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1 INTRODUCTION AND STATEMENT OF RESULTS

1.1 The birational section conjecture. For a smooth, geometrically con-
nected, projective curve X over a characteristic zero field k, we define the absolute
Galois group of X to be the group

Gx := Gal(k(X)/k(X))

where k(X)) denotes the function field of X and k(X) is an algebaic closure of k(X).
The Galois group Gx fits into an exact sequence

1—>GX,;—>GX \Gk > 1

where Gy, := Gal(k|k), k being the algebraic closure of k in k(X), and Gx,_ :=

Gal(K(X)/K(X)-k). Let x € X(k) be a k-rational point, and let & be a valuation
of k(X) extending the valuation v, of k(X) corresponding to x. We will refer to 7 as

an extension of x to k(X). The decomposition group Dz of ¥ fits into a commutative
diagram of exact sequences

1 y I > D » Grzy — 1
1 —— Gx, s Gy > G s 1

where [; is the inertia group at x. We will refer to a splitting of the lower sequence
in the above diagram as a section of Gx. A splitting of the upper exact sequence
naturally defines a section s; : G, — G x of Gx, with image contained in Dj.

Definition 1.1. We say a section s of Gx is geometric if its image s(Gy) is contained
in a decomposition group Dj for some k-rational point x € X (k) and some extension
T of z to k(X). In this case, we say that the section s arises from the point x.
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The birational analogue of Grothendieck’s anabelian section conjecture for étale
fundamental groups may be stated as follows.

Conjecture. Let k be a finitely generated field over Q, and let X be a smooth, pro-
jective, geometrically connected curve over k. Then every section of Gx is geometric
and arises from a unique k-rational point x € X (k).

We will refer to this as the birational section conjecture or BSC. One may con-
sider the statement for more general fields &, so we establish the following terminol-

ogy.

Definition 1.2. (i) Let X be a smooth, geometrically connected, projective curve
over a field k. We say the birational section conjecture (or BSC) holds for X
if every section of Gx is geometric and arises from a unique k-rational point
z e X (k).

(ii) For a field k, we say the birational section conjecture (or BSC) holds over k
if the BSC holds for every smooth, geometrically connected, projective curve
over k.

Remark 1.3. To prove that the BSC holds for X it suffices to prove that every
section of Gx arises from a k-rational point x € X (k). This is necessarily the
unique such point, since decomposition subgroups of G'x associated to distinct rank
1 valuations of k(X) intersect trivially [NSWO08, Corollary 12.1.3| (in loc. cit. k is
a global field but the same argument of proof works over any field).

It is hoped that the birational section conjecture might be used to prove the
Grothendieck anabelian section conjecture for étale fundamental groups, via the
theory of “cuspidalisation” of sections of arithmetic fundamental groups [Sail2a.
Conversely, the anabelian section conjecture for 7 implies the birational section
conjecture, as follows easily from the “limit argument” of Akio Tamagawa [Tam97,
Proposition 2.8 (iv)]. At present the BSC over finitely generated fields over Q,
as well as the anabelian section conjecture for m;, are quite open. Few examples
are known of curves over number fields for which the BSC holds. More precisely,
with the notations and assumptions in Definition 1.2(i), if & is a number field, X
is hyperbolic, J(k) is finite where J is the jacobian of X, and the Shafarevich-Tate
group of J is finite, then the BSC holds for X (see [Sto07, Remark 8.9] for related
examples). Also, some conditional results on the birational section conjecture over
number fields of small degree are known (see [Hos14]). Note that a p-adic analog of
the birational section conjecture holds by [Koe05|. To the best of our knowledge no
result on the birational section conjecture is known for curves over finitely generated
fields over Q of positive transcendence degree.

1.2 Statement of the Main Theorems. In this paper we investigate the bi-
rational section conjecture over function fields. We prove that, for a certain class
of fields k£ of characteristic zero, and under the condition of finiteness of certain
Shafarevich-Tate groups, proving that the BSC holds over function fields over k
reduces to proving that it holds over finite extensions of k. This class of fields con-
tains, in particular, the finitely generated extensions of Q, and for such fields we
show further that the statement is independent of finiteness of the Shafarevich-Tate
groups. The result therefore reduces the BSC over finitely generated extensions of
Q unconditionally to the case of number fields.



Our approach stems from the proof in [Sail6| of a similar result for the section
conjecture for étale fundamental groups. Let us start by describing the aforemen-
tioned class of fields, which was introduced in [Sail6, Definition 0.2].

Definition 1.4. For a field &’ of characteristic zero, consider the following conditions
on k'.

(i) The BSC holds over k'
(ii) For every prime integer ¢, the ¢-cyclotomic character x, : Gy — Z, is non-
Tate, meaning that any Gy-map Zy(1) — Ty A, for some abelian variety A over
k' and its ¢-adic Tate module Ty A, vanishes.
(iii) Given an abelian variety A over k', any quotient A(k’) — D of the group of
K'-rational points A(k’) satisfies the following:

(a) The natural map D — D is injective, where D := Wm D/ND.
(b) The N-torsion subgroup D[N] of D is finite for all N > 1, and the Tate
module T'D is trivial (cf. Notation).

(iv) Given a separated, smooth, connected curve C' over k" with function field K =
E'(C), K admits the structure of a Hausdorff topological field, so that X (K)
is compact for any smooth, geometrically connected, projective, hyperbolic
curve X over K.

(v) Given a separated, smooth, and connected (not necessarily projective) curve
C over k' with function field K = k/(C)) and a finite morphism C' — C' with
C separated and smooth, then the following holds. If C.(K'(c)) # @ for all
closed points ¢ € C, where k' (c) denotes the residue field at ¢ and C, is the
scheme-theoretic inverse image of ¢ in C, then C(K) # 0.

For a field k of characteristic zero, we say that k strongly satisfies one of the above
conditions (i), (ii), (iii), (iv) and (v) if this condition is satisfied by any finite exten-
sion K'|k of k.

Condition (i) is expected to hold for all finitely generated fields over Q by
the BSC. Conditions (ii)-(v) are satisfied by finitely generated fields over Q (cf.
[Sail6], discussion after Definition 0.2). More precisely, (ii) follows from the theory
of weights, (iii) follows from the Mordell-Weil and Lang-Néron Theorems, and (iv)
follows (for the discrete topology) from Mordell’s conjecture: Faltings’ Theorem and
Néron’s specialisation Theorem. Condition (v) is satisfied by Hilbertian fields (cf.
[Sail6, Lemma 4.1.5]), in particular (v) holds for finitely generated fields.

Definition 1.5. Let k be a field of characteristic zero and C' a smooth, separated,
connected curve over k with function field K. Let A — C be an abelian scheme
with generic fibre A := A x¢ K. For each closed point ¢ € C denote by K, the
completion of K at ¢, and write A, := A xXx K.. We define the Shafarevich-Tate
group
II(A) == ker(H'(Gx, A) —» [ H'(Gk.. A))
ceCe!

where the product is taken over all the closed points of C.
We now state our first two main Theorems.

Theorem A. Let k be a field of characteristic zero that satisfies conditions (iv) and
(v) of Definition 1.4, and strongly satisfies conditions (1), (ii), and (iii) of Definition
1.4. Let C' be a smooth, separated, connected curve over k with function field K.
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Let X — C be a flat, proper, smooth relative curve, with generic fibre X :== X Xo K
which is a geometrically connected hyperbolic curve over K such that X (K) # 0.
Denoting by J = PicOX/C the relative Jacobian of X, assume TII(J) = 0. Then
the BSC holds for X.

Theorem B. Let k, C and K be as in Theorem A, and assume further that k
strongly satisfies conditions (iv) and (v) of Definition 1.4. For any finite extension
L of K, let CF denote the normalisation of C' in L. Assume that for any such
finite extension L and any flat, proper, smooth relative curve Y — CT we have
THI(Jy) = 0, where Jy := Picg,/CL is the relative Jacobian of Y. Then the BSC
holds over all finite extensions of K.

In the context of @, this means that if the birational section conjecture holds
over all fields of some fixed transcendence degree over Q then it holds over all
fields of transcendence degree one higher, provided that finiteness of III holds. By
induction this means that, under the assumption on the relevant Shafarevich-Tate
groups, if the birational section conjecture holds over number fields then it holds
over all finitely generated fields over Q. As a consequence of one of the main results
in [ST18|, asserting the finiteness of III for isotrivial abelian varieties over finitely
generated fields, and using Theorem A, we can prove the following.

Theorem C. Assume that the BSC holds over all number fields. Then the BSC
holds over all finitely generated fields over Q.

Thus Theorem C reduces the proof of the birational section conjecture to the
case of number fields.

1.3 Guide to the proof of the Main Theorems. Our approach to proving
the above Theorems is inspired by the method in [Sail6], and relies on a local-global
argument. This requires studying the properties of sections of absolute Galois groups
of curves over local fields of equal characteristic zero and over function fields of curves
in characteristic zero. We relate these two settings by investigating “étale abelian
sections”, from where arises the constraint on the Shafarevich-Tate groups.

To the proof of Theorems A and B. With the notations and assumptions in
Theorem A, let s : Gx — Gx be a section. For each closed point ¢ € C¢, using
the fact that k strongly satisfies condition (ii), as well as a specialisation theorem
for absolute Galois groups which may be of interest independently of the context
of this paper (cf. §3.1), we prove that s naturally induces a birational section
5. 1 Grey — G, of the absolute Galois group Gy, of the fibre X', at c. The fact
that k strongly satisfies condition (i) implies that the section S. is geometric and
arises from a unique rational point z. € X.(k(c)) (the unicity follows from the fact
that k strongly satisfies condition (iii)(a)).

Next, we consider the étale abelian section s : Gx — 7 (X))@ induced by s,
where 71 (X)®) is the geometrically abelian fundamental group of X, and similarly
the étale abelian sections 52" : Gr(e) — 71(X,)@) induced by 3., Ve € O (cf. §2.2).
Thus, s and 52" can be viewed as elements of H'(Gk,TJ), and HY(Gye), T T ¢),
where J and J. are the jacobians of X and X respectively, and T indicates their
Tate modules (cf. loc. cit.). We have the following commutative diagram of Kummer
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exact sequences (cf. §2.2)

0—— J(K) ——— HY(Gg,TJ) —— TH'(Gg,J) — 0

I |

ceCel ceCel ceCel

where J. := J xx K., and K, is the completion of K at c. Moreover, (s2°),cca =
(#c)cec € [oeca Je(K.) via the injective maps [ [.coa Xe(k(c)) = [[occa Te(k(c)) —
[I.cca Je(K.), where the last map is induced by the inflation map, and the first map
is injective as k strongly satisfies condition (iii)(a). The kernel of the right vertical

map TH'(Gk,J) = [l.cca TH'(Gk,, J.) is the Tate module of the Shafarevich-
Tate group III(7), which is trivial by our assumption that III(7) is finite. Thus

s € J(K) by the above diagram. We then prove the following (cf. Lemma 5.1).

Theorem D. We use the above notations. Assume that k strongly satisfies the
conditions (i), (ii), and (iii) of Definition 1.4. Then the homomorphism J(K) —
J(K) is injective and s*® is contained in J(K).

Furthermore, the natural map [].coa Xc(k(c)) = [[.coa Te(k(c)) is injective
(this follows from condition (iii)(a)), and inside [[..ca Jc(k(c)) the equality

[T xek(e)) nJ(K) = X(K)

ceCdl

holds (the map J(K) — [[.cca Jc(k(c)) is injective. See Lemma 5.2 and its proof).
Thus s** = € X(K) arises from a unique rational point z since s, = z. € X.(k(c))
for all ¢ € C. To finish the proof of Theorem A, using a limit argument due to
Tamagawa relying on the fact that k satisfies condition (iv), it suffices to show that
every neighbourhood of the section s has a K-rational point. This is achieved using
the fact that k satisfies condition (v).

The proof of Theorem B follows easily from Theorem A, and standard facts on
the behaviour of birational Galois sections with respect to finite base change.

To the proof of Theorem C. We argue by induction on the transcendence degree
and assume that the BSC holds over all finitely generated fields over Q with tran-
scendence degree < n, where n > 1 is an integer. To prove that the BSC holds for
curves over a finitely generated field K of transcendence degree n we first reduce to
the case of the projective line P},. Given a section s : Gx — GP}( we prove that s
has a neighbourhood Y — P} with Y hyperbolic and isotrivial. For such a curve it
is proven in [ST18| that III(Jy) is finite, where Jy — C' is the relative jacobian of
a suitable model ) — C of Y as in the statement of Theorem A. We can then (after
passing to an appropriate finite extension of K) apply Theorem A to conclude that
the section sy : Gx — Gy induced by s, and a fortiori the section s, is geometric.

1.4 Guide to the paper. The layout of the paper is as follows. In §2 we will
recall some properties of étale and geometrically abelian fundamental groups and
their sections, which will be necessary for the proofs of our main Theorems.

In §3 we work in a local setting. We consider a flat, proper, smooth relative curve
over the spectrum of a complete discrete valuation ring with residue characteristic
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zero, and explain how to define a specialisation homomorphism of absolute Galois
groups (Theorem 3.4) using the specialisation homomorphism of fundamental groups
of affine curves. We apply this in §3.2 to study the specialisation of sections, and
the phenomenon of ramification of sections.

In §4 we return to the global setting of Theorems A and B, and consider curves
over function fields of characteristic zero. In §4.1 we explain how to pass to the local
setting and apply the results from §3. In §4.2 we consider étale abelian sections and
show how to apply a local-global principle, during which we encounter the issue of
finiteness of the Shafarevich-Tate group (Proposition 4.11).

In §5 we use the results of §3 and §4 to prove Theorems A and B, and apply
these, along with one of the main results of [ST18|, to prove Theorem C.

Notation.

e For a scheme X, we will denote the set of closed points of X by X¢.

e Given a ring R and morphisms of schemes X — Y and Spec R — Y, we will
denote the fibre product X Xy Spec R by Xkg.

e For a field k and a given algebraic closure k of k, we will denote the absolute
Galois group Gal(k|k) by Gj.

e For an abelian group A and a positive integer N, we denote by A[N] the kernel
of the homomorphism N : A — A, a— N -a. R

e Given an abelian group A, we denote by A the inverse limit A := lgl No1 A/NA

and by T'A := @NEI A[N] the Tate module of A.

e Given an abelian variety B over a field k, an algebraic closure k of k, we will

denote by T'B the Tate module of the abelian group B(k).

2 SECTIONS OF ETALE AND GEOMETRICALLY ABELIAN FUNDAMENTAL GROUPS

2.1 Sections of étale fundamental groups. Let k be a field of characteristic
zero, X a smooth, geometrically connected, projective curve over k, and U C X an
open subset with complement S := X \ U (when considering an open U C X we
assume U non-empty). Write K = k(X) for the function field of X. Let z be a
geometric point of U with image in the generic point. Thus z determines algebraic
closures K, and k, of K and k respectively, as well as a geometric point of Uy, that
we denote z. The étale fundamental group m (U, z) of U fits into an exact sequence:

1 —— m((U,2) —— m(U, 2) — Gy = Gal(k/k) —— 1

We will refer to this as the fundamental exact sequence of U. The fundamental
group m1(Ug, Z) will be called the geometric fundamental group of U.

Definition 2.1. A universal pro-étale cover U — U of U is an inverse system of
finite étale covers {V; — U}ies, corresponding to open subgroups of (U, z), such
that for any étale cover V' — U, corresponding to an open subgroup of m (U, z),
there is a U-morphism V; — V for some i € I. A (closed) point & of the universal
pro-étale cover U is a compatible system of (closed) points {z; € V;}ic;.

Fix a universal pro-étale cover U— U , and let {V; — U};cs be the inverse
system of étale covers defining it.

Definition 2.2. Let Y; — X denote the unique extension of V; — U to a finite
morphism of smooth, connected, projective curves over k. The inverse system of
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morphisms {Y; — X };c; will be called the normalisation of X in U, denoted XU —
X. A (closed) point T of X is a compatible system of (closed) points {z; € Y;}ier.

Definition 2.3. With the above notation, let = € X be a closed point and Z a
point above z in the normalisation Xz of X in U. The decomposition group Dj
of Z is the stabiliser of & under the action of m(U,z) (which acts naturally on

the points of XU).iThe wertia group Iz is the kernel of the natural projection
D3z = Gy = Aut(k/k(x)), where k(z) is the residue field at .

It follows immediately from the definition that decomposition and inertia groups
for different choices of & above z are conjugate, that is, for any o € 71 (U, z) we have
I,; = ocl;07! and D,; = 0Dz0~ . The inertia group I; is trivial if # € U, while if
r € S it is isomorphic as a G(;)-module to the Tate twist Z(1).

Recall that the curve U is hyperbolic if the geometric fundamental group m (Ug, 2)
is non-abelian. Denoting by ¢ the genus of X, this occurs exactly when 2 — 2¢g —
deg; S < 0, where S is regarded as a reduced effective divisor on X. We refer to
[HM11, Lemma 1.5] for a proof of the following statement.

Lemma 2.4. With the above notation, assume further that U is hyperbolic. Then
any two inertia subgroups Iz, Iy C m(U, 2) corresponding to distinct points T # &'
of X intersect trivially.

Let x € X(k) be a k-rational point of X, and let & be a point above x in the
normalisation X of X in U. There is a commutative diagram of exact sequences

1 > Iz » Ds y Gr) — 1
l I | "
1 —— 7T1(U]‘€,2) e 7T1(U, Z) > Gk > 1

where the middle vertical map is the natural inclusion, via which a section of the
upper exact sequence naturally defines one of the (lower) fundamental exact se-
quence. When x € U the inertia group [; is trivial, hence there is an isomorphism
D; ~ Gy = Gy (induced by the projection m (U, z) — Gj) and thus Dj; gives
rise naturally to a section of m(U, z) in this case. Action by 7 (U}, Z) permutes
the points # of U above z, so z in fact induces a conjugacy class of sections of the
fundamental exact sequence.

It is well known that the upper exact sequence in diagram (1) also splits when
x is contained in the complement S = X \ U.

Definition 2.5. A section s : Gy — m1(U, 2) is called cuspidal if it factors through
D; for some (necessarily k-rational) point x € S and some & € X7 above x.

Now let £ : Spec§2 — X be a geometric point with image the generic point of X.
The geometric point € naturally determines a choice of an algebraic closure K of K
and, for each open subset U C X, a geometric point £ : Spec 2 — U with image the
generic point of U. The following is well-known.

Lemma 2.6. With X, K and & as above, there is a canonical isomorphism

Gx = Gal(K/K) ~ Jim (U, §)

UCX open

where the limait is taken over all the open subsets of X, partially ordered by inclusion.
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In particular, for any open subset U C X, the fundamental group 7 (U, &) is
naturally a quotient of Gx. In fact we have a commutative diagram

l —— GX,; > GX > Gk s 1
1l —— 771<Ul_cag) I 7T1(U7£> ” Gk > 1

where the middle vertical map is the natural projection, via which a section s : G, —
G x of G x naturally induces a section sy : Gy, — 71 (U, §) of the projection 7y (U, &) —
G. Thus, by Lemma 2.6, a section s of Gx determines, and is determined by, a
compatible system of sections sy : Gy, — w1 (U, &) for the open subsets U C X.

2.2 Geometrically abelian fundamental groups. Let k be a field of char-
acteristic zero, and let X be a smooth, geometrically connected, projective curve
over k such that X (k) # 0. Let z : SpecQ2 — X be a geometric point with value
in the generic point, which determines an algebraic closure k of k and a geometric
point Z of Xj. Denote by (X%, 2)*® the maximal abelian quotient of the geometric
fundamental group of X. The geometrically abelian quotient of m (X, z), denoted
71(X, 2)®) is defined by the pushout diagram

1 —— m(Xg, 2) —— m(X,2) > G, > 1
1 —— 1 (X}, 2)* —— m(X, 2)@P) y Gy y 1

where the upper row is the fundamental exact sequence. By commutativity of this
diagram, a section s : Gy — (X, 2) of the étale fundamental group of X naturally
induces a section s : G, — m(X,2)®) of the geometrically abelian quotient,
which we will call the étale abelian section induced by s.

Fix a k-rational point xy € X (k). Let J denote the Jacobian of X, and let
t: X — J be the closed immersion mapping xg to the zero section of J. Note that ¢
maps an arbitrary k-rational point x € X (k) to the class of the degree zero divisor
[x] — [zo]. Moreover, it induces a commutative diagram of exact sequences

1 —— m (X5, 2)* —— (X, 2)@D)

G,
lz l )
G,

1 —— m (g 2) ——— m(J, 2)

where the vertical maps are isomorphisms.

Hence there is an identification of Gy-modules (X, 2)* ~ m,(J;,2) ~ T,
where T'J is the Tate module of J (see Notation). We fix a base point of the torsor
of splittings of the upper exact sequence in (2) to be the splitting arising from the
rational point zy, and the corresponding base point of the torsor of splittings of
the lower exact sequence in (2), and identify the set of 7 (X}, 2)*P-conjugacy classes
of sections of the upper exact sequence in (2) with the Galois cohomology group
HY (G}, TJ). By functoriality of the fundamental group, any k-rational point z €
X (k) induces a section s, : Gy — m1(X, z), which in turn induces an étale abelian
section 82 : G — (X, 2)@). Thus we have a map X (k) — H'(Gy, T'J) defined by
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x> [s%P], where [s2P] denotes the (X}, 2)*P-conjugacy class of sections containing
52 This map factors through J(k), that is, it coincides with the composite map

X(k) < J(k) — HYGy, ).
(ab)

This is due to the isomorphism (X, 2)@) ~ 7,(J, 2), via which s2° corresponds to
the section of 1 (J, z) induced by functoriality from the k-rational point «(z) € J(k).

Lemma 2.7. There is an exact sequence

0 —— J(k) — HY (G, TJ) — THYGy,J) — 0
where J/(E) = lim J(k)/NJ(k) (see Notation) and TH'(Gy, J) is the Tate module
of the Galois cohomology group HY (G}, J).

We shall refer to this sequence as the Kummer exact sequence. One can easily de-
rive it from the Kummer exact sequences 0 — J(k)[N] — J(k) % J(k) — 0,
N > 0, during which one sees, in particular, that the map J(k) — HY(Gy, TJ)

—

factors through J(k). Thus we have a sequence of maps:

—

X(k) < J(k) — J(k) — H(Gy, T.J). (3)

3 SPECIALISATION OF SECTIONS IN A LOCAL SETTING

3.1 A specialisation homomorphism for absolute Galois groups. Let R be
a complete discrete valuation ring with uniformiser 7, field of fractions K and residue
field k := R/mR of characteristic zero. Let X be a flat, proper, smooth, geometrically
connected relative curve over Spec R, and denote by X 1= X Xgpec g Spec K its
generic fibre and X := X Xgpec g Speck its special fibre. Fix an algebraic closure
K of K, and denote by R the integral closure of R in K, and by k the residue field
of R, which is an algebraic closure of k.

Let & : SpecQ; — X% be a geometric point with image the generic point of Xz,
and similarly let & : Spec§y — X; be a geometric point with image the generic
point of Xz. These induce geometric points of Xx and Xj, which we denote by &
and & respectively.

Definition 3.1. For each closed point x of X!, fix a choice of closed point y € X¢
which specialises to x and whose residue field is the unique unramified extension of
K whose valuation ring has residue field k(z) (such a point exists since X — Spec R
is smooth). We define S to be the set of these chosen closed points y € X§. Thus,
S is a subset of X¢ in bijection with X¢. We denote by Sz the inverse image of S
via the map X% — X Thus, S? is a subset of X%l in bijection with X,%l.

Definition 3.2. With S and Sy as in Definition 3.1, we define the group m; (Xx —5)
to be the inverse limit

Wl(XK—S) = 1&1 71-1()(}(\3761)

BCS finite

over the open subsets of Xx whose complements are finite subsets of S, ordered by
inclusion. Similarly, we define m (X% — S¢) = @BCS”R e M (X7 \ B &)
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Definition 3.3. A universal pro-étale cover Xg — X — S is an inverse system of
finite morphisms {Y; — X }ier, with Y; smooth, corresponding to open subgroups
of m (Xg — S), such that for any finite morphism Y — X, with Y smooth, cor-
responding to an open subgroup of m (Xx — S), there is an Xg-morphism Y; — Y
for some i € I. A (closed) point & of Xz is a compatible system of (closed) points

{yi € Yi}ier.

For a universal pro-étale cover X g — Xg — S and any closed point Z of X 3
we define decomposition and inertia subgroups Dz, Iz C m(Xgx — ) exactly as in
Definition 2.3, and they satisfy analogous properties.

Theorem 3.4. There exists a surjective (continuous) homomorphism Sp : m (X —
S) = Gx,, an isomorphism Sp : m (X% — Sg) ~ Gx_, and a commutative diagram
of exact sequences:

1 GX? GXK GK 1

1*>7T1(XT(—S’T<)*>7T1(XK—S) GK 1 (4)
Sp Sp l

1 Gx, Gx, G 1

The homomorphism Sp, resp. Sp, is defined only up to conjugation.

The homomorphisms Sp and Sp will be referred to as specialisation homomor-
phisms. For the proof we need the following well-known result.

Lemma 3.5. Let S be a divisor on X which is finite étale over R, and denote
U = X \ S which is an open sub-scheme of X. Then there exists a surjective
(continuous) homomorphism Spy : ™ (Uk, &) — m1(Uy, &) and an isomorphism
Spu : m(Ug, &) ~ 71 (U, &) making the following diagram commutative.

1 —— m(Ug, &) —— m(Uk, &) Gk 1
l l l 5)
1 —— m(Ug, &) —— m(Up, &) G, 1

The homomorphism Spy, respectively Spy;, is defined only up to inner automorphism

of m (Ug, &), resp. m (U, &).

The homomorphisms Spy and Sp; are called specialisation homomorphisms of
fundamental groups. The homomorphism Sp;; is defined in a natural way and induces
the homomorphism Spy. For an exposition, in particular the fact that Spy is an
isomorphism, see [OV9S|.

Proof of Theorem 3.4. Let B C S be a finite subset of S, viewed as a reduced closed
sub-scheme of Xy, and let B denote its schematic closure in X. By construction,
B is a divisor on X which is finite étale over R such that By = B. Denoting U :=
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X —B, by Lemma 3.5 there exist specialisation homomorphisms Sp;; : m(Uk, &) —
71 (U, &) and Spy : 1 (Ug, &) ~ m(Uy, &2). 3

Since there exist such homomorphisms for every finite subset of S, we have
a compatible system of surjective homomorphisms {Sp; }, resp. of isomorphisms
{Spy} (the compatibility follows from the construction of these homomorphisms).
By Lemma 2.6, taking inverse limits gives rise respectively to the surjective homo-
morphism Sp : 7, (X — S) - Gx, and the isomorphism Sp : m (X7 — Sg) ~ Gx,,
and moreover 7 (Xx — S) and m (X% — Sg) are naturally quotients of Gy, and
G x,. respectively. Thus we have the required homomorphisms in diagram (4), and
this diagram is clearly commutative. O]

One could consider the composite homomorphism G, — m(Xg — S) - Gx,,
and similarly for Gx_, to be a specialisation homomorphism for absolute Galois
groups. However, we will reserve the label ‘Sp’ for the homomorphism m; (X g —S) —»
Gx,, since this will be important in the next section.

3.2 Ramification of sections. We use the notation of §3.1, and assume further
that the closed fibre X} is hyperbolic. With S and U as in Lemma 3.5, consider
again diagram (5), and recall that the kernel of the projection G — Gy, is the
inertia group [k associated to the discrete valuation on K.

Lemma 3.6. (i) The projection m (Uk,&1) — Gk restricts to an isomorphism
ker(Spy) ~ Ik.
(ii) The right square in diagram (5) is cartesian.

Proof. The isomorphism ker(Sp) ~ Ik follows from a simple diagram chase, and (ii)
follows easily from (i). O

Fix universal pro-étale covers U x — Uk and pk — Uy (corresponding to the
geometric points §; and &, respectively), and let X denote the normalisation of

X in U K, and likewise Xﬁk the normalisation of X, in U, (see Definitions 2.1 and
2.2).

Lemma 3.7. Let v € S(k), and let y' be the unique (K-rational) point of Sk which
specialises to x. Let §' be a point of X above y'. There exists a unique T in Xz,
above x, so that we have the following commutative diagram:

1 I Dy G 1
%U ‘Z SpU l l
1 I; D; G 1

where Dy (resp. D;) is the decomposition group of §' (resp. &) in m (Uk, &) (resp.
m1(Uk, &) ). Moreover, the right square in this diagram is cartesian.

Proof. The image of Dy under Spy; is contained in Dj; for some Z in XUk above z,
as follows easily from the functoriality of fundamental groups and the specialisation
of points on (coverings of) R-curves. Moreover, such Z is unique by Lemma 2.4,
since Spy is an isomorphism, which implies the inertia subgroup Iy C Dy maps
isomorphically to I; C m (U, &). Commutativity of diagram (5) then implies that
Dy maps surjectively onto D;z, whence the above diagram. As in the proof of Lemma
3.6, the right square in this diagram is cartesian. O]
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Corollary 3.8. With the notation of Lemma 3.7, for any K -rational point y of Uk
specialising to x and any point § of Uk above v, Dy is contained in Dy for some y'
m XﬁK above y'. In particular, a section s : G — m (Uk, &) with image contained
in (hence equal to) Dy is cuspidal (Definition 2.5), even though y & Sk.

Proof. By specialisation, the point § determines a point 7 € X 7, such that Spy(Dy) C
D;. The statement then follows from Lemma 3.7 and the universal property of carte-
sian squares. Note that for a point # in X 7, above x there exists a point ' of X i
above y’ such that the conclusion of Lemma 3.7 holds (follows easily from a limit
argument). O

By Lemma 3.6 (ii), any section of (U, &) naturally induces a section of
m(Uk, &), but the converse is not true in general. Given any section s : G —
m(Uk, &), let us define a homomorphism ¢, : Gx — 7 (U, &) by the composition

s = Spy 0S.

s

T~

1—>7T1(UF751)4>771(UIO€1) Gk 1
ST)U . SpU Ps (6)
1 —— m(Up, &) —— m (U, &) G 1

Definition 3.9. We say the section s is unramified if ¢s(Ix) = 1. Otherwise we
say s is ramified.

For an unramified section s : Gx — m1(Uk, &) the map ¢, factors through the
projection Gx — G} and s induces a section § : Gy — (U, &). This induced
section will be called the specialisation of s and denoted 5.

We now investigate under what conditions we may conclude that a given section
s: Gk — m(Uk, &) has image contained in a decomposition group.

Lemma 3.10. Let s : Gg — m(Uk,&1) be an unramified section, and suppose
3(Gx) C Dz for some x € S(k) and some ¥ in X above x. Then s(Gg) C Dy for
a unique ' in XUK above the unique point y' € S(K) specialising to x.

Proof. There exists a point 7' in XUK above y’ such that the image of Dy C
m(Uk, &) under Spy is contained in Dj; (cf. proof of Corollary 3.8), and this ¢’
is unique as follows from Lemma 2.4. The pullback of 5 via the natural projection
G — Gy, gives rise to the section s, so s(Gk) must be contained in the pullback of
D:;; via GK —» Gk, which is Dgl by Lemma 3.7. ]

Proposition 3.11. Assume that k satisfies condition (ii) in Definition 1.4. Let
s : Gg — m(Uk, &) be a section, and denote pg := Spy 0s as above. If @S(]KZ 18

non-trivial then it is contained in the inertia group Iz of a unique point T of X,
above a point of Sy.

Proof. This follows from [HM11, Lemma 1.6]. Indeed, if ¢4(/f) is non-trivial then,
by commutativity of diagram (6), it is contained in 71 (Ug, &), and it is a procyclic
subgroup of 71 (Ug, &) because I ~ Z(l) is procyclic. Since k satisfies condition
(ii) of Definition 1.4, the image of ,(Ix) under the composite Gy-homomorphism

m(Us, &) — m (X5, &) — m(XE, &)™
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is trivial. It then follows from loc. cit. that ¢ (/x) must be contained in an inertia
subgroup of (U, &), which is unique by Lemma 2.4. ]

Remark 3.12. Under the hypotheses of Proposition 3.11, if S = §), so that U = X
is proper over Spec R, then it follows from the arguments in the proof of Proposition
3.11 that any section s : G — m(Xk, &) is necessarily unramified.

Lemma 3.13. Assume that k satisfies condition (ii) in Definition 1.4, and let s :
Gk — m(Uk, &) be a section and ps := Spy os. If s is ramified then ¢s(Gg) C
Dz for a unique k-rational point x of Sy and a unique T in )N(Uk above x, and
s(Gk) C Dy for a unique point §' of Xl?x above the unique K -rational point 1y’ of
Sk specialising to x. In particular, s is cuspidal.

Proof. If ¢4(I) is non-trivial then, by Proposition 3.11, it must be contained in a
unique inertia group [z for some x € S and some T € X o, above z. Since ps(Gk)
normalises o (If), for some o € G we have ¢ (Ix) = ps(0) - ps(Ix) - ps(o)™t C
©s(0) - Iz - ps(0) ™' = I, (0)3. But ¢s(Ik) is contained in a unique inertia group, so
os(0) - = T and ps(Gk) fixes T, i.e. ps(Gx) € D;z. Moreover, z is necessarily a
k-rational point since, by commutativity of diagram (6), ¢s(G ) maps surjectively
onto G. A similar argument to that used in the proof of Corollary 3.8 implies that
s(Gk) C Dy for some ¢’ in XUK above the unique point ¢’ of Sk specialising to x.
Moreover, such point 3’ is unique by Lemma 2.4. O

Let S be as in Definition 3.1. For a section s : Gx — m(Xx — S) (see Def-
inition 3.2), we write @, := Spos for the composition of s with the specialisation
homomorphism Sp : 7 (Xx — §) = Gx, of Theorem 3.4.

s

SRS
7T1(XK — S) E— GK
s (7)
Sp
Gx, —— Gy

We define the ramification and specialisation of s analogously to Definition 3.9. For
an open subset U, C X, with complement Sy, we will denote by Si the set of points
of S which specialise to Sy, D the schematic closure of Sk in X, and U := X\ D, thus
Uk = Xk \ Sk. We will denote by sy : Gg — m1(Uk, &) the section of m1(Ug, &)
naturally induced by s, and by ¢y the composition ¢y := Spy osy : G — w1 (Ug, &2)
of sy with the specialisation homomorphism Spy; : m1(Uk, &1) — 71 (Ug, &) of Lemma
3.5.

Since s induces such a section sy : G — 7 (Uk, &) for every open subset Uy C
Xk as above, it determines a compatible system of sections {sy}, parameterised by
the open subsets U C X as above. Conversely, such a system determines a section
of (X —S). Similarly, since s induces a homomorphism ¢y : G — w1 (U, &) for
every open subset of Xy, it determines a compatible system of homomorphisms {¢y }
whose inverse limit @Ukc X, open PU is exactly the homomorphism ¢, of diagram (7).

Lemma 3.14. A section s : Gx — (X — S) is ramified if and only if there is a

non empty open subset Uy C Xy for which the section sy : Gx — m(Uk, &) induced
as above by s is ramified.
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Proof. Since p4(Ix) = l'&nUchk open vu(Ix) (with surjective transition maps), ps({x)
is trivial if and only if ¢y (Ik) is trivial for every open subset Uy C Xj. O]

Proposition 3.15. Assume that k satisfies condition (i) of Definition 1.4, and let
s: Gg — m(Xg — 6:) be a section. Let U, C Uy C Xj be any two non-empty
open subsets, and let Xy , resp. XU;Q be the normalisation of Xy in some universal

pro-étale cover U, — Uy, resp. U,; — Uj.

Suppose that sy is ramified, with oy (1) contained in the inertia subgroup Iz, C
1 (Ug, &2) for some x € (Xi \ Ug)(k) and some Ty in XUk above x (see Lemma 3.13
and its proof ). Then sy is ramified, and oy (1) is contained in the inertia subgroup
I; , € m (U}, &) of some Ty in XU;Q above the same point x € (Xi \ Uy)(k) C

Tyt

(Xi\ Up) (K).

Proof. The image of ¢y (Ix) under the homomorphism 7 (Uj,, &) — m1(Ug, &) co-
incides with ¢y (Ix), which is nontrivial by assumption. Thus ¢y (Ix) must also
be non-trivial, and therefore it is contained in an inertia subgroup I5,, C 71 (U}, &)

for some z € (X;, \ U})(k) and some Zy/ in XU;'C above z (see Lemma 3.13 and its

proof). Let Zy be the image of Zy in )N(Uk. Suppose Zy # Ty. If z € X\ Uy
then, by functoriality, the image of I; , under 7, (Uy, &) — m1(Us, &2) is the inertia
subgroup Iz, C m (U, &) at Zy, which intersects trivially with Iz, by Lemma 2.4.
Meanwhile, if z & Xj, \ U, the image of I3, in 7 (U, &) is trivial. Both of these
contradict compatibility of ¢y and ¢y, so we must have Zy = Ty and 2z = x. O

The ramification of a section s : G — m (Xg — S ) is therefore characterised by
the ramification of the system of sections sy it induces. Let us now fix a universal
pro-étale cover Xg — X —S (see Definition 3.3), and denote by k(X}) the separable
closure of the function field k(X}) determined by the geometric point &,.

Lemma 3.16. Let s : Gx — m(Xk — 5’) be an unramified section, and suppose its
specialisation 5 : Gy — Gx, 1s geomelric with 5(Gk) C Dz for some x € X(k) and
some extension & of x to k(Xy). Then s(Gg) C Dy for a unique § in X above the
unique (K-rational) point y of S specialising to x.

Proof. For any open subset Uy C X, the section sy is unramified by Lemma 3.14.
Choose Uy so that = & Uy, and let X 7, » respectively X . denote the normalisation of
Xk, resp. X in some universal pro-étale cover of Uy, resp Uy. By compatibility of
the homomorphisms ¢y, we have 5y(Gy) C Dj,, for some Ty in XUk above x. Hence,
by Lemma 3.10, sy(Gx) C Dy, for some unique gy in Xy, above the unique point
y of Sk specialising to x. This is also true for every open subset of X contained in
Uy, so taking inverse limits yields the required statement. O

Lemma 3.17. Assume that k satisfies condition (i) of Definition 1.4, and let s :
G — m(Xk — 85) be a section. If s is ramified then ¢s(Gx) C Dz for a unique
valuation ¥ on k(Xy) extending a k-rational point x of Xy, and s(Gg) C Dy for a

unique § in Xg above the unique K-rational point y in S specialising to x.

Proof. Lemma 3.14 implies that, for some open subset U, C X, the section sy is
ramified. Let )N(UK, respectively )N(Uk denote the normalisation of X, resp. X in
some universal pro-étale cover of Uy, resp. Ug. By Lemma 3.13 we have ¢y (Gk) C
D;,, for some x € (X \ Ug)(k) and some Zy in )N(Uk above z, and sy (Gk) C Dy,
for some unique gy in X 7, above the unique K-rational point y of S specialising to
x. By Proposition 3.15, this is true for every open subset U, C X}, contained in Uy,
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thus taking inverse limits over the open subsets of X} yields the required statement
(the uniqueness of Z follows from the same argument as in the proof of [NSW08,
Corollary 12.1.3]). O

4 SECTIONS OF ABSOLUTE GALOIS GROUPS OF CURVES OVER FUNCTION
FIELDS

4.1 Specialisation of sections of absolute Galois groups. Let k be a field
of characteristic zero, and let C' a smooth, separated, connected curve over k with
function field K. Let X — C be a flat, proper, smooth relative curve, with generic
fibre X := X XK which is a geometrically connected curve over K. For some ¢ €
C, let K. denote the completion of K with respect to the valuation corresponding
to ¢, and let X, := X X K. be the base change of X to K..

Let £ be a geometric point of X with value in its generic point. This determines
an algebraic closure K (X) of the function field of X and an algebraic closure K of
K, as well as a geometric point & of Xz. Likewise let £, be a geometric point of X,
with value in its generic point, which determines an algebraic closure K, of K, and
a geometric point &, of Xz Fix an embedding K < K,.. This determines a natural
inclusion i : X(K) < X.(K.). Set-theoretically, an element y : Spec K, — X, of

X.(K.) maps the unique point of Spec K. to a closed point of X.. This closed point
will be called an algebraic point of X, if y € i(X(K)); otherwise, it will be called
a transcendental point. Let us denote by X the complement in X of the set of all

algebraic points of X¢.

Definition 4.1. With the above notation, define the group 1 (X%) to be the inverse
limit
m(Xe) = lm  m(U, &)
UCX open

over all open subsets U C X, where U, denotes the base change U x ¢ K..

Recall there is an exact sequence 1 — Gx_ — Gx — Gk = Gal(K/K) — 1,
where Gx is the Galois group of X with base point ¢ (cf. Lemma 2.6).

Lemma 4.2. We have a commutative diagram of exact sequences

I — m(X%)) —— m(XY) —— G, —— 1

c

|

1 — Gy, Gx G 1

where G, = Gal(K./K.), T (X3-) is defined so that the upper horizontal sequence
18 exact, the middle vertical map is defined up to conjugation, the left vertical map
15 an isomorphism, and the right square is cartesian.

Proof. For each open subset U C X, functoriality of the fundamental group yields
a diagram

1l —— WI(UI?U gc) —_— 7Tl(Uva éc) GKc 1
| |
1 —— m(Ug, &) —— m (U, §) Gx 1
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where the rows are the fundamental exact sequences, the middle vertical map is
defined up to conjugation, the left vertical map is an isomorphism (see [OV98|,
Théoréme 1.6), and the right square is cartesian (follows as in the proof of Lemma
3.6). The statement then follows by taking the projective limit of these diagrams
over the open subsets of X. O

Denote by X, := X x¢k(c) the fibre of X above c.

Lemma 4.3. For each closed point x of le, there exists an algebraic point y of
X, specialising to x whose residue field is the unique unramified extension L of K,
whose valuation ring Or, has residue field k(x).

Proof. Let us write X1 1= X, Xg, L and X ) := X Xpk(x). Let 2’ be a k(x)-
rational point of &) which maps to « under the projection X,y — X, and
let m; denote the maximal ideal of Of. The set of L-rational points of X, which
specialise to 2’ is in bijection with my [Liu02, Proposition 10.1.40]. Let F be a finite
extension of K whose completion at a place above ¢ is L. Then an element of m;NF
corresponds to an L-rational algebraic point y" of X, which specialises to ’. The
image y of ' under the projection X, — X, is then an L-rational algebraic point
of X. (k(y) = L) which specialises to x. O

Definition 4.4. For each closed point x of X Zl, fix a choice of algebraic point y € X!
which specialises to x and whose residue field is the unique unramified extension of
K. whose valuation ring has residue field k(x) (such a point exists by Lemma 4.3).
We define S, to be the set of these chosen algebraic points y € X4, Thus, S.is a
subset of X which consists of algebraic points and which is in bijection with X', ol
We denote by S %, the set of points of X, X, K, which map to points in S.. Thus

SQ &, 1s a subset of X~ L in bijection with X Cl

k(c)’

Let &, be a geometric point of X' with value in its generic point, which determines
an algebraic closure k(c) of k(c) and a geometric point €, of X i Letl =G X
Gx, = Gy — 1 be the exact sequence of the absolute Galois group of X', with
base point ¢..

Theorem 4.5. With S, and S & as in Definition 4.4, there exists a surjective

homomorphism Sp : (X, — S.) — Gu,, an isomorphism Sp : m (X% — SC,KC) ~

me and a commutative diagram of exact sequences:

1]—— Wl(X%) R — 7r1(X§r) GKC 1

l—— m(Xg —S,x) —— m(Xe.— S0) Gk. 1
Sp |2 Sp l

1l —— Gy Gy, —— Ghy — 1

k(c)
where the map Sp s defined up to conjugation.

Proof. The existence of Sp and Sp follows from Theorem 3.4. Since we have chosen
S. to consist of algebraic points, 71 (X, —S.), respectively m (X% —S‘C’E) is naturally
a quotient of 7 (X), resp. m (X%) Thus we have the required homomorphisms
in the diagram, and it is clearly commutative. O]
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Let s : Gx — Gx be a section, and let s, : G, — m(X) be the section
of m(X[") induced from s (cf. Lemma 4.2). This naturally induces a section 3, :
Gk, = m(X. — S.) of the projection m (X, — S.) = Gk.,.

Theorem 4.6. With the notation of the above paragraph, assume further that X is
hyperbolic. Let X > Xe— S. be a universal pro-étale cover (Definition 3.3), and

denote by k(X ) the separable closure of the function field of X. determined by the
geometric point &...

(i) Suppose 5. is unramified and induces a section 5. : Gy — Gux.. If 5c is
geometric with 5.(Gy)) C D3 for some x € X (k(c)) and some extension T of
x to k(X,), then 5.(Gk.) C Dy for some unique § in X 3. above the unique

(K.-rational) point y of S. specialising to .

(ii) Assume further that k strongly satisfies condition (ii) of Definition 1.4. Sup-
pose 8. is ramified, and denote @ := Sp 08.. Then ¢s(Gk,) C D; for a unique
valuation on k(X.) extending a k(c)-rational point x of X., and 5.(Gk,) C Dj
for some unique § in X .5, above the unique (K -rational) point y of S, spe-
cialising to x.

Proof. Part (i) follows from Lemma 3.16, and (ii) follows from Lemma 3.17. O

4.2 Etale abelian sections. We use the notation of §4.1, and hereafter we as-
sume that X is hyperbolic and that X (K) # 0.

Lemma 4.7. For each ¢ € C%, there is a commutative diagram

1 —— m(Xg, &) ——— m(X,€) Gk 1

1 —— m(Xgz, &) —— m(X, &) —— m (0,6 —— 1 (9)
}

1 —— m (X, &) —— m(Xe, ) Gy 1

where the lower vertical homomorphisms are defined up to conjugation, the middle
and right of those maps are injective and the left one is an isomorphism.

Proof. This follows from functoriality of the fundamental group and the fundamental
exact sequences for X and X.. Exactness of the middle row follows from [GRT71,
Exposé XIII, Proposition 4.3]. ]

For the remainder of this section we assume that &k strongly satisfies the condition
(ii) in Definition 1.4. Let us fix a section s : Gxg — Gx of Gy, and denote by
s G — m(X,€) the section of the étale fundamental group of X induced by
s. By Lemma 4.2, s pulls back to a section s. : Gk, — m(X!), which in turn
induces a section s&' : Gg, — m (X, &). By Proposition 3.11 (see also Remark
3.12), s& specialises to a section 5 : Gy — m (X, E). By the following, we may
also consider 5 the specialisation of s®.

Lemma 4.8. The section s extends to a section s& : m(C,&) = m (X, &) of the
projection w1 (X, &) — w1 (C, &) which restricts to the section 5 for each ¢ € C°.
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Proof. The kernel of the homomorphism Gx — m(C,§) is the inertia group Io
normally generated by the inertia subgroups associated to the closed points of C'.
Since s is unramified for every ¢ € C, the image of each of these inertia groups
under the composition Spy os : G, — m (X, &) of s& with the specialisation
homomorphism Spy : m (X, &) = m (X, &) is trivial, hence the image of I under

the composite Go - m (X, &) —» m(X,€) istrivial. Thus s* extends to a section
s& o m(C,€) — m (X, ), which must restrict to 5 : Gy — mi (X, &). O

Let J = PicOX/C — C' denote the relative Jacobian of X, and J := Jk the
Jacobian of X. For each closed point ¢ € C, let J,. := Jg, denote the Jacobian of X,

and J. := Jk() that of X.. The above sections s®, s¢* and 5 induce étale abelian

c
ab ab

sections s, 5% and 52" respectively, while diagram (9) induces a commutative

diagram of exact sequences of geometrically abelian fundamental groups

Sab

M
1 —— m (X7, —— (X, )@ —— G =G —— 1

3 O Smcy ——1

2

1 Z7\ab CenEh) S A
- Wl(‘){%?gc) - ﬂ-l(‘)(wgc) E— Gk(c) —1

where the middle horizontal row is obtained as the push-out of the middle hori-
zontal row in diagram (9) by the projection m(Xz,&) — m (X%, &), and s¥ :
T (C,€) — T (X, €)@ is induced by s&. Since X(K) # () by assumption, the

étale abelian sections s?°, 5P, 52> and 52" correspond to elements of the cohomology

groups H' (G, TJ), H'(Gk,,TJ.), H (m(C,§),TJ) and H' (G, T J.) respec-
tively, which are related by the following restriction and inflation maps:

resc

HY Gy, TJ) — HY(Gg,,TJ.)

info /I\ /I\ inf.

H' (m(C,€),T) —— HY(Gyo), T J.)

Lemma 4.9. With the above notation, we have the following.

(i) res.(s?®) = inf.(52P) = s2P;
(ii) info(s?) = s and resg . (s2P) = 52P.

Proof. Part (i) follows from the fact that s and 5 both pull back to s& - see
diagrams (8) and (6), considering the case when U = X is projective. Part (ii)
follows from diagram (10). See also [Sail6, Lemma 3.4]. O

The image of s*” under the diagonal map

H res. : H' (Gg, TJ) — H HY(Gg.,TJ.)

ceCe! ceCel
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is therefore the family (s2"),cca. This diagonal map fits into the following commu-

tative diagram of Kummer exact sequences (see Lemma 2.7).

0 J(K) HY Gy, TJ) ——— THY Gy, J) —— 0

| |

ceCel ceCel ceCel

Note that the kernel of the right vertical map is the Tate module TIHI(7) of the
Shafarevich-Tate group III(J) (Definition 1.5). Commutativity of this diagram
immediately implies the following.

Lemma 4.10. Suppose that, for every ¢ € C%, the section s** € HY(Gg, ,TJ,)
is contained in J.(K.). Then if THI(J) = 0, the section s** € HY (Gg,TJ) is

—_—

contained in J(K).

Proposition 4.11. Assume that THI(J) = 0, and that k strongly satisfies condi-
tions (i), (ii) and (iii)(a) of Definition 1.4. Then we have the following.

(i) For each ¢ € C, 5 is in the image of the injective map X.(k(c)) —

HY Gy, T T ), and s is in the image of X.(K.) = H (Gk,,TJ,).

(ii) s is contained in J(K).

Proof. Let 5.: Gg, — m(X. — gc) denote the section of (X, — gc) induced by s,
and write @5, := Spos.. Let XC,SC — X. — S. be a universal pro-étale cover, and
recall k(X.) the separable closure of the function field of X'. determined by &.. By
Theorem 4.6, for every ¢ € C! we have ¢, (Gk,) C Dz for a unique z € X.(k(c))
and some unique extension z of x to k(X.), and 5.(Gg,) C Dy for some unique §
in XQ 5, above the unique (K -rational) point y of S, specialising to z. This implies

that s&(Gg,) = Dy, for some §' above y in a universal pro-étale cover X, — X.,
and 5% (Gy()) = Dy for some &’ above z in a universal pro-¢tale cover X, — X..
This means that s&, respectively 5 arises from y € X (K.), resp. x € X .(k(c)) by
functoriality of the fundamental group, which proves (i) (see the discussion before
Lemma 2.7). The map X.(k(c)) = H*(Gy(), T J.) is injective by condition (iii)(a)
of Definition 1.4. .
Since the map X .(K.) — H'(Gg,,TJ.) factors through the inclusion J.(K.) —
HY(Gg,,TJ,) (see sequence (3)), part (i) implies in particular that s?" is contained in

JC/(K\C), and since this is true for every ¢ € C', Lemma 4.10 implies that s*> € Lﬁf?),
which proves (ii). O

5 PROOF OF THE MAIN THEOREMS

5.1 Proof of Theorem A. Let k£ be a field of characteristic zero that satisfies
conditions (iv) and (v) of Definition 1.4, and strongly satisfies conditions (i), (ii) and
(iii) of Definition 1.4. Let C' be a smooth, separated, connected curve over k with
function field K. Let X — C be a flat, proper, smooth relative curve whose generic
fibre X := X x¢K is geometrically connected and hyperbolic, with X (K) # ). Let
J = Picg( . denote the relative Jacobian of X', and J := J x the Jacobian of X.

For a closed point ¢ € CY, denote by J. := J k(c) the Jacobian of X.. Assume
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that THI(J) = 0. We show that the birational section conjecture holds for X (see
Definitions 1.1 and 1.2 and Remark 1.3).
Let s : Gx — Gx be a section. Under our assumptions, the étale abelian section

—

s induced by s is contained in J(K), by Proposition 4.11 (ii).

—

Lemma 5.1. The homomorphism J(K) — J(K) is injective and s*® is contained
in J(K).

Proof. There exist ci,c; € C such that the natural specialisation homomorphism
J(K) = Te(k(c1)) X Tey(k(ca)) is injective [PV10, Proposition 2.4|. Let ¢ be a
finite extension of k that contains k(c;) and k(cz). Then there is an injective homo-
morphism 7., (k(¢;)) < J.,(¢) for each i = 1,2, hence an injective homomorphism
Ter5(01)) X Tea(h(€2)) = Ter(0) X T a(€) = (T, X T ) (0). For ease of notation,
let us write J12(0) = (Je; X Te,)(€). We have a commutative diagram of exact
sequences:

0—— J(K) — J12(0) H 0
— P — ~
0—— J(K) — J12(0) i 0

where H is defined so that the upper horizontal sequence is exact. Exactness of the
lower sequence follows easily from condition (iii) (b) of Definition 1.4, while condition
(iii) (a) implies that the middle and right vertical maps are injective. Therefore the

—

left vertical map is also injective, and the equality J(K) = ¢(J12(¢)) N Y (J(K))

—

holds inside J12(¥).

For each ¢;, i = 1,2, the section s induces an element 5?}’ € H' (G, T Te,),
which is contained in the image of the map X, (k(¢;)) = H'(Gy(e,), T T ;) by Propo-
sition 4.11 (i). This map is injective by condition (iii)(a) of Definition 1.4, so we may
consider 52" to be contained in X, (k(c;)). Then 52" is contained in J,(¢) for each
i = 1,2, due to injectivity of the maps X, (k(¢;)) — T (k(ci)) — T, (€). Thus

i

(52> 522 is contained in J, (£) X J,(f), hence in ¢(T;12(¢)). By Lemma 4.9, the

image of s** € J(K) in m) under ¢ is the element (52, 52P), and since this lies
in ¢(J12(f)) we have s?* € ¢(T12(0)) NY(J(K)) = J(K). O

Fix a K-rational point zo € X(K) = X(C) (non-empty by assumption), and let
t: X — J denote the closed immersion mapping xy to the zero section of 7.

Lemma 5.2. s* is contained in X (K).

Proof. Since s** is contained in J(K) = J(C), it may be regarded as a morphism
s : O — J. By Lemma 4.9, the pullback of this morphism to Spec k(c) is precisely
52, considered an element of J.(k(c)) C H' (G, T J.). But 52" is contained in
X.(k(c)) by Proposition 4.11 (i), hence the morphism 52" : Spec k(c) — J. must
factor through X', where X, is considered a closed subscheme of 7. via ¢. Thus, for
each ¢ € C, the image of ¢ under the morphism s* : C' — J is a closed point of
X.. This implies that s* : C — J factors through ¢ : X — 7, thus s is contained

in the subset (X (K)) C J(K). O
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Let z be the point in X(K) such that «(z) = s, and for each ¢ € C let 2,
denote its specialisation to X.. Let 7. € X.(k(c)) be the point associated to 52" by
Proposition 4.11 (i).

Lemma 5.3. z, = Z. in X.(k(c)) for all c € C°.

Proof. Lemma 4.9 implies that, for each ¢ € C, 52" is the image of both z, and

Z. under the map X.(k(c)) — H*(Gy(e), T J.). This map is injective by condition
(iii)(a) of Definition 1.4, hence z, = Z... O

Proposition 5.4. s is geometric.

Proof. By the “limit argument” of Tamagawa |Tam97, Proposition 2.8 (iv)], and
the fact that k satisfies the condition (iv) in Definition 4.1, it suffices to prove that
for any open subgroup H C Gx which contains s(Gg), if Y — X denotes the
corresponding finite morphism with ¥ smooth, we have Y (K) # 0.

By construction, we have Gy = H, and s defines a section sy : Gx — Gy of
Gy. For ¢ € C9, let K. be the completion of K at ¢, and write X, := X xx K, and
Y. =Y Xk K. By Lemma 4.2, the section s pulls back to a section s. : Gk, —
7 (X™), and likewise sy pulls back to a section sy, : Gk, — m(Y.*"). We have the
following commutative diagram.

Sy,
Sc

T (V) — m (XT) = Gy,

| |

Gy Gy & Gx

Let Y be the normalisation of X in the function field of Y, and for each ¢ € C let
Y. denote the closed fibre of ) at c¢. After possibly removing finitely many points
from C, we may assume that ) is smooth over C. Indeed, the closed fibres ). are
smooth except possibly for finitely many closed points ¢ € C [Liu02, Proposition
10.1.21]. So, if necessary, we may replace C' by the largest open sub-scheme C" C C'
such that Y. is smooth for every ¢ € (C")¢, and ) — X by the induced map of fibre
products YV xoC" — X xoC".

So we assume that the fibres ), are smooth for all ¢ € C'. For each closed point
T. € X respectively 3. € Y, choose an algebraic point x, € X,, resp. y. € Y,
specialising to Z., resp. #. whose residue field is the unique unramified extension
of K, whose valuation ring has residue field k(Z,), resp. k(7). Let S,, respectively
T. denote the set of these chosen algebraic points of X, resp. Y. (see Definition
4.4). The groups m (Y, — TC) and 7 (X, — S‘C) are naturally quotients of 71 (Y,") and
1 (X) respectively, hence s. naturally induces a section . : Gk, — m (XC—S'C), and
likewise sy, induces a section Sy, : Gg, — m (Y. — TC). By Theorem 4.5, there exist
specialisation homomorphisms Spy : 7 (X, — S.) = Gx, and Spy : m (Y, — T,) —
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Gy, and a commutative diagram

SYC
Sc

T (Vi) > my (X) —— G,

(Y.~ T.) /*&

5

e

T (Xc - Sc)

Spy

Spx

Gy ¢ GX

c

G

(&

where we denote gy := Spy 05, and ¢y := Spy 0sy,. By Theorem 4.6, we have
oy (Gk,) C Dy, C Gy, for a unique valuation g. on k(X.) extending a unique k(c)-
rational point g. € Y.(k(c)). By commutativity of the above diagram, this implies
that ox(Gk.) C Dy, C G, for the same valuation g, on k(X.), whose restriction
to k(X.) corresponds to the image 7/, of 7. in X' .. Thus we have found, for every
¢ € C, unique k(c)-rational points 7. € Vc(k(c)) and z, € X (k(c)) such that 7.
maps to Z,, via Y. — X.. Moreover, z/, must be the same as the point Z. associated
to 52" (see Lemma 5.3 and the paragraph before it).

Recall the section s?P is associated to a K-rational point z (see Lemma 5.2 and
the paragraph after it). View z € X(K) = X(C) as a section z : C' — X, and
denote by Y. the pullback of the image z(C) via the map Y — X'. Then ), — z(C)
is a finite morphism, and we can assume, after possibly shrinking C', that ), is
smooth. Since z specialises to Z. € X.(k(c)) (Lemma 5.3), . € 2(C) and therefore
Y. € V.(k(c)) for every ¢ € C'. Then condition (v) of Definition 1.4 implies that
V.(K) # 0. Thus V.(K) C Y(K) = Y(K) # 0, which completes the proof of
Proposition 5.4. O

Thus s(Gg) is contained in a decomposition group associated to a K-rational
point z € X (K), which is unique (cf. Remark 1.3). This concludes the proof of
Theorem A.

5.2 Proof of Theorem B. In this section we explain how Theorem B is deduced
from Theorem A. Let k be a field of characteristic zero that strongly satisfies the
conditions of Definition 1.4. Let C' be a smooth, separated, connected curve over
k with function field K. For any finite extension L of K, let C* denote the nor-
malisation of C' in L, and for any flat, proper, smooth relative curve Y — C¥, let
Ty = Picg, oL denote the relative Jacobian of . Assume that for any such finite
extension L and any such relative curve ) we have THI(Jy) = 0.

We will show that for any finite extension L of K and any smooth, projective,
geometrically connected (not necessarily hyperbolic) curve X over L, the birational
section conjecture holds for X.

Proposition 5.5. With the above notation and hypotheses, let s : G — Gx be a
section of Gx. Then s is geometric.
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Proof. By the Hurwitz formula, we may choose an open subgroup H C Gx contain-
ing s(G) such that, denoting by Y — X the corresponding finite morphism with ¥
smooth, Y is hyperbolic. We have an isomorphism H ~ Gy, and s naturally defines
a section sy : G — Gy of the natural projection Gy — Gp. Let L'|L be a finite
extension such that Y (L') # (), and let M|L be a Galois extension of L containing
L'. Then Yy, (M) # 0, and sy restricts to a section sy,, : Gy — Gy,, of the absolute
Galois group of Y),.

SYm
L

1] — GYZ _— GYM GM 1

| .|

1—>GYZ GYK\GL 1

Let CM denote the normalisation of C' in M, and let Y — CM be a flat and
proper model of Yj; over CM. As in the proof of Proposition 5.4, after possibly
removing finitely many closed points from C™ we may assume that the closed fibres
V. = Y xeuk(c) of Y are smooth for all ¢ € (CM). Then Y — CM is a flat,
proper, smooth relative curve whose generic fibre Yj; is hyperbolic and has at least
one M-rational point. Theorem A then implies that sy, (Gjs) is contained in a
decomposition subgroup Dg/[ C Gy,, for a unique M-rational point y of Y,, and

some extension g of y to k(X). Note we use a superscript M to emphasise that Déw
is a subgroup of Gy,,.

Since M|L is a Galois extension, G is a normal subgroup of G, hence sy (Gp)
normalises Sy,,(Gys) in Gy. Therefore, for any o € Gy, sy,,(Gy) is also contained
in sy (o) "' Dy'sy (o) = D}/, 5 which implies that § = sy () - § [NSW08, Corollary
12.1.3]. Thus, sy(Gr) normalises D} in Gy, so it is contained in the normaliser
of Déw in Gy, which is precisely D; C Gy. This implies that s(G) is contained
in the decomposition subgroup D; C Gx of the same valuation y of m, whose
restriction to k(X) corresponds to the image = of y in X. The point x is then
necessarily L-rational, since Dy must map surjectively to G'p. O

This concludes the proof of Theorem B.

5.3 Proof of Theorem C. In this section we prove Theorem C. Assume the
BSC holds over all number fields. We prove that the BSC holds over all finitely
generated fields over Q of transcendence degree n > 1. We argue by induction on
n and assume that the BSC holds over all finitely generated fields over QQ of tran-
scendence degree < n. Let K be a finitely generated field over Q of transcendence
degree n and k C K a subfield which is algebraically closed in K over which K has
transcendence degree 1. We show the BSC holds over K.

It is well-known that in order to prove that the BSC holds over K it suffices to
prove that the BSC holds for the projective line over K (cf. [Sail2b, Lemma 2.1]).
Thus, we will show the following.

Proposition 5.6. With K and k as above, let X = Pk, and let s : Gx — Gx a
section of the projection Gx — Gg. Then s is geometric.

Proof. Let K and k be the algebraic closures of K and k, respectively, induced by
the geometric point ¢ defining Gx. We claim that there exists an open subgroup
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H C Gx containing s(Gf) such that, denoting by Y — X the corresponding finite
morphism with ¥ smooth, Y is hyperbolic and isotrivial, meaning that Y% descends
to a smooth curve Y; over k. Indeed, let U C P} be an open subset, U = U x4 k,
Uk =U X, K, and Uz = U Xy K. We have a natural commutative diagram of exact
sequences

1 —— Wl(Ug,g) —_— 7T1(UK,§) > GK > 1
1 —— m(Ug, &) —— m(Uy, ) y G, 1

where the left vertical map is an isomorphism. Let A be a characteristic open
subgroup of 71 (Ug, &) corresponding to a finite morphism Yz — IP’}c with Yz smooth
and hyperbolic. Such a subgroup exists by the Riemann-Hurwitz formula and the
fact that 7, (Uy, €) is finitely generated. We write A for the corresponding subgroup
of m (Ug, &) and Y — P~ the corresponding finite morphism with Yz smooth. The
section s induces a section sy : Gx — m(Uk, &) of the projection m (Uk, &) - G-
Let H = A - su(Gg) and H the inverse image of H in Gx. Then H and the
corresponding finite morphism Y — X are as claimed above.

The section s induces a section sy : Gg — Gy = H of the natural projection
Gy — G with sy(Gg) = s(Gk), and one easily verifies that the section s is
geometric if (and only if) the section sy is geometric. Let C' be a separated, smooth
and connected curve over k with function field k(C) = K, and Y — C a flat, smooth
and proper relative C-curve with generic fibre Vi =Y. Without loss of generality,
we can assume that Y(K) # () (cf. proof of Theorem B). Let J be the relative
jacobian of Y. The Shafarevich-Tate group III(J) is finite by [ST18, Theorem 4.1]
since J , being the jacobian of Y%, is isotrivial (i.e. descends to an abelian variety
over k). Moreover, k strongly satisfies the conditions in Definition 1.4, since it is
finitely generated and by the above induction assumption. Then the section sy, and

a fortiori the section s, is geometric by Theorem A. n

This concludes the proof of Theorem C.
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