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On Numerically Obtaining the Probability 

Distribution of Quiescent Periods from Wave 

Power Spectral Density  

Mustafa Al-Ani and Michael Belmont 

Abstract— A fundamental property of most sea conditions is that sets of large waves 

alternate with sets of smaller waves, known as quiescent periods. Exploiting the 

quiescent periods can expand the sea states under which the execution of many 

maritime operations can be considered safe. Building upon the work of Belmont et al., 

we extend the methodology to fully describe the statistical distribution of the quiescent 

periods in terms of their time duration using sea spectra derived from current ship 

readings as well as metocean forecast. This provides the basis for a short or long term 

planning tool that complements deterministic wave prediction technology for executing 

wave-height-limited maritime operations. The method is evaluated using spectra 

calculated from field measurements in a dedicated sea trial and from standard 

parameterised oceanographic forms (JONSWAP and Pearson-Moskowitz).  

Index Terms— Deterministic sea wave prediction (DSWP), quiescent period 

prediction (QPP), wave runs.   
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I. INTRODUCTION 

There is a rapidly growing applications interest in the ability to exploit the quiescent 

periods that are well known to exist in otherwise large seas. Generally speaking, the 

definition of the quiescent periods is given to the durations during which the sea waveheights 

are below a certain threshold [1]–[5]. While the overall execution of many operations may 

take a significant amount of time, there is a short time period (typically only a few tens of 

seconds) that defines their limiting waveheight for safely conducting the whole operation. 

Examples include: landing fixed and rotary wing aircrafts on vessels and the launch and 

recovery of small vessels and autonomous marine assets. Predicting the quiescent periods 

offers the prospect of a marked increase in the sea states under which these maritime 

operations can be safely executed.  

To be of practical value, two aspects of quiescent period prediction (QPP) are required. 

The first is the knowledge of the statistical properties of the quiescent periods, under the 

anticipated or prevailing sea conditions. This constitutes the operational forward planning 

requirement because clearly one cannot rely on exploiting quiescent periods if they have a 

very low probability of occurrence and/or have durations that are too short to be useful. We 

refer to this part as statistical quiescence estimation (SQE). The second aspect is the 

deterministic side of QPP, i.e., the ability to deterministically predict when they will actually 

occur and what their durations are. This is required for the actual execution of a task after its 

planning. The last process is based upon the burgeoning new technology of Deterministic 

Sea Wave Prediction (DSWP) that has been of interest for some time [6], [7] and is close to 
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becoming viable as an operational tool [8]–[11]. DSWP aims to predict the actual profile of 

the sea surface and its evolution typically in the timescale of 60 seconds ahead. 

The theoretical basis for SQE, specifically the probability of runs of quiescent waves, is 

outlined in [12] (In statistical terms a ‘run’ is a sequence of outcomes that all share some 

property, e.g., waves less than some critical value.)  The illustrative results presented there 

are limited to the very small class of oceanographic spectral forms whose autocorrelation 

functions can be evaluated analytically (in terms of standard special functions). The present 

work employs numerical techniques to allow results to be obtained for arbitrary spectra, 

including measured data. This is intended to make it possible to address two classes of 

distinct roles: 

1.   Long term planning of future operations based on the known metocean conditions at the 

geographical location and season of interest. 

2.   Estimates of the probability of quiescence using recorded data (from wave X-band radar 

or vessel motion sensor readings) over a period of several minutes just prior to the 

execution of the operation of interest. 

Both of these roles may be used to estimate the degree of difficulty in executing specific 

operations in the given sea conditions or more usefully to assess the level of operational 

benefit that could be obtained if the vessel involved had a DSWP capability.  
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The current paper builds upon the work described in [12] as follows:  

1. The paper extends and completes the work of [12], providing the theory on the 

probability of quiescence of specified time duration as opposed to merely the number of 

successive quiescent waves, i.e., runs. This allows SQE to provide the required statistics 

of the sea quiescence to plan a maritime operations, as the important property for users 

is the time duration of quiescent events, not just the number of successive low waves.  

2. The paper introduces and compares various models for obtaining each parameter in the 

SQE model (from a given sea spectrum). 

3. The paper includes an extensive evaluation of the SQE results using numerical 

experiments based on both standard oceanographic spectra and sea trial measurements.  

The paper is organised as follows. In Section II, we discuss the background required for 

this current work, and present preliminaries on the basic quiescent runs probability. In Section 

III, we present different models for determining each parameter in the quiescent runs 

probability model as a function of the sea power spectral density. In Section IV, we present 

the theory used to determine the probability of quiescence of a specified time duration from 

wave spectra. In Section V, the sea data used in the evaluation of the approach is presented, 

and the numerical results are systematically illustrated in Section VI. In Section VII, scenarios 

are constructed to illustrate the usage and benefits of SQE. In Section VIII. Conclusions are 

drawn. Common notation used here is summarized in Table I. 
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TABLE I. KEY NOTATIONS 

𝒽 The threshold crest-to-trough waveheight  

�̅� The normalised threshold waveheight  

𝑟 The run length 

𝑝𝐿𝐿(𝒽) 
The conditional probability of successive 

low waves  

𝑝𝐿(𝒽) The probability of low waves 

ℎ The crest-to-trough waveheight variable  

ℎ1, ℎ2 
The preceding and succeeding 

waveheight variables  

𝑇 The wave period variable 

𝒯 The duration of the quiescent run 

𝜏 
The time distance variable between 

successive waves peaks  

𝑓(ℎ1, ℎ2) 
The joint probability density function of 

two successive waveheights  

𝑓(ℎ, 𝑇) 
The joint probability density function of 

waveheight and period  

 𝑓(𝒽)(𝑇) 
The probability density function of the 

period of a low wave 

 𝑓(𝒽)
(𝑟)(𝑇) 

The probability density function of the 

duration of a quiescent run of length 𝑟 

𝜌(𝜏) 
The normalized autocorrelation of the 

wave envelope at lag 𝜏 

𝑚0 The zeroth spectral moment  

𝑚1 The first spectral moment 

𝑚2 The second spectral moment 

𝑚4 The fourth spectral moment 

T𝑚 The mean period  

𝑣 The spectral width 

 

 

II. RUNS THEORIES FOR SEA WAVES 

The present work is closely related to a field of research that focuses on sequences of 

successive high waves that are typically termed, High Runs, which is of interest to several 

costal engineering problems because of the detrimental impact of these runs on coastal 

platforms [13].  Two approaches have been followed in the literature to describe the runs 
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statistics of sea waves. One class of technique termed Wave Envelope methods, effectively 

reviewed by Longuet-Higgins in [13], is essentially a signal processing approach that 

endeavours to model the properties of narrow band processes in terms of generalised 

amplitude modulation. This approach is based upon the simple property that any dynamical 

system whose frequency response function is localised around a frequency 𝑓0 with narrow 

spread 𝛿𝑓0, where 𝛿𝑓0/𝑓0 ≪ 1, is capable of exhibiting oscillatory behaviour at frequencies 

close to 𝑓0 which is modulated by an envelope that fluctuates over timescales of the order of 

1/𝛿𝑓0.  Such behaviours are encapsulated in the theory of Analytic Signals, e.g., [14], which 

uses Hilbert transform to determine the envelope functions of interest.  

The second approach derives from the standard statistical oceanographic description of 

the sea waves [15]. The simplest approach to modelling runs of sea waves was developed by 

Goda [16]. As alluded to above, Goda’s work concentrated upon what at the time was the 

most important case, i.e., high runs. Using Goda’s formalism, a low run of length 𝑟 can be 

represented in the following manner: the run commences with a first wave having a height 

less than 𝒽, which has a probability of 𝑝𝐿(𝒽), and ends with a wave of height exceeding 𝒽, 

which has a probability of  (1 − 𝑝𝐿(𝒽)). To simplify matters Goda assumed that consecutive 

waveheights were statistically independent, thus, the probability of such run, which is 𝑟 

waves long, is simply given by  

𝑝𝐿(𝒽)
𝑟−1(1 − 𝑝𝐿(𝒽)) .                                                                (1) 
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Goda’s neglect of the well-known short term correlations that can exist over up to three “half 

waves” ahead [17], [18] prompted Kimura [19] to adopt a Markov Chain model which 

incorporates the appropriate conditional probability functions that reflect the correlation 

coefficient between successive waveheights. Using simulated wave data, Kimura was able to 

demonstrate that incorporating such successive wave correlations significantly improves the 

ability to model runs. Since then several validations of Kimura’s approach, using actual sea 

data have subsequently been provided in the literature, such as [20]. Kimura’s theory is built 

on a principle assumption that the sequence of waveheights follow a Markov process. Several 

works have validated this assumption in the theory of Kimura, in particular a systematic 

analysis of this aforementioned assumption was conducted in [21] in which results from 

twelve selected wave records from three different wave environments strongly suggested that 

a first order autoregressive-moving average (ARMA) linear stochastic model best describes 

their waveheights. (Data resolution could not distinguish among ARMA(1,0), ARMA(0,1) 

and ARMA(1,1) models, but these suggested models do include the AR(l) or Markov process 

model adopted in Kimura’s theory.) Thus, in this work we accept the Markov process to 

determine the runs. Unlike the wave envelope approach, Kimura’s approach can be related 

to seas with intermediate range of spectral width [13]. Therefore, we adopt Kimura’s 

approach here for its wider applicability.  

The low run model based on Kimura’s Markov chain methodology can be described in 

the following simplified way without recourse to transition matrices, instead using 

concatenated conditional probabilities (as in [13]). Given that a crest-to-trough waveheight 
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is less than 𝒽, let 𝑝𝐿𝐿(𝒽) represent the conditional probability that the next wave is also below 

𝒽. Then, to determine the probability of a run of low waves of length 𝑟, the next (𝑟 − 1) 

must also be less than 𝒽 which has a probability of 𝑝𝐿𝐿(𝒽)
𝑟−1, followed by a high wave which 

has a probability of (1 − 𝑝𝐿𝐿(𝒽)) . A difference between Kimura’s approach [19], and the 

present work is that we are interested in the unconditional probability of low runs of length 

𝑟 in our application [12]. Therefore, the sought probability, denoted by 𝑝𝐿(𝒽)
(𝑟)

, is given by 

𝑝𝐿(𝒽)
(𝑟)

= 𝑝𝐿(𝒽)𝑝𝐿𝐿(𝒽)
𝑟−1 (1 − 𝑝𝐿𝐿(𝒽)).                                               (2) 

where 𝑝𝐿(𝒽) is the probability of a wave below the threshold height 𝒽.  The probability of 

low runs that are at least of length 𝑟, denoted by 𝑝𝐿(𝒽)
(𝑟+)

, is then given by  

𝑝𝐿(𝒽)
(𝑟+)

= 𝑝𝐿(𝒽)𝑝𝐿𝐿(𝒽)
𝑟−1                                                              (3) 

Determining 𝑝𝐿(𝒽) and 𝑝𝐿𝐿(𝒽)  from sea spectra is discussed in the following section.   
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III. THE PARAMETERS OF THE PROBABILITY DISTRIBUTION OF QUIESCENT RUNS 

A. The Probability of Low Waveheights 

The probability of the waveheights below a threshold 𝒽  is given by: 

𝑝𝐿(𝒽) = ∫ 𝑓(ℎ)𝑑ℎ 
𝒽

0

,                                                                (4) 

where 𝑓(ℎ) is the probability density function (PDF) of waveheight ℎ. Let 𝑚𝑘, where 𝑘 =

0,1,2 and 4, be the 𝑘-th spectral moment and 𝜌(𝑡) be the normalized autocorrelation of the 

assumed wide-sense stationary (WSS) random process of the wave envelope: 

𝜌(𝑡) = √𝛾2(𝑡) + 휁2(𝑡) ,                                                                 (5)  

𝛾(𝑡) = 𝑚0
−1 ∫ 𝑆(𝑓)cos (2𝜋𝑡𝑓)𝑑𝑓

∞

0
,            휁(𝑡) = 𝑚0

−1 ∫ 𝑆(𝑓)sin (2𝜋𝑡𝑓)𝑑𝑓
∞

0
, 

 where 𝑆(𝑓) is the sea spectral density. The various PDFs that describe the linear crest-to-

trough waveheight in the literature [22]–[25] have the general form:  

𝑓(ℎ) =
ℎ

4𝑚0

𝑒−ℎ2/4𝑐𝑚0  .                                                             (6) 

The 𝑐 parameter specific for each PDF is described in Table II, where  

𝑣 = √(𝑚0𝑚2/𝑚1
2) − 1  represents the spectral width parameter, T𝑚 = 2𝜋𝑚0/𝑚1 is the mean 

period. In the work of Naess [23], he suggested setting 𝜏∗ to any value in  T𝑧/2 < 𝜏∗ < T𝑢/2, 

where T𝑧 = 2𝜋√𝑚0/𝑚2 is the mean zero up-crossing period and T𝑢 = 2𝜋√𝑚2/𝑚4 is the 

mean period between maxima. A similar model developed by Boccotti [24] suggested setting 

𝜏∗ to the first minimum of the time lag at which the first minimum of 𝛾 occurs. We adopt the 
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latter for its established adequacy [25], [26]. Other distribution functions also exist in the 

literature. However, these functions are not included here as they provide non-normalized 

distributions that are only valid for relatively large waveheight thresholds. Other functions 

that are based on parameter estimation from the time series are not suitable for our purpose 

and not included here.    

TABLE II. THE PRINCIPLE PARAMETER IN THE DISTRIBUTION MODELS OF WAVEHEIGHTS. 

Model 𝑐 

Rayleigh  2 

Higgins [22] 1 − 𝑣2 

Naess [23]  1 − 𝛾(𝜏∗) 

Tayfun [25] 1 + 𝜌(T𝑚/2) 

 

These PDFs are appropriate to describe the statistics of long crested waves at fixed 

locations [25], which is of our interest in the context of QPP, and are theoretically valid in 

the limit of a narrow-band process. However, as seen in the literature and in our experiments 

where the spectral width 𝑣 ranges between 0.38 and 0.42, the range of their validity is wider 

than this condition seems to imply. For the derivation and rationale of these PDFs, the reader 

can refer to [22]–[25]. All these probability functions were developed to enhance the 

prediction of the rare events of the largest waves.  However, in our application, we are 

interested in the low-to-mid range of waveheights.  
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B. The Conditional Probability of Successive Low Waveheights 

The conditional probability of successive low waves 𝑝𝐿𝐿(𝒽) can be computed from the 

joint PDF of successive waveheights. Let the waveheight ℎ at time 𝑡1 and 𝑡2 be denoted by 

ℎ1 and ℎ2, respectively, the conditional probability 𝑝𝐿𝐿(𝒽) can be obtained through: 

𝑝𝐿𝐿(𝒽) = ∫ ∫ 𝑓(ℎ1, ℎ2)𝑑ℎ1𝑑ℎ2 
𝒽

0

𝒽

0

∫ ∫ 𝑓(ℎ1, ℎ2)𝑑ℎ1𝑑ℎ2 
𝒽

0

∞

0

,⁄                             (7) 

where 𝑓(ℎ1, ℎ2)  is the joint PDF of successive wave heights, which can be obtained from 

the work of Rice [27]: 

𝑓(ℎ1, ℎ2) =
ℎ1ℎ2

8𝑐(1 − 𝜌2(𝜏))
𝑒

−
ℎ1

2+ℎ2
2

4𝑐𝑚0(1−𝜌2(𝜏))𝐼0 [
ℎ1ℎ2𝜌(𝜏)

2𝑐𝑚0(1 − 𝜌2(𝜏))
],                           (8) 

where 𝑐 is a constant that equals to 2 in the original work of Rice [27]. Alternative functions 

are manifested in the value of 𝑐, listed in Table II. The function 𝐼0[. ] in (8) is the modified 

Bessel function, and 𝜏 = 𝑡2 − 𝑡1. Kimura obtained the correlation coefficient 𝜌 from the 

simulated waveheights time series through the standard correlation coefficient 

estimator �̂� [19]. The link between 𝜌 and �̂� is through:    

�̂� = [ℰ(𝜌) −
1

2
(1 − 𝜌2)𝒦(𝜌) −

𝜋

4
] (1 −

𝜋

4
)⁄   ,                                           (9)  

where ℰ and 𝒦 are the complete elliptic integrals of the first and second kind, respectively 

[28]. As we mentioned in the introduction, the method presented here could be based on: (i) 

one of the standard analytic sea spectra models, e.g., Pearson-Moskowitz, Bretschneider, 



12 

 

 

JONSWAP, etc, or (ii) using wave data acquired just prior to a maritime operation (typically 

via wave-radar). Therefore, the dependence of Kimura’s model on the wave correlation 

coefficient estimate from long time series data is not suitable for our purpose [12].  

Based on the original work of Rice, 𝜌(𝜏) is related directly to the spectral description and 

simply derived from 𝑆(𝑓) as seen in (5).  The period between the peaks of two successive 

waves 𝜏 can be approximated by the mean period T𝑚.  This is rigorously valid for infinitely 

narrow spectra, i.e., 𝑣 goes to zero. To overcome this limitation, Arhan and Ezraty in [29] 

integrated the conditional probability distribution of the wave period 𝑇 given a waveheight 

𝑓(𝑇｜ℎ) in 𝑓(ℎ1, ℎ2) as follows. Expressing the joint density of successive waveheights as 

𝑓(ℎ1, ℎ2｜𝜏 = 𝑇), to highlight the dependence on 𝜏, the complete joint probability is 

computed through   

∫ 𝑓(ℎ1, ℎ2｜𝑇)𝑓(𝑇｜ℎ1, ℎ2)𝑑𝑇
∞

0

,                                                  (10) 

where 𝑓(𝑇｜ℎ1, ℎ2) could be approximated by  

𝑓(𝑇｜ℎ) =
𝑓(ℎ, 𝑇)

∫ 𝑓(ℎ, 𝑇)𝑑𝑇
∞

−∞

 ,                                                       (11) 

where 𝑓(ℎ, 𝑇)  is the joint PDF of waveheight and period. The oceanographic analytical 

expression for 𝑓(ℎ, 𝑇)  based on sea spectra is provided and discussed in the next section.   

 

IV. THE PROBABILITY DISTRIBUTION OF THE DURATIONS OF THE QUIESCENT PERIODS  
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A significant new element introduced in the present work is the consideration of the 

probability of the actual duration of the quiescent periods rather than just the number of low 

waves present in a run.  The models (2) and (3) produce the probability distribution of 

quiescence described in terms of the number of waveheights. In order to obtain the 

probability of the quiescent duration, which is the property of most practical interest, we must 

reconfigure the quiescent runs probabilities. A simple multiplication by the mean period T𝑚 

is simplistic and would produce poor accuracy. This is partially due to the property that there 

is a correlation between the waveheights and their periods; hence the periods of a low wave 

varies with the selected threshold. This is besides the obvious fact that the period of each 

wave is different, and so a given quiescent duration 𝒯 could be formed by runs of different 

lengths 𝑟. In Fig. 1 we show an example of histogram plots of the durations of runs of length 

𝑟 from 1 to 6, along with their Gaussian distribution fits. We can see the overlap in the 

distributions of the time durations of the runs.  

  The full approach to obtain the probability distribution of quiescent durations is to 

employ a high-dimensional distribution that describes the waveheight-waveperiod 

dependencies between at least two consecutive waves. This considerably increases the 

complexity of the situation and hence we propose an alternative approach that entails few 

approximations. First, the wave-wave inter-dependence of the periods of successive low 

waves will be ignored. This is justified by the observation that the aforementioned 

dependence between the periods of two successive low waves decreases with the threshold 

height as discussed in detail in Appendix A. The first outcome of the approximation is that 
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the mean duration of a quiescent run of length 𝑟 can be given by 𝑟T𝐿(𝒽), where T𝐿(𝒽) is the 

mean period of a low wave below threshold height 𝒽. The complete quiescent duration 

probability model is developed as follows in the next two subsections. 

 

Fig. 1. Histograms of the durations of runs of length 𝑟 from 1 to 6, and their Gaussian distribution fits. 

 

A. Probability redefinition 

In the frequentist interpretation of the probability that we use here, a probability measures 

the “proportion of a population with certain properties”.  The probability  𝑝𝐿(𝒽)
(𝑟)

 in (2) is the 

proportion of waves that are in a quiescent run of length 𝑟. For our application, it is more 

important to determine the probability as a proportion of time. To explain how we can convert 

the population of  𝑝𝐿(𝒽)
(𝑟)

 into time, we assume we have a large number of experiments 𝑁, each 

with a record of sea surface elevation compromising exactly 𝑟 consecutive waves. In other 

words, each record starts at a zero up-crossing and stops exactly 𝑟 zero up-crossings later. 

The average total duration of the 𝑁 experiments is   𝑁𝑟T𝑚  seconds. From (2), out of the 𝑁 
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experiments, there is on average 𝑁𝑝
𝐿(𝒽)

(𝑟)  records that are quiescent runs, and their total 

duration is 𝑁𝑟𝑝
𝐿(𝒽)

(𝑟)
T𝐿(𝒽) seconds on average.  Therefore, over the total duration of the 𝑁 

experiments of 𝑁𝑟T𝑚  seconds, there are on average 𝑁𝑟𝑝
𝐿(𝒽)

(𝑟)
T𝐿(𝒽) seconds which belong to a 

quiescent run. Hence, the proportion of time that belong to a quiescent run of length 𝑟 is  

𝑝𝐿(𝒽)
(𝑟)

T𝐿(𝒽)/T𝑚. This is the first step towards describing the probability of quiescence in terms 

of total time rather than number of waveheights.   

B. The probability of the durations of the quiescent periods 

The overall aim of this work is to provide the probability of quiescence of time duration 

of at least 𝒯 seconds, which is the practical quantity of interest (for example, a duration of 

the order of few tens of seconds is required to recover a large helicopter onto a vessel).  As 

we mentioned above and shown in Fig. 1, this specified duration could be formed from runs 

of different lengths 𝑟. Using the law of total probability, the quiescent runs probability model 

(2) and the result in the previous subsection, the probability of quiescence of duration of at 

least 𝒯 is given by 

 𝑝𝐿(𝒽)
(𝒯)

=
T𝐿(𝒽)

T𝑚

∑𝑝𝐿(𝒽)
(𝑟)

𝑟

 𝑝(𝒽)
(𝑟) (𝒯),                                                 (12) 

 where  𝑝(𝒽)
(𝑟) (𝒯) is the probability that the duration of a quiescent run of length 𝑟 is larger 

than  𝒯. To obtain  𝑝(𝒽)
(𝑟) (𝒯), the PDF of the period of a quiescent run of length 𝑟, denoted by 

 𝑓(𝒽)
(𝑟)(𝑇), is required:  𝑝(𝒽)

(𝑟) (𝒯)=∫  𝑓(𝒽)
(𝑟)(𝑇)𝑑𝑇

∞

𝒯
. Ignoring the dependence in the distributions 
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of the periods of successive low waves, which holds with decreasing the threshold height as 

explained above,  𝑓(𝒽)
(𝑟)

(𝑇) can be obtained recursively from the PDF of a period of a single 

low wave  𝑓(𝒽)(𝑇) as follows:  

 𝑓(𝒽)
(𝑟)

(𝑇) =   𝑓(𝒽)
(𝑟−1)

(𝑇) ∗  𝑓(𝒽)(𝑇)                                                    (13) 

where ∗ is the convolution operation.  𝑓(𝒽)(𝑇) can be obtained from the joint PDF of 

waveheight and period 𝑓(ℎ, 𝑇)  as follows 

𝑓(𝒽)(𝑇) =
∫ 𝑓(ℎ, 𝑇)𝑑ℎ

𝒽

0

∫ ∫ 𝑓(ℎ, 𝑇)𝑑𝑇𝑑ℎ
∞

−∞

𝒽

0

.                                                        (14) 

Engineers and oceanographers have worked on defining 𝑓(ℎ, 𝑇) and the total distribution of 

the wave periods in general [30]–[33]. Several comparisons of the wave period distribution 

models using both field and numerically simulated data have been presented in the literature 

[34]–[36], and the general conclusion is that none of the analytical expressions capture the 

shape of the distribution of the data. Given the complexity of the recursive calculations 

involved in (13), it is deemed reasonable to approximate 𝑓(𝒽)(𝑇) with a Gaussian distribution 

(of mean T𝐿(𝒽) and variance V𝐿(𝒽)). Accordingly, with the independence assumption of 

Appendix A,  𝑓(𝒽)
(𝑟)

(𝑇) is also Gaussian with mean 𝑟T𝐿(𝒽) and variance V𝐿(𝒽)/𝑟. This 

assumption would appear reasonable according to the central limit theorem that  𝑓(𝒽)
(𝑟)

(𝑇) 

converges to a normal distribution with increasing 𝑟. The mean T𝐿(𝒽) and variance V𝐿(𝒽) of 
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the Gaussian approximation of  𝑓(𝒽)(𝑇) are determined here based on (14) and oceanographic 

analytical expressions for 𝑓(ℎ, 𝑇) that depend upon the sea spectral density as shown next.   

C. The mean and the variance of a low-wave period 

The mean and the variance of the period of a low wave are given by 

T𝐿(𝒽) = ∫ 𝑇 𝑓(𝒽)(𝑇)𝑑𝑇
∞

0

,                                                              (15) 

and 

V𝐿(𝒽) = ∫ 𝑇2 𝑓(𝒽)(𝑇)𝑑𝑇
∞

0

− [T𝐿(𝒽)]
2
.                                                (16) 

As stated previously, the well-observed correlation between the waveheight and its period 

effectively means that T𝐿(𝒽) and V𝐿(𝒽) vary with the threshold height. Two main works 

on 𝑓(ℎ, 𝑇)  in the literature attempt to capture this correlation, and produce the asymmetrical 

joint density function and hence the height dependent mean and variance that we seek. The 

first work is presented by Cavanie´ et al. [30]. In terms of the normalised waveheight �̅�, and 

the normalised wave period �̅� = 𝑇/T𝑚  for a more compact expression, the result of (14) 

based on [30] is 

 𝑓(�̅�)
(�̅�) = 𝐾1  

[
 
 
 
 √𝜋�̅�erf {

√[𝛽(�̅�, 𝑣)]�̅�

�̅�2 }

4[𝛽(�̅�, 𝑣)]3/2
−

�̅�𝑒
−�̅�2𝛽(�̅�,𝑣)

�̅�4

2�̅�𝛽(�̅�, 𝑣)

]
 
 
 
 

 ,                               (17) 

𝛽(�̅�, 휀) = (�̅�2 − 𝑎2)2 + 𝑎4𝑏2, 
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𝑎 = (1 + √1 − 휀2)/2,                 𝑏 = 휀/√1 − 휀2, 

휀 = √1 − (
𝑚1

2

𝑚0𝑚4
) , 

where 𝐾1 is the normalisation constant that keeps the area under the function to one. In this 

work we simplify the normalizer of the wave period to the first moment mean wave period 

T𝑚, as opposed to the original work where the normalisation period depends indirectly on 

the fourth moment 𝑚4, i.e., T𝑢. A similar simplification was adopted in [37] to determine the 

total wave period distribution. Nonetheless, to resolve the well-known instability problem in 

evaluating 𝑚4, the typical solution is to truncate the spectrum to an upper limit, which we set 

to 1.8 rad/s in our experiments. 

The second joint PDF we examine is based on the revised work of Longuet-Higgins [33]. 

The latter has gained more favour in the literature possibly because of its clearer expression 

and its dependence on spectral moments not higher than 𝑚2, as opposed to [30] that depends 

on  𝑚4 . The results from (14) based on [33] is 

𝑓(�̅�)
(�̅�) = 𝐾2  [

√𝜋erf {2√𝛼(�̅�, 𝑣)/2𝒽}

�̅�2[𝛼(�̅�, 𝑣)]3/2
−

�̅�/√2𝑒−�̅�2𝛼(�̅�,𝑣)/4

�̅�2𝛼(�̅�, 𝑣)
],                               (18) 

𝛼(�̅�, 𝑣) = 1 + (1 − 1/�̅�)2/𝑣2, 



19 

 

 

where 𝐾2 is the probability normalisation constant that keeps the area under the function to 

one. In the numerical experiments in Section VI, the two models are evaluated to provide the 

most accurate calculations of the mean and the variance of the period of a low wave.    

V. SEA TRIAL AND SIMULATION DATA 

Six sets of time series of sea elevation with different sea states are considered here. Five 

of them are based on parameterised oceanographic spectra: Pearson-Moskowitz and 

JONSWAP. The parameterised oceanographic spectral forms are a common format for both 

describing and forecasting sea conditions, and the ability to describe the quiescent properties 

of different categories of seas directly from such spectra can be of considerable value in 

forward planning of maritime operations in a complete QPP system. 

Three data sets are based on Pearson-Moskowitz spectrum with wind speeds of 15 m/s, 

19 m/s, and 22 m/s; significant waveheights of 4.8 m, 7.7 m, and 10.3 m; and mean periods 

of 8.4 s, 10.7 s, an, 12.4 s, respectively. The other two sets are based on JONSWAP spectrum 

with wind speeds of 13 m/s and 20 m/s; fetch 300 km and 100 km, significant waveheights 

of 4.8 m and 3.8 m; and mean periods of 8.1 s and 6.5 s, respectively. The proposed method 

is designed for long oceanic waves. This is where DSWP is most useful and can be efficiently 

deployed. It is well established that the crest-to-trough height of such waves can be 

adequately modelled using linear models [38], [39], especially the typically occurring 

waveheights (as opposed to the rare extremely high and steep “freak” waves, see the [38] for 

a discussion). Accordingly, the time series generators (and the probability distribution 
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models of the waveheights) are based on the linear assumption in this paper, which makes it 

computationally feasible to generate the large sets of data required for stable statistics. Each 

set of the sea elevation time series spans 345,600 s with sampling rate 1.5 Hz, constituting 

between 33,000 and 58,000 waves. To generate the data, we use the standard linear method 

of adding numerous sinusoid components (518,400) with random phases. To avoid 

periodicity in the generated time series, the number of sinusoid components is equal to the 

size of the generated time series (345,600 s × 1.5 Hz). An important point raised by Tucker 

et al. [40] is the common error in wave simulations of assuming that the amplitudes of these 

sinusoid components are deterministic, when in fact they are random. To avoid this we set 

the amplitudes of the components at each frequency to follow a Rayleigh distribution with 

variances obtained from the power spectral density. The phases are generated from a uniform 

random distribution over [0,2𝜋). The importance and the rationale of this wave generation 

procedure has been re-emphasised in [41].  

On 24th November 2014 between 09:20:00 and 14:00:00 UTC off the western coast of 

Scotland, the Golden Arrow sea trial (carried out from the vessel Northern River) took place 

to collect data related to QPP. At around 09:30:00 UTC, we deployed two buoys to float 

freely and record the sea elevation at two points. At 12:00:00 UTC, the two buoys were 

picked - their paths in the sea for the time period 09:30:00 – 12:00:00 UTC is shown in Fig. 

2. These buoys were developed by Scripps Institution of Oceanography, University of 

California, San Diego, to provide research quality wave measurements [42].   
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To examine the stationarity of the sea state of the recorded data, the data are subdivided 

into 30 minute intervals, and the spectrum within each interval is obtained. For each interval, 

the spectra from the two buoys are averaged as they represent estimates of the same quantity.  

The two key spectral wave parameters derived from each interval are displayed in Fig. 3. The 

data indicates that the sea state was acceptably stationary between 09:30:00 and 11:30:00 

UTC. To expand the sampling population and increase the stability of the collected statistics, 

we synthetically regenerate time series based on the field data as follows. A Periodogram 

estimator is used to obtain the spectrum of the buoys time series (120 mins). The estimated 

spectrum is shown in Fig. 4.  To adequately capture the natural variability of waves in the 

regenerated time series, we adopt the above procedure of sampling from Rayleigh 

distribution. The variance of the Rayleigh distribution at each frequency is obtained from the 

estimated spectrum. The phases are generated from a uniform random distribution over 

[0,2𝜋). We generate 50 different realisations each with a duration of 120 min. With such 

samples size, relatively stable statistics could be obtained even for the relatively low 

probability events explored. 

Before we close this subsection, we describe our definition (which is driven by our 

application) of the wave period and waveheights from the data, to avoid any ambiguities. The 

time between two successive zero up-crossing is recorded as a wave, regardless of fluctuation 

of the sea elevation above the zero mean level (local minima and maxima are ignored). The 

wave’s height is considered as the difference between the highest and lowest values of the 

sea elevation in the wave. We also note that several other experiments were conducted by the 
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authors, which are not included here for the limited space. The conclusions drawn there 

coincide with the presented results. Finally, we note that the various integrals involved in the 

models throughout the paper are evaluated numerically. 

 

Fig. 2. The locations of Buoy 1 (dashed line) and Buoy 2 (solid line) during the time period 09:30:00 – 

12:00:00 UTC.  

 

Fig. 3. The significant height and the mean period for the individual time series. 
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Fig. 4. The sea wave spectrum 𝑆(𝑓) during the Golden Arrow sea trial between 9:30:00 and 11:30:00 UTC 

VI. NUMERICAL RESULTS 

A. Comparison between the distribution functions for 𝑝𝐿(𝒽) and 𝑝𝐿𝐿(𝒽) 

In Fig. 5, we compare the results of 𝑝𝐿(𝒽) obtained from (4) and (6) using the different 

PDFs of Table II with the collected statistics from the time series data. The results are shown 

against the normalised threshold heights set within the low-to-mid range of interest for QPP. 

For illustration, the threshold height 𝒽 is normalised to √𝑚0, and re-denoted by  �̅� (=

 𝒽/√𝑚0) . Accordingly, a value of �̅� of 4 represents the significant waveheight, and a value 

of �̅� of 2 represents half the significant waveheight, and so on. Out of the all the PDFs, we 

can see that the best fit to the data for the sought range of waveheights are actually described 

by the basic Rayleigh model. We could observe the same behaviour of the Rayleigh model 

in several other studies in the literature, although it is not discussed by their authors as their 

focus is usually on the largest waveheights. Thus, the Rayleigh model will be selected to 

determine 𝑝𝐿(𝒽) in (2). 
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Fig. 5. The probability of a low wave as a function of the normalised threshold height in the low-to-mid 

range. 
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In Fig. 6, we compare 𝑝𝐿𝐿(𝒽) obtained using the different PDFs in (7) and (8), with the estimates 

of these probabilities from the time series data, for the low-to-mid range threshold height. Because 

of the complex complete period calculations in (10) and (11), we only evaluate the complete period 

calculations using the original Rice formula as in [29]. This is referred to in Fig. 6 by ‘Rice+’. For 

the rest of the distribution functions based on [22] – [25], we simply set 𝜏 = T𝑚, as these 

distribution functions are developed over basic Rayleigh and Rice work in the first place to 

mitigate the infinitely narrow spectra limitation [22] – [25]. We can observe that the original Rice 

model with 𝜏 = T𝑚 considerably and consistently underestimates the numerical results, and its 

complete period calculations counterpart is not the most accurate either.  However, there is no 

single distribution function that consistently provides the best results throughout the experiments.  

The model that provides the best accuracy collectively is based on Tayfun’s work, and therefore it 

will be selected to obtain 𝑝𝐿𝐿(𝒽) in (2) and (3). 
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Fig. 6. The conditional probability of successive low waves versus the normalised threshold height in the 

low-to-mid range. 

 

 

B. Evaluation of the Probability Model of Quiescent Runs  

The results presented here summarise the fitness of the runs probabilities produced by the 

quiescent run model (3) to the collected statistics from the data. These intermediate results are 

important for two reasons. First, the quiescent run model basically describes the statistics of 

quiescence in a simplified manner which could be useful for some users. Second, the quiescent 
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duration probability model (12) is based on the results of the quiescent runs.  In Fig. 7, we depict 

the runs statistics for the six data sets along with the results of (3) based on Rayleigh distribution 

for 𝑝𝐿(𝒽) and Rice model with Tayfun’s parameter for 𝑝𝐿𝐿(𝒽). The normalised threshold heights 

are set to �̅� = 0.5, 1, 1.5, 2, 2.5 and 3 (i.e., 1/8, 2/8, 3/8, 4/8, 5/8 and 6/8 of the significant 

waveheights). 

How well the statistics estimate the underlying population value is always an issue. A 

confidence interval addresses this issue and indicates the stability of the estimates with a range of 

values which is likely to contain the population parameter of interest, i.e., the runs probability here. 

However, using the confidence intervals requires assumptions on the distribution function of the 

parameter of interest. As in [25], the simple alternative that will be adopted here is to use the 

sample standard deviation �̂� to define the upper and lower stability bands associated with the 

estimate �̂� as �̂� + �̂� and �̂� − �̂�, respectively.  

We can observe a reasonable match between the model (3) and the estimates. As would be 

expected in finite simulations, the sample variance increases with the rarity of the event of interest 

(i.e., the lower runs probabilities), and some mismatch can be clearly observed. As seen in (3) and 

the results in Fig. 7, the runs probabilities exponentially decrease with increasing 𝑟. For lower 

height thresholds, the exponential decay is more drastic because of the smaller 𝑝𝐿𝐿(𝒽). For 

example, let us focus on the runs probability for threshold height of ½ and ¼ the significant 

waveheight (i.e., �̅� = 2 and 1, respectively) in the Golden Arrow result. We can see that the run 

probability for �̅� =2 for run length 𝑟 = 3 is about 9.6%, and for 𝑟 = 4 it goes down to 4.7%. 

Whereas, for �̅� = 1, the probability for 𝑟 = 3  is 0.32% and it goes rapidly down to 0.05% for 
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runs of  4 waves.  Overall, relatively long quiescence at around ¼ the significant waveheight are 

too rare to be count on in all conditions. 

 

 

 

 

 

 

Fig. 7. The quiescent runs probabilities for normalised height thresholds �̅� = 0.5, 1, 1.5, 2, 2.5 and 3 from 

the bottom to top. The dotted lines represent the quiescent runs model (3), the solid lines represent the 

collected statistics, and the dashed lines represent the stability bounds. 
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The similarity in the results of the runs probabilities among the Pearson-Moskowitz 

experiments confirms the results in [12], where, for a given normalised threshold height, it was 

shown analytically that the probability of runs are fixed for Pearson-Moskowitz spectra. A similar 

conclusion was reached by Longuet-Higgins in [13] where it was shown in approximation analysis 

that the runs probability is a function of 𝑣. With the fact that 𝑣 is fixed for each spectral form in 

the experiments (𝑣 is 0.42 and 0.38 for Pearson-Moskowitz and JONSWAP, respectively), the 

numerical results here, the analytical work in [12] and the approximation analysis in [13] confirm 

each other from different angles.    

C. Comparison between the models for 𝑇𝐿(𝒽) and 𝑉𝐿(𝒽) 

In Fig. 8, the results of the mean period of a low wave TL(𝒽) (normalised to T𝑚) using (15) and 

the derived PDFs of (17) and (18) (which are based on the work Cavanie´ et al. [30] and Longuet-

Higgins [33], respectively) are shown and compared with their statistical estimates. Analogously, 

we examine (16) using (17) and (18) to determine the variance of the period of a low wave VL(𝒽). 

For a clear compact presentation in Fig. 8, we depict the normalised square root of the variance, 

i.e., the normalised standard deviation √VL(𝒽)/T𝑚. The limits of the numerical integration of (15) 

and (16) are set to [0.05T𝑚, 𝐴T𝑚], where 𝐴 = max (1, �̅�). It can be clearly seen that the results 

using (17) that is based on the work of Cavanie´ et al. [30] show the better fit. Hence, it will be 

adopted to determine TL(𝒽) and VL(𝒽) for the quiescent duration probability model (12). 
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Fig. 8. The normalised mean and standard deviation of the period of a low wave versus the normalised 

threshold height in the low-to-mid range. 

D. Evaluation of the Probability Model of the Quiescent Durations  

In this subsection, we use (12) to determine the probability of quiescent time durations from 1 

s to 100 s in steps of 1 s. In Fig. 9, we plot the results for multiple waveheight thresholds: �̅� =

0.5, 1, 1.5, 2, 2.5 and 3. As explained in Subsection VI. A, the upper/lower stability bounds of the 
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estimates are shown in terms of one (plus/minus) standard deviation estimated from the sample. 

Our first observation is that the accuracy of the analytical results is satisfactory, especially with 

the approximations we have adopted through our derivations. We can see how the threshold height 

has a significant impact on the probability of quiescent durations. The effect of the threshold height 

on these probabilities in Fig. 9 is even more drastic than that seen in the runs probability of Fig. 7. 

This is due to the correlation between the waveheight and period. Thus a change in the threshold 

height has a significant impact on the probability results. For example, examining the results at 

quiescent duration of 20 s in the Golden Arrow experiment at ½ and ¼ the significant waveheight 

(i.e., �̅� = 2 and 1, respectively), we can see how the probability goes down drastically from 0.5% 

to 0.007%. Practical scenarios of how these results could be beneficial in operation planning are 

described in the next section.  

VII. OPERATION PLANNING ASSISTANCE - ILLUSTRATIVE SCENARIOS 

Based on the sea spectral density, SQE can estimate the probability of occurrence of quiescent 

periods and hence assess how favourable a particular sea state is to carry out a specific maritime 

operation. To illustrate the usage of SQE, two scenarios are constructed. 

Scenario 1: During the sea trial of the Golden Arrow (significant waveheight of 3.2 m and mean 

period of 6.9 s), an operator wants to make a decision on the type helicopter to launch and recover. 

The first (small) helicopter requires at least 7 s quiescent duration of waveheight below 0.75 m. 

The second (large) helicopter requires at least 20 s quiescence and tolerates a maximum 

waveheight of 1.75 m.  
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Fig. 9. The quiescent durations probabilities for normalised height thresholds �̅� = 0.5, 1, 1.5, 2, 2.5 and 

3 from the bottom to top. The dotted lines represent the quiescent runs model (3), the solid lines 

represent the collected statistics, and the dashed lines represent the stability bounds. 

SQE can provide an answer to assist the operator in his decision: the probability of occurrence 

of the required quiescent duration for the small helicopter is about 0.9%, whereas the probability 

of occurrence of the required quiescent duration for the large helicopter is 7%. This basically 

means that the average waiting timings are about 13 min and 5 min to land the small and large 
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helicopters, respectively. In Fig. 10, we illustrate a similar scenario of how SQE complements 

DSWP in a QPP system that can efficiently exploit the quiescent periods.   

Scenario 2: An operator is given the task of planning cargo transfer from a vessel to an 

offshore structure in the North Sea. The operation requires a quiescent duration for landing of at 

least 15 s, tolerating a maximum waveheight of 1.25 m. The operator was given two future dates 

with different forecasted metocean data. On Day A, the wind speed is forecasted at 15 m/s 

blowing over fetch of 100 km. On Day B, the forecasted wind speed is 13 m/s over fetch of 300 

km.  

Following JONSWAP spectrum, SQE can provide the operator with the necessary 

information to plan his tasks and exploit the quiescence periods: the average number of quiescent 

opportunities (in 24 hrs) on Day A is 144, whereas there are only 12 opportunities on average on 

Day B.  

 
Fig. 10. A QPP system in a ship communicating statistical and deterministic 

information to the helicopter. 
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VIII. CONCLUSION 

We have presented an approach to fully describe the probability distribution of the quiescent 

periods based on the sea spectral density and the selected threshold height, with reasonable 

accuracy at no substantial computational cost. The method could be foreseen as an essential part 

of an operational DSWP system providing a planning aid for the launch of maritime operations 

in the shorter or longer future based on sea data available from various sources: ship readings 

and Metocean/forcast data. This paper serves to motivate future work to exploit the quiescent 

periods, and to validate the system in various sea states.     

APPENDIX. A 

There is a clear correlation between the successive periods. Several works, such as [36] and 

[43], have shown that the correlation is only considerable to one lag. Therefore, we focus here 

on the correlation coefficient between two consecutive low-wave periods. In the six data sets 

discussed earlier, we use the standard correlation estimator to obtain the correlation coefficient 

between the two sequences: the sequence of low-wave periods that are succeeded by low waves, 

and the sequence of the succeeding low-wave periods. The results are shown in Fig. 11 for the 

various normalised waveheight threshold. The upper and lower stability bands associated with 

each estimate are illustrated in the figure, in terms of one plus/minus standard deviation 

calculated through resampling. Indeed, the correlation results are expected to be less stable for 

low waveheight thresholds where the sample size is much smaller.  However, we can clearly see 

for all the data sets that the correlation coefficients are below 0.1 at the majority of the low-to-

mid range of the normalised waveheight threshold. The independence assumption on the periods 



35 

 

of successive low waves can simplify the SQE model to provide the probability of quiescence 

of specified time duration.    

 

 

 

 

 

 

 

 

 

 

 

Fig. 11. The correlation coefficients (circles) of the successive periods of low waves versus the 

normalised threshold height. The triangles represent the stability bounds of the correlation estimates.   
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