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Abstract. This paper derives an averaged Lagrangian functional
for dynamic coupling between rigid-body motion and its interior
shallow-water sloshing in three-dimensional rotating and trans-
lating coordinates; with a time-dependent rotation vector. A new
set of variational shallow-water equations (SWEs) and general-
ized Green—Naghdi equations for the interior fluid sloshing with
3-D rotation vector and translations, and also the equations of
motion for the linear momentum and angular momentum of the
rigid-body containing shallow water, are derived from the aver-
aged Lagrangian functional, which describes a columnar motion,
by using Hamilton’s principle and the Euler—Poincaré variational
framework. The generalized Green—Naghdi equations have a
form of potential vorticity (PV) conservation, which can be ob-
tained from the particle-relabeling symmetry, and is a combina-
tion of the PV derived by Miles and Salmon (1985) and the PV
derived by Dellar & Salmon (2005) for geophysical fluid dynam-
ics problems, where the rotation vector varies spatially. By ap-
plying the assumption of zero-potential-vorticity flow to the aver-
aged Lagrangian functional, a new set of Boussinesqg-like evo-
lution equations are derived, which are a generalization of the
Whitham equations for fluid sloshing in three-dimensional rotat-
ing and translating coordinates. Moreover, the new variational
principles are appended to Luke’s variational principle to present
a unified variational framework for the hydrodynamic problem
of interactions between gravity-driven potential-flow water waves
and a freely floating rigid-body, dynamically coupled to its inte-
rior weakly dispersive nonlinear shallow-water sloshing in three
dimensions.

1 Introduction

Since the seminal works of Herivel (1955), Eckart (1960a), Luke (1967), Zakharov (1968),
Arnold (1969), Bretherton (1970), Broer (1974), Lukovsky (1976), Miles (1977), Benjamin &
Olver (1982), Olver (1982) and Salmon (1983), variational principles have been extensively
used in mathematical formulation of the equations governing the motion of an inviscid fluid
(e.g. Oliver 2006; Stewart & Dellar 2010; Dellar 2011; Oliver 2014), and in constructing
variational, geometric and structure-preserving numerical schemes (e.g. Marsden & West
2001; Pavlov et al. 2011; Desbrun et al. 2014; Gagarina et al. 2014; Stewart & Dellar 2016).
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The Euler equations in fluid mechanics and their reduced variants such as the traditional and
non-traditional single and multilayer shallow-water equations in geophysical fluid dynamics,
and gravity-driven potential flow water waves, in the Lagrangian particle-path and Eulerian
frameworks, can be expressed in variational, canonical and non-canonical Hamiltonian and
Poisson-bracket formulations (e.g. Lewis et al. 1986; Bridges 1994; Morrison 1998; Dellar
& Salmon 2005; Bokhove & Oliver 2006). The conservation laws are related to symmetries
of the Lagrangian by Noether’s theorem (e.g. Noether 1918; Hill 1951; Shepherd 1990),
e.g., momentum and energy conservation arise from the translation symmetries in space
and time, and potential vorticity conservation arises from the particle-relabeling symmetry.
Variational principles for rigid-body dynamics with fluid-filled cavities are given by Moiseyev
& Rumyantsev (1968), Lukovsky (2015, and references cited therein), and more recently by
Alemi Ardakani (2019, 2020) and Alemi Ardakani et al. (2019). In the study of rigid-body
dynamics, the Lie group SO(3) is the configuration space and the symmetry group of the
Lagrangian functional, which allows to introduce the Euler—Poincaré reduction framework
for obtaining the reduced dynamics on the quotient space TSO(3)/SO(3) (Holm, Schmah &
Stoica 2009). The Euler—Poincaré reduction theorem for the motion of a free rigid-body and
for a heavy top with a broken symmetry is given by Holm, Marsden & Ratiu (1998a). The
Euler—Poincaré equations, the Lagrangian analogue of the Lie—Poisson Hamiltonian equa-
tions, for the motion of an ideal incompressible fluid, for ideal fluids with nonlinear dispersion,
and for geophysical fluid dynamics problems are given by Holm, Marsden & Ratiu (1998a,
1998b, 1999).

Alemi Ardakani (2019) derived an Euler—Poincaré variational framework for the problem
of interactions between potential-flow water waves and a freely floating rigid-body dynami-
cally coupled to its interior inviscid and incompressible fluid sloshing described by the Euler
equations in three-dimensional rotating and translating coordinates. In this paper, we are
interested to derive a new reduced shallow water variant of the variational principle given by
Alemi Ardakani (2019) for the coupled (rigid-body motion + interior fluid sloshing) dynamics
with 3—D rotation vector and translations. The reduced shallow-water variational principle
is used in formulation of the nonlinear partial differential equations governing the motion
of a rigid-body in three dimensions, dynamically coupled to its interior weakly dispersive
nonlinear shallow-water sloshing in two-horizontal space dimensions. A new set of gener-
alized Green—Naghdi equations, a new set of variational shallow-water equations (SWEs),
and a new set of generalized Whitham equations with 3—-D rotation vector and translations
are derived. The new generalized Whitham equations for the interior fluid sloshing in three-
dimensional rotating and translating coordinates are derived by applying the assumption
of zero-potential-vorticity flow to the reduced Lagrangian functional in Eulerian coordinates.
Moreover, the new reduced variational principle is added to Luke’s variational principle (Luke
1967) to develop a mathematical theory or a unified variational framework for the hydrody-
namic problem of three-dimensional interactions between potential-flow water waves and a
freely floating rigid-body, dynamically coupled to its interior weakly dispersive nonlinear fluid
sloshing. For this purpose the variational Reynold’s transport theorem is applied to take
into account the time-dependent boundaries of the coupled (wave-body + interior dispersive
shallow-water slosh) interactions.

Alemi Ardakani & Bridges (2011) presented a new derivation of shallow-water equa-
tions in two-horizontal space dimensions with complete Coriolis, centrifugal and translational
force, for a 3—D inviscid but vortical fluid in a vessel undergoing prescribed rigid-body mo-
tion in three dimensions. These SWEs are reported below to compare them with the new
variational SWEs of the current paper in §3, and to introduce the notation used in the fol-
lowing sections in studying the problem of variational dynamic coupling between rigid-body
motion and its interior shallow-water sloshing in 3—D rotating-translating coordinates. The
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Figure 1: Schematic showing a configuration of the fixed coordinate system X = (X,Y, Z)
relative to the body coordinate systems denoted by x, = (x4, %, 2) and x = (z,vy, 2), at-
tached to the moving rigid-body. The distance between the origin of the fixed (laboratory)
frame X and the point of rotation is denoted by the vector g (¢). The distance from the point
of rotation, i.e. the origin of the body frame x,, to the origin of the body frame « is denoted
by the constant vector d.

fluid occupies the region
OSIESLl, OS?JSLz, OSZSh(ZE,y,t), (11)

where the lengths L; and L, are given positive constants, and z = h (z,y,t) is the position
of the free surface, which is a single-valued function. The configuration of the fluid in a
rectangular rigid-body, which is free to rotate and translate in R3, is schematically shown in
Figure 1. Three frames of reference are used. The laboratory or fixed frame has coordinates
denoted by X = (X,Y, 7). The first body frame, which is placed at the centre of rotation
of the moving body has coordinates denoted by x, = (x}, s, 2,). The second body frame,
which is attached to the moving body and used for the analysis of the fluid motion inside
the tank, has coordinates denoted by x = (x,y, z). The distance between the origin of the
body frame x; (the point of rotation) and the origin of the body frame x, is denoted by the
position vector d = (di,ds,ds) which is a constant vector. Hence, the position of a fluid
particle relative to the body frame x, is =, = « + d. The fluid-body system has a uniform
translation g (t) = (q1(t), ¢2(t), g5(t)) relative to the laboratory frame X, which is the vector
from the origin of the laboratory frame X to the origin of the body frame «,. The position of
a fluid particle in the body frame x is related to a point in the laboratory frame X by

X=Q(x+d)+q, (1.2)

where Q (t) € SO(3) is a proper rotation in R?, i.e. Q7Q = I and det (Q) = 1. By reduc-
ing the Euler equations relative to the rotating and translating body frame x and using the
vorticity equation, the surface SWEs take the form (Alemi Ardakani & Bridges 2011)

Ut“‘UUx‘l‘VUy"‘all (f,yat) hx+a12 (xayat) hy = bl ($ay7t) )
‘/t_’_Uva_f—V‘/;;—'_an (%yat) hx+a22 (IL‘,y,t) hy - b2 ([E,y,t) ) (13)
he + (hU), + (RV), = 0,

where the free surface horizontal velocity field is

Ulz,y,t) =u(x,y,z,1) }h =u(z,y,h(z,y,t),t) and V(zx,y,t)=v(x,y,z,t) h,
(1.4a,b)




and the coefficients a1, a2, b1, a21, ase and by are
a1 (z,y,t) = 20V + Qes- G+ gQes-es— (QF +Q3) (h+ ds) )

— (QQ — Qng> (ZL’ + dl) + (Ql + QQQ3> (y + dg) s
a12 (.I', Yy, t) = 2QQV,

by (z,y,t) = —2Qoh, + 203V — Qe; -G — gQe; - e3 + (Qg + Qg) (z +dy)
-+ (Qg — QlQ2> (y + dg) — (QQ + Qlﬂg> (h + d3) s (1 5)
21 ($, Y, t) = _291[] ’
a9 (fﬂ,y,t) = —292U+Q63‘d+gQ63°€3 — (Q%‘i‘Qg) (h-'-dg)

_ (Qz _ 9193) (x+di) + (Ql + 9293) (y + ds) .
201h — 203U — Qes - G — gQes - e3 + (2] + Q3) (y + do)

— (Qg + 9192> (x4 dy) + (Ql — QQQg> (h+ds) .

b (z,y,t)
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The body angular velocity is a time-dependent vector € (t) = (2 (t),Q: (t), 3 (¢)) relative
to the body coordinate system x, with entries determined from the rotation tensor Q (¢) by

' 0 Q5 O]
Q'Q=| 9 0 - :=Q, (1.6)
0, Q0

where the skew-symmetric matrix 2 € so (3) satisfies the hat map (Marsden & Ratiu 1999;
Holm, Schmah & Stoica 2009)

Qr=Qxr, forany reR®, Q:= (0,0, Q). (1.7)

The body angular velocity is to be contrasted with the spatial angular velocity, the angular
velocity viewed from the laboratory frame X, which is Q2tial .— QQT. As vectors the spatial
and body angular velocities are related by Q% — Q€. The use of the unit vectors e, e,
and e; in (1.5) is to compactify notation such that Qes - es = Q33 where Q);; is the (i, j)th
entry of the matrix representation of Q, and Qes - § = Q1341 + Q23G2 + Q33G3 with similar
expressions for the other such terms. The surface SWEs (1.3) conserve a potential vorticity
(PV) of the form
Ve — Uy + 2Q3 — 2Qsh, — 24 b,
: :

It can be proved that in two-horizontal space dimensions PP = 3/72 + U@ + V@ =0 (see
Alemi Ardakani & Bridges 2011).

Dellar & Salmon (2005) derived a set of obliquely rotating SWEs and the Green—Naghdi
equations with a complete Coriolis force, i.e. including the non-traditional components of the
Coriolis force, and topography from a variational principle by using Hamilton’s principle of
least action applied to a two-dimensional vertically averaged Lagrangian functional. By re-
stricting the fluid to move in columns, Dellar & Salmon (2005) reduced the three-dimensional
Lagrangian functional (Eckart 1960a; Salmon 1982a)

.,sf:/// (%H:i:—i—ﬂ><33H2—%||Q><a:||2—gz—l—p(a,t) (%-1))@, (1.9)

which is expressed in the Lagrangian particle-path setting for an inviscid and incompressible
fluid of unit density in a frame rotating about an arbitrary axis with angular velocity €2. The

(@:

(1.8)
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horizontal components of the angular velocity vector €2 can be arbitrary functions of x and y,
and its vertical component can be an arbitrary function of x, y and z. This allows a variety of
beta-plane approximations of the the rotation vector in geophysical fluid dynamics problems.
However, the rotation vector 2 must be non-divergent, i.e. V- = 0, to ensure conservation
of potential vorticity (Grimshaw 1975; Dellar & salmon 2005; Stewart & Dellar 2010). In
our study in this paper for the problem of fluid sloshing in a container undergoing rigid-body
motion in three dimensions the rotation vector 2 is only a function of time, i.e. 2 = Q(¢). In
the Lagrangian particle-path description, a fluid particle is described by its position

x(a,t) = (z(a,b,ct),y(a,bc,t), z(a,b,c,t)), (1.10)

which is marked by Lagrangian labels a = (a,b,¢) at time t. The Lagrangian labels (a, b, ¢)
can be chosen such that the Jacobian of the label-to-particle map satisfies

d(x,y,z
J= w = Tq (ybzc - yczb) + xp (ycza - yazc) + z. (yazb - ybza> =1. (1 . 1)
d(a,b,c)

This means that at an initial time ¢, the Lagrangian labels (a b,c) are phyS|caIIy possible
coordinates, i.e. (a,b,c) = (z0,v0,%0). The second term —1 | x z||> in (1.9) is used to
subtract out the contribution from the kinetic energy which glves rise to the centrifugal force,
taking into account that in geophysical fluid dynamics and physical oceanography the cen-
trifugal force is conventionally incorporated into the gravitational acceleration ¢ in the po-
tential energy (see e.g. Dellar & Salmon 2005 and appendix C of Maller 1995). The last
tem in (1.9) introduces pressure p (a,t) as a Lagrange multiplier to enforce incompressibility
of the fluid. Salmon (1983) and Miles & Salmon (1985) respectively derived the traditional
shallow-water equations and the Green—Naghdi equations (Green & Naghdi 1976) from the
3-D Lagrangian (1.9), albeit with a purely vertical rotation vector, by restricting the fluid to
move in columns and using Hamilton’s principle. See Eckart (1960b) for the traditional ap-
proximation of the Coriolis force. Stewart & Dellar (2010) formulated an extended variant
of the Lagrangian functional (1.9) for the flow of multiple superposed layers of inviscid and
incompressible fluids with different constant densities over variable bottom topography in a
rotating frame, and derived multilayer shallow-water equations with complete Coriolis force,
i.e. on a non-traditional beta-plane.

Alemi Ardakani (2019) derived an extended version of the Lagrangian functional (1.9)
retaining the term which gives rise to the centrifugal force, however, for the motion of a
rigid-body, which is free to undergo three-dimensional rotational and translational motions,
dynamically coupled to its interior fluid sloshing described by the Euler equations with 3—-D
rotation vector and translations, which is schematically shown in Figure 1. The Lagrangian
action functional takes the form (Alemi Ardakani 2019)

L(0.Q.q.4..5) = /(/// 1€+ - (2 x (@ +d) + Q74)

+Q"7¢- (U x (@ +d)+34lI°—9(Q(x+d)+q)-2+p(a,t)(J-1))pda
+3Q - I;Q + 1m, HqH2 + (Q x mx,) - QT q + Q- 1,92 —m,g (QT, +q) - 2) dt,

(1.12)

where the integral is over the volume of the reference or label space a, p is the density of
the interior inviscid and incompressible fluid, 2 is the unit vector in the Z direction, I, is the
mass moment of inertia of the dry rigid-body relative to the point of rotation, m, is the mass
of the dry rigid-body, =, = (7.,7,,z,) is the centre of mass of the dry body relative to the
body frame x;, and

If:// (le+ dI* T — (@ + d) ® (@ + d)) pda, (1.13)



is the mass moment of inertia of the fluid relative to the point of rotation, i.e. the origin of the
body frame x;,, ® denotes the tensor product, and I is the 3 x 3 identity matrix. It can be
concluded that the term 1 - I;Q in (1.12), with Q () = (4 (t) , Q2 (t) , Q5 (¢)), reads

%Q-Ifﬂz///%ﬂﬂx(zc+d)\\2pda. (1.14)

This term gives rise to the centrifugal force in the fluid sloshing problem. The aim in the
current paper is to derive a shallow water approximation of the Lagrangian action (1.12),
which leads to a new set of variational SWEs and a new Green—-Naghdi model for fluid
sloshing with complete Coriolis, centrifugal, and translational force, and also gives the equa-
tions of motion for the rigid-body containing shallow water. To clarify the notation used, if
u=u(xt)=(u(x,t),v(xt),w(x,t)) denotes the Eulerian velocity of a fluid particle rela-
tive to the body frame with = x (a, t) the corresponding flow map, the fluid particle initially
at position a is at position x = x (a,t) at time ¢, then the Lagrangian velocity of the fluid
particle is « (a,t) = u(x(a,t),t), and the Lagrangian acceleration of the fluid particle is
& (a,t) = Du/Dt = uy + u - Vu With V = (9/9z,0/0y,0/0z). For an incompressible fluid
the Jacobian J of the label-to-particle mapping (a,b,¢) — (z,v, z) is the motion invariant,
i.e. 0J/0t = 0, which is the continuity equation V - u = 0 in the Lagrangian particle-path
formulation.

The paper starts with the derivation of a reduced shallow-water Lagrangian by restricting
the fluid to move in columns in the 3—D Lagrangian action (1.12) in §2. In §3 a new set of
generalized Green—Naghdi equations and variational SWEs in two-horizontal space dimen-
sions are derived using Hamilton’s variational principle. The variational SWEs are compared
with the surface SWEs (1.3) derived by Alemi Ardakani & Bridges (2011). The material con-
servation of potential vorticity for the new generalized Green—Naghdi equations and the
variational SWEs with 3—D rotation vector and translations are studied in §4. In §5 by apply-
ing the assumption zero-potential-vorticity flow, first introduced by Miles & Salmon (1985),
a new generalized Whitham model is derived for the problem of fluid sloshing in a vessel
undergoing prescribed rigid-body motion in three dimensions. The Euler—Poincaré equa-
tions for the linear momentum and angular momentum of the rigid-body containing shallow
water are presented in §6. In §7 a unified variational framework is presented for the problem
of three-dimensional interactions between potential-flow water waves and a freely floating
rigid-body dynamically coupled to its interior weakly dispersive nonlinear fluid sloshing. The
paper ends with concluding remarks in §8.

2 Restriction to columnar motion: the shallow-water and
Green—-Naghdi Lagrangian functional for coupled fluid
and rigid-body dynamics in three dimensions

The aim in this section is to derive a reduced shallow water variant of the Lagrangian func-

tional (1.12) for dynamic coupling between rigid-body motion and its interior inviscid and

incompressible shallow-water sloshing in three-dimensional rotating and translating coordi-

nates. We follow Salmon (1983, 1988), Miles & Salmon (1985) and Dellar & Salmon (2005)
and restrict the fluid to columnar motion by assuming that

r=2xz(a,b,t) and y=vyl(a,b,t), (2.1a,b)



with no dependence on the third Lagrangian label ¢. The Jacobian of the label-to-particle
map (1.11) then simplifies to
O(r,y,2) _ 0(x,y)0z _
d(a,b,c,)  0(a,b) dc

(2.2)

Choosing ¢ = 0 at the bottom z = 0, and ¢ = hq (a, b) at the free surface = = h (z,y,t), we
may integrate (2.2) with respect to ¢ to determine z:

d(a,b) h(x,y,t) 1

z = a(:B?y)c: I c= 50, (2.3)
and noting that
h b . 0
h(z,y,t) = 2 i;" ) with g= a((z’ Z; , (2.4)

where hy (a, b) is the initial condition for the wave height inside the container at ¢t = ¢,, and
J is the horizontal Jacobian. The horizontal and vertical components of the particle velocity
are given by

uy (z,y,t) = (u(z,y,t),v(x,y,t) =(,y) =, and 2= e (2.5a,b)
0
where oh Oh Oh
h = — . = ==, = 2.
h g5 U2 Vyoh=Dh and Vsih (8x’ (9y) , (2.6a,b)

and D = D/Dt = 9/0t + usy - V4 is the Lagrangian or material time derivative. Differentiating
(2.4) with respect to ¢ gives

e :_hog_2<a(¢,z>+a<x,y)) _ g (a(ab,y)+8(x,y‘>>

& d(a,b) ~ 9(a,b) d(a,b) ~ 9(a,b) 2.7)
d(i,y) (1) i 0y ou v '
= — = — _ _ = — _ B — = —h . .
" ((’N%y) * 9 (z,y) "\ o dy "\aw T dy Vot
From (2.6) and (2.7), we obtain the continuity equation in the Eulerian form
hi + Vo« (hug) = Iy + (hu), + (hv), = 0. (2.8)

Now substituting (2.3) and (2.5) into the Lagrangian action (1.12) allow the ¢ integration
to be completed, which gives the reduced shallow-water Lagrangian for dynamic coupling
between rigid-body motion and its interior shallow-water sloshing. Note that the incompress-
ibility constraint p (a,t) (J — 1) in (1.12) is automatically satisfied and can be discarded. In-

tegration of the first term in (1.12) gives
o 1|12 o 1 . 2 h2 2
J[[ 316 0da = [[[7 5 (ol + 157 ) pacdas
0 0 ) 0 (2.9)
//% (H"JU2||2 + 552> phodaz,
where da, = (da, db). Integration of the second term in the Lagrangian (1.12) gives

///Ohoa'c.(ﬂx (w+d>+QTq)pda=//<9'c,Qx(x+d)+Q1q>ph0da2, (2.10)
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where X and X are defined by
1 . .
X = <x,y, §h> and X = (5&3}, %h) . (2.11a,b)

See (A.1) in appendix A for the proof of (2.10). Restriction of the third and fourth terms in
the Lagrangian (1.12) to columnar motion gives, respectively

///ohOQTq'<QX£w+d))pdcdaz = //<Q—1q,ﬂx(x+d)>phoda2, 012
JJI sar pacdas = [ 11a1* ohoaa.

Restriction of the fifth term in (1.12) to columnar motion gives

ho
/// —9(Q(x+d)+q) - 2pdeday = // Q(X+d)+4q)-zphydas. (2.13)

Finally, restriction of the term containing I, in (1.12) to columnar motion gives

ho
/// 1192 x (x + d)|* pdeda, = //{ (93 + Q3) (3h2+d2+d3h)

QQ—I—QQ)< —|—d2) (QQ+92) $+d1) — 0.0, (JZ—I—dl)( —|—d2) (2.14)

— (3h+ds) (s (x + d) + Q3 (y + d2))] phodas = Q- I7VQ,

where I?", which is a symmetric matrix, is the reduced shallow water version of the mass
moment of inertia of the interior fluid relative to the point of rotation. The entries of ISW in
the Lagrangian particle-path and Eulerian settings, are given in appendix A.

Now, having derived the reduced terms (2.9), (2.10), (2.12), (2.13) and (2.14), the re-
duced shallow-water (SW) or Green—Naghdi (GN) variant of the 3—D Lagrangian action
(1.12) for dynamic coupling between rigid-body motion in three dimensions and its interior
shallow-water sloshing in two-horizontal space dimensions takes the form

t

D%SW/GN (Q,Q,q,q,x,X) :/ <// <% ||$2||2 + 6h2+x. (Q X <x+d> +QTq)
t1

+Q"q- (2x (X +d)+ 1 [l4]* —9(Q (X +d) +q) - 2) phoday + Q- I} Q

+ Im, |1g)? + (2 x m®,) - QTg + 30 1,2 — m,g (QT, + q) - 2) dt .
(2.15)
Taking the first variations of the shallow-water Lagrangian action (2.15) with respect to €2,
Q, q, and q yields the Euler—Poincaré equations for the angular momentum and linear mo-
mentum of the rigid-body containing shallow water. Moreover, taking the first variation of the
action integral (2.15) with respect to X and X gives the three-dimensional rotating-translating
SWEs for the motion of the interior shallow water relative to the body frame .

3 Derivation of the variational shallow-water and general-
ized Green—Naghdi equations for fluid sloshing in three-
dimensional rotating and translating coordinates

The Lagrangian SWEs for the position x (¢) of fluid particles in the body frame « can be
provided by Hamilton’s variational principle

5$SW/GN (QaQaqaq'7x7:.x> = Oa (31)
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where the action integral L4y is given in (2.15), by taking the variations 6 and X, with
fixed endpoints 60X (t;) = 0X (t;) = 0, assuming that 2, Q, g and g are constants. The
Lagrangian action (2.15) depends on x; = (z,y) not only explicitly, but also implicitly via
h(x,y,t). From (2.4) it can be concluded that 6/ takes the form (Miles & Salmon 1985)

oh = —h V2 . 5:132 s (32)

which leads to the following variational identity (Miles & Salmon 1985)

//35(5hph0d012://%V2 (hQ\rfr) '(S(IIQphodCLQ, (33)

where J is any differentiable function of x; and ¢t. See appendix B for the proof of (3.2) and
(3.3). Due to lengthy derivations, here we calculate the first variation of each term in (2.15)
with respect to X and X separately, and present some derivations in appendix C.

For the variations 0z, of the first term in (2.15) we have

to t2
5/ // %<$2 s $2> pho dG,Q dt = / / <5332 s —i2> pho da2 dt, (34)
t1 t1

where, when integrating by parts, we used the condition that the variations vanish at the
endpoints in time. For the variation 6/ of the second term in (2.15), we have

/ // h phodagdt / // héhphoda@dt / //——héhphodagdt
t1
/ //--@ héhpho dCLQ dt = / // <(5.’132, ———V2 (h2 ®2h)> phoda2 dt,

(3.5)
where the variational identity (3.3) is used, and
h = D*h="D(hi+ uy - Vsh) = =D (hV - uy) } )
= —®hV2 c Uy — th . ‘D'U,Q =h ((Vg . U2)2 - VQ . ®'U,2) . .

The term — (1/3) (1/h) V5 (h* D?h) gives rise to weakly dispersive nonlinear terms, i.e. the
Green—Naghdi model, in the resulting variational SWEs.

For the variations 62 and ¢X of the first component of the third term in (2.15), assuming
that Q2 is constant, we have

5// <9’c,9x<:x+d)> phodagdt:///<5x, —Qx(:x+d)—29><9'c> phodas dt
€

®
(3.7)

where, when integrating by parts, we used the condition that the variations vanish at the
endpoints in time. The term denoted by @ in (3.7) takes the form (see (C.1) in appendix C)

to .
/ / 5K, — € % (DC+d)> phodas dt =

/// <5w2’ (y + ds) + (92 (x+di) — (y+d2)> hy — Qads ] > —

Q3 (z+dy) + (QQ (x4 dy) —Q (y + d2)) hy + Quds

(3.8)



and the term denoted by @ in (3.7) simplifies to

/;//@:x —2Q><I)C> phoday di = /t //<5w2’

— ol + 2Q39 + 2y (— Y + Qo) + b (— Uy + Doty
—2Q + Qb+ 2hy, (=g + Qi) + b (=g, + Qi)

and thus (3.7) becomes

( to )
5/ // X, 0 x (DC+d)> phodas dt =
/ // dx s(y+do) + (QQ($+d1)_Ql(y+d2)>hx—92d3

o, . . .
— Qs (z+dy) + (92 (@ +di)— D (y+ d2)> hy + ids
2030 — Qoh + 2 (Vi — Qy) hy + h (Qody — N)
—2030 + U h + 2 (Qod — Q1y) hy + h (i, — N1y,

>phoda2dt,

> phodagdt.

(3.10)

For the variations 62X of the second component of the third term in (2.15), assuming that Q

and g are constants, we have

/ // (6%, Q7'q) phodas dt = / // <5:x 4 q)>ph0da2dt

/ // <<5I)C ___1% q+Q~ d> p ho day dt
— (d/dt) (@)

2]
/ //<5Ix,§2xQ qg-Q~ q> phodas,dt  [1]: using the hat map
— 1]

/ //<5a:2, [QQQ Qesz — 39 -Qey — q'Q61]>phoda2dt
Q3q-Qe; — 1 q-Qez — G- Qe

< using the variational identity (3.3)
/t// 5 D q-Qesz —Q3q-Qex — G- Qe
= 25 . . .
t1 Q3q-Qer — Q21 q-Qez —g- Qe
- g o h
( 1q. Qe 2«{( Qe ? Qes) ]> oo day dt
(91(1'@62 — Qg - Qe —Q‘Q€3)hy

\

where d
o (@) =-0'eq",

/ //<5ZE2, 2h (h? (qu'Qez—Q2Q'Q€1—Q'Q€3))> p ho da, dt

(3.11)

(3.12)

and, when integrating by parts, we used the condition that éX vanishes at the endpoints in
time. See Marsden & Ratiu (1999) and Holm et al. (2009) for the proof of (3.12). Note that
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the terms denoted by [2]in (3.11) take the form

Qg -Qes —Q3q-Qey — G- Qe
AxQ'¢-Q'¢g=|q¢g-Qer1 — 2 q-Qes — G- Qe | . (3.13)
1g-Qex;—Qq-Qe; — G- Qe

Similarly, for the variations 6X of the fourth in the Lagrangian action (2.15), assuming that
Q, Q and q are constants, we have

/tl // (Q"¢, 2 x (X+d)) phodaydt = /1t //<5332,

Q3q-Qes — Qg -Qez+ (g Qe — Qg - Qey) hy
1% ho da2 dt.
0 q-Qes—Q3q-Qe; + (229 Qe — Q1 G- Qey) hy

For the variations ¢X of the potential energy of the interior fluid in (2.15), assuming that @
and q are constants, we have (see (C.2) in appendix C)

5/ // < 9C+d)+q>phoda2dt
S K R

Taking the variations dx, and §h of the mass moment of inertia of the interior shallow water
in the action integral (2.15), assuming that €2 is constant, gives

5:l< I7VQ) dt = ///<5:1:2

[(h4d3) (2 +Q3) — (2 + dy) Q3 — (y + dy) Q293) hy |
+ (2 +di) (B +Q3) — (y + da) Qs — (h+ d3) 0

(3.14)

(3.15)

(3.16)

> P ho dCLQ dt s

+ (y + dg) (Q% + Qg) — (ZL’ + d1> QlQQ — (h + dg) QQQg i

where the proof of (3.16) is given in appendix C.

Now, since dx, is arbitrary, from (3.4), (3.5), (3.10), (3.11), (3.14), (3.15), (3.16) and
Hamilton’s variational principle (3.1) it can be concluded that the new variational SWEs in
two-horizontal space dimensions, i.e. the horizontal x— and y—momentum equations, in the
Lagrangian particle-path formulation, take the form

110 /4 . , . :
E+ 57 es (h h) Ol + [2913/ — 207 + (91 + Qzﬁs) (y + da2)

. . oh
+G-Qes+ges- Qes — (h+d3) (O + Q) + <9193 - 92) (z + d1>:|

oz (3.17)
= 2Q39 + (o — ) b+ <Q3 - Q192> (y +da) — Qads — G - Qe

—|—(ZL’+d1> (Q§+Q§)—(h+d3)QlQB_QGS'Q617
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and

(119 /. ) _ ) -
i+ gza—y (h h) — O h+ {— 201 + 20y + (Q1 +Q2Q3> (y + dy)

” . Oh
+G-Qes+ges- Qes — (h+ds) (22 +Q3) + (9193 - Q?) (@ + dl)} oy (3.18)

= 2033 + (Qoiy — N1yy) h — (QS + Q192) (z+dy) + Mds — G - Qe

\+(y+d2) (Q%—{—Q%) — (h+d3)9293 —geg-Qeg.

Transforming, the momentum equations (3.17) and (3.18) from the Lagrangian particle-path
setting to Eulerian coordinates, replacing the Lagrangian variables i, 4, &, ¢, k and / by their
respective Eulerian quantities Du/Dt, Dv/Dt, u, v, Dh and D?h respectively, the SWEs
(3.17) and (3.18) respectively take the form

G

110 \ :
D Y3792 (R*D?h) +QDh + {2911) — 2Qu + (Ql + Qzﬂs) (y + d2)

1
Dt h

. : oh 3.19
+q-Q63+geg-Qeg—(h+d3)(Qf+Q§)+<QlQ3—QQ)(x+dl)}% (3.19)

= 293’0 + (QQUI — lex) h+ (Qg — QlQZ> (y —+ d2) — 92d3 — q . Qel

|+ (z +dy) (Qg—i—Qg) —(h+d3) Q3 —ges- Qe

&y

Do 110, :
“v -9 (R*D*h) = Dh + [ —2Q9u + 2Q1v + ((21 + QQQg) (y + da)

Dt 3hoy
oh (3.20)

+Q'Q€3+963'Q63—(h+d3) (Q%‘FQ%)"‘ (ngg—Qg) <$+d1):|a—y

= —2qu + (QQUy - Ql”y) h — <Qg + Qng) (ZL’ + dl) + Qldg — q . Qeg

and

™

L+ (y+do) (Q +Q3) — (h+ds) 003 — ges - Qes,

where the terms denoted by @ (an auxiliary acceleration) in the horizontal momentum

equations (3.19) and (3.20) lead to higher-order dispersive terms (see e.g. Miles & Salmon
1985). In summary, the candidate SWEs for (h, u, v) for fluid sloshing in a vessel undergoing
rigid-body motion in three dimensions are the continuity equation (2.8) and the momen-
tum equations (3.19) and (8.20) in Eulerian coordinates. The new variational SWEs (2.8),
(3.19) and (3.20) with the dispersive terms denoted by @ in (3.19) and (3.20) are the gen-
eralized Green—Naghdi equations for shallow-water sloshing in three-dimensional rotating
and translating coordinates. See Miles & Salmon (1985) for derivation of the Green—Naghdi
equations (Green & Naghdi 1976) from Hamilton’s principle, and see Dellar & Salmon (2005)
for derivation of the Green—Naghdi equations for the non-traditional rotating SWEs from the
shallow-water variant of the Lagrangian functional (1.9).
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Next, discarding the Green—Naghdi terms, i.e. the @ terms, and substituting for Dh

from (2.6) in the momentum equations (3.19) and (3.20), the 3-D rotating—translating varia-
tional SWEs may be written as

Uy + Uy + VUy + a1q (ZE, yvt) hx + a2 (l’,y,t) hy = 61 (%Z/, t) )
U 4 uvg + 00y + o1 (,Y, 1) hy + ana (z,y,t) hy = Ba(z,y,t), (3.21)
hi + (hu), + (hv), = 0,

where the coefficients oy, aqo, 51, o1, aee and [y are

an (z,y,t) = 20v— Qou+ <Q1 + Q293) (y +d2) +ges-Qes

(24 02) (h+ds) + (9193 _ QQ) (+dy) + - Qe
12 (.T, y>t) = QQU>

Bl (.T, Y, t) = _Q2ht + 2Q3U + (QQUJS - lex) h + (QS - ng2> (y + d2)
—di:g — q . Q€1 —ges- Qel + (Q% + Qg) (l’ + dl)
—1Q3(h+d3) ,
) (3.22)
%31 (517,3/775) = —Qu,
agy (z,y,t) = —2Qu+ Qv+ <Ql + 9293> (y+ds)+ges-Qes

— (B + ) (h+dy) + (20— ) (2 + ) + - Qe
62 (.I’, y,t) = tht — 293’& + (quy — ley) h — <Qg + QlQQ> ($ + dl)

+ds — G- Qes — ges - Qey + (21 +93) (y + do)

— Q3 (h+ d3) .

Vs

Now, if we set U (z,y,t) = u(x,y,t) and V (z,y,t) = v (z,y,t) in the surface SWEs (1.3),
which is consistent with the theory of shallow-water equations, it can be concluded that the
coefficients of the new SWEs (3.22) are related to the coefficients of the surface SWEs (1.5)
by
anq (l’,y,t) = an (xayat) _92u7 12 (Ia?J,t) = %0,12 ($7y7t) )
(3.23)

Bl(wnyvt) = bl(l‘7yat)+Q2ht+<92ux_lex+QQ>h7

and
_1

85) (Q?, y7t) = G2 (.CU, Y, t) + Qﬂ}; Qo1 <x7y7t) = 2a21 <x7y7t) )
. (3.24)
By (2,y,t) = bs(z,y,1) — Dby + (quy — Oy, — Ql> h.

The surface SWEs (1.3) are derived using a reduction method applied to the three-dimensional
rotating Euler equations relative to the body frame x (Alemi Ardakani & Bridges 2011). In
non-variational approaches, the conservation laws associated with the Eulerian equations
may remain hidden and their derivations are often tedious and unrevealing. In the varia-
tional or Hamiltonian approach, the conservation laws are known to exist if the Lagrangian
functional reveals the corresponding symmetry property. Preserving conservation laws is a
primary advantage of approximation methods based on Hamilton’s variational principle com-
pared with some approximation methods applied directly to the equations of motion. The
new variational SWEs (3.21) and the Green-Naghdi equations (3.19), (3.20) and (2.8) retain
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conservation laws because the approximate shallow-water Lagrangian (2.15) do not violate
the symmetry properties of the exact Lagrangian functional (1.12) for the three-dimensional
problem. See section §4 for the particle relabeling symmetry property of the Lagrangian
(2.15), and the material conservation of potential-vorticity for the proposed variational SWEs
and the Green—Naghdi equations.

The shallow-water/Green—Naghdi Lagrangian action (2.15) is described in the Lagrangian
particle-path setting. Transformation of the action integral (2.15) to the Eulerian setting gives

[ Lawron (. @ 4, 4, uz, ) — / ( I/ ( sl + £ (V-2

+U- (X (X+d)+ Q") + Qg+ (2 x (X +d)) + 5|4l

(3.25)
—g(Q(X+d)+q)- ) phdxs + 3 I7VQ + im, ql?
+ (2 x m,x,) - QT q + %Q - I,Q —m,g (Qx, + q) - 2) dt,
\
where
u= (’U,Q, _%hVQ . 'U,Q) = (U, v, —%h (Um + Uy)) y (326)

and entries of the symmetric matrix I;?W in the Eulerian setting are defined in appendix A.
The Lagrangian variations dx induce variations of the Eulerian quantities u, and h via the
continuity equation (Oliver 2006)

and the so-called Lin constraint (Lin 1963; Bretherton 1970; Oliver 2006)
5U2 = ’lbg + V2w2 U2 — V2u2 wo , (328)

where w, is a vector-valued free variation which is defined by 0xs = wsoxs. In this section we
derived the Eulerian form of the generalized Green—Naghdi momentum equations (3.19) and
(3.20) by taking the variations 62X and X of the Lagrangian action (2.15) in the Lagrangian
particle-path description, and transforming the equations of motion to Eulerian coordinates.
To derive the momentum equations we could alternatively take the variations du, and éh of
the Lagrangian action (3.25) in the Eulerian setting by using the Eulerian variations (3.27)
and (3.28).

4 Potential vorticity for the generalized Green—Naghdi
equations and variational SWEs with 3-D rotation vector

The aim in this section is to derive a conservation law for the material conservation of po-
tential vorticity for the variational SWEs (3.21) and the generalized Green—Naghdi equations
(3.19), (8.20) and (2.8) for fluid sloshing in a container undergoing prescribed rigid-body
motion in three dimensions. The existence of this conservation law is guaranteed by the
variational formulation of §3, and Noether’s theorem that relates symmetries in a variational
principle to conservation laws (e.g. Noether 1918; Hill 1951; Goldstein 1980; Stewart &
Dellar 2010).

Potential vorticity conservation arises from the particle-relabeling symmetry property of
the shallow-water Lagrangian (2.15). The usual particle-relabeling symmetry arguments
are given by Ripa (1981), Salmon (1982a, 1982b, 1983, 1988, 1998), Shepherd (1990),
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Muller (1995), and Padhye & Morrison (1996). Dellar & Salmon (2005) extended these
arguments to derive a general expression for the conservation of potential vorticity in terms of
the canonical momenta obtained from a Lagrangian functional. The variational SWEs (3.21)
and the generalized Green—Naghdi equations (3.19), (3.20) and (2.8) possess a potential
vorticity & that obeys the conservation law D& = &, + u, - Vo = 0. The conserved
potential vorticity in terms of the Eulerian spatial derivatives of the canonical momenta P =
(P, P,) takes the form (Dellar & Salmon 2005)

_O(my) (0(Pry)  O(Prz)\ _ 1 (0P, OPy
Z = ) (a<x,y> ! a(x,w)‘h(ax ay)’ 1)

which is applicable to all Lagrangian functionals in which the particle labels a; = (a,b) only
appear through the wave height defined in (2.4). The proof of (4.1) is given in appendix A of
Dellar & Salmon (2005).

The canonical momenta P = (P, P») in (4.1) for the shallow-water Lagrangian (2.15) can
be obtained from

o7

5’
where .Z is the kinetic energy minus the potential energy of the fluid in the shallow-water
Lagrangian (2.15), that is

(4.2)

T = Hlalf + G5 (2 (X4 d) +QTd) + QT (@ x (X + ) } “3)

—g(Q(x+d)+q)-2+§Q-IJ§WQ.

The variational derivatives defining P are taken using a mass-weighted inner product for
integrals with respect to da, = da db, that is

( 5.7 5.
0Lsw/eN = // (<ﬁ’ (59C> + <E (59C>) p ho dasy
1 9 5.7 0.L (4.4)
// (<5w e (h T ) 5“’2>
0L
- _ 2 .
\ +<5 o h VQ (h 5h ) 5w2>> pho dCLQ .

See appendix D for the proof of (4.4). Hence, the canonical momenta P for the shallow-water
sloshing Lagrangian (2.15) takes the form

57 1 , 0.7
== 4 4,
P= hvg(h 5h) (4.5)

Now, from (4.1) and (4.5) we infer that the conserved potential vorticity for the generalized
Green—Naghdi equations in rotating coordinates (3.19), (3.20) and (2.8) reads

B 0Py 0Py )
Pen = h (ax B 83/)
B 1 0(Dh,h)
= Psw _3_hv2h Vg Vyuy = Psw + 3—hm ) (4.6)
= 3—hk: -V x (DhV3h) )

15



where gy, is the conserved potential vorticity for the rotating variational SWEs (3.21), that
S Um—uy—FQQg—QQ'VQh
3 ;

and Vi = (-0/0y,0/0x), Qs = (£4,9s), and k is the unit vector in the = direction. The
potential vorticity Z¢y in (4.7) is a simplified form of the potential vorticity derived by Del-
lar & Salmon (2005) for the shallow-water equations with a complete Coriolis force and
topography (see equation (1) in Dellar & Salmon 2005). The second term in the general-
ized Green—Naghdi potential vorticity (4.6) is a pseudovorticity that is derived from the term
(1/6) h? in the shallow-water Lagrangian (2.15). The pseudovorticity term in (4.6) was first
derived by Miles & Salmon (1985) for the Green—Naghdi equations (Green & Naghdi 1976).
See equation (5.5) in Miles & Salmon (1985). To summarise, the potential vorticity (4.6)
for the new generalized Green—Naghdi equations with 3—D rotation vector is a combination
of the potential vorticity expressions given by Miles & Salmon (1985) and Dellar & Salmon
(2005).

Finally, if we write the potential vorticity (1.8) for the surface SWEs (1.3) (Alemi Ardakani
& Bridges 2011) in the form

Psw = (4.7)

5 Vo= Uy 205 — 20y - Vsh
h )

and set U = uw and V = v, we conclude that the potential vorticity expressions for the
variational SWEs (3.21) and the surface SWEs (1.3) are related by

QQ . Vgh

(4.8)

Pow = P + (4.9)

5 Zero-potential-vorticity flow and a generalization of the
Whitham equations for fluid sloshing in
three-dimensional rotating and translating coordinates

The Green—Naghdi system is a long-wave model for gravity-driven surface water waves,
which are long but may not have small amplitude. The assumption that the idealised fluid
moves in columns is equivalent to that made by Green & Naghdi (1976) which implies the
restriction (Miles & Salmon 1985)

B=(ho/L) <1, (5.1)

where h, is the mean water depth and L is a horizontal lengthscale. The assumption (5.1)
implies that dispersion in the Green—Naghdi model is weak (Miles & Salmon 1985). The
Green—Naghdi equations can also be derived by depth-averaging the Euler equations us-
ing a scaling argument and asymptotics, and retaining only first-order terms in g in the
resulting set of equations (e.g. Gavrilyuk et al. 2015). Miles & Salmon (1985) used the
assumption of zero-potential-vorticity flow in the Eulerian form of Hamilton’s variational prin-
ciple for the Green—Naghdi system to derive a canonical generalization of Boussinesq’s
equations derived by Whitham (1967), which fully accommodates nonlinearity. In Whitham’s
equations (see equation (12) in Whitham (1967) or equations (1.8a) and (1.8b) in Miles &
Salmon (1985)) nonlinearity is of the same order of dispersion, i.e. the amplitude parameter
a/ho = 0O (p).

The aim in this section is to apply the assumption of zero-potential-vorticity flow to the
fluid component of the Green—Naghdi Lagrangian action (3.25) in Eulerian coordinates to
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derive new Boussinesqg-like evolution equations, which are a generalization of the Whitham
equations for fluid sloshing in three-dimensional rotating and translating coordinates. By
appending the constraint of continuity to the fluid component of the Lagrangian (3.25), the
variational principle

(LgGN (’U,Q, h, )\) =0 s (52)

with the Lagrangian action

gGN UQ,h )\ / //( |UQH + = h (VQ ’U,g)
t1

+U- (2 x (X +d) +QT)+QT QX (X +d)+ 14l

to
‘9(Q(fx+d>+q)-ﬁ> phdwgdt+/ 0. aadt
t1

to )
+/ //)\(Dh+hV2-u2)pdm2dt,
t1 - . Taking into account that
1 (integrating the constraint term by parts) — qu=0atz=0,L;
ts andv=0aty =0, Lo.
—/ //h()\t+U2'V2)\) pdm2dt7
\ t1 y,

(5.3)
for the variations dus, 0h and ) yields differential equations whose solutions also satisfy
the rotating Green—Naghdi equations (3.19), (3.20) and (2.8), but with zero potential vorticity
Py = 0. In (5.3) X is the Lagrange multiplier of the continuity equation (2.8).

Following Miles & Salmon (1985) we may write the Green—Naghdi potential vorticity (4.6)
in the form

1
Pan =7 (P+P*) (5.4)
where 5 5
P = E-V (UQ+R2) £_£+2Q3_Q2.V2h’ (55)

P* = %E -V x (DhV5h) ,
and R, is a vector potential, yet to be determined, such that
k-V x Ry =203 — Q- Vsh. (5.6)

The pseudovorticity P* may be recast in the alternative form (Miles & Salmon 1985)

1 .~

P* = gn_lk -V x (h"Vy (R"'Dh)) | (5.7)
where n is an arbitrary parameter. The material conservation of the potential vorticity
DPsn = 0 implies that if P+ P* = 0 at ¢t = 0 it remains so, and hence there exists po-
tentials ®,, such that u, + R, has the one-parameter family of representations (see Miles &
Salmon 1985)

1 ~ 1
uy + Ry = V3@, — gn’lh’”Vg (h"*'Dh) = V& — 3 DhVah, (5.8)

where @ is related to @, via

~ 1
D, =D+ gnflhibh. (5.9)
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The variation of the Lagrangian action (5.3) with respect to A yields the conservation of
mass equation (2.8). Taking the variations du, of the Lagrangian action (5.3) yields

/// <5’U,2, h ('U,Q — VQ/\ - %h_IVQ (h3V2 . ’U,Q) + R2>> ,Odwg dt = 07 (510)

where R, takes the form

. oh .
(91(y+d2)—92($+d1)+Q'Q€3)—+92d3—Qa(y+d2)+Q‘Q61

R, = o . (5.11)
(Ql (y+d2) —QQ(I+d1)+qQ€3)8—y —Q1d3+93($+d1)+Q'Q62
which satisfies (5.6). Now, if we set
1 -1 3
V:’U/Q—Vg)\—gh V2 (h Vg'U2)+R2, (512)

and substitute the Lin constraint (3.28) into the variational principle (5.10), we obtain

/// <w2+V2w2u2—V2u2w2, hV>pd:1:2dt:O. (513)

Integrating (5.13) by parts (in space and time) and imposing the endpoint conditions w (¢;) =
wy, (t2) = 0, and the boundary conditions « (0,y,t) = w (L, y,t) =0, v (z,0,t) = v (x, La,t) =
0, wy (0,y,t) = wy (L1,y,t) = 0and wy (x,0,t) = wy (x, Lo, t) = 0, and applying the continuity
equation (2.8), we obtain

/// < — h'LUQ , Vt + U - VQV + (VQUQ)TV> pdeg dt=0. (514)
Now, since ws is arbitrary, from the variational principle (5.14) it can be concluded that
D
(ﬁ ; (vwg)T) V=0, (5.15)
from which it can be inferred that
1
uy = VX + gh—lvg (R*V3-us) — Ry, (5.16)

for which 22¢y = 0 for any choice of . The columnar approximation (2.1a,b) implies an O (5?)
error on the right-hand side of (5.16). Comparing (5.8) and (5.16) after invoking (2.6a) and
(2.7), we conclude that

A=, + f(t), (5.17)

where f is an arbitrary function of ¢, and hence
1
Uy = VQq)l -+ gh_IVQ (h3V2 . ’LLQ) — R2 . (518)

It is consistent with the columnar motion to approximate u, by V,®, in the second term on
the right-hand side of (5.18) (Miles & Salmon 1985), which is of O (3), to obtain the following
expression after dropping the subscript 1 from ®

1
Uy = VQCI) + §h71V2 (h?’V%@) — R2 s (519)
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where V32 = 0% /0% + 9% /0y>.

Taking the variation 6k in Hamilton’s principle (5.2), substituting for §2 from (3.27) in
the resulting variational principle, integrating by parts, imposing the boundary conditions
wy (0,y,t) = wy (Ly,y,t) = 0 and wy (x,0,t) = wy (x, Ly, t) = 0, and taking into account that
ws IS a vector-valued free variation yields

At - Vol = Luy - up — L (WY - up)? — U - (Q X (ic n d) + QTq>
~ ~ ~ 2
_QTg-Q x <9C+d> ~34-q+g2- (X+d+Q"q) - 1| ax (X+d)| =0,
where X is defined in (6.6) and (520
X =(z,y,h) and U= (u,v,—hV;-uy) . (5.21a, b)

Introduce the standard shallow water scaling (e.g. Dingemans 1997; Alemi Ardakani &
Bridges 2011; Gavrilyuk et al. 2015)

~ ~ h ~
=2 =¥ F-Y Y % ;-2 =1
L L Co Co L h() L (522)
~ ~ dy ~ d3 ~ ® ~ L '
di=—, do=-"2, d3=-, d= Q=-0
1 La 2 L7 3 hO’ C(]L, Co )

where ¢, = +/gho represents the horizontal velocity scale. Now, if we substitute the veloc-
ity field (5.19) in the Lagrangian functional (5.3), and use the scaling (5.22) to obtain the
non-dimensional form the resulting Lagrangian action, and retain only terms of O (3), then
Hamilton’s variational principle (5.2) for the generalized Whitham (GW) equations for fluid
sloshing in three-dimensional rotating and translating coordinates takes the form

5 Lew (h,®) =0, (5.23)

with the Lagrangian action
4 to 1
Low (h, ) = / // (CIDt +5Vad - Vb — < (hV30)" — R, - Ry
t1
QQ (lh+d3) —Qg(y+d2)+qQ€1
($+d1) (1h+d3)+QQ€2
%h(VQQD V2 Rg) Ql y+d2 QQ('T—Fdl)—i‘q.'Qe:;)—%q.'q.

+(Ry — V@) -

(5.24)

to
—Q"q-Q x (I)C+d)+g(Q(9C+d)+q)-2>phdw2dt—/ Q-1 Qdt.

\ t1

Now, taking the variations i and d® in the variational principle (5.23) yields a new set of
Boussinesqg-like evolution equations, for i (z,y,t) and ® (z,y,t), for fluid sloshing inside a
container undergoing prescribed rigi-body motion in three dimensions. Taking the variation
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oh in Hamilton’s principle (5.23) yields
(D, + LV2® - Vod — L (hV3D) + 1 () (y + do) — Q (z + dy) + ¢ - Qes) V3P
—( (h+ds) = (y+do) +G-Qer) b, — (U (z+dy) = (h+ds) + - Qey)d,
—2h (hy — Qohy) (0 (y+ do) — QW (z+di) + G - Qes)
—( (Y +ds) = (x4di)+q- Q63)2 (3Vah - Vaoh + hV3h)
—102 ((y + do)” + 1?) — 102 (z + dy)* + h?)
Qs (z+di) (y+do) — G- Qes( (y+ do) — Q (z+ dy))

~1(4-Qes) +9(Q(X+d) +q)-2=0,

\

(5.25)
and taking the variation ¢ yields
( 1
hi 4+ V3« (hVy®) + V2 (§h3v§<b>
—(Ql (y+do) —Q(z+d1)+q- QQS) (V2h - Vah + hv§h) (5.26)

+(Q2(h—d3) + Q3 (y +d2) — ¢ - Qeq) hy

—(Qg(ﬂf+d1)+91(h—d3)+q'Q€2)hy:0

\

Derivation of the evolution equations (5.25) and (5.26) is given in appendix E. The variational
principle (5.23) also recovers the rigid-wall boundary conditions u (z,y,t) = 0 at x = 0, L4
and v (z,y,t) = 0 at y = 0, L, for the interior fluid, which are

V0 + %hlw (W*V30) =

di3—93(y+d2)+Q'Q€1+ (Ql (y+d2) —QQ(I—Fdl)"—Q‘Qeg)hx

on S(t),
Qg(ZL’—i‘dl)—Qldg—i‘q"QeQ—i‘ (Ql(y+d2)—Qg(l’—i‘dl)—i‘Q'Qeg)hy ( )
(5.27)
where S (t) is the wetted tank surface. See appendix E for the proof of (5.27). The evolution
equations (5.25) and (5.26) with the boundary conditions (5.27) are a generalization of the
Whitham equations for inviscid and incompressible fluid sloshing in a container undergoing
prescribed rigid-body motion in three dimensions.
Equations (5.25) and (5.26) may be obtained by substituting (5.17) and (5.19) into (2.8)
and (5.20) and retaining only terms of O (3).
To derive the equations of motion for the angular momentum and linear momentum of
the coupled (generalized Whitham equations for the interior fluid + 3—D rigid-body motion)
dynamical system, we can take the variations €2, 6Q, 6q and dq of the coupled system

0L (®,h,9Q,Q,q,q) = 0Lew + 0L, =0, (5.28)

where %, is the Lagrangian action of the dry rigid-body given by

4, = / (%mv ld” + (@ < m@.) - Qg+ 392 L2 —mug (QF: +q) - z) dt.  (5.29)
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6 The Euler-Poincaré equations for the motion of the
rigid-body containing weakly dispersive shallow water

The Euler—Poincaré reduction theorem for rigid-body dynamics is given by Holm et al. (1998a).
Alemi Ardakani (2019) applied this framework to the Lagrangian action (1.12) to derive the
coupled Euler—Poincaré equations for the three-dimensional (rigid-body motion + interior
inviscid and incompressible fluid sloshing) dynamical system. Here, we apply the Euler—
Poincaré framework to the coupled shallow-water Lagrangian action (2.15) to derive the
equations of motion for the angular momentum and linear momentum of the coupled (rigid-
body motion + interior shallow-water sloshing) dynamical system.

The equation of motion for the body angular velocity €2 (t) is provided by Hamilton’s varia-
tional principle (3.1) by taking the variations /@ of the shallow-water Lagrangian action (2.15)
among paths Q (t) € SO (3), t € [t1, 12, with fixed endpoints, so that 6Q (t1) = §Q (t2) = 0.
The variations 0€2 are induced by the variations 6@ via (Holm et al. 2009)

~

AT~ o, AT Ao an
N=—+[Q,'|=—+QI' -TQ N
T T =t , (6.1)
where [ -, -] is the matrix commutator, and I' € so (3) is defined by

r=Q Q. (6.2)

—

Since [, T'] = Q x T, the equivalent vector representation of (6.1) is
=T+QxT. (6.3)
Also it can be proved that (Marsden & Ratiu 1999; Holm et al. 2009)
Q' =-Q'vQQ . (6.4)

Now the Euler—Poincaré equation for € (¢) can be obtained by taking the first variation of
the action integral Zsw/on (Q,Q,q, q,DC,IiC) in (2.15) with respect to 2 and @Q using the

variations (6.3), (6.4) and the hat map (1.7), and assuming that that ¢, ¢, X and X are
constants. Applying similar calculus of variations presented in §3.1 of Alemi Ardakani (2019),
it can be proved that Hamilton’s variational principle (3.1) for the variations 62 and §Q reads

,/:// <I‘,%<I§Cx(3€+d)>+ﬂ><(Xx(x+d))+:jch—lq

+% (Q@'dgx (X +d) +(X+d)x (Q'¢gx Q) —g(X+d) x 2>ph0da2dt

t d q (6.5)
SW SW — 1.
+m, T, X (Q7'qg x Q) — L2+ I,Q x Q — m,gZ, x 2> dt =0,
\
where
>=Q's. (6.6)

Therefore, since the variational principle (6.5) holds for any curve T (¢) in so(3) such that
I' (t;) =T (t2) = 0, we find that the body angular velocity of the rigid-body containing shallow
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water is governed by the equation:
//( (Tx @+ ) +2x (X x(X+d)+Xx Qg

+E (@ 'gx (X+d)+(X+d)x (Q'¢gxQ)—g(X+d) x z) p ho da 67)
ey (") + IV x Q — jt (Mo, x Q7'q) + myT, x (Q "¢ x Q)

\—IUQ—I—L,QXQ—ngEUXZ:O,

which is the Euler-Poincaré equation for €2 (¢) in the Lagrangian particle-path setting. Equa-
tion (6.7) after differentiating with respect to time and simplifying using (3.12) and the hat
map (1.7) reduces to

// (:)Cx<x+d)+n>< (D'Cx(I)C+d))+Q*1<j><(I)C+d)

—g (X +d) x 2) phoday — I7VQ — (I} + I,,) (6.8)

+(IJ§W+IU)QXQ—WU5UXQfld—mngUxﬁzo.

Now set the mass moment of inertia of the coupled (rigid-body motion + interior shallow-
water sloshing) system as

L=I"+1,, (6.9)
and take into account the columnar motion of the interior fluid to obtain
mfff://(fx—l—d)phodag:/ (X+d) phdx,, (6.10)

where ; (t) is the centre of mass of the interior shallow water relative to the body frame x,,

and
mf://phodagz//phdwz, (6.11)

is the mass of the interior shallow water which is time independent. Also by setting
m=mgs+m,, (6.12)
which is the total mass of the coupled (rigid-body + interior shallow-water) system, we have
mx (t) = msTy; + m,x, , (6.13)
where z is the centre of mass of the coupled system which is time dependent. Now the

Q-equation (6.8) simplifies to

/ (X (X +d)+Qx (Xx (X+d)))phodas 6.14)

—mEXx QG-I -LA+LAXQ—mgxEx T =0.

Transforming this equation from the Lagrangian particle-path setting to Eulerian coordinates,
replacing the Lagrangian variables X and X by their respective Eulerian quantities U and
DU/ Dt respectively, the Euler-Poincaré equation (6.14) takes the form

// (_X x*‘l)*”X(uX(Md)))phde

—mEXQ G-I -—ILOA+IQAXxQ—mgEx X =0,
!

(6.15)
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where U is defined in (3.26) and

U B <‘D’U,2

ﬁ = ip ((VQ . ’U,Q)2 -V, @'LLQ)) where @/@t =D, (616)

Dt ' 2

and I'fW, which is in Eulerian coordinates, is defined in appendix A. Hence, the equation of
motion for the angular momentum of the rigid-body containing shallow water takes the form
(6.15) in Eulerian coordinates. Alternatively, we could directly take the variations 62 and /Q
of the Lagrangian action (3.25) in the Eulerian setting to derive (6.15).

The Euler—Poincaré equation for g (¢) is provided by Hamilton’s variational principle (3.1)
by taking the variations dq and ¢4 of the shallow-water Lagrangian action (2.15) with fixed
endpoints dq (t1) = dq (t2) = 0, and assuming that €2, @, X and X are constants. Applying
similar calculus of variations presented in §3.1 of Alemi Ardakani (2019), it can be proved
that Hamilton’s principle leads to

[/Cx—ﬂxx—%@qu+@ywbqnxm+@y4gw_ﬁﬁp%mq

—m,Q 7 q — % (2 x myx,) — Q2 x (2 X myx,) —mgE =0,
(6.17)

which is the Euler-Poincaré equation, in the Lagrangian particle-path setting, for the trans-
lational motion g (¢) of the rigid-body relative to the spatial frame X. This equation, after
differentiating with respect to time and applying (6.10), (6.11) and (6.13), simplifies to

[/(d;aaxxjp%mh—mg*q—Qme—Qx(QXm@—mwzzo.(am)

Transforming this equation from the Lagrangian particle-path setting to Eulerian coordinates,
replacing the Lagrangian variables X and X by their respective Eulerian quantities U and
DU/ Dt respectively, the g-equation (6.18) reduces to

// (%—?+2Qxﬂ>phdm2+mQ_lij+QmeJer(mei)+mg§]:0. (6.19)

Hence, the equation of motion for the linear momentum of the rigid-body containing shallow
water takes the form (6.19) in Eulerian coordinates.

The evolutionary system for the rigid-body motion (6.15) and (6.19) is completed by the
reconstruction formula

Q=Q0, (6.20)

and the constraint equation
) =2()x Q) with Z(0)=Q*(0)2. (6.21)

The solution of (6.20) yields the integral curve Q (t) € SO (3) for the orientation of the rigid-
body containing shallow water.

The Euler—Poincaré equations (6.15) and (6.19) can be derived in terms of (h, ®) for
the interior fluid variables by substituting for U and DU /Dt using the velocity field (5.19),
and retaining only terms of O (). The resulting equations are coupled to the generalized
Whitham equations (5.25) and (5.26) with the boundary conditions (5.27) for the interior
weakly dispersive nonlinear fluid sloshing. Alternatively, we can directly take the variations
002, 6Q, 6q and dq in the coupled variational principle (5.28) to find the equations of motion
for the rigid-body motion.
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7 A variational framework for three-dimensional interac-
tions between potential-flow water waves and a freely
floating rigid-body dynamically coupled to its interior
weakly dispersive nonlinear shallow-water sloshing

The classical water-wave problem in three dimensions is described by the partial differential
equations

Ap:=dxx+dyy +0z,=0 for —H(X,)Y)<Z<n(X,Y,t),
G +1iVe-Vo+gZ=0 on Z=n(X,Y1),
bz =n +dxnx +dyny on Z=n(X,Yt),
¢z +oxHx +¢oyHy =0 on Z=-H(X,)Y),

(7.1)

where (X,Y, Z) is the spatial (laboratory) coordinate system, ¢ (X,Y, Z,t) is the velocity
potential of an irrotational fluid lying between Z = —H (X,Y) and Z = n(X,Y,t) with the
gravity acceleration g acting in the negative Z direction. In the horizontal directions X and
Y, the fluid domain is cut off by a cylindrical vertical surface 8 of infinite radius which extends
from the bottom to the free surface. Luke’s variational principle for three-dimensional gravity
driven water waves reads (Luke 1967; Van Daalen et al. 1993)

6Ly (0,m) = 5/: ///m —p (¢ +3Vp-Vo+gZ)dVdt =0, (7.2)

where the Bernoulli pressure, playing the role of the Lagrangian density, is integrated over
the transient fluid domain V' (¢), with variations in ¢ (X,Y, Z,t) and n (X, Y, ) subject to the
restrictions d¢ = 0 at the end points of the time interval, ¢, and t,. In (7.2) p is the water
density. The variational principle (7.2) recovers the complete set of equations of motion for
the water wave problem described by (7.1).

In §583, 5 and 6, a variational framework is developed for the problem of dynamic cou-
pling between rigid-body motion and its interior inviscid and incompressible fluid sloshing
in three dimensions. The motion of the interior fluid of the rigid-body is governed by the
shallow-water equations or the generalized Green—Naghdi equations in three-dimensional
rotating and translating coordinates given in §3, or by the generalized Whitham equations
presented in §5. The variational framework can be extended to the problem of hydrody-
namic interactions between 3—-D potential-flow water waves governed by (7.1) and a freely
floating rigid-body dynamically coupled to its interior weakly dispersive nonlinear fluid slosh-
ing. The extended variational principle can be obtained by the addition of Luke’s variational
principle (7.2) to Hamilton’s variational principle (3.1) in the Lagrangian particle-path formu-
lation or in the Eulerian setting for (the intetior SWEs/generalized Green—Naghdi equations
+ rigid-body motion) dynamical system, or to Hamilton’s principle (5.28) for (the interior gen-
eralized Whitham equations + rigid-body motion) system. The unified variational principle
for the coupled (exterior potential-flow water waves + floating rigid-body motion + interior
SWEs/generalized Green—Naghdi equations) system takes the form
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Figure 2: Schematic showing a freely floating rigid-body containing fluid in hydrodynamic
interaction with exterior ocean surface waves.

~

5.Z <¢,n,Q,Q,q,q,x,:§C) :5/tt2//[/(t)—0(¢t+%V(;S-qu—l—gZ) v dt
+5/t2 (// (% Hd:2\!2+é52+ﬁc-(9x(f)C+d)+QT(j)
t1

(7.3)
+QTq- (2 x (X +d)+Ldl° — 9 (Q(X +d)+q)-2)phydas + 10 - IFVQ

+3m, 14|l + (2 x m,Z,) - QTq + Q- 1,92 —mg (QT, + q) - 2) dt =0,

\

where the Lagrangian of the interior fluid sloshing is represented in the Lagrangian particle-
path setting. Alternatively, the unified variational principle can be formulated in Eulerian
coordinates given by

5.2 (6.1.9. Q. q,q,u, h,\) =0 . (b + LIV V Z) AV dt
(9.1,9,Q.,q,¢,uz,h, \) /n ///V(t) p(r+1iVe-Vo+g2)
to 1

+Q"q- (A x (X +d)+ 3 ldI° - 9(Q(X+d)+q)- z) phdx, + 10170 (7.4)

/

+3m, 14| + (2 x m,Z,) - QTq + Q- 1,92 —mg (QT, +q) - 2) dt

to
\ t1

The unified variational principle for the coupled (exterior potential-flow water waves + floating
rigid-body motion + interior generalized Whitham equations) system can be formulated by

59%11) (Qb, n) + 5°fGW (q)v h'7 Qa Qa q, q) + 50% (97 Q7 q, q) =0 ) (75)

where .Z,, Zow and %, are defined in (7.2), (5.24) and (5.29), respectively. V (¢) in (7.3),
(7.4) or (7.5) cosists of a fluid bounded by the impermeable bottom S, defined by the equa-
tion Z = —H (X,Y), the free surface S, defined by the equation Z = n (X, Y, t), the vertical
surface § and the wetted surface S,, of the rigid body interacting with exterior water waves.
The configuration of the fluid in a freely floating rigid-body interacting with exterior water
waves is schematically shown in Figure 2.

In order to take the variations in (7.3), (7.4) or (7.5), the variational Reynold’s transport
theorem should be used, since the domain of integration V' (¢) is time-dependent. The back-
ground mathematics on the variational analogue of Reynold’s transport theorem is presented
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by Flanders (1973), Daniliuk (1976) and Gagarina, van der Vegt & Bokhove (2013). Taking
the variations ¢, én, 0€2, 0Q, dq, 6q, X and X in Hamilton’s principle (7.3) gives

Z=n

( ) to
t1 S77

+/t2// P(X,Y,Z,1) (5Xw'n)d5dt—/tt2///v()(5¢t+v¢-v(s¢)pdth
v 1 t

/ //< ’ D x+d)+9x(ux(x+d))>phdaz2dt

/ <r —mT x QG — IfWQ—ItQ+IthQ—mgix2>dt
/t//< 15q,——t—29xu>phdw2dt

/<Q Lsg, —mQ g — mew—ﬂx(ﬂxmw) ng>dt

ts Q(y+dy) = (Eh+d
+/ //<51:2,% Ly, (epep) — | W d) = (h+ da)
Dt ' 3h O (5h+ds) = Qs (z + dy)

. . —Qg@h+2Q3U
———V h? (Q di) —Q d —
2h 2( ( 2(vdy) =y + 2)>> —20,u + 0, Dh
1 Qog-Qe; —Q3q-Qey; — g - Qe
1y, (hQ(—le—i—qu))—[ 2? Qe; 3‘? Qe q Q 1]
h 39-Qe; — Q1 q-Qes — G- Qe

1 . . ,
~57 V2 (1* (- Qex — 0~ Qer — - Qes)) -

es- Qe
es - Qe
[((h+ds) (Q2 + Q2) — (2 +dy) Qs — (y + dy) Q) Ay |
+(z+dy) (Qg + Q%) — (y+ da) Qs — (h+d3) 2193
_ > phdxydt =0,
(h+d3) (2 + Q%) — (x4 d1) D193 — (v + da) 2203) Ry,

\ L +<y+d2> (Q% +Q§> — (.fE"‘dl) ngz — (h+d3) QQQg i

Q3q-Qex—Q2q - Qes
Qiqg-Qes —Q3q- Qe

—(QQ q . Q€1 - Ql q . QGQ)VQ]’L +g + ges - Q€3V2h

(7.6)
where the results of §3 and §6 are applied in taking the variations of the second component
of the variational principle (7.3). Here after taking the variations €2, 6Q, dq, 6q, X and 6X
of the second component of (7.3), which is for the coupled (interior fluid sloshing + rigid-
body motion) system, in the Lagrangian particle-path setting, the results are transformed to
Eulerian coordinates. Alternatively, we could take the variations in the variational principle
(7.4) in Eulerian coordinates. In (7.6), X, denotes the position of a point on the wetted body
surface S,, relative to the spatial (laboratory) frame X, n is the unit normal vector along
oV > S, in the laboratory frame, ¢ = (1 + 7% +n2)"/? giving dS = ¢dXdY, and P is the
pressure field of the exterior water waves defined by

P(X,Y,Zt)=—p (¢ +4iVo-Vo+gZ) on S,. (7.7)
These variations are subject to the restrictions that they vanish at the end points of the time

interval. Moreover, the variations in n and ¢ vanish on the vertical boundary at infinity, i.e.
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on 8. The change in X, due to the variations in Q and q is given by (Alemi Ardakani 2019)
0X, =0Qx, + diq, (7.8)

where x,, is the position of a point on the wetted rigid body surface S,, relative to the body
frame x,. Using the variations (7.8), the second integral on the right-hand side of (7.6)
simplifies to (see equation (5.7) in Alemi Ardakani 2019)

/:2 //wp<5XW’ n)dSdt = /: //w (P T,z x ) + P (Q 'dq, my))dSdt, (7.9)

where
n,=Q 'n, (7.10)

is the unit normal vector along S,, in the body frame «x,. Using the variational Reynold’s
transport theorem, it can be proved that (Alemi Ardakani 2019)

I oewavae = [T ][ o
+/tt//s (Xw-n) 56 pdSdt.

Moreover, applying Green'’s first identity, we have

(/: //V(t) V¢°V5¢pdth:—/: //V(t)A¢5¢pdth
+/: //av (Vé:n) 6gpd5di= —/: ///V(t)A¢5¢pdth
=

—F/tltz//sn(_77X¢X—77Y¢Y+¢Z)5¢ ’ pl~tdS dt

to to
+/ // (6x Hx + oy Hy + ¢7) 60 pdet+/ // g—¢5¢pd3dt.
\ t1 Sh Z=—H t1 S, 0T

Now, substituting the expressions (7.9), (7.11) and (7.12) into the variational principle (7.6),
we conclude that invariance of £ with respect to a variation in the free-surface elevation n
yields the dynamic free-surface boundary condition in (7.1), invariance of . with respect to
a variation in the velocity potential ¢ yields the field equation in (7.1) in the domain V (¢),
invariance of . with respect to a variation in the velocity potential ¢ at 7 = —H (X,Y") gives
the bottom boundary condition in (7.1), invariance of . with respect to a variation in the
velocity potential ¢ at Z = n (X, Y, t) gives the kinematic free-surface boundary condition in
(7.1) and invariance of ¢ with respect to a variation in the velocity potential ¢ on S, gives
the contact condition on the wetted surface of the rigid-body,
od

— =X,-n on S,. (7.13)
on

Z=n
pl~tdsdt

(7.11)

(7.12)

Invariance of £ with respect to dx, gives the generalized Green—Naghdi equations (3.19)
and (8.20) for the interior weakly dispersive nonlinear fluid sloshing. Invariance of . with
respect to I' gives the hydrodynamic equation of motion for the rotational motion Q (¢) of
the coupled (floating rigid-body motion + interior weakly dispersive fluid sloshing) system
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interacting with exterior potential-flow water waves

// (—x f)C+d)+Q><(u><(9C+d))>phdm2

—mfo_q—ffWQ—ItQ+ItQXQ—ngxE (7.14)

\

—|—// P(X,Y,Zt)(x, x ny) dS =0,
Sw

where P (XY, Z,t) is defined in (7.7). Finally, the invariance of .# with respect to Q'dq
gives the hydrodynamic equation of motion for the translational motion g (¢) of the coupled
(floating rigid-body motion + interior weakly dispersive fluid sloshing) system interacting with
exterior potential-flow water waves

// (—+29xU)phdnger‘lijJrQXmEJer (2 X mz)
(7.15)

+mg2—// P(X,Y,Z,t)n,dS =0.
Sw

The terms including the pressure field P (X, Y, Z, t) in the hydrodynamic equations of motion
(7.14) and (7.15) are the moments and forces respectively acting on the rigid-body due to
interactions with exterior potential-flow water waves. In summary, the equations of motion for
the exterior potential-flow water waves in V (t) are (7.1) with the contact boundary condition
(7.13). The equations of motion for the interior fluid of the rigid-body are the generalized
Green—Naghdi equations (3.19) and (3.20) and the conservation of mass equation (2.8)
which are dynamically coupled to the hydrodynamic equations of motion for the floating
rigid-body (7.14) and (7.15). The evolutionary system for the rigid-body motion is completed
by (6.20) and (6.21).

If we take the variations in the variational principle (7.5), the interior fluid of the floating
rigid-body in the coupled (exterior potential-flow water waves + floating rigid-body motion
+ interior weakly dispersive fluid sloshing) system would be described by the generalized
Whitham equations (5.25), (5.26) and (5.27). Moreover, the first integral on the left-hand side
in the equations of motion for the rigid-body motion (7.14) and (7.15) would be described in
terms of the interior shallow water velocity potential ¢ (z,y,t).

8 Concluding remarks

The paper is devoted to the derivation of a reduced shallow-water variational principle for dy-
namic coupling between a rigid-body, which is free to undergo three-dimensional rotational
and traditional motions, and its interior weakly dispersive nonlinear shallow-water sloshing.
The reduced variational principle gives rise to a new Green-Naghdi model for shallow-water
sloshing in two-horizontal space dimensions with 3—D rotation vector and translations. Ne-
glecting the higher-order dispersive terms in the generalized Green—Naghdi model gives rise
to a new set of shallow-water equations in three-dimensional rotating and translating coor-
dinates, which is the variational analogue of the surface shallow-water equations derived by
Alemi Ardakani & Bridges 2011.

The material conservation of potential-vorticity for the generalized Green—Naghdi equa-
tions and the variational shallow-water equations is studied. A new generalization of the
Whitham equations (Boussinesqg-like evolution equations) for fluid sloshing in a vessel un-
dergoing prescribed rigid-body motion in three dimensions is derived by applying the as-
sumption of zero-potential-vorticity flow to the fluid component of the reduced variational
principle in Eulerian coordinates.
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The variational principles are extended to develop a mathematical theory for the problem
of three-dimensional interactions between potential-flow water waves and a freely floating
rigid-body dynamically coupled to its interior shallow-water sloshing, which can be described
by the generalized Green—Naghdi equations, or by the variational shallow-water equations,
or by the generalized Whitham equations. The exact nonlinear hydrodynamic equations
of motion for the angular momentum and linear momentum of the floating rigid-body are
derived.

The presented variational frameworks for the coupled (rigid-body motion + interior weakly
dispersive shallow-water sloshing) system and for the coupled (exterior water waves + rigid-
body motion + interior weakly dispersive shallow-water sloshing) interactions can be a start-
ing point in constructing symplectic and structure-preserving numerical schemes for long-
time computational modelling of these highly-coupled nonlinear systems. Gidel et al. (2017)
developed a variational Galerkin finite-element method with a second-order Stérmer—Verlet
temporal scheme for the Benney—Luke equations (Benney & Luke 1964). These numerical
methods can be extended for computational modelling of the variational frameworks pre-
sented in this paper.

— Appendix —

A Proof of (2.10) and the entries of I

Restriction of the second term in (1.12) to columnar motion gives

///h (Qx (z+d) + Q"q) pda—///ho[ (92(—c+d3) Qg(y+d2)>

(93(37+d1) 0 (hﬁoCﬂLdz)) h—00(91(9+d2) Qs (z + di))

ol . h o
/] (xq-Qe1+yq-Qe2+h—ocq-Qe3>pdcda2
:// (m(az (3h+ds) — Qs (y+d2)) + 9 (Q (2 +dy) = (3h+ds))

(U (y+do) — (@ +d)+iq- Qe +§d-Qes+ %hq.Qeg) phodas

://<X,Q>< (DC+d)+Q_IQ>Ph0da2,
(A.1)

which recovers (2.10). The symmetric matrix ISW is the reduced shallow water mass mo-
ment of inertia of the interior fluid relative to the point of rotation, i.e the origin of the body
frame x,;, with entries given by

fll_//< +dy)° +3h2+d2+d3h)phoda2

Iﬂg_l%/ (z +dy) (y +d2) phoday = /7) x+dy) (y+dy) phda,,

Ifg_//— (z+di) (3h+ ds) phodagz//— (z+dv) (Ah+ds) phde,,
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1
Ifgg = // ((:c +dy)? + ghQ +d5 + d3h> p ho das
1
= // ((m +di)’ + ch?+di+ d3h> phdzy,
’ (A.2)
Iﬂg—[/—@+dﬁ@h+%ﬁmumr=[/—@+dg@h+%ﬁm¢@,

Ifgg—// ((x+d1)2+(y+d2)2)phoda2:// ((x +d)* + (y + do)?) phdas.

Differentiating I}?W, in the Lagrangian particle-path setting, with respect to time and trans-
forming the result to Eulerian coordinates gives

( 2
I}gﬂ/ // <2U Y+ dy) — h (uy +vy) (§h+d3>>phdaz2,

7Y = // v(z+d)+u(y+ds))phdes,

g // (u (2 + ds) — L (ug +0,) (& + o)) phdas,
I}ggg—// <2u(m+d1)—h(ux+vy) (§h+d3)>phd$2,
I}ggg // (v(3h+ds) — Lh(uy +v,) (y + do)) phdes,

B Proof of /7 in (3.2) and the variational identity (3.3)
The following expressions are given by Miles & Salmon (1985), which are reviewed here:

_ hogag,  0(ab) (9(0x,y) | O(x,dy)
Oh=—"gd "0 h@(w,y)(&(a,b) 8(a,b))

o (9(6zy) [ O(woy)\ _ , (96x Doy
-+ (S eg) - (F ) = e

Hence, the following variational identity can be concluded

//3”5hphodadb://3"5h,0hdxdy://—?hQVQ-émgpdxdy
(B.2)

:/ Vg (?h2)-5m2pdxdy:/ %Vg (?hQ)-éazgphodadb

(B.1)

Note that from the first to the second line in (B.2), we integrate by parts and impose the
boundary conditions dx; = 0 at the endpoints in space.

C Proof of (3.8), (3.15), and (3.16)

Derivation of the variations in (3.8) is given below:
to .
/ // <5:x, O x (:x+d)> phodas dt =
t1
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Qg (y + dg) — Q, (%h + d3) >
O (3h+ds) — Qs (z + i)
i) = (y + dz)) 5h) pho das dt

RUAVALES

+§ (Qg (x

[ (e
. / / <5m 9, (1 (9 o+ d) - 0 (v + )

> ph() dag dt

J/

> ,Oh() dag dt

— using the variational identity (3.3)

—Qg JJ -+ dl) (QQ (l’ -+ dl) — Ql (y -+ dg)) hy -+ Qldg

Derivation of the variations in (3.15) is given below:

/// <,Q x+d)+q>ph0da2dt

za/tl //—g<2,fx+d+Q1q>phoda2dt with ¥ =Q'2

:/j// <59C,—g§]>ph0da2dt

s S

S LR i i o P
R IT)

using (3.3)

J

- (| B Gt Y

(C.1)

Taking the variations dx; and §h of the mass moment of inertia of the interior shallow water

in the action integral (2.15), assuming that €2 is constant, gives

to to
5/ Ha, vaydt= | (Q,6;"Q) dt:/ //<5zc2,
t1

.CE—l—dl)(Q2—|—Q2) (y+d2 QQQ (h—|—d3)Q Qg

>ph0da2dt
y+d2)(Q2+Q2 ( +d1 QQQ (h-l—dg)QgQg,
1
2

/tz//( ( h+d3) (T +93) — L (z+di) 0
—-(y+d2)§22§23)5hph0da2dt /t //<6a:2,

) (2 +2) — (y+ do) U — (A + ds) 20
>ph0da2dt
y+d2) (Q2+Q2) ( +d1 Q QQ ( h+d3) QQQg

)
/tQ // <d“’2’ ;]; (h2 {% (§h+dz> (O +02) — L (2 + dy) 2O
N

dg) QQQg] ) > 1% ho dCLQ dt s

(.T—i—dl

—5(y
which leads to (3.16).
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D Proof of (4.4)

The variational derivatives in (4.2) defining the canonical momenta P for the shallow-water
Lagrangian (2.15) are taken using a mass-weighted inner product in the Lagrangian particle-

path setting as follows:

5L 5L
0Lsw/eN = // <<E’ (59C> + <ﬁ 59C>> phodas .

The first component in (D.1) reads

//< 5:>c>ph0da,2 // (< >+55;f5h)phoda2
-/ <5w2 5V (hQégf ) 6wz>pho da; (using (3.3)).

and the second component in (D.1) takes the form

I (2 55 pros [[ ({2 522) + 2 ) oo

But the second component in (D.3) reads

://h% _hVQ'émQ_hVQ'(Sd:Q) pde

-

dx=0t=0atx=0,L;anddy =dy=0aty =0, L,

(i) (5.6

and hence (D.3) modifies to

[ (5o ton= [ (G- () )

. {integrating by parts and imposing the boundary conditions

Ve

0L
— —_— 2 y
+<5m2 th (h (5h ) (SCBQ>> pho da2 .

Now substituting (D.2) and (D.5) into (D.1) recovers (4.4).
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E Derivation of the generalized Whitham equations (5.25),
(5.26) and (5.27) for fluid sloshing in three-dimensional
rotating and translating coordinates

Hamilton’s variational principle (5.23), for the generalized Whitham equations, for the varia-
tions 0h and 6P takes the form

0
(L%W h, @) ///( (hV3®)* 6h + Lh(Q®, — Q.1®,)dh — Lh 5] - Ry 6h
el

Qo (sh+d3) —Q3(y+ds) +q-
(R, - 2 (3 3) 31(3/ 2) q Qe SR,
Q3(£+d1)—91(5h+d3)+Q'Q€2

+<%h2V2 . 5R2 -+ th . R2 oh — hV%@ 5h> (Ql (y + dg) — QQ (ZL' + dl) + q . Qeg)

+ [%h(qu -Qe; —1g-Qes —ges - Qes) — P, — TV,8 -V + 1Ry - Ry

Qy (3h+ds) — Q3 (y+ da) + ¢ - Qe g
Qz($+d1)—91(%h+d3)+Q'Q€2 2
+Q7¢- 2 x (X +d)—g(Q(X+d)+q) -2+ 1 (x+d)” (Q2+03)

—(Ry — V@) -

Ly +do)? (O +03) + 3 (h+d3)* (0 +Q3) — (x+dy) (y + da) 2
— (.I + dl) (h + dg) 9193 — (y + dg) (h + dg) QQQ3:| oh — th(I) . VQ(S(:D — h(SQDt

Qy (%h+d3) — Q3 (y+d2) +q- Qe
Q(z+di)— Qi (Ah+d3) + G- Qe
—%hz V2 . Vgéq) (Ql (y + dg) — QQ (Z‘ + dl) + q . Q€3>) ,OdCUQ dt = 0,

1
+§h3V§<I>V§5<I> + hV 360 - [

\

(E.1)
where

Substituting for R, and § R, in the second line and the first term in the third line of (E.1) gives

/// (3h +ds) - Q3(y+d2)+q:'Qel - 6Ry pdas dt
Qg ZL‘+d1) Ql (%h+d3) +Q'Q€2
/// §h2V2 . 5R2 (Ql (y+d2) — QQ (l’—l-dl) +Q' Qeg)pdwg dt

_ /// ((Q1 (y+d) — Q (z+dy) + 4 - Qes)*h Voh - Voo (E.3)

—h2(91 (y—|—d2) —QQ (£E+d1) —|—Q' Qeg) [ Q; ] . ngh
el

FIR(O (y+ do) — D (x+dh) + G- Qes)’ Vs - V25h) pdx,dt.
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With Green’s first identity, we may write

and

(/// <(Ql (y+ds) = O (v + i) + G - Qes) " h Vo
(0 (y +do) — (@ +d) + G- Qes) [—Qé ] ) - V36h pdas d
N /// <4h (@ (y+do) = Q2 (z+dr) + ¢ - Qes) (Vhy — Nhy)
~( (y+d2) = (& + di) + G- Qes)” (Vah - Vah + hV3h) (E.4)

(24 h2) 5h pdas dt

+//h(Ql (y+d2)—Qg($+d1)+Q'Q€3)2V2h'nb6hpd8dt

Q
—//h2 (Ql(y+d2)—QZ(x+d1)+q-Qeg) [ ;] -ny, 0h pdsdt,

=
\

///%h2(91 (y+ds) — (x4 di) + G- Qes)” Vo - Vydh pday di

N /// <_4h (U (y+do) — Q (z+di) + G- Qes) (hy — hy)
(U (y+do) — (2 + d) + G- Qes)” (Voh - Vah + hV2R)

+ (92 +02) h2) Sh pda, dt (E.5)

—//h(Ql (y+d2)—§22($+d1)+qQ63)2V2h’nb5hpdsdt

+//h2 (Ql (y + da) — (x+d1)+q-Qeg) [_951] -ny, 0h pdsdt

+//%h2 (0 (g + do) — (2 +d) + 4 - Qes)* Vobh - my pds dt

where n,, is the outward-pointing normal to the boundary of the rigid-body relative to the body
frame «,. Now, substituting (E.4) and (E.5) in (E.3), and taking into account that V,6h-n, =0
along the boundaries of the rigid-body, i.e. applying symmetric boundary conditions for the
wave height h (z,y,t) for the interior fluid sloshing, the right-hand side in (E.3) vanishes.
Hence, after substituting for R,, the variational principle (E.1) for the variation Jh takes the

form

/// <hw2 Vs (% (hV30)* — 1V, . V0 — &,

+2h (—Qghx -+ thy) (Ql (y + dg) — QQ (l’ + dl) + q . Qeg)
+( U (y+ds) = Qo (z+di)+q - Qeg)2 (3Vsh - Vaoh + hV3h)
—h(Q1 (y+d2) — Qo (z+di) +4q- Q€3)V§q)

+(Q2 (h+ds) = Qs (y + da) + ¢ - Qer) D,

—I—(Qg (fL’ —+ dl) — Ql (h + dg) + q . Q62)®y+
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(+1( 2+ 02 P2+ 1 (d-Qes)’ +d-Qes( (y+do) — U (z+dy))
L2 (2 + d)? + 102 (y + do)® — (2 + di) (y + dao) e (E.6)

—g (Q <5c+d>+q) -£)>pdwzdt=0,

in which o6h is replaced with —V, - (hws) from (3.27), the resulting expression is inte-
grated by parts, and the boundary conditions w, (0,y,t) = wy (L1, y,t) = 0 and ws (z,0,t) =
wy (x, Lo, t) = 0 are imposed. Now, since w;, is arbitrary, it can be inferred that

(

V2 (Cbt + %V?@ . VQCI) — % (]’LV%CD)Q — (QQ (h + dg) — Qg (y + dg) + q . Qel)CIDx
—(93 (x+d) = (h+d3)+q- Q€2)(I)y
+h (Q1 (y+ do) — (x4 d1) + ¢ - Qes) V3P

—2h (hy — Qohy) (U (y + da) — Q (x +di) + 4 - Qes)

(U (y+dy) — D (z+dy) + G- Qes)” (LVsh - Voh + hV2h) (E7)
102 ((y + do)” + 1?) — L2 ((z + dy)* + 1?)
0 (v +di) (y+dz) — G- Qes (U (y+da) — Qo (x+dy))
. 2 ~ .
| 30:Qe) +9(Q(X+d) +4) 'z) =0.
Integrating this equation in space gives
(D, + 1V,0 - Vod — L (AV2D)° — (R (h+ds) — Qs (y + do) + G - Qey) D,

—(Qg (x+d)—Q(h+d3)+q- Qeg)cby

+h (1 (y+do) — (v +di) + G- Qes) V3P

—2h (Qihy — Dohy) (U (y+ do) — W (z+di) + ¢ - Qes) £8)

—( (y+dy) — D (z+d) + G- Qes)” (LVsh - Voh + hV2h)
102 ((y + do)* + 1?) — 102 (z + d1)* + h?)

Qs (z+di) (y+do) — G- Qes(Q (y+ do) — Q (z+ dy))
|-1(d-Qes)’ +9(Q(X+d)+q)-2=B(1),

where B (¢) can be absorbed into @ (z,y, t), which recovers the evolution equation (5.25).
To derive a second evolutionary equation which results from 6® variation terms in the
variational principle (E.1), we first note that

/// ho®, pda, dt = ///htétbpd:vgdt (E.9)

with fixed endpoints 09 (¢;) = 0 (t5) = 0. With Green’s first identity, we may write

///—hVQ(I)-VQ&I)pdmgdt — // (Vah - V@ + h V20) 60 p da, dt

/thCD -n 0P pdsdt,

(E.10)
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and
h+d3) Qg(y+d2)+q.‘Q61

/// Qg I—l-dl Ql(%h—i—dg)—i—q-QeQ
///( QQ h+d3) Qg(y+d2)+q.'Qel>hz
—(Q3 (ZE + dl) — Ql (h + dg) + q . Qeg)hy) 5@pd$2 dt
// h+d3) Qg(y—f—dz)—i‘q.'Qel
Qg Jf+d1 Ql (%h‘i‘dg)‘i‘q'QEQ
With Green’s second identity, we may write

/// %h?’ V20 V20D pda, dt = // Vs (%h?’ V%cb) 0P pda, dt
(E.12)

1 1
+// §h3V§<I>V26<I>-nbpdsdt—// 3V (W*V3®) + my, 60 pdsdt,

] . V25CI> pdazg dt

(E.11)

] -n 0P pdsdt.

and
/// —3h? V2 - V0@ (Q (y + do) — Qo (z + di) + ¢ - Qey) pda, dt
/// ( Ql y—l—dg) Qg (x+d1)+q-Q63) (Vgh'Vzh—i‘thh)

+205hh, — Qthhy) 50 p da, dt (E.13)

// (Q(y+do) — W (z+di)+qG-Qes)h, — 10h
(2 (y+dy) = (z+di) +q- Qes)hy + 3Q1h
//%h(Ql(y+d2) Qg(x+d1)+(]-Q63)Vgé@-nbpdsdt.

] -n 0P pdsdt

\

Taking into account the shallow water scaling (5.22), if we only retain terms of order one in
(5.19), we obtain

Uy = V2@+

Qi”(y*d?)_q'Qel} | (E.14)

—Qs(x+dy) —q- Qe
Hence, from the boundary conditions « (0,y,t) = u (L1, y,t) = 0and v (x,0,t) = v (x, L, t) =
0 and the approximation (E.14), it can be inferred that V,6® - n, = 0 along the boundaries,
i.e. on the wetted surface S (¢), and so the second term on the right-hand side of (E.12), and
the last line in (E.13) vanishes. Now, substituting (E.9), (E.10), (E.11), (E.12) and (E.13) in
(E.1), the variational principle (E.1) for the variation 0® takes the form

( 1
0ZLew = /// (ht + V5« (hVy®) + V3 (§h3V§<I>)

_(Ql (y+do) = (z+di)+q- Q63) (V2h - Voh + hV%h)

+(Q2(h —d3) + Q3 (y +d2) — ¢ - Qer) hy

— (Q3 (l‘ =+ dl) —+ Ql (]’L — dg) —+ q . Qeg) hy) (5@ pdwg dt—f—
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( 1
=+ // < — hVQ(I) — Vz (§h3V§<I>>

[ (3h+ds) = Qs (y +d) +4- Q61]
Q3 (2 +d1) — (%h+d3) +q-Qey

(U (y+do) — Qo (x+di) +q - Qez)hy — 10
[ (9 (v +da) = Qa w + ) + G - Qe), + Fub

+h

+h

) ‘np 0P pdsdt =0.

\

(E.15)
From (E.15), it can be concluded that invariance of Zcw with respect to a variation in the
velocity potential ¢ yields the evolution equation (5.26). Moreover, the invariance of Zow
with respect to a variation in the velocity potential ® along the wetted surface S (t) recovers
the rigid-wall boundary conditions (5.27).
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