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Abstract: This paper details the development of a Segway robot demonstrator for undergrad-
uate and Masters level systems and control courses based on the LEGO MINDSTORMS EV3
robotics platform. The purpose of the demonstrator is to provide a physical and interactive
device for explaining concepts that feature on many systems and control courses, notably:
model-based control, linearisation, the Linear-Quadratic Regulator (LQR), pole placement, noise
amplification due to differentiation, reference following, Kalman filtering, and the principle of
separation of estimation and control. The demonstrator is designed using a standard LEGO
MINDSTORMS model from the Education EV3 core set—the Gyroboy. This is interfaced
with using the Simulink Support Package for LEGO MINDSTORMS EV3 Hardware. Reference
inputs can be provided from either a keyboard or an Xbox One gamepad. To the best of
our knowledge, this is the first example of the successful implementation of an observer-
based reference-following feedback controller for a Segway robot built entirely using LEGO
MINDSTORMS EV3 components, with previous designs being either not observer-based or
based on the now outdated LEGO MINDSTORMS NXT platform.
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1. INTRODUCTION

The value of LEGO MINDSTORMS for the teaching
of control and robotics has widespread recognition (see,
e.g., Canale and Brunet, 2013; Basso et al., 2013; Vil-
lacrés et al., 2016; Kim, 2011; Cruz-Mart́ın et al., 2012;
Markovsky, 2012). To date, most of the educational ap-
plications of LEGO MINDSTORMS detailed in the liter-
ature have focussed on the second generation NXT kit,
which was superceded in 2013 by the third generation
EV3 model. The use of LEGO MINDSTORMS in higher
education is facilitated by the hardware interfacing capac-
ities offered by the LEGO MINDSTORMS EV3 Support
for Simulink package, which allows for controllers to be
designed within MATLAB Simulink and then deployed di-
rectly to the LEGO MINDSTORMS EV3 intelligent brick.
This also allows for data to be returned to the MATLAB
workspace from LEGO MINDSTORMS sensors to inform
controller design and enhance the teaching experience.

This paper details the design of a reference-following
Linear-Quadratic-Gaussian (LQG) controller for the LEGO
MINDSTORMS EV3 Gyroboy set. This is a two-wheeled
Segway robot, comprised of the EV3 intelligent brick (the
microprocessor for the robot), a gyroscopic sensor for mea-
suring the Gyroboy’s tilt velocity, and two electric motors,

one for each wheel, each of which contains an encoder that
measures the angle through which that motor has turned.

The developed demonstrator was integrated into a new
third-year course on the Mathematical Sciences degree at
the University of Exeter, UK, titled Dynamical Systems
and Control. The intention was to provide an interactive
physical demonstration of the key concepts introduced
during the course, to improve students’ engagement and
their intuitive and conceptual understanding. The demon-
strator also sought to develop students’ awareness of the
methods’ limitations and the importance of considering
the practical aspects of design alongside the theoretical.
Moreover, the methods used to design the Gyroboy con-
troller were mirrored in a simulation based coursework
exercise in MATLAB Simulink, whereby students’ under-
standing is reinforced through problem-based learning.

Several authors have noted the positive impact of LEGO
MINDSTORMS on student motivation and outcomes, (see
e.g., Panadero et al., 2010; Cruz-Mart́ın et al., 2012). Since
the demonstrator described in this paper was developed for
a new course, it is not possible here to assess the effective-
ness of the demonstrator in improving outcomes, but we
do note that students assessed the module positively (with
a mean score of 90% and a range of 77-100%).
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ness of the demonstrator in improving outcomes, but we
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In this paper, we describe the details of the demonstrator’s
design, and its use in demonstrating model-based con-
trol, linearisation, the Linear-Quadratic regulator (LQR),
pole placement, noise amplification due to differentiation,
reference following, Kalman filtering, and the principle
of separation of estimation and control. MATLAB and
Simulink files, and videos of the design implemented on
the Gyroboy, have been made available by (Hughes et al.,
n.d.). The merits of the demonstrator that make it stand
out relative to other teaching resources are its versatility
(for demonstrating all of the aforementioned concepts),
simplicity (the design only requires knowledge of control
concepts that are commonly covered in undergraduate
or Masters level courses, and the hardware interfacing
can all be carried out within MATLAB Simulink), and
affordability (the equipment cost is approximately $650).

Applications of LQR, model predictive control, sliding
mode control and fuzzy logic control to the stabilisation
of LEGO Segway robots have previously appeared in the
literature (see Canale and Brunet, 2013; Villacrés et al.,
2016; Yamamoto, n.d.; Akmal et al., 2017; Behera and
Mija, 2016). Our approach in this paper takes the LQR
designs of Yamamoto (n.d.) and Roslovets (n.d.) as a
starting point, and extends these designs in a number of
directions. It is shown that the design of forward and
turning motion controllers of the Segway robot can be
decoupled. Explicit expressions are provided for the con-
troller gains as a function of the closed loop characteristic
polynomial, and pole placement is then used in order to
improve the forward motion by altering the fast dynamics
of the initial LQR design. Also, a Kalman filter based
observer is implemented, based on an estimate of input
and output noise due to quantisation and other sensor
errors, and the resulting LQG controller demonstrates a
substantially smoother behaviour. Finally, the robot is
designed to take reference inputs from either a keyboard
or an Xbox One gamepad.

2. OPEN LOOP DYNAMICS

Following Yamamoto (n.d.), the open loop dynamics for
the Gyroboy can be described as a system with state vector

x =
[
θ ψ dθ

dt
dψ
dt φ dφ

dt

]T
,

where ψ is the tilt angle (in radians); θ is the average of
the two wheel angles (in radians), which depends on the
angles θl and θr of the left and right motor through the
relationship θ−ψ = 1

2 (θl+θr); and φ is the rotation angle
about the vertical (in radians), in accordance with Fig. 1.
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Fig. 1. LEGO MINDSTORMS EV3 Gyroboy schematic.

Estimates of the Gyroboy’s properties are as follows:

m = 0.031kg (wheel’s mass),

M = 0.641kg (body’s mass),

g = 9.81ms−2 (acceleration due to gravity),

L = 0.107m (distance from wheel axis to centre of mass)

R = 0.027m (wheel radius),

Jw = 1.13×10−5kgm2 (wheel’s moment of inertia),

Jψ = 2.77×10−3kgm2 (body’s pitch moment of inertia),

W = 0.105m (body’s width),

Jφ = 1.12×10−3kgm2 (body’s yaw moment of inertia)

α = 0.505×10−3 (motor calibration constant),

β = 3.58×10−3 (motor calibration constant).

The estimation of these constants required only the LEGO
MINDSTORMS EV3 sensors themselves, in addition to a
ruler and a pair of calipers (for measuring L,R and W ),
and a set of gram-accurate weighing scales (for measuring
m and M). The remaining constants are then estimated
as follows. By measuring the time period of pendulum
oscillations (T ) when the Gyroboy robot swings freely
about the wheel axis, the moment of inertia Jψ can be
estimated using the formula Jψ+ML2 = MgLT 2/((2π)2).

To obtain the moments of inertia Jφ and Jw, the depth of
the Gyroboy robot is estimated asD = 0.1m, and the mass
of the body and wheel is assumed to be evenly distributed,
whereupon Jφ = M(W 2 +D2)/12 and Jw = (mR2)/2.

The motor calibration constants α and β correspond to
coefficients in a first order model of LEGO EV3 large servo
motor’s dynamics. This motor takes integer inputs from
-100 to +100, and α and β have units of kgm2s−2 per
integer unit and kgm2s−1 per integer unit, respectively.
These parameters have been estimated by adding a third
wheel to balance the Gyroboy, and then applying a step
input to both motors of the Gyroboy. The dynamics of this
system is then described by the differential equation(

M + 2m+ 2Jw

R2

)
d2z
dt2 + 2β

R2
dz
dt = 2αu

R . (1)

Here, u refers to the integer input to the motors, and z
refers to the horizontal distance of travel. The parameters
α and β can then be estimated by applying a step input
of magnitude U = 100 at time T0 = 1. By fitting a
straight line to the steady-state behaviour of the cart, and
determining the slope V of this line and the intercept T1

with the time axis, then estimates for α and β that are
consistent with equation (1) are obtained as follows:

β = R2(M+2m)+2Jw

2(T1−T0)
and α = βV

RU .

The correspondence between the experimental data and
the predictions of the fitted model are shown in Fig. 2.

Fig. 2. Motor calibration experiment.
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In this paper, we describe the details of the demonstrator’s
design, and its use in demonstrating model-based con-
trol, linearisation, the Linear-Quadratic regulator (LQR),
pole placement, noise amplification due to differentiation,
reference following, Kalman filtering, and the principle
of separation of estimation and control. MATLAB and
Simulink files, and videos of the design implemented on
the Gyroboy, have been made available by (Hughes et al.,
n.d.). The merits of the demonstrator that make it stand
out relative to other teaching resources are its versatility
(for demonstrating all of the aforementioned concepts),
simplicity (the design only requires knowledge of control
concepts that are commonly covered in undergraduate
or Masters level courses, and the hardware interfacing
can all be carried out within MATLAB Simulink), and
affordability (the equipment cost is approximately $650).

Applications of LQR, model predictive control, sliding
mode control and fuzzy logic control to the stabilisation
of LEGO Segway robots have previously appeared in the
literature (see Canale and Brunet, 2013; Villacrés et al.,
2016; Yamamoto, n.d.; Akmal et al., 2017; Behera and
Mija, 2016). Our approach in this paper takes the LQR
designs of Yamamoto (n.d.) and Roslovets (n.d.) as a
starting point, and extends these designs in a number of
directions. It is shown that the design of forward and
turning motion controllers of the Segway robot can be
decoupled. Explicit expressions are provided for the con-
troller gains as a function of the closed loop characteristic
polynomial, and pole placement is then used in order to
improve the forward motion by altering the fast dynamics
of the initial LQR design. Also, a Kalman filter based
observer is implemented, based on an estimate of input
and output noise due to quantisation and other sensor
errors, and the resulting LQG controller demonstrates a
substantially smoother behaviour. Finally, the robot is
designed to take reference inputs from either a keyboard
or an Xbox One gamepad.

2. OPEN LOOP DYNAMICS

Following Yamamoto (n.d.), the open loop dynamics for
the Gyroboy can be described as a system with state vector

x =
[
θ ψ dθ

dt
dψ
dt φ dφ

dt

]T
,

where ψ is the tilt angle (in radians); θ is the average of
the two wheel angles (in radians), which depends on the
angles θl and θr of the left and right motor through the
relationship θ−ψ = 1

2 (θl+θr); and φ is the rotation angle
about the vertical (in radians), in accordance with Fig. 1.
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Fig. 1. LEGO MINDSTORMS EV3 Gyroboy schematic.

Estimates of the Gyroboy’s properties are as follows:
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W = 0.105m (body’s width),

Jφ = 1.12×10−3kgm2 (body’s yaw moment of inertia)

α = 0.505×10−3 (motor calibration constant),

β = 3.58×10−3 (motor calibration constant).

The estimation of these constants required only the LEGO
MINDSTORMS EV3 sensors themselves, in addition to a
ruler and a pair of calipers (for measuring L,R and W ),
and a set of gram-accurate weighing scales (for measuring
m and M). The remaining constants are then estimated
as follows. By measuring the time period of pendulum
oscillations (T ) when the Gyroboy robot swings freely
about the wheel axis, the moment of inertia Jψ can be
estimated using the formula Jψ+ML2 = MgLT 2/((2π)2).

To obtain the moments of inertia Jφ and Jw, the depth of
the Gyroboy robot is estimated asD = 0.1m, and the mass
of the body and wheel is assumed to be evenly distributed,
whereupon Jφ = M(W 2 +D2)/12 and Jw = (mR2)/2.

The motor calibration constants α and β correspond to
coefficients in a first order model of LEGO EV3 large servo
motor’s dynamics. This motor takes integer inputs from
-100 to +100, and α and β have units of kgm2s−2 per
integer unit and kgm2s−1 per integer unit, respectively.
These parameters have been estimated by adding a third
wheel to balance the Gyroboy, and then applying a step
input to both motors of the Gyroboy. The dynamics of this
system is then described by the differential equation(

M + 2m+ 2Jw
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)
d2z
dt2 + 2β
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dz
dt = 2αu

R . (1)

Here, u refers to the integer input to the motors, and z
refers to the horizontal distance of travel. The parameters
α and β can then be estimated by applying a step input
of magnitude U = 100 at time T0 = 1. By fitting a
straight line to the steady-state behaviour of the cart, and
determining the slope V of this line and the intercept T1

with the time axis, then estimates for α and β that are
consistent with equation (1) are obtained as follows:

β = R2(M+2m)+2Jw

2(T1−T0)
and α = βV

RU .

The correspondence between the experimental data and
the predictions of the fitted model are shown in Fig. 2.

Fig. 2. Motor calibration experiment.
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To model the Gyroboy’s dynamics, we let

u1=
1
2 (vl+vr), u2=

1
2 (vr−vl), q1=u1+w1a and q2=u1+w2a.

Here, vl and vr are the desired inputs to the left and
right motors, respectively. Also, w1a and w2a correspond
to quantisation and saturation errors, which arise as the
motors only accept integer inputs between −100 and +100.
Then, with the notation

γ1 = MgL, γ2 = MLR, γ3 = 2Jw + (2m+M)R2,

γ4 = ML2 + Jψ, and γ5 = ML2,

the dynamics of the Gyroboy robot satisfy the equation
dx
dt = f(x, z1, z2), where f(x, z1, z2) takes the form

[f1(x) f2(x) f3(x, z1) f4(x, z1) f5(x) f6(x, z2)]
T
,

with f1(x) =
dθ
dt , f2(x) =

dψ
dt , f5(x) =

dφ
dt ,

f3(x, z1) =
γ2 sin(ψ)

(
γ4

(
dψ
dt

)2

−γ1 cos(ψ)−γ5

(
dφ
dt

)2

cos2(ψ)

)

γ3γ4−γ2
2 cos2(ψ)

+
2

(
αz1+β

(
dψ
dt −dθ

dt

))
(γ4+γ2 cos(ψ))

γ3γ4−γ2
2 cos2(ψ)

,

f4(x, z1) =
γ3 sin (ψ)

(
γ1+γ5

(
dφ
dt

)2

cos (ψ)

)
−γ2

2 sin (ψ) cos (ψ)

(
dψ
dt

)2

γ3γ4−γ2
2 cos2(ψ)

−
2

(
αz1+β

(
dψ
dt −dθ

dt

))
(γ3+γ2 cos(ψ))

γ3γ4−γ2
2 cos2(ψ)

, and

f6(x, z2) =
W
R αz2−

W 2

2R2 β
dφ
dt −2ML2 dψ

dt
dφ
dt sin (ψ) cos (ψ)

mW 2

2 +Jφ+
W 2

2R2 Jw+ML2 sin2(ψ)
.

The derivation of these equations follows Yamamoto
(n.d.). The motor’s moment of inertia has been omitted as
it is negligible in comparison with the body pitch and body
yaw moments of inertia, so the error due to its omission is
deemed insignificant relative to other model errors.

By partitioning the system’s states into the forward states
x1 and turning states x2 thus,

x1 =
[
θ ψ dθ

dt
dψ
dt

]T
and x2 =

[
φ dφ

dt

]T
, (2)

and by linearising this system about the equilibrium point
at the origin, we obtain an approximation for the dynamics
of the LEGO Gyroboy robot of the form

dx1

dt = A1x1 +B1(u1 + w1a) and (3)
dx2

dt = A2x2 +B2(u2 + w2a), where (4)

A1 =




0 0 1 0
0 0 0 1

0 − γ1γ2

γ3γ4−γ2
2
− 2β(γ2+γ4)

γ3γ4−γ2
2

2β(γ2+γ4)
γ3γ4−γ2

2

0 γ1γ3

γ3γ4−γ2
2

2β(γ2+γ3)
γ3γ4−γ2

2
− 2β(γ2+γ3)

γ3γ4−γ2
2


 , (5)

B1 =
[
0 0 2α(γ2+γ4)

γ3γ4−γ2
2

− 2α(γ2+γ3)
γ3γ4−γ2

2

]T
, (6)

A2 =

[
0 1

0 −βW 2

2JφR2+(mR2+Jw)W 2

]
, and (7)

B2 =
[
0 2RαW

2JφR2+(mR2+Jw)W 2

]T
. (8)

There are three sensors on the Gyroboy: the gyroscopic
sensor measuring tilt angular velocity, and an encoder on
each of the two wheels measuring the two motor angles θl
and θr. The gyroscopic sensor exhibits a steady-state offset
and can drift (see e.g., (Canale and Brunet, 2013, Sec. IID)

and (Basso et al., 2013, Sec. III)). Following some experi-
mentation, the following procedure was found to effectively
compensate for these effects. First, the offset is estimated
in an initial calibration phase, in which the Gyroboy is
supported upright. This offset is subsequently subtracted
from the gyroscopic sensor measurement. Moreover, to
correct for calibration errors in this offset, the resulting
signal is passed through a (discrete-time) high-pass filter
with a time constant of 10 seconds. Finally, to compensate
for drift, the resulting signal is integrated and passed
through a further (discrete-time) high-pass filter with the
same time constant, thereby providing an estimate for
the tilt angle (in radians). 1 We then take as forward
output y1 a vector whose first entry is the average wheel
angle estimate (θl + θr)/2 (in radians), and whose second
entry is the tilt angle estimate from the filtered gyroscopic
sensor measurement. Also, as turning output y2 we take
the estimate for the turning angle R

W (θr − θl) (again in
radians). These outputs then satisfy the relationships

y1 = C1x1 + w1b and y2 = C2x2 + w2b (9)

where w1b and w2b are disturbances due to sensor noise,

C1 =

[
1 −1 0 0
0 1 0 0

]
, and C2 = [1 0] . (10)

3. CONTROLLER DESIGN

In this section, we present the stages in the design of
an observer-based reference-following feedback controller
in an incremental manner that can be followed in an
undergraduate control systems course. We first present a
reference-following proportional controller for the turning
motion. Subsequently, we present the development of the
forward motion controller, which illustrates the concepts of
LQR, pole placement, noise amplification due to differen-
tiation, Kalman filtering, and the principle of separation
of estimation and control. The final design comprises a
reference-following LQG controller that accepts reference
inputs from either a keyboard or an Xbox One gamepad.

3.1 TURNING MOTION CONTROLLER

The turning motion of the Gyroboy is an example of a sec-
ond order system that can be stabilised using proportional
feedback. The error w2b in the estimate of the turn angle
y2 in equation (9) is dominated by quantisation errors in
the motor encoders, which measure motor angles to the
nearest degree, and is sufficiently small to be neglected.
Similarly, the motor quantisation error w2a in equation (4)
will also be neglected. The open-loop turning dynamics are
then approximated in the vicinity of the upright equilib-
rium point by the two-state system dx2

dt = A2x2 + B2u2,

where x2 =
[
φ dφ

dt

]T
, and A2 and B2 are as given in

equations (7) and (8). It is easily verified that this model of
the open loop turning dynamics is marginally stable due to
the presence of a simple eigenvalue of A2 at the origin. The
1 It should be noted that this filtering method is only effective in this
application as an adequate controller will maintain a small tilt angle.
An alternative controller was also successfully implemented that used
the calibrated but unfiltered gyroscopic sensor measurement. For this
controller, the angle estimate from the gyroscopic sensor drifted over
time, and feedback was required on the integral of the motor angle
to prevent this from causing the Gyroboy’s location to drift.

system can be stabilised using the proportional control
u = −k(φ− φref), leading to the closed loop dynamics:

dx2

dt
=

[
0 1

−2RαWk
∆

−βW 2

∆

]
x2 +

[
0

2RαWk
∆

]
φref,

where ∆ = 2JφR
2 + (mR2 + Jw)W

2.

It can be verified that this model of the turning dynamics
is stabilised for any given k > 0. The sum of the eigen-
values of the closed loop A matrix is given by its trace
(−βW 2/∆), and is independent of k, hence the fastest
possible response of the linearised closed loop system will
occur when the real part of these eigenvalues is equal to
−βW 2/(2∆). The value of k for critical damping can then
be obtained as k = β2W 3/(8Rα∆).

This is then implemented on the Gyroboy (together with
a stabilising controller for the forward motion, as will be
considered in Subsection 3.2). Fig. 3 shows the response of
the Gyroboy when the reference signal φref is ramped up
for 5 seconds, held constant for 5 seconds, then ramped
back down to zero. Note that the Gyroboy’s response
to the reference signal is slower than expected from the
model, owing in part to the coupling between the turning
and forward dynamics in the real system.

Fig. 3. Experimental and simulation data for the turning
motion of the Gyroboy.

3.2 FORWARD MOTION CONTROLLER

The forward motion of the Gyroboy is modelled by the
four state system in equation (3), whose state vector is
as in equation (2), and where A1 and B1 are as given
in equations (5) and (6). The measured forward outputs
y1 then take the form of equation (9). To begin with,
we neglect the noise terms w1a and w1b, whereupon
θ = [1 1] y1 and ψ = [0 1] y1. We subsequently use
discrete differentiation to estimate the remaining forward
states dθ

dt and dψ
dt . A discrete low pass filter is applied to

the differentiated signals with a time constant of 8ms,
which is sufficiently fast as to not interfere with the
robot’s dynamics. Despite this filtering, this still results
in particularly noisy state estimates (especially for dψ

dt

and dθ
dt ), and noisy motor inputs, which are improved

subsequently through the use of an observer.

LQR As a starting point, an LQR controller is designed.
Here, we let Q ∈ R4×4 denote the state penalty and
R ∈ R denote the input penalty, so in the absence of
any reference signal the LQR controller will minimise
the integral

∫∞
0

(x1(t)
TQx1(t) + u1(t)

TRu1(t))dt for the
linearised model of the Gyroboy forward motion (see,
e.g., Åström and Murray, 2008, Sec. 6.3). The controller
is designed using the MATLAB lqrd command as it is

to be implemented on a sampled data system, and the
state and input penalties are specified as Q = CT

1 C1 and
R = 0.01. Thus, this LQR controller penalises deviations
in the mean angle of the two motors, the Gyroboy’s
tilt angle, and the average input applied to the two
motors. Moreover, the penalty corresponding to a motor
input of ten LEGO units is equivalent to the penalty
corresponding to a deviation in mean motor angle, or in
tilt angle, of one radian. This results in the controller gain
matrix K = [−9.83 −913 −17.2 −100], which provides
the forward motion control law u1 = −K(x1 − xref). The
experimental results from implementing this controller on
the Gyroboy robot are shown in the top half of Fig. 4. It
can be seen that the mean wheel angle successfully tracks
the reference. However, the tilt angle measurement and
the motor input u1 are very noisy, resulting in occasional
saturation of the motor. Note that this LQR controller
can be improved through further fine tuning, to provide
students with an appreciation of heuristic methods for
assigning the state and input penalty matrices Q and R.

Pole placement The LQR controller has given a good
starting point for the controller design, but as the system
has only a single input it is possible to obtain an explicit
expression for the closed-loop characteristic equation to
examine the relationship between the controller gains and
the closed-loop pole locations as follows.

The closed-loop poles for the linearised model of the
Gyroboy’s forward motion are the eigenvalues of A1−B1K
Letting K = [k1 k2 k3 k4], then the following expression
for the closed-loop characteristic polynomial is obtained:

s4 + 2((γ2+γ4)(αk3+β)−(γ2+γ3)(αk4−β))
γ3γ4−γ2

2
s3

+ 2(γ2+γ4)αk1−2(γ2+γ3)αk2−γ1γ3

γ3γ4−γ2
2

s2− 2γ1(αk3+β)
γ3γ4−γ2

2
s− 2αγ1k1

γ3γ4−γ2
2
.

By equating this to the general quartic function s4+a3s
3+

a2s
2 + a1s + a0, we obtain four linear equations relating

k1–k4 to a0–a3, which can be solved to give

k1 =
−a0(γ3γ4−γ2

2)
2αγ1

, k2 =
−((γ3γ4−γ2

2)(γ1a2+(γ2+γ4)a0)+γ2
1γ3)

2αγ1(γ2+γ3)
,

k3 = −a1(γ3γ4−γ2
2)

2αγ1
− β

α & k4 = β
α−

(γ3γ4−γ2
2)(γ1a3+(γ2+γ4)a1)
2αγ1(γ2+γ3)

.

These relationships can be used for a detailed study of
the sensitivity of the pole locations to variations in the
parameters, and to compute theoretical limits on the
controller gains for stability. In particular, one of the issues
with the LQR controller is the large amount of noise
amplification owing to the relatively high controller gains.
One effective method that improves this is to slow down
the fastest pole of the LQR controller. Specifically, the
locations of the closed-loop poles of the LQR controller
are −54, −7.9, −5.5 and −1.4. By moving these to −30,
−7.9, −5.5 and −1.4, it is found that the controller gains
reduce to K = [−3.65 −591 −12.7 −58.0]. This results
in a smoother behaviour. The experimental results from
implementation on the Gyroboy are shown on the right
of Fig. 4. Relative to the LQR controller (on the left
of that figure), the motor input is less noisy and rarely
saturates. This is at the expense of slightly more overshoot
in response to a reference input in mean wheel angle
θ, and larger amplitude oscillations in wheel angle when
the robot self balances while stationary. Nevertheless, the
motor input remains very noisy, due primarily to noise in
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system can be stabilised using the proportional control
u = −k(φ− φref), leading to the closed loop dynamics:

dx2

dt
=

[
0 1

−2RαWk
∆

−βW 2

∆

]
x2 +

[
0

2RαWk
∆

]
φref,

where ∆ = 2JφR
2 + (mR2 + Jw)W

2.

It can be verified that this model of the turning dynamics
is stabilised for any given k > 0. The sum of the eigen-
values of the closed loop A matrix is given by its trace
(−βW 2/∆), and is independent of k, hence the fastest
possible response of the linearised closed loop system will
occur when the real part of these eigenvalues is equal to
−βW 2/(2∆). The value of k for critical damping can then
be obtained as k = β2W 3/(8Rα∆).

This is then implemented on the Gyroboy (together with
a stabilising controller for the forward motion, as will be
considered in Subsection 3.2). Fig. 3 shows the response of
the Gyroboy when the reference signal φref is ramped up
for 5 seconds, held constant for 5 seconds, then ramped
back down to zero. Note that the Gyroboy’s response
to the reference signal is slower than expected from the
model, owing in part to the coupling between the turning
and forward dynamics in the real system.

Fig. 3. Experimental and simulation data for the turning
motion of the Gyroboy.

3.2 FORWARD MOTION CONTROLLER

The forward motion of the Gyroboy is modelled by the
four state system in equation (3), whose state vector is
as in equation (2), and where A1 and B1 are as given
in equations (5) and (6). The measured forward outputs
y1 then take the form of equation (9). To begin with,
we neglect the noise terms w1a and w1b, whereupon
θ = [1 1] y1 and ψ = [0 1] y1. We subsequently use
discrete differentiation to estimate the remaining forward
states dθ

dt and dψ
dt . A discrete low pass filter is applied to

the differentiated signals with a time constant of 8ms,
which is sufficiently fast as to not interfere with the
robot’s dynamics. Despite this filtering, this still results
in particularly noisy state estimates (especially for dψ

dt

and dθ
dt ), and noisy motor inputs, which are improved

subsequently through the use of an observer.

LQR As a starting point, an LQR controller is designed.
Here, we let Q ∈ R4×4 denote the state penalty and
R ∈ R denote the input penalty, so in the absence of
any reference signal the LQR controller will minimise
the integral

∫∞
0

(x1(t)
TQx1(t) + u1(t)

TRu1(t))dt for the
linearised model of the Gyroboy forward motion (see,
e.g., Åström and Murray, 2008, Sec. 6.3). The controller
is designed using the MATLAB lqrd command as it is

to be implemented on a sampled data system, and the
state and input penalties are specified as Q = CT

1 C1 and
R = 0.01. Thus, this LQR controller penalises deviations
in the mean angle of the two motors, the Gyroboy’s
tilt angle, and the average input applied to the two
motors. Moreover, the penalty corresponding to a motor
input of ten LEGO units is equivalent to the penalty
corresponding to a deviation in mean motor angle, or in
tilt angle, of one radian. This results in the controller gain
matrix K = [−9.83 −913 −17.2 −100], which provides
the forward motion control law u1 = −K(x1 − xref). The
experimental results from implementing this controller on
the Gyroboy robot are shown in the top half of Fig. 4. It
can be seen that the mean wheel angle successfully tracks
the reference. However, the tilt angle measurement and
the motor input u1 are very noisy, resulting in occasional
saturation of the motor. Note that this LQR controller
can be improved through further fine tuning, to provide
students with an appreciation of heuristic methods for
assigning the state and input penalty matrices Q and R.

Pole placement The LQR controller has given a good
starting point for the controller design, but as the system
has only a single input it is possible to obtain an explicit
expression for the closed-loop characteristic equation to
examine the relationship between the controller gains and
the closed-loop pole locations as follows.

The closed-loop poles for the linearised model of the
Gyroboy’s forward motion are the eigenvalues of A1−B1K
Letting K = [k1 k2 k3 k4], then the following expression
for the closed-loop characteristic polynomial is obtained:

s4 + 2((γ2+γ4)(αk3+β)−(γ2+γ3)(αk4−β))
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By equating this to the general quartic function s4+a3s
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2 + a1s + a0, we obtain four linear equations relating
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These relationships can be used for a detailed study of
the sensitivity of the pole locations to variations in the
parameters, and to compute theoretical limits on the
controller gains for stability. In particular, one of the issues
with the LQR controller is the large amount of noise
amplification owing to the relatively high controller gains.
One effective method that improves this is to slow down
the fastest pole of the LQR controller. Specifically, the
locations of the closed-loop poles of the LQR controller
are −54, −7.9, −5.5 and −1.4. By moving these to −30,
−7.9, −5.5 and −1.4, it is found that the controller gains
reduce to K = [−3.65 −591 −12.7 −58.0]. This results
in a smoother behaviour. The experimental results from
implementation on the Gyroboy are shown on the right
of Fig. 4. Relative to the LQR controller (on the left
of that figure), the motor input is less noisy and rarely
saturates. This is at the expense of slightly more overshoot
in response to a reference input in mean wheel angle
θ, and larger amplitude oscillations in wheel angle when
the robot self balances while stationary. Nevertheless, the
motor input remains very noisy, due primarily to noise in
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ψ and the estimates of dψ
dt and dθ

dt . We look to improve this
next by implementing an observer.

Fig. 4. Experimental results for the LQR controller (left)
and pole placement controller (right).

LQR with observer The previous controller iterations,
which use discrete differentiation to estimate the systems’
states, provide a clear illustration of the downsides of
noise amplification due to differentiation. An order of
magnitude estimate of the resulting noise can be obtained
by considering the errors due to quantisation, which are
then multiplied by the inverse of the sample time upon
differentiation, and subsequently by the controller gains,
to show that this process causes jumps in the motor
input equal to a substantial proportion of the motor
saturation input. This is improved in this section through
the implementation of a Kalman filter based observer.

We recall that the forward motion of the Gyroboy is
modelled by the four state system in equation (3), where
the measured forward outputs y1 are as in equation (9).
Here, w1a represents errors in the motor input which
are predominantly due to quantisation and saturation;
the first entry in w2a represents error in the estimate of
the average wheel angle, which is predominantly due to
quantisation; and the second entry in w2a represents error
in the estimate of the tilt angle, which is due to errors
in the filtered gyroscopic sensor measurement. A Kalman
filter is then designed to estimate the forward state x1

for this system. This assumes that the signals w1a and
w2a correspond to zero mean white noise with associated
power spectral densities W and V , respectively.

We observe that the motors do not saturate, so the error in
w1a is due to quantisation only, and W can be estimated
by calculating the variance of the quantisation error. As
the desired forward motor input is the average of vl and
vr, each of which is quantised to the nearest integer, then
we obtain the power spectral density estimate W = 1/24.

Similarly, the first entry in w2a is predominantly due
to quantisation. This is the error in the average of the
wheel angles, each of which is quantised to the nearest
degree, whereupon we estimate its power spectral density
as π2/(24 × 1802). The power spectral density for the
second entry in w2a is estimated by measuring the filtered

gyroscopic sensor output when the Gyroboy is stationary.
The resulting signal does not closely resemble zero mean
white noise and is dominated by low frequency noise (see
the left-hand side of Fig. 5). Such low frequency noise
is usual due to gyroscopic sensor offset and drift, and
does not have significant adverse effects on the controller’s
performance. We therefore adjust the high-pass filters in
this experiment to have a time constant of 0.1s to reduce
this low frequency noise, resulting in the signal on the
right-hand side of Fig. 5. The power spectral density of this
filtered signal is then computed, whereupon the following
power spectral density estimate is obtained: 2

V =
( π

180

)2
[

1
24 0
0 5×10−6

]
.

Fig. 5. Noise on tilt angle measurement. The left-hand
figure uses the regular high-pass filters with time
constants of 10s (as implemented in the controllers
themselves). In the right-hand figure, the time con-
stants have been adjusted to 0.1s.

The Kalman filter provides an observer for the system
whose state estimate x̃1 minimises the power spectral
density of the state estimate error x1−x̃1 (see, e.g., Åström
and Murray, 2008, Sec. 7.4). For implementation on the
LEGO MINDSTORMS intelligent brick, it is necessary to
instead use a discrete time analogue to the continuous time
Kalman filter, which can be obtained using the MATLAB
command kalmd.

The forward motion input is then specified as u =
−K(x̃1−xref), whereK is the gain matrix corresponding to
the LQR controller obtained in subsection 3.2.1, to obtain
a reference following LQG controller due to the principle
of separation of estimation and control (see, e.g., Åström
and Murray, 2008, Sec. 7.3). The experimental results are
shown in Fig. 6. The resulting behaviour of the Gyroboy
is considerably smoother. However, there is notably more
variation in the error of the mean motor angle (θ) par-
ticularly when the Gyroboy is rotating (at around 50s),
owing to the coupling between the nonlinear forward and
turning dynamics. Note that the state estimates follow the
actual measurements very closely for both the mean wheel
angle θ and tilt angle ψ. Also, the noise on the motor
input is substantially reduced relative to the LQR and pole
placement controllers in Fig. 4, owing to the estimates for
the states dθ

dt and dψ
dt being considerably smoother.

3.3 REFERENCE INPUT

A reference input is provided to the Gyroboy observer

as a state reference xref =
[
θref 0

dθref
dt 0

]T
for the for-

2 The estimation of the bottom right entry in V is somewhat
heuristic since the corresponding signal is poorly approximated as
white noise. However, a good performance was observed for a range
of values.

Fig. 6. Experimental results for the LQG controller.

ward motion and a turning angle reference φref for the
turning motion. The reference inputs used in the ex-
periments presented in this paper were pre-programmed,
but user control has also been implemented using a key-
board and an Xbox One gamepad. In each case, the
resulting signal is sent to the Gyroboy using UDP send
and UDP receive blocks. A MATLAB function block
then contains the logic to convert these into velocity
references from which the state references are subse-
quently computed. In the case of keyboard control, the
keyboard presses are logged in Simulink using the S-
function sfun keyboard input v1 01 of Compere (n.d.).
For Xbox One control, the gamepad interfaces with
Simulink through a Gamepad Simulator block from the
Simulink Coder Support Package for ARM Cortex-based
VEX Microcontroller, and is compatible with a standard
Windows PC using either a USB or Bluetooth connection.

4. CONCLUSIONS AND EXTENSIONS

We presented an LQG controller for a Segway robot based
on the standard LEGO MINDSTORMS EV3 Gyroboy
model. This provides physical and interactive demonstra-
tions of concepts typically taught on undergraduate and
Masters level systems and control courses: model-based
control, linearisation, LQR, pole placement, noise amplifi-
cation due to differentiation, reference following, Kalman
filtering, and the principle of separation of estimation
and control. Hardware interfacing is carried out through
MATLAB Simulink, and the Gyroboy model also provides
a platform for exploring further control and robotics ap-
plications in research or teaching projects. For example,
collision avoidance can be implemented using the LEGO
MINDSTORMS ultrasonic sensors, or the Gyroboy can be
used as a testbed for novel control algorithms.
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ward motion and a turning angle reference φref for the
turning motion. The reference inputs used in the ex-
periments presented in this paper were pre-programmed,
but user control has also been implemented using a key-
board and an Xbox One gamepad. In each case, the
resulting signal is sent to the Gyroboy using UDP send
and UDP receive blocks. A MATLAB function block
then contains the logic to convert these into velocity
references from which the state references are subse-
quently computed. In the case of keyboard control, the
keyboard presses are logged in Simulink using the S-
function sfun keyboard input v1 01 of Compere (n.d.).
For Xbox One control, the gamepad interfaces with
Simulink through a Gamepad Simulator block from the
Simulink Coder Support Package for ARM Cortex-based
VEX Microcontroller, and is compatible with a standard
Windows PC using either a USB or Bluetooth connection.

4. CONCLUSIONS AND EXTENSIONS

We presented an LQG controller for a Segway robot based
on the standard LEGO MINDSTORMS EV3 Gyroboy
model. This provides physical and interactive demonstra-
tions of concepts typically taught on undergraduate and
Masters level systems and control courses: model-based
control, linearisation, LQR, pole placement, noise amplifi-
cation due to differentiation, reference following, Kalman
filtering, and the principle of separation of estimation
and control. Hardware interfacing is carried out through
MATLAB Simulink, and the Gyroboy model also provides
a platform for exploring further control and robotics ap-
plications in research or teaching projects. For example,
collision avoidance can be implemented using the LEGO
MINDSTORMS ultrasonic sensors, or the Gyroboy can be
used as a testbed for novel control algorithms.
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