous embedding of an IET into a PWI described by the
same permutation.

We then prove that only trivial embeddings of 2-IETs are possible and that a
3-PWI has at most one non-trivially continuous embedded 3-IET with the same
underlying permutation.

Given (A, m) € R{ x &(A), let fi () : I — I be minimal IET with [ =
Lovqy U ULy As before we write at times f = fix. Recall (1.3.2). Define
functlons f]( ) =2x+ Up=1(y), for @ € I, and j = 1,...,d, then f(z) = f;(z), for
T € Ligiy)-

We extend 7. to O by setting 7.(0O) = 0, for ¢ = 0,1 and define f, as the
identity map in /. Recall from the Introduction that we denote by 7 the monodromy
invariant 7, o ;' and hence with this extension we have 7(0) = 0.

For j € Z we write [j] = j mod d+ 1. For z; with 0 < j < d as in (3.1.8) we

have the following

ferip (@E—1)-1) = o (@1 -1)))s (3.2.1)
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where j = 0, ..., d. Note that as the domain of each map f;, j =0, ..., d is the closed
interval I, the maps are defined at the endpoints xj.

We now define a directed graph G, in d + 1 vertices vy, ..., vg such that there is
an edge

Va-1([i=1])) —7 Vz—1([j—1]) (3.2.2)
if #=1([j — 1)) = [#'() — 1], with 7, j € {0, ..., d}.

The graph G, as we will shortly see, identifies the end-points of adjacent intervals
after rearrangement by a d-IET with base permutation 7. The next proposition

characterizes the topology of G,.

Proposition 3.2.1 Given a permutation = € S(A), the directed graph G, is a

disjoint union of directed cyclic subgraphs.

Proof. Since G is a finite graph, it has a finite number of connected components,
hence it suffices to prove that every connected component of G, is a cyclic graph.

Consider a vertex v,, with ¢ € {0,...,d}. There is a unique iy = [7(¢) + 1] €
{0, ...,d}, such that 7= !([ip — 1]) = ¢. Define the map ¥ : {0,...,d} — {0,...,d}
as Y(n) = 7([#71([n — 1]) + 1]). Note that ¢ is a bijection, hence i; = (i) is the
unique i1 € {0, ..., d} satisfying

7 ([0 — 1)) = [ (i) — 1.

Thus, there is an edge vy — Vz-1(j5;-1))-

We now form a sequence (ig)reny Where ig = [7(q1) + 1] and i, = 9(ix_1), for
k > 1. Since 9 is a bijection between finite sets (ix)reny must be a periodic sequence.
If ¢ has period d + 1, then G, is a cyclic graph. Otherwise, 1) has period p < d.
form a connected and directed cyclic subgraph. Since the point ¢ € {0, ...,d} was
chosen without loss of generality, this shows that connected subgraphs of G, are

cycles. This completes the proof. 0

Proposition 3.2.2 Let (I, f) be a d-IET with respect to an irreducible permutation
m. The directed graph G has an edge v, — v, if and only if

Tp =, 0 far (1) (Tg). (3.2.3)

Proof. Let p = 7~ '([i — 1]) and ¢ = 7 *([j — 1]), for some 7,5 € {0,...,d}. From
(3.2.1) we have fﬁ—l([i])(ﬁ[ﬁﬂ(i)_”) = fﬁfl([i_l})(l’ﬁ—*l([i_l])), which is equivalent to

fe—rqp(@z-1-1) = far@-1 (Tz—1q-1)), (3.2.4)
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if and only if #71([j — 1]) = [#'(¢) — 1], that is, if v, = v,. From (3.2.4) we get
(3.2.3), which completes the proof. O

Now assume (7, f) has a continuous embedding by ~ into a d-PWI (X, T') with
YV =q(I)and Y -1 ;) = X -1y MY, such that T'(z) = T, 15 (2), for z € Y -1, j =
1,..,d. with

0 1, .
T 61(])(2) =e "o I(J)Z —|_ nﬁal(j)’ z € C7 ] - 1, ,d (325)

T

Define Ty as the identity map in C. Let z; = v(x;), for j = 0,...,d. Equations

(3.2.1) are preserved under topological conjugacy and can be written for 7" as

We call (3.2.6) the connecting equations. The next corollary follows from Proposition
3.2.2 and from the topological conjugacy of (Y,T') and (I, f).

Corollary 3.2.3 Assume a d-IET (I, f) has a continuous embedding by v into a
d-PWI (X,T). The directed graph G, has an edge v, — v, if and only if

_ -1
Zp — T7r0_1(p) o Tﬁ;l([ﬁ(p)+1])(zq)

Let ¢g € {0,...,d}. We define a connecting sequence (¢x)ren for ¢, with ¢, =
gk—1, where g;_; is such that v, , — v, _,. By Proposition 3.2.1, the connected
component of G, containing v,, must be a directed cyclic graph. Thus, (¢x)ren is a
well defined periodic sequence with period s(cp) < d + 1.

With o : {0, ...,d} — {0, ..., d} such that,

o(p) = [7 (7 (p) + 1)) — 1],

it is simple to see by (3.2.2) that ¢z = o(cx—1) and hence the number of distinct
orbits of o is equal to the number of connected components of G,.. The map o was
first introduced by Veech in [54].

Recall that a translation surface (as defined in [15]), with genus g, is a surface
with a finite number x of conical singularities endowed with an atlas such that
coordinate changes are given by translations in R2.

Recall the definition of Rauzy class in Section 1.3.3. Given an IET it is possi-
ble to associate, via a suspension construction, a translation surface, with g and &
depending only on the Rauzy class of the permutation of the underlying IET (see
for instance [54]). It is known (see [56]) that the number of distinct orbits of o
is constant on each Rauzy class and determines g and x of the associated trans-

lation surface. In particular, for the hyperelliptic Rauzy class, that is the Rauzy
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class containing the permutation with monodromy invariant 7(j) = d+ 1 — j for all

j=1,....d, o has a single orbit if d is even and has two distinct orbits if d is odd.

We define the connecting map for ¢y as

Cto( ) T_fl ¥ “H([F(c0)+1]) 0..0 T_*ll

(co) T o (cs(to)

)OT ([ (s (eg)— )+1})(7~’), z e C.

It follows from Corollary 3.2.3 that z, is a fixed point of C,, thus, C,(z,) = =
We have

co*

(e07(0) — 1) 2, + C, (0) = 0, (3.2.7)

and
s(co)—

Z 6 ([ (er)+1]) —0 o )

Now (3.2.7) either imposes a restriction on 7, if ©,(¢g) # 0, by forcing
Y(2e) = (1= O ) ¢, (0), (3.2.8)

orif ©,(cg) = 0 it imposes a restriction on the parameters UBSIOL Qﬂgl(j), 1=1,...d,
by
Ce,(0) = 0. (3.2.9)

Note that C.(0) can be seen as a sum where each term is 7; times a coefficient
depending only on Hﬂal(j), e ngl(jy

Denote the coefficient of -1,y in Ce(0) by 7-1(y(0 =114y, ..., 0,-1()) for j =
1,...,d. Note that by linearity in I (3.2.9) can be written as

d
j=1

We call (3.2.10) the parametric connecting equation for cy.
In the following theorem we show that if G, is connected then the parameters of

the PWI satisfy the parametric connecting equation.

Theorem 3.2.4 Assume a d-IET (I, f) has a continuous embedding by ~y into a
d-PWI (X,T). If G, is a connected graph, then the parameters UBSIOT gﬂal(j)’
j =1,....d satisfy the parametric connecting equation (3.2.10).

Proof. Since G, is a connected graph, by Proposition 3.2.1 it must be a directed

cyclic graph. The connecting sequence for ¢y = 0 is well defined and has period
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d+ 1. Since the map n — 7 !([7(n) + 1]) is a bijection between finite sets we must

have .
677(0) = Z 9 [ﬂ' CL +1] Z 97T0 (Ck
k=0

Thus, there are functions Tﬂ_o—l(j)(eﬂ_o—l(l), s (9”0_1(11)) for j =1, ...,d, not identically 0,
satisfying (3.2.10). O

The following example shows two permutations, one for which the graph G, is
disconnected and a permutation that yields a connected G, and a parametric con-

necting equation that can in principle allow the existence of non-trivial embeddings.

Example 3.2.5 Consider a permutation ™ with monodromy invariant © such that
7(1,2,3) = (2,3,1). It is simple to see, either by checking directly or by noting that
7 s in the hyperelliptic Rauzy class for d = 3, that G, is not a connected graph. The

connecting sequence for 1 is constant and equal to 1, thus, from (3.2.7) we get
6 1, —6_ 1 ) —i0_ 4
(e 7o @ o W7 = D)y(@1) + (N=1(0) = Merrgy)e ™ =0. (3.2.11)
Consider the permutation with monodromy invariant = such that 7?’(1, 2,3,4) =
(4,2,1,3). It is clear that in this case G is a connected graph. Indeed 7' is in
the hyperelliptic Rauzy class for d = 4. The connecting sequence for 0 is p =
(0,2,3,1,4,...) and we have the connecting map

—7-1 1 -1
Co(2) _ngl(O)OT ()OT ()oTﬂal()oT,l( ©
-1 -1
o Tﬂal(Q) o Tngl(l) o Tﬂal(o) o T7T0 @ ° T 71(1)( ).

From this we get the following parametric connecting equation

—i0 1 (0 —1,,,—0 —1,..) (0 —1,,,—60 _1,.) (0 —1,,,—0 —1,..)
T (1) Ty (4) Tmy (1) Ty (4) Twyt(2)) Ty (3) Tmy T (2)
77”51(1)(6 0 e 0 0 ) —+ nn61(2)(e 0 0 e 0 0 )—|—

(0

i (0 _1
777r0—1(3)(1 —¢

1 =0 1) -0 al
w0 H(4) wy t(2) T (3)
0 o @) + Tt (a) (e o

@ _ ’97751(1)) 0.

(3.2.12)

In Section 3.4 we will discuss an example of a PWI satisfying (3.2.12). In partic-
ular we present some numerical results which suggest that there exist non-trivial
embeddings of d-IETs into d-PWIs, for d = 3 and d = 4.

In the remainder of this section we prove Theorem C, which states that there
are no non-trivial continuous embeddings of minimal 2-interval exchange transfor-
mations into orientation preserving planar PWIs and Theorem D which asserts that
a 3-PWI has at most one non-trivially continuously embedded minimal 3-IET with

the same underlying permutation.
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3.2.1 Proof of Theorem C

Let (I, fr ) be a minimal 2-IET different from the identity with A = {/\“51(1)’ A=t} €
R?. Assume there is a continuous embedding of (I, f) by 7 into a 2-PWI (X, T)
with partition {X, -1), X -5}

Set Y = (1) and Y Sy YN X - for j = 1,2, There are 0,1, € [0,27)
and et (j) € C, such that

G) —

0 _1,. .
T —1(]-)(2) = € 7"()1(7)2 —|— T]Tro_l(j)’ z € (C, ] = 1’2,

To
and the restriction of 1" to Y is given by

Since f is not the identity, 7 is a permutation with monodromy invariant 7(1,2) =
(2,1) and G, is a connected graph, the connecting sequence for ¢¢ = 0 is p =
(0,1,2,...). This gives the connecting map

Co(z) = T%ll( 0 ol ) oT S Ongl(O) OT;) @ oT 71(1)( z).

By Theorem 3.2.4, the parameters a1y T (2)5 Hﬂal(l), and 9ﬂ61(2) must satisfy

the parametric connecting equation, which can be written as
-0 _ 0 1. —60 _ -0 _
Nesi(e 0 @ —e '@ i) 4y (1—e 0 0) =0, (3.2.13)
i0__
Multiplying by e "0 @ (3.2.13) becomes
1 i6”51<1)) . 1 i@wal(z) (3 2 14
777r0—1(2)( —€ = 777r0—1(1)< —¢€ ). 2.14)

Since Twal (j) 1s not the identity map (3.2.14) is true if either both sides equal 0
or not.

In the case that both sides are equal to zero, we have the following cases:

) I 0,10y = 0-15) = 0 mod 27, then T —1(;y(2) = 2 + 115, 2 € Yoy,
Since we are assuming that f is minimal and Y is compact it follows that 7T has
dense orbits. This implies that there is s € R such that 7, -1y = s7,-15). For such
a transformation, invariant sets must be unions of lines. This implies that ~ is a
trivial linear embedding.

i) If 91y = N1y = 0, then T—1y(2) = e Wy z € Y, -1(;)- Since we are
assuming that f is minimal, the orbits of T" must be dense and in such a transfor-
mation, invariant sets must be unions of circle arcs. This implies that v is a trivial

circle arc embedding.
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iii) Finally, if Nzt () = 0 and Qﬂal(j) =0 mod 27, for j =1 or 2 then Tﬂgl(j) is
equal to the identity and hence 71" can not be conjugated to a minimal IET.

In the case that both sides of equation (3.2.14) are different than 0, there must
exist 7 € C such that el (j) = n(l — ew’ﬁl(”), j = 1,2. This implies

0 1,
Tj(z) = (z —m)e ™ @ +n

which is conjugate by L(z) = z 4+ 7, to the map
0 1
T(Z) =€ 71-01(])2,’7 4 E Yﬂgl(]) — ’I], j — 1,2

and thus v is an arc embedding. This completes the proof. ([l

3.2.2 Proof of Theorem D

Given (A, m) € R? x &(A), assume there is a minimal 3-IET (I, f) ) which is contin-
uously embedded by « into a 3-PWI (X, T"), with partition {Xﬂ,O—l(l), Xo=1(2)» Xﬂ_o—l(3)}
and

0 1,
T(Z) =€ Wol(J)Z_’_nTral( z e Xﬂal(])

i)
Let Y = ~(I). We show that (I, fy,) and ~y are either unique or that the embedding
is trivial.

Assume first that 7 is a permutation with monodromy invariant 7(1,2,3) =
(2,3,1). Recall that this is the permutation 7 in Example 3.2.5. By (3.2.11) we

If ©, =0 then 0ﬂ51(1) = 9”61(2)’ and by (3.2.11) we get et (1) = T (2)-

Consider the 2-IET (I, fy ), where X = ()‘wgl(l) + X102 Ar=1(3) and 7 is the
permutation (12). Consider the 2-PWI (X, T"), with base partition { X’ 1) X’ _1(2)},

To o
= X1y U X g and X7

where lergl = Xﬂal(g) and

(1) (2)

6’

T/(Z) —e "0 Uz + 77;51 S X;a1

()’ ()’

with 9;0—1(1) - eﬂgl(l)’ 9;0—1(2) - 9ﬂ51(3)’ 77;0_1(1) = Mgt and 77;0—1(2) = gty It is
simple to see now that fy » = f\r and 7" = T, thus by Theorem C the embedding
of (I, fir) must be trivial.

If ©, #0, (3.2.8) gives

;) = (1—e9) 7 C(0), j=0,...3. (3.2.15)

Since C;(0) does not depend of A, by (3.2.15) we have that for any X € R3, such

that (I, fy ) is minimal, any continuous embedding +' into (X,7T") must satisfy
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/

v (2;) = ~y(z;). Since the restriction of T' to Y must be invertible and every z € Y’
must have a dense orbit in Y this shows that A’ = X and ' = 7.

We omit the proof for 7(1,2,3) = (3,1,2) as it can be done in a similar way to
the previous case.

Finally, assume that 7 has a monodromy invariant given by 7(1,2,3) = (3,2, 1).
Then G, is not a connected graph. The connecting sequence for 1 is equal to (1, 3, ...),

and from (3.2.7) we get

(eXp [—i((gﬁo—l(g) + 9%—1(1) — (97r0—1(2)):| — 1)7(%1)—1‘

i i (3.2.16)
e "o W [6 0 (1) — Mers) — 77%*1(1)} = 0.
If ©, = 0 then by (3.2.16) we get
0 1
971_61(2) = 97T51(1) + (9”(;1(3)’ 1’]”071(2) = 77”61(1)6 o () 77”51(3). (3217)

Note that [ -1 = Soax(Lz=1(3)) if and only if A=ty = Ap=i(z)- In this case we
have that the restriction of fy , to _[71,61(2) is equal to the identity map. Since f .
is minimal we must have I' -1 # far(l;-1(3), thus by Theorem 3.1.3 there is a
continuous embedding of (I, fym) ~a)) by v into (X', S(T)).

We now prove that this embedding is trivial.

Assume that (A, 7) has type 1. Let IWO—1(j) be as in the proof of Theorem 3.1.3.
By (3.1.13) we have

¢

—~
[N

10 _1
e ) (1)2 —'—777_‘_0—1(1), z e ’Y(I

5

0 _ 0 _
—+ 0 1(3))2 —I'_ (777761(1)6 0 1(3) _l_ nﬂal(?)))’ z 6 ’y(]

=

S(T)(z)={ ¢

o~

—~
[

3
O~ ~— O~ — O~ ~—
X

N>
-
—_
o
)
—

0 _1
e ™o (2)2 -+ 777r0*1(2)= z € 'y([

5

COIlSldel" the 2—IET (I, f)\//’ﬂ-//)7 Wlth )\” == ()\W(;l(l)_AWal(z;)’ )\ﬂal(2)+)\ﬂal(3))7 ﬁ-”(l, 2) ==
(2,1), and the map 7" : y(IM) — v(I™") such that
W0 111,
T'(2) = 0702 4 ey, 2 € Y-y

" _ (1) " _ (1) 1) :
where YT _1q) = W(I(W(ﬂ”)flu)) and Y 1) = 7(](%1))71(2) U ](Wél))fl(g))' It is
simple to see now that fy/ . = fiw,w and by (3.2.17) and (3.2.18) we have
T"(z) = S(T(z)), for all z € y(IV). Therefore by Theorem C the embedding
of (IM, fyw ) by v into (X', S(T)) must be trivial. By (1.4.8) we have that

i0__1

for 2 € I -1 we have Y(x) =€ "o Wy(z — Arte) — Aﬂ51(3)) + 7711y thus the
embedding of (I, fy ) by v into (X,7") must be trivial as well.
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We omit the proof for the case when (A, 7) has type 0 as it can be done in a
similar case to the previous case.

Finally, if ©, # 0, by (3.2.8), 7y(z;) is determined by (3.2.15). Since C;(0) does
not depend of A\, we have that for any X' € R3,
any continuous embedding 7' into (X, T) must satisfy 7/(2}) = ~(z;). Since the

such that (I, fy ) is minimal,

restriction of 7' to Y must be invertible and every z € Y must have a dense orbit in
Y this shows that A = X\ and v/ = ~. O

3.3 Ergodic condition for the existence of piece-
wise continuous embeddings

In this section we give a necessary condition for the existence of piecewise continuous
embeddings of uniquely ergodic IETSs into planar PWIs.
Recall from Section 1.3.1 the definitions of IET let I, and v,. Given a d-IET
(I, f), suppose we have a piecewise continuous embedding ~ of this map into a
d-PWI (X, T) and suppose that T'(z) = T,(2), for z € X, with T,(2) = e®oz + 1,.
Recall the definition of itinerary in (3.1.1). Let S = R/27Z. For z € I and
y € S! we define the tangent exchange map ¥ : I x S* — I x St as the skew-product
given by
U(z,y) = (f(2),y + bag())- (3.3.1)

The dynamics of this map contains information on the angle of tangents of an
embedding when iterated by the underlying PWI. It will be the main technical tool
to prove Theorem 3.3.1.

For n € N we have
Vi (z,y) = (f"(2),y + C™(2)),
where C0) : Z x I — S' is the rotational cocycle for this embedding, given by
CO@) =0, C™(2) =0ag@) + - + Oug(n-1@@y mod 27,

forx € I,n > 0, and
C™(z) = —C""(z) mod 2r,

for n < 0, where ag(z) is the piecewise constant map such that ag(x) = a when
x € I,. Informally, the rotational cocycle keeps track of the angle of a line passing
through a point (z) when iterated by T

For z € I, we define the first return time of x by f to I, as

ne(z) = inf{k > 1: f*(x) € 1,}.

96



3.3. ERGODIC CONDITION FOR P.W. CONTINUOUS EMBEDDINGS

. T
I x S
-_C_>_<___ Iy xSt
Q (w2,0)
_IsxST a0
v (x'lvo) \I/(IC N Sl)
Iy x St SEEENH]
Y(Ip x S)
(a) (b)

Figure 3.2: A schematic representation of the action of a tangent exchange map
VU, as in (3.3.1), on a cylinder with 7(1,2,3) = (3,1,2). (A) The partitioned space

I x St in three subcylinders I, x S'. The x; are equal to Zﬂo(a) <j Aa Tespectively

for j = 1,2,3 and the points (z;,0) are represented. (B) The action of the map ¥
on I x S' and on the points (z;,0) which map to (fy~(z;), Gwal(j)) respectively for
j=1,2,3.

If f is minimal, then n, () is finite. The first return map of x by f to I, f, : I, — I,
is then a well defined d-IET and is given by

fi(x) = fre@(z), ze€l,. (3.3.2)
For o € A, we define the cocycle N 7 x I, — 7Z as
NO(@) =0, NP(2) = (2) + e (fol)) + ot me (fE71(@))

for z € I, and k > 0. For n < 0 we set N (z) = =N P ().
Define the sequence (p(n)),>1 by

p(1) = min{k > 1: f¥(0) € L hs

and
p(n) = min{k > p(n — 1) : f5(0) < f£FO=D(0)}, n>1.

Note that if f is minimal then (™ (0) — 0, as n — +oo. Let
Mme(n) = card{f*(0) € I, : k < n},
with n € N,a € A, and

ko =min{k>0: f*0) € I,}.
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Denote 7} = fk”51<”(0), Yy = C(k”51<j))(0). For n € Nand j =1,...,d, define the
sequences
(n) z/
ca(n) = y;ro(a) + O(Na ( rro(a))+1) (Qj;ro(a))7
and
meq(n)—1
ca(n) = Y exp[—ica(k)]. (3.3.3)
k=0

The sequence e, (p(n)) can be seen as a the displacement by rotation of a point
fy(xgro(a)), up to the n-th return to X,. The limit of e,(p(n)), when n — +o0, need
not exist in general.

Consider, for a € A, the limiting average of the sequence e, (p(n)),

€. = lim_ mea(p(n)). (3.3.4)

Note that this limit need not exist in general. By Weyl’s criterion if ¢,(n) is uni-
formly distributed mod 27 then £, = 0. However this need not hold in general: a
numerical study, in Sections 3.4.1 and 3.4.3, presents a non-trivial example where
the £,’s are non-zero. The following theorem shows that for a piecewise continu-
ous embedding of a uniquely ergodic (I, fir), as long as the limit (3.3.4) is finite,
the condition (3.3.6) tells us that the average of displacements by rotation and by
translations, weighted by the lengths \,’s, must cancel out so that orbits remain
bounded.

Theorem 3.3.1 Assume that (I, fy ) is a uniquely ergodic d-IET that has a piece-
wise continuous embedding by v into a d-PWI (X,T) with X C C, where

T(z) = ez +n,, (3.3.5)
for z € X, and o € A. If there are £, € C such that (3.3.4) holds, then

Y (10 = 0)(1 =) EAa =0, (3.3.6)

acA

where we recall that A\, denotes the length of the subinterval 1, for a € A.

Proof. We begin by proving that there is an orientation preserving PWI ()~( T ),
conjugated by a translation to (X, T'), such that (I, f\ ) has a piecewise continuous
embedding by 7 into (X, T) with 4(0) = 0.

Let X ={2€C:2+~(0) € X}, and ¢: X — X be such that ¢(z) = z — 7(0).
Let

T(z) =qoToqg '(2),
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for = € X. The homeomorphism 7 = ¢ o v conjugates (I, f) to (3(I),T), with
5(I) C X invariant for (X,T). Moreover, 5(0) = ¢(v(0)) = 0. Note that we have

T(z) = etley 4 Tes

for z € X, where X, = {z € C: z4+7v(0) € X,}, 0o = 0o and 1j, = Na—7(0)(1—¢ife).
We now prove that
lim > " fjaca(p(n)) = 0. (3.3.7)

n—-+00
acA

Since (I, f\~) has a piecewise continuous embedding by 4 into (X, T’), we have
(@ + va) = €Y (@) + Tja, (3.3.8)
forzel,,ac A Let Y = (1), Y, =Y NX, and 4, : I, — Y, be the restriction
of 4 to I,. From (3.3.8) we get
Vo) = €7 (Fa(@ + va) = 7la);

where x € f;ﬂlr(]:g), and o, € A.
Recall the itinerary of x as in (3.1.1). It can be proved by induction that for
x € I, n € N we have

7!10 = eXp [_Zzeak] f)\Tr ))

Since 7(0) = 0, taking = 0 in (3.3.9) we get

exp [—ii%k] Yo (2 (0)) =

for n € N.
Note that 7, : I, — Y, is a homeomorphism for o € A. By continuity of Vst (1)
and (3.3.10)

p(n)—1 k
~ n ~ n +oo
Tt S2(0) = Ay (O] = | 2 g exp [ zzeal] =50, (3.3.11)
k=0 1=0
By (3.3.3), (3.3.11) is equivalent to (3.3.7).
We now show that

> iiaata =0. (3.3.12)

acA
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Since (I, far) is uniquely ergodic with respect to Lebesgue measure,

) e
ngljrkloo ORI (3.3.13)

for o € A.
Note that (3.3.4) is equivalent to

ea(p(n)) = ma(p(n))€, +o(p(n)), aec A (3.3.14)

Combining (3.3.13) and (3.3.14) we have

for a € A, and we get

Y iaca(p(n)) = Y (p(n) + o(p(n))ilarala- (3.3.15)
acA acA
Since (I, frr) has a piecewise continuous embedding into (X, T"), (3.3.7) holds.
Thus (3.3.15) implies that
lim > (p(n) +o(p(n))iiaraa =0,

n—-+0o
acA

which can only hold if (3.3.12) is true, as desired. Finally note that (3.3.12) is
equivalent to (3.3.6), and the proof is complete. O

Condition (3.3.4) is not simple to verify in general since c,(n) is determined by
two cocycles. However under some assumption on 6, we can identify ¢, (n) with an
orbit of a point by interval exchange map and compute the £, as spatial averages

using the ergodic theorem.

Corollary 3.3.2 Assume that (I, f) is a uniquely ergodic d-IET with a piecewise
continuous embedding by v into a d-PWI (X,T) as in (3.3.5). Let xi, denote the

characteristic function of 1,. If
0o = —v (3.3.16)

for a € A, then

/1 (Z (72 = 7(0)(1 =€) Xza(f‘l(m))) e ¥ dy = 0. (3.3.17)

acA
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Proof. Let f : 1, — I, be as in (3.3.2). With f, = f, by (3.3.16) we have
27T ’
ca(n) = 77 fax 0 fan<x;ro(a))’
Since (I, fi ) is uniquely ergodic, it follows that (I,, f/) is also uniquely ergodic.
Thus, the ergodic theorem implies that

lim

] melm) { i 1
n—-+oo M (p(n))

faxo f;k(x; N )} = —/ exp [—2miz| dx,
1] T N )

(3.3.18)

k=0

for a € A.
Let &, = ifh (1) XD [—2miz] dx, for « € A. Combined with (3.3.3) and

(3.3.18) we get X
nl_lgloo mea(p(n)) =&u

for a € A, and thus by Theorem 3.3.1 we must satisfy (3.3.6) which is equivalent to
(3.3.17). This completes the proof. O

3.4 Evidence of non-trivial embeddings of inter-
val exchange transformations into piecewise
isometries

In this section we present some numerical evidence of non-trivial continuous embed-
dings of IETs in PWIs. In order to do this we first define a PWI on 3 atoms that
apparently exhibits a single invariant curve that is the image of a non-trivial embed-
ding of a 3-IET. We also show some numerical evidence that a family of Translated
Cone Exchange Transformations apparently supports many non-trivial embeddings
of 4-IETs.

3.4.1 A piecewise isometry with an embedded three interval
exchange

We now present an example of a 3-PWI for which numerical evidence suggests the
existence of a non-trivial embedded 3-IET.
Let A = {1,2,3}, o = 1.3, ¢ = 0.75, 2z, = 0, z; = 0,0.215998 + i0.168125,
2, = 0.491520 4 70.051612, z; = 0.586452 and the convex sets
Q) ={z€C:Im(e"“(z — 2})) < 0},
Q,={2€C:Im(e ™ (2 — z5)) > 0 and Im(e™'(z — 2})) > 0},
Qs ={z€C:Im(e™™ (2 — 25)) <0 and Im(e*'(z — 2})) > 0}.
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Figure 3.3: An illustration of the action of the piecewise isometry 7”. (A) An
invariant set Y’ and the partition {Q), }a=123. (B) Image of Y’ by T". (C) Orbits of
40 points, including zp, (ignoring a transient) under 7" and the partition {Q’, }a—=1.2,3.
(D) Image of the orbits and the partition in (C) by 7".

Consider the PWI 7" : C — C such that
T'(2) = ez 41, z€Q., (3.4.1)

for « =1, 2,3, where

4.460361, a =1,

¢/, =< 0.800153, a =2,
0.995933, a = 3,
(3.4.2)
2 — ez, a=1,
Mo =14 €%z —2) — %z, a=2,
e 2h, a =3,

and set Y/ = m. These parameters are constructed according to certain
renormalization properties of the IET. Figure 3.3 shows the action of the map 77,
in particular in Figure 3.3 (A) we can see Y’ and in Figure 3.3 (B) its image by 7".
Consider the family F3 of 3-IETs fy . : I — I given by subdividing the interval
into four intervals of lengths A = (A1, A2, A3) € R with base permutation 7/, with
7(1,2,3) = (3,2,1).
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We can partition Y’ by setting V! = Y' N @, for « = 1,2,3. The length

Il, = Leb(Y!) of each Y can be numerically estimated to be
I3 = 0.3910666426, I, = 0.4553369973, 5 = 0.1535963601.

Fix A = ({1, 1,15) and consider the IET ([, fy ) € F3. Numerical evidence suggests
that there is a continuous embedding of (I, fy /) into (C,7”), by amap v : [ — Y’
with Y" C C, such that 7/(0) = z{. Note that G, is not a connected graph so
we are not in the conditions of Theorem 3.2.4. However by (3.4.2) it is simple to
check that (3.2.6) and (3.2.8) are satisfied. Indeed numerical verification shows that
G (T'(v(0)) = te(for(0)) for all & < 6 x 10*, supporting that 7/ is a symbolic
embedding.

We can also verify numerically that the condition in Theorem 3.3.1 holds for this
case. We estimate E; ~ LB ypere Ell ~ —0.453 + 0.651¢, E; ~ (.326 + 0.669:

ma(p(8))
and E; ~ 0.417 + 0.679:. For these estimates we get

S nE A = 7 (0) Y (1 — e NG| = 119 % 1077,

acA acA

3.4.2 A planar piecewise isometry with four cones

Consider the following family of PWIs that include a linear embedding of a 2-IET
and, apparently an infinite number of non-trivial embeddings of 4-1ETs.
For any 9 € (0,%) and wy € (0,7 —20) and n € RT we consider a partition of C

into four atoms

Py={z€C:arg(z) € [-9,9)} U{0},
P ={zeC:arg(z) € [J,w; +7)},
P, ={z€C:arg(z) € [w; +9,m—9)},
Py={ze€C:arg(z) € [r — 9,21 — 9)},
and define a map T : C — C by T'(2) = T,(z), for z € P,, where
z—1, zea=0,
i (1 — =1
Rz =27 —(=m), zea=1, (3.4.3)
2" — (1—nm), z€a=2,
z+ 77; zEea= 3’
and w; = ™ — 29 — wy, we = —w;. An example is illustrated in Figure 3.4. We

chose A = {0,1,2,3} to label the atoms P, for this map tho emphasize that this
is a Translated cone exchange transformation for parameters 7(1,2) = (2,1), w =
(Wi, m—w; —20),p=Pandny =1—-o
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Figure 3.4: Schematic representation of a family of 4-PWIs F': C — C with atoms
given by the four cones P,, and three parameters: wy, v and 7. The atoms F, and P;
are translated by F' while P, and P, are rotated about their vertices then translated.
The map on the baseline [—1,7) is a 2-IET.

We define the maximal invariant set for this map as X C C. Note that F
restricted to the real line reduces to a 2-IET on [—1,7) that equivalent to interchange
of intervals of length 1 and 1. We refer to this as the baseline transformation.

This map is such that all vertices of atoms that touch the baseline are mapped
to the baseline. This means that although F' is not invertible, it is locally bijective
near the base line. The middle cones P; and P, are swapped by two rotations and
after this, P, and P, are translated by —(1 —n).

Recall the first return map to P, =P, U P, F,.: PLUP, — P, U Py,

F.(z) = FF9(2). (3.4.4)

where k(z) = inf{k > 1: F*(z) € P,UPR,}. If n) is irrational then every point enters
Py U P, after a finite number of iterates, and hence in this case F,. can be used to
characterise all orbits of the map.

For typical choices of parameters wy, ¥ and n it seems that the dynamics of
F' defined by (3.4.3) (and hence of R) is very rich. Figure 3.5 (A) shows typi-

cal trajectories (after a transient), for two hundred randomly selected points and

(wy,9,m) = (0.5, 1, ‘/52’1). Details of some invariant sets are then shown in Figure
3.5 (B). These numerical simulations illustrate that (as expected [9, 10]) the map F
has an abundance of periodic islands for typical values of the parameters.

Figure 3.6 (A) shows the orbits of 5 points (ignoring a transient) under F,, for
(wy,9,m) = (0.5, 1, @) Details of this are shown in Figure 3.6 (B) and (C) in the
areas [—0.04, —0.01] x [0.16,0.21] and [—0.0016, —0.01] x [0.16,0.165] respectively.

These figures show the diverse types of behaviour that can be found in the
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Figure 3.5: (A) Orbits of 200 points (ignoring a transient) by F, for (wy,d,n) =
(0.5, 1, @) (B) Details of (A) in the area [—0.4,0.4] x [0,0.5]. The cone indicates
the location of P; U P,. In this and later figures, orbits of length 10° are generated
after removing a transient of 100 iterates. The maximal invariant set appears to
have a highly complex boundary, but it does appear to include a polygon containing
the baseline. The boxed region contains what seem to be many invariant non smooth
curves.

invariant sets of F,. (and hence F'). They show what seem to be non-trivial embedded
IETs as well as invariant sets of higher dimension. There are also periodic islands
to which the return map is a rotation.

Numerical results show that for some parameters we can observe non smooth
invariant curves for the dynamics of the map F, as defined in equation (3.4.4).
These curves appear to have a dynamics similar to that of an interval exchange
transformation. These curves can bound invariant regions that exhibit quite complex
dynamics. We now construct one such region: set w; = 0.5, 9 =1, n = % and

n' =1 —n. Consider the points

i(m—19)

i(m—29
( )7 z1 = Te )

zZo = g€
with 7o = 0.470 and r; = 0.503 and denote the orbit closures of these points as
= and Z". These are contained in the boxed region in Figure 3.5 (B) and are also

"

represented in Figure 3.7 where it can be seen that both = and =" appear to be

non-trivial continuous embeddings of IETs. Now consider the sets
Qp ={z€C:arg(z) =m— Y and ry < |z| <},

Qr={z€C:arg(z) =0 and ry < |2| < 7}

If 2/ and Z" are invariant curves that are embeddings of IETSs, then the set 0= =
Q) UQRRUZE'UZ"is a Jordan curve. Denote by = the closure of the region bounded

by 0=. Numerical investigations suggest that = is an invariant region for F.. Let
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0.25

13

Figure 3.6: (A) Orbits of 5 points (ignoring a transient) under F., for (wy,9,n) =

(0.5,1,¥21) in the area [—0.14,0.14] x
[~0.04, —0.01] x [0.16,0.21].
[0.16,0.165).

[0,0.25].

(B) Details of (A) in the area
(C) Details of (A) in the area [—0.0016,—0.01] x
Observe a complex pattern of periodic islands, the presence of non-

trivially embedded TETs as well as orbits with more complex structure.

Zr = Qr N =, where

Qo = {z € C: Im(e7 @+ (2 4 (2 — 1)e™1)) > 0},

Q1 ={z€ C:Im(e7“+)(z 4 (2n — 1)e™1)) < 0 and Im (e~ (2
Q:={z€C: m(eZ (W=w1)(z — (1 —n)e™1)) > 0 and Im(e

Qs = {z € C: Im(ze™"@1+9)) < 0}

— (1 =n)e™)) <0},

—iwtd) ) > 0},

Using the property of the golden mean 1 —n = n? it can be seen that F.(z) =

(F.)a(2), for z € 2, where

ze®2 43 =0,
ze'™ —pt o =1,
262 —n? o =2,
ze® +d a=3.

(Fe)a(2) =

The subsets Z,, a =0, ...

(3.4.5)

,3 and the action of F, in this set are depicted in Figure

3.7. Note that that F. acts isometrically on each =, but since these sets are not
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(b)

Figure 3.7: (A) The presumably invariant region = = Zg U E; U 25 U Z3. (B) Image
of = by F..

convex (Z, F..) is not a 4-PWI, but it is simple to construct a 4-PWI (C, S) such that
= is invariant under S and the restriction of S to = is equal to F., by partitioning
C = U,eq Qo and setting S(z) = (Fo)a(2), for z € Q4. One can verify that S
satisfies the parametric connecting equation (3.2.12), therefore satisfying a necessary
condition for the existence of an IET that can be continuously embedded by v in
(C,9), with Y = ~(/) C = also invariant under F..

3.4.3 A piecewise isometry with an embedded four interval
exchange

Finally, we show that the map F. in (3.4.5) is an example of a 4-PWI for which

numerical evidence suggests the existence of a non-trivial embedded 4-1ET.
Consider the family F; of four-interval exchange maps fy, : I — I given by

subdividing the interval into four intervals of lengths A = (A1, A2, A3, A1) € R} with

base permutation 7 with monodromy invariant satisfying 7(1,2,3,4) = (4,2, 1, 3).
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0.2 0.4

Figure 3.8: First 10° points of the orbit of (0,0), by the tangent exchange map ¥
given by A = (lo, l1,12,13), 7(1,2,3,4) = (4,2,1,3), 0, = w,y, for « = 0,1,2 and
03 = w;. Observe the apparent lack of ergodicity as expected for a non-trivial
embedding.

Note that on the real axis Im(z) = 0 is a trivial embedding of the (degenerate)

four-interval exchange where A = (,0,0,1). Let

Y = {F7(0.416) fen.

This defines an invariant set which is portrayed in Figure 3.1 that appears to be an
embedding of an IET. We can partition Y by setting Y, = Y NZ,, for a« =0, ...3.
The length or Lebesgue one dimensional measure I, = Leb(Y,) of each Y, can be

numerically estimated to be
lo = 0.1217970148, [; = 0.1329352086, [, = 0.2008884081, [3 = 0.3550989199

Fix A = (lp,l1,12,1l3) and consider the IET (I, f\,) € Fis. Numerical evidence
suggests that there is a continuous embedding of (1, f) ) into (C,S), by a map ~ :
I —Y with Y C Z, such that 7(0) = roe®, with ry = 0.47665, and 6, = 0.681657.
Indeed numerical verification shows that ¢, R(h(0)) = tx(fr~(0)) for all & < 10°,
supporting that v is a symbolic embedding.

We can also verify numerically that the condition in Theorem 3.3.1 holds for
this case. Estimating £, ~ <=®8) where €, ~ 0.718 4 0.125i, & ~ 0.538 — 0.512i,

U  ma(p(8))
5 >~ 0.460 — 0.438: and &5 ~ 0.300 — 0.562:. For these estimates we get

S a€ara —2(0) S (1 — )€ N | = 6.30 x 107,

acA acA

where 6, = w,, for a =0,1,2 and 05 = w;.
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Figure 3.8 shows 10° points of the orbit of (0,0), by tangent exchange map
U associated to S, which is consistent with the orbit being dense but not having

nonuniform distribution on the cylinder I x S?.

In this chapter, we discussed the general problem of embedding IET dynamics
within PWIs with a particular focus conditions for this embedding to be trivial or
non-trivial, leaving still open the question of whether a non-trivial embedding of an
IET into a PWI can exist at all. In the next chapter we answer this question by
establishing that almost every IET, with an associated translation surface of genus

g > 2, can be non-trivially embedded in a family of PWIs.
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Chapter 4

Existence of non-trivial
embeddings of Interval Exchange
Transformations into Piecewise
Isometries

In Section 1.4.2 we introduced continuous embeddings of an IET into a PWI (a
curve 7 satisfying (1.4.8), continuous on /). Then, on Section 2.5 we used them in
the proof of one of our main results, Theorem B. On Chapter 3 we derived necessary
conditions for the existence of embeddings. We proved that continuous embeddings
of minimal 2-IETs into orientation preserving PWIs are necessarily trivial and that
any 3-PWI has at most one non-trivially continuously embedded minimal 3-IET with
the same underlying permutation. We gave numerical evidence of the existence of
non-trivial embeddings of 3 and 4-IETs into PWIs, however we did not provide a
rigorous proof.

In this chapter we prove that a full measure set of IETSs admit non-trivial em-
beddings into a class of PWIs thus also establishing the existence of invariant curves
for PWIs which are not unions of circle arcs or line segments.

This chapter is organized as follows. We start by introducing a sequence of
piecewise linear curves determined by parameters (A, 7) € R x &(A) and 6 € TA.
These curves are related to the Rauzy induction (recall Section 1.3.2) of the IET
parametrized by the same parameters (A, 7). We prove several technical lemmas
which lead to the proof that each curve in the breaking sequence is quasi-embedded
in a certain PWI. Finally we use tools from the theory of IET renormalization to

prove key results which lead to the proof of Theorem E.
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4.1 Breaking sequence

In this section we define the breaking sequence, a sequence of curves associated to
IET parameters (A, m) € R x &(A) and a rotational parameter § € T4 via the
breaking operator, an operator acting on the space of piecewise linear curves. We

then relate the dynamics of a breaking sequence and that of the underlying IET.

Given ¢ > 0 we denote by PL() the class of continuous piecewise linear maps
v :[0,¢) — Csuch that all x in the domain of differentiability of -y, satisfy |y(z)'| = 1.
Note that for any v € PL(¢), its image ([0, ¢)) has an arc length equal to /.

We say that a sequence of mutually disjoint intervals (J,,),, is an ordered sequence
of disjoint intervals if whenever m < m/, we have x < 2’ for all z € J,,, and 2’ € J,,,s.

Moreover, given a collection of mutually disjoint intervals 7, we say an ordered
sequence of intervals {J,} is an ordering of J if for all J € J there is a unique m

such that .J,, = J. Note that if 7 is a finite collection then it has a unique ordering.

We now define the breaking operator, which acts on PL(¢). Given a sequence
of subintervals of [0, /), it takes a curve and rotates, by a fixed angle, the pieces
corresponding to these subintervals. This is represented in Figure 4.1.

Consider a map v € PL({), a real number ¢ € [—m, ), and an ordered sequence
of disjoint intervals J = (Ji)o<k<r—1 Of equal length A € (0,¢/r). We write J, =
[yk, yr + A) C R, where y,, + A < yp.q and k € {0, ...,r — 1}.

Let B([0,¢),C) denote the space of bounded maps from [0, ) to C. We define
the breaking operator Br(p, J) : PL({) — B([0,¢),C) as

v(z), x € [0,%),
Br(p, J) - y(x) = 3 () e? +&(p,J), =€ [y, yn+ D), (4.1.1)
v(z) + &, J), T € (Y + A, Ypt1),

for k € {0,...,r — 1}, where y, = ¢,
f=7(x0)(1 —€¥), &=y (1 —e¥) + ey, (41.2)
and also
&= (7o) =Y + D)1 —€¥), e =F — 7y +A)(1—€¥).  (413)

The above expressions for ¢, and €, are constructed in a way so that the action
of the breaking operator preserves the continuity of a curve. Indeed in our next
lemma we show that for all £ > 0 and ¢ € [—m,7), Br(p, J) maps PL({) into a
subset of PL(Y).
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/\ ¥(Jo) /\ }
\‘r‘fm \ ()

(a) (b)

Figure 4.1: An illustrative representation of the action of the operator Bt on a
piecewise linear curve v : I — C. In (a) we can observe vy(I). The dashed segments
correspond to the images by v of segments from an ordered sequence of disjoint
intervals J = (J,)n=012; (b) shows the image Bt(yp, J) - v(I) , with ¢ = m/4. Note
how the breaking operator acts by only rotating the segments ~(J,) by ¢ while
keeping the transformed curve continuous.

Lemma 4.1.1 If{ > 0, v € PL({), ¢ € [—m,m) and J is an ordered sequence of
disjoint subintervals of [0,¢) with length A > 0, then Br(p, J)(PL({)) C PL(L).

Proof.

Let v € PL(?). Tt is clear that Br(p, J) - is piecewise linear and continuous. In
particular, it is semi-differentiable, that is, it admits both left and right derivatives
for every point. Denote by 0_ and 9, its left and right derivative, respectively.

Given z € (0, /) we have

10— (Be(p, J) - 7) (2)] = |05 (Be(p, J) - ) (2)] = [047()]

Since v € PL({), |0+7'(z)] = 1 and hence, if Br(p, J) - v is differentiable at x we
/

|
must have | (Br(yp, J) - ) (z)| = 1. This finishes our proof.
O

We will later need the estimate in the next lemma.

Lemma 4.1.2 Let ¢ >0, v € PL{(), p € [-m,7), A < { be a positive constant and
J be an ordered sequence of disjoint intervals of length A. For all k € N we have

max (&), |e,|) < 2¢sin ‘g‘

Proof. Let r be the number of subintervals in J and J = ([yg, yx + A))o<k<r-
By inserting (4.1.3) in (4.1.2) it is clear that, for any 1 < k < r, we have

& = (V(yk) = Y(r—1 + A)) (1 — €) + 61,
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and applying the triangle inequality we get, for any 1 < k < r, that

k-1

lex| < |1 — e [W(ykﬂ +Z\’V(yl) =y + A

=0

As |1 —e*| = [sin(p/2)], yp < L~ (r—k)A and |y(y1) — v( +A)| < Y([yr, ye +
A)) < A we get as rA < {
x| < 2€sin‘§‘ :

It is also clear from (4.1.2) and (4.1.3) applying the triangle inequality that for
any 1 < k < r we have

k
el < 11=e®1> - Iv(m) — (e + D)),
=0

and in a similar way as before we can prove that |e,| < kAsin|p/2] < £sin |§‘ :
O

Recall we say an ordered sequence of intervals {J,} is an ordering of a collection
of mutually disjoint intervals 7, if for all J € J there is a unique m such that
Im = J.

Also recall the definition of IET and notation introduced in Section 1.3.1. The
n-th iterate of the Rauzy induction map R : R4 x G(A) — R4 x &(A) is defined
for any n > 0 and is denoted by

R\, 7) = (AW, 7)),

with 7(® = ( w(()") w%”) )7, Furthermore we denote by f.,, the last symbol in the
expression of 7", by g(n) the type of fym rm, by I its domain and by {]én)}aeA
its partition in subintervals, for n > 0. Also recall that 'r’ﬁm(fo(é")) denotes the first

return time of any = € 1" by foar to I,

Given (A, ) € R x &(A), consider the collection of sets

T(n) = {2 ("N Yy (4.1.4)

—1

where r(n —1) = r{ ! (]g;;l)) and

It is clear that for all n > 1, r(n — 1) is equal to the smallest » > 1 such that
f)’fm(](”*l)\l(”)) C I™. We denote the ordering of J(n) by J™ = (Jgin))ogk«(n—n,
for allmn > 1.
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Let Z* ~ Z% and T4 ~ T¢ be the d-dimensional torus R*/27ZA. Furthermore,

let p : R4 — T4 be the natural projection,

p(v) = ((v), mod 2m) for all v € R,

acA’

We sometimes use the notation p(v) = v mod 2.

Recall the definition of Rauzy cocycle in Section 1.3.4. We introduce the projec-
tion of the Rauzy cocycle on T4 as the application By : R“fr‘ X R x TA — T4 such
that Bra(A\, ) - 0 = p(Br(\, m) - v) , for any (A\,7) € R x R, n > 0 and 6 € T4,
with v € p~1(6). Note that, as Bp is an integral cocycle, for any v,v' € p~1(0) we
have p(Br(\, ) - v) = p(Br(A, ) - v') and thus the map Brpa is well defined. We

also use the notation
BT(FZ\)()\, )0 = Bgl)()\, 7)-v mod 27, (4.1.5)

for any n > 0 and 0 € TA, with v € p~1(9).
Given 0 € T4 let
90 =g ) — Bq(r’ff(/\,w) 0. (4.1.6)

We define the breaking sequence as a sequence of piecewise linear curves (’yén) ())n €

PL(L), such that

0
% (@) = .

: - - (4.1.7)
98" (2) = Be (650, 0) D (w),

Bl,n—l ’

for all x € [0,|A]) and n > 1.

Each map in the breaking sequence is a curve parametrized by its arclength and
is obtained by successively applying the breaking operator with angles 0(?;2 and
segments J™. Note that the number of these segments will increase while their
lengths will decrease as n — +o00. In this way this sequence of curves is related
both to the IET f), and to a PWI with rotation vector #. A representation of a
breaking sequence of curves can be observed in Figure 4.2.

Denote by O, . the set of all § € T such that for all n > 0, 79") : I - Cis an
injective map. Throughout the rest of this section we will consider 4 = ’yén) with
0 €Oy,

The monodromy invariant of the permutation 7™ is the bijection

7 {1, dy = {1, L d),
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(a) (b)

/ \q ﬁ_,-;l“" . //’

() (d)

(1)
Yo (I) .
A0
- —
90

Figure 4.2: A representation of 4 curves in the breaking sequence (7én))n20 as-

sociated to parameters A &~ (0.43,0.34,0.12,0.11), a permutation # = (mg,m),
with m(A,B,C,D) = (1,2,3,4) and m(A,B,C,D) = (4,3,2,1) and 0 =~
(3.872,5.110,0.531,0.553). Each figure is the image of the interval I, by a map
7™ composed with a rotation which assures that both endpoints lie on the Real
axis. Each of the differently shaded segments correspond respectively, from left

to right, to Y™ (1,), a = A, B,C,D. In (a), (b), (c) and (d) we can see ™ (I)
respectively for n = 1,5, 10, 35.

such that #™ = 7™ o (z{™)=1. We denote its inverse by #™ = (™ o (z{™)-1.
We write
(m) _ (m)
Lej = Zném)(a)gj Ao (4.1.8)

for e = 0,1, where x((f;) denotes the j-th endpoint of the partition associated to
to frm) x(m), this is {Lgm)}aeA, and :1;5”;) denotes the j-th endpoint of the image of
this partition by fy@m) r(m. Furthermore we denote their image by ") as 'y:”jm =
) (a:if’})) ‘

We may now define points ;"™ € C recursively as follows

& =04
nm g(m) n,m n,m n,m (419>
£ =expqi (™) =1(j41) <,70,7Ar(m)(j+1)71 - 70,ﬁ<m>(j+1)) + &
Foralla e A, n €N, 0<m <nand z € C, we define a map,
[(n,m) — ol _Anm n,m
o M(z) =€ (Z 'VOJ(()nL)(a)) + SWYH)(OL)‘ (4.1.10)

The isometries T"™ act on the segments 7™ (I{™) by rearranging their order
according to the permutation 7™, via rotations by angles H&m). The right endpoint

'yg”;zm)(d) of the segment 7(”)(Iém) ) is mapped to the right endpoint €™ of ™ (1)),

1,m
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4.1. BREAKING SEQUENCE

For j < d, the right endpoint 7 ’;’("m)(j) of v™(I 7(:2) (j)) is mapped to the left endpoint

n,m . ~(n,m) n)/ 7(m) . .
13 ofAthe image by 7770, ) of A )(Iﬁ(m)(jﬂ)). In this way, the union over a € A,
of all To(,n’m) (7(")(I£,m))) is a continuous curve which a priort may not coincide with
7(")( I (m))_

We also define inductively a map T4"™ as follows:
T (2) = T (). (4.1.11)
For z € C, 0 <m <mn, if ¢(m — 1) = 0 then

Tén’m)(?«’)a a # Bim-1,

i (2) = (4.1.12)
(

-1
T(nym) > o Tcgnym)(z% a = Bl,m—b

Bo,m—1

if e(m — 1) =1 then

TO(éan) (Z)u «@ 7é ﬁO,m—la
Trm=b(z) = o) oy )1 (4.1.13)
Ta ’ o (Tﬁl,;n—1> (Z), o = ﬁ(),m—l-

Finally, we define a map 7™ : ™ (1(™) — C by
T (2) = T (z), 2 € 4™ (1),

To understand the inductive procedure used to define 7™ consider first the

map fym pm o : R — R such that fA(m)’W(m)ﬁa(x) = x4+ U((lm). If # = 0, by the

definition of breaking sequence, fyén) (x) =z, for all z € I and n > 0. Consequently,

(m) enm _ _(m
ejrSi T Ty

™ (2) = from am o(Re(2)) + ilm(2).

we have 7" = ) and thus, for all z € C, we have

For 0 <m <nand e(m—1) =0, (4.1.12) gives

f)\(m>77'r<m),o¢(R’e(Z))7 a # Brm-1,

Saom-1) zm-1 o(Re(2)) =
f)zgn)m(m)ﬂ(]’m_l © f)\(m),w(T”),a(R‘e(Z))ﬂ o = ﬂl,m—la

and as fyum) -m) () = fyom) zom) o(2), When z € L&m), these identities can be easily
verified to be equivalent to Rauzy induction in this case. An analogous set of
identities can also be obtained for the case e(m — 1) = 1. Also note that for this
example we have T{"™ = T.™™ This is no coincidence and indeed later we will
prove that this identity holds in general. In this way (4.1.12) and (4.1.13) are
a generalization of Rauzy induction and hence (T™™), 5, is a sequence of maps

defined on (™ (I™)) which preserves this inductive structure.
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For the remainder of this section we prove several lemmas which serve as technical
tools for our next section where we explore the relation between T.™™, T™™ @)
and fyem em. The following lemma gives useful expressions for compositions of

7™ which are related to the inductive procedure used to define 7.™.

Lemma 4.1.3 Foralln>1,0<m <nand z € C ife(m —1) =0 then
~(nym) 2 (n,m) E;l" 1)1 n,m—1 n,m—1
(Tﬁo,m—1> © Tﬂl m— 1( ) € " <Z - 70 7r(m 1)( ) ) + 71 d 1 -
and if e(m — 1) = 1 then
~(n,m ~(n,m -1 ") n,m—1
Tﬁ(O,mjl © (Tﬂ(l,mjl) <’2) =e fom-t (Z o fVOd 1 ) +£ (m— 1)(d)

Proof. Assume first e(m — 1) = 0. It is clear that 7™ " = 7™, 7™ (81_1) =

7™ (Bo.m) + 1 and we get

n,m 00 n,m nm
5 m>(51m 1) W;’m)(ﬂo,m—l) =e B1,m—1 (7071'(7” 1)() ’yoﬂ(m U(d) 1) (4114)

directly from the definition of £ with j = 7r1m) (Bom)-

From (4.1.6) we can write

%%% a# B,
6im — { m ’ (4.1.15)
6),31 m—1 + 050 = 61’7”_1’

Now, since for any j < d we have v~ !

= Yo %, from the above relations using
(4.1.10) we prove our lemma in this case.

Now assume e(m — 1) = 1. It is cleat that 7\™ Y = 7{™ and 7™ (B1.m_1) =
7T(()m) (Bom—1) — 1. With j = #m=D(d) — 1, it is straightforward from the definition
of "™ that

(m)

n,m 95 e n,m _mm n,m
gfr(m—l)(d) =e "0, 1 P)/O,Trom)(ﬁl,mfl) Pyovﬁém)(ﬂo,mfﬂ + €7~r<m,1>(d). (4116)

By (1.3.7) and (4.1.8) we have

(4.1.17)
which in particular, by (4.1.9) gives 7&’(1”:1 = ¢, Also, by (4.1.6) we have

05"V, @ # Bom1,
g — { e (4.1.18)

@ m—1 m—1
eéo,ml + 9,(81,7717)1’ a = 60,777,717
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4.1. BREAKING SEQUENCE

The second statement in the lemma follows from combining this with (4.1.16)
using the definition of 7.™™.

UJ
Before proving our next lemma, note that we can write (1.3.5) as
ﬁ(m)(ﬁ(m)(d) +1), j=d,
#m=D(5) =< 75 + 1), 7m=1(d) < j < d, (4.1.19)

7 (), j < am(d).

The proofs of our next two lemmas consist of simple computations using our
formulas and definitions. We highlight the main steps but do not present exhaustive

proofs.

Lemma 4.1.4 Letn > 1 and 0 <m < n. Ife(m —1) =0 and ;77" = vﬁ’d":l,
then
Tm=1)(2) = Tnm)(2), (4.1.20)

for all z € C and oo € A\{B1,m-1}-

Proof.
For #(™)(d) < j < d, from the definition of #(™~! and since Yo.;

m—1 _ _nm
= Jo,; W€

can write

n,m—1 n,m—1 n,m — A
Yo,70m=1(5) — Y. wm=0() = Toaom -1 Toa0m (41"

-1 -1
Since m" ™V = (™. <7r§m_1)> (4) = (7?5””) (4 1), and as j < d, using
(4.1.15) we get
(m-1)  _gm
(=)o (=) G+
As gpmt = =Y 1 and vﬁ’d”ill =Y. » the two expressions above give for 7 m)(d) <

j<d

gt =g (4.1.21)
Now assume o € A is such that W%m)(a) > 7™M (d) + 1. By (4.1.21) we get
n(’:,rf)( )= "g%f(l)il, and since by (1.3.5), we have 7" (a) = 7{™(a) — 1, this
gi\lfes 1
n,m—1
(m) 5 (M71>(a)‘
Since 7” mel 70 " the proof of the lemma in this case follows from the definition

of £ and Tmm.
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Note that 7r§ (BOm 1) = 7T1 (ﬁl m—1) and thus it follows from (4.1.21) that

f:i:;:l)(ﬁo’m_l) =& %(6 . By (4.1.14) we get
nm—1 _gmm _ 69(53")m L[ nm _m
™ (Bo,m— 7™ (Bo.m1) (%,ﬁ(m-l)(d) 70,ﬁ(m—1>(d)_1> ‘ (4.1.22)
Since £ = = 1, we have
n,m—1 nm—1 0§D (1 n,m—1
Yod  — Viag-1 —€ b (707r(m V(@) ~ Yorm-1(@)— 1) (4.1.23)

which combined with (4.1.15) and (4.1.22), using the fact that fy?f”d":l = Yod >

Y4 v = Y, » when j < d and the definition of ;"™ proves the lemma for
a = ﬁO,m—l'

From (4.1.15), (4.1.19) and (4.1.23), as 7" (Bin—1) = 74" (Bo,m) +1 and 7" =

n7m_1 .. . .
V141 » a trivial computation gives

o)
n,m 19 n,m—1 n,m
) (d)41 (Yo = You ) + & #0m)(d

By (4.1.19), (4.1.21) and from the definition of /7 ° | we get

(d)—1

. -1
fn,m—l Zg(m ) n,m—1 n,m—1

Fm)(@y-1 — € com (%d 1~ Yo ) + 5;5?:)(,1)“
Combining this with (4.1.15), (4.1.19) and noting that 757", = ~¢7"; ", the relation

gn,m—l . €n,m
7m)(d)—1 — SEM)(d)-1"

simply follows from the definition of £"™ for j = 7 (d) — 1.

We now prove by induction on j that
nm—1 _ ~nm
3 =& (4.1.24)

for 1 < j < #™(d).
Since ﬂ(()m_l) = 7T(()m), we get by (4.1.19) that (7T§m_1))*1(j) = (ng))*l(j), and as
j <d, by (4.1.15) we have

S N OB 41.25
=)o =) o ( )
Combined with (4.1.19) this gives

n,m—1 (m) n,m n,m
fj—l eXp{ 9( m) 1(5 )} <70 #(m) (5)— 70,7?(’”)(]')) + éj ’
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which, as f;“m_l =&, by (4.1.9) shows that 5;‘;”1‘_1 = &', proving (4.1.24).
Now assume a € A is such that 7r§m)(oz) < 7#M(d). From (4.1.24), since

7" V) = 7" (a) we get VT = i This, combined with (4.1.25)
1

" (@) ()
and the definition of 7™, proves our statement for 7™ () < #™(d).

Since ﬂm)(ﬁo,m,l) = 7™(d) and since we proved (4.1.20) for a = Bym_1
and 7" (a) > 7™M (d) 4+ 1, we get (4.1.20), for all ﬂm)(a) # 7#(d) +1. As
W%m)(ﬁLm_l) = W%m)(/BQm) + 1 and 7T1m) (Bim) = 7™ (d) + 1 we have (4.1.20) for all
a e A\{Prm-1} O

Note that by (1.3.6) we can write

M) =1, #M(5) > am(d) +1,
om0y = 4, () = 7m(d) + 1, (4.1.26)
#m (), #m(5) < 7#m(d) + 1.

V

The following lemma provides a result similar to that of Lemma 4.1.4, but for
the case e(m — 1) = 1. The main difference, compared to the previous case, comes
from the fact that £7"~" does not, beforehand, coincide with vﬁ’d”:l, although we

will later establish this equality.

Lemma 4.1.5 Letn>1 and 0 <m <n. Ife(m —1) =1 and &7 = €2 then
for all z € C and o € A\{Bo.m—1,B1,m—1} we have

T D(z) = T (2). (4.1.27)
and 1
~H(n,m—1 ~(n,m = (n,m -
TB(O,M_1 >(z) = TB(W_)1 ) (Tﬁ(l’m_l) (2). (4.1.28)
Proof.

By (4.1.17) and (4.1.26), for all j such that #(™(j) ¢ {#(™(d), 7™ (d) + 1}, we
get

n,m—1 n,m
70,7%(“1—1)(]') = Yo,70m) G)’ (4.1.29)

n,m—1

similarly, Vom0 (j)-1 = ”y&ﬁm)(j)_l. In particular, for any j ¢ {#("™) (7™ (d)+1),d}
we have

n,m—1 n,m—1 _.nm n,m
Voﬁ(m—l)(]‘)_l - ’yO’ﬁ.(m—l)(j) - ’70,7%(7@(3‘)—1 - 70,7?(””0(]‘)' (4130)

As 7T§m_1) = W%m) and by (4.1.18), for all j < d we have

e(mfl) e(m)

: 4.1.31
(@™ )G @ ™)) ( )
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We now prove, by induction on j, that

gﬁ,m—l — é;n,m (4132)

J J

for #m=Y(d) < j < d.

We have €771 = ™ Take 7™ V(d) < j < d. As #™(70M(d) + 1) =
7m=D(d), we have that j ¢ {7(™ (70" (d) + 1), d}, hence by (4.1.30) and (4.1.31)
we get &7 = M. This shows that for any #™~1(d) < j < d, (4.1.32) holds.

By (4.1.17) and (4.1.26) we have 73;7};}1)( 0 = Vormt@yes And ygﬁgil)( oot =
Vg,gnw(d)—p thus by (4.1.9) we get

.p(m—1)
n,m—1 __ 195 — n,m n,m n,m—1
5d—1 =e (%,fr(m>(d)—1 o Vo,ﬁ(m>(d)+1) + Tod o

since €71 = €2 and €™ = 477", by combining this with the definition of £

and (4.1.31) we get

(4.1.33)

nm—1  nm-—1 _ 19;3?:”121 n,m _oamm
Yoa-1 — Yoa =€ Yoxm (@) ~ Vo,p0m) (@) +1

By (4.1.9), with j = 71 (d) — 1, we have

.n(m—1)
n,m—1 n,m—1 n,m—1

n,m—1 g 1 i
gﬁ-(mfl)(d)fl = e Pom- (70,11—1 Yo,d ) + £7~r(m*1)(d)7
which by and (4.1.18), (4.1.32) and (4.1.33) gives

n,m—1 n,m

i0
— Bo,m—1 s _ Amm n,m
Erim-1)(y_1 = © ('Vo,ﬁ(m(d) To,7(m) (d)+1) + &almn (ay

and as, by (4.1.26), #™=Y(d) = 7™ (7(™)(d) + 1), combined with (4.1.9) this shows
n,m—1 _enam
that gﬁﬁm—l)(d)q - éﬁ(m—l)(d)fl'

Now assume, by induction in j, that for some j < #™~Y(d) we have 3

£ It is straightforward to see, by definition of "™, (4.1.30) and (4.1.31) that

f?f’f_l = ¢}, Since we had proved before that (4.1.32) holds for 7™~ (d) < j < d,
this shows that (4.1.32) is true for all j < d.

Now, consider o« € A\{Bom-1,01m-1}. By taking j = 7r§m) (o) we get j ¢
{7 (7(M)(d) 4 1), d} and by (4.1.29) we obtain yg’m_l =" . and thus by

(m—1) e
by (a) 0,my 7 (a
(4.1.31), (4.1.32) and (4.1.10) we get (4.1.27). i

n,m—1 __

By (4.1.10), for all z € C, we get

= (n,m) = (n,m) -1 n,m
T,BO,m—l © <T/Bl,m—l) <Z) - 57r§7m)(,30,m—1)—i_

ew/g(?)mﬂ efig(ﬂan)mﬂ 2 Sn,m 4+ A L
™ (B1m—1) ﬂyovﬂ(()m)(ﬁl,mq) fyovﬂém>(ﬁo,mf1) ’
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which by Lemma 4.1.3 gives

.h(m—1)

-1
~(n,m) 2 (n,m) K - n,m—1
TBO,mfl © <T51,7n71> (Z) = e Pom-1 (Z - 70d 1 ) + S0 #7lm=1)(d)—1
combined with (4.1.32) and (4.1.9) for j = #™~Y(d) — 1, this gives
~(n,m ~(n,m -1 ie(mil) n,m—
T/éD,;n—)l © (Tfé()l,m—)l> (Z) =e fom= (Z - ’VOd 1) + 50 Fm=1)(d)
By (4.1.10) this shows that (4.1.28) holds. O

Consider now J = (Ji)o<k<r, with 7 € N, an ordered sequence of disjoint subin-

tervals of 1. Let I’ be a subinterval of I, we denote
JN [I = {Jk N [/ : Jk N I/ 7£ ®}0§k<r-

Recall we denote by J™*1) the ordering of {f)’f7r ([(n)\[(nﬂ)) }
T;‘L:Tr (]/gg)n>
Given n € N we define a sequence (k(m))o<m<nt1 of indices of J1) as follows.

Set k(n+1) = 0. For 0 < m < n+ 1 let k(m) be equal to the number of disjoint

subintervals in J@+) N 10 Tt is clear we have

oher(n) , where r(n) =

J(n+1) N (I(m—l)\](m ) (Jk) m)<k<k(m-—1),

for0<m<n+1.

Denote by 3(m) = Bi_c(m)m that is, the loser of (A\(™, 7(™). In the following
two lemmas we give a description of J™+V) that will later be used. We believe that
these are elementary results however we could not find them in the literature and

thus we present a proof.

Lemma 4.1.6 For alln > 0,0 <m <n+1and 0 < k < r(m—1), if Jy N
(T0=D\ 00 £ 0 then J, © T0m=D\ ()

Proof. Assume, by contradiction, that thereis a J;, = J,UJ; € J*V such that J;.N
(I(m=D\1M)) = and J € I0"D\I0™). Take | > 0 such that f;(J}) C 1MW\,
It is simple to check, given two points 2’ € f/\_fr(J,’c) and 2" € I(Z,)n\f/\_’fr(J,’f), that
i (a') # r ("), which, as IW\I(F) C T ,é’:)n contradicts the fact that 7y is

constant on [ éz)n O
Lemma 4.1.7 For all n > 0 we have

J(n—i-l) N (](n)\j(n—l-l)) _ (I(n)\l(n—i-l))7
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furthermore for all 0 < m < n we have

JH)  (pm=D\ 7(m)) — From—1) om-1) (J(n+1) N Ié@—l)) , (4.1.34)

In particular there exists a k'(m) > 0 such that for all k(m) < k < k(m — 1) we

have

Ji = from-1) zom-1 (Jiew(m)) - (4.1.35)

Proof. Note that we have Jy = I\ IV from whence the first statement follows.

Assume that J™+H) A [(m=D\10m) £ () as otherwise the result holds trivially,
and take J, € J™*Y) such that J, N (I™m~U\I™) #£ (. By Lemma 4.1.6 we have
Ji € I0m=D\1(™ and thus it follows from the definition of J™*Y) that there is
an [ > 1 such that fi(m,l)m(m,l)(I(”)\[("H)) = Ji. Furthermore the pre-image by
Jatm=1) zm-1) of Jy is contained in Ig(nn)m_n and it is a term Jy, with &' < k, in the
sequence J" ). The difference k'(m) = k — k' is independent of the choice of
Ji, from which (4.1.35) follows. Observing that J*+ N Ig(nm_l) = (Ji)kek, with
K = {k(m) = k' (m),....k(m — 1) — k’(m)}, and combining this with (4.1.35) we
obtain (4.1.34), thus completing the proof. O

4.2 Existence of a quasi-embedding

In this section we introduce the notion of quasi-embedding and use it to relate the
dynamics of fym) e with that of T for any n > 0 and 0 < m < n. Recall that
A =4\ With 6 € O, ., where 7" is as in (4.1.7).

We say that fym) . 18 quasi-embedded into T™™)  or that v is a quasi-

embedding of fym) @) into T0m) for x € I' C I if

T (50(2)) = 5 fym o (). (42.1)

Intuitively this means that 7™ and Jam) ) are nearly topologically conjugate,
the conjugacy failing only for points in I\’
The following theorem establishes that 7."™ = T{"™ and that 7™ is a quasi-

(n,m)

embedding of fywm) m) into T except for points in a subinterval which decreases

with n.

Theorem 4.2.1 For alln > 0 and 0 < m < n, Y™ is a quasi-embedding of
Ja@m) pm) into T for x € I(m)\f;(#)m(m) (I(”)). Furthermore for all o € A and
z € C we have

Tm) () = Tm) (). (4.2.2)
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% 1) WO (frel))

P b
N —_ \1
(1)
,f\/ — \/\L
% (1)

(c) (d)

Figure 4.3: A representation of curves in the breaking sequence (yén))nzo associ-

ated to parameters A &~ (0.222,0.343,0.377,0.058), a permutation © = (mg, 1),
with m(A,B,C,D) = (1,2,3,4) and m(A,B,C,D) = (4,3,2,1) and 0 =~
(0.905, 5.501,0.169, 0.067).

Figures (a) and (c) show respectively the curves ’yélo)(f ) and fyé35)([ ). Each of the
differently shaded segments correspond respectively, from left to right, to 7™ (1,),
a=A,B,C,D, n=10,35. Also note that the segment, under the braces in figure
(a), corresponds to v (1010)).

Figures (b) and (d) show respectively the curves ’y(glo)(fx,w(f)) and 7(535)(f,\7,r(1)).
Each of the differently shaded segments correspond respectively, from left to right,
to Y (fax(ls)), a = D,C, B, A, n = 10, 35.

By comparing figures (a) and (b) note that for any I’ C I y19(fy.(I')) can be
obtained from applying the piecewise isometry 7009 to 419 (1) as long as I' N
f):}r(f(w)) = (), in agreement with Theorem 4.2.1. A similar fact is true for figures
(c) and (d), however since f, (1)) is small in this case, it is no longer apparent

that the conjugacy fails for points in f; 113y,

A visual representation of this result can be found in Figure 4.3. Throughout the
rest of this section we prove several lemmas that will later be used in the proof of
Theorem 4.2.1 in Section 4.2.1.

Our next lemma is a particular case of Theorem 4.2.1 where n > 1 and m = n—1.
We study separately the cases e(m — 1) = 0 and the cases e(m — 1) = 1 as it can be
seen from (4.1.12) and (4.1.13) that the expressions for T, ™) are different in these

two cases.

Lemma 4.2.2 Letn > 1 and o € A. Then ™ is a quasi-embedding of fatn=1) ztn-1)
into TV for x € I(”*l)\f/\_(i_l) A(n-1) (I(")). Furthermore for all z € C we have

T (z) = Fnn=1)(3), (4.2.3)
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Proof.

We distinguish the cases e(n — 1) =0 and e(n — 1) = 1.

Given n > 1 assume ¢(n — 1) = 0 . Lemma 4.1.3 for m = n combined with
(4.1.12) gives

n,n—1 io ) n,n n,n
T/(gl,nfl )<Z) =e PLn-1 (Z - 70 7.I.(nll)( ) ) + ’}/1 d— 11 (424)
for all z € C.
By Lemma 4.1.7, J® = (I \[™). Let & € If"\fil oy, oo (I™). Since
we have fym-1) o1 (x) € I""D\I™ it follows from our definitions of breaking

operator and breaking sequence that

n 9(” 1) 9(" 1)
’)/( )<f>\(n71)77r(n71)($)) = f>\(n71)77r(n71)( )6 Bln-1 4 ‘[ |( —e Pin- 1) (4.2.5)

. n—1 n n,n—1 n—1 n . n)| _ .nmn—1
since xid_l) = |I™)|, Vortn-1(@)-1 = mé,ﬁ(n)ﬂ)(d)q as 7"(z) =z and |[I™] = T1,d-1
this gives

.h(n—1) .n(n—1)

7(n)<f,\(n—1),7r(n—1>($)) —¢ Bl’”_IV(n)< ) = 7?; 11 — ﬁlm_l’Y&?(;il)(d)*l' (4.2.6)
As I&nfl)\f;(ifl)m(nfl)([(”)) = () for a # Sy n-1, (4.2.4) together with (4.2.6) gives

T(n,n—l) (fy(n) (x)) — ’y(n) (f)\(n—l)ﬂ-r(”_l) (x))7

which proves that the map v is a quasi-embedding of Jat=1) z(n-1) into Tn=1) for
n—1 — n
v € I8N\ o (1)),
By continuity of fym-1) -1 in
(4.2.6) we get

(n—1) _ (n—1) (n—1)
[51,n,1 - [l‘o,fr("fl)(d)—l’1'077}(”*1)((1)) and from

.p(n—1) .n(n—1)
n,n—1 B1.m n,n—1 n,n— 1_6[31

o 1 _ n,n—1
Ma-1 —€ Vo701 ()1 — T1.d

-t ’YO A(n— 1)(d)

which combined with (4.2.4), (4.1.9) and (4.1.10) gives (4.2.3) for a = [y ,—1.
Since &7 = = N ', by Lemma 4.1.4 we prove the second statement in our
lemma for all o € A.
Now assume £(n — 1) = 1. It follows directly from our definitions of T4"™(2),
T{"™(z) and £ using (4.1.13) that

n,n—1 0 <n D nn n,n
Tﬁ(l,nfl )(Z) = e et (Z B ’YO,ﬁ(n)(d)) + V1,4 > (4'2'7)

for all z € C. Again, in this case we also have J™ = {I (n=1)\ I (r } and we can use

(n)

(4.2.5) as before which since Hgf;i) = 0/(6,?)", 71d = xld and 70 (n)( ) = T i) (a)

1
gives

i n n,n Z (n 1
VO (Frinn mnn (2)) — € P1mm19 W (2) = A7 — ePnmypl (4.2.8)
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4.2. EXISTENCE OF A QUASI-EMBEDDING

for all € 15 U\ oy ooy (1) As IETONFL L o (™) = 0 for a # B,

combining (4.2.7) and (4.2.8) we prove the first statement in the lemma.

151,7,1 - [1‘077}@71)(@_171'07%(7L71)(d)) and from

(4.2.8) we can relate the image by 7™ of the d-th endpoint of the partitions as-

By continuity of fym-1) -1 in

sociated to fym-1) -1 and fym) - as follows

nn—1 19[(37;;17)1 n,n—1 _oamn Zagijlljl n,n
V1,4 e " Vojr(n—l)(d) =M. € vo,ﬁ(n)(d)'

As ’yﬁ’g*l = ¢! this together with (4.2.7) and (4.1.10), proves (4.2.3) for a@ =
B1n-1. Using the definition of £;*™ this can be rewritten as
n,n—1 i0<n71> n,n—1 n,n n,n
§g01 =e i (’yo,frW*l)(d)—l o 70,fr(n>(d)> +&

and since ’y&’:(:fl)(d)_l = ’y&’;n)(d)_l, by (4.1.9) and (4.1.18) we get that £} = ¢

Hence by Lemma 4.1.5, (4.1.10), (4.1.11) and (4.1.13) we prove the second statement
in the lemma for all a € A.
U

Recall we denote by J®™) the ordering of {f¥_ (I(")\I(”“))}Mkr(n) , where

r(n) =ry . ([g;)n) Given 0 < m < n+ 1, by Lemma 4.1.7 there exist 0 < k(m) <
k(m — 1) such that

J(n+1) N (I(mil)\[(m)) = (Jk)k(m)§k<k(m—1)7
and there exists k'(m) > 0 such that
I = from—1) pm-0 (Je—rr(m))-

In particular we have the following relations
[I(()?:i)7 yk(m)) = f/\(m—l)m(m—l) (I:f;il_l),w(m—l) (I(()iz))7 yk(m)—k'(m)>> s (429)

Wrmsn -1 + A, 25 V) = Frimen) gomos <[yk(m+1)717k/(m),xéﬁ?i),wd))) ,  (4.2.10)
recalling we denote Jy = [y, yr + A), for all k(m) < k < k(m + 1) we have
Tk = Faim xom ([Yrm)—k/m) Yrm)—wom) + D)) 5 (4.2.11)
and denoting J;, = [yx + A, yr41), for all k(m) <k < k(m+1) —1 we get
T = o1 pom-1 ([Ynm)—k(m) + O, Yk(m)+1-w/(m))) - (4.2.12)

With the assumptions that 7imm=) = 7™ and that ™ and 4D are

quasi-embeddings of fym-1 rom-1) Tespectively into T~ for all x € IMmD\
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f/\’(;_l)m(m_l) (I™) and into T~ for some point in I(T;_l, in the next two
lemmas we extend the quasi-embedding 7"+ for points in a larger subinterval of
]gf}nil. With the hypothesis that (4.2.1) holds for some y € Jéfk,(m)fl, the first
lemma extends this quasi-embedding for points = € J,’Q_k,(m)_1 such that z > v,

while the second provides a similar extension for points in Jj_p ().

Lemma 4.2.3 Given n > 0 and 0 < m < n + 1 assume that 7(") 1S a quasi-
embedding of fym-1) pm-1) into Tmm=0 for x € I(m_l)\f;(}n,l)m(m,l) (I(”)), that for
allao € A and z € C,

Tmm=(z) = Tmm=1 ()., (4.2.13)

and that with & = f;&n,l) m1) (J;(()T'Zl)) we have

io(m=1)

T/gj; {’T*”(z) =" Mm1(z — A" (E)) + D (o pomen (2)). (4.2.14)

Furthermore for k(m) < k < k(m + 1) assume that Y™V is a quasi-embedding
of from—1) gim—1y into TCFLM=Y fory € Igln;i)l O i rmy—1

If yr < :U(()Tz_l) then vt s q quasi—embeddmg of from—1) gom- into T HLm=1)
for all x € [y, ye—wom)]- If yp > x(()d then vtV is a quasi-embedding for x €
m—1
iy ).

Proof. As z € I m-1) , by (4.2.9), (4.2.10) and (4.2.12) we have fywm-1) rm-1)(7) €
[fatn-1 zm-1 (Y)Y ], thus by (4.1.1), (4.1.7) and continuity of 7™V we get

V(HH)(fA(m_nﬂr(m-l)(x)) = V(H)(fxm—l),w(m—l)(x)) EISE

Since 7™ is a quasi-embedding of Jatm=1) p(m-1) into Tmm=1 for x € [y, Yk—k (m)] We

have
Y (fron-1 gomv (2)) = T (M ().

Combining these two formulas and using (4.2.13) we obtain

.h(m—1)

YD fyomn) zomn () = € Prm=t (7 (@) — v (1) + Y (from1) pom1 (¥)) + €51

Finally, using the definitions of breaking operator and breaking sequence one gets

. p(m—

D fymr) gt (@) = € Hm1 (D ) — A () 4D (fy0 i 0).
(4.2.15)

Since 4™ is a quasi-embedding of Jam=1) p(m—1) into THLm=1) for y € Igl";)l N

Jl

(m)—1 We have

YD (Frimeny gimn (y)) = TOTHEm=D (403 ()
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4.2. EXISTENCE OF A QUASI-EMBEDDING

which combined with (4.2.14) gives that for any z € C,

(m—1)

n—1Lm— 0 n n
TH 0 (2) = €Pims (2 = 4D () 4 4D (frmon) oo (1)
Combined with (4.2.15), we get

YD (faonn ponn (2)) = TEHD (44D (2)), (4.2.16)

for all z € [y, Yx—w(m)] and therefore ™+

is a quasi-embedding of fym-1) zm-1)
into 7**1™=1) in this interval. Moreover, it can be proved in a similar way that if

Yk > a:(()’j;fl), then (4.2.16) holds for all = € [y’f’”(()Tl 1)). 0

Lemma 4.2.4 Givenn > 0 and 0 < m < n + 1 assume that Y™ is a quasi-
embedding of fym-1) pm-1) into Tem=0 for ¢ € 10— 1)\f/\( (m—1) (I(”)), that for
all o € A, z € C we have (4.2.13), and that with & = fA(i_l)’W(m_l)(xéﬁ)) we have
(4.2.14).

Furthermore for k(m) < k < k(m+1)—1 assume that v"*Y) is a quasi-embedding
of from—1) gim-y into TCFLM=Y fory € Ji ().

Ifyp+A # xgz_l) then ") is a quasi-embedding of fyim-1) zom-1) into T FHm=1)
forx € [y, Yb—rwm) + A]. Ifyp +A = x(()fzfl), then YtV is a quasi-embedding for

m—1
T € [y,xéd )).

Proof.
Assume first that yx+A # z (m= 1) and take z € [y, Yp_p(m)+A]. As (IM=D\TM)N
Jr # 0, by Lemma 4.1.6 we must have y, + A < x(m Y and thus 2 € ](m })1 By
(4.2.11) we have fym-1) ;om0 () € [from-1) zom-1) (¥ ),yk—i—A], hence by (4.1.1), (4.1.7)
and continuity of Y"1 we get
YD (frimn atm () = ¥ (fron-, w<mfl>($))€w‘(£?” + €.

As [y, Yr—w(m) + A] C I0m=1) \f/\(m 1) plm—1) (]( )), we have that v is a quasi-
embedding of Jatm=1) g(m-1) into Tem=1 for z € Y Yk—k/(m) + A] from whence we

have
Y fron-1 gom-v (2)) = T (7 ().

Combining these two formulas and using (4.2.13) we obtain

YD (frim-) pom-n (x)) =
o Q)
e Prm=1 (3 (2) = 7 (y) + A (Frim) zmn (y)) | €770 + e
As before, using the definitions of breaking operator and breaking sequence one gets
(4.2.15). We omit the conclusion of the proof as it is completely analogous to that
of Lemma 4.2.3. 0
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4.2.1 Proof of Theorem 4.2.1

We now prove Theorem 4.2.1. The proof is structured as follows. The theorem holds
trivially in the case n > 0 and from Lemma 4.2.2 in the case n > 1 and m =n — 1.
Next we assume, by induction on m, that given a fixed n > 1, the theorem is true
for T with 0 < m < n and also for T""*+1™) with 0 < m < n+ 1 and we prove
it for 7(n+lm=1)
We prove that fym-1 zm-1 is quasi-embedded, by "™ into T"m=1 in
Bl - 1\ f (m1) lm—1) (I+1)) by induction in k, considering separate subintervals of
J+D In particular, we apply Lemmas 4.2.3 and 4.2.4 in an alternate way to extend

the quasi embedding throughout the interval. It follows that our theorem is true for

51 m—1
To prove 1t is true for 1™V \f/\_(,ln_l) oy (1)) with o # 1 —1, we separate

the two cases e(m —1) =0 and e(m — 1) = 1.

Proof.

Both statements in our theorem are trivial to prove for n > 0 and m = n, as
I(m)\j")\’(,ln)’ﬂ(m> (I™) = 0. For m = n — 1, both statements follow directly from
Lemma 4.2.2.

Given n > 0, we now assume the following

(H1). For all 0 < m’ < n and a € A that v is a quasi-embedding of Faemy tm
into 7™ for x € 10" )\f)\(m,)m(m/) (1 )), and that for all z € C,

T () = T,

(H2). Given 0 < m < n + 1, we also assume that for all a € A that y"*1 is a
quasi-embedding of fyem rem into TCH™ for z € I(m)\f/\_(}n) —(m) (1), and that
for z € C,

TimHbm) () = TiHbm) (), (4.2.17)

We need to relate the breaking sequence at the (m — 1)-step of the Rauzy induction

with our map T." ™Y,

Case 1. Fix a = B1,m,—1. The Rauzy induction is either of type 1 or type 0
and we have Sc., = (7™)~1(d). We prove now that v"*1 is a quasi-embedding of

JAGm=1) z(m-1) into Te+bm=1 for all z € Iém‘”\f;;_l)m(m_l)(1<”+1>) that is

fy(n+1) (fA(m71>7Tr(m71) (Q})) = T(nJrl’mil) (,y(nJrl) (.’I’)) (4218)
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4.2. EXISTENCE OF A QUASI-EMBEDDING

Step 1. We begin by showing that we have (4.2.14), with & = f;}n_l) 1) (xgz)),
Assume first that e(m — 1) = 0. From (4.1.12) and (4.2.17), we have
T(n—i—l,m—l)(Z) _ (T(n+1,m)> ! o Tén—‘rl’m)(Z),

« /BO,m—l

for all z € C. By definition of 7" " and Lemma 4.1.3 we get (4.2.14).
Assume now that e(m — 1) = 1. In this case, we have f\wm-1) m-1(z) =
Faom pm (@) for = € 1™, In particular, if » € Io((m)\f;}n) (™), then z €
](m)\f)\_(}n—nm(m—n(I(n+1)) as well.
By (H2) and (4.1.18) we get

1, i gm) 1’ n i (()('mfl) n
Moy = €Ay = AT (Bt aenen (2)) — €T (@), (4.2.19)

for all z € Iém)\f;i@,n oy (1)), By (4.1.13) and (4.2.17) we have Timthm=l)
7™ hence by (4.2.19), (4.1.10) we get (4.2.18) for z € Ic(ym)\f;(;_l)m(m_l) (1),
Since 7(”“) is a continuous map and f/\(mfl)m.(mfl) is continuous at z, we get
(4.2.18) for x = &. Since Tt me = gt (4.2.14) holds as well.

Step 2. Recall we denote by J™+V) the ordering of {]‘}’\“7r (1N D) L
and that we have the relations (4.2.9)-(4.2.12).

By Lemma 4.1.6, Jy(n)—1 € 1™ and Jymy C IM~Y\I™. Thus, either yi(m)_1 +
A < 2y < Yiom) OF 203 = Yigm)-

Assuming first that yrm)-1 + A < 7 d) < Yk(m), from (4.2.14) we get that At

0<k<r(n)

is a quasi-embedding of fym-1) zm-1) into 771"~ 1 for y = fyom e 1>(m0d ), that
is
YV (Fromn) amn () = TEHD (0D (), (4.2.20)

Since we are assuming (H1) we can apply Lemma 4.2.3, and thus we have (4.2.18) ei-

ther for all z € 1"V if Yk(m) = x((ld ,or forall z € [f)\(,ln 1)l 1>(m(() d)) Yk(m)—k (m)]

if Yrm) < xétz_l). In particular we have (4.2.20) with ¥ = Yrm)—k/(m)-
(

Now assume that %T,Z) = Yr(m)- By (4.2.14) we also have (4.2.20) with y =
Yk(m)—k'(m)- Therefore by Lemma 4.2.3 we have (4.2.18) either for all z € 7im=

1) 1

Yemy + A = sV, or for all € [f7) ) - o (@) Yy sy + AL I Yy + A <

m—1
5 Y.

Step 3. Now assume, by induction on k, for k(m)+1 < k < k(m + 1), and with
Yp_1+A < x(()”;_l) that v"*1 is a quasi-embedding of fyum-1) rom-1) into "™~ for
all z € [f, 1) lm— 1>(x(() d)) Yk—t(m)—1 + A]. In particular we have (4.2. 20) With y =
Yk—k'(m)—1+A. Thus by Lemma 4.2.3 we have (4.2.18) either for all 2 € I 1fy >
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xéjd ,orforall z € [fwln 1) plm— 1)(95(() d)) Yot (m)) i Y < méﬁ_l). In particular we get

that 7(”“) is a quasi-embedding of fym-1) ;m-1) into "1™~ for y = yp._p(m). Since
we are assuming (H1) we can apply Lemma 4.2.4 and thus we have (4.2.18) either

for all z € ](m Vif g+ A = de ,or for all z € [f, ) m1) (x(() d)) Ykt (m) +A] if

m m—1 m—1) m—1)
Yk # xo,d . Since f (m=1) s(m— 1)({5”(() d)7x(()d ))) Lgé ﬁf>\(m 1) p(m— 1)(Ié0 ) this

shows that we have (4.2.18) for all z € 1m From W<m71>(légnmi)l). In particular
if e(m — 1) = 0, this shows that v+ is a quasi- embedding of fym-1) zm-1) into
Tr+lm=1 for all o € 10"V  Ife(m—1) = 1, since f 1) W(m 1)(Iézlm1)l) = I&m_l)\lém)

and we already proved that (4.2.18) holds for all z € I \f/\(m 1)l L (1D this
shows that it is true for all z € I{™~ 1)\f,\(m—1>77r<m—1>(I(n+1))-

Step 4. Combining (4.2.18) and (4.2.14), for any z € Io(km_l)\f/\’(#,n oy (1F1)

and z € C replacing x = 2D

0.4(m-1)(@) — 4 and taking § — 07, we get

.p(m—1) n m n m—
PlrLm=1) () (it (z — et )) Ayt (4.2.21)

and this can be written as

n+1,m—1 ~(n+1,m—1
() = T ().

In the next cases we establish a relation between To(znﬂ’mfl)7 when o # (1 m-1
and the breaking sequence at the step n + 1.

Note first that since we are assuming that ™+
into 7(+1™) for x € Ic(ym)\f;}nm(m) (1)) it follows that for these values of z we

have

is a quasi-embedding of fym) ;m)

T(n+1,m) (7(n+1)(x)) _ V(nﬂ)(f,\(m) o (2)). (4.2.22)

Case 2. Bet o # ﬁlm_l and 8<m N 1) = 0. Since f(m D mlm— 1)(17(077;)) =
m—1
(()ﬂ(m) D (d)-17 by (4.2.14) we get

.p(m—1)
(n+lm—=1) \ _ b n+lm—1 nt1,m—1
Tﬂl,mfl <Z> =€ b ! Z = fYO 71'("” 1)( ) _'_ ’VO d—1 ?

which by (4.2.21) and (4.1.9) shows that &1 " = Vﬁﬁ’{”_l. Hence by Lemma
4.1.4 we get that 7" = F{mrtm=b),
By (4.1.12) and (4.2.17) we get that 73" Y = T"™™ and by (4.2.22) we
get
T D (3 (2)) = 0D (fyom niom (2)),
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for z € Iém)\f;}n)m(m)(l(”“)). Since fym-1) zm-1(2) = from zom (2), for z € 7
we get
T (3 (1)) = AT (o) pomn (2)), (4.2.23)

for all z € Io(lm)\f;}?l_l)m(m_l)(I("+1)). In particular, for a # fom_1 we get (4.2.23)
for x € ](m_l)\f)\_(}n ) rlom— 1)(I("H))

Now take o = o1 and z € ( (m—1) \I )\fi}n b 7T(WH)([("‘“)).

Since f 1) (x) € I , we get by (4.2.18),

ﬂ.(m 1)

n n—l—l,m—l n
7 (z) = Tﬁ&,m_l YD (frh oy rim (2)))

and since z € I, by (4.1.12) this gives
Tt D (3 (@) = T3 T (D (s e (2)):
As I = 19 and (@) = fom (@), for o € Iy, . we get

m—1) n
that f A(m=1) r(m— 1)( ) ]élm l\fA(m) Tl'(m)(]( 1) ) and f)\(m 1) w(m— 1)( ) = f)\(m),ﬂ(m)
f)\(m—l)ﬂr(m—l)( x), thus by (4.2.22) we get (4.2.23) for z € I{™ 1)\f/\(m_1) 7r(m_l)(l(”“)).

Case 3. Now assume 5( —1)=1and a # By m—1. By (4.1.13) and (4.2.17) we
have T(nJrl m=) = ™ and combining this with (4.1.18) and (4.1.10) we get

-1 Bl m—1
igtm—

+1,m—1 1 1,
G (z) = P (z = gl )+ €T

for any z € C. As 7”+1m b=t from (4.2.21) we get

n+1,m—1 zG( 1 n+1,m—1 n+1,m e(m 1

n+1,m
d F1m— 170 Am=1)(d) Y - PLm— 170 Am=1)(d)’
which by (4.1.9) with j = d — 1, gives
n+lm—1 739}3?717)1 n+1,m—1 n+1,m n+lm
d—1 =ec bm ’yo’ﬁ.(m—l)(d) '70 #m=1)(q) +§ .
. n+1l,m—1 n+1,m
Recalling (4.1.29) we have 'yO:(m D@-1 = Yo ;:(m) (@)1 and again by (4.1.9) we get

that 7™ = ¢V Thus, by Lemma 4.1.5, (4.1.10),(4.1.11) and (4.1.13) w
obtain To(fH_Lm_l) _ T(gn—kl,m—l)'

By a reasoning analogous to the case e(m — 1) = 0, we have that (4.2.23) is true
for all z € Io(tm)\f/\_(,ln_l)’ﬂm_l)(I("+1)). In particular, for a # By m—1 we get (4.2.23)
for all @ € I8\ ko)) sy ([0HD).

Now take o = fom_y and z € IO\ fh ) (107D,

133



CHAPTER 4. EXISTENCE OF NON-TRIVIAL EMBEDDINGS OF IETS

Since f 1) m— y(2) € I , we get by (4.2.18) and (4.1.13),

n n l,m—l n
V") = Tﬁ&;_l "G i (@)
and since z € I, by (4.1.13) this gives

T () () = TR (D (),
A I(mfl) _ I(mfl) d 2 N o N eI
S f (m—1) g(m— 1)( « ) — la an fA(mfl)Jr(mfl)(x) - fA(m>7ﬂ'(m)(:C>7 or r € o
we get that f1., ) m () € ngm_l)\f;rlm,ﬂ(m)(](nﬂ)) and that

f)?('}nfl)ﬂr(mfl)( ) f)\(m) o fim-1) r(m— 1>( )

thus by (4.2.22) we get (4.2.23) for o € IV" "\ fi L)) oy (I07HD).

Conclusion. We proved that for all z € C,

T(n+1,m71) (Z) _ jﬂo((n+1,mfl) (Z),

[

and from (4.2.23) we get for all &« € A that 4" is a quasi-embedding of Satm=1) zm-1)
into THLm=1 for x € I(mfl)\f;(il_l)m(m_l) (1), Thus for all 0 < m < n+1
and @ € A we have that (4.2.17) and (4.2.22) hold and therefore v"*Y is a quasi-
embedding of fym e into T ™) for z € I(m)\f/\_(}wm(m) (1),

This shows that for all n > 0, 0 < m < n and a € A that v is a quasi-
embedding of fym) ;(m) into Tm) for ¢ € I(m)\f/\_(#)m(m) (I(")) and for all z € C we
have (4.2.2). This finishes our proof.

[

4.3 Existence of embeddings of interval exchange
transformations into piecewise isometries

In this section we prove the existence of non-trivial embeddings of IETs into PWIs.
Recall the definition of the breaking sequence of curves yé”) with 0 € O,,, in
(4.1.7). We introduce the family Fy of PWIs which are §-adapted to an IET (A, 7)

and show that when 7én)

converges to a topological embedding 7y, then the latter
is an isometric embedding of (I, fy,) into any -adapted PWI. We recall some
classical notions of the theory of IETSs, in particular the Zorich cocycle and the
characterization of its Oseledets flags and associated Lyapunov spectrum, as well as

the translation surface of genus g(fR) associated to an IET.
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We introduce a submanifold W[‘;]’ﬂ of the torus T related to the Oseledets flags
of the Zorich cocycle for the underlying IET and determine a bound for the sequence
6™ when 0 € W[i]’ﬁ. This result together with Theorem 4.3.1 are the key ingredients
in the proof that for a full measure set of IETSs, if 6 € W[(;Lw’ then 7@") converges
to a Lipschitz map vy, which is an isometric embedding of (I, fy,) into any 6-
adapted PWI. The resulting embedding may, however, be trivial. Thus we define a
submanifold Wﬁ\]m C W[é\},w which we show, has full measure when g(R) > 2, for

which the embedding 7y is guaranteed to be non-trivial.

Given (A, m) € R4 x &(A), recall we denote by O, , the set of all § € T such
that for all n > 0, ’yén) : I — C is an injective map. Let ©) . denote the set of all
0 € O, , for which there exists a topological embedding ~y : I — C such that for all
rel,

y(z) = lim A5 (@).

n——+0o0
Furthermore, given 6 € ©) ., we say that a PWI T : X — X together with a
partition { X, taea is O-adapted to (A, ) if for all o« € A,

1) Xa ) 70(1 ) ;
ii) with z; = x(ooj), and
To(2) = €% (2 = % (@ro(@)-1)) + 70 (Frr(@ro()-1)) 5 (4.3.1)

for all z € C, we have T'(z) = T,(2), for all z € X,.
We denote the family of PWIs which are 8-adapted to (A, 7) by Fp.

Recall that we say there is a embedding of an IET (I, f\ ) into a PWI (X, T) if
there exists a topological embedding ~ : I — C such that for all x € I,

vo fax(x) =Tor(2).

Given z € I, consider a family II(z) of points 0 =ty < t; < ... < txy = x. Given
0 € ©) , define a map Ly : I — R, by

Lo(x) = sup Z o (tie1) = vo(t5)] -

(t0,---,t N )EI(x) =0
We say a map vy is an isometric embedding of an IET (I, f\ ;) into a PWI (X, T) if
it is an embedding and Ly(z) = x for all z € I.

(n)

The following theorem states that when ~, " converges to a topological embed-

ding 7y it is also an isometric embedding of (I, fy ) into any PWI which is #-adapted
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to (A, 7). The proof follows from estimates related to the facts that the restriction of
any PWI in Fy to v4(I) can be approximated by the map 7% with increasing pre-
cision as n — 400, and that Theorem 4.2.1 guarantees that 7" is a quasi-embedding
of fyr into T for points in I\ I 1(I™) which implies that the conjugacy between
these two maps only fails to hold for points in an interval which is decreasing with

n.

Theorem 4.3.1 Let (A, 7) € R{ x &(A), 0 € ©) . and (X, T) be a PWI 0-adapted
to (A, m). Then vy is an isometric embedding of (I, f ) into (X,T).

Proof. For any map ¢ : I — C denote ||g||s = sup,¢; [g(x)].

As f\r is a bijective map we have

o © fax =35 © Faalloe = 0 = %" llsc
which as 6 € ©) |, shows that
n1—1>r—|r-100 H79 © f)\ﬂT - P)/én) © f)\,ﬂ’HOO = 0 (432>
From (4.1.10) and Theorem 4.2.1, for any o € A and = € I we have
n n 104 n n,0 n,0
T (@) = e (387 () = omay-1) + Ty
and by (4.3.1) applying the triangle inequality we get

1) 0547 =Ty 0 2l <
n n,0 n,0
176 = Yolloo + [60(Tro(a)-1) = Vomp(a) -1 + 1V (@)1 — 70 (Frr(@ro(@)-1)) |+

which, as § € ©) ., shows that

lim |77 04 — T 0 7p/le = 0. (4.3.3)

n—-+o0o

By Theorem 4.2.1, v is a quasi-embedding of fy, into T for all x €
I\f;’;([(")) and thus we have

Y (fan(@) =T (4" (2))

in particular this gives

V™ 0 fam =TT 0y < sup [ (fra(@)) =TT (v (2))].

zefy (1)

For a sufficiently large N > 0 we have f/;}r(](”)) C -1y, whenever n > N.
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As T (5 (g :2)( )= 2" € Tt and since T\ ()1) is an isometry, we get that
T

sup |70 (v ()| < 21,
U Q)
Since SUD e (1) Y™ (fax(@)] < [I™] and [I™]| — 0 as n — 400, this shows
that
lim 7™ 0 fyr — T® 04|, =0, (43.4)

n—-+o0o

By the triangle inequality we have
||79 o f/\,7r —To 79”00 S
I 0 fam = 7%6" © Frlloo + 17 © frm = TEO 04 |og + [T 0 3" — T 0 5 | .

Taking the limit as n — +o0 and by (4.3.2), (4.3.3) and (4.3.4) we get

Yo © farx(x) =T 0v9(),

for all = € I, which proves that v, is an embedding of (I, fy ) into (X, 7).

Finally, given x € I, consider 0 = ¢y < t; < ... < ty = z. For all n > 0,
76(,") € PL(|I]) from which follows that )7én)(tj+1) ’yén)( tj)| = |tj+1 — t;], for any
j=0,..,N —1. Hence, as 0 € ©) _, we get

N-1 N-—
T = "Y{gn) (tjr1) — Z (tjr1) —v0(t;)], as n— o0,
J=0 =0
which shows that Ly(z) = x finishing our proof. O

Following [15, 17], let P{' = P(R4!) ~ P4 denote the projectivization of R%. Let
R C S(A) be a Rauzy class. Since R commutes with dilations on R it projectivizes
to a map Rp : IP’;‘F‘ X R — Pﬁ_‘ x fR called the Rauzy renormalization map which is
defined in the complement of countably many hyperplanes. Moreover we have that
if [A] = [N], then Bgr(N,7) = Bgr(\, ) for any m € R, hence the application
([A],m) — Bg([A],7) is well defined. We refer to this cocycle as the Rauzy cocycle
as well.

An induction scheme S : Rf xR — R“fr‘ xR is an acceleration of Rauzy induction
if there exists an integral application m : R% x R — Z,, such that for every
(A, ) € RY x R we have m(a\, 7) = m(\, 7) for all @ > 0 and

S\, ) = R™I(\ 7).

It is immediate to see that S also commutes with dilations on ]Rﬁ and hence it

projectivizes to a map Sg : IF’Q‘Fl xR — IP’j‘rl x R which we call an acceleration of
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Rauzy renormalization. Moreover we have that if A : P4 x R — SL(A,Z) defines a
cocycle over S, then its projectivization ([A],7) — A([A], 7) is well defined.

A flag, on an N-dimensional vector space F', is a decreasing family of vector

F=F'2F2>..2F2>{0}=FF!

The flag is said to be complete if k = N and dim F/ = N+1—j, forall j =1,...,N.

The following well known result follows from Oseledets Theorem [45].

Theorem 4.3.2 Let R C S(A) be a Rauzy class, Sg : P4 x R — P4 x R be an
acceleration of Rauzy renormalization which is measurable with respect to an ergodic
measure ms and let A : IP’:‘F‘ X R — SL(A,Z) be a mp-measurable cocycle over Sg.

There exist k(M) € N, real numbers v (R) > ... > vyom)(R) and for meu-almost
every ([\], ) € P xR there exists a flag RA = V[,l\],w 2.2 V[;](z) 2 {0} = V{;}(}?)H
such that A([A],m) - Vi3 - = V&, (. and

,TT

1
lim —log HA(")([}\]JT) ol = (R,

n—+oo N
for allv e V[f\]ﬂ\V[iﬁ, j=1,...,k(R).

The spaces V[ﬁ\]’ﬂ are called Oseledets subspaces and the numbers v;(R) are called
the Lyapunov exponents of the cocycle. The integer dim V[i]m — dim V[f\ﬁ is called
the multiplicity of the Lyapunov exponent v;(9R) and it is constant in a full measure
set. The Lyapunov spectrum of the cocycle is the set of its Lyapunov exponents
counted with multiplicity.

In [54], Veech proved that Rauzy renormalization admits an absolutely continu-
ous ergodic measure. This measure, however is not finite and thus the Rauzy cocycle
is not measurable with respect to it.

In [58] Zorich defined an acceleration of Rauzy induction as follows. Given
(A, ) € RY x &(A), let n(A,7) denote the smallest n € N such that £(n) # £(0)
and set

Z(\, ) =R (X 7).

The map Z is called Zorich induction and it projectivizes to a map Zg : P“fr‘ X R —

IP’;‘_‘ x R called Zorich renormalization.

Theorem 4.3.3 ([58]) Let R C &(A) be a Rauzy class. Then Zp : P x R —
Pj} X R admits a unique ergodic absolutely continuous probability measure . Its

density is positive and analytic.
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Define the matrix function By : R4 x ;R — SL(A,Z) by
By(\, ) = BgAA™=D mmAm=Dy - B (AD 2 Be(\ 7).

The Zorich cocycle is the linear cocycle over the Zorich induction (Z, Bz) on
R4 x R x RA. Its projectivization (Zg, Bz) is well defined and also called Zorich
cocycle.

Let || - || denote a matrix norm on SL(A,Z) and let ||Allo = max{||A|, ||A|~*}
for any A € SL(A,Z). Recall we denote log™ 3y = max{log(y), 0} for any y > 0.

Theorem 4.3.4 ([58]) Let R C &(A) be a Rauzy class. Then
/ log™ || By lodjin: < +00.
P xR

In particular By is a measurable cocycle with respect to fig.

Recall the linear map Q. in (1.3.1). Let H, be the image subspace of Q,, that
is, H, = Q.(RA). From [15, 55] it follows that

BR()\, 71') . Hﬂ- = Hﬂ_(1), (435)

from which follows that dim H, only depends on the Rauzy class R C &(A) of 7.

A translation surface (as defined in [15]), is a surface with a finite number of
conical singularities endowed with an atlas such that coordinate changes are given
by translations in R%. Given (A, 7) € R4 x R it is possible (see for instance [54]) to
associate, via a suspension construction, a translation surface, with genus g(R) > 1
and k singularities depending only on R. Moreover dim H, = 2¢g(R).

By (4.3.5), it is immediate to see that H, is an invariant subspace for both
Rauzy and Zorich cocycles. Hence we can consider restrictions Br([A], 7)|n, and
Bz([A\], 7)|u, as integral cocycles over Ri and Zpg respectively, which we call re-

stricted Rauzy and Zorich cocycles. To simplify the notation we, at times, write
Bgr([A],7) and Bz([A], 7) instead of Br([A], 7)|u, and Bz([A], 7)|m, .

As a consequence of theorems 4.3.2 and 4.3.4, for any Rauzy class R C &(A)
there exist k() € N such that for ug-almost every ([A],7) € P4 x R there exists
a flag of Oseledets subspaces H, = Fﬁ\]m 2.2 F[]f\f:) 2 {0} = F[]f\f:)+1 with an

associated Lyapunov spectrum

In [58] it is shown that k(9]) < 2¢g(9M) and that 9;(R) = —Opwoy11-;(R), for
all j = 1,...,k(R). In [16] the authors proved that the Lyapunov spectrum of
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the restricted Zorich cocycle is simple on every Rauzy class, that is, all Lyapunov
exponents have multiplicity 1. Consequently, the spectral properties of the restricted

Zorich cocycle can be summarized as follows.

Theorem 4.3.5 Let R C &(A) be a Rauzy class. There exist Lyapunov exponents,
V1 (R) > ... > gy (R) > 0 > Dgon11(R) = =Ygy (R) > ... > Dogr)(R) = =1 (R),
and, for px-almost every ([N, ) € P4 x R, there exists a complete flag

Hy=F} . 2.2 FY 2 {0} = FO00H

such that Bz ([N, ™) |u, 'F[A] F% (- Forallve F \F{\J]rjr, j=1,..,29(R),

lim —10g||BZ([ I )a, - vll = 9;5(R).

n—-+00

We say ([A],7) € P{ x R is generic if ([A], ) is in the full measure set of P4 x R
from Theorem 4.3.5.
Let || - |l1 : SL(A,Z) — R, be the norm,

1AL = > " 1Aagl-

acA BeA

Denote by Leb the Lebesgue measure in IP’;‘F‘ and by cx the counting measure
in a Rauzy class R. The following theorem is a restatement of a result by Marmi,
Moussa and Yoccoz [43] and gives a bound for the growth of the Zorich cocycle for

a full measure set of ([A\], 7). The proof can be found in Section 4.7 in [43].

Theorem 4.3.6 ([43]) For Leb x cx-almost every ([N, 7) € P x R and £’ > 0,
there exists C.r > 0 such that for any m > 0,

1Bz (Z3(\, ™) [l < Car|BS™ (I, ) |IS

Given ([A,m) € P{ x R and m > 0, denote the sum of the m first Zorich

acceleration times by
=Y n(Zk(N,m
k<m

So far the choice of vector norm || - || has not been relevant as Theorem 4.3.2
does not depend on any particular choice. However in what follows we consider | - ||
to be the euclidean norm.

In the following lemma we combine estimates from theorems 4.3.5 and 4.3.6
to obtain an important bound for the growth of the Rauzy cocycle, restricted to

F [iﬁ "\{0}, for a full measure set of parameters.

140



4.3. EXISTENCE OF EMBEDDINGS OF IETS INTO PWIS

Lemma 4.3.7 For Leb x cx-almost every ([\],7) € P{ x R, there exists K > 1
such that for all v € Fg(m N\ {0} we have

EJB ) - oll < Kl (4.3.6)

Proof.
By Theorem 4.3.5, for ux-almost every ([A],7) € P{ x R and any 0 < n < 1
there exists K, > 0 such that for every m > 0,

||B(Zm) ([/\],71') ||1 < Kneﬁ71ﬁ1(%)m

As, by Theorem 4.3.4, un has positive density, this also holds for Leb X cx-a.e.
([A],m) € P4 x . Combined with Theorem 4.3.6, for &’ = 1n?Jy ) (R) /91 (R), this
gives

1Bz (ZR(N,m)) [l < KyCueim s @, (4.3.7)

for Leb x cp-a.e. ([A],7) € P4 x R

By Theorem 4.3.5 we also get that for Leb x cp-a.e. ([A],7) € P x R there

exists K > 0, such that, for any v € F[‘(f\(]m 1\ {0} we have

1B (N, 7) - vl < Koo @y (4.3.8)
Let &, denote the set of ([A],m) € P4 x R for which there exists K] > 0 such that
Bz (25 (N, m) 13- I1BSY (N, 7) - o] < Kpemamae@m |y (4.3.9)

for all v € F[i] "1\ {0} and m > 0. By combining (4.3.7) and (4.3.8) we get that &

is a set of full Leb X cx measure.

Now, fix 0 <7 < 1 and ([A],7) € &,. For n >0, let
M(n) = max{m > 0: s™([\],7) <n}.
Also, given positive integers k; < ky we denote

B (W, m) = Ba(A™), 7)) - Bp(A® V] 7270) - Bp(AM), 7).

We have
n sM) ([\],m) k) (M(n))
BYW (A, ) -0 < a B N, 7) - B A,
1BR"([A],7) - vl S S (A, m) - B (Al ) v
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It is clear that we have

<3M<") ([x\}ﬂr),k)

([A], )

max

SM)([A],m) <k<n ’

1

<||Bz (22 (N m)

1

hence, from (4.3.10), for all n > 0 we get
IBE (A7) - ol < 1B2(Z5 ™ (N, w) s - [1BET (A7) - v
which combined with the fact that for all m > 0 we have
n(ZR(N.m) < 1Bz (22 (™) |,

gives

SNBR AL 7) ol <> 1IBz (ZR (L) 13 1BEY (1A, 7) - ]|

This, combined with (4.3.9), which holds since ([A],7) € &,, shows that by taking
K = max{K](1 - e~ Y200 PN~ 11 we get (4.3.6) as intended. O
Recalling (4.1.5) note that for any A\, N € Rf such that [A\] = [N] we have
Bra(A,m) = Bra(XN, ) and thus Bra(A, 7) admits a projectivization which we de-
note Bra([A], 7) and also call projection of the Rauzy cocycle on T.
Recall that p : R* — T4 is the natural projection,

p(v) = ((v), mod 2m) for all v € R,

acA)?

The flat torus is the torus T4 viewed as a Riemannian manifold equipped with
the flat Riemannian metric, this is, the pushforward under p of the euclidean metric
in RA. The flat Riemannian metric induces a distance on the torus dpa : TAx TA —
R, such that

dpa(0,0') = inf {|Jv = /|| ;v € p(0), v € p(#)},

for any 6,6 € TA.
Given 0 > 0 and a generic ([\],7) € P4 x R, let

R)+1
By = {v e B0} : ol < o}

and let W[i],w =p (E[‘;]J).

Recall (4.1.6), which given 6 € T4 defines a sequence (™), 5o on T# which is
used to construct the breaking sequence ('}/én))nzo. The following lemma states that
for a full measure set of ([A],7), and for sufficiently small § > 0, and all § € W[‘;]J

the sum of all dpa (6™, 0) is bounded.
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Lemma 4.3.8 For Leb X cx-almost every ([N, ) € P4 x R, there exists K > 1 and
0 > 0 such that for all 6 € W[‘E\M we have

+o0
D dpa(6™,0) < Kdpa(6,0). (4.3.11)
n=0

Proof. By Lemma 4.3.7, for Leb x cx-a.e. ([A],m) € P x R, there exists K > 1
such that for all v € EESA]W with § = 7 - K1, for all n > 0 we have

IBS (N, 7) -0 <,

Moreover, is is clear that if ||v]] < m we have dpa(p(v),0) = ||v||, thus, for all

n > 0 we have

dra (p (B}?([A],w) : v) ,o) - HBgL)([)\],W) . UH (4.3.12)

Also note that as 0 < 7, the restriction p| B, E[‘;]Jr — W[i],w is a bijection and thus
p (O N Ef&] _ contains a single point which we denote by p;'(6). Take 0 € W[‘f\] -
It is clear by (4.1.5) that we have

BENN.m) -0 =p (BF (N7 -95(6)).

which combined with (4.3.12) yields dpa(BY ([N, 7) - 6,0) = | BY ([N, @) - p5 1 ()],
for all n > 0. By (4.1.6) and Lemma 4.3.7 this gives (4.3.11) finishing our proof. (J

We say a map v : I — C is Lipschitz if {(Re(y(z)),Im(vy(x))) : © € I} is the
graph of a Lipschitz map. The following theorem shows that for a generic ([A], 7)
and sufficiently small § > 0, when 6 € W[‘;]Jr the sequence vén) converges to a a
Lipschitz map - which is an isometric embedding of (I, fy ) into any PWI that is

f-adapted to (A, 7).

Theorem 4.3.9 For Leb x cx-almost every ([N, 7) € P4 x R, there exists a § > 0
such that for all 6 € W[i],w there exists a Lipschitz map o : I — C, which is an
isometric embedding of (I, frr) into any PWI that is 0-adapted to (A, 7).

Proof. Consider the space C(I,C) of continuous maps from the interval I, to C.
Note that this is a Banach space for the supremum norm ||.||.. We also have
that vén) € C(I,C) for all n > 0, since 750) is continuous and, by Lemma 4.1.1,
Be (eg;;z, J(")> .C(I,C) C C(I,C).

Take any ¢ € (0,7/2). By Lemma 4.3.8, there exists a set & C P4 x R of
full Leb x cx measure such that for every ([\|,7) € &, there exists K > 1 and
0 < < @K' such that for all @ € WJ, = we have (4.3.11).
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Take ([A],7) € £ and 0 € W[‘E\M. For all x € I we have

) = )| = [ (657, 7000) 2 @) =0 @)

Denoting, as in (4.1.4), by r(n) the number of intervals of J™+Y by (4.1.1) this
gives

0

(n+1) n —
0 @) =257 (@)| < max {lel, @]} + sup i () (1 = €n)).
<r(n) vel
Since
(n) ey ()
sup |7y (2)(1 — e #om)| < 2|A[sin (65° /2],
zel ’

by Lemma 4.1.2 we get
4 @) = 8 ()] < 4l sin (657 /2)

Therefore, as Hgll)n < dpa(0™,0) there exists C' > 0 such that for all n > 0,
5 (@) = 2§ (@) < CINdza(8),0).

Now take m, n € N such that m > n. Note that we have

m—n—1
(n m—k) m—k—
™ =% < 3 5™ = A s
k=0
and therefore
m—1
5™ = 75" oo < CIALS . dpa (6™, 0), (4.3.13)

From (4.3.11) by taking a sufficiently large N > 0 and considering N < n < m the
righthand side of (4.3.13) can be made arbitrarily small. Thus {yén)}nzo is a Cauchy

sequence in C(/,C) and therefore it must converge to a unique limit v, € C(I, C).

As for allm > 0, v(n) € C(I,C), by (4.1.7) it is simple to see that for any z,y € I,

x # y, we have

’Im(fy(g")(w)) - Im(%gn) (y))‘ -t (f g(n=1) )
[Re(of" (@) — Re(of ()| )

For any map v : I — C, its Lipschitz constant L(7) is given by

i) - b))
HOV= B 1Re((2)) — Be(y ()]
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Hence, in particular we get,
+oo
arctan(L('y(gn))) < Z dra(6™.0),
n=0

which, as § < @K~! by (4.3.11) gives arctan(L(7\")) < ¢. Clearly L(y) <
SUp,, >0 L(’yén)), and as ¢ < 7/2 this shows that L(7y) < +oo and thus v, is a
Lipschitz map. In particular it is continuous and injective and thus a topological
embedding.

This proves that W[(;]’W C 0, , and therefore by Theorem 4.3.1, for any 0 € W[‘i]m,
7o is an isometric embedding of (I, f) ) into any PWI that is §-adapted to (A, 7).
O

Recall from Chapter 3, that we can extend Rauzy-Veech induction to PWIs
which admit embeddings of IETs as follows. Assume (I, f) ) has an embedding by

v into (X, T'). Define the map S(7') as the first return map under 7" to X*, where

e Ua#go Xo U (Xp, NT(Xg)), if (A, m) has type 0,
- Uaxzs, Xas if (A, ) has type 1.

It is clear that (X*,S(7T)) is again a d’-PWI, with possibly d’ # d. Denote by A" an
alphabet with d’ symbols and denote by { X } e the partition of X*. It is simple
to see that there is a collection of d symbols A C A’ possibly after relabeling, such
that X2, Nv9(I") # 0 if and only if o’ € A. Define X’ = (J, 4 X

Now, (X', 8(T)) is §M-adapted to (AM, 7)) and, by Theorem 3.1.3 in Chapter
3, the restriction of vy to IV is an embedding of (IV), fyu) o)) into (X', S(T)).

It is thus possible to iterate this procedure by setting (X SO(T)) = (X, T),
and (X S(T)) = (X DY, S(S"=I(T))) for n > 1. The following lemma

easily follows from Theorem 4.3.1.

Lemma 4.3.10 Let (A\,7) € R{ xR, § € O and (X,T) be a PWI 0-adapted
to (\,m). Then for all n > 0, (X™ SM(T)) is 0™ -adapted to (A, 7)) and the
restriction of v to 1™ is an embedding of (1™, Jam xn)) into (XM SMN(TY).

Given a generic ([A],7) € P{ x R and § > 0 note that W[(f\],w defines a g(R)-
dimensional submanifold embedded in the torus T. Pulling back the flat metric by
the embedding map it is possible to construct a g(9R)-volume form and thus define
a positive measure mgy(s) on W[iw.
Denote the projection on T4 of the Oseledets subspace F&E’Ff) by I/ng7T =

p | F 29 " Note that W55 is a 1-dimensional submanifold embedded in T“.
A, A7

145



CHAPTER 4. EXISTENCE OF NON-TRIVIAL EMBEDDINGS OF IETS

For any n > 0 and 6 € T4 let B (A, 7)-0 = {0’ eTA: B™(IN,x) - 0 = 0} .
Consider .
Wi = Wi\ (W&fﬂ oy B (N, 7) - 0) .
n=0
Recall the definitions of arc, linear and non-trivial embeddings in the Intro-
duction. The following theorem establishes that for any Rauzy class 2R such that
g(R) > 2 and for a full measure set of ([A],7) € P4 x R, when 6 € W[éx],w for
sufficiently small § > 0, 75 is a non-trivial isometric embedding of (I, f\ ) into any
PWI (X, T) that is #-adapted to (A, 7). Since (I, fr,) is topologically conjugated
to the restriction of (X,T') to the image of the embedding v4(/) we have that the
latter map is one-to-one and therefore yy(1) is an invariant set for (X, 7"). Moreover
~9(I) is a curve which is not a union of line segments or circle arcs. Thus, Theorem

E follows directly from our next result.

Theorem 4.3.11 For any Rauzy class R satisfying g(R) > 2 and Leb X cy-almost
every ([\],m) € P4 x R, there exists § > 0 such that W[é)\],w is a set of full mym)-
measure in W[i],w and for all 0 € W[‘i\]ﬂr there exists a Lipschitz map v : I — C,
which is a non-trivial isometric embedding of (I, fxr) into any PWI that is 6-adapted
to (A, 7).

Proof.

As for any 0 > 0 we have Wfi\},w - W[(E\},w by Theorem 4.3.9 for Leb x cx-almost
every ([\],7) € P{ x R, there exists § > 0 such that for all § € W[‘i\]m there exists
a Lipschitz map vy : I — C, which is an isometric embedding of (1, f ) into any
PWI that is #-adapted to (A, 7).

Note that [J; Bq(l;\”)([)\], 7)-0is a countable set, dim(W37 ) = 1 and dim(W}, ) =
g(m). Thus, when g(R) > 2 we have that W[éx],n is a set of full myx)-measure in
W6

BES

For 6 € W[i],w assume by contradiction that v, is an arc embedding of (1, fx )
into a PWI (X, T) that is f-adapted to (A, 7). There exists ' > 0 such that the
restriction of vy to [0,2') is an arc map. Moreover, there exists an N € N such that
for all n > N we have I™ C [0,2'). As vy is an isometric embedding and ~4(0) = 0,
there is an r > 0 and a ¢ € [0,27) such that for all 2 € I we have

Yo(z) = (e 7+9) — (i), (4.3.14)

By Lemma 4.3.10, for any n > N, (X, S™(T)) is a PWI #™-adapted to

(A®), (™) and the restriction of 79 to 1™ is an isometric embedding of (1™, fym) o)
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into (XM, SM(T)). Hence we have

- (1) n n
Yo(fr) zm () = e Yo () — 7o 96((7)1) B + % | Sam) xm x((,)n B )
o (a)—1 g (a)—1
(4.3.15)

for all o € A, anyxel andanyn>N
Recall that we denote v™ = Q_¢)(A™). Let M > 0 be such that for all m > M
we have s”([A],7) > N. From (4.3.14), (4.3.15) and (1.3.2) we have

gemIm) = p (=1 ) (4.3.16)

By the proof of Theorem 4.3.9 we have 6 < 7 and thus, the restriction p| B8,
E[{\] — W[‘;]m is a bijection and thus p~*(6) N Em contains a single point which
we denote by p;*(0). As 0 € W[‘i\}’ﬂ, by (4.3.16) we get

L™ (M) B(Zm)([/\],ﬁ) -p;L(6). (4.3.17)

By the results in [57] Section 5.3, it is known that F[/\}( ) is equal to the linear span
of {v®} in R* and thus by (4.3.17) and Theorem 4.3.5 we get that p;* () € F[z)f]’(?)
and consequently 0 € W[ Ao which contradicts our assumption 6 € W[‘i\} - Therefore
g is not an arc embedding.

Now, for 6 € W[@‘/\]m, assume by contradiction that -y is a linear embedding
of (I, far) into a PWI (X, T) that is f-adapted to (A, 7). As v, is an isometric
embedding and 74(0) = 0 for a sufficiently large N € N there is ¢ € [0,27) such
that

o(x) = e, (4.3.18)

for all z € IV,

By Lemma 4.3.10, (X, SW™(T)) is a PWI §M-adapted to ()\(N) (M) and
the restriction of vy to I®™) is an isometric embedding of ( f)\(N) 7r<N>) into
(X(N),S(N) (T')). Hence we have (4 3.15) which combined with (4.3.18) shows that
O™N) = 0. Therefore 6 € |J1~ B( "(A,7) - 0, which contradicts 6 € Wi Thus 7
is not a linear embedding.

This proves that 7y is a non-trivial isometric embedding of (I, f\ ) into (X, 7).
O
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Chapter 5

Concluding remarks

In Chapter 2 we introduced Translated Cone Exchange Transformations and found
in Theorem A that they are renormalizable for all rotational parameters and for
countably many translational parameters. This was the first time a renormalization
scheme was found to work for generic rotations, however as a tradeoff it has a
limited scope with respect to the remaining parameters. A natural way forward is
to generalize the techniques developed to a wider class of algebraic parameters.

We have highlighted that embeddings of IETSs into PWIs present a number of
subtle and mathematically rich problems associated with the regularity or otherwise
of these embeddings.

In Theorem B we showed, as a consequence of Theorem A, that the existence
of an embedding of a IET into a Translated Cone Exchange Transformation, which
is contained in a barrier, results in the existence of infinitely many embeddings as
well as the existence of invariant bounded regions. However we do not provide a
proof that such an embedding may be contained in a barrier. Numerical evidence
suggests that this is reasonable to expect and, in fact, it is our expectation that the

techniques from Chapter 4 can be adapted to show that this is indeed the case.

In Chapter 3, Theorem C shows that there are no non-trivial continuous em-
beddings of a minimal d-IET into a d-PWI, for d = 2, while Theorem 3.3.1 gives a
condition for the existence of a piecewise continuous embedding. For d = 4 there
are PWIs that seem to have an abundance of non-trivial embeddings of d-IETs. It
seems to be much harder to find a 3-PWI that exhibits non-trivial embeddings of
3-IETs and to do so requires much parametric fine tuning, a fact that is justified by
Theorem D which shows that any 3-PWI has at most one non-trivially continuously
embedded minimal 3-IET with the same underlying permutation. We suspect that

typical non-trivial embeddings have a tangent exchange map that is minimal but
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not ergodic.

The region = discussed in Section 3.4 seems to contain periodic islands, embed-
ded IETs and other invariant sets that are neither. It is a challenge to describe
these other invariant sets in a coherent way. Regarding the IETs embedded in = we

conjecture that all minimal nearby IETSs in F; are continuously (or at least symbol-

ically) embedded.

In Chapter 4 we proved that a full measure set of IETs admit non-trivial embed-
dings into a class of PWIs, by using techniques from the theory of IET renormal-
ization and measurable cocycles. In particular we prove the existence of invariant
curves for PWIs which are not unions of circle arcs or line segments, solving a long-
standing conjecture in the field. This novel technique allows the use of tools, from
the theory of IETS, to study dynamics of PWIs from this class. Note that for 2-
IETs we necessarily have g(f8) = 1 and indeed Theorem C shows that the condition
g(MR) > 2, in the statement of Theorem E, is in fact sharp. Also note that Theorem
E does not establish the existence of embeddings of 3-IETs into 3-PWIs, as in this
case we necessarily have g(R) = 1 as well. Although this does not follow directly
from our results, the techniques developed in Chapter 4, coupled with the fact that
the Zorich cocycle has a non-trivial central Oseledets space in this case, present a

natural path to possibly establish this in the future.

The results from this thesis open up a number of interesting lines of enquiry:

e Are there non-trivial embeddings of 3-IETs into 3-PWIs? The necessary con-
dition g(MR) > 2 in the statement of Theorem E implies that this result only
applies to IETs with d > 4. Is it possible to generalize these techniques to

prove the existence of a wider class of embeddings?

e How can the symmetries exhibited by these invariant curves be explained by

the renormalization dynamics of the underlying IET?

e For a given IET (I, f), what is the structure of the PWIs that carry continuous
embeddings of (I, f), and how can the regularity of the continuous embeddings

be characterised within this class?

e [fan IET has a non trivial embedding into a PWI, must its rotation parameters

be irrationals? How does this relate to the behaviour of the rotational cocycle?

e For a given PWI, what are the arithmetic properties and structure of the IETs
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(1, f) that are embedded within this PWI? Moreover, what is the structure of
parametrizations of d-PWIs that embed the same given IET?

e How can these techniques be used to understand rational orbits in the neigh-

bourhood of an embedding?

Particularly, developing on the last point, a natural line of investigation that
opens up is to use these techniques to determine, in a large family of PWIs with
non-zero rotational parameters, the existence of PWIs which exceptional sets have
positive Lebesgue measure.

One of the central problems in dynamical systems theory is to investigate their
measure theoretic properies. Although IETSs have been well studied over the past
years, the measure theoretic properties of PWIs are still far from understood.

In [32] Goetz studied a piecewise rotation with two atoms, with an exceptional set
resembling a Sierpinsky gasket and shows that it has zero Lebesgue measure. Adler,
Kitchens and Tresser [1] showed for a particular transformation where the rotations
are rational that the regular set has full Lebesgue measure and, as a consequence,
the exceptional set has zero Lebesgue measure. In [24] Cheung, Goetz and Quas
studied a simple family of piecewise isometries of the plane parameterized by an
angle parameter. They investigate the periodic islands around a particular family
of periodic orbits and demonstrate that, for all angle parameters that are irrational
multiples of 7, the islands have asymptotic density in the plane of 3log2 — 72/8.

Poggiaspalla [46] studied a class of renormalizable PWIs associated to primitive
substitutions and computed the Hausdorff dimension of an invariant set, contained
in the exceptional set, as a ratio —log(A)/log()), where A is the largest eigenvalue
of the substitution’s incidence matrix and A is the renormalization scaling factor.
Recently, Hooper [35] investigated a family of polygon exchange maps, with no rota-
tional parameters, invariant under a renormalization operation, related to Truchet
tillings. He shows that for almost all parameters, the polygon exchange map has
the property that almost every point is periodic. However, there is a dense set of
irrational parameters for which this fails. By choosing parameters carefully, the
measure of non-periodic points can be made arbitrarily close to full measure.

The above described papers made progress in understanding the exceptional
set in particular families of PWIs. However these results are mostly dependent on
particular choices of rotational parameters with convenient arithmetic properties.
The results in [46] concern a possibly more general family of PWIs however with
strong restrictions regarding its symbolic dynamics.

However, now that the existence of embeddings of IETs into PWIs is established
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this suggests a new approach to this problem. Particularly this provides tools to
study the Lebesgue measure of the regular set of a PWI in a neighbourhood of a non-
trivial embedding of an IET and also to investigate stability under perturbations
of an embedding of an IET into a PWI. Together, these investigations may give
global information regarding the abundance of embeddings of IETSs in a given PWI
from a generic family, in this manner giving bounds for the Lebesgue measure of the

exceptional set of typical PWIs from this family.
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