A REFINED VERSION OF GROTHENDIECK’S ANABELIAN
CONJECTURE FOR HYPERBOLIC CURVES OVER FINITE FIELDS

MOHAMED SAIDI and AKIO TAMAGAWA

Abstract. In this paper we prove a refined version of a theorem by Tamagawa
and Mochizuki on isomorphisms between (tame) arithmetic fundamental groups of
hyperbolic curves over finite fields, where one “ignores” the information provided
by a “small” set of primes.
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§0. Introduction. Let k be a finite field of characteristic p > 0 and U a hyperbolic
curve over k. Namely, U = X \ S, where X is a proper, smooth, geometrically
connected curve of genus g over k and S C X is a divisor which is finite étale of
degree r over k, such that 2 — 2g — r < 0. We have the following commutative
diagram of profinite groups:

1 — mUxpk,x) — mUx) — G, — 1

l l I
1 — 7wUxpk,x) — #Ux) — G, — 1

in which both rows are exact and all vertical arrows are surjective (and bijective
for r = 0). Here, G}, is the absolute Galois group Gal(k/k), * means a suitable
geometric point, and m; (resp. 7!) stands for the étale (resp. tame) fundamental
group. The following result is fundamental in the anabelian geometry of hyperbolic
curves over finite fields.

Theorem A (Tamagawa, Mochizuki). Let U, V be hyperbolic curves over finite
fields ky, kv, respectively. Let

a:m (U, %) 5w (V,*)

be an isomorphism of profinite groups. Then « arises from a uniquely determined
commutative diagram of schemes:

~
_

T — &
< — =

;
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i which the horizontal arrows are isomorphisms and the vertical arrows are the
profinite étale universal coverings determined by the profinite groups w1 (U, %), w1 (V, %),
respectively.

Theorem A was proved by Tamagawa (cf. [Tamagawa|, Theorem (4.3)) in the
affine case (together with the variant where 7 is replaced by 7t), and by Mochizuki
(cf. [Mochizukil], Theorem 3.2) in the proper case. It implies, in particular, that
one can embed a suitable category of hyperbolic curves over finite fields into the
category of profinite groups. It is essential in the anabelian philosophy of Grothen-
dieck, as was formulated in [Grothendieck], to be able to determine the image of
this functor. Recall that the full structure of the profinite group m (U xj k, *)
is unknown (for any single example of U which is hyperbolic). Hence, a fortiori,
the structure of m (U, *) is unknown. (Even if we replace the fundamental groups
(U x4 k,*), 71 (U, *) by the tame fundamental groups 7 (U x, k, ), (U, *),
respectively, the situation is just the same.) Thus, the problem of determining the
image of the above functor seems to be quite difficult, at least for the moment. In
this paper we investigate the following question:

Question 0.1. Isit possible to prove any result analogous to the above Theorem A
where 71 (U, %) is replaced by some (continuous) quotient of 71 (U, *) whose structure
is better understood?

Let Primes be the set of all prime numbers. Let ¥ = Xx C Primes be a
set of prime numbers containing at least one prime number different from the

characteristic p. Let C be the full class of finite groups whose cardinality is di-

visible only by primes in . Let Ay def 7t (U x k,*)* be the maximal pro-C

quotient of 7t (U x}, k, *). Here, if ¥ does not contain p, the structure of Ay is
well understood: Ay is isomorphic to the pro-X completion of a certain well-known

finitely generated discrete group (i.e., either a free group or a surface group). Let

My % 74U, %)/ Ker(rt (U x4 &, %) — 7t (U x1 k, +)%) be the corresponding quotient

of wt(U, x). We shall refer to II;; as the maximal geometrically pro-X quotient of
the tame fundamental group 7% (U, *) or, in short, the geometrically pro-X tame
fundamental group of U. (When ¥ does not contain p, we may and shall refer to
it as the maximal geometrically pro-3 quotient of the fundamental group 7 (U, %)
or, in short, the geometrically pro-3 fundamental group of U.)

Question 0.2. Is it possible to prove any result analogous to the above Theorem
A where (U, %) is replaced by Iy, for some non-empty set of prime numbers ¥
containing at least one prime number different from the characteristic p?

The first set ¥ to consider is the set ¥ % Primes \ {characteristic = p}. In
this case we shall refer to II;y as the maximal geometrically prime-to-characteristic
quotient of the fundamental group (U, ). We have the following result:

Theorem B (A Prime-to-p Version of Grothendieck’s Anabelian Con-
jecture for Hyperbolic Curves over Finite Fields). Let U, V be hyperbolic

curves over finite fields ky, kv, respectively. Let ¥y oot Primes \ {char(ky)},

5y & Primes \ {char(ky)}, and write Iy, Iy for the geometrically pro-Xy étale
fundamental group of U, and the geometrically pro-Xyv étale fundamental group of
V', respectively. Let
Qo HU — HV
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be an isomorphism of profinite groups. Then « arises from a uniquely determined
commutative diagram of schemes:

~
 —"

T — &
< — <

~Y
ey

i which the horizontal arrows are isomorphisms and the vertical arrows are the
profinite étale coverings corresponding to the groups Iy, Iy, respectively.

Theorem B was proved by Saidi and Tamagawa (cf. [Saidi-Tamagawal], Corol-
lary 3.10). Our main result in this paper is the following refined version of the
above Theorems A and B (cf. Theorem 4.22).

Theorem C (A Refined Version of the Grothendieck Anabelian Con-
jecture for Proper Hyperbolic Curves over Finite Fields). Let X, Y be
proper hyperbolic curves over finite fields kx , ky of characteristic px, py, respec-

tively. Let Xx, Yy C Primes be sets of prime numbers and set X et Primes \ X x,

P ot Primes \ Xy . Assume that neither the Y'y-adic representation psy : Gy —
HleE’X GL(Ti(Jx)) nor the ¥y -adic representation py;, : Gy, — Hlez’y GL(Ti(Jy)),
arising from the Jacobian varieties Jx, Jy of X, Y, respectively, is injective. Write
IIx, Iy for the geometrically pro-Xx étale fundamental group of X and the geo-
metrically pro-Xy étale fundamental group of Y, respectively. Let

OzZHX;HY

be an isomorphism of profinite groups. Then « arises from a uniquely determined
commutative diagram of schemes:

~Y
ey

X%Nz
< —

~
 —

i which the horizontal arrows are isomorphisms and the vertical arrows are the
profinite étale coverings corresponding to the groups Ilx, Ily, respectively.

Note that the extra assumptions on X x and Xy in Theorem C are satisfied if X',
¥ are finite. We show that sets of primes ¥ x and ¥y satisfying the conditions in
Theorem C must be of (natural) density # 0, while given any ¢ > 0 there exist sets
of primes X x and ¥y of (natural) density < e satisfying the conditions in Theorem
C (cf. Remark 2.8).

Theorem C above implies a “similar” version for affine hyperbolic curves (cf.
Theorem 4.23).

Theorem D (A Refined Version of the Grothendieck Anabelian Con-

jecture for (Not Necessarily Proper) Hyperbolic Curves over Finite

Fields). Let U, V be (not necessarily proper) hyperbolic curves over finite fields

ku, kv of characteristic py, py, respectively. Let ¥y, %y C Primes, be sets of
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prime numbers, and set X def Primes \ Xy, Tf, def Primes \ Xy. Write Iy, Iy
for the geometrically pro-Xy tame fundamental group of U and the geometrically
pro-Xy tame fundamental group of V', respectively. Let

(6N HU = HV

be an isomorphism of profinite groups. Assume that there exist open subgroups
Iy C Hy, Oy C Iy, which correspond to each other via «, i.e., Iy, = a(Ily/),
corresponding to étale coverings U — U, V' — V, such that the smooth com-
pactifications X' of U and Y' of V' are hyperbolic, and that neither the X7, -adic
representation ps; : G, — HleE’U GL(T;(Jx+)) nor the Xy, -adic representation
psi, ¢+ Gry,, — Hlez’v GL(Ty(Jy)), arising from the Jacobian varieties Jx:, Jy
of X', Y', respectively, is injective. (Here, ky:, ky/ denote the fields of constants
of U, V', respectively.) Then « arises from a uniquely determined commutative
diagram of schemes:

~
—_—

T — &
S e/ =

-~
i which the horizontal arrows are isomorphisms and the vertical arrows are the
profinite étale coverings corresponding to the groups Iy, Iy, respectively.

In what follows we explain the steps/ideas of the proof of Theorem C. Starting
from an isomorphism
a1 X :> HY
between profinite groups, one can first, using well-known results on the group-

theoretic characterization of decomposition groups in arithmetic fundamental groups
as in [Tamagawa] (the so-called local theory), establish a set-theoretic bijection

¢: X\ Ex S Y\ Ey

between the set of closed points of X, Y, outside some “exceptional sets” Ex C X¢!
and Fy C Y, respectively, such that a(D ) = Dy(q) for x € X\ Ex Where D,,
D () denote the decomposition group of z, ¢(x) in Ilx, Iy, respectively (which

are only defined up to conjugation). It is not difficult to prove p def px = py and

» Ly x = Xy. As a technical step in the proof we resort to a specific auxiliary

prime number [ and consider the Z;-extensions k: k v, of kx, ky, respectively.
Let X! % X x;, kb, and Y! 'V %y, kL. Wr1te Exi ¥ Ex xj, ki (resp.
Ey def Ey X, kY), Or.,, Og,, for the rings of rational functions on X!, Y whose
poles are disjoint from Fy:, Ey:, respectively, and ngl, (’)Eyl the multiplicative
groups of Og_,, Op_,, respectively. We have a natural set-theoretic bijection ot
(XHN\Exi = (YH)\ Ey:. Next, certain finite index subgroups Hy,, Hy, of OEXZ :
Ogyl are naturally associated with o via Kummer theory, such that a : IIx — IIy
induces a commutative diagram:

H /() AZ}) o H/((K) {2

l l

HL/(K) —F—  HJ /(K



in which the vertical arrows are the natural surjective homomorphisms and the

. . . . def .
horizontal arrows are natural isomorphisms induced by «, where ¥’ = Primes \ X,

and (k%)< {2’} (resp. (kL )*{¥'}) is the X/-primary part of the multiplicative group
(k%)™ (resp. (K§,)™).

The isomorphism p : Hy, /(k4,)* = Hy,/(k)* between subgroups of groups
of principal divisors supported outside exceptional sets has the property that it
preserves the valuations of functions, with respect to the set-theoretic bijection
¢ (XHNN\ Exi = (YH\ Ey:. We think of elements of (’)EXZ J(k5)*{2'}) and
Ogyl J(KL)*{X'}) as "pseudo-functions”, i.e., classes of rational functions with di-

visor supported outside exceptional sets, modulo ¥'-primary constants. In particu-
lar, given a pseudo-function f’ € ngl/((le)X{E’}) (resp. ¢’ € Ogyl/((kg,)X{E’})),
and a closed point x € X'\ Ex (resp. y € Y!'\ Ey) it makes sense to consider
the Y-value f/(x) € (k(z)*)* (resp. ¢'(y) € (k(y)*)*) of f' (vesp. ¢') (cf. Lemma
4.5 and the discussion before it). Here, (k(z)*)*, (k(y)*)* denote the maximal
Y-primary quotient of the multiplicative group of the residue fields k(x), k(y), re-
spectively. Then the isomorphism p’ : HJ, /((k4)*{2'}) — HY,/((Ky)*{%'}) has
the property that it preserves the Y-value of the pseudo-functions with respect to

the set-theoretic bijection ¢! : (X\)\ Exi =5 (YO \ Byi. Let Ry & (Hy.),
Ry et (Hys,) denote the abelian subgroups of O ,, Og , generated by Hg,,
H;ﬁl, respectively. In fact, Ry:, Ry: are subalgebras of Og_,, O, over k:lX, k:%,,

respectively, having the same fields of fractions, and Og_,, Op,,, are the normaliza-
tions of Rx:, Ry, respectively. We think of the multiplicative groups Hy, / (K)™,
HJ,/(K,)* as subsets of the projective spaces P(Rxt), P(Ry:) associated to the
infinite-dimensional k:lX—vector space R, ké,—vector space Ry, respectively. Us-
ing again, in an essential way, the fact that the set ¥ satisfies the assumptions in
Theorem C we show that the isomorphism p : Hy, /(kS,)* — Hy, /(K )™ viewed
as a bijection between subsets of the projective spaces P(Ry:) and P(Rx:) pre-
serves “partial” collineations in the following sense: given a line ¢ C P(Ry:) such
that ¢ N (Hy,/(k,)*) # @ then there exists a unique line ¢/ C P(Rx:) such
that ¢/ N (Hg,/(Ky)*) # @ and p(€ N (Hy/(k)%)) = €0 (HZ/(ky)™). I
Hg /(ky)* = 0g  [(K)*, H (k)" = OF  /(ky)*, and Ex = Ey = @, then
pi Ky (k) — K, /(K5 )™ is a bijection between points of the projective spaces
P(Ky1) and P(K x:), which preserves collineations, where Ky (resp. Ky:) is the
function field of X! (resp. Y'). Thus, by the fundamental theorem of projective
geometry, it arises from a unique semi-linear isomorphism (K, +) — (Ky1,+).
Unfortunately, at this stage we are even not able to prove that the exceptional
sets Fx and FEy are finite. This causes a very serious difficulty. To overcome
this difficulty, we prove, in §5, a refined version of the fundamental theorem of
projective geometry, which may be of interest independently of the topic of this
paper (cf. Theorem 5.7), and which applies well in our situation in order to recover
the ring structures of Op_,, Op_,, respectively. More precisely, given a commu-
tative field k we define the notion of an admissible set S of subsets of P! (k) (cf.
Definition 5.4) (roughly speaking these are sets consisting of “small” subsets of
P1(k)). For a subset U C P(V') of a projective space P(V') associated to a k-vector
space V', we define the notion of being S-ample where S as above is admissible
(cf. Definition 5.6). Roughly speaking, being S-ample means that i/ is “sufficiently
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large” in some sense (cf. loc. cit.). Let L(V') be the set of lines in P(V'), and

L(V)u &f {{ e L(V) | £NnU # @}. Our main result is the following (cf. Theorem

5.7).

Theorem E (A Refined Version of the Fundamental Theorem of Projec-
tive Geometry). LetV; be a k;-vector space fori =1,2. Assume that dimy, (V;) >
3 fori=1,2. Let U; be a subset of P(V;) fori = 1,2, and assume that U; is S;-
ample for some admissible set S; of subsets of P1(k;) fori=1,2. Let o : Uy = Uy
and 7 : L(V1)y, = L(Va)y, be bijections such that for each ¢ € L(Vy)y,, one has
7(0)y, = o(ly,). Then, each such (o,7) : (Uy,L(V1)y,) — (Us, L(Va)y,) uniquely
extends to a collineation (5,7) : (P(V1),L(V1)) = (P(Va),L(Vs)). Thus, G is a
bijection between projective spaces which preserves collineation. In particular, there
exists an isomorphism p @ k1 = ko, and a p-semi-linear isomorphism of abelian
groups X : (Vi,+) = (Va,+) that induces (o,7) : (U, L(V1)y,) = (U2, L(V2)y,)-
Moreover, such an isomorphism (u, \) is unique up to scalar multiplication.

Theorem E applies well in our case. More precisely, applying Theorem E to the
above situation we deduce that there exists a unique isomorphism p : P(Ry:) —
P(Rx:) which extends the bijection p: Hy, /(ki)* — H,/(k)* and p preserves

collineation. In particular, the bijection p arises from a g-isomorphism
"¢ : (RYlv +) = (RXla +)7

where 1o : ki = k is a field isomorphism. Namely, 1 is an isomorphism of abelian
groups which is semilinear with respect to 1y in the sense that 1 (ax) = ¥g(a)y(z)
for a € ki, and € Ry:. Further, 1y is uniquely determined and ¢ is uniquely
determined up to scalar multiplication. Moreover, if we normalize the isomorphism
Y : (Ry1,+) = (Rxt,+), by the condition (1) = 1, it becomes a ring isomorphism
such that the diagram

RXI # Ryl

| I
Kl 2o gl

commutes. Further, ¢ induces a natural commutative diagram

xt 2yt

Lo

XL)

where the horizontal maps are scheme isomorphisms and the vertical maps are nat-
ural morphisms. By passing to open subgroups of Il x and IIy which correspond to
each other via «, one constructs the desired scheme isomorphism X = Y which is
compatible with the isomorphism v : X = Y. Here, one has to overcome the diffi-
culty that the assumptions on the set ¥ in Theorem C are not preserved by passing
to open subgroups: even if the representation pyr x : Giy — [[;es GL(T1(Jx))
is not injective and Ilx/ C IIx is an open subgroup, the representation pyx/ x/ :
6



Gryr — Ilesy GL(Ti(Jx/)) might be injective. We overcome this problem by in-
troducing certain (weaker but more technical) conditions which are preserved by
passing to open subgroups.

In §1, we review the main results of the local theory mainly from [Saidi-Tamagawal],
and how various invariants of the curve X can be recovered group-theoretically from
ITx. In §2, we define and discuss the notion of large set of primes relative to a hy-
perbolic curve over a finite field. In §3, we review the main results of Mochizuki’s
theory of cuspidalization of étale fundamental groups of proper hyperbolic curves,
which plays an essential role in this paper. In §4, we prove our main results: The-
orem C and Theorem D. In §5, we prove the refined version of the fundamental
theorem of projective geometry: Theorem E.

Remark 0.3. (i) A function field version of the main results of the present paper
is given in [Saldi-Tamagawa3]. (See also [Saidi-Tamagawal] and [Saidi-Tamagawa?2]
for the special case ¥ = Primes \ {p}.)

(ii) At the moment of writing this paper, we do not know (even in the function
field case) if pro-l versions of the above results hold, namely if the above Theorems
C and D hold (under a certain Frobenius-preserving assumption) in the case where
Y = {l} consists of a single prime [ which is different form p.

§1. Review of the local theory. In this section we briefly review the main
results in [Saidi-Tamagawal], §1 concerning the local theory in arithmetic funda-
mental groups of hyperbolic curves over finite fields. Let X be a proper, smooth, ge-
ometrically connected curve over a finite field £ = kx of characteristic p = px > 0.
Write K = Kx for the function field of X.

Let S be a (possibly empty) finite set of closed points of X, and set U = Ug def
X \ S. We assume that U is hyperbolic.

Fix a separable closure K®P = K of K, and write k = kx for the algebraic
closure of k in K®°P. Write

Gx & Gal(K*P/K),

G ' Gal(k/k)
for the absolute Galois groups of K and k, respectively.

The tame fundamental group 7} (U) with respect to the base point defined by
K®°P (where “tame” is with respect to the complement of U in X') can be naturally
identified with a quotient of Gx. Write Gal(K};/K) for this quotient. (In case
S = @, we also write K% for K},.) It is easy to see that K}, contains Kk.

Let ¥ = ¥ x be a set of prime numbers that contains at least one prime number
different from p. Write

£TEE {p}

rFhus, ¥t £ & by our assumption. Denote by 7= the maximal pro-3f quotient of
Z. Set ¥ = ¥y = Primes \ Xx. We say that X is cofinite if ﬂ&E') < 00.
We define Ky to be the maximal pro-3 subextension of Kk in K};. Now, set

Iy = Gal(Ky /K),
which is a quotient of 7t (U) = Gal(K};/K). This fits into the exact sequence

1HAU—>HUPLUG]€—>1.
7



Here, Ay is the maximal pro-X quotient of ¢ (U), where, for a k-scheme Z, we set

ZdZefZ XkE.

Define Xy to be the integral closure of X in K. Define U to be the integral
closure of U in Ky, which can be naturally identified with the inverse image (as an
open subscheme) of U in Xy;. Define Sy to be the inverse image (as a set) of S in
Xy.

For a scheme Z, write Z for the set of closed points of Z. Then we have

Xcl — Ucl H S,

(XU>C1 _ Ucl HSU

Moreover, (f(U)C1 admits a natural action of II;;, and the corresponding quotient
can be naturally identified with X

For each T € (XU)CI, we define the decomposition group Dz C Iy (respectively,
the inertia group Iz C Djz) to be the stabilizer at & of the natural action of II;; on
(Xy)! (respectively, the kernel of the natural action of Dz on k(z) = k(z) = k,
where  is the image of  in X'). These groups fit into the following commutative
diagram in which both rows are exact:

1 - Iz — Di — Grup — 1
N N N
1 - Ay — Iy —» G — 1

Moreover, I; = {1} (respectively, Iz is (non-canonically) isomorphic to Z='), if
& e U (respectively, Z € SU) Since [z is normal in Dz, Dz acts on Iz by
conjugation. Since I3z is abelian, this action factors through Dz — Gy(,) and
induces a natural action of Gy, on I;.

Let G be a profinite group. Then, define Sub(G) (respectively, OSub(G)) to be
the set of closed (respectively, open) subgroups of G.

By conjugation, G acts on Sub(G). More generally, let H and K be closed sub-
groups of G such that K normalizes H. Then, by conjugation, K acts on Sub(H).
We denote by Sub(H)x the quotient Sub(H)/K by this action. In particular,
Sub(G)¢ is the set of conjugacy classes of closed subgroups of G.

For any closed subgroups H, K of G with K C H, we have a natural inclusion
Sub(K) C Sub(H), as well as a natural map Sub(H) — Sub(K), J — J N K. By

using this latter natural map, we define

Sub(G) = lim  Sub(H).
HeOSub(G)

Observe that Sub(G) can be identified with the set of commensurate classes of
closed subgroups of G. (Closed subgroups J; and J of G are called commensurate
(to each other), if J; N Js is open both in J; and in Js.)

With these notations, we obtain natural maps

D = D[U] : (Xy)® — Sub(Ily), % — Dj,
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I =1I[U]: (Xy)® — Sub(Ay) € Sub(Ily), & — Iz,

which fit into the commutative diagram

(X)® —L— Sub(Ap)

where the vertical arrow stands for the natural map Sub(Ily) — Sub(Ay), J —
J N Ay. By composition with the natural map Sub(Ily) — Sub(Ily), D, I yield

D =D[U]: (Xp)® — Sub(IIy),

T=T1U]: (Xv)® — Sub(Ay) C Sub(Ily).

Note that, unlike the case of D, I, the maps D, are essentially unchanged if we
replace U by any covering corresponding to an open subgroup of Il .
Since the maps D, I are Ily-equivariant, they induce natural maps

D, = D[U]n, : X< — Sub(Ily)m,,

I, = IU), : X — Sub(Ap)n, € Sub(ITy)m,,

U
respectively.

Definition 1.1. Let f: A — B be a map of sets.

(i) We define pus : B — Z U {oc} by ps(b) = #(f~1(b)). (Thus, f is injective
(respectively, surjective) if pf(b) < 1 (respectively, pus(b) > 1) for any b € B. We
also have f(A) ={be B | us(b) > 1}.)

(ii) We say that f is quasi-finite, if p17(b) < oo for any b € B.

(ili) We say that an element a of A is an exceptional element of f (in A), if
pr(f(a)) > 1. We refer to the set of exceptional elements as the exceptional set.
(iv) We say that a pair (aj,a2) of elements of A is an exceptional pair of f (in A),
if a1 # a9 and f(a1) = f(a2) hold.

(v) We say that f is almost injective (in the strong sense), if the exceptional set of
f is finite. (Observe that almost injectivity implies quasi-finiteness.)

Definition 1.2. Denote by Ej; the exceptional set of D in (Xy).

Proposition 1.3. Let p denote the natural morphism Xy — X. Then, for each
T € Yd, D|;-1(z) is injective.

Proof. Cf. [Saidi-Tamagawal], Proposition 1.8(iii). [

Definition 1.4. We define Ey; to be the image of Ey in X¢l. (This can be identified
with EU/HU- )

Next, we shall explain how various invariants and structures of U can be re-
covered group-theoretically (or @-group-theoretically) from IIy, in the following
sense.

9



Definition 1.5. (i) We say that IT = (II, A, ) is a o-(profinite) group, if IT is a
profinite group, A is a closed normal subgroup of IT and ¢y is an element of IT/A.
(ii) An isomorphism from a ¢-group II = (II, A, 1) to another ¢-group II' =
(I', A’ or1/) is an isomorphism II = II' as profinite groups that induces A = A’,
hence also IT/A = II'/A’, such that the last isomorphism sends ¢ to .

From now on, we regard Il as a @-group by Iy = (Ily, Ay, k), where ¢y,
stands for the f(k)-th power Frobenius element in Gy = Iy /Ay. We shall say that
an isomorphism « : II;; = Il as profinite groups is Frobenius-preserving, if « is
an isomorphism as ¢-groups.

Definition 1.6. (i) Given an invariant F'(U) (e.g., a number, a set of numbers, etc.)
that depends on the isomorphism class (as a scheme) of a hyperbolic curve U over
a finite field, we say that F'(U) can be recovered group-theoretically (respectively,
p-group-theoretically) from Ily, if any isomorphism (respectively, any Frobenius-
preserving isomorphism) Il = Iy implies F(U) = F(V) for two such curves
UV.

(ii) Given an additional structure F(U) (e.g., a family of subgroups, quotients, el-
ements, etc.) on the profinite group Iy that depends functorially on a hyperbolic
curve U over a finite field (in the sense that, for any isomorphism (as schemes)
between two such curves U,V , any isomorphism II;; = IIy induced by this iso-
morphism U = V (which is unique up to composition with inner automorphisms)
preserves the structures F(U) and F(V'), we say that F(U) can be recovered group-
theoretically (respectively, p-group-theoretically) from II, if any isomorphism (re-
spectively, any Frobenius-preserving isomorphism) IT; = IIy between two such
curves U,V preserves the structures F(U) and F (V).

Proposition 1.7. The following invariants and structures can be recovered group-
theoretically from Iy :

(i) The subgroup Ay of y, hence the quotient Gy, = Iy /Ay

(ii) The subsets ¥ and X of Primes.

Proof. Cf. [Saidi-Tamagawal], Proposition 1.15(i)(ii). O

Finally, we shall explain that the set of decomposition groups in Il can be
recovered group-theoretically from IIy. First, we shall treat decomposition groups
at points of Sy.

Theorem 1.8. (i) The set of inertia groups at points of Sy (i.e., the image of
the injective map I|g, - Sy — Sub(Ay) C Sub(Ily)) can be recovered @-group-
theoretically from Il .

(ii) The set of decomposition groups at points of Su (i.e., the image of the injective

map D|g, : Sy — Sub(Ilyy)) can be recovered p-group-theoretically from Iy .
Proof. Cf. [Saidi-Tamagawal], Theorem 1.18. [

Next, we shall consider decomposition groups at points of U, This is done along
the lines of [Tamagawal, §2, but slightly more subtle than the case of [Tamagawa],
due to the existence of the exceptional set Ej.

Theorem 1.9. The following hold. B 3

(i) The set of decomposition groups at points of U (respectively, U \ Eg, re-

spectively, Eg) (i.e., the image of the map D|ga : U — Sub(Ily) (respectively,
10



D[Ucl\EU : U\ Eg — Sub(Ily), respectively, D|g, : Ef — Sub(Ily))) can be
recovered p-group-theoretically from Il . )

(ii) The set of decomposition groups at points of (X)) (i.e., the image of the map
D : (Xy)® — Sub(Ily)) can be recovered @-group-theoretically from Ilys.

Proof. Cf. [Saidi-Tamagawal], Theorem 1.24 and Corollary 1.25. [

§2. Large and small sets of primes relative to a hyperbolic curve over a
finite ﬁeld Throughout this section, let ¥ C Primes be a set of prime numbers,

and set ¥/ ‘Bmmeﬁ \ X. Let k be a finite field of characteristic p > 0 and set

=X\ {p}. Write
s st def
77 = H 7.
lext

For a prime number [ € Primes \ {p} let
xi:Gr — L}

be the [-adic cyclotomic character, and define the YX-part of the cyclotomic character
by:

e T
Xz E (iest : Gr — (25 = [[ 2.

lext

Thus, we have
FRer0) = oy E (G | 1€ BT, j € Zsg).

For a prime number [ € Primes, let G ; C Gy, be the pro-I-Sylow subgroup of Gy,.
(Recall that Gy ~ Z and Gy, ~ Z;.) Next, we recall the notion of k-small and
k-large set of primes. (Cf. [Saidi-Tamagawa3], §3 for more details).

Definition 2.1. (k-Small/k-Large Set of Primes) (i) We say that the set ¥ is
k-small if the Y-part yx of the cyclotomic character is not injective.
(ii) We say that the set ¥ is k-large if the set ¥/ is k-small.

Note that a k-large set of primes is not k-small, by [Saidi-Tamagawa3], Proposi-
tion 3.3.

The following results are slight generalizations of results in [Saidi-Tamagawa3],
83. Let X be a proper, smooth, geometrically connected curve over k, f,g: X —
IP>,1C nonconstant k-morphisms, and F a proper subfield of k containing k. Write
X(F) ¢ X for the image of X (F) in X¢.

Definition 2.2. We say that the pair (f, g) has property Ps (respectively, Qr s,
Py and Q) if the following holds:

Ps(f,9): Ja,b € k*{X'}, such that f = a + bg.

Qrx(f,g): Vo € XM\ X(F)9, 3a,,b, € k(z)*{X'}, such that f(x) = a, + b.g(z).
Ps(f,g): Ja,b € k*{%'}, such that f = a + bg.

@F’Z(f, g): Vz e XU\ X(F)%, Ja,,b, € kX{X'}, such that f(z) = a, + byg(x).

Here the symbol V' means “for all but finitely many”.

11



Proposition 2.3. (i) We have the following implications:

PE(f?.g) — ﬁE(fag)
4 4
QF,E(fag) g QF,Z(fvg)

(ii) Assume that 3 is k-large. Then we have the following implication:

@F,E(fa g) = FE(fv g)

Proof. (i) The equivalence in the first row is given in [Saidi-Tamagawa3], Defini-
tion/Proposition 3.5. The remaining implications are immediate.

(ii) Similar to the proof of [Saidi-Tamagawa3|, Proposition 3.11. Indeed, as in the
proof of loc. cit., if property Px(f,g) does not hold one deduces that there exists
a non-empty open subscheme V C X such that for every z € V'\ X(F)<, one
has k(xr) C K where K/k is a subextension of k/k such that k/K is infinite. In
particular, for every x € V¢, one has k(x) C K or k(x) C F. This is not possible:
let ¢ : V — Al be a finite k-morphism, a € k\ KU F, and = € ¢~!(a) C V¢, then
k(a) C k(x) C K UF, which is absurd. O

Definition/Proposition 2.4. For a pair (f,g) as in the above discussion, a pos-

itive integer m, and a set of prime numbers ¥ C Primes. We define the following

properties:

Pém)(f, g) : Ja,c € k*{X'}, such that f = a(l+ cg)™.

?(Em)(f, g) : Ja,c € KX{X'}, such that f = a(1 4 cg)™.

@%mz)(f, g) Vo€ XNX(F), Ja,,c, € kX{X'}, such that f(z) = a,(1+cg(z))™.
Then:

(i) The implications

PU(f,9) < P (f.9) = Qwu(f.g)

hold.
(ii) If ¥ is k-large, then the implication

QL9 = PY(f.9)

holds.
Proof. Similar to the proof of Proposition 2.3. [

The following is the first application of the k-largeness property to the (geomet-
rically pro-X, tame) fundamental groups of hyperbolic curves over k.

Proposition 2.5. Let U be a hyperbolic curve over k, X the smooth compactifica-
tion of U, g the genus of X, r the cardinality of Xj, \ Ur, and Iy the geometrically
pro-3 tame fundamental group of U (cf. §1). Assume that ¥ is k-large. Then the
following invariants and structures can be recovered group-theoretically from Il
(cf. Definition 1.6 for the meaning of being recovered group-theoretically).
(i) The prime number p.
(ii) The §(k)-th power Frobenius element ¢y € Gj,.

12



(iii) The cardinality q def 8(k) (or, equivalently, the isomorphism class of the finite
field k).

Proof. First, consider the natural character

max

P G — Aut( )\ (AF)Y) = (27",

2=t
which can be group-theoretically recovered, by Proposition 1.7(i)(ii). As in [Tam-
agawa], Proposition 3.4 and its proof, pi¢t coincides with \ - (xx)%, where a = g
(resp. a =g+ 1 —1) for r =0 (resp. r > 0), and A is a certain character with
values in {£1}. (Note that A = 1 when r = 0.) It follows from the hyperbolicity
assumption 2 — 2g — r < 0 that @ > 0. In particular, we have (pi¢*)? = (yx)2.
(i) For each N € Zy, let ky/k denote the unique finite subextension of k/k of
degree N. Then Gy, = (Gx)" C Gy can be recovered group-theoretically. Consider

the coinvariant quotient Z(EpTdet)2(Gk ) and define wx, y to be its cardinality, which
N

is a group-theoretic invariant. As (pd°")2 = (yx)2?, this invariant is computed as:

_ q2aN -1

X = (2N — 1)y’

where, for a positive integer n, n = nynys stands for the unique decomposition
where every prime divisor of ny, (resp. ny/) belongs to X (resp. ¥’). Set

wX,N — (q2aN _ 1)

Mo inf M, M {M e R0 |3C > 0,YN € Zog, wx.xy < CMNY,
which is also group-theoretic.
We claim that My = ¢?*. Indeed, since wx N < N —1 < ¢?*N, we have

q*>* € M. On the other hand, set Fy Lf FRer (0™ As 3 is k-large, F{ is a proper

subfield of k. Take a prime [ so that k(l) 4" Fy N k! is finite, where k! denotes the

unique Z;-extension of k (cf. Proposition 2.13 below). Write [k(l) : k] = {"°. Then
for each n > 0, we have

q2al” -1 q2al" -1 q2al” -1 q2al"
q2al” _ 1)2, — <q2al"0 _ 1)2/ — q2al”0 -1~ q2al"0 ’
Thus, if (0 <)M < ¢*¢, we have M ¢ M. The claim now follows.

Now, p can be recovered as the unique prime divisor of My = ¢?°.
(ii) Similar to [Tamagawa|, Proposition 3.4(i)(ii).
(iii) Similar to [Tamagawa], Proposition 3.4(iii). O

wx,n = (q2aln — 1)y = (

The notion of k-small/k-large set of primes can be naturally generalized as fol-
lows, by replacing the multiplicative group G, , by an abelian variety. Let A be
an abelian variety over k, and T(A) = [Lieprimes 11(A) the (full) Tate module of
A Xy k. Let Tg(A) = [],cx, Ti(A) be the maximal pro-X quotient of T'(A4). Recall
that one has a natural Galois representation pa 5 : Gy — Aut(Tx(A)).
Definition 2.6. (A-Small/A-Large Set of Primes) Let A be an abelian variety over
k.

(i) We say that the set ¥ is A-small if the Galois representation pa s : Gy —
Aut(Tx(A)) is not injective.
(ii) We say that the set ¥ is A-large if the set ¥’ is A-small.

13



Lemma 2.7. Let A be an abelian variety over k of dimension g > 0 and let
3 C Primes be a set of prime numbers. If X2 is A-large, then X is k-large.

Proof. 1t is well-known that the 2g-th exterior power of the representation p4
coincides with the g-th power of yx. Hence, an open subgroup of Ker(ps ) (of
index | g) is contained in Ker(xyx), from which the assertion follows. [

Remark 2.8. Let A be an abelian variety over k of dimension g > 0 and let
> C Primes be a set of prime numbers.

(i) By Lemma 2.7 and [Saidi-Tamagawa3], Remark 3.4.1, if a set of primes ¥ C
Primes is A-large, then ¥ is of (natural) density # 1.

(ii) On the other hand, for any given e > 0, there exists a set of primes ¥ C Primes

such that ¥ is A-large and that the (natural) density of 3 is < e. Indeed, take a

prime number r # p satisfying %‘iﬂ) <r—1 Lety & Uigzl{l € Primes | [F =1

(mod r)}U{r,p}. Observe that the condition I¥ =1 (mod r) is equivalent to saying

2g
that [ mod r € ug(F,.), hence the (natural) density of 3 is < Zrk_:i b < 2“;'572”9_31) <.

We claim that 3/ %' Primes \ X is A-small. Indeed, [ € ¥ implies that [ # r,p and r
2g(2g—1

does not divide § GLag (F;) = (129 — 1)(12971 —1) - -- (12— 1)(I— 1)I***#= . Consider
the following homomorphism G, — Aut(Tx/(A)) — Aut(7;(A)) — Aut(A[l]) where
the far left map is the natural ¥’-adic representation and the right maps are the
natural ones. Note that the kernel of the natural surjective map Aut(7;(A4)) —
Aut(A[l]) is pro-l. In particular, the image of the r-Sylow subgroup of Gj in
Aut(A[l]) is trivial, hence the image of the r-Sylow subgroup of Gy, in Aut(7x/(A))
is trivial and ¥’ is A-small.

Next, let X be a proper, smooth, and geometrically connected hyperbolic curve
over the finite field k. We apply the notations in §1 to U = X. In particular,
Ax and IIx denote the maximal pro-Y quotient of the geometric fundamental
group 71 (X xj k) and the maximal geometrically pro-X quotient of the arithmetic
fundamental group m (X)), respectively. For the definition of the exceptional set
Ex C X, see Definition 1.4. Further, let Jx denote the Jacobian variety of X.

Definition 2.9. (i) We denote by Fx the compositum of k(z) in k for all z € Ex.
(Note that Fx depends on X, as so does Ex.)

(i) Let F be a proper subfield of k containing k: k C F C k. We say that X is
almost Y-separated with respect to F if Ex C X (F)< or, equivalently, if Fyx C F.
(iii) We say that X is almost Y-separated if it is almost Y-separated with respect
to some proper subfield of k containing k or, equivalently, if Fx C k.

Let k, k' be finite fields and X, X’ proper, smooth, geometrically connected
curves over k, k', respectively. Let f : X’ — X be a finite, generically étale
morphism (as schemes), which induces a finite separable extension k’'(X’)/k(X) of
function fields and a finite extension k’/k of constant fields. (In particular, we may
identify k' = k.) Let L’/k(X) denote the Galois closure of k'(X")/k(X).

Definition 2.10. (i) We say that f is a ¥-covering if the cardinality of the finite
group Gal(L'k/k(X)k) is divisible only by primes in X.
(ii) We say that f is tame-Galois if k'(X’)/k(X) is a Galois extension (i.e., L' =

k' (X)) and is at most tamely ramified everywhere on X.

14



Proposition 2.11. Assume that f : X' — X is a X-covering.

(i) Assume that f is étale. Then we have Ex: = f~'(Ex). Further, X is almost
Y -separated if and only if so is X'. More precisely, if X' is almost X -separated with
respect to F', then X is almost X-separated with respect to F'; and, if X is almost
Y -separated with respect to F, then X' is almost X-separated with respect to some
finite extension of FK'.

(ii) Assume that f is tame-Galois. Then we have Ex, C f~1(Ex) U S’, where
S" C (X" is the non-étale locus of f. Further, if X is almost X-separated, then
so is X'. More precisely, if X is almost Y-separated with respect to F, then X' is
almost Y-separated with respect to some finite extension of Fk'.

Proof. (i) When f is an étale 3-covering, we have the following commutative dia-
gram:

1l

(X) Sub(ILx)
I I

(X) 5 Sub(llx)
from which we get Ex: = f~1(Ex). It is clear that, if X’ is almost Y-separated
with respect to F’, then X is almost X-separated with respect to F’. Next, assume
that X is almost Y-separated with respect to F. Define F' to be the finite extension
of F' corresponding to the open subgroup (Gr)¥ C G (of index | d!), where d is
the degree of f. Then F' D Fk' (as [FK' : F] | [k : k] | [K'(X') : E(X)] = d), and

X' is almost YX-separated with respect to F”.

(ii) Set G = Gal(K'(X')/k(X)) and Ag = Gal(K'(X')k/k(X)E). Let X — X

(resp. X’ — X') be the profinite covering corresponding to ITx (resp. IIx/). Note
that X’ — X is a profinite Galois covering with group II x,¢ which sits naturally
in the following exact sequences 1 — Ilx» — IlIxvg — G — 1,1 — Ax/ g —
IIx: ¢ — Gy — 1, where Ax/ ¢ is defined so that the latter sequence is exact and
sits naturally in the following exact sequence 1 — Ax, — Ax/ ¢ — Ag — 1. Note
that if we view X as an orbicurve, being the stack-theoretic quotient of X’ by the
action of the finite group G, then IIxs ¢ is nothing but the geometrically pro-X
étale fundamental group of the orbicurve X.

Now, let 2} € Exs C (X')\. Then there exists &}, € (X'), & # i},
such that Z} is above x| and that Djr, Dz, are commensurate in IIx/. Let Zy,
By € X 2 2 e (X)) and 1, x5 € X, the images of &, &, respectively. Then
D;,,D;, C IIx are commensurate to each other, hence either z; = T or 71,22 €
E. In the latter case, we have x| € f~1(Ex), as desired. In the former case,

. . . ~y o~y . ~Cl .
in particular, the images of 7, Z) in X  are equal, hence there exists ¢ € Ax/ &

such that o - &} = . Write Z et Dy N Dy C Iy C Il g for simplicity. First,
we follow the proof of [Saidi-Tamagawal], Lemma 1.7 in order to deduce that o

is torsion. More precisely, let Zj 2N oZo~!. Then as in loc. cit. we deduce

that o commutes with any element of Zy, i.e., Zo C Zn,, ,({0)). (Here, given a
profinite group G and a closed subgroup H, we write Zg(H) for the centralizer
of H in G.) Moreover, arguing by contradiction, suppose ¢ # 1 and let N be a

sufficiently small open characteristic subgroup of Axs g such that o ¢ N and set

Y (N,0) C Axs.g. Then, as in loc. cit. Zy normalizes H and the image of

o in H is nontrivial and fixed by the action of Zy. By observing the Frobenius
15



weights in the action of Zy we deduces that () NAx/ = {1} and o has finite order.

If o = 1, then ] = &, and we are done. Suppose that o # 1. Then it
follows from [Mochizuki2], Lemma 4.1(iii) that there exists a unique closed point
7' € X’ such that (o) C I, where I is the inertia subgroup at 7 (necessarily
finite). We claim that Zy, ,((0)) is commensurate to the decomposition group
Dy at g'. Indeed, first there exists an open subgroup Dg, C Dy of Dy such that
Dg, C Zny, ,({0)), as follows easily from the fact that Dy acts by inner conjugation
on its normal subgroup /j and the group of automorphisms of Iy is finite. Second,
we have a natural exact sequence 1 — Za, .((0)) — Zu, ,({0)) — Gj. Now,
our second claim is that Za ., ,((0)) is finite. Indeed, after possibly replacing the
orbicurve X by a suitable étale cover, corresponding to an open subgroup of Il x/ ¢,
we can assume that (o) = Iy. The assertion then follows from the fact that Iy is
normally terminal in Ay’ ¢ (cf. [Mochizuki2|, Lemma 4.1(i)). This implies that the
subgroups Zo and D, of Zn,, ,({0)) are commensurate (cf. above exact sequence),
hence Dz, and Dy are commensurate in Ilx/ g, since Zg is open in Dy, and Dz,
is open in Dy . In particular, Dz, and Dy are commensurate in IIx, where g is
the image of 4 in X, Hence, either #; = § or & € E¢. In the former case, we

have 1 = y, hence | € S’ as desired, In the latter case, we have x; € Ex, hence
ry € f~Y(Ex/), as desired. 0

The following application of the Jx-largeness property is crucial in later sections.

Proposition 2.12. If ¥ is Jx-large, then X is almost X-separated. More pre-

cisely, then X is almost X-separated with respect to some finite extension (# k) of
EKer(pJX,E’).

Proof. Let F, def pKer(pyx o) Then k C Fy C k. Let F denote the finite extension
of Fy corresponding to the open subgroup (Gp,)¢ C Gp, (of index < e), where
e =2 (resp. e = 1) if X is hyperelliptic (resp. otherwise). Now, we claim that the
field F satisfies the above property.

Consider the morphism 0 : X x X — Jx, (P, Q) = cl(P — Q). Then 6| x x x\.(x)
is quasi-finite with geometric fibers of cardinality < e, where ¢ : X — X x X is the
diagonal map (cf. [Saldi-Tamagawal]|, Claim 1.9(i) and its proof). Thus, we have

a quasi-finite map X (k) x X (k) \ ¢(X)(k) — Jx (k) with fibers of cardinality < e.

~ . 5 . . - o —cl T
Let #,% € X be an exceptional pair of the map D and z,%’ € X° = X (k)
the images of Z,Z’, respectively. By Proposition 1.3, we have T # z’. Then the

image of (z,z") € X (k) x X(k) \ ¢(X)(k) via the composed map X (k) x X (k) \
L(X) (k) 3, Ix (k) = Jx(k)/(Jx(k){X'}) is trivial (cf. [Saidi-Tamagawal], proof
of Proposition 1.8(vi)). Thus, the image of (Z,7’) in Jx (k) lies in the subgroup
Jx (k){X'} which is contained in Jx (Fy) by the choice of Fy. It follows from this
that (z,2') € X(F') x X(F) since the above map 0|xx x\,(x) is quasi-finite with
geometric fibers of cardinality <e. [

Proposition 2.13. (i) If X is almost ¥-separated, then there exists a prime num-
ber I, such that, for every finite extension k'/k! and every finite extension F/Fx,
the field k' N F is finite, where k! denotes the unique Z;-extension of k. (We shall
refer to such a prime number | as being (X, X)-admissible.) In particular, the set
Ex N X (k" is finite.

(ii) If, moreover, ¥ is Jx-large (resp. ¥ is Jx-large and Jx has positive p-rank),
then the prime number [ in (i) can be chosen to be in XU {p} (resp. X).
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Proof. (i) As1# Gp, CGr =17 = [Ticsprimes Zi, there exists an | € Primes such
that the image of G, in Z; is nontrivial, or, equivalently, open in Z;. Such an [
satisfies the desired property.

(ii) By Proposition 2.12, there exists an open subgroup 1 # H C Ker(py, »/) that
is contained in Gp,. So, as in the proof of (i), take any ! € Primes such that the
image of H under the projection Gy = 7. — 7, is nontrivial. Then the assertions
in (i) hold for this /.

Now, assume that ¥ is Jx-large (resp. X is Jx-large and Jx has positive p-
rank), and suppose [ € ¥’ \ {p} (resp. | € ¥'). Then the image of the l-adic
representation py, 1y : Gx — GL(Tj(Jx)) is infinite and almost pro-/, hence the
image of Ker(psy x/) C Ker(py, 3) in Zy is trivial. Thus, we must have [ € XU{p}
(resp. | € ) automatically. [

§3. Review of Mochizuki’s cuspidalization theory of proper hyperbolic
curves over finite fields. In this §, we review the main results of Mochizuki’s
theory of cuspidalizations of arithmetic fundamental groups of proper hyperbolic
curves over finite fields, developed in [Mochizukil], which plays an important role
in this paper. We maintain the notations of §1 and further assume X = U. (Thus,
the finite set S in §1 is empty, and, in this §, we save the symbol S for another
finite set of closed points of X.) Accordingly, X is a proper hyperbolic curve over
a finite field &k = kx.

Recall that A x stands for the maximal pro-¥ quotient of 7 (X), that ITx stands
for 71 (X)/ Ker(m (X) — Ax), and that they fit into the following exact sequence:

1—>Ax—>HXpr—X>Gk—>1.

Similarly, if we write X x X df x X X, then we obtain (by considering the

maximal pro-¥ quotient Ax, x of m (X x X)) an exact sequence:
1 = Axxx — lIxxx — G — 1,

where I x  x (respectively, Ax x) may be identified with ITx x ¢, IIx (respectively,
AX X AX ) .

Definition 3.1. (cf. [Mochizukil], Definition 1.1(i).) Let H be a profinite group
equipped with a homomorphism H — Ilx. Then we shall refer to the kernel Iy of
H — Ilx as the cuspidal subgroup of H (relative to H — Ilx). We shall refer to an
inner automorphism of H by an element of Iy as a cuspidally inner automorphism.
We shall say that H is cuspidally abelian (respectively, cuspidally pro-X*, where
¥* is a set of prime numbers) (relative to H — Ilx) if Iy is abelian (respectively,
if Iy is a pro-X* group). If H is cuspidally abelian, then observe that H/Iy acts
naturally (by conjugation) on Iy. We shall say that H is cuspidally central (relative
to H — Ilx) if this action of H/Iy on Iy is trivial. Also, we shall use the same
terminology for H — Ilx when Ilx is replaced by Ax, [Ixxx, or Axxx.

For a finite subset S C X° write Ug e x \ S. Let Ay, be the maximal

cuspidally (relative to the natural map to Ax) pro-Xf quotient of the maximal
pro-Y quotient of the tame fundamental group of Ug (where “tame” is with re-
spect to the complement of Ug in X), and let Iy, be the corresponding quotient
71 (Us)/ Ker(m1 (Us) — Ayg) of m1(Us). Thus, we have an exact sequence:

1HAUS—>HUS—>G]€—>1,
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which fits into the following commutative diagram:

1 - Ax — IIx — G — 1
Further, let + : X — X x X be the diagonal morphism, and write

Uxxx 2 X x X\ (X).

We shall denote by Ay, , , the maximal cuspidally (relative to the natural map to
Axyx) pro-XT quotient of the maximal pro-¥ quotient of the tame fundamental
group of (Uxxx)7 (where “tame” is with respect to the divisor ¢(X) C X x X),
and by IIy, the corresponding quotient m1 (Uxxx )/ Ker(m (Uxxx) = Avy, x)
of m1(Uxxx). Thus, we have an exact sequence:

1 — AUXxX - HUXxX — G — 1,
which fits into the following commutative diagram:

I — AUX><X - HUXXX - Gy — 1

! l I

1 - Axxx — Ilxxx — Gy — 1

Finally, set
My % Hom, o (H?(Ax,27"),2%).

Thus, My is a free Z='-module of rank 1, and My is isomorphic to ZET(I) as a

Gr-module (where the “(1)” denotes a “Tate twist”, i.e., G acts on 7> (1) via the
cyclotomic character) (cf. [Mochizukil], the discussion following Proposition 1.1).

For the rest of this §, let X, Y be proper, hyperbolic curves over finite fields
kx, ky of characteristic px, py, respectively. Let Y x (respectively, Xy ) be a
set of prime numbers that contains at least one prime number different from px
(respectively, py ). Write Ax (respectively, Ay ) for the maximal pro-X x quotient of
71 (X) (respectively, the maximal pro-Xy quotient of 1 (Y)), and Ilx (respectively,
Iy ) for the quotient 7 (X )/ Ker(m (X) — Ax) of m1(X) (respectively, the quotient

m1(Y)/ Ker(m (V) - Ay) of m1(Y)).
Let

~

a:llxy — Iy
be an isomorphism of profinite groups.
The following is one of the main results of Mochizuki’s theory (cf. [Mochizukil],

Theorem 1.1(iii)).
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Theorem 3.2. (Reconstruction of Mazximal Cuspidally Abelian Extensions) Let

tx : X — X x X (respectively, vy : Y — Y xY) be the diagonal morphism, and
write Uxxx = X x X \ (X)) (respectively, Uy xy Ly xy \ t(Y)). Denote by

My, « — H%jibxx, My, ., — Hf}jbxy the mazimal cuspidally (relative to the natural

surjections Uy — Uxxx, Hu, ., — yxy, respectively) abelian quotients.
Then there is a commutative diagram:

-ab
H%]-ab & H%]-ab
XXX Y XY

aXo
xxx —— Ilyxy

where a2 is an isomorphism which is well-defined up to cuspidally inner auto-

morphism (i.e., an inner automorphism of H%}j'iy by an element of the cuspidal

subgroup Ker(H%}fﬁEy — Iy xy)). Moreover, the correspondence

o — ac-ab

is functorial (up to cuspidally inner automorphism) with respect to c.

Proof. See [Mochizukil], Theorem 1.1(iii). (See also [Saidi-Tamagawal], Theorem
2.2.) O

Let # € X< and z the image of Z in X. In this and next §§, we sometimes refer
to the decomposition group Dj; as the decomposition group of Ilx at z, and denote
it simply by D,. Thus, D, is well-defined only up to conjugation by an element of
ITx.

For the rest of this §, we shall assume that « is Frobenius-preserving (cf. Defi-
nition 1.5). (Note that this assumption is automatically satisfied in the case where
Y x is kx-large and Yy is ky-large, cf. Proposition 2.5(ii).) Thus, by Theorem 1.9,
one deduces naturally from « a bijection

¢: XN\ Ex S Y\ Ey

such that
Oé(DI) = D¢(w)

holds (up to conjugation) for any z € X'\ Ex. Here, considering the images of D,
and Dy, in Gy =1lx/Ax = Iy /Ay = G, (cf. Proposition 1.7(i)), we obtain
[k(x) : kx] = [k(¢(x)) : ky], hence #(k(x)) = #(k(¢p(z))) by Proposition 2.5(iii).

As an important consequence of Theorem 3.2 we deduce the following:
Corollary 3.3. With the above assumptions, let S C X'\ Ex, T C Y\ Ey be fi-

nite subsets that correspond to each other via ¢. Then o, a®2P induce isomorphisms

(well-defined up to cuspidally inner automorphisms, i.e., inner automorphisms by
elements of Ker(II§** — Ily))

c-ab ., trc-ab ™~ c-ab
O{S’T . HUS — HVT
lyi here Us © X\ S, Vp € Y\ T, and 1 TI%2b, 11 T1¢;2b
ying over a, where Us = X\ S, Vr = Y\ T, and ly, — TI§E°, Ty, — TI32°,

are the mazimal cuspidally abelian quotients (relative to the maps Iy, — Ilx,
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Iy, — Ily, respectively). These isomorphisms are functorial with respect to «,
S, T, as well as with respect to passing to connected finite étale coverings of X,
Y, which arise from open subgroups of Illx, Ily, in the following sense: Let & :
X' — X (respectively, n: Y' — Y ) be a finite étale covering which arises from the

open subgroup M x, C lx (respectively, Iy, C Iy ), such that a(Ilx,) = Ily/; set
UL xS, VL Ly T, 8 E 1), T Y(T); and denote by o the
isomorphism I x = Ily: induced by . Then we have the following commutative
diagram:

c-ab ( / g/ﬂ,l}/ c-ab
HU/ HV/

s’ T’/

c-ab agz? c-ab
HUS > HVT

where the vertical arrows are the natural maps.

Proof. The proof of [Mochizukil], Theorem 2.1(i) (where Ex = Ey = & is as-
sumed) works as it is. See also [Saldi-Tamagawal], Corollary 2.3. [

Next, let
1—-Mx -D —1lxyxx — 1

be a fundamental extension, i.e., an extension whose corresponding extension class
in H%(X x X, Mx) (via the natural identification H?(Ixxx, Mx) — H2(X x
X, Mx) (cf. [Mochizukil], Proposition 1.1)) coincides with the first (étale) Chern
class of the diagonal ¢(X) (cf. [Mochizukil], Proposition 1.5). Let z,y € X (k) and
write D, D, C IIx for the associated decomposition groups (which are well-defined
up to conjugation). Set

D, € D|D, x¢, x, Doy DD, xg, Dy
Thus, D, (respectively, D, ,) is an extension of IIx (respectively, Gy) by Mx.
Similarly, if D = Y . mj.a;, E = Zj n;.y; are divisors on X supported on k-
rational points, then set

def

def
DD = E szxza DD,E = E mi.nj.Dmhyj
( i,J

where the sums are to be understood as sums of extensions of I1x, G, respectively,
by Mx, i.e., the sums are induced by the additive structure of Mx.
For a finite subset S C X (k), we shall write

Ds < [[D.
zeS

where the product is to be understood as a fiber product over Ilx. Thus, Dg is an
extension of ITx by a product of copies of Mx indexed by the points of S. We shall
refer to Dg as the S-cuspidalization of IIx. Observe that if 7 C X (k) is a finite
subset containing S, then we obtain a natural projection morphism Dp — Dg.
More generally, for a finite subset S C X which does not necessarily consist of k-
rational points, one can still construct the object Dg by passing to a finite extension
ks of k over which the points of S are rational, performing the above construction
over kg, and then descending to k. (See [Mochizukil], Remark 5 for more details.)
20



Proposition 3.4. (Maximal Geometrically Cuspidally Central Quotients)

(i) For S C X° a finite subset, the S-cuspidalization Ds of Ilx may be identified

with the quotient Ilyg —» TIEE" oo My, / Ker(Ayg — AGS?) of lyg, where AG is

the mazimal cuspidally central quotient of Ay relative to the natural map Ayy —
Ax.
(ii) The fundamental extension D may be identified with the quotient ly, , —»

def .
c-Cn — c-cn c-Cn
5 = oy, / Ker(Auy, o > AGE ) of Huy, , where AGS is the maz-

imal cuspidally central quotient of Ay, . relative to the natural map Ay, —
Axxx.

Proof. See [Mochizukil], Proposition 1.6(iii)(iv). (Precisely speaking, Proposition
1.6(iii) loc. cit. only treats the special case where S C X (k) holds. However, the
proof for the general case is easily reduced to this special case by passing to a finite
extension of k. cf. Remark 5, loc. cit.) See also [Saidi-Tamagawal], Proposition
24. O

Remark 3.5. Let D (respectively, £) be a fundamental extension of X (respec-
tively, Y). The isomorphism « : ITx = Iy induces an isomorphism:

DSE

up to cyclotomically inner automorphisms (i.e., inner automorphisms by elements of

Mx, My) and the actions of (k;()z;’ (k}x,)zg, where (k)x()zzf (respectively, (k}X,)EL)

is the maximal Z‘E(— (respectively, Ei,-) quotient of ky (respectively, ky) (cf. [Mochizukil],
Proposition 1.4(ii)). Moreover, let S C X'\ Ex and T C Y\ Ey be as in Corollary

3.3 and write Dg (respectively, Er) for the S-cuspidalization of IIx (respectively,

the T-cuspidalization of ITy). Then the isomorphism D = £ induces an isomor-
phism

Ds = &Er

lying over a.
On the other hand, let Iy — II7c" and Iy, — I3 be the maximal geometri-

cally cuspidally central quotients (here, Ug ef x \S, Vi defy \T') (cf. Proposition

3.4). Note that the isomorphism a‘é‘f% : TIGAP = TIGP in Corollary 3.3 naturally
induces an isomorphism

Cc-Cn Cc-Cn
HUS — Uy,

lying over «, which is well-defined up to cuspidally inner automorphism. Now, by
Proposition 3.4(i), II5c" (respectively, II3;"") may be identified with Dg (respec-
tively, &r). Thus, we deduce another isomorphism

~

Ds — &r

lying over .
Now, the above two isomorphisms between Dg and Er coincide with each other
up to cyclotomically inner automorphisms and the actions of (k§)2§f, (k{ﬁ)zy

Another main result of Mochizuki’s theory is the following, which allows us to
recover p-group-theoretically the maximal cuspidally pro-I extension of IIx, in the
case where the set of cusps consists of a single rational point.
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Theorem 3.6. (Reconstruction of Mazimal Cuspidally Pro-l Extensions)

Let ., € X(kx), y« € Y(ky), and set S def {z.}, T def {y«}, Us f x \ S,
def

Vi = Y \T. Assume that the Frobenius-preserving isomorphism « : Ilx 5 Iy
maps the decomposition group of . in I x (which is well-defined up to conjugation)
to the decomposition group of y. in Iy (which is well-defined up to conjugation).
Then, for each prime | € X1 (thus, | # p), there exists a commutative diagram:

-1
c-l af c-l
HUS _— HVT

l l

HXL>HY

in which Iy, — HCUé , Iy, — H% are the maximal cuspidally pro-l quotients
(relative to the maps y, — lx, Iy, — Ily, respectively), the vertical arrows are
the natural surjections, and o is an isomorphism well-defined up to composition
with a cuspidally inner automorphism (i.e., an inner automorphism by an element
of Ker(Ilj;!, — Ily ), which is compatible relative to the natural surjections
-1 -ab,l -1 -ab,!
H((:]s - H?]g ) H(‘:/T - H(‘:/;
where the subscript “c-ab,l” denotes the mazximal cuspidally pro-l abelian quotient,
with the isomorphism
agap s TP 5 T
in Corollary 3.3. Moreover, a is compatible, up to cuspidally inner automor-
phisms, with the decomposition groups of x., Y. in H‘{J‘é, H% O

Proof. See [Mochizukil|, Theorem 3.1. (See also [Saidi-Tamagawal], Theorem
2.6.) O

If n is an integer all of whose prime factors belong to Xf, then we have the
Kummer exact sequence

1= pn = G — Gp, — 1,

where G,, — Gy, is the n-th power map. We shall identify u, with Mx/nMx
according to the identification in [Mochizukil], the discussion at the beginning of
2.
Consider a subset
Ec X

(We will set E = Ex eventually, but F is arbitrary for the present.) Let S ¢ X'\ E

be a finite set. If we consider the above Kummer exact sequence on the étale site

of Ug e x \ S and pass to the inverse limit with respect to n, then we obtain a

natural homomorphism
F(U57 (>J<s) - HI(HUS>MX)

(cf. loc. cit.). (Note that here it suffices to consider the group cohomology of 1Ty
(i.e., as opposed to the étale cohomology of Ug), since the extraction of n-th roots
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of an element of I'(Ug, Oés) yields finite étale coverings of Ug that correspond to
open subgroups of Ily,.) The above homomorphism induces a natural injective
homomorphism

L(Us, Of,)/(K*{2'}) — H'(Ily,, Mx)

where k*{¥'} stands for the ¥/-primary part of the multiplicative group £* (since
the abelian group T'(Us, Op;,)/(k*{¥'}) is finitely generated and free of ¥'-primary
torsion, hence injects into its pro-¥ completion). In particular, by allowing S to
vary among all finite subsets of X!\ E, we obtain a natural injective homomorphism

O/ (R {X'}) — limg H' Iy, Mx),
S

where

0} € {f € KX | sup(div(f)) N E = &7}

is the multiplicative group of the units in the ring O of functions on X which are
regular at all points of . (Here, Kx denotes the function field of X.)

Proposition 3.7. (Kummer Classes of Functions) Suppose that S C X'\ E is a
finite subset. Write
Ay, = AF®  AGE

for the maximal cuspidally abelian and the mazximal cuspidally central quotients,
respectively, relative to the map Ay, — Ax, and

c-ab c-cn
HUS _»HUS — Hug

for the corresponding quotients of Iy, (i.e., H%j:b L My, / Ker(Ay, — Aggb),
gen dof Hys/Ker(Ayg — AG?)). If € X then we shall write
D, [Us] C HUS

for the decomposition group at x in Iy, (which is well-defined up to conjugation),

and I, [Usg] LD, [Us] N Ayyg for the inertia subgroup of Dy[Us|. Thus, when z € S

we have a natural isomorphism of Mx with I,[Ug] (cf. [Mochizukil], Proposition
1.6(ii)(ii1)). Then:
(i) The natural surjections above induce the following isomorphisms:
HY (5", Mx) = H' (52", Mx) = H' (I, Mx).
In particular, we obtain the following natural injective homomorphisms:
F(U57 O;](S)/(kx{zl}) — Hl( ?J_gnv MX) = Hl(H([zj_gb7 MX) = Hl(HUsv MX)7
Op /(K {Z'}) — lim H' (G, Mx) = liy B (5%, Mx) = lig H'(Ilyg, Mx),
s s s

where S varies among all finite subsets of X \ E.
(ii) Restricting cohomology classes of lly, to the various I,[Ug] for x € S yields a
natural exact sequence:

1 — (kX)E* N Hl(HUS,MX) N ( @SZET)
sEc
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(where we identify Homy s+ (I [Us], Mx ) with 75" and (k><)ET is the maximal pro-
T quotient of the multiplicative group k* ). Moreover, the image (via the natural
homomorphism given in (1)) of T(Us, O, )/(K*{¥'}) in H (yy, Mx) is equal to
the inverse image in H (I, Mx) of the submodule of

7) C 7=
(82 c(82™)

determined by the principal divisors (with support in S). A similar statement holds
when 1y is replaced by 5" or H‘fjgb.
(iii) If f € T(Us, Oy,), write f" for its image in T'(Us, Of )/ (k*{X'}). Write

I{(}_/Cn c Hl( ?}gnaMX)7 /{(}—/ab c Hl(H([ZJ_:b7MX)7 K S Hl(HUS’MX)

for the associated Kummer classes. If v € (X'\ E)\ S, then D,[Us] maps, via the
natural surjection Ilyg — Gy, isomorphically onto the open subgroup Gy C G
(where k(x) is the residue field of X at x). Moreover, the images of the pulled back
classes

K5 p,ws) = K5 D, 1vs] = Kplp.vs) € H' (Da[Us], Mx) = H'(Gr(ay, Mx)
~ (k(x) )™

in (lc(as)x)ET are equal to the image in (l{:(av)x)ZT of the value f(x) € k(z)* of f at
x.

Proof. See [Saidi-Tamagawal], Proposition 3.1. (See also [Mochizukil], Proposition
2.1.) O

Remark 3.8. (cf. [Mochizukil|, Remark 12.) In the situation of Proposition
3.7(iii), assume z € X (k) and S C X (k) for simplicity. If we think of the extension
L™ of Iy as being given by the extension Dg, where D is a fundamental exten-
sion of IIxx x (cf. Proposition 3.4(i)), then it follows that the image of D, [Us] in
IT5;S" may be thought of as the image of D,[Us] in Dg. This image of D,[Us] in Dg
amounts to a section of Dg — Ilx — G} lying over the section s, : G — Ilx corre-
sponding to the rational point = (which is well-defined up to conjugation). Since Dg
is defined as a certain fiber product, this section is equivalent to a collection of sec-
tions (regarded as “cyclotomically outer homomorphisms”, i.e., well-defined up to
composition with an inner automorphism of D,, , by an element of Ker(D,, , — Gy))

Yy, - Gk - Dy,ma

where y ranges over all points of S. Namely, from this point of view, Proposition
3.7(iii) may be regarded as saying that the image in (k(z)*)* = (l{:x)ET of the
value f(z) of the function f € I'(Us,Op,) at © € X(k) may be computed from
its Kummer class, as soon as one knows the sections vy, : Gy, — Dy, for y € S.
Observe that v, , depends only on z, y, and not on the choice of S.

24



Definition 3.9. (cf. [Mochizukil|, Definition 2.1.) For z,y € X (k) with x # y, we
shall refer to the above section (regarded as a cyclotomically outer homomorphism)

Yy, - Gk - Dy,m

as the Green’s trivialization of D at (y,x). If D is a divisor on X supported on
k-rational points # x, then multiplication of the various Green’s trivializations for
the points in the support of D yields a section (regarded as a cyclotomically outer
homomorphism)

D,z * Gk - DD,CU

which we shall refer to as the Green’s trivialization of D at (D, z).

Definition 3.10. (cf. [Mochizukil], Definition 2.2.) Let the notations and the
assumptions as in Corollary 3.3.

(i) Write D (respectively, £) for the fundamental extension of Ilx . x (respectively,
Iy »y) that arises as the quotient of II2P  (respectively, II5;* ) by the kernel of

Uxxx Uy xy
the maximal cuspidally central quotient Af}?{bxx - AGD (respectively, A%};’i‘iy —»

Ag: ) (cf. Proposition 3.4(ii)). The isomorphism 2P induces naturally an
isomorphism:

at™m D =€

We shall say that « is (S, 7T)-locally Green-compatible outside exceptional sets if,
for every pair of points (z1,x2) € X(kx) x X(kx) corresponding via ¢ to a pair of
points (y1,y2) € Y(ky) x Y (ky), such that 1 € (X'\ Ex)\S, y1 € (Y'\ By)\T,
To € S, ys € T, the isomorphism

~

D$17I2 - gylayQ

(obtained by restricting a®® to the various decomposition groups) is compatible
with the Green’s trivializations. We shall say that « is (S, T")-locally bi-principally
Green-compatible outside exceptional sets if, for every point z € X(kx) N S and
every principal divisor P supported on kx-rational points # x contained in X'\ Ex
corresponding via ¢ to a pair (y,Q) (so y € Y(ky) N T) with @ principal, the
isomorphism

DP,m = gQ,y

obtained from a““" is compatible with the Green’s trivializations.

(ii) We shall say that « is totally globally Green-compatible (respectively, totally
globally bi-principally Green-compatible) outside exceptional sets if, for all pair of
connected finite étale coverings £ : X' — X, n : Y’ — Y that arise from open
subgroups Il x, C Ilx, IIys C Ily, corresponding to each other via «, then for any
subset S C X'\ Ex that corresponds, via ¢, to T C Y \ Ey the isomorphism

HX/ :> HY’

induced by « is (S’,T")-locally Green-compatible (respectively, (S’,T”)-locally bi-
principally Green-compatible) outside exceptional sets, where S’ def NS X Tel

7 et n Y T) C Yl are the inverse images of S, T, respectively.
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Remark 3.11. In [Saidi-Tamagawal], Definition 3.4, we adopted a slightly differ-
ent notion of being “(.S, T')-locally (or totally globally) principally Green-compatible
outside exceptional sets”, where the divisor @ of Y appearing in (i) above is not as-
sumed to be principal. Here we adopt the above notion of being “(S,T)-locally (or
totally globally) bi-principally Green-compatible outside exceptional sets”, since it
is more natural in our settings (although both notions work).

Proposition 3.12. (Total Global Green-Compatibility Outside Exceptional Sets)
In the situation of Theorem 3.2, assume further that o is Frobenius-preserving.
Then the isomorphism « is totally globally, and totally globally bi-principally, Green-
compatible outside exceptional sets.

Proof. Similar to the proof of Proposition 3.8 in [Saidi-Tamagawal]. (See also
[Mochizukil], Corollary 3.1.) O

§4. Isomorphisms between geometrically pro-X arithmetic fundamental
groups.
We maintain the notations of §3.

Definition/Remark 4.1. Let J = Jx be the Jacobian variety of X. Let Divg(\E
be the group of degree zero divisors on X which are supported on points in X \ E.
Write Dx\ g for the kernel of the natural homomorphism Divg(\ » — J(k)®. Here,
J(k)* stands for the maximal pro- quotient J(k)/(J(k){X'}) of J(k), where, for
an abelian group M, M{X¥'} stands for the subgroup of torsion elements a of M
such that every prime divisor of the order of a belongs to X'. Then Dyx\p sits
naturally in the following exact sequence:

0 — Prix\g — Dx\p — J(B){X'} — 0,

where Prix\g def O /k% stands for the group of principal divisors supported in
X \ E. Further, let Dx\ g be the inverse image of Dx\ g in lim Hl(H‘ggb, Mx) (cf.
Proposition 3.7(ii)). Then Dx\ g sits naturally in the following exact sequence

0— Op/(kx{X}) = Dx\p — J(){E} — 0.

Now, let X, Y be proper hyperbolic curves over finite fields kx, ky of charac-
teristic px, py, respectively, and define Kx, Ky to be the function fields of X,
Y, respectively. Let X x (respectively, ¥y ) be a set of prime numbers that con-
tains at least one prime number different from px (respectively, py). Write Ax

(respectively, Ay ) for the maximal pro-Xx quotient of 71 (X) (respectively, the

maximal pro-3y quotient of 71(Y)), and IIx (respectively, IIy) for the quotient

71 (X)/ Ker(m (X) — Ax) of 1 (X) (respectively, the quotient 71 (Y)/ Ker(m (V) —»
Ay) of m(Y)).
Let
(0 HX — HY

be an isomorphism of profinite groups and write X Lef 5 x = Xy (cf. Proposition
1.7(ii)).
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Theorem 4.2. (Reconstruction of Pseudo-Functions) Assume that o is Frobenius-
preserving. Then:

(i) The bijection ¢ : X'\ Ex = Y\ By induced by o (where Ex and Ey are the
exceptional sets), together with the isomorphisms in Corollary 3.3, induce natural
bijections p : Dy\ g, = Dx\ex, o Dy\ gy = Dx\ gy, which fit into the following
commutative diagrams

0 —— Prix\gy :ng/k’)x( —— Dx\py — Jx(kx){¥'} —— 0

d

0 —— PI‘iy\EY :Ogy/k}X, _ Dy\EY — Jy(ky){¥'} —— 0
and

0O —— ng/(k§{2’}) - DX\EX s JX(/CX){Z/} — 0

d

0 —— Of, /(ki{¥}) —— Dyvipy, —— Jy(by){¥'} —— 0

Moreover, the following diagram commutes

’

DX\EX ce DY\EY

l l

DX\EX <L DY\EY

where the vertical maps are the natural ones.
(ii) The bijection p in (i) induces a natural isomorphism

ﬁ:ﬁyiﬁx.

Here, Hx &' Ker(Prix\ gy 7 Dy\py — Jy (ky){¥'}) and Hy def Ker(Priy\ g, 2,
Dx\ex — Jx(kx){X'}) are finite indexr subgroups of Og [kx and Of /[ky,
respectively. (More precisely, the quotients (O /k%)/Hx and (Of /ky)/Hy
are Y/ -primary finite abelian groups that are embeddable into Jy (ky){¥'} and
Jx (kx){X'}, respectively.) Moreover, let H (resp. Hiy ) be the inverse image
of Hx (resp. Hy) in O [(kX){X'} (resp. Of, [(ky{%'})). Then the isomor-
phism p' in (i) induces a natural isomorphism p' : Hi, = H' which fits into the
following commutative diagram

/7

HY L H;,
(4.1) l l
FX # Fy

where the vertical maps are the natural surjections.
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In particular, p' induces a natural isomorphism
7 (k)™ = ke (R{EY) = k(R {Z)) = (k)™

(iii) The diagram in (ii) is functorial in X, Y, in the following sense: if & : X' —

X is a finite étale covering, arising from an open subgroup llx, C Ilx, which

corresponds to a finite étale coveringY' — 'Y wvia a (thus, My def a(Ilx/)), then «

induces natural isomorphisms v' : H{,, = H', and 5 : Hy: = Hx/, which fit into
the following commutative diagrams

HS(/ <7— Hg//

I [

/
/ P !
HX HY
and 3

HX/ A HY/

I I

FX L Fy
where the vertical maps are natural homomorphisms induced by the natural injective
homomorphisms O, [kx{¥'} — Op [k AX'}, Op, /ky{¥'} — Op_, /ky {Z'}.
Op/kx = O, /kx:, and O [ky — O [ky..
In particular, o induces a natural isomorphism

7o (ky)Y =k /(R AE')) = k% /(R AEY) = (k%)™
which extends T : (ky)> = (k) in ().

Proof. Similar to the proof of [Saidi-Tamagawal]|, Theorem 3.6. (See also [Saidi-
Tamagawa3], Lemma 4.5 for a similar statement in the birational case.) Here, the
commutativity of the diagrams in (iii) follows basically from the functoriality of
Kummer theory, together with the commutativity of the diagram

MX/ — MY/

I I

MX<7MY

where the horizontal arrows are isomorphisms induced by « (or, more precisely, by
a~1, via the functoriality of H?) and the vertical arrows are isomorphisms defined
geometrically via the identification of Mx and Mx, (resp. My and My/) with
the Tate module of G,, over kx = ky: (resp. ky = ky/). The commutativity
of this last diagram follows from the fact that the above (geometrically defined)
isomorphism My = Mx (resp. My = My1) is identified with the composite of the
(X%, @ Xk )-multiplication map Mx — Mx (resp. the (Y} : Yz )-multiplication
map My — My) and the inverse of the natural isomorphism My, — (XI%X :

X )Mx C Mx (resp. My, = (Y]—;Y : Y3, )My C My) induced by the inclusion

My — Mx (resp. My: — My) arising from the functoriality of H2, and the fact
that <X’£€X :XI_C)() = (AX : AX/) = (Ay : Ay/) = (YE/Y : Y]‘fy). ]
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Definition 4.3. We say that « is pseudo-constants-additive if 7 : (ky)* = (kx)*
in Theorem 4.2(iii) satisfies the following: For n € E; and ¢ € E)X(, if

1+n#0and 7(n) =,
then there exist a, 3 € ky{>'}, such that

a+B¢#0and 7((1+n)) = (a+ BC).

Here, for an element £ of k% (resp. ky ), £ denotes its image in (k3 )* (resp. (ky)®).

Theorem 4.4. (Pseudo-Constants-Additive Isomorphisms) Assume that ¥ is kx -
large and ky -large, that at least one of X and Y is almost 3-separated, and that o is
pseudo-constants-additive. Then a arises from a uniquely determined commutative
diagram of schemes:

~
—_—

N(—Nz
< =

AN
i which the horizontal arrows are isomorphisms and the vertical arrows are the
profinite étale coverings determined by the groups Il x, Iy .

The rest of this section is devoted to the proof of Theorem 4.4 and deducing
corollaries.

First, since X is kx-large and ky-large, « is Frobenius-preserving by Proposition
2.5(ii). Thus, we may apply Theorem 1.9, Theorem 3.12 and Theorem 4.2 to a. In
particular, « is totally globally bi-principally Green-compatible outside exceptional
sets by Theorem 3.12. Also, we see that both X and Y are almost Y-separated.
Indeed, let Fx (resp. Fy) denote the compositum of k(z) (resp. k(y)) in kx (resp.
ky) for all x € Ex (resp. y € Ey). Then it follows from Theorem 1.9(i) that G, C
G, corresponds to Gg, C Gy, via the natural isomorphism G}, — Gy, induced
by a (cf. Proposition 1.7(i)). Thus, Fx C kx (i.e., Gr, # {1}) is equivalent to
Fy g_ k‘y (i.e., GFy 75 {1})

Let z € X'\ Ex and y et ¢(x) € Y'\ Ey. Then, as a preserves the decompo-
sition groups at x, y, respectively, a induces naturally an isomorphism

To t (k(y))* = (k(2)*)™

(cf. Proposition 3.7(iii))), which fits into a commutative diagram

where the vertical maps are the natural homomorphisms.

Next, we shall think of elements of O _/(kx)*, Of_/(ky)* as principal divisors
of rational functions on X, Y, respectively, and denote them f, g, ..., where f, g are
rational functions on X, Y, whose supports of divisors are disjoint from Fx, Ey,
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respectively. We will denote the elements of Oy /(kx{¥'}), O /(ky{X'}), by
f',q', ..., where f, g, are rational functions on X, Y, whose supports of divisors are
disjoint from Fx, Ey, respectively, and refer to them as “pseudo-functions” 1 lasses

of elements of O , Of , modulo kx{X'}, ky{¥'}, respectively. For each x €

X\ Ex (resp. y dof ¢(x) € Y\ Ey), we denote by v, : Of [(kx)* — Z

(resp. vy : O /(ky)* — Z) the function induced by the (normalized, additive)
valuation v, : K% — Z at z (resp. v, : Ky — Z at y). Further, we denote by
deg: Of /(kx)* — Zxo (resp. deg: Op /(ky)* — Zxo) the function induced by
the degree function deg : K5 — Z>( (resp. deg : Ky — Z>() that sends f € K
(resp. f € Ky) to the degree of the pole divisor of f.

Lemma 4.5. (Recovering the Valuations and the 3-Values of Pseudo-Functions)

Consider the commutative diagram (4.1). Let v € X\ Ex and y ot o(z) €

Y\ Ey. Then the following implications hold:
(i) For f € Hy and g € Hx:

p(f) = 9= vy(f) = va(9).
In particular, in terms of divisors, if:

f=pityt -ty —vi— Y,

then:

g:m1+x2+...+$n_xi_..._:1;;1/’
where y; et d(zi) (resp. Y Lt o(z)) forie{1,...,n} (resp. i €{1,...,n'}). In
other words, the isomorphism p: Hy — Hx preserves the valuations of the classes
of functions in Hx,Hy with respect to the bijection ¢ : X'\ Ex = Y\ By
between points. Further, the isomorphism p preserves the degrees of the classes of
functions in Hx,Hy .
(ii) For f' € HY, and g’ € HY:

vy(f) =0 and p(f') = ¢ = v.(g) =0 and 75, (f'(y)) = ¢'(x)

where

y=o(x) and 4y = (k(y)*)* = (k(z)*)*

is the natural identification above. In other words, the isomorphism p' : Hi, =
H'; preserves the ¥-values of the pseudo-functions in HY , Hy, with respect to the
bijection ¢ : X\ Ex = Y\ By between points.

Proof. Assertion (i) follows from Proposition 3.7(i)(ii), together with the fact that
[k(z) : kx] = [k(¢(x)) : ky] for each z € X'\ Ex (cf. discussion before Corollary
3.3), and assertion (ii) follows from Proposition 3.7(iii), together with the fact that
« is totally globally bi-principally Green-compatible outside exceptional sets. [
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Lemma 4.6. Letx € X'\ Ex andy def ¢(x) € Y\ Ey. The natural identification
Tuy = (k(y) )" = (k(2))%,

induced by a, satisfies the following property: For n € k(y)* and ¢ € k(x)*, if
L+n#0 and 7, ,(n') = (',

then there ezist o, B € E;{E’}, such that

a+ B¢ # 0 and 72, ((1+1)) = (a+ BC)".

Proof. Similar to the proof of [Saidi-Tamagawa3|, Lemma 4.10. O

Let | € Primes be a prime number which is both (X, ¥)-admissible and (Y, X)-
admissible, i.e., for every finite extension k¥’ of kx (resp. ky), (K')!NFx (resp. (k)N
Fy) is finite, where (k')! is the maximal pro-l extension of k', and, in particular,
Ex N X((K)) (resp. By NY ((K")H)) is finite. Let X!, Y! be the normalization of
X,Y in KXk;fX, Kyk%;, respectively. Set Fx: def Ex Xk kf)(, Ey def Ey X, k‘g/,
and write (’)EXZ, (’)Eyl for the group of multiplicative functions on X!, Y! whose
supports of divisors are disjoint from Ex:, Ey:, respectively. Define D xi\ By
Dxng,, (resp. Dyng_,, Dyng ) in a similar way as in Definition 4.1. Thus, we
have natural exact sequences

0— 05 ,/(Kx)* = Dxig,, — Jx(Kx){Z'} =0

and
0— Op ,/(Kx){Z'}) = Dxnp, — Jx(kx){E} — 0

(resp. similar sequences for Dy g, and Dynpg_,).

The isomorphism « : IIx = Iy induces natural isomorphisms p : Dy1\ By =5
Dxug,and o' : Dyn g, = Dxn g, (by passing to finite subextensions of kL Jkx
and k% /ky corresponding to each other by a, cf. Theorem 4.2(i)), which fit into
the following commutative diagram

’

p
Dxng,, «— Dyng,

! !

p
Dxng,, «—— Dyng,

where the vertical maps are the natural ones. The above isomorphism p implies
the existence of subgroups H x: (resp. Hy:) of O;Xl /(K4 )< (resp. Ogyl /(KL )X,
which are functorial in X and Y, and a natural isomorphism

ﬁ : Fyl :> Fxl,
which lies above the isomorphism p : Hy — Hx in Theorem 4.2(ii). (Use sim-

ilar arguments as those in the proof of Theorem 4.2(ii).) Moreover, let HY,
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(resp. Hj,,) be the inverse image of H x: (resp. Hy:) in ngl J(K5)*{2'}) (resp.
Ogyl /((k4)*{X’})). Then there exists a natural isomorphism p’ : Hy,, = H%, (cf.
Theorem 4.2(ii)), and HY;, (resp. Hy,) is a subgroup of ngl/((le)X{E’}) (resp.
(’)gyl J(KL)*{X'})). Further, let

def A 5 4 def ra -
Hy = {fG@EXZ | f € Hxi} (vesp. Hy, = {fe(’)gyl | feHyi}).

Then Hy, (resp. Hy,) is a subgroup of (’)EXZ (resp. OEYZ), and the quotient
OEXZ JH, (vesp. OEYZ/H;Z) is embeddable into Jy (k{){%'} (resp. Jx (kK5){Z'}),
hence is a Y/-primary torsion abelian group. (More precisely, let r be a prime
number. Then the r-primary part of OEXZ JH, (resp. OEYZ JHy,) is trivial (resp.
finite, resp. embeddable into a finite direct sum of Q,/Z,), if r € ¥ (resp. r €
Y\ {l}, resp. r is any prime.) We have a commutative diagram

/7

! P /

! !

Hxl L Hyl

where the vertical maps are the natural surjections (cf. Theorem 4.2(ii)), and lies
above the commutative diagram (4.1) in Theorem 4.2(ii).

We state the following results (Remark 4.7, Lemma 4.8, Corollary 4.10 and
Lemmas 4.11-4.13) only for X, but similar statments also hold for Y.

Remark 4.7. If ¥ is Jy-large, then Fy is contained in a finite extension (# ky)

—Ker ’
of ky 0y =) by Proposition 2.12. Thus, any [ such that the image of the pro-I

Sylow subgroup G, ; of Gk, under p;, s is finite is (Y, ¥)-admissible. (Further,
by Proposition 2.13(ii), such an [ is automatically in XU {p}.) Let us take such an .
Then it follows that (p., 5/ (Gky ) psy,5/ (Gt ) < 00, hence #(Jy (K){X'}) < .

Thus, in this case, the quotient O  /HZ, is finite.
X

Lemma 4.8. Let fi1,...,fn € Op,,. Then, for all but finitely many c € kL,
fl—C,...,fn—CGOEXZ.

Proof. We may and shall assume n = 1 and set f def fi- (The assertion for

general n can be reduced to this special case immediately.) The function f €
Og,, descends to a finite extension of kx. More precisely, there exists a finite
subextension ko/kx of kb /kx, such that f € OEXk()’ where Ex, def Ex Xk, ko
and OEXkO = Ogyx ®ky ko. Then f defines a kp-morphism f : X, — IP’}CO of
degree, say, d. One has f~*(P; (k")) € X(K')?, where k' is the compositum
of finite extensions of k! of degree < d, which is finite over k!. On the other
hand, Ex, C X (F)', where F def Fxky. By Proposition 2.13, we see that
S = [P, (K)) N Ex,, is finite. Now, for each ¢ € k'\ f(S)(K") (C P, (K)),
one has f —c € ngl, as desired. [J
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Definition 4.9. (i) For a subset S of a field of characteristic p > 0, we denote by

(S) the abelian subgroup (or, equivalently, F,-vector subspace) generated by S.

.. def def
(11) Rxl == <H_)>él>7 Ryl = <H}>/§l>

Corollary 4.10. (i) (k%)* + Op., =0s,,-

X
(ii) ((’)Exl> = Og,, - In particular, ((’)EXZ> coincides with the k' -subalgebra gener-

ated by ngl )

Proof. (i) Clearly k% + (’)EXZ C Og,,. To show the opposite, take any f € Op_,.
Then, by Lemma 4.8, there exists ¢ € (k&)X such that f —c € OEXZ. Thus,
f=c+(f—c)e (K\)* + OEXZ, as desired.

(ii) The first assertion follows directly from (i). The second assertion follows from
the first assertion, together with the fact that Og_, is a kL -algebra. [0

So far, we have only resorted to the assumptions that 3 is kx-large and ky-large
and that at least one of X and Y is almost Y¥-separated. From now, we will resort
to the other assumption that « is pseudo-constants-additive.

Lemma 4.11. Let f € Hy,, and assume that 1+ f € (’)EX[. Then 1+ fe Hg,.

Proof. Replacing kx, ky by suitable finite subextensions of le /kx and k%, /ky
corresponding to each other by a, we may assume that f € Hy. Then the proof is
similar to [Saidi-Tamagawa3|, Lemma 3.16, using Proposition 2.4. More precisely,
write (p")71(f") = ¢’. We have ((1+ f) )™ € HY% and we may write (p’)~*(((1 +
f))™) = k' with h € Hy* for some positive integer m divisible only by primes in 3.
By evaluating the pseudo-function A’ at all points in Y'\ Y (Fy-)¢!, and using Lemma
4.6 and Proposition 2.4, we deduce that b’ = (') (1 + f))™) = (1 + cg)")™ €
Hy, C Dy\g, for some ¢ € (ky)*{¥'} (cf. loc. cit. for more details). Hence,
(P) "N+ f)") = (1+cg) € Dy\g, since Dy\ g, admits no nontrivial X’-primary
torsion (Dy\ g, has no nontrivial torsion, and the kernel of the natural surjective
map Dy\g, — Dy\g, is Y-primary torsion). As (1 +cg)’ € Og_/(ky{¥'}), we
have (1 + f)' € H% by definition, as desired. [

Lemma 4.12. (i) Rx: coincides with the k:lX -subalgebra generated by H;él.

(ii) Let f1,..., fn € Rx1. Then, for all but finitely many c € k', fi—c,..., fa—c€
Hg,.

(i) (k&)* + Hy, = Rx:.

(iv) RXl m ngl - R;{l - 'H;;l .

Proof. (i) First, note that k% = (k%)* U {0} is contained in Ryx: = (HY,), as
(Kh)* C H <1~ Thus, it suffices to prove that Ry: is stable under multiplication.
But this just follows from the fact that H ;l (which is a multiplicative subgroup) is

stable under multiplication.

(i) We may and shall assume n = 1 and set f def fi. (The assertion for general n

can be reduced to this special case immediately.) As f € Rx: = (Hy,), f can be

written as f = g1+ -+ gm with g1,...,9m € H)X(l. We shall prove the assertion for

f by induction on m. The case m = 0 (i.e., f = 0) is easy: any c € kb \ {0} satisfies

the desired property. The case m = 1 (i.e., f = g1 € Hy,) follows immediately

from Lemma 4.8 and Lemma 4.11. More precisely, by Lemma 4.8 (and the case
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m = 0), for all but finitely many ¢ € k%, one has f —c € ngl and —c € H3

Xl 9
f—c —c

f_C: f .f: 7+1 fEH;Z
by Lemma 4.11. Now, assume m > 1 and suppose that the assertion holds for
m — 1. Then it follows from Lemma 4.8 and the induction hypothesis that, for all

but finitely many ¢ € kl, one has f —c € ngl and (g1 + -+ gm_1) — C € H)X(l.

Now, as
—c +: 0+ 9gm-1)—¢
f_C:f 'gm:<(g1 Im 1) +1)gm7
9m 9m

hence

one has f —c € Hg, by Lemma 4.11.

(iii) Clearly (k% )* + H3, C Ry:. To show the opposite, take any f € Rx:. Then,
by (ii), there exists ¢ € (ki)™ such that f —c € HY,. Thus, f =c+ (f —¢) €
(k) + Hy,, as desired.

(iv) Clearly RXzﬂ(’)gxl DRy, DHg,
So, take any f € Rx: N ngl. By (iii), there exist ¢ € (kk)* and g € HY, such
that f =c+g. As

hence it suffices to prove R x: ﬁngl C H;.l )

f:z-c:(l—F%)c,

c
one has f € Hy, by Lemma 4.11. O

Lemma 4.13. Fr(Og_,) = Fr(Rx:) and Og,, is the normalization of Rx:.
Proof. Write Kxi = Fr(Og,) (= Kxkl) and Nx: = Fr(Rx:).

Step 1. Op_, is the integral closure of Ry: in Kx:.
Indeed, as O, is the intersection of discrete valuation rings Ox: , (v € Ex1),
Ogp_, is integrally closed. On the other hand, as Of,  /R%, is torsion, each element
X
of Of  is integral over Rxi. As Og , = (Of ), Og_, is integral over Rx:, as
X X
desired.

Step 2. OEXZ /(K )™ and R%, /(K )* are free Z-modules of countably infinite rank.
Indeed, each of these groups is injectively mapped into Divg(l\ By with torsion
cokernel. Now, the assertion follows from the fact that Divg(L\ o itself is a free

Z-module of countably infinite rank. (Note that (X!)!\ Ex: is a countably infinite
set.)

Step 3. Kxi/Nx: is finite.

Indeed, since k% C Nx: C Kxi and Kx: is a (regular) function field of one
variable over k%, it suffices to prove that Nx: 2 k% . But this follows, for example,
from Step 1 or Step 2.

Step 4. Kxi/Nx: is separable.

Indeed, otherwise, Nx: C (Kx:)P, since Kxi/Nx: is a finite extension of (reg-
ular) function fields of one variable over a perfect field k5. Then Ry: C O, N
(Kx1)? = (Og,,)? (where the last equality follows from the fact that Og_, is nor-
mal), and RS, C ((Og,,)P)* = (ngl)p. Thus, one has ngl/R;((l —» ngl /(OEXZ)I’.
But this is impossible, since the p-primary part of the torsion abelian group ngl / R;; .
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is embeddable into a finite direct sum of Q,/Z, (hence is isomorphic to a direct
sum of a finite number of copies of Q,/Z, and a p-primary finite abelian group),
while ngl / (OEXZ )P is an F,-vector space of countably infinite dimension by Step
2.

Step 5. K5, /Ny, has finite torsion.
Indeed, the homomorphism Ny: — K x: of fields comes from a finite, generically
étale ki -morphism X' — Z (where Z is a proper, smooth, geometrically connected

curve over ki with function field Nx:) of degree d def [Kxi : Nxt]. Then
K;él/N;l = (K;;l/(kl)()x)/(N;;l/(kl)()x) = Prix: / Priz .
Considering the commutative diagram with two rows exact:

0 —— Priy —— Divy —— Picz; —— 0

J l l

0 — Priyt — Divyt —— Piext —— 0

in which the vertical arrows are induced by the pull-back of divisors by the mor-
phism X! — Z, one obtains an exact sequence

0 — Ker(Picz — Picx:) — Prix: /Priz — Divy: /Divy.
Now, on the one hand, by considering the norm map Picyx: — Picyz, one sees that
Ker(Picy — Picy:) C Picg[d] = Picy[d] = Jz (kY )[d],

hence that Ker(Picy; — Picx:) is finite. On the other hand, by considering the
definition of Div; — Divx:, one sees that the torsion of Divy: / Divy (all of which
arises from the finitely many ramified points of the generically étale morphism
X! — 7) is finite. Thus, the assertion follows.
Step 6. Let Ry denote the normalization of Ry: in Nxi. Then (ngl : R)X(l) < 00.
Indeed, as O}ngl/R)X(z “ OEXL/]?;}Z, ngl/R)X(l is torsion. On the other~ hand,
as Op_, Is integral over Rx: and Rx: is integrally closed, one has ngl / R;}l —
K3, /N%.. Now, the assertion follows from Step 5.
Step 7. End of proof: O, = Rxi and Kx: = Nyi.
Indeed, by Step 6, we may write OEXZ = R;l 1U-- -Uﬁi;(lfr for some fioo o, fr €
OEXZ. This, together with Corollary 4.10(i), implies that O , = (Rx:f1 U U

Rxifr) + k%, and that OEXz/ké( = Ryifi U---URxif, as a union of kL -vector

subspaces (where Ry:f; denotes the image of Ry f; in Ogr../ kL). As K is an

infinite field, we must have Op_, /Ky = Ry f; for some i, hence Op,, = kL +Rx fi.

We claim that f def Ji € Nxi. Indeed, otherwise, 1,f € Kx: are linearly

independent over Nx:. Namely, Nx: & Nx:f < Kx1, hence, in particular, Rx: &
Rxlf — OEXZ‘ AS kl)( g Rxl C Rxl, one has kfX ) Rle g RXZ ) Rxlf This
implies that k. + RXzf C Rxi + szf C Og,,, which is absurd.
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Now, f € Nx:NO% Xt = RX“ where the last equality follows from Step 1, together
with the definition of Ry:. Thus, Op,, = le—H:ZXzf = le—I—RXz = Ry, as desired.
In particular, Kx: = Fr(Op,) = Fr(Ryi) = Ny:. O

Next, we will denote by P(Ry:) % (Rx: \ {0})/(k4)* (resp. P(Ryt) ' (Ry \
{0})/(k4)*) the projective space associated to the infinite-dimensional k% -vector
space Ry: (resp. the ki -vector space Ry:) and by L(Ry:) (C 2F(xt)) (resp.
L(Ry:) (C 2P(v1))) the set of lines on P(Ry:) (resp. P(Ry1)). We view Uy &t
Hxi = RY,/(ky)* and Uy = YTy = Ry, /(K4)* (cf. Lemma 4.12(iv)) as subsets
of the projective spaces P(Rx:) and P(Ry-), respectively. Let Fx/kx and Fy /ky
be the extensions in Definition 2.9. We define the following sets of subsets of P* (k)
and P! (kL ):

def

def
SXZ —

{S CPH(KY) [ 4(S) < oo}, Syt = {S CPHKY) | 4(S) < oo}

Lemma 4.14. The sets Sxi: and Sy: are admissible (cf. Definition 5.4 (ii) for the
meaning of being admissible).

Proof. This follows from the fact that k% and k!, are infinite. See Remark 5.5. [J

Lemma 4.15. The subset Ux: C P(Rx:) is Sxi-ample, and the subset Uy C
P(Ry1) is Syi-ample (cf. Definition 5.6(iii) for the meaning of being Sxi-ample
and Sy:-ample).

Proof. We prove that Ux: is Sx:-ample. The proof that Uy is Sy-ample is similar.
We have to prove the following equality L(Rx: )y, = L(Rxt)u,,,s,, (cf. Definition
5.6(iii)(2)). More precisely, let £ € L(Rx:) be a line in the projective space P(Rx)
such that 6y, L n Ux: # @, then we have to prove that ¢\ &, , € Sxi,
Le., #(€\ tu,, ) < 00. We have ¢ = P(V), where V is a 2-dimensional k:l -vector
subspace of Ry:. As {y , # & we can take f € V' N R;}l. Further, taking any
g € V\ kL f, we may write V = {af +bg | a be kS }. Then ¢ = {f}U{cf +g, c€
e ={ftu{(h—of, c <k}, where h L % € Rx:. Now, by Lemma 4.12(ii),

h—c e Ry, (hence (h —c)f € Ux:) for all but ﬁnitely many ¢ € kb, as desired. [

Lemma 4.16. The natural isomorphism p : Uy — Ux1 induces a natural bijection
7 L(Ry)u,, = L(Rxt)u,, with the following property: If £ € L(Ryt)u,, then

F(Ouy, = pllu,,), where 7(Du,, = 7(0) NUx: and ly,, = EN Uy,

Proof. We will define the map 7. Let £ € L(Ry1)y,,,. Then by Lemma 4.15, £\ £y,
is finite, hence £, is infinite. Take two distinct points f;,9; € fy,,, and take any
liftings f1,g1 € Ry, of f1,01, respectively. Set Vi = {af1+bg1 | a,b € kL }, so that
Vi is a 2-dimensional k! -vector subspace of Ry: and that ¢ =P(V1) C P(Ry).
Then we have £ = {g, } U{(1 + ch1) f1 | ¢ € kL. }, where hy € 91 € Ry, and £y, =
{g:} U{(1+chi)f1|cekl,(1+chi) € R, }. Take any ¢ € (k’l )* such that (1 +
chi) € Ry Set f3  p'(f1).95 = p/(g). where o : Hy = R/ (K)* {2)) =
H'., = R%,/((K)*{¥'}) is the natural isomorphism (cf. discussion before Lemma
4.11), and take any liftings fo, g2 € Rxl of f4, gb, respectively. Set hy et 92 € R;w
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so that hl = % o' (hy). Further set Vo = {afs + bgs | a,b € ki }. Since p is

2 —
bijective, one has f, # s, hence V3 is a 2-dimensional k4 -vector subspace of Rx:.

Set 7(¢) Lef pr & P(V2) CP(Rx:). As fy € £/, one has £' € L(Rx1)y,, -

By evaluating the pseudo-function p’((1 + ch1)’) at all points z € (X!)°! above
X\ X(Fx)9, and applying Lemma 4.5, Lemma 4.6, and Proposition 2.3 to suit-
able finite subextensions of kY /kx and k! /ky, we deduce that p'((1 + chy)’) =
(o + Bha) € Ry, /(kx ){Z'} for some a € (kk)*{X'} and 8 € (kk)*, hence
p(1+chy) =1+ vhg for v = g € (k% )*. This, together with p(f;) = fs,p(g;) =
Ja, implies that p(fy,) C 7({)u,,. Further, 7 is bijective since it has an inverse

7 L(Rxt)u,, — L(Ryt)y,, which is naturally deduced from a~' : Iy = Ilx.

By using 7', we also conclude that p(fy, ,) = %Xﬂ as desired. O

Lemma 4.17. (Recovering the Additive Structure of Rx: and Ry:) The following

hold.

(i) There exist natural isomorphisms p : P(Ry:) = P(Rx:) and 7 : L(Ry1) —
L(Rx:) which extend the isomorphisms p : Uy1 — Uxi and T : L(Ryt)u,, =
L(Rxt)u,, , respectively, such that for every ¢ € L(Ry1), we have 7(£) = p(£) set-
theoretically.

(ii) The bijection p arises from a Yg-isomorphism

¥ : (Ryt,+) = (Rx1,4),

where o : kY, = kY is a field isomorphism. Namely, 1 is an isomorphism of
abelian groups which is compatible with Vg in the sense that (ax) = o(a)(z)
for a € K, and x € Ry.. Further, v is uniquely determined and v is uniquely
determined up to scalar multiplication.

Proof. Assertion (i) follows formally from Lemma 4.16 and Theorem 5.7. Assertion
(ii) follows from Theorem 5.7. [

Lemma 4.18. (Recovering the Ring Structure of Rxi and Ry:) The following
hold.

(i) If we normalize the isomorphism
¢ : (RYZ7+) = (RXZ>+)7

in Lemma 4.17 by the condition 1(1) = 1 (which is possible as p(1) = 1), it becomes
a ring isomorphism such that the diagram

Rxl # Ryl

I I

B P B

commutes.
(ii) ¥ induces a natural commutative diagram

le L Kyl

I I

Ky Y Ky
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where the horizontal maps are field isomorphisms and the vertical maps are natural
inclusions. Further, v : Kyi — Kxi is Galois-equivariant with respect to the
isomorphism G, — G, induced by o : lx = Iy (cf. Proposition 1.7(i)).

(iii) v induces a natural commutative diagram

xt Ly

L

X _*, Y
where the horizontal maps are scheme isomorphisms and the vertical maps are
natural projections. Further, 1 : X' 5 Y is Galois-equivariant with respect to the
isomorphism G, — Gy, induced by o : x = Uy (cf. Proposition 1.7(i)).

Proof. (i) The proof is similar to the proof of [Saidi-Tamagawa3], Lemma 4.14.
More precisely, let f € R;l, then ¢ o puy and gy ) o ¥ are p-isomorphisms
(Ry1,+) = (Rxi,+), where p, denotes the g-multiplication map. Note that
U(f) € Ry, since ¥(f) = p(f) € Rx./(ky)* C K3./(Ky)*. The isomorphisms

Ry /(K ) = Ry, /(K )™ they induce coincide with each other:

Yopus =POHF= HaF) 0P = Hy(f) o1,
where the second equality follows from the multiplicativity of p. Further, we have

Your(l) =v(f) = pyr) (1) = pycr) 0 P(1).

Thus, the equality 1 o jiy = fuy () © ) follows from the uniqueness in Theorem 5.7.
This equality means that ¢ (fg) = ¥(f)¥(g) holds for f € Ry, and g € Ry, which,
together with the fact that Ry: = (Ry,), implies the multiplicativity of v.

(ii) By considering fields of fractions, we see that ¥ : Ry: — Ry: naturally induces
Y : Kyi1 = Kxi. Since the isomorphism p : Uyt — Uy is Galois-equivariant under
the compatible actions of G, and Gy, respectively, and since the isomorphism
Y : Ry1 = Ry, 1+ 1 is uniquely determined by p, it follows that v : Ry: = R
is Galois-equivariant under the compatible actions of G, and Gy, , respectively,
hence so is 1 : Kyi1 — Kxi. Now, the fact that the field isomorphism v : Ky:1 =
K1 maps Ky isomorphically to Kx follows from this.

(iii) This follows immediately from (ii). O

Next, let X’ — X be a finite étale covering corresponding to an open subgroup

[Ix, C IIx and Y’ — Y the corresponding étale covering via « (i.e., Iy~ def

a(Ilx/)). (We refer to the case where X’ — X is Galois (or, equivalently, Y’ — Y
is Galois) as a Galois case.) Then « induces, by restriction to ITx/, an isomorphism

o 11 X/ :> HY/.
To apply the preceding arguments to this isomorphism, we need to show that the

assumptions of Theorem 4.4 hold.
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Lemma 4.19. (i) X is kx/-large and ky -large.
(ii) X" and Y’ are X-separated. More precisely, Fx: and Fy: are finite extensions of
Fx and Fy, respectively. In particular, a prime number is (X, X)-admissible (resp.
(Y, X)-admissible) if and only if it is (X', X)-admissible (resp. (Y',X)-admissible).
(iii) a : Ilxs = Iy is pseudo-constants-additive.

Proof. (i) This follows from the fact that kx/ and ky- are finite extensions of kx
and ky, respectively.

(ii) This follows from Proposition 2.11(i).

(iii) By Theorem 4.2(iii), the isomorphism 7 : (ks )*

= (k%,)® induced by « :
IIx: = Iy~ just coincides with the isomorphism 7 : (ky)® =

)¥ 5 (k%)® induced by
a : IIx 5 Iy. Thus, the pseudo-constants-additivity of o : Iy = IIy follows
from that of a : lIx = IIy. O

Now, we may apply Lemma 4.18 to « : Ilxs — IIy~ to obtain: (i) a ring isomor-
phism " : Ry = R(xry compatible with a field isomorphism 1 : [ L
(ii) a field isomorphism ' : Ky y 5K (xy compatible with a field isomorphism
' Ky = Kx and Galois-equivariant with respect to the isomorphism Gy, 5
Gy, induced by o : Ix, = Ily+; and (iii) a scheme isomorphism ¢ : (X')! = (Y”)!
compatible with a scheme isomorphism 1’ : X’ = Y’ and Galois-equivariant with
respect to the isomorphism Gy, = G, induced by a : IIx/ 5 Ily.. Further,
in the Galois case, these isomorphisms are Galois-equivariant with respect to the
isomorphism « : IIxy = Ily. Indeed, this Galois-equivariance can be proved just
similarly as in the proof of Lemma 4.18(ii).

Lemma 4.20. (i) The following diagram of rings is commutative:

R(X/)l <w— R(Y/)L

I [

RXZ # Ryl
In particular, the following diagram of fields is commutative:

ke, 2 kL,

I I

He e K

(ii) The following diagram of fields is commutative:

"‘/}/
K(X/)l — K(y/)l

I I

KXl # Kyl

In particular, the following diagram of fields is commutative:
KX/ (w— KY/

I I

Ky Y Ky
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(iii) The following diagram of schemes is commutative:

(X/)l Y’ (Y/)l

! !

xt Y vy

In particular, the following diagram of schemes is commutative:

d)/

X — Y’

Lo

XLY

Proof. (i) To prove the commutativity of the first diagram, we may and shall assume
that we are in the Galois case. Let tx and ¢y denote the natural inclusions Ry —
R(x/y and Ryt — Ry, respectively. Applying Theorem 4.2(iii) to various finite
covers of X and Y, we see that the diagram in question induces a commutative
diagram

R(XX/)l/(le/)X A R(Xy/)z/(kgﬂ)x

I I

R?l/(klx)x A R;Z/(k*ly)x

In particular, we have
U oy (Ryy) - (k) = ix o (Ry,) - (ki)

Consider the ITx:-fixed parts of both sides of this equality. Then, since 1’ : Ry =
R(xy is Galois-equivariant with respect to o : Il = Iy and since a(Ilx:) = Iy,
we obtain

V' oy (Ry,) = tx o p(Ry,),
hence

R P oy (Ryr) = (Y oy (RE)) = (tx 0 p(RE)) = tx o Y(Ryr).

Accordingly, each of ¥ o vy and tx o induces an isomorphism Ry: — R that
maps 1 to 1. Now, the desired equality 1)’ ox = 1y o1 follows from the uniqueness
assertion in Theorem 5.7.

The commutativity of the second diagram follows from that of the first diagram.
(ii) The commutativity of the first diagram follows from that of the first diagram
in (i). The commutativity of the second diagram follows from that of the first
diagram.

(iii) This follows immediate from (ii). O
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Corollary 4.21. The isomorphism « induces a natural isomorphism X 5 Y which
fits into a commutative diagram

X —~ Y

|

where the vertical maps are the pro-étale coverings corresponding to Ilx and Ily,
respectively.

Proof. This follows from Lemma 4.20 by passing to open subgroups of IIx and
[Ty which correspond to each other via «, together with the Galois-equivariance of
various isomorphisms in the Galois case. [

This finishes the proof of Theorem 4.4. [

Theorem 4.22. (A Refined Version of the Grothendieck Conjecture for Proper
Hyperbolic Curves over Finite Fields) Let X, Y be proper hyperbolic curves over
finite fields kx, ky of characteristic px, py, respectively. Let ¥ x,>y C Primes
be sets of prime numbers containing at least one prime number different from px,
py, respectively, and set ¥y def Primes \ Xx, X def Primes \ Xy . Assume that
Yx is Jx-large and that 3y is Jy -large. Write Il x, Iy for the geometrically pro-
Yx étale fundamental group of X and the geometrically pro-Xy étale fundamental
group of Y, respectively. Let
(07 HX = Hy

be an isomorphism of profinite groups. Then « arises from a uniquely determined
commutative diagram of schemes:

~
"

N(—Nz
< =<

~
—_—

i which the horizontal arrows are isomorphisms and the vertical arrows are the
profinite étale coverings corresponding to the groups Ilx, 1y, respectively.

Proof. By Proposition 1.7, we have X et Yx = Xy. By Lemma 2.7, ¥ is kx-large
and ky-large. By Proposition 2.5(i), we have p def px = py. By Proposition 2.12,
X and Y are almost X-separated. Now, by Theorem 4.4, it suffices to prove that «
is pseudo-constants-additive.

Let the notations be as in the proof of Theorem 4.4. To prove that « is pseudo-
constants-additive, set

def

Tyt = {f € Og,, | At least one pole of f is k% -rational.},

~ def _ ~
T3 =A{feOg I f.f €Txl,

and define T, to be the intersection of Tyx: with H i Further, set Ty, def

s,/ (K4)*. We define Ty, 1y, Ty, and Ty, similarly. Since the divisors of
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functions are preserved under p (cf. Lemma 4.5(i)) and since the degrees of exten-
sions of residue fields are preserved under ¢ : X'\ Ex = Y\ Ey (cf. discussion

before Corollary 3.3), we have p(1y,) =T,
Observe that PGLa (k) acts on K xi\kY = P1(K x:)\P! (kY ) via linear fractional
transformation:

a b def ah + b
A= (c d) mod (kk)* € PGLy(k), h€e Kxi \kxy =— A-h = Tt
def

Claim: For any h € Kx: \ kY, there exists A € PGLa(kY) such that f = A-h
satisfies f, f+1 € H ;2[. (In particular, T;él # &.) A similar statement holds for Y.

Indeed, for simplicity, set Px def PGLy(kY) and write Pxh for the Px-orbit
of h. Take a finite subextension ko/kx of ki /kx such that h € Kxky. Then h
can be regarded as a finite kp-morphism X, — IP’}CO. On the one hand, by the
Weil estimate, we have f(Xp, (k)!) = co. On the other hand, by Proposition 2.13,
#(h( Xk, (K5)) N h(Ex Xiy ko)) < oo. Thus, there exist infinitely many points
r € X (k%) whose image under h is not contained in h(Ex Xy, ko) U {oo}. Take
such an z and set d & h(z) € ki = PY(kY) \ {oo}. Then the set of zeros of

h—d € K intersects trivially with Ex: and includes at least one kl -rational point.

Thus, hq def ﬁ € Tx: N Pxh. Next, it follows from the above argument again

(applied to hy instead of h) that for all but finitely many ¢ € le, the set of zeros
of hy — ¢ € K intersects trivially with Ex: and includes at least one kl -rational
point, hence hy —c € T;l NPxh. Further, by Remark 4.7, ((’)EXZ : Hy,) < 00, hence
there exists an infinite subset C' of le such that for all c € C, hy — c € T;él N Pxh
and h; — ¢ belongs to the same coset of ngl JH )X(l. Now, take mutually distinct
three elements a,b,c € C. Then

defb_c hl_a'

§de A w— e TX NHL, NPxh C TF NPxh
and L b
def @ — C - T
F1d a_b.hi_cGT;lmH;lmPthT;meh,
as desired.

As the degree of a function depends only on its Px-orbit, the above claim par-
ticularly implies that the set of degrees of functions in Kx: \ k% coincides with
that of Hy,: deg(Kx: \ k) = deg(Hy,), and, similarly, that the set of degrees of
functions in Ky \ k} coincides with that of Hy',: deg(Ky: \ k},) = deg(Hy',). In
particular, it follows from Lemma 4.5(i) that the gonality vy: of X! coincides with
the gonality ~vy: of Y.

Now, take any h € Ky: \ k! attaining the gonality: deg(h) = 7y:. Then,
by the above claim, there exists f € Pyh (where Py et PGLy (kL)) such that

fif+1e€ HJ,. As f € Pyh, we have deg(f) = deg(h) = 7y:.

Set ¢/ &' p'(f") e H., g ot P ((f+1)) € Hy, and take any lifts g, g1 € Hy,

of ¢', g}, respectively. Then, by Lemma 4.5(i), deg(g) = deg(f) = vy = vx1-
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As the pole divisors of f and f 4+ 1 coincide, the pole divisors of g and ¢y
coincide by Lemma 4.5(i). Also, as f admits at least one k!, -rational pole, g admits
at least one kl-rational pole, say, x. Now, by considering the leading terms of
Laurent expansions of g and g; at the kl -rational pole z, we see that there exists
B € (k& )*, such that the pole divisor Dg of g; — (g is strictly smaller than the pole
divisor D of ¢g. (That is to say, the divisor D — Dy is effective and non-zero.) As
deg(g) = vx, this implies that g; — (g is constant, hence we may write g; = a+ ¢
with o € k. By evaluating this equation at ¢~*(y1), where y; € (Y!)! is a zero
of f, we see o = 1', ie.,, a € (k& )*{¥'}. Similarly, by evaluating the equation
% = %+ B at ¢~ 1(y2), where yo € (Y is a pole of g, we see 3 = 1/, i.e.,
B € (k% )*{%'}. Now, the proof of the assertion follows just similarly to the last
paragraph of the proof of [Saidi-Tamagawa3|, Lemma 4.9. [

As a consequence of Theorem 4.22 we can deduce the following refined version

of the Grothendieck conjecture for (not necessarily proper) hyperbolic curves over
finite fields.

Theorem 4.23. (A Refined Version of the Grothendieck Conjecture for (Not Nec-
essarily Proper) Hyperbolic Curves over Finite Fields) Let U, V' be (not necessarily
proper) hyperbolic curves over finite fields ky, ky of characteristic py, py, respec-

tively. Let Xy, Xy C Primes be sets of prime numbers and set X3 dof Primes \ Xy,

Xy et Primes \ Xy. Write Iy, Iy, for the geometrically pro-Xy tame funda-
mental group of U and the geometrically pro-Xy tame fundamental group of V,
respectively. Let

O_/ZHU:)HV

be an isomorphism of profinite groups. Assume that there exist open subgroups

Iy, C Iy, Iy, C Iy, which correspond to each other via «, i.e., Ly def a(Ily),

corresponding to étale coverings U' — U, V' — V., such that the smooth compact-
ifications X' of U' and Y’ of V' are hyperbolic, that Xy is Jx:-large and that Xy
is Jy:-large. Then « arises from a uniquely determined commutative diagram of
schemes:

~
e

T — &
< — <

AN
i which the horizontal arrows are isomorphisms and the vertical arrows are the
profinite étale coverings corresponding to the groups Iy, 11y, respectively.

The rest of this section is devoted to the proof of Theorem 4.23. Let X, Y,
X', Y’ be the smooth compactifications of U, V', U’, V', respectively. We consider
any open subgroup IIy» C IIy corresponding to an étale covering U” — U such
that Iy~ is normal in IIy, and that Il is contained in II;.. We refer to such a

subgroup IlIyy» C Iy (resp. a covering U’ — U) as a nice subgroup of Iy (resp.

a nice covering of U). Set Iy~ def a(Ily ), which corresponds to an étale covering

V" — V. Let X", Y"” be the smooth compactification of U”, V", respectively.
(Note that X", Y” are hyperbolic, as they dominate X’ Y’  respectively.) By
Theorem 1.8(i), a : Iy = Iy induces « : My = My,
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Note that by (the proof of) Theorem 4.22, applied to « : Iy, — Iy induced

by o : Hyr = Iy, we have ¥ def Yu = Xv; p def pu = pv; X is kxs-large

and ky-large; X’ and Y’ are almost Y-separated; and o : Iy, = Ily- is pseudo-
constants-additive.

Lemma 4.24. (i) X is kx-large and ky-large.
(ii) X" and Y" are almost ¥-separated.

(iii) a : Ix» — Iy~ is pseudo-constants-additive.

Proof. (i) This follows from the fact that kx~ (resp. ky~) is a finite extension of
kx: (resp. ky).

(ii) This follows from Proposition 2.11, together with the fact that X" — X',
Y"” — Y’ are tame-Galois.

(iii) This follows from the fact that the diagram

(k)™ —— (kyn)*

I I

(Bx)® e (ky)”
is commutative, where the horizontal arrows are isomorphisms induced by « :
Ix» = Iy~ and « : Iy, = IIys, and the vertical arrows are isomorphisms
induced (via Kummer theory) by the natural homomorphisms IIx» — IIxs and
IIy» — Iy (induced by Iy~ — Iy and Iy~ < Ily/, respectively). Here, as
in the proof of Theorem 4.2, the commutativity of this diagram follows basically
from the functoriality of Kummer theory, together with the commutativity of the
diagram
M X My//

I I

MX/ — MY/

where the horizontal arrows are isomorphisms induced by « (or, more precisely, by
a~1, via the functoriality of H?) and the vertical arrows are isomorphisms defined
geometrically via the identification of My, and Mx» (resp. My, and My ) with
the Tate module of G,, over kx: = kx» (resp. ky: = ky~). The commutativity
of this last diagram follows from the fact that the above (geometrically defined)
isomorphism Mx+ = Mx« (resp. My+ — My) is identified with the composite of
the (X7 ~: X{ )-multiplication map My, — Mx: (resp. the (Y’ Y )-
X/ x/! Y Y/
multiplication map My, — My/) and the inverse of the natural isomorphism
M = (X]é/x” : XlicX/)MX/ C Mx (resp. My = (YE/;// : Y]}IW)MY' C My/)
induced by the inclusion Mx» — Mx: (resp. My~ — My) arising from the func-
toriality of H2, and the fact that (XILCIX// . XILcX/) = (AU/ : AUN) = (Avl : AV//) =

1) /
e, :Yg ) O

~

Thus, by Theorem 4.4, we obtain an isomorphism X” — Y”. Further, this
isomorphism is Galois-equivariant with respect to a : IIx = IIy. Indeed, this
Galois-equivariance can be proved just similarly as in the proof of Lemma 4.18(ii).

Further, let Uy — U, Uy — U be nice coverings of U such that Iy C Hyy,
V)’ — V, V]! — V corresponding nice coverings of V (via o : Iy = Ily), and
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X1, XYY" Yy the smooth compactifications of Uy, Uy, V{', V', respectively. Then

the following diagram

" U
X 2 2

l !

" "
X 1 1

is commutative, where the horizontal arrows are (Galois-equivariant) isomorphisms
induced by « : II Xy 5 Iy, and « : II X7y = Iy, and the vertical arrows are
natural (finite) morphisms induced by finite étale coverings Uy — Ui and V'

V{’. Indeed, the proof of this commutativity is similar to the proof of Lemma
4.20. More precisely, recall the proof of Theorem 4.4. The isomorphism X! = Y.
(¢ € {1,2}) is induced by the isomorphism Ry = Ry x/yt obtained by applying

Theorem 5.7 to
]P)(R(X:/)l) IED(R(Y'Z//)Z)

U U

(X//)l/( X//) <_ R(Y//)l/< Y//)

where y
<H(X”) > = R(X:')l C OE(X{.’)Z
U U U
X . X X
H(X”) = Ly C OE(XZ(/)Z
and "
<H(y//)l> = R(Yi”)l C OE(Yi”)’
U U U
X . X X
H(Y”)l = Ly C© OE(Yi//>z

But the problem here (which does not occur in the proof of Lemma 4.20) is that
in general the natural inclusions K(xyy — K(xyy, Ky — Ky induced by
the (ramified) coverings f : XJ — XV, ¢g: Yy — Y/, respectively, may not induce
inclusions OE — OE(xg)l’ OE(Y,,)l — OE(Y,,)Z, respectively. This is because it
is unclear if f (Eg’(,,) = E;’(é,, g_l(Eﬁ,,) Eg},, hold.

Here, the remedy is to resort to Proposmon 2. ll(ii) instead of Proposition 2.11(i).
So, for each nice covering U” — U (resp. V" — V), define Ex» (resp. Ey») to be
the inverse image of Ex, U (X'\U’) (resp. Ey:U(Y'\V’)) in X" (resp. Y"). Then
we have Ex» C Exn, Ey» C Eyn. In particular, let [ be a (X', 3)-admissible prime
number (then [ is automatically (Y’,¥)-admissible). Then [ is (X", 3)-admissible
and (Y X)-admissible for all nice coverings U” — U and V"' — V. Now, replacing
Exn, Eyn by Ex, Ey» in the various definitions, we obtain

//)l

<H(XX,, > == R(X//)l C OE(X//)I
U @) U
X _ X X
(X//)l - R(X//)l C OE(X//)l
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and

<H(><Yﬁ)l> - R(y//)l - Og(y//)l
U U U
X _ X X
H(Y//)l - R(Y”)l C Og(y//)l

As in Lemma 4.13, we have Fr(R(x»y) = Kx»y and Fr(R¢yy) = K. Then
we may apply Theorem 5.7 to

]P)(R(X//)l) ]P)(R(Y//)l)
U U
R /(o) & R/ (R)

to obtain Ry = R(xyi- By the uniqueness assertion of Theorem 5.7, the
diagram
R(X//)l — R(y//)l

[ T

R(X//)l — R(Y//)l

commutes, where the vertical arrows are natural inclusions. In particular, Ry .y —

Rxmy and Ry = R(xy induce the same isomorphisms Ky = Kx» and

~

X// = Y//.
Now, as in the proof of Lemma 4.20, we can prove that the diagrams

R(Xé/)l < - R(Yél)l

I I

Rxypy ——— Ry

KXé/ — KY2//

I I

KXil — Kyl//

and
X)) —— Yy

l !

X{/ Ylll

commute, as desired.
Now, passing to nice open subgroups of Il and Il which correspond to each
other via «, we obtain an isomorphism

Xu = Yy
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which is Galois-equivariant with respect to « : IIy = HV, where XU, YV are the
integral closures of X, Y in (the function fields of) U, V, respectively. (Note that
in general Xy, Yy, do not coincide with X, Y) Further, dividing both sides of
this 1som0rphlsm by the actions of IIy and Ily, it follows that the isomorphism
X U = YV fits into a commutative diagram

Xy —=— Yy

l !

X ——~ Y

Finally, removing the ramification loci from this last diagram, we obtain the desired
commutative diagram

~
 —

~Y
ey

T — &
< — <

in which the horizontal arrows are isomorphisms and the vertical arrows are the
profinite étale coverings corresponding to the groups Il;, Iy, respectively.
This finishes the proof of Theorem 4.23. [

§5. On the fundamental theorem of projective geometry. Throughout this
section all fields are assumed to be commutative. For a field & and a vector space
V over k, define P(V') to be the projective space associated to V:

P(V) € (V\ {0})/k*,

and define L(V) (C 2°(V)) to be the set of lines on P(V). Thus, P(V) (resp.
L(V)) is also identified with the set of 1-dimensional (resp. 2-dimensional) k-vector
subspaces of V. For each x € V '\ {0}, denote the point of P(V') corresponding to =
by Z. We say that a set of points in P(V') is collinear, if there exists a line in (V)
which contains all of them. We say that a set of lines in (V') is concurrent, if there

exists a point in P(V') which is contained in all of them. We set P (k) = &t P(k™) for
each n > 0.

It is well-known and easily proved that the projective space (P(V'),L(V)) satisfies
the following proposition.

Proposition 5.1 (cf. [EDM], 343). Let k be a field and V' a vector space over
k.

(i) (Azioms of projective geometry) The following (I)-(111) hold.

(1) If p,q € P(V), p # q, then there exists a unique ¢ € 1L(V'), such that p,q € .
We denote this line £ by pV q.

(IT) If po,p1,p2,q1,92 € P(V), po,p1,p2 are not collinear, q1 # q2, Po,p1,q1 are
collinear and pg, p2,qa are collinear, then p1 V pa,q1 V q2 are concurrent.

(1) If € € L(V), then t(f) > 3
(ii) (Desargues’ theorem) If p1,p2,p3,q1,92,q3 € P(V), p1,p2,p3 are not collinear,

q1,92,q3 are not collinear, p1 # q1, p2 # g2 and ps # qz, then: “p1 V qi1,p2 V
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q2,p3 V q3 are concurrent” if and only if “(p2Vps)N(g2Vqs), (p3Vp1)N(gVaqr),
(p1 Vp2) N (q1V q2) are collinear”. O

Now, roughly speaking, the fundamental theorem of projective geometry asserts
that the information carried by the pair (k, V) is equivalent to that carried by the
pair (B(V), L(V)).

To be more precise, from now on, let k; be a field and V; a vector space over k;,
fori=1,2.

Definition 5.2. (i) An (A semilinear) isomorphism (ki,Vy) = (ko,V2) is a pair
(i, \), where 1 is an isomorphism k; = ks of fields and X is an isomorphism V; = V5
of abelian groups, such that, for each a € k; and x € Vi, one has A(ax) = p(a)\(z).
(In fact, when V; # 0, p is determined uniquely by A, hence we may say that A is
an (a semilinear) isomorphism.)

(i) A collineation (P(V;),L(V1)) = (P(Vz2),L(V2)) is a pair (o,7), where o is a
bijection P(V;) = P(V) and 7 is a bijection L(V;) = L(V%), such that, for each

¢ € L(V4), one has 7(¢) = J(Z)(d:ef {o(p) | p € £}). (In fact, T is determined uniquely
by o, hence we may say that o is a collineation.)

Theorem 5.3 (Fundamental Theorem of Projective Geometry, cf. [Artin]).
(i) Each isomorphism (u, ) : (k1, V1) = (ko, Vo) naturally induces a collineation
(0,7) : (B(VA), (V1)) = (B(Va), L(Va)) by setting o() = Mz) for x € V1 \ {0}.

(1) Assume that dimyg, (V;) > 3 for i = 1,2. Then, for each collineation (o,T) :
(P(V1),L(V1)) = (P(Va),L(Va)), there exists an isomorphism (u,\) : (k1, V1) =
(kg, Vo) that induces (o,7) : (P(V1),L(V1)) = (P(V2),L(V2)) (in the sense of (i)).
Further, such an isomorphism (p, A) is unique up to scalar multiplication. More
precisely, if (pu, \), (u', ') are such isomorphisms (that induce the same collineation
(0,7)), then there exists an (in fact, a unique) element a € ki such that y' = p

and N'(=) = Xa--). O

The aim of this section is to give a refined version of the fundamental theorem of
projective geometry, where certain “partial” collineations defined over “sufficiently
large” subsets of projective spaces are considered. To formulate it precisely, let us
first define what are “sufficiently large” subsets of projective spaces.

Definition 5.4. Let k be a field. Let S be a set of subsets of P!(k).

(i) We say that S is PGLa-stable, if, for any S € S and any o € PGL2(k), one has
o(S) eS.

(ii) Let m,n be integers > 0. Then we say that S is (m,n)-admissible, if S is
PGLs-stable and, for any 0 < m’ <m, 0 < n’ <n, any S1,...,S, € S, and any
P1s-- -, € PL(k), one has

SiU---USp U{pr,...,pw+ CPHE).

(Thus, if my > mg > 0, ny > ny > 0, then S: (mq,n;)-admissible — S:
(mg, ng)-admissible.) )

(iii) We say that S is admissible, if S is (m, n)-admissible for all integers m,n > 0.
(iv) Assume that S is PGLg-stable. Then, for each 1-dimensional projective space
¢ over k, we set

Ry, d—ef{SCE | a(S) € S for somea:E%IP’l(k)}.
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(By assumption, we see that “for some a” in this definition may be replaced by
“for all o” and that S = Sp1(y).)

Remark 5.5. We have:
S: (m,n)-admissible <= VS € S, §(P*(k)) > mf(S) +n < #(k) > m#(S) +n — 1.
In particular, if S = {@}, we have:

S: (m,n)-admissible <= f(P'(k)) > n < #(k) > n.

Definition 5.6. Let k be a field, V a vector space over k, and U a subset of P(V').

(o) For each line ¢ € L(V), we write (i LU and - € en (P(V)\U) =20\ {y.
(i) We define (V) € L(V) by:

L(V)y € {ee L(V) |ty # 2},
(ii) Let S be a PGLgy-stable set of subsets of P! (k). Then we define L(V)y,s C L(V)
by:

L(V)us € {6 e L(V) | tye € S}

(iii) Let S be a PGLa-stable set of subsets of P1(k). We say that U is S-ample, if
the following conditions (1)(2) hold.

(1) U # @.

(2) L(V)y C L(V)y,s. Equivalently, for each ¢ € L(V), either £y = @ or e € Sy.
(When S is (1, 0)-admissible, one automatically has L(V)ys C L(V)y, and the
above condition (2) is then equivalent to: L(V)y =L(V)y.s.)

Now, return to the situation of the fundamental theorem of projective geometry.
Namely, let k; be a field and V; a vector space over k;, for ¢ = 1,2. The main result
in this section is the following refinement of the fundamental theorem of projective
geometry.

Theorem 5.7. Assume that dimyg,(V;) > 3 for i = 1,2. Let U; be a subset of
P(V;) fori = 1,2, and assume that U; is S;-ample for some (3,2)-admissible set
S; of subsets of P1(k;) for i =1,2. Let o : Uy = Uy and 7 : L(V1)y, = L(Va)u,
be bijections such that for each ¢ € L(Vi)y,, one has 7({)y, = o(ly,). Then,
each such (o,7) : (U, L(V1)v,) — (U, L(V2)y,) uniquely extends to a collineation
(7,7) : (P(V1),L(V1)) = (P(V2),L(V2)). In particular, there exists an isomorphism
(s A) : (k1, V1) = (ko, Vo) that induces (o,7) : (U1, L(V1)y,) = (U, L(Va)y,), and
such an isomorphism (p, \) is unique up to scalar multiplication.

Proof. Step 0. The second assertion follows from the first assertion and Theorem
5.3. So, let us concentrate on the proof of the first assertion.

Step 1. Claim: If p € Uy, then 7 : L(V})y, — L(V2)y, induces a bijection of subsets

L(V1) (py = L(V2) {o(p)}
Indeed, for each ¢ € L(V1)y,, one has

l e L(V1>{p} < pe/l

< pely,

< o(p) € o(ly,) = 7(O)v,
<~ o(p) € 7(¢)

< 7() € L(V2) (o)}
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as desired.

Step 2. Claim: If p € P(V}), then there exists a unique point p’ € P(V3), such

that 7 : L(V1)y, — L(V2)u, induces a bijection of subsets L(V1),y NL(V1)y, —
L(V2)py NL(V2)y,. If, moreover, p € Uy, then p' = o(p).

Step 2-1. Claim: Two lines ¢1,¢> € L(V7)y, are concurrent, if and only if so are
7'(61), T(gg) € L(VQ)UQ.

Indeed, it suffices to prove the ‘only if” part, since the ‘if’ part is obtained by
applying the ‘only if’ part to o=! : Uy = U;. Now, the ‘only if’ part is clear if
01 = ly. So, assume {1 # {5. Then, as {1, {5 are concurrent, there is a (unique) point
p € P(V) such that (1Nl = {p}. If p € Uy, then o(p) € 7(¢1),7(¢2) by Step 1, hence
7(l1),T(f2) are concurrent, as desired. So, we may and shall assume that p ¢ U;.
For each i = 1,2, choose p; € ({;)u, = £; \ (£)ve) # @ ((1,0)-admissibility). As

p1 € €1\ ¢ and py € U5\ {1, one has p; # pa. So, set m dZEfpl V ps. As p1 € Uy, one
has m € L(V1)y,. Next, take ¢ € my, \ {p1,p2} = m\ (mue U{p1,p2}) # @ ((1,2)-
admissibility). Consider the projection (or perspective mapping) « : £; = f5 with
respect to the center g. More precisely, « is defined by {a(z)} = (xV ¢)N¢y for each
x € 1. (In particular, a(p;) = p2 and a(p) = p.) Take ¢1 € (({1)y, Na™1((€2)y,)) \

{p1} = 0\ (0)ws Ua™ (b)) U {p1}) # @ ((2,1)-admissibility), and set gy <
a(gr) and n=q1Vq (=@ Vqg=aq V) (Thus, g2 € (({2)v, Na((t1)v,)) \ {p2},
and, as g1 € Uy, one has n € L(V1)y,. ) Now, one has ¢,p1,¢1,p2,92 € U1, ¢,p1,q1
are not collinear, po # g2, q¢,p1,p2 € m and q,q1,q2 € n. Accordingly, one has
U(Q)a0(p1)7U<QI)aU(p2)7U(Q2) S U27 0'((]),0'(])1),0’((]1) not collinear, U(pQ) 7& U(q2)7
and, by Step 1, o(p1),0(p2),0(q) € 7(m) and o(q1),0(q2),0(q) € 7(n). Further,
as p1,q1 € /1 (p1 # q1) and pa,q2 € lo (p2 # q2), one has o(p1),0(q1) € 7(¢1)
(with o(p1) # o(q1)) and o(p2),0(q2) € 7(f2) (with o(p2) # o(g2)) by Step 1.
Now, by Proposition 5.1(i)(II), this implies that 7(¢1) = o(p1) V o(q1) and 7(¢3) =
o(p2) V o(q1) are concurrent, as desired.

Step 2-2. Claim: Three lines ¢1,¢s,¢3 € IL(V1)y, are concurrent, if and only if so
are T(gl),T<£2),T(€3) € L(‘/Q)Uz

Indeed, it suffices to prove the ‘only if’ part, since the ‘if’ part is obtained by
applying the ‘only if’ part to o=! : Uy = U;. Now, the ‘only if’ part follows
from (the ‘only if’ part of) Step 2-1 if ¢; = ¢; for some ¢ # j. So, assume that
01,0y, 05 are mutually distinct and set ¢1 N ¢y Nl = {p}. If p € Uy, then o(p) €
7(41),7(¢2), 7(¢3) by Step 1, hence 7(¢1),7({2), T(¢3) are concurrent, as desired. So,
we may and shall assume that p ¢ U;. Take p1 € (¢1)y, # @ and p2 € (l2)y, #
@. Take p3 € (€3)u, \ ((p1 V p2) NLs) = L3\ ((3)ug U ((p1 V p2) N L3)) # @
(1, 1)-admissibility). Take g, € (f4)u, \ {p1} = &\ (6)o U {pn}) # & (1, 1)-
admissibility). Let « : fo = (p; V p2) be the projection with respect to the center

q: {a(x)} = (xV )N (p1 Vp2). Take g2 € (b2)u, Na ((p1 V p2)u,) \ {2} =
O\ ((41)e U a1 ((p1 V p2)ue) U{p2}) # 9 ((2,1)-admissibility), and set rqo def

al(q2) € (p1 Vp2)u, \ {p1,p2}. Let B : f3 = (p2 V p3) be the projection with
respect to the center go: {8(z)} = (zV q2) N (p2 Vp3) and v : 3 = (p3 V p1)
the projection with respect to the center ¢1: {v(x)} = (z V¢1) N (ps V p1). Take
g3 € ((3)oy, N B~ (p2 vV p3)vy) Ny~ H(ps Ve )u)) \ ({ps} U (@1 V g2) N 43)) =
3\ ((3)ue U B~ ((p2 V p3)ue) Uy H(ps V p1)ue) Udps} U (@1 V q2) N l3)) # @

(here, we use the (3,2)-admissibility assumption fully), and set ra3 &t Blgs) €
50



(p2 V p3)uy \ {p2.ps} and 31 = 4(gs) € (p3 V p1)v, \ {ps,p1}. Now, one has
P1,P2,P3,91,92, 3,12, 23,731 € Ur with p1,pe, ps not collinear and ¢, g2, g3 not
collinear, p1,q1 € £1 with p1 # q1, p2,q2 € f2 With ps # g2, p3, q3 € £3 with p3 # g3,
{riz} = (P1Vp2) (@1 Vq2), {r23} = (P2Vp3)N(q2Vq3), {rai} = (p3Vp1)N (g3 V),
and /1 = p1 V@1, lo = pa V g2, f3 = p3 V g3 are concurrent. Then, by (the
“ =’ part of) Proposition 5.1(ii), r12, 723,731 are collinear. Accordingly (by Step
1)7 one has U(pl),U(p2),0(p3),0'((]1),0(g2),O'(Q3),O'(Tlg),U(ng),U(Tgl) € Uz with

o(p1),0(p2),o(ps) not collinear and o(q1),0(g2),0(gs) not collinear, o(p1),0(q1) €

(1) with o(p1) # o(q1), o(p2),0(g2) € 7(¢2) with o(p2) # 0(g2), o(ps),0(q3) €
7(l3) with o(ps) # o(gs), {o(r12)} = (o(p1) V a(p2)) N (o(q1) V olgz)), {o(res)} =
(0(p2) vV a(ps)) N (o(gz) Volgs)), {o(rs1)} = (a(ps) vV olp1)) N (algs) Vola)), and
o(ri2),0(ra3),0(rs1) are collinear. Now, by (the ‘ <=’ part of ) Proposition 5.1(ii),
(1) = o(p) V o(q1), 7(62) = 0(p2) V 0(g2), 7(6s) = o(ps) V 7(gs) are concurrent,
as desired.

T

Step 2-3. Claim: If p € P(V;) for i = 1,2 , one has

N ¢ ={p}.

éEL(‘fi){p}ﬂL(Vi)Ui

Indeed, we may assume that ¢ = 1. First, “D” is clear. So, to prove “C”, it
suffices to show that the left-hand side is of cardinality at most one. Then, since
two distinct lines intersect at at most one point, it suffices to prove that there are
at least two elements ¢ € (V1)) NL(V1)y,. Consider the two cases separately: (i)
p € Uy;and (ii) p € Uy. In case (i), as dim(P(V1)) > 2, hence there exist ¢, € P(V7)
such that p, q,r are not collinear. Then pV ¢ and p V r are two distinct lines that
belong to L(V1)py NL(Vi)y,. In case (ii), as Uy # 9, take ¢ € Uy. (Thus, g # p.)
As dim(P(V1)) > 2, hence there exists r € P(V;) such that p, ¢, r are not collinear.
Observe qVr € L(V1)y,, and take s € (¢V7)y, \{g,7} = (¢Vr)\((qVr)ueU{gq,T}) #
@ ((1,2)-admissibility). Now, pV ¢ and p V s are two distinct lines that belong to
L(V1)py NL(VA)o, -

Step 2-4. Claim: If p € P(V7),

A 7(€)

@G]L(Vl){p} O]L(Vl )Ul

is a subset of P(V4) of cardinality one. (Denote it by {p}.)

Indeed, for each pair £,m € L(V1)y NL(V1)y, with £ # m, 7(€) N 7(m) is of
cardinality one by Step 2-1. So, set 7(¢) N 7(m) = {py,,}. In fact, the point p;
does not depend on the pair £, m. Indeed, let ¢',m’ € (V1) NL(V1)y, be any
pair with & # m’. If §{f,m,¢',m’} = 2, then it is clear that pj,. = pj .. If
8{¢,m,0',m'} = 3, then it follows from Step 2-2 that 7(¢),7(m),7(¢'),7(m’) are
concurrent, hence pj .. = pj ... If #{€,m,¢',m'} =4, then, again by Step 2-2, one
has 7 7

Plam = Pom: = Pt

Now, write p’ = pj ,,, for some (or, equivalently, all) pair ¢,m € L(V1),y NL(V1)y,
with ¢ # m. Here, note that, as shown in the proof of Step 2-3, L(V1) 3 NL(V1)v,
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is of cardinality at least two, hence at least one such pair ¢, m exists. Then, by
definition, one has

N T(0) = {p'},

LEL(V1) {pyNL(V1) U,y
as desired.

Step 2-5. End of Step 2.
Let p € L(V4) and define p’ € (V%) as in Step 2-4. Then one has

T(L(V1)py NL(V1)u,) C L(V2) gy NL(V2)w,.
Applying this to 0= : Uy = U; and p’ € L(V3), we obtain
T L(Va) gy NL(V2)) € L(VA) pry NL(V)u,
for some unique p” € (V7). Combining these containment relations, we conclude
L(Vi){py NL(V1)v, € L(VA) gy NL(VA)ur
which, together with Step 2-3, implies that {p} D {p”}, hence p = p”, and that
T(L(V1) py NL(V1)oy) = L(V2) (pry NL(V2) v,

as desired.
The uniqueness of p’ is clear by Step 2-3. This uniqueness, together with Step
1, implies p’ = o(p) for p € Uy.

Step 3. We define ¢ : P(V}) — P(V3) to be the map that sends p € P(V;) to
p’ € P(V3) defined in Step 2. (Thus, in particular, 6(p) = o(p) if p € Uy.)

Claim: & is a collineation. (More precisely, there exists a (unique) bijection 7 :
L(V1) = L(V,), such that (7, 7) is a collineation.)

Step 3-1. Claim: ¢ : P(V;) — P(V3) is a bijection.

Indeed, starting with o=! : Uy = U, instead of o, we obtain o~1 : P(Vs) —
P(V1), which turns out to be the inverse of & from the uniqueness assertion of Step
2.

Step 3-2. Claim: If ¢ € L(V1)y,, then 6(¢) = 7(¢) (€ L(Va)y,).

Indeed, let ¢ € L(V4)y, and p € £. Then, just by the definition of &, we have
o(p) € 7(¢). Namely, we obtain 5(¢) C 7(f). Applying this to o= : Uy = U,
and 7(¢) € L(V3)y, (and noting that o=! = 6! as shown in Step 3-1), we obtain
o Hr(0)) c 77 1(7(¥)) = ¢, or, equivalently, 7(¢) C 5(¢). Combining these, we
obtain ¢(¢) = 7({), as desired.

Step 3-3. Claim: Three points py, p2, ps € P(V7) are collinear, if and only if so are
(p1),5(p2),0(ps)-

Indeed, it suffices to prove the ‘only if’ part, since the ‘if’ part is obtained by
applying the ‘only if’ part to o= : Uy = U;. If #{p1,p2,p3} < 2, the assertion
is clear. So, we may assume that pq,p2,p3 are mutually distinct. In particular,
the line ¢ containing pi,p2, ps (whose existence is ensured by the collinearity of

52



p1,D2,p3) is unique. Next, if £ € L(V})y,, then the assertion follows immediately
from Step 3-2. So, we may assume that ¢ € L(V)y,, i.e., £ NU; =

Take ¢n € Uy # @. As {NU; = @, we have q; € ¢, hence there exists a unique
plane P C P(V;) containing both ¢ and ¢;. We shall construct various points in
PNU;. Let a: (g1 Vps) = (q1V p2) be the projection with respect to the center
p1: {a(x)} = (Vp1) N (g1 Vp2). Take g2 € (1 Vp3)v, Na (1 Vp2)u,) \{ar} =
(1 Vp3) \ ((q1 Vp3)ue Ua™ (@1 V p2)ue) U{ar}) # @ ((2,1)-admissibility), and

set q3 oot a(q) € (@ Vp2)u, Na((gr Vps)u,) \{a1}- Next, take r;1 € PNU;p \
(g1 Vp3)U (g1 Vpe) D (@1 Voo, \{ai} = (@ V1) \ (@1 Vp1)ve U{an}) # @
((1,1)-admissibility). Let 8 : (11 V p3) = (r1 V p2) be the projection with respect
to the center p1: {B(x)} = (x Vp1) N (r1 Vp2). Let v : (ry Vps) = (11 Vq1) be
the projection with respect to the center go: {y(z)} = (x V ¢2) N (r1 V ¢q1). Take
ro € (r1Vops)u, N B ((r1 Vp2)u,) Ny vV a)u,) \ {1} = (r1 Vps) \ ((r1 v
ps)us U B H(r1 Vp2)ue) Uy H((r vV qu)us) U{r1}) # @ ((3,1)-admissibility), and

set r3 % B(re) € (r1 Vp2)u, \ {r1}

First, q1,q2,q3 are not collinear. Indeed, otherwise, ¢i,p2,p3 must also be
collinear, which contradicts the choice of ¢;. Second, rq,7r9,r3 are not collinear.
Indeed, otherwise, r1, p3, po must also be collinear, which contradicts the choice of
r1. (r1 € Uy and p3 V ps = ¢ C Uf.) Third, ¢; # r1. Indeed, this follows from
the definition of ri. Fourth, gs # 5. Indeed, otherwise, g = 75 € 71 V p3, hence
r1 € g2 V p3s = q1 V p3, which contradicts the choice of r;. Fifth, g3 # r3. Indeed,
otherwise, g3 = r3, hence vy € 11 Vpy = r3Vps = q3Vp2 = q1 Vp2, which contradicts
the choice of 7.

Thus, one may apply (the ¢ <= ’ part of ) Proposition 5.1(ii) to ¢1, g2, g3, 71, "2, 7'3-
Then there exists s € P(V), such that s,q1,71 are collinear, s, go, 75 are collinear,
and s, g3, 73 are collinear. By definition, s = v(ry) € U;.

By Step 3-2, 0(¢q1),0(q2), 0(g3) are not collinear, o(r1),o(r2), o(rs) are not collinear,
o(s),0(q1),0(r1) are collinear, o(s),o(gz2),o(r )are collinear, and o(s), o(q3), o(r3)
are collinear. Also, as o is a bijection, one has o(q1) # o(r1), o(q2) # o(r2)
and o(q3) # o(rs). Thus, applying (the * = ’ part of) Proposition 5.1(ii) t
o(q1),0(q2),0(q3),0(r1),0(r2),0(r3), we conclude that &(p1) = (o(q2) V o(qs))
(0(r2) Vo(rs)), o(p2) = (o(gs) Volq)) N(o(rs) Va(r)), o(ps) = (o(q1) V o(ge))
(o(r1) V o(ra)) are collinear, as desired.

Step 3-4. Claim: If ¢ € IL(V1), then 6(¢) € L(Va).

Indeed, for each pair p,q € ¢ with p # ¢, set £, , def a(p) Valq ) e L(V3).
In fact, the line E’ ».q does not depend on the pair p,q Indeed, let p’,q € ¢ be
any pair with p’ # ¢'. If #{p,q,p’,¢'} = 2, then it is clear that ¢, , = £, .
If t{p,q,p’,q¢'} = 3, then it follows from Step 3-3 that &(p),5(q),a(p’),o(q") are
collinear, hence £}, /= £}, ... If #{p,q,p’,¢'} = 4, then, again by Step 3-3, one has

/ol o
gnq - gp,q’ - gpﬂq’

0
N
N

Now, write ¢’ = ¢}, . for some (or, equivalently, all) pair p,q € £ with p # q. Here,
note that, by Proposition 5.1(i)(III), at least one such pair p,q exists. Then, by
definition, 5(¢) C ¢’ or, equivalently, o(¢) C 6= (¢").

Applying thisto o=t : Uy = Uy and £’ € L(V3), we obtain 6= (¢') = o= 1(¢') C ¢"
for some ¢/ € IL(V;). Combining these containment relations, we conclude ¢ C ¢,
which implies ¢ = ¢ and 6(¢) = ¢, as desired.
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Step 3-5. End of Step 3.

By Step 3-4, we may define 7 : L(V;) — L(V2) to be the map that sends ¢ €
L(V1) to 6(¢) € L(Va). (Note that 7 : L(Vh) — L(V3) is an extension of 7 :
L(Vi)v, — L(Va)y,, by Step 3-2.) Applying this to o=t : Uy = Ui, we may
also define 7/ : L(Vz) — L(V;) to be the map that sends ¢ € L(V3) to 6= 1(¢') =
o~1(¢") € L(V;). By definition, it is immediate to prove that 7/ is the inverse map
of 7, and, in particular, that 7 is a bijection. Now, by the very definition of 7,
(7,7) : (P(V1),L(V1)) = (P(V2),L(V2)) is a collineation, as desired.

Step 4. Uniqueness. If (7,7) : (P(V1),L(V1)) = (P(Va),L(V3)) is a collineation,
then, for each p € P(V7), the bijection 7 : L(V;) = L(V3) induces a bijection
of subsets L(V1)(py — L(Va){s(p)3- So, if (7,7) extends (o,7) : (U, L(Vi)y,) =
(U2, L(V2)y, ), then 7 (or, equivalently, 7) induces a bijection of subsets IL(V1 ), N
L(Vi)u, = L(V2)gy NL(V2)y,. Thus, the uniqueness assertion in Theorem 5.7
follows from the uniqueness assertion in Step 2. (Recall the fact that 7 is determined
by & uniquely.) O
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