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Highlights
e An SDE model of entorhinal cortex (EC) stellate cells is proposed.
e Experimentally observed action potential clustering is investigated in the model.
e Clusters are generated by subcritical-Hopf/homoclinic type bursting.

e Potential mechanisms underlying changes in EC dynamics in dementia are presented.
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Abstract

The entorhinal cortex is a crucial component of our memory and spatial navigation systems and
is one of the first areas to be affected in dementias featuring tau patholegy,Such as Alzheimer’s
disease and frontotemporal dementia. Electrophysiological recordings®rom principle cells of me-
dial entorhinal cortex (layer II stellate cells, mEC-SCs) demonstrate a number of key identifying
properties including subthreshold oscillations in the theta44-12 Hz) range and clustered action
potential firing. These single cell properties are correlated with-network activity such as grid
firing and coupling between theta and gamma rhythmsssuggesting they are important for spa-
tial memory. As such, experimental models of dementia have revealed disruption of organised
dorsoventral gradients in clustered action potential*firing.

To better understand the mechanisms underpimning these different dynamics, we study a
conductance based model of mEC-SCs. We demonstrate that the model, driven by extrinsic noise,
can capture quantitative differences in clustered action potential firing patterns recorded from
experimental models of tau pathology and healthy animals. The differential equation formulation
of our model allows us to perform numerical bifurcation analyses in order to uncover the dynamic
mechanisms underlying these patterns. We show that clustered dynamics can be understood as
subcritical Hopf/homoclinic burstingin a fast-slow system where the slow sub-system is governed
by activation of the persistént sodium current and inactivation of the slow A-type potassium
current. In the full system, weidemonstrate that clustered firing arises via flip bifurcations as
conductance parameters are varied. Our model analyses confirm the experimentally suggested
hypothesis that the/breakdown of clustered dynamics in disease occurs via increases in AHP
conductance.

Keywords: Dementia, bifurcation analysis, neuron model, bursting, subthreshold oscillations

1. Introduection

The entorhinal cortex occupies a key role in the cortical-hippocampal circuit, acting as a
gateway between the neocortex and hippocampus [1] and playing a pivotal role in working mem-
oty processing and spatial navigation [2, 3]. Many different functional cell types involved in the
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coding of spatial representation are found in the entorhinal cortex, including grid cells, border
cells, head direction cells and speed cells [4, 5, 6, 7]. Spatial information from these cells is
transferred from Layer II of the entorhinal cortex to place cells in the hippocampus, which in
turn feed back into the entorhinal cortex [8, 9, 10].

The principle neurons in layer II of the medial entorhinal cortex are reported to be pre-
dominantly (60-70%) stellate cells (mEC-SCs) [11, 12]. Analysis of recordings of mEC-SCs in
brain slices demonstrates a number of key identifying electrophysiological properties, including
a large membrane potential sag mediated by a hyperpolarisation activated cation current (Iy,),
subthreshold oscillations in the theta (4-12 Hz) range and clustered action potential firing [11].
Dorsoventral gradients in these electrophysiological properties [13, 14, 15, 16, 17, 12]yreflect
similar dorsoventral gradients in grid cell spacing [4], implying a key role in spatial memory:

The disruption of memory systems is one of the hallmarks of dementia [18].. The most
common cause of dementia, Alzheimer’s disease, has been shown to affect the entorinhal cortex
early in disease progression [19]. One of the two primary pathologies of Alzheimer’s disease is
the presence of neurofibrillary tangles caused by mutant forms of tau proteins (the’other being
plaques formed by amyloid beta). Experimental models of tau pathelogy have revealed that
neurofibrillary tangles cause spatial memory deficits [20] that may be underpinned by alterations
in the intrinsic cellular dynamics described above [12, 20]. It is*therefore’ crucial if we wish
to develop treatments and therapries to build our understanding efsthe mechanisms underlying
mEC-SC dynamics so that we can further elucidate the cellular and/network bases of spatial
memory, and ultimately the causes and consequences of Alzheimer’s disease.

There are many potential dynamical frameworks within which.to mathematically model clus-
tered firing of neurons or the generation of subthresheldescillations. Phenomenological models
have used extrinsic rhythmic inputs to drive integrate-and-fire type neurons across bifurcations
[21, 22], thus producing temporal periods of quiescence intérspersed with bursts of action poten-
tials, that may be reminiscent of clustered firing. [vow dimensional neuronal models such as the
Izhikevic neuron (which is a non-linear integrate-and-fire type neuron) have been used to model
mEC-SC firing patterns [23, 24] but arefalso constructed from a phenomenological, dynamical
systems perspective and do not offer mechanistic insight at the single neuron level. For example,
they do not allow understanding of<the relationship between properties of membrane channels
and the aforementioned dynamicfiring patterns.

In order to develop a mechanistie, biophysical understanding, Fransén et al [25] developed
a detailed, compartmental mmodel of 'an mEC-SC, based on the Hodgkin-Huxley formulation.
In addition to standard Hodgkin-Huxley ion channels, hyperpolarisation-activated, cation non-
selective channels ([},) weréjincorporated along with calcium-gated potassium channels including
a potassium-mediatéd after-hyperpolarisation (AHP) current. It was demonstrated that this
combination of chanmnels was sufficient to describe limit cycle subthreshold oscillations in the
theta (4-12 Hz) range and clustered action potential firing. A simulation study of the noise
driven system demongtrated a dependence of clustered firing on the AHP conductance and the
time scale/of the slow I, component [25]. To investigate the role that stochastic effects could
play inugenerating stellate cell dynamics, Dudman and Nolan [26] formulated a high dimensional,
Markov chain model of stochastic ion channel gating and demonstrated that this model could
reproduce the aforementioned dynamics due to intrinsic ion channel noise. Clustered action
potential firing was generated by a transient increase in probability of action potential firing
during tecovery from the AHP. This required the [}, current, since simulations and experimental
investigation of an I, knockout resulted in loss of clustering.

These previous models have provided insight into the potential biophysical mechanisms under-
pinning the clustered action potential firing and subthreshold oscillations of mEC-SC. However,
the dynamic mechanisms underpinning clustered action potential firing were not elucidated,
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which precludes a thorough understanding of the ways in which changes in parameters affect
dynamics. Such understanding would help to build a more complete picture of the reasons why
different firing patterns can emerge, for example due to diseases such as Alzheimer’s disease.
Furthermore, previous models have been cumbersome, either due to their dependence on cal-
cium gated-channels or stochastic simulations. A simpler model would allow us to extend more
readily into neuronal networks in the future in order to better understand the spatial structures
underpinning memory processing in health and disease.

In order to advance such a framework, in this study, the model of Dudman and Nolan [26]
is converted to the deterministic Hodgkin-Huxley formulation. This results in an ordinary dif-
ferential equation (ODE) model that retains the key components of I, and Iagp. As a single
compartment model with only voltage-gated ion channels, this model is simpler thansthe multi-
compartment model of [25] which includes both voltage- and calcium-gated ion cHannels. Upon
introducing extrinsic noise to the membrane potential in a stochastic differential’equation (SDE)
framework, numerical simulations are used to demonstrate that this model is,capable’of gener-
ating clustered action potential firing as well as subthreshold membranepotential fluctuations
with peak power in the theta band, in line with experimental results:*Numerical bifurcation
analyses demonstrate that clustered firing in the model arises due tola flip bifurcation [27, 28].
Clustered action potential firing can, in turn, be understood in terms of a.fast-slow system, in
which the activation of the persistent sodium (NaP) and inactjvatien“of the slow A-type potas-
sium (Kas) channels act as slow variables, driving the fast sub-system through a hysteresis loop
via subcritical Hopf and homoclinic bifurcations. Thus, ifiyterms)of the underlying dynamics,
this model can be classified as a subcritical Hopf/homoeliniesbutster [29]. This model allows
for clustered action potential firing to be controlledgmaking it a suitable model to study the
role of dorsoventral gradients in clustering. It is thereby proposed that alterations to AHP or
I}, conductances could mediate the quantitative changes in clustering observed experimentally.
In experimental models of dementia (rTg4510), loss/0f clustered firing is found to correlate with
significant changes to AHP amplitude but no\change in I, mediated sag [12]. Hence our results
suggest a possible path through parameter. space that account for the differences in patterned
firing in rTg4510.

2. Materials and Methods

2.1. Mathematical Model

The stochastically gated Markov Chain model of layer II medial entorhinal cortex stellate
cells (mEC-SCs) presented by Dudman and Nolan (2009) [26] was converted to a system of
stochastic differential equations (SDEs) in the Hodgkin-Huxley formulation [30]. For a given
ion channel, Markov Chain models calculate the voltage dependent probability of a closed gate
opening, «(V)and an ‘open gate closing, S(V) in order to estimate the fraction of gates open
at a given time. Under the assumption that the number of ion channels is sufficiently high, we
can make a density approximation; i.e. the fraction of gates open is equal to the probability of
gates/beingopen, and hence we can write

dx

o = ()1 - 1) = B V), (1)

where x is the fraction of open gates for = in the set of ion channels. The presence of noisy
fluctuations in the dynamics due to the intrinsic stochastic channel gating are not modelled
explicitly, but approximated through the addition of extrinsic additive noise on the membrane
potential.
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The membrane potential is given by

av

o2

dt

where the term o7(t) is the extrinsic noise term, where o is the noise variance and (n(t)) = 0
and (n(t),n(t")) = 6(t — t'). Each ionic current is given by

Ix = gx¥x(V — Ex). (3)

Here, X labels the set of ionic currents, gx is the maximal conductance of current X4 x is
the fraction of channels in the conducting state (see Appendix A), and Ex is the eguilibrium
potential of the current.

The transient sodium (NaT) and potassium delay rectifier (Kdr) are those“of the classic
Hodgkin-Huxley model and mediate action potential initiation and recovery réspectively. Also
included in the model are a persistent sodium (NaP) current, fast and slow potassiumyA-type cur-
rents (Kaf and Kas respectively), an Ohmic leak (L), and an inward hyperpelarisation activated
(h) current.

Furthermore, a phenomenological spike-dependent outward after hyperpolarisation (AHP)
current is included in the model. This current is modelled with (V%) =\1.5€xp(—(t — tspike)/T)
and § = 1.6. Here, tgpike is the time of the last spike (definedvas™membrane potential rising
through 0mV) and 7 = 60 such that the AHP lasts approximately 100ms [12].

Noise variance was selected as follows. Having fixed all parameters but those being studied
(gn and gapp), these remaining two free parameters of the deterministic system were chosen
such that the inter-spike interval of the model reflectedwexperimental results [12] (gn = 2.8,
gapp = 0.425). The system was simulated for a range of\wnoise values to identify plausible values
with realistic clustering dynamics as quantified by, Pew[31] (see Figs S1 and S2, and description
below). This yielded a value of ¢ = 0.197ud - ecm7™?, or equivalently ¢/C = 0.135 mV-ms™1.
This value was used in all stochastic simulations,unless stated otherwise.

Simulations use the stochastic Heun‘method 'with a time step of 0.0lms. Parameters are
those given in Table 1 unless stated otherwise. For spectral analyses, the multitapered power
spectrum was calculated using the .GHRONUX toolbox (http://chronux.org/)[32] with 9 tapers
and time-bandwidth product of 5.

= Lpp — INaT — INaP — Ixdr — IKat — Ikas — In — Ianp — I, + on(t) (2)

Parameter Value Parameter Value
C 1.46 pF-cm—2 INaT 24 mS-cm 2
Topp 0.3 pA-cm—2 gNaP 0.075 mS-cm 2
BN 55 mV IKdr 11 mS-cm™2
Fyx -85 mV IKaf 0.1 mS-cm™2
By -30 mV IKas 0.5 mS-cm ™2
Er -88.5 mV gL 0.15 mS-cm ™2

Table 1: Parameters used in the model

A cluster of action potentials is defined as two or more spikes with an inter-spike interval
of < 250ms, preceeded and followed by a quiescent period of > 300ms. Clustering is quantified
by"Pg, which is the ratio of spikes defined to be within a cluster to total number of spikes [31].
Calculation of P¢ is demonstrated in Fig S1.

2.2. Bifurcation Analysis
In order to understand the underlying dynamics, the ordinary differential equation (ODE)
formalism is given by the above system with ¢ = 0 in Eq 2. This ODE formalism allows for a
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bifurcation analysis of the system. To conduct the bifurcation analysis, a number of methods
were used. Equilibria were found using either XPPAUT [33] or Matlab’s fsolve [34] functions in
a reduced system with no AHP current. This reduction is made since the AHP current is spike
dependent and decays to zero in the absence of spikes.

Periodic orbits in the full model with AHP could not be analysed in XPPAUT due to the non-
smooth nature of the AHP current. Instead, the Poincaré return map on the Poincaré section
at ¥V = 0 (at which non-smoothness due to the AHP current arises) was identified using Matlab.
For tonic spiking, high precision numerical solutions were found using a boundary value solver
in Matlab. Due to the high dimensionality and complexity of the model, for doublets and-other
multiplets this could not be implemented. Instead solutions were found using Matlab’s,ode45
(with tolerances set to 10~'?) with high precision event detection, and the return map-identified
using Picard iterations; i.e. for each crossing of the Poincaré section, the Euclidian distance to
all past crossing of the Poincaré section was calculated and a periodic orbit identified as this
distance being less than 107!2. The Jacobian of the map was constructed by.ealculating Fréchet
derivatives, and eigenvalues of the Jacobian used to assess stability and identify bifurcations in
the map. Lyapunov exponents of the Poincaré return map were calculated to identify chaotic
regimes [35], where a negative maximum Lyapunov exponent (MLE,,,5) represents a steady state
on the map (corresponding to a stable limit cycle in the flow) and.apositive/MLE,,,,, represents
a chaotic regime.

3. Results

3.1. Identifying parameter regimes of clustered firing

A number of experimental and modelling studies implicate the after hyperpolarisation (AHP)
and hyperpolarisation activated current (I,) in playingrarrole in clustered action potential firing
[12, 31, 26, 25]. Motivated by these studies,the effect of the AHP and h-current conductances
(g9anp and gy, respectively) on clustering was studied in our model.

To do so, we simulated 10 model netronstfor 20s over a range of values of gagp and gn. Pe,
which quantifies the proportion of clustered firing (see section 2 and Fig S1), was calculated for
each parameter set. A summary of'our results depicted as a heatmap of Po values and illustrated
via exemplar membrane potential traces is shown in Fig 1A-B. For low values of gy, the model cells
only fire sporadic action poténtials dué to noise occasionally bringing the membrane potential
above threshold (dark bluewregions in Fig 1A). For very low gamp, as gy is increased the system
moves into a regime of tonic firing’(yellow region in Fig 1A). For intermediate values of gapp, as
gn is increased clustered parameter regimes occur (orange regions in Fig 1A) . For values of gapp
sufficiently high for clustering to occur, as gy, is increased the system moves from very low Po
towards a peak dt" Po'a 0.8, and then back down to lower Po (Fig 1A). Therefore, spontaneous
activity in the‘model arises due to a combination of noise and the applied current. Time courses
associated swith these values can be seen in Fig 1B. For these simulations, noise variance was
set to /€ = 0.135 mV-ms~! (see section 2). Fig S3 demonstrates that these results are robust
to différent walués of noise, with noise values scaling P¢ in the clustered regimes. The effect of
noise on Pgjfor a single parameter regime is shown in Fig S2.

Interder to understand these dynamics, the deterministic system was also simulated over
thessame range of parameters. A heatmap representing the number of spikes per cluster and
exémplar membrane potential traces are plotted in Fig 1C-D. To directly compare the dynamics
of the determinstic system to the stochastic system, in Fig S4 we present the heatmap of the
deterministic system juxtaposed with heatmaps for the stochastic system at three different levels
of noise variance. It can be seen in Fig S4 that the heatmaps for the determinstic and stochastic
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system appear qualitatively similar in terms of the number of spikes per cluster (similar positio-
ing of coloured regions in the heatmaps). In order to quantify this similarity we calculated the
Pearson’s correlation between the number of spikes per cluster in the simulations of the deter-
minstic system with the average number of spikes per cluster in the stochastic system. These
values, which are indicated in the left hand corner of panels B-D of Fig S4, were above 0.86,
suggesting that an understanding of the deterministic clustering dynamics can be informative
for understanding the clustering dynamics of the stochastic system.

For g, > gPN, only a stable periodic orbit exists, generated by the homoclinic bifurcation at
giIC. Orbits with a range of number of spikes per period can be found beyond this bifupeation.
Period 1 orbits correspond to tonic action potentials, whilst period > 1 orbits correspend to
firing in multiplets, i.e. bursting. By comparing Figs 2A and B, one can observe thatythe
regimes of period > 1 in the deterministic system correspond to clustered action potential firing
in the stochastic system. The transitions between orbits of different periods (egy from period 2
doublets to period 3 triplets) occur via flip bifurcations [27, 28], drawn in Fig 2y dotted'red lines.
The transition between period 1 oribits (tonic spiking) and orbits with petiod > 1 (bursting) is
indicated by a solid red line in Fig 2. Seen in terms of decreasing valués-of gy, the bifurcation
underlying this transition is a flip bifurcation of the period 1 orbit into period 2 regime. As gy,
is decreased further, the system undergoes a flip or spike adding cascade. int6 chaotic dynamics,
before a stable period 5 orbit is established. Poincaré return mapsTand Lyapunov exponents
demonstrating an example of this transition are shown in Fig 3

Moving beyond this bifurcation to high values of g, andlow values of gagp yields Po ~ 1 in
the stochastic system. This observation could be explained by a highly stable periodic orbit and
therefore diminished effects of noise. However, in thissease.a high value of clustering arises due
to the way P¢ is calculated, essentially tonic firing with,an ISI < 250ms is classified as a single
cluster (Fig S1). As the flip bifurcation is approached,from’above and left, the orbit becomes less
stable allowing noisy perturbations to cause deviations’away from individual action potentials.
This induces quiescent intervals that become large enough to fall in the range [250, 300]ms, thus
causing the Po value to drop substantially. in magnitude, giving rise to the light blue upper
region of low P¢ in Fig 1A.

Experimental observations have.shown dorsal Po to be approximately 0.69 in healthy animals
and approximately 0.37 in rTg4510 transgenic animals [12]. We used these values to define
possible paths through paraméter space that may account for differences observed in rTg4510
(Fig 4). Given that experimental recordings found no differences in I, but found differences
in AHP amplitude [12], paths E and F in Fig 4C-D are the most likely changes in parameter
space occuring in rTgd5105, The’dynamics of path F recreate firing patterns seen in data most
realistically, since firing\frequency in parameter sets in path E is much higher than in data [12].
This could be explained by the fact that in path E, clustering arises due to noise cancelling
action potentials in a tomic firing regime, as opposed to underlying dynamics causing clustered
firing. PathaF suggests that the underlying noise-free system is undergoing a flip bifurcation
from perigd 3 bursts to period 2 bursts, resulting in the reduced clustering seen in rTg4510.

8.2. (Fast-slow analysis of deterministic clustering

The analysis above suggests that clustered firing patterns may arise due to noise perturbations
tora,periodic bursting regime. In order to further understand these dynamics, a fast-slow analysis
was performed on the deterministic system within this regime. We chose parameters to be
gamp = 0.425 and gy, = 2.8, which results in periodic bursts of three action potentials. We first
examined simulations, which revealed two variables operating with a slow time scale, namely
mNap and hka.s (Fig 5A). Keeping the two slow variables fixed, the remaining (fast) subsystem
was subjected to a numerical bifurcation analysis, which revealed two bifurcations of importance
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for describing the bursting dynamics (see Fig 5B). For low values of my,p, there exists a stable
steady state which loses stability via a subcritical Hopf bifurcation (denoted SCH1) as myap
is increased (marked by a dashed red line in Fig 5B). For high values of my,p there exists a
stable periodic orbit of period 1, which disappears via a homoclinic bifurcation (denoted HC1 and
marked by a dotted red line in Fig 5B) as m.p is decreased. Between these two bifurcations there
is a region of bistability between the steady state and the periodic orbit. These bifurcations in
mnap are drawn over a range of values of hg,s in Fig 5B. A full bifurcation diagram and example
bistable region for mya.p for hxa.s = 0.19 is shown in Fig S5.

Plotting the periodic solution of the full subsystem in the two variables (mna.p andshkas,
Fig 5B) is sufficient to describe the bursting dynamics. The trajectory follows a hysteresis loop
through the fast subsystem. Beginning in the quiescent period between bursts, the two slow
variables will be at a position in phase space such that the fast subsystem is on the,steady state
branch. The periodic solution’s trajectory then moves along the steady state branch until SCH1
is reached, at which point the fast subsystem moves to the periodic orbit bramch. This initiates
the burst, with action potentials firing while slow variables move along the{periodic orbit branch
towards HC1. Once HC1 is reached, the burst ends as the fast subsystem returns to the steady
state branch.

Fig 5B suggests that the slow system can be reduced to a single*slow. variable mg with the
approximation myap = Mglow and hgas = —0.7657Mgow + 0.6477:This linear approximation of
the two slow variables is shown in Fig 5B. The full bifurcationtdiagram for the fast subsystem
as Mglow 1S varied is shown in Fig 5C. As before, the stable steady state is lost via subcritical
Hopf bifurcation (SCH2), and the stable periodic orbit is'lost wiahomoclinic bifurcation (HC2).
Fig 5C shows the remaining bifurcations. The unstable,periodic orbit generated by SCH2 is
lost via a homoclinic (HC3). The unstable steady state following SCH2 becomes stable via
another subcritical Hopf (SCH3). The unstable periedic orbit generated by SCH3 collides with
the stable periodic orbit generated in HC2 and both/periodic orbits disappear via a saddle node
of periodics (SNP1). As in the case of the twoidimensional slow subsystem, there is bistability
between the stable equilibrium and thedstable periodic orbit (Fig 5D) resulting in traditional
fast-slow hysteresis loop bursting. The trajectory of a single burst is shown in Fig 5D.

8.8. Subthreshold Dynamics

In order to validate the model, we/tested whether it reproduced experimental results that
were not used in the development ofithe model; i.e. when choosing parameter regimes that allow
for mEC-SC-like clustering dynamics. Subthreshold oscillations in the theta (4-12 Hz) range are
another key electrophysiological feature of mEC-SCs, so in this section we explore whether theta
band subthreshold activity appears in the model.

The bottom sracefof Fig 1B demonstrates the noise driven response of the model in its
subthreshold régime. mEC-SCs have been shown to generate subthreshold membrane potential
fluctuations“with ,dominant frequencies in the theta band [11]. We therefore quantified the
power spectrum of/dynamics generated by our noise driven system. The stochastic system, with
parametersichosen as in section 3.2, I,,, set below action potential threshold (0.25uA-cm™2),
and white noise added to the membrane potential, was simulated for 20 seconds with low noise
variance (g/C = 0.005 mV-ms~1!). Fig 6A shows an example spectrogram, demonstrating high
power between 0-20 Hz with a peak in the theta (4-12 Hz) range. The mean power spectrum
over an ensemble of simulations (Fig 6B) shows peak power to be in the theta band, with peak
frequency found to be at 10.40 + 1.09 Hz (mean =+ standard error). Whilst low noise variance
was used in these simulations in order to elucidate mechanisms, Fig S6 shows simulations using
the same amount of noise as in previous sections (o/C = 0.135 mV-ms~!) to demonstrate that
theta range fluctuations still arise in system with more realistic noise levels.
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To further understand the origin of this subthreshold preferential theta power, we analysed
the deterministic system. Fig S7 shows a bifurcation diagram in I,,,. The deterministic system
undergoes a saddle node bifurcation at IEII,\L = 0.2738pA-cm™?; for Iy, < I,fg) a stable steady
state exists. A supercritical Hopf bifurcation occurs at IHoPf = 42 10puA-cm~2, generating a sta-

app
ble periodic orbit that is lost via a homoclinic bifurcation at IH¢ = 0.2401A-cm~?demonstrating

app
bistability between spiking and steady state in the range pr% < Lypp < ISII)\;. No other Hopf
bifurcations occur in I,pp, hence the deterministic system does not exhibit stable subthresh-
old oscillations within this parameter regime. We note that noise perturbations can drive the
membrane potential above threshold even for I,,, < Isli\; (see Fig S8 for anlaysis of spike on-
set in relation to injected current and differing noise variance). This justifies ourdchoice of
Topp = 0.25uA-cm~2as this is sufficiently below threshold that no action potentials afélobserved.

In the absence of noise, the system is in a steady state and therefore no deterministic theta
band oscillations arise. A potential mechanism by which white noise on a steady state can result
in power spectral peaks is if the steady state is a focus. The resonant frequencyof a focus can be
calculated as the imaginary part of the complex conjugate eigenvalues of the'Jacebian normalised
by a value of 2. A pair of complex conjugate eigenvalues demonstrated that,the steady state
is a focus with a resonant frequency of 6.32 Hz. The effect of changing appliéd current was also
tested (Fig 6C-D). In experimental recordings, theta power is seento increase as I, approaches
threshold for action potential generation [11]. Fig 6C showstime series traces for a range of
values of I, demonstrating theta power increasing as I,p;, is increased. Theta band spectral
ratio was calculated as the ratio of total power in the theta band to total power in the 1-300 Hz
broad band, shown in Fig 6D. Total power in the delta (1-3 Hz)] theta (4-12 Hz), beta (15-30
Hz) and gamma (30-300 Hz), normalised by width of band;%s shown in Fig S9. Each of these
figures demonstrate the clear emergence of peak theta pewer as I,y is increased and threshold
is approached. A Kruskal-Wallis test confirms a significant effect of applied current on spectral
ratio (x? = 44.97, p = 1.47 x 1078).

4. Discussion

In this study we analysed a conductance based model of a layer II medial entorhinal cortex
stellate cell (mEC-SC), demonstrating that it is capable of generating clustered action potential
firing with a range of quantitative. Pc values that are observed in experiments. We demonstrated
that these dynamics arise due t@ a subcritical Hopf/homoclinic bursting mechanism, which causes
multiple period limit ¢yeles that” when perturbed by extrinsic noise display action potential
clustering. We furthersdemonstrated that the same model can generate experimentally observed
subthreshold membrane potential fluctuations with power spectral peak in the theta band.

4.1. Derivatiomof'theymodel, approzimation of noise, and relationship to the Markov chain model

Dudmgn and Nelan [26] presented a biophysically realistic Markov chain (MC) gated model
of enthorhinal cortex stellate cells. MC models account for random fluctuations in the opening
and ¢losing 6f+ion channels intrinsic to neurons [36, 37] by assigning them a voltage dependent
probability of opening or closing. However, dynamic analysis of Markov chain models is challeng-
ing. Furthermore, Markov chain models are computationally expensive. For these reasons, in
this paper, the MC gated model was converted to the deterministic Hodgkin-Huxley formulation
for ion channel gates (Eq (1); [30]) under the assumption that the number of ion channels is
sufficiently high that a density approximation can be justified, resulting in a system of ordinary
differential equations (ODEs). Channel noise in the neuron was not explicitly modelled, but
approximated by extrinsic, Gaussian noise on the membrane potential. We demonstrated that
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this was sufficient to produce clustered action potential dynamics and theta range subthreshold
fluctuations in line with experiments [11].

4.2. Action potential clustering

Clustered action potential firing, in which two or more action potentials are fired in succession
before a long quiescent period, is a feature of in wvitro recordings of layer II medial entorhinal
cortex stellate cells. Action potential clustering is hypothesised to depend on the AHP and Iy,
currents based on computational studies and correlated gradients in dynamics associated with
these currents[12, 15, 31, 25, 38, 39, 14, 16]. Motivated by this, the dependence of theése two
parameters on clustering was tested in the model. A two parameter bifurcation analysis’ (Fig 1A)
demonstrated that regions of quiescence, tonic firing, and clustered firing coexist. Farthermore,
a range of values of Po were found, allowing for control over the amount of clastering in the
model.

Analysis of the deterministic model allowed for understanding of the mechanisms behind
clustering (Fig 1C). Regions corresponding to tonic firing in the stochastic'model.correspond to
regions of tonic firing in the deterministic model. As the regions of ¢lustering are approached
from the regions of tonic firing, a period doubling cascade occurs until stable imultiplets (‘bursts’
of action potentials) are reached. Flip bifurcations [27, 28] occur,/changing-the number of spikes
per burst. Eventually, firing is lost althogether via a homoclinic bifurcation as g, is decreased.
It is worth noting that a region of bistability exists before, the homeclinic is reached in which
the stable periodic orbit coexists with a stable steady state.In this region of bistability, it was
found that simulations of the stochastic system starting on or'mear the periodic orbit are soon
driven by noise towards the stable steady state, and“hence sustained action potential firing in
this region of the stochastic system is rare. Similar results occur for changes in I, if gn is held
constant in certain parameter regimes (Fig S7), reflecting results in data that increasing applied
current will increase number of spikes per cluster before’ moving the system into tonic firing [11].
This suggests that the different dynamics due\toralterations in g, may arise because of a change
in resting membrane potential as gy, is-varied.\ No such change in resting membrane potential
is observed as gapp is altered. Analysis of a, bursting regime demonstrated that bursting arises
due to a fast-slow mechanism in which, two slow variables drive the fast subsystem through a
hysteresis loop. In terms of bifureations|in the fast sub-system, the bursting mechanism in this
model can be classified as subtriticalyHopf/homoclinic type [29].

The generation of clustéred/action potential firing by deterministic, periodic bursting per-
turbed by extrinsic noigé differspfrom past interpretations of clustering. In the Markov chain
formalism of the mod¢l, Dudman and Nolan [26] suggested clustering was the result of a tran-
sient increase in prebability of firing during recovery from the AHP due to the stochastic mecha-
nisms, and they demomustrated that clustering was not possible in the deterministic version of the
model. In ourstudy, we Systematically explored the consequences of changing gy and gagp, and
found different dynamic regimes in the deterministic system, including steady state and tonic
firing regimes that’/do not correspond to clustered firing in the stochastic model. It is possible
that further exploration of the dynamics of the model of Dudman and Nolan [26] would reveal
similar bursting regimes to those reported herein. Although experimental verification of these
interpretations is difficult, there are some agreements in mechanisms between these two models,
however. The effect of changing gapp in the MC model has not been studied, but within a clus-
teréd parameter regime the affect of reducing gy, in the SDE model largely agrees with the results
of reducing g in the MC model - a reduced value of Pc. The interpretation of increased prob-
ability of firing during recovery from AHP also emphasises the importance of the AHP current
in clustering in the MC model.
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A number of other parameters are likely to play a role in clustering. AHP halfwidth and Iy
time constants may be important, as dorsoventral gradients in these properties also correspond to
gradients in clustering [12, 13, 15, 16, 38, 40], but these have not been studied here. Figs S2 and S3
demonstrate that the variance of noise chosen will also dictate the amount of clustering; increasing
noise variance increases the likelihood of sporadic spiking or action potential cancellation, thus
affecting the patterned firing.

4.83. Subthreshold theta resonance

Stellate cells in Layer IT of the medial Entorhinal Cortex are known to exhibit subthreshold
oscillations in the theta (4-12 Hz) range that increase in power as action potential/threshold
is approached [11]. It is believed these subthreshold oscillations are noise driven{41]. Injeur
deterministic (noise free) model, subthreshold oscillations do not exist, since we operated in a
steady-state regime. However, the steady state is a focus with resonant frequency of.6.32 Hz,
suggesting that with the addition of noise, a spectrum with preferential poweriin thetheta band
may arise. We found that a small amount of white noise on the membrané potential is sufficient
to give rise to subthreshold dynamics with multiple peaks within the theta,range and peak
power at around 10 Hz. The difference in peak frequency found in simulations compared to the
prediction from the linearisation of the focus may be due to noise’in thessimulated spectrum as
well as noise induced frequency shifts [42]. Furthermore it wasshewn that the relative power in
the theta band is significantly larger close to threshold than far ‘below-threshold.

To model the dynamics of subthreshold activity of stéllate cells, two classes of model have
previously been proposed. The first class of model utilises,noisy*perturbations to deterministic
limit cycle dynamics. In this case, the output of the"deterministic model would be regular,
periodic oscillations and the related stochastic model would exhibit strongly periodic dynamics
contaminated by noise. Previous models of subthreshold oscillations in stellate cells that fall into
this class include [25, 43, 44, 45]. In the second clas$ of model, such as the one presented in this
study and the Izhikevich model [23], theta band flictuations arise due to noisy perturbations
on a focus steady state, which results in“a resonant response. In contrast to the aforementioned
class of limit cycle models, fluctuations exist_only in the presence of noise. Furthermore, in the
noisy focus class of model, the dynamicsiappear less obviously periodic than in limit cycle models,
resembling a stochastic process with peak power in the theta range. Experimental and modelling
studies have suggested that rémoving c¢hannel noise results in loss of subthreshold oscillations
[26, 41, 46] and that stellate cellsubthreshold dynamics are more reflective of a stochastic process
with theta peak than aperiodiéyprocess with additive noise [17]. These results are consistent
with the noisy focus class of model, which the model we present belongs to. However, we note
that the mechanismsS of the two classes of model are closely related, since in theory, one expects
to find a focus steady state close to a Hopf bifurcation into a limit cycle [43] with resonant
frequency closé to that of the limit cycle.

For biolegical insight into the currents involved in the generation of subthreshold limit cycles
or resonance, reduced models, which remove currents that are predominantly active during action
potential initiation or recovery, can be of interest. I, + Inap + I, models have been shown to
generate theta band limit cycle oscillations [25, 44, 45]. As discussed above, the alternative
mechanisms of noise-perturbed focus and limit cycle dynamics are related, so it is of interest
tontest whether making similar reductions in our model maintains the theta band resonance.
Setting all currents but I}, and In.p to their steady state value, we found that the corresponding
steady state becomes a node and hence theta band resonance is lost. A detailed study of the
mechanisms underlying the noise response of our model is an avenue for future work.
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4.4. Implications for dementia

The entorhinal cortex is one of the first areas to be affected in dementias featuring a tau
pathology such as Alzheimer’s disease [19]. In the rTg4510 mouse model of tauopathy, dorsoven-
tral gradients in action potential clustering in layer IT entorhinal cortex stellate cells were abol-
ished [12]. A motivating application for a mathematical model of mEC-SCs in which action
potential clustering can be controlled is to understand the mechanisms behind the dysfunction
in clustered firing in animal models of dementia. Future work will involve exploring this rela-
tionship in more detail, but some key points can be stated from the work presented here. In
the wild type animals, dorsal mEC-SCs fired highly clustered action potentials. This cluStering
was greatly reduced in the rTg4510 animals. Whilst I, mediated sag amplitude was unaffected
(suggesting no changes in g), an increase in amplitude of the AHP was seen in r'Tg4510 dorsal
cells. The AHP amplitude, which scales with AHP conductance, has been demonstrated to be
mechanistically related to Po in this model and previous studies [25, 47]. A poSsible mechanism
for the reduced Pg in rTg4510 is an increase in gapp, resulting in the syStem undergoing a
flip bifurcation resulting in fewer spikes per cluster. An example of thisiis the.path through
parameter space marked F in Fig 4, which results in realistic mEC-SCrlike clustering dynamics,
with a change in parameters that reflects those seen in rTg4510. Future worki will involve fitting
parameters to the data to explore this in more detail.

Network activity was also seen to be disrupted in rTg4510 [12]7 Dorsoventral gradients in
phase-amplitude coupling (PAC) between theta and gamma rhythms’in the local field poten-
tial was found to be disrupted in rTg4510 animals. Similarito clustering patterns, dorsoventral
gradients in PAC were disrupted. Networks of modelled stellatercells, spatially extended along
the dorsoventral axis, may be used to explore whether*disruption in patterned action poten-
tial activity alone is sufficient to replicate deficiencies in PAC, or whether network properties
such as dorsoventral gradients in inhibitory projections.also come into play [48]. Past computa-
tional studies of theta-gamma PAC have invelved use of simple models that do not intrinsically
fire in clusters such as the exponential integrate-and-fire [22] or Hodgkin-Huxley [49] models.
Dorsoventral gradients in clustering intrinsiesto cells cannot be studied using these models, and
hence are not suitable to test whether intrinsic clustering is related to theta-gamma coupling.
The model presented here is more-Suited to ‘this type of study, as clustering can be controlled
via biophysically realistic mechanisms.

4.5. Conclusions

In this work, we have‘presented a stochastic differential equation (SDE) model of Layer II me-
dial entorhinal cortex.stellate cells based on the Markov Chain formalism of the model presented
by Dudman and Nélan [26], but driven by extrinsic white noise to the membrane potential. We
demonstrated that thisumodel captures the key dynamics of mEC-SCs seen in electrophysiological
recordings ineluding subthreshold oscillations in the theta range and clustered action potential
firing [11]./To understand the mechanisms underpinning clustered action potential firing, a nu-
merical bifurcation analysis was performed on the underlying system of ordinary differential
equations. Clustering was shown to arise due to flip bifurcations in the AHP and h-current con-
ductance parameters, and is driven by two slow variables (mnap and hxka,s) driving the remaining
fast subsystem through a subHopf/homoclinic type hysteresis loop. Furthermore, exploration
of ‘parameter space demonstrates that control of the AHP and h-current conductances allows
for control of Pr, which quantifies the amount of action potential clustering exhibited by the
model. The model provides an important tool for further understanding alterations to mEC
spatiotemporal dynamics that arise in dementias featuring a tau pathology [12].
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Appendix A. Model equations

The model contains a total of eight ionic currents. These are transient and persistent sodium
currents (Inat and In,p respectively), a potassium delay rectifier (Ikqy), fast and slow potassium
A-type currents (Jkas and Ik,s respectively), a hyperpolarisation activated I, current, an ohmic
leak (I1,) and finally a phenomenological afterhyperpolarisation current that is dependent on the
time since last spike (Iapp).

The current balance equation for our model is given in Eq. 2, with each current represented
as in Eq. 3. The fraction of open gates for each channel is given by

3
¢NaT = MNaT hNaT

YNaP = MNaPNaP

'l/}Kdr = n%{dr

PVKaf = MKathKaf

1pK&s = MKas hKas

Y =np

d’AHP = n?z)\HP

YL =1

A~ N N~~~/
SO dals
0O J O Ut = W N
T — D D D D —

where gating variables are given by the system of ODEs i Eq. 1. Probabilities of gates opening

and closing are given by the functions
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All equations are adapted from Dudman and Nolan (2009) [26].
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Figure 4: Paths through parameter space that can result in reduced clustering obsvered in the
rTg4510 model of dementia (A) Heatmap of |Pc — Pco,wr|, where Powr = 0.69 is the mean value of
clustering seen in dersal MEC-SCs in wild type animals [12]. Red indicates regions in which Pc of the model
is close to Pc w4, whereas-blue indicates regions where the model is farthest from Pc wr. (B) Heatmap
of |Pc — Pc,p¢|, where [Pc.rg = 0.37 is the mean value of clustering seen in dorsal mEC-SCs in rTg4510
transgenic (i€. dementia) animals [12]. (C) The heatmap of Fig 1A is overlayed with arrows indicating potential
paths through the (gamp,gn) parameter space that could lead to the changes in Pc obsvered in the rTg4510
experiméntalmodel. (D) The heatmap of Fig 1C is overlayed with arrows indicating potential paths through the
(ganp, gn) parameter space that could lead to the changes in Po obsvered in the rTg4510 experimental model.
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Figure 6: Analysis©f subthreshold oscillations (A) Spectrogram of exemplar 20 second subthreshold simu-
lations. (B)Power spectrum of 20s simulations (averaged over 10 cells). The shaded region shows standard error.
(C-E) Exemplar simulations with Inpp = 0.05uA-cm™2(C), 0.15uA-cm~2(D), and 0.25uA-cm~2(E). (F) Theta
spectralratio; defined as the ratio of total theta power to total broadband (1-300 Hz) power, plotted as a function
of Tapp.
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