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Abstract

Let X be a proper, smooth, and geometrically connected curve of genus g(X) > 1 over a p-
adic local field. We prove that there exists an effectively computable open affine subscheme
U C X with the property that period(X) = 1, and index(X) equals 1 or 2 (resp. period(X) =
index(X) = 1, assuming period(X) = index(X)), if (resp. if and only if) the exact sequence of
the geometrically abelian fundamental group of U splits. We compute the torsor of splittings
of the exact sequence of the geometrically abelian absolute Galois group associated to X,
and give a new characterisation of sections of arithmetic fundamental groups of curves over
p-adic local fields which are orthogonal to Pic? (resp. Pic"). As a consequence we observe
that tlt)e non-geometric (geometrically pro-p) section constructed by Hoshi [3] is orthogonal
to Pic”.

0 Introduction/main results

Let k be a field of characteristic 0 and X a proper, smooth, and geometrically connected curve

over k of genus g(X) > 1 with function field K def k(X). Let n be a geometric point of X

with values in its generic point. Thus, 1 determines an algebraic closure K (resp. k) of K
(resp. k). Let U C X be a non-empty open subscheme and Uz Ly X« k. We have an exact

sequence of fundamental groups 1 — 71 (Ug, n) — m1(U,n) — Gy def Gal(k/k) — 1
(here 1 is the geometric point of U, Ug, naturally induced by 7). By pushing this sequence
by the maximal abelian quotient 71 (Ug, n) — m1(Ug, n)z’lb of 1 (Ug, n) we obtain an exact
sequence

1= mUg, )™ — m U, ™ - Gy — 1, )

where 7, (U, )@ € 7, n)/Ker(ri(Up, ) — m1(Up, ™) is the geometrically
abelian fundamental group of U. Similarly, by pushing the exact sequence of absolute Galois
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groups 1 — Gy, & Gal(K/kK) — Gicx) £ Gal(K/K) — Gy — 1 by the maximal
abelian quotient Grxy) G%l(’x) of Grx) we obtain an exact sequence
1= G = Gy = G~ 1, )

where G,(jl;?) def Grxy/ Ker(G;( x) G%?X)) is the geometrically abelian absolute Galois

group of X. For U C X as above we have exact sequences

1 - Iy > mU)® — nl(X)(ab) — 1, 3)
where Iy & Ker(mr; (U)@) — 7, (X)@®) = Ker(m; (U™ — 71 (Xp)™), and
b
11— G,(i)g) — (X))@ - 1, )

(ab)

where [ déf Ker(G(ab) — T (X)(ab)) = Ker(Gﬁb - ﬂ](XE)ab)- Note that Gk(X) =

k(X) k(X)
l(ir_nm w )(ab), and I = l(lr_n Iy, where the limits are over all open subschemes U C X.
U U

. . def
Moreover, if Py, ..., P, € X are closed points and U = X\{Pq, ..., P,} then we have an
exact sequence

n
0— Z(1) — [ [Indf ) Z(1) > Iy — 0, )
i=1
as follows from the well-known structure of 71 (Ug, 7, and (by passing to the projective
limit we obtain) the exact sequence

0= Z(1) > [] Indfp Z(1) > I -0 (6)
Pexd

of Gi-modules, where in (6) the product is over all closed points P € X°!. More precisely,
for U = X\{Py, ..., P,} as above let Jyy be the generalised jacobian of U which sits in the
following exact sequence

00— Hy - Jy—>J—0 *)

where Hy; def Coker (Gm,k — [T/ Reskp)x (Gm) is a torus and J def Jac(X) is the jaco-
bian of X. We have an exact sequence of Tate modules

O—-THy=Iy —>TJy —>TJ —0 (s3)

and T Jy is identified with 71 (Ug, 2 (as Gg-modules).

As was observed in [1] Remark 2.3(ii), in the case where k is a p-adic local field,
index(X) = 1 (i.e., X possesses a divisor of degree 1) if and only if the exact sequence
(2) splits. Our first main result is the following. (See [4] for the definition of the period of a
curve.)

Theorem A Assume that k is a p-adic local field for some prime integer p > 2 (i.e., k/Q,
is a finite extension). Then there exists an effectively computable non-empty open affine
subscheme U C X with the following properties.

(i) If the exact sequence (1) of m (U, r))(ab) splits then period(X) = 1 (i.e., X possesses a
k-rational divisor class of degree 1) and index(X) equals 1 or 2.
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(ii) Assume period(X) = index(X). Then index(X) = 1 (i.e.,, X possesses a degree 1
divisor) if and only if the exact sequence (1) of w1 (U, 1)@ splits.

The term effectively computable in Theorem A means that one can effectively compute U
if one can effectively compute a set of topological generators of the group of k-rational points

J (k) of the jacobian J def Jac(X) (cf. proof of Theorem A and Lemma 1.1). For a p-adic
local field ¢, write (£*)” for the profinite completion of its multiplicative group £* &hy \ {0}.

Our second main result is the following, in which we compute the torsor of splittings of the
exact sequence (2).

Theorem B With the assumptions in Theorem A, assume that index(X) = 1. Then there
exists an exact sequence

0— H'(G. 1) > H'(Gr, Giyy,) — J (k) = 0, )
as well as isomorphisms 1(%1 Ju)" S HY(Gy, G%t(’x)), 1(%1 Hy ()" = HY Gy, ), where
the projective limit is over all open subschemes U < X, and Jy (k)" = Ju (k) ®7, A
Moreover, if U = X\{ Py, ..., P,} is affine, then we have an exact sequence

1= &) = [Jk(P))" > H'(Gy. Iy) — 0,

i=1
and (by passing to the projective limit we obtain) an exact sequence

1= &9 = [] kP - H' (G, ) -0,
Pexdl

where the product is over all closed points P € X°\.

Next, lets : G — m1(X, n) be a section of the projection w1 (X, n) — Gy. Recal] that the
section s is called orthogonal to Pic” (resp. PicY) if the homomorphism s* : Hezt (X,Z()) —
H?(Gy, Z(1)) induced by s [H2 (X, Z(1)) is naturally identified with H>(7r1(X, ), Z(1))

(cf. [6, Proposition 1.1])] annihilates the Picard part Pic(X)A def Pic(X) ®7 7 (resp. the
(image in Pic(X)" of the) degree O part PiCO(X)) of Hezl (X, Z(1)) (cf. [7, Definition 1.4.1]).

We say that the section s is strongly orthogonal to Pic” (resp. Pic?) if for every neighbourhood

X; def Xi[s] — X of the section s and the induced section s; : Gy — m(X;, n) of the

projection 71 (X;, ) — Gy (cf. loc. cit. 1.3) the section s; is orthogonal to Pic” (resp. PicY),
i > 1. (Note that the above definition differs slightly from the definition in loc. cit. where the
notion of having a cycle class orthogonal to Pic” was defined as being strongly orthogonal
to Pic” in the above sense.) We say that the section s is uniformly orthogonal to Pic” (resp.
Pico) if given a finite extension £/k and the induced section s; : Gy — m1(Xy, n) of the
projection 71 (X, n) — Gy, where X, def X xy £, then sy is orthogonal to Pic” (resp. Pic?).
The above definitions carry out in a similar way in the case of sections of geometrically
pro-% arithmetic fundamental groups, where % is a non-empty set of prime integers (cf. loc.
cit.).

To a section s : Gy — m(X, n) as above one associates naturally, by considering the

composite morphism of s and the natural projection 71(X, n) — m1(X, 7))@, a section

s Gy — m(X, )@ of the projection 71 (X, )@ — Gy. Let J! & Pic;( which
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is a torsor under J. There is a natural morphism X — J!. In case period(X) = I, hence
J' (k) # ¥, we identify J! and J via the isomorphism J ! — J which maps apointz € J! (k)
to the zero section 0 € J (k) and consider the composite morphism X — J! = J. We then
obtain a commutative diagram

1 —— m (X n)® —— (X, )@ G 1
l —— m(pn —— m(J,n) Gk 1

where the vertical maps are isomorphisms. We fix compatible base points of the torsors
of splittings of the horizontal sequences in the above diagram. For example, the splitting
s; 1 G = m (X, n)(ab) of the upper sequence arising from the above point z € J (k) (once
we identify (X, 7@ and 71 (J', 1)), and the induced splitting so : Gy — mw1(J, n) of
the lower sequence which arises from the zero section 0 € J (k). The section s G —
(X, n)(ab) gives rise to a section s Gy > mdJ, n) of the lower sequence in the

above diagram, we will denote by [s2P] def [s2 — s0] € H'(Gy, T J) the cohomology class
(i.e., the cohomology class of the 1-cocycle s 50 Gy —> 71 (Jg, 1)) associated to s

where T J is the Tate module of J which we identify with 71 (Jz, n). Recall the Kummer

exact sequence 0 — J(k)" — HYGy,TJ) — THY (G, J) — 0, we view J (k)" def
J (k) ®7 7 as a subgroup of HY(Gy, TJ) via the Kummer map J (k)" — HY Gy, TJ)
(cf. [8, §1], for a detailed discussion). If k is a p-adic local field then the natural map
J(k) — J(k)" is an isomorphism as follows from the well-known structure of J (k) in
this case. In this paper, if k/Q), is a finite extension, we will identify J (k) and J (k)" via
this isomorphism. Our next main result is the following which characterises sections of
arit(l)lmetic fundamental groups of curves over p-adic local fields which are orthogonal to
Pic”.

Theorem C With the assumptions in Theorem A, let s : Gy — m1(X, n) be a section of the
projection w1(X, n) — Gy. Then the followings hold.

(i) The section s is orthogonal to Pic* if (resp. assuming index(X) = 1, if and only if)
the section s® : G, — m(X, n)@ lifts to a section §° : Gy — G](:gg) of the exact
sequence (2).

(i) Assume that X (k) # (. Then s is orthogonal to Pic? if and only if[sab] e J (k).

The assumption that X (k) # @ in Theorem C(ii) is rather mild. Indeed, in order to
verify that s is orthogonal to Pic” (resp. Pic®) one can pass to a finite extension £/k, and
the corresponding section s, : Gy — m(X¢, n) of the projection my(X¢, n) — Gy (cf.
proof of Theorem C(i)). Thus, Theorem C (especially Theorem C(ii)) can be in principle
used to detect if a section s as above is (strongly) orthogonal to Pic®. As an illustration of
this fact we observe that the non-geometric (geometrically pro-p) section constructed by
Hoshi over p-adic local fields in [3] is orthogonal to Pic? (cf. Proposition 3.3). Finally, we
observe the following characterisation of sections s as above which are strongly orthogonal
to Pic”.

Theorem D With the assumptions in Theorem A, let s : G — 7w (X, n) be a section of the
projection w1 (X, n) = Gy. Then the following two conditions are equivalent.
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(1) The section s is strongly orthogonal to Pic”.

.. . d . . .

(ii) For every neighbourhood X; % Xils] = X of's, i = 1 (cf. above discussion), the
section sf‘b 1 Gy — m(Xi, n)@ Jifts to a section §; : Gy — Gl(:zt;(),-) of the projection

(ab)
Gk(X,-) — Gg.

1 Proof of Theorem A

In this section we prove Theorem A. First, note that if index(X) = 1 (i.e., X possesses a
divisor of degree 1) then the exact sequence (1) [as well as the exact sequence (2)] splits for
every open subscheme U C X, as follows from a restriction and corestriction argument in
Galois cohomology. We start with the following Lemmas. O

Lemma 1.1 There exists an effectively computable open affine subscheme U C X such that
HY(Gy, Jy) is finite.

Lemma 1.2 There exists an effectively computable open affine subscheme U C X such that
Ker(H'(Gy, J) — H*(Gy, Hy)) is finite, where the map H' (G, J) — H?*(Gy, Hy)
arises from (the Galois cohomology of) the exact sequence (*).

ProofofLemma 1.2 Let U = X\{Py, ..., P,} be an open affine subscheme (P, ..., P, €
X are closed points). We have an exact sequence (where Br denotes Brauer groups)
H'(Gi, Hy) — Br(k) — @, Br(k(P,)) — H*(Gk, Hy) — 0 arising from the
long Galois cohomology exact sequence associated to the exact sequence 1 — Gy, —
I—[?=l Resipy/k Gm — Hy — 1 of Gi-modules [note that by Shapiro’s Lemma we
have H?(Gy, Resg(pyjk Gm) — H*(Gi(py, Gm) = Br(k(P;)], and we identify the Brauer
group of a p-adic local field with Q/Z. The Pontryagin dual of H>(Gy, Hy) is identi-

fied with DivO(X\U)" & Ker@” 2.7 <% 7) where deg(P,) = [k(P,) : k]. The
dual of H'(Gy, J) is (by Tate duality) J(k), and the dual of the map H' (G, J) —
H?*(Gy, Hy) is the homomorphism Div®(X\U)" — J (k)" which is induced by the map
DivO(X\U) — J(k) which maps a divisor of degree 0 on X supported on X\U to its
class in J (k). Further, J (k) is topologically finitely generated as is well-known (cf. [5]).
Let {x1, ..., x;} be topological generators of J (k). There exists an integer r > 1 depend-
ing only on g (for example 2 if g = 1, or g — 1 if g > 1) such that rx; = [D;] is
the class of a degree O divisor D; = Z;";l ni jP;jon X, forl < i < t. Now let
def t,m;

U = X\{Pi’j}izl,jzl' Then Im(DiVO(X\U)A — J(k)) has finite index in J(k), and by
duality Ker(H' (G, J) — H?*(Gy, Hy)) is finite. O

ProofoflLemma 1.1 Let U C X be as in Lemma 1.2. We have an exact sequence
HY(Gy, Hy) — H'(Gy, Jy) — H'(Gy, J) = H*(Gy, Hy) (arising from the long Galois
cohomology exact sequence associated to (¥), cf. diagram below). Further, H LGy, Hy) is
finite (cf. [9,11.5.8 Theorem 6]), Ker (H' (G, J) — H?(Gy, Hy)) is finite (cf. Lemma 1.2),
hence H(Gy, Jy) is finite as follows from the exactness of the above sequence. This finishes
the proof of Lemma 1.1. O
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Next, we resume the proof of Theorem A. Let U C X be an open affine subscheme. We
have a commutative diagram

Jk ——  HYG T

l |

HY(Gy, Hy) ——  H?*(Gy, THy)

l |

HY(Gy, Jy) ——  H*(Gy, TJy)

l l

HY (G, J) ——  H*(Gy,TJ)

l l

H?*(Gy, Hy) — H3(Gy, THy) =0

where the vertical sequences are exact and arise from the exact sequences (*) and (¥*), and
the horizontal maps are Kummer homomorphisms arising from the Kummer exact sequences
in Galois cohomology associated to the algebraic groups J, Hy, and Jy, respectively. The
middle (resp. fourth from the top) horizontal map maps the class [Jllj] of the universal torsor
Jllj (of degree 1) (resp. the class [Jof J! = Picg(/k) to the class [ (U, n)("b)] of the group
extension 71 (U, 1)@ (resp. the class [71(X, n)@] of the group extension 1 (X, n)@)
(this is a well-known fact, see for example [2, Proposition 2.2 and Remark 2.4]). Further,
[JLI,] (resp. [m1(U, n)(ab)]) maps to [J4 (resp. [m1(X, n)(ab)]) under the left third vertical
map from the top (resp. right third vertical map from the top).

Next, we let U be as in Lemma 1.1. We prove that assertions (i) and (ii) in Theorem A are
satisfied in this case.

We prove assertion (i). Assume that the class [ (U, n)(ab)] is trivial in Hz(Gk, TJy)
which implies that the class [J}] is divisible in H!(Gy, Jy). (The map H'(Gy, Jy) —
H2(Gy, T Jy) factors through 1(&1 HY (G, JU)/nHl(Gk, Jy) and the latter group injects

n
into H2(Gg, T Jy)). As the group HY(Gy, Jy) is finite the class of [JLII] is then trivial. Thus,
[J11 = 0in HY(Gy, J) (cf. above discussion) which implies that X possesses a k-rational
divisor class of degree 1, i.e., period(X) = 1. The rest of the assertion follows from the fact
that either index(X) = period(X) or index(X) = 2 period(X) (cf. [4, Theorem 7]).
Assertion (ii) follows from (i) for the if part, and the only if part follows from the obser-
vation at the start of the proof of Theorem A. This finishes the proof of Theorem A. O

2 Proof of Theorem B

In this section we prove Theorem B. We use the same assumptions as in Theorem A and
further suppose that X possesses a degree 1 divisor. We start with the following lemma.

Lemma 2.1 We use the assumptions in Theorem A. Assume that index(X) = 1. Then
l(ill H'(Gy, Hy) = 0 where the limit is over all non-empty open subschemes of X.
U

@ Springer



Arithmetic of p-adic curves and sections. ..

Proofof Lemma 2.1 The exact sequence 1 — G, — ]‘[;’zl Resgpyx Gm — Hy — 1
induces in cohomology an exact sequence 0 — HY(Gy, Hy) — Br(k) — ]—[:7:] Br(k(P;))
(note that H! (G, Resicp)/k Gm) S H! (Gkp), G) =0, and Hz(Gk, Resipy/k Gm) N
H 2(Gk( Py, Gpu) = Br(k(P;)), by Shapiro’s Lemma) and by passing to the projective limit
over all U C X open we obtain an exact sequence 0 — 1(131 HY(Gy, Hy) — Br(k) —

U
[1pexa Br(k(P)). Now Ker(Br(k) — []pcya Br(k(P))) is finite of cardinality index(X)
(cf. [4, Theorem 3]), which equals 1 under our assumption that X possesses a degree one
divisor. O

Next, we resume the proof of Theorem B. Consider the morphism X — J as in the
introduction, and identify the Gi-modules 7'J and 7 (X;)ab. The assertions regarding the
structure of H'(Gy, Iy) and H'(Gy, I) follow easily from Kummer theory (consider the
long cohomology exact sequences associated to the exact sequences (5) and (6) of G-
modules). We establish the exact sequence (7) in the statement of the theorem as well as the

isomorphisms lim Jy (k)" S HY(Gy, G%l(’x)) and lim Hy (k)" = H'(Gy, I) therein.

U
We have a commutative diagram of group homomorphisms
0 0 0

| I I

THY(Gy, Hy) =0 —— THY(Gy, Jy) —— THY(Gy,J) ——— TH*(Gy, Hy)

| | I I

0 — HY Gy, THy) ——— HY Gy, TJy) —— HY (G, TJ) —— H*(Gy, THy)

| | I I

0—> Hy (k)" —_ k) —  Jk) —— HY Gy, Hp)"
I I I I
0 0 0 0

where the vertical sequences are Kummer exact sequences, and the middle and lower hori-
zontal sequences arise from the exact sequences (*) and (**). Note that since H Y(Gy, Hy) is
finite (cf. [9, I1.5.8 Theorem 6]), THY (G, Hy) = 0, and the natural map HY(Gy, Hy) —
HY(Gy, Hy)" is an isomorphism. The middle horizontal sequence is exact and arises from
the long cohomology exact sequence associated to the exact sequence (**). (Note that
HY%Gy, TJ) = 0 as follows from the well-known fact that J (k)'°" is finite.)

The map TH Gy, Jy) — TH Gy, J) is injective as follows easily from the exact
sequence HY(Gy, Hy) — HY(Gy, Jy) = HY(Gy, J), the left exactness of the inverse limit
functor, and the fact that H(Gy, Hy) is finite (cf. [9, I1.5.8 Theorem 6]). We claim that the
lower horizontal sequence is exact. Indeed, the map Hy (k)" — Jy (k)" isinjective as follows
from the commutativity of the far left lower square, and the injectivity of the maps Hy (k)" —
HY(Gy, THy) — H'(Gy, TJy). Exactness at Jy (k)" follows from the commutativity
of the lower middle square, the exactness at H LGy, T Jy) of the middle horizontal exact
sequence, and the fact that the map Hy (k)" — H LGy, THy) is an isomorphism. Let
o € J(k)" with trivial image in H'(Gy, Hy)", its image o € H'(Gy, TJ) is the image
of an element 8 € H'(Gy, TJy) by the commutativity of the right lower square and the
exactness of the middle horizontal sequence. As & maps to 0 in T H'(Gy, J), the image of
B in TH'(Gy, Jy) is 0 by the commutativity of the middle upper square and the injectivity
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of the map TH' (G, Jy) — TH' (G, J). Thus g € Jy (k)" maps to « in J (k)" and the
lower sequence is exact at J (k)".

By passing to the projective limit over all open subschemes U € X we obtain a commu-
tative diagram

0 0
0 _ l(ir_nTHl(Gk, Jy) — THY Gy, J) —— l(ir_nTHz(Gk,Hy)
U U

| I | |

0 —— HY(Gy,) —— HYGy,G® ) —— HY (G, TJ) —— l(iEHz(Gk,THU)

k(X)
U
I I I I
0 —— limHy ()" ———  limJy®)" —— J (k) — lim HY(Gy, Hy)
U U U
I I I I
0 0 0 0

where the middle horizontal sequence is exact and arises from the long exact cohomology
sequence associated to the exact sequence (4). The left vertical map is an isomorphism

[HY (G, D) = 1(31 H'(Gy, T Hy)l, the second left vertical sequence is exact as follows

from the left exacgless of the inverse limit functor, the second right vertical sequence is the
Kummer exact sequence associated to J, and the right vertical sequence is exact since the
H'(Gy, Hy) are finite (cf. loc. cit.), thus the Mittag—Leffler condition is satisfied. The map
l(ir_n THY(Gy, Jy) — TH'(Gy, J) is injective, and the lower horizontal sequences is exact

U

as follows easily from the left exactness of the inverse limit functor and a similar argument
as the one used for the previous diagram for the exactness at J (k).

Now, l(gl THY Gy, Jy) =0, as l(gn THY (G, Ju) is identified with the intersection of

U U
the images of THY Gy, Jy)inTHY(Gy, J),and Lemma 1.1 implies the existence of U C X
open affine such that H'!(Gy, Jy) is finite hence T H'(Gy, Jy) = 0. This implies that the
.. . . A l ab . . . 1 ab
injective map 1(%1 Ju(k) - H' (G, GE(X)) is an isomorphism and Im(H " (G, GE(X)) —
H'(Gy, TJ)) is contained in J (k) (we identify the latter with its image via the injective
Kummer map J (k) — H'(Gy, TJ)). Further, 1(&1 HY Gy, Hy) =0 by Lemma 2.1. Hence
U

Im(H(Gy, G%E(’X)) — HY G, TJ)) = J(k) and we obtain the exact sequence (7) as
claimed in Theorem B. This finishes the proof of Theorem B. O

Remark 2.2 Let X be a non-empty set of prime integers. The same proof as above yields a
pro-X analog of Theorem B. More precisely, let G- (resp. w1 (X, 1) %) be the maximal

k(X)
pro-% quotient of G%t(’x) (resp. 71 (X, n)ab) which sits in the exact sequence 0 — Iy —
ab, X% __Nab, ¥ def ab, X _ _yab, X .
70 — m(Xz, ) — 0, where Iy = Ker(G;(X) — i (Xz, 1) ). Then, with

the same assumptions as in Theorem B, we have an exact sequence 0 — H LGy, Is) —

H'(Gy, G%‘Z’XE)) — J(k)* — 0, where J (k) is the maximal pro-X quotient of J (k).
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3 Proof of Theorem C

In this section we prove Theorem C, we use the same assumptions as in Theorem A. The
following Lemma will be useful.

Lemma3.1 Let s : Gy — m1(X, n) be a section of the projection w1 (X, n) — Gy. If s is
orthogonal to Pic? then s is uniformly orthogonal to Pic?.

Proof Similar to the proof of Proposition 1.6.7 in [7]. O

Proof of Theorem C(i) First, assume that s® : Gy — (X, n)@ lifts to a section 52 :
G — Gk(X) of the exact sequence (2). We will show that s is orthogonal to Pic¥. Let
L € Pic®(X) corresponding to the class of a degree zero divisor D = Z;zl n; P;. Given a

. . def . .
finite extension £ /k, X, < X x « £, we have a commutative diagram

Pic®(X,) —— H2(X,, Z(1)) AN H2(Gy, 2(1))

| | [

Pic%(X) — H2(X.2(1) ——— H(Gy.2(1))

where the left lower and upper horizontal maps arise from Kummer theory (they are injec-
tive) the vertical maps are restriction maps, and the map s; is induced by the section

Gy — m (Xg n) of the prO]eCthIl T (Xg n) — Gy which is induced by s. Identifying
both H%(Gy, Z(l)) and H2(Gy, Z(l)) with Z the far right vertical map is multiplication by
the degree [£ : k] of £/k. In particular, this map is injective. To show that the image of £ in
H2(Gy, Z(l)) is trivial it thus suffices to show that its image in H%(Gy, Z(l)) is trivial. We
can then, without loss of generality, and after possibly pulling back the line bundle £ to X,

for a suitable finite extension £/k, assume that the points Py, ..., P; € X are k-rational and

deg(£) = Y_ mi =0.Let U & x\{P,.... P}.

Consider the following commutative diagram of horizontal exact sequences.

72(1) ——— ()

diagl diagl

| —— ] —— mU, " —— mX,n) —— 1

l l ]

l——s Iy —— mWU,n) — mX,n) ——1

] l l

] —— Iy —— m(U,n)(ab) — m (X, n)(ab) — 1

l l l

1 1 1

Here the group extension 771 (U, 1) is the pull back of the lower horizontal exact sequence
by the map 71 (X, n) — 71 (X, 7))@ (i.e., the lower right square is cartesian), 1 (U, )¢~ "
is the geometrically cuspidally central quotient of w1 (U, n) (cf. [7, 2.1.1]), the surjective
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map 7 (U, n) =" — 71(U, n) is the natural one (1 (Xg, n) acts trivially on Iy), I is

~ N di ~
the G¢-module ]_E:] Z(1) (cf. loc. cit. proof of Lemma 2.3.1), Z(1) o I = I_E:] Z(1)

~ di
is the diagonal embedding, and we have an exact sequence of Gx-modules 0 — Z(1) =

1 =TT Z2(1) — Iy — 0.

By pulling back the group extension 771 (U, n)¢ ~ " by the section s : Gy — m1(X, ) we
obtain a group extension 1 — I — Fy — Gy — 1. Further, by pulling back the group
extension 1 — Iy — m((U, )@ — 7((X,n)@® — 1 by the section s we obtain a
group extension 1 — Iy — Ey — Gy — 1, which splits since by assumption s2° lifts to
a section s?]b Gy — m (U, n)(ab) of the exact sequence (1). (More precisely, the section

San is induced by 535 ) Consider the Galois cohomology exact sequence H 2(Gy, Z(l)) dl—ag>
H>(Gi, I = [1'; HX(G, Z(1)) — H*(Gy, Iy) — 0. The class of the extension Fy
in H2(Gy, I7") coincides with (s"((’)(P,-))f=1 (cf. [7, proof of Lemma 2.3.1]), and the class
of the group extension Ey in H 2(Gy, Iy) is the image of the class of Fy via the above map
H2(Gy, I — H?(Gy, Iy). In particular, since the class of Ey vanishes in H2(Gy, Iyy),
the class of Fy lies in the diagonal image of Hz(Gk, Z(l)). Thus, we deduce that s*(O(P;))
isindependent of 1 <i <t (i.e., equals the same element of H*(Gy, Z(l))), and s*(£) = 0.

Next, we show that the converse holds assuming index(X) = 1. We assume that s is
orthogonal to Pic?, index(X) = 1, and show that the section s® : Gy — (X, r/)(ab) lifts

to a section 5% : G; — G,(:;l;?) of the exact sequence (2). Recall the exact sequence 1 —

I — G,((?l;()) — (X, )@ - 1 (resp. 1 - Iy — w1 (U, @ - 71X, n)@ — 1, for
U C X open). By pulling back this group extension by the section s*° we obtain a group
extensionl - I - E — Gy — 1 (resp. | - Iy - Ey — Gy, — 1,for U C X open),
we will show that the group extension E is a split extension which would imply the above
assertion. Note that £ = lim Ey.

a

We have a natural identification H2(Gy, I) — lim H 2(Gy, Iy), where the limit is over

all U € X as above. Further, for U C X as abovlé, we have a Kummer exact sequence
0 — H'(Gy, Hy) = H?*(Gy, Iy) — TH*(Gy, Hy) — 0 (cf. far right vertical sequence
in the first diagram in the proof of Theorem B and the identification Iy = THy of Gy-
modules), and by passing to the projective limit over all U we obtain an exact sequence
0 — 1im H'(Gy, Hy) — lim H*(Gy, Iy) — lim T H*(Gx, Hy) — 0, hence an identifi-

U U U
cation H*(Gy, I) — lim H*(Gy, Iy) — 1im T H*(Gy, Hy) since lim H' (G, Hy) = 0 if
U U U

index(X) = 1 (cf. Lemma 2.1). Write E v for the image of the class of the group extension
Ey in TH*(Gy, Hy) via the above map H%(Gy, Iy) — TH?*(Gy, Hy). We will show
E v = 0,VU C X as above, from which it will follow that the class of the group extension
E in H*(Gy, I) is trivial.

Let U = X\{Py, ..., P;} be an open affine subscheme, and k’/k a finite extension which
splits the torus Hy . We have the following commutative diagram of Kummer exact sequences

0 —— HY Gy, Hy) =0 —— H*(Gy, lIy) —— TH*(Gy, Hy) — 0

resT resT resT

0 ——> HYGy,Hy) ——— H?*(Gy,ly) —— TH*(Gy, Hy) — 0
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where the vertical maps are restriction maps. We claim res([Ey]) = 0 in H2(Gyp, Iy).
Indeed, first, using Lemma 3.1, we can (without loss of generality) assume that { Py, ..., P;} C
X (k), k = k', and we have to show that [Eyy] = 0. Recall the commutative diagram and
notations in the proof of the if part of Theorem C(i) above, as well as the discussion therein.
The assumption that s is orthogonal to Pic” implies, by considering the classes of the various
degree zero divisors P; — P; with 1 <i <t,1 < j <, that s*(O(F;)) is independent of
1 < i < t, which implies that the class of Fy lies in the diagonal image of H*(Gy, Z(l))
and the class of Ey is trivial (cf. loc. cit.). Thus, res(Ey) = 0 in H2(Gy, Iy) as claimed
which implies res(Ey) = 0in TH3(Gy, Hy). Finally, the far right vertical map in the above
diagram is injective, from which it follows that EU = 0. Indeed, we have a commutative
diagram

H*(Gi, Gp) — [li=y H*(Gp. Indf ) Gp) —— H* (G, Hy) — 0

resT resT I‘CST

H*(Gy. Gn) — [Ti=y H*Gr.Indf ) G) —— H*(Gy. Hy) — 0

where the left vertical map is the map Br(k) = Q/Z — Br(k’) = Q/Z of multiplication
by the degree [k’ : k] of the extension k’/k which has trivial cokernel (we identify the
Brauer group of a p-adic local field with Q/7Z), and the middle vertical map has finite kernel,

from which it follows that Ker(H2(Gy, Hy) —> H%(Gy, Hy)) is finite. By passing to Tate
modules we deduce that the map T H2(Gy, Hy) 8 THZ(Gk/, Hy ) is injective as claimed.

This finishes the proof of Theorem C(i). ]

Proof of Theorem C(ii) Assume that X (k) # @ and let x € X (k). Recall the discussion in
the introduction after the statement of Theorem B. In the following argument we use the
isomorphism J! = J asin loc. cit. arising from z &ef O(x) € J' (k). The section s, : Gy —
T (X, n)? S 71 (J, n) lifts in this case to a section 5, : Gy — G,(:}g’g) of the exact sequence
(2) since s, arises from a rational point of X. We fix compatible base points of the torsors of
splittings of the exact sequences (2) and (1) with U = X associated to the sections §, and
s;, respectively. Assertion (ii) follows then from assertion (i) and the exact sequence (7) in
Theorem B. o

Remark 3.2 Let X be a non-empty set of prime integers. Similar proofs as above yield pro-%
analogs of Theorem C(i)(ii) (cf. Remark 2.2).

In Hoshi [3] constructed an example of a smooth, geometrically connected, hyperbolic
curve X over a p-adic local field k and a section 5 : Gy — (X, )?) of the projection
11 (X, )P — Gy, where (X, )P is the geometrically pro-p quotient of 71 (X, ),
which is not geometric, i.e., the section s does not arise from a k-rational point of X. (There
is an exact sequence 1 — 71 (X, n)? — m1(X, n)?) — Gal(k/k) — 1, and 7 (X, n)P is
obtained by push-out of the exact sequence 1 — (X, n) — 71 (X, n) — Gal(k/k) — 1
by the maximal pro-p quotient 1 (X7, n) — m1(Xz, n)? of w1 (X%, n).) Our next observation
is the following.

Proposition 3.3 With the above notations, the section’s is orthogonal to Pic®.

Proof Indeed in Hoshi’s construction it occurs that X (k) # #, and [(5)®] € J(k)P, where
J(k)? is the maximal pro-p quotient of J(k) (cf. loc. cit., especially Theorem 3.5 and
Corollary 3.6). Thus, the statement follows from the pro-p analog of Theorem C(ii) (cf.
Remarks 2.2 and 3.2). ]
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Remark 3.4 The author doesn’t know at the time of writing this paper (and is interested to
know) if the section ¥ in Proposition 3.3, constructed by Hoshi, is strongly orthogonal to
Pic?.

4 Proof of Theorem D

Next, we prove Theorem D. First, assume that assertion (ii) in Theorem D holds, we prove
that assertion (i) holds, i.e., s is strongly orthogonal to Pic”*. We have a commutative diagram

. sz‘*+1 2 >
Pic(X;+1) —— H*(Gy, Z(1))

T idT
Pic(X;)) ——s H2(Gy,7(1))

where the left vertical map is the pull back of line bundles via the finite morphism X; 1 — X;.

d
Let M; def Im (Pic(X i) Y Z) which is a free Z-module of rank 1 with generator ¢;, fori >

7 2 . . d i 5
1. The map Pic(X;) — H2(Gy, 7(1)) factorises as Pic(X;) —5 M; s H2(Gy, 2(1)),
since s is strongly orthogonal to Pic? by assumption and Theorem C(i), and we have a
commutative diagram

Pi+1

Miy1 5 H2(Gy, Z(1))

I af
M; —"— HX(Gy, Z(1))

where the left vertical map is defined by ¢; — [X;+1 : Xilej+1 and [ X4 : X;]is the dAegree
of the finite morphism X;;; — X;. Thus p;(e;) is infinitely divisible in H2%(Gy, Z(1)),
hence p;(e;) = 0, for all i > 1, since Hz(Gk,Z(l)) = 7. This shows that the map

Pic(X;) N H?(Gy, Z(1)) is the zero map for all i > 1 as required.

Conversely, assume that assumption (i) holds, i.e., the section s is strongly orthogonal to
Pic”. Then the section s has a cycle class uniformly orthogonal to Pic” in the sense of [7],
Definition 1.4.1 (cf. loc. cit. Proposition 1.6.7). Assertion (ii) follows then from [7] Theorem

2.3.5 applied to each X;, i > 1 (note that with the notations of loc. cit. G]%?i) is a quotient
—ab
of G} ( Xf_‘) ).
This finishes the proof of Theorem D. O

Remark 4.1 Let X be a non-empty set of prime integers. Similar proofs as above yield a
pro-X analog of Theorem D.
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