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Abstract

Let K be a number field, and let K be a separable closure of K, which is
unique up to isomorphism. One may define the absolute Galois group of K as
Gx = G(K/K). The cohomology of the absolute Galois group can be stud-
ied using class field theory, which Neukirch used to show that some information
about the primes of K is encoded in Gg, and is preserved by topological iso-
morphism of absolute Galois groups. Neukirch’s construction allowed Uchida to
show that a topological isomorphism between absolute Galois groups determines
a unique isomorphism of separable closures, a result now known as the birational
anabelian Isom-Form. Uchida also obtained some partial results on a variation of
the Isom-Form where isomorphisms are replaced with homomorphisms, known as
the birational anabelian Hom-Form. More recently, Saidi and Tamagawa obtained
results on the encoding of primes in the maximal m-step solvable quotient G} of
Gk, and they used this result on the encoding of primes to obtain an “m-step”
version of the Isom-Form.

In this thesis, we build on some ideas used by Uchida to prove his partial results
for the birational anabelian Hom-Form, combining them with the work of Saidi
and Tamagawa to determine a condition for which a continuous homomorphism
om between m-step solvably closed Galois groups determines some correspondence
between primes. We then prove that under some conditions it is possible to recover
an injection of fields from o,,. We also prove that we are able to find conditions
for which the injection we recover is uniquely determined, and use this result and
the previous one to construct an m-step birational anabelian Hom-Form. Finally,
we show that when one of the number fields in our homomorphism is Q, we can

define the Hom-Form using our previous result by requiring weaker conditions.
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Notations and Definitions

e For a Galois extension L/K, we will denote by G(L/K) its Galois group.

e For a field k, and a subgroup G of Aut(k), we will denote by k¢ the subfield

of k of all the elements fixed under the action of G.

e For a field k, we will denote by k a separable closure of k, and by G) =
G(k/k) its absolute Galois group.

e For a field k, we will denote its characteristic by char(k).

e We will call a field complete with respect to a discrete valuation with finite
residue field a local field. If the valuation is not archimedean we will say the

local field is non-archimedean.

e A number field is a finite algebraic field extension of the rational numbers

Q.

e We say that a field K is global if it is either a number field or the function

field of a curve over a finite field.

e We will say a number field K is totally real if the image of all its embeddings
in C is contained in R. If no embedding K — C has image contained in R,

we will say K is totally imaginary.

e For an algebraic extension K of Q (not necessarily finite), we will say that a
prime p of K is non-archimedean if it induces a non-archimedean valuation.

We will denote the set of all non-archimedean primes of K by Primes}’.

e For an extension of number fields K /k we will say that the prime B of K is
above the prime p of k (or, vice versa, that p is below B) if PNk = p.

e For a Galois extension K /k and a prime B of K, we will denote by Dy the
decomposition group of P in G(K/k), we denote the maximal unramified
quotient of Dy by Dy, and the maximal tame quotient by D&?me. We also
denote by Iy its inertia subgroup, which corresponds to the kernel of the
quotient Dy — Dy, and by I%ame the kernel of the quotient D%‘me — Dy



For a number field K, a prime p € Primesy we will denote by x(p) its residue
field, and we will say that p = char(k(p)) is the residue characteristic of p.

For a prime number [, we will denote by ‘Btimesr;(a’(l/) the set of all non-

archimedean primes of K with residue characteristic different from [.

For a number field K and a prime p of K, we denote by K, the localization
of K at p. We will denote by d, the degree of the finite extension [K, : Q]
also known as local degree. We will also denote by e, the ramification index
of K,/Q,, and by f, the inertia degree [k(p) : F,]. We will also denote by
N(p) the norm of the prime p, given by N(p) = p’.

For an abelian profinite group A, we will denote by A, its torsion subgroup,
by Ao the closure of its torsion subgroup and write A/** for its torsion-
free quotient group. For a profinite group G we will denote by G2P/t°* the

torsion-free quotient of the abelianization of G, that is (G*")/ter.

For a global field K, a prime B in the separable closure k, and its decom-
position group Dy in the extension K/K,

For a global field K and a subset S of Brimes)” we define the Dirichlet
density of the set S as

Y pes N(p)~?
0(S) = lim Pe .
( ) s—1F Zpemtimesr;{"‘ NQJ)_S

For a number field K and a prime number p, consider the splitting

pZL = f[ pie’.
=1

We may then consider the inertia degrees f,, for all p; above p, and order the
p; so that for 1 <7 < j <r we have f,, < f,.. We define then the splitting

type of p in K as the monotone non-decreasing sequence (fy,, ..., fy.)

For a profinite group G and a prime number p, we will denote by cd,(G) its

cohomological p-dimension, and by c¢d(G) its cohomological dimension.

For a profinite group G and a prime number p, we will denote by G®) its

prime-to-p quotient.

For a profinite group G, we will denote by G® its maximal abelian quo-
tient G/|G,G]. If K is a number field and Gk is its absolute Galois group
G(K/K), the abelianization corresponds to the maximal abelian extension

of K contained in K, which we will denote by K2,



For the number field K and for the maximal integer s such that G2 has a

quotient isomorphic to Z;, we will say that K has Z,-rank s.

For a profinite group G and two subgroups H and H’ of G we will say that
H and H' are commensurable if H N H' is open in both H and H’.

For a profinite group G, a subgroup H of G and a prime number [, we will
say H is [-open in G if an [-Sylow subgroup of H is an open subgroup of an

[-Sylow subgroup of G.

For a profinite group G, we will denote by G, an [-Sylow subgroup of G,

which is determined uniquely up to conjugation.

For a profinite group G, two subgroups H and H’ of GG, and a prime number
[ we will say that H and H' are [-commensurable if H N H’ is [-open in both
H and H'.

For an isomorphism ¢ : G(K'/K) = G(L'/L) of Galois groups, and for
subextensions K" of K’/ K and L" of L'/ L, we will say K" and L” correspond
to each other by o if o(G(K'/K")) = G(L'/L").

For a continuous homomorphism o : G(K'/K) — G(L'/L) of Galois groups,

for a subextension L” of L'/L, we will say L” corresponds to K" by o if

o N G(L /L") = G(K'/K").

All homomorphism of profinite groups are assumed to be continuous with

respect to the profinite topology.



Introduction

For a field K and a separable closure K of K we may define the absolute Galois
group Gx = G(K/K). Tt is known that any two separable closures of K are
isomorphic, and this isomorphism of fields induces an isomorphism between the
respective absolute Galois groups. Furthermore, this isomorphism of groups is
also continuous with respect to the profinite topology. Naturally, we may then
ask if the inverse is also true, explicitly if a topological isomorphism between ab-
solute Galois groups determines an isomorphism between separable closures.
Neukirch showed that starting from a continuous isomorphism o between two ab-
solute Galois groups G(K/K) and G(L/L) for two number fields K and L, it is
possible to induce a bijection between the sets of primes of K and L by proving
that 0 must map a decomposition group in K isomorphically to a decomposition
group in L. Furthermore, Neukirch also showed this bijection preserves the ram-
ification index and inertia degree of a prime.

These result, known as Neukirch’s Local Theory, were used by Uchida [Uch2]

to obtain what is now known as Neukirch-Uchida’s theorem.

Neukirch-Uchida’s Theorem. Let o : G — G, be an isomorphism of profinite
groups. Then, there exists a unique isomorphism of fields T : K — L such that

for all g € Gy,
1

o(g)=TogoT .

We may also look at Neukirch-Uchida’s theorem as a result that can be placed

in the wider picture of Grothendieck’s anabelian conjectures. In the for-
mulation of these conjectures, Grothendieck ([Grol] and [Gro2]) claimed that it
is possible to recover properties about certain “anabelian” varieties from their
fundamental groups. We are interested in looking at two of these conjectures,
which in their complete form are stated using finitely generated infinite fields and
their absolute Galois groups, the birational anabelian Isom-Form, and the

birational anabelian Hom-Form

Birational Anabelian Isom-Form. Given two finitely generated infinite fields
K and L, and a topological isomorphism between their absolute Galois groups

o : G — Gy, there exists a unique isomorphism of fields T+ K — L such that



for all g € G,

U(g) :Togorfl.

Birational Anabelian Hom-Form. Given two finitely generated infinite fields
K and L, and a continuous homomorphism between their absolute Galois groups

o: Gg — G such that o(Gg) is open in G, there exists a unique injection of
fields 7 : L — K such that for all g € G,

goT=T1o0(g).

We may notice that Neukirch-Uchida’s theorem is a solution for the Isom-
Form in the case where K and L are number fields. Uchida also proved [Uchl]
the Isom-Form for function fields of curves over finite fields, and the proof of the
Isom-Form was later completed by Pop [Pop].

Whereas the Isom-Form has been proven, there is currently no complete solution
for the Hom-Form, however a few partial results have been given. In the case
of number fields Uchida [Uch3] proved that the Hom-Form holds unconditionally
when K = QQ by showing that in this case the homomorphism of profinite groups
is really an isomorphism.

In this paper, he also proved that uniqueness in the Hom-Form also holds un-
conditionally, and that if we can place certain conditions on a continuous homo-
morphism of absolute Galois groups o regarding the image of the decomposition
groups of K, we are then able to construct a homomorphism of fields 7 as in the
statement of the Hom-Form.

More recently, Saidi and Tamagawa [S-T| proved that replacing Gx and G with
the maximal m-step solvable quotients G} and G7', and considering a con-
tinuous isomorphism o, : G — GY7', it is possible to obtain an m-step solvable
version of Neukirch’s Local Theory. Saidi and Tamagawa then used this result
to show an m-step solvably closed version of Neukirch-Uchida’s theorem, where
the isomorphism we obtain is between the subfields of K and L corresponding to

these m-step quotients, which are respectively denoted K,, and L,,,.

m~step solvable Isom-Form for Number Fields. Let K and L be number
fields, let m > 0 be an integer and let 0,13 : G — G be an isomorphism
of profinite groups. Consider the isomorphism of profinite groups oy, : G — G7*
nduced by 0,,43.

Then, there exists a field isomorphism T, : K,, — Ly, such that

Um(g) = ngTél

for every g € G, which induces an isomorphism 7 : K = L.

An essential part in Saidi and Tamagawa’s work is the investigation of particu-



lar subgroups of the m-step solvably closed Galois group G, which are identified
as the subgroups satisfying a group theoretic property they denote by (x;).

Saidi and Tamagawa show that the subgroups of G} satisfying property (x;) are
strongly connected to the decomposition groups of the primes of K, and precisely
they can be used to recover in a purely group theoretic way the decomposition
groups in G by starting from G}’}“ and “losing” two abelian steps. This con-
nection is then used to formulate their m-step solvable Local Theory, and a 7,, as
in the statement is constructed by using a proof similar to Uchida’s construction
of 7 in the Isom-Form.

In this work, we are interested in observing how the Local Theory established by
Saidi and Tamagawa can be applied to a continuous homomorphism of m-step
solvable groups with open image, and our goal is to obtain an m-step solvable
analogue of Uchida’s results on the Hom-Form.

In Chapter 1, we will be giving a brief overview of Neukirch’s Local Theory and
Uchida’s proof of Neukirch-Uchida’s theorem, together with a few necessary clas-
sical results from Class Field Theory.

Then, in Chapter 2, we will be giving the definition of (x;)-subgroups, and the
statement and proof of a few fundamental results on (x;)-subgroups obtained by
Saidi and Tamagawa which they used to establish their m-step solvable Local
Theory.

In Chapter 3 we will start looking at a homomorphism o, : G — G7* with open
image, and how we may use (%;)-subgroups to piece together a mapping between
some primes of K and some primes of L, giving an idea for a foundation for a
Local Theory. Then, we will show that if we put certain conditions involving
(%7)-subgroups on o,,, we are then able to construct a mapping between the sets
of primes with finite residue field of K and L (denoted respectively Primes}" and
Primes;”) using decomposition groups, and this will allow us to give a Local The-
ory as desired. We will then use this Local Theory to obtain the following result,
which can be found at Theorem 3.2.7 in this thesis:

Theorem A. Let m > 1 be a positive integer, and let 0,44 @ Gt — G774
be a homomorphism of profinite groups such that the homomorphism of profinite
groups o3 - G — G induced naturally from 0,14 restricts to an injection
on every subgroups of G satisfying condition () for some prime number I.
Consider the homomorphism of profinite groups o, : G% — G7' induced by 0py4.

Then, there exists an embedding of fields 7, : L, — K,, that induces o, by

TmOm(9) = 9Tm

for all g € G

We will then prove some results on uniqueness, showing that the homomor-



phism we constructed in Theorem A is unique whenever some conditions on the
solvability of K with respect to QQ or, alternatively on the image of o, are sat-
isfied. The following will be the main result of this chapter, the proof for which
can be found at Theorem 3.3.9 in this thesis.

Theorem B. Let K and L be number fields, let m > 1 be an integer and assume
K contained in the m — 1-step solvably closed extension Q™ C K,, of Q. Let
Omia @ GRTY — G be a homomorphism of profinite groups with open image
such that the induced homomorphism of profinite groups o3 : G’%H — G’Z”Jr?’
restricts to an injection on every subgroup of G'wt® satisfying property (%) for
some prime number [.

Then, there exists a unique homomorphism of fields 7, : L,, — K,, such that

TmOm(g) = gTm for all g € G

In Chapter 4, we use these result from Chapter 3 to show that we can weaken
the conditions we require to construct an m-step Hom-Form in Theorem A are
when K = Q, and our criteria for uniqueness is also satisfied. We will in particular
be able to obtain the following result, the proof of which can be seen in Theorem
4.5 in this thesis:

Theorem C. Let m > 0 and let o1y : G’TI’(‘Jr4 — GT+4 be a homomorphism
of profinite groups with open image, assume K = Q and that the image by the
homomorphism .o @ Gt — G772 induced by 0,44 of any subgroup of Gi?
satisfying property (%) contains no torsion elements. Then L = Q, and the in-
duced homomorphism o411 : G — GTis an isomorphism. Purthermore,
if m > 2 there exists a unique isomorphism of fields 7, : K,, — L,, such that
om(9) = Tmgt,,* for all g € G

10



Chapter 1

Neukirch-Uchida’s Theorem

In this chapter, we introduce a few classical results from class field theory, and
their role in determining Neukirch’s local theory. Once the local theory has been
established, we look at Uchida’s proof for the Neukirch-Uchida theorem

1.1 Preliminary results on Class Field Theory

In this section, we will be introducing a few classical results in Class Field Theory
and in the cohomology of number fields. All the results will only be given for
number fields, but similar results also can be stated for function fields of curves
over finite fields. The results in this section, together with their function field

counterpart, can be found in [NSW].

Let k be a field, k a separable closure of k and G}, the absolute Galois group,
which we endow with the profinite topology. We can define the Brauer group
of the field k, denoted Br(k), as the cohomology group H?*(Gy, k*). If K/k is a
Galois extension, we may also define the Brauer group of the extension K/k as
Br(K/k) = H*(G(K/k), K*).

If k is a non-archimedean local field, there is a canonical isomorphism between
the Brauer group Br(k) and Q/Z, which is usually denoted

invg, : Br(k) = Q/Z (1.1.1)

known as the invariant map.
Let [ € N be prime to the characteristic of the field k, and denote by p; the group
of I-th roots of unity. Also, let k* denote the multiplicative group of k. If we

l

consider the map ¢ : kX — k* given by ¢(z) = 2!, we have an exact sequence of

group, known as the Kummer exact sequence

0= — &Sk = 0. (1.1.2)

11



The proofs for the following well known results can be found in [NSW], Proposi-
tions 7.1.8

Proposition 1.1.3. Let k be a non-archimedean local field, and let | be a number
prime to char(k). Then, we have H*(Gy, ) = Z)IZ.

Proposition 1.1.4. Let k be a non-archimedean local field. For a prime number

p, we have cd,(Gy) = 1 when p = char(k), else we have cd,(Gg) = 2.
Recall that for a profinite group G, the abelianization G" is defined as the

quotient G/[G,G], where [G,G] is the closure of the commutator subgroup of
G. Studying the cohomology of the local field k, we obtain the following result

(INSW], Theorem 7.2.11)

Proposition 1.1.5. Let k be a local field. Then there is an eract sequence
0= kX =GP = Z)Z—0

where 7 is the profinite completion of Z and the map k* — G is the norm
residue symbol (-, k).

These results on the cohomology of a local field can also be used to give a
description of the cohomology of a number field. Let us now consider a number
field K instead, and for a prime p of K, denote by K, its completion with respect
to p. We may define the idele group of K as the restricted product I = H; K
taken over all primes of K (including any archimedean prime).

As we have a natural inclusion K* < K for all p, there is a diagonal injection
K> — [x. Taking the quotient with respect to this diagonal injection, we may
define the idele class group as Cx = I/ K*.

The idele class group [k is interesting as studying its cohomology we obtain the
following result, known as the Hasse principle for Brauer Groups, which allows us
to study the Brauer group of the number field K from the Brauer groups of its

localizations.

Theorem 1.1.6 (Hasse principle for Brauer Groups). Let K be a number field.

There is an exact sequence
0 — Br(K) — @, Br(K,) ™% Q/Z — 0

where the invariant map invg is obtained by taking the sum of all the maps invg, :
K, — Q/Z defined as in (1.1.1) for all non-archimedean primes p of K.

Proposition 1.1.7. Let S be a finite set of non-archimedean primes of a number

field K. Then, there is a natural surjection
Br(K) — € Br(k,).

12



Proof. For every non-archimedean prime p we have, as defined in (1.1.1), an iso-
morphism invg, : Br(K,) — Q/Z. Then by taking the sum of all the maps
invk,, we may define an invariant map invg : @g Br(K,) — Q/Z, similarly to
the definition of invg in Theorem 1.1.6. Let p’ be a prime not in S. Since invg,,
is an isomorphism between Br(K,) = Q/Z, for every element x € @4 Br(kK,),
we may take an element y € Br(Ky) so that invs(x) + invy(y) = 0. However,
x4y € ®, Br(K,), and as it is in the kernel of the map invg from Theorem 1.1.6
the exactness of the sequence gives us = + y is in the image of Br(K). However,
this also means that x is in the image of the natural map Br(K) — @, Br(K,),

and so this map is surjective. O

In the same way we extended the invariant map from a local field to a number
field, we may also extend the norm residue symbol. (cf. [NSW], Proposition

8.1.24)

Proposition 1.1.8. Let K be a number field, and let Ck be its idéle class group.
There is a homomorphism

rec: Cr — G52,

called the reciprocity homomorphism, which has dense image and is given by

rec(a) = H(a, K,),

P

where the (-, K,) are the norm residue symbols for the localizations K,.
Furthermore, if we consider the canonical map I — Cg, we may also define the

map rec: I — G2 by composition.
We will also need the following result ([Ser|, Chapter 4.4, Proposition 13)

Proposition 1.1.9. Let K be a number field. If p # 2 or if K is totally imaginary,
Cdp(GK) = 2.

We will now introduce a few classical theorems, which will be used to give a
proof of Neukirch-Uchida’s theorem.
The first of these result we will need is Krasner’s lemma ([NSW], 8.1.6)

Theorem 1.1.10 (Krasner’s Lemma). Let k be a non-archimedean local field, let
k be a separable closure of k and v the extension of the discrete valuation of k to
k. Let oq € k be any element, and let oy, oo, ..., a, be all the conjugates of ay in
k/k. If for an element B € k and i = 2, ...n we have

v(on = B) <vlar — )
then k(a) C k(B).

13



The following theorem can be stated for global fields in general, but we will

be only needing it for number fields (cf. [Neu], Theorem 13.4).

Theorem 1.1.11 (Chebotarev’s Density Theorem). Let K be a number field,
L/K a finite Galois extension, and let g be an element of G(L/K). Consider
the set S of all non-archimedean primes p of K unramified in the extension L/K
such there exists a prime B of L above p and g coincides with the Frobenius

automorphism of B over K.

Then, the set S has Dirichlet density 6(S) = #{o)/#G(L/K)
Chebotarev’s theorem has the following corollary (cf. [Neu], Corollary 13.6).

Corollary 1.1.12. Let K be a number field, let L/K be a field extension, and
let S C Primesy be the subset of all non-archimedean primes of K that split

completely in L/ K. Then, §(S) = ﬁ <= L/K is a Galois extension.

We may prove the following theorem by using Chebotarev’s theorem (cf. [Neu]
Proposition 13.9, [NSW] Theorem 12.2.5).

Theorem 1.1.13 (Bauer’s theorem). Fiz a separable closure Q of Q, let K/Q
be a finite Galois extension, and L/Q a finite extension, and assume that both K
and L are contained in €. Then if all but finitely many prime numbers that have

a factor of local degree 1 in L split completely in K, L O K.

Proof. Consider the composite Galois extension LK/ L in §2. Then, all but finitely
many primes of L of local degree 1 split completely in LK /L. Then, the set of

primes splitting completely in LK /L has Dirichlet density 1 and by Corollary
1.1.12 we get LK = L, and so L D K. O]

We also need to state the following theorem, as it has an application that will
play a key part in the proof of the Neukirch-Uchida theorem (cf. [NSW], Theorem
9.2.7).

Theorem 1.1.14 (Grunwald-Wang). Let K be a number field, let S be a finite
set of non-archimedean primes of K, and ¥ p € S fix an abelian extension K, of
K,.

Let A be a finite abelian group such that for all p € S we may define an embedding
G(K,/K,) < A. Then there exists an abelian evtension of number fields K'/K
with Galois group A such that the completion of K' with respect to each p € S is
isomorphic to the K, that has been fized.

Before stating an application of this theorem, we need to define what an em-
bedding problem is. Let K’'/K be a Galois extension of K, and consider the
canonical surjection ¢ : Gx — G(K'/K). An embedding problem for the Galois

group Gk is a diagram

14



Gk

|#

Y GIK'/K) —— 1

1 s N > B

where the bottom row is an exact sequence of profinite groups. The embedding
problem is said to have a proper solution if there exists a surjective homomorphism
¢’ : Gg — E and such that ¢ =1 o ¢'. In particular, for some Galois extension
L/K, we have that £ = G(L/K) and so N = G(L/K'). An application of
Grunwald-Wang’s theorem then gives us the following result ([NSW], Proposition
9.2.9):

Proposition 1.1.15. Let K'/K be a finite Galois extension of number fields with
Galois group G. Let n € N and let p be a prime number. Denote by F,[G]" the
additive group given by n copies of F,[G] and equipped with the action of G given
by left multiplication. Then, the embedding problem

Gk
o
LNy
giwen by the corresponding split exact sequence is properly solvable. That is, there

ezists a Galois extension L of K' such that F)[G]" = G(L/K') and E = F,[G]" x
G.

1 — F,[G]" > B > 1

Let us also recall Leopoldt’s conjecture (see [NSW], Conjecture 10.3.5), origi-
nally formulated by Leopoldt in [Leo|, which claims that for every prime number
p, the rank of the p-adic regulator of a number field K is equal to 1 +7y— 1, where
71 is the number of real places of K and 27 is the number of complex places (that
is, 7o is the number of pairs of complex places). If the Leopoldt conjecture holds
true in K for p, it has been shown ([Gras|, Chapter III, Conjecture 1.6.4), that,
if we denote by s the Z,-rank of K, we have s = ry + 1. The Leopoldt conjecture

has been proven to hold in a few cases by Brumer [Bru]:

Theorem 1.1.16. Assume K is an abelian extension of Q or of an imaginary

quadratic field. Then, the Leopoldt conjecture holds for K and any prime number
.

1.2 Local Theory

In this section, the main result is Neukirch’s Local Theory, and we will also be
giving some results required to establish it. The following result can be found in

INSW], Proposition 12.1.1, where it is proven for the more general case of global
fields

15



Proposition 1.2.1. Let k be a field, complete with respect to a valuation v, and
let fi = 30 ;X" and fo = 30 i X7 be two separable polynomials in k[X],
both of degree d. Then if v(fi — f2) = max;{v(a; — b;)} is smaller than a positive
constant determined by the roots of the polynomials, fo has the same splitting field

as f.

Proof. Assume first that v is an archimedean valuation. By Ostrowski’s theorem,
either £ = R or kK = C. Let us assume k£ = R. Then f; either has d zeroes in
R, and so has splitting field R, or it has a complex zero and splitting field C.
All separable polynomials whose coefficients are close enough to f; have all their
zeroes in R and or have a complex zero respectively. The case where k& = C is
trivial as C is algebraically closed.

Assume now v is non-archimedean. Let o; € k for i = 1,..,d be the roots of fi,
and f; € k for j =1,..,d be the roots of f,. Then,

v(faed)) = v((fi = f) (@) = (D _(ar = b)a)) < max{v(fi - f2)ai},

l
which means that if we take a positive € > v(f; — f2), the value v(f2(a;)) will be
< ce where c is a multiplicative constant determined as the maximum of v(al).
We may also rewrite fa(a;) as a product by [[;(c; — ;), and so we get that for at
least one j, the value v(a; — ;) must be smaller than ce and set §;;) = f;.
Assume that e is small enough so that v(o; — B;4)) < ce < v(a; — oq) whenever
[ # i, Krasner’s Lemma (see Theorem 1.1.10) gives us «; € k(53;), and repeating
this argument for all the roots of f; we get that the splitting field of f; must be
contained in the splitting field of fs.

We may also reverse the argument, and assume we can choose € small enough so
that v(o; — B;0)) < e < v(f — ajq)) where f3; varies over every root of f, distinct
from f3;;;) and ¢’ is a constant determined as the maximum of v(ﬁ]l.(i)). Then, this
gives us the choice of ;) is unique for every 4, and as the «; are different (as
f1 is separable), it follows that if we can choose an e small enough we obtain a
bijection between the sets of roots of f; and f> by setting a; — ;). We can then
apply Krasner’s lemma again, and we get the other inclusion.

Let C be the minimum of all the ¢ and ¢ as determined before. The argument
above gives us that if we can choose an € small enough such that for all 1 <1 <d
we have v(o; — Bj()) < Ce we can indeed say that f; and f, have the same splitting
field by t. O]

The following result is taken from [NSW], Proposition 12.1.2, and like the

previous result it is proven for all global fields.

Proposition 1.2.2. Let k be a number field, k a separable closure, and let K be
a proper subfield of k. Then, there is at most a unique prime p of K such that p
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does not decompose in the extension k/K.

Proof. Let K be a subextension of k/k, and assume there are two distinct primes
py and py of K that do not split in k. We want to show that necessarily k = K.
Let f; and f5 be two separable non-constant polynomials of the same degree d
over K.

By the approximation theorem, for every ¢ > 0, we can say there exists a polyno-
mial f € K[X] such that |f — fi|,, < eand |f — faly, <€

By the previous result, for an € small enough we have that f and f; have the same
splitting field over K, . However, since p; does not decompose in the extension
k/K,so f and f; have the same splitting field over K. We may repeat the same
argument for f and f; over K,,, and so we get the splitting fields over K of f;
and f; must also coincide.

We may now take 1, ..., z4 to be distinct elements in A, and take the polynomial
fi= Hle(X — x;) which has splitting field K. We may also take the polynomial
f2 so that it is separable over K and irreducible of degree d. Now, since the split-
ting field of f; must be the same as that of fi, that is K, and f5 is irreducible
over K it follows that K must in fact be k. m

If there exists a prime p of K that does not decompose in k/K, which would be
unique by the above proposition, we will say that K is k-Henselian with respect
to p. Proposition 1.2.2 has the following corollary ([NSW], Proposition 12.1.3)

Corollary 1.2.3. Let k be a number field, and k a separable closure of k. If P,
and B are distinct primes of k, and Dy, and Dy, are their decomposition groups

in Gy, respectively. Then, Dy, N Dy, =1

Proof. Assume that H = Dy, N Dy, is non-trivial. Then, the fixed field K = k' is
a proper subfield of k£ and is also extension of the fixed field of both decomposition
groups. Thus, we have that both ; N K and 9B, N K do not split in &, and by

Proposition 1.2.2 we may conclude that K = k and get a contradiction. O]

An immediate application of this corollary is the following ([NSW], Corollary
12.1.6):

Lemma 1.2.4. Let k be a number field. Then Gy has trivial center.

Proof. Let g € G} be an element of the center. Then for any prime B of k, we have
Dy = gDyg™' = Dy, and by Corollary 1.2.3 we have that necessarily ¢ = B,
that is ¢ € Dy. However, if we consider any prime 3’ # 9, we have by the same
reasoning that g € Dy, and so g is in the intersection of the decomposition groups

of two different primes, which means that by Corollary 1.2.3 we have g =1. [

We also have the following lemma ([Uchl], Lemma 2):
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Lemma 1.2.5. Let k be an algebraic extension of Q (not necessarily finite) and let
k be a separable closure of k. If there exists a prime number [ such that Br(k/K)(1)
is of rank 1 for every finite subextension K of k/k, we have that k is k-Henselian

with respect to some prime p of K.

Proof. By Theorem 1.1.6, for all finite subextensions k' of K/Q, we have the map
Br(k') — [I, Br(ky), where p’ ranges over the primes of &', is injective. As the
Br(k') define a projective system, we may pass to the projective limit and get an
injective map Br(k/K) — [ Iy Br(Xy) where B ranges over the primes of K. It
follows then that there exists a unique prime 9 of K such that Br(Kgy)(l) # 0.
Let p = B N k. The [-part of the Brauer group of every extension of p is non-
trivial, and so we have that p has a unique extension P to K. It follows then k is
k-henselian with respect to p as desired, since p does not decompose in any finite

extension of k. O]

Finally, this lemma will allow us to give the proof of Neukirch’s Local Theory
(INSW], Lemma 12.1.10)

Lemma 1.2.6. Let k be a number field, k a separable closure of k, B a prime of
k and Dy C Gy, its decomposition group. If H C Gy, is an infinite closed subgroup
such that H and Dy are commensurable, then H C Dgy.

Proof. Let K = k be the fixed field of H, and let U be any open subgroup of
H N Dy such that U is a normal subgroup H, and let L = kY.

Since U is open in H, [L : K] is finite, and since U C Dy, the prime p = L N*P
does not decompose in the extension k/L, so we have L is Henselian with respect
to p.

If we consider the prime p N K, we may observe that since all its extensions to
L are conjugate to p, then L is also Henselian with respect to these extensions.
However, by Proposition 1.2.2, such a prime must be unique, and so pN K extends

uniquely to p, which in turn extends uniquely to 3, and so H C Dy. O]

We have now everything we need to present the final result of Neukirch’s Local
Theory. We will adapt the formulation and the proof used by Uchida in ([Uchl],

Lemma 3)

Theorem 1.2.7 (Neukirch). Let ky and ke be number fields, and fix ki and ks
separable closures of k1 and ko respectively. We may then take the absolute Galois
groups Gy, and Gy,, and let o : Gy, — Gy, be an isomorphism of profinite groups.
Let pq be a prime of k1 and By be a prime of k1 above p1. Let Dy be the decompo-
sition group of Py in Gy,, and let Dy = o(Dy). Then, there exists a unique prime
po of ko and a prime Bo of ke above py such that Dy is the decomposition group
of By in G, .
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Furthermore, we may define a bijective map ¢ : Primesy* — Primes;” by mapping
d(P1) = Po which is Galois equivariant with respect to o.

Proof. Let E, and E, be the subfields of k; and ky corresponding to D; and D,
respectively. Since E; is the decomposition field of ;, we have [Ey g, : k1p,| = 1.
Then, for any finite subextension F; of k; /Ey, it follows the extension Fy g, /K1 p, is
also finite. For a fixed extension F}, denote by F, the subfield of L corresponding
to F1 by o.

Let [ be a prime number and let y; be the group of [-th roots of unity. By Lemma
1.2.6 we may assume that both F} and F; contain p; up to replacing them with
open subgroups.

Applying cohomology to the exact sequence 1 — p; — kS — k¥ — 1, we know
that by Proposition 1.1.9 we have cd; G(ky/F,) = 2 and using the Hasse-Brauer

exact Sequence (Theorem 1.1.6) we get an exact sequence
0 — HX(G(ks/Fy), 1) — Br(Fy) -5 Br(F,) — 0

where the kernel of the surjective map is the I-torsion of Br(F5).

Now, o induces an isomorphism H%(G(ki/Fy), ) = H*(G(ky/Fy), ), so they
have the same order. The exact sequence then gives that Br(F3)(l) has rank 1,
and the same holds true for any extension of F,, and so by Lemma 1.2.5, we get
that F, is ko-Henselian with respect to some prime s of k.

Consider the restriction of By to Fy, which we will denote ‘i?g, and let q1,...,qx
be all the extensions of ‘i§2 to Fy (including 9Ps). Since the extension Fy/FEy is
finite, it follows that Br(F,,,)(l) # 0 for all the q;, but by Proposition 1.1.7 we
have the map Br(F,) — [[, Br(F,,) is surjective. However, this can only be true
if there is only one extension of ‘,}32 to F,. In particular, this means that Fs is
ko-Henselian with respect to the prime B2. This also means that Dy is contained
in the decomposition group of Rs.

Repeating the same argument with 07!, we get that D, is actually the entire
decomposition group of P,. Furthermore, replacing B; with a different prime
conjugate to it over p; (and Py with a different prime conjugate to it over ps)

is equivalent to replacing D; (resp. Ds) with a conjugate subgroup in G (resp.

Gpr).
We may conclude then that p, is determined uniquely, and we may define a
bijection ¢ : Primesy” — Primesy” as desired by ¢(F1) = Po. ]

The first part of the proof for the following theorem repeats the same argument
as the previous proposition. This result is analogous to the previous one ([NSW],
Theorem 12.1.9.)
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Theorem 1.2.8. Let k be a number field, k a non-archimedean local field, and
assume that there exists a closed subgroup H < Gy, such that H = G,.. Then there
exists a unique prime p in k, and a unique prime q above p in K such that H is

open in Dy.

Proof. By Lemma 1.2.6, we may assume that k contains p, for some odd prime
number p. By Proposition 1.1.3 we have H?(U, u,) = Z/pZ for all open subgroups
U of H.

Let K be the subfield of k corresponding to H. Consider the injective map
H*(Gk,pp) — [T H*(Gky, ptp) from Theorem 1.1.6. The injectivity of this map
implies that one of the H*(G,,, t1,) must be non-trivial, and so fix a prime 9 such
that H*(G Ky Mp) i non-trivial. Since we chose p odd, B is non-archimedean.
Let L be an arbitrary separable extension of K, corresponding to an open subgroup
U of H. By Proposition 1.1.7 there is a surjection H*(Gr, it,) — [[yg H*(GLy; i),
where the product is indexed over all primes of L above B. Let B’ be a prime
of L above . We have that G Ly, is an open subgroup of Gk, and so we have
an isomorphism H?(G Lys Mp) = Z/pZ. The surjectivity of the map then implies
by a counting argument that there can only be one such ', and since L was
chosen arbitrarily then *J3 does not decompose in any extension of K, and so it
does not decompose in k/K. The unique prime above 9 in k is then the q we
were looking for. Such a ¢ is unique as by Corollary 1.2.3 for all other primes ¢’
off_(,HﬂGq/:L [

1.3 Neukirch-Uchida’s theorem

Now that the local theory has been stated and proven, we can proceed to state
and prove Neukirch-Uchida’s theorem, which is going to be the main theorem in
this section. The results here are taken from [Uch2], where Uchida proves the

same results in the slightly more general case of solvably closed Galois extensions.

Let K and L be number fields, and let K and L be respectively a separable
closure for K and for L. The fields K and L are said to be arithmetically equivalent
if they have the same Dedekind ¢ function. A result by Perlis [Per| gives us that
K and L are arithmetically equivalent if and only if every prime number [ has the
same splitting type in K and L. Arithmetic equivalence was shown by Gassmann
[Gas| to be equivalent to the following: let us consider the Galois extension M/Q
given by the composite of the normal closures of K and L, the Galois group
G(M/K) and G(M/L) have the same number of elements in every conjugacy
class of G(M/Q). This condition is also known as Gassmann equivalence.
Theorem 1.2.7, together with Local Class Field Theory, shows that if we have an

isomorphism of profinite groups o : Gx — G, then corresponding primes of K
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and L have the same residue characteristic, inertia degree and ramification index
as we can recover them from their decomposition group. In particular, K and
L are arithmetically equivalent, and this statement also holds when replacing K
and L with finite separable extensions K’ and L’. The following result is taken
from ([Uch2], Lemma 1).

Lemma 1.3.1. Let K, L be number fields, and let N/Q be a Galois extension.
Then, if K and L are arithmetically equivalent, the composites NK and NL are

also arithmetically equivalent.

Proof. Let M/Q be a Galois extension containing K, L and N. Let E = G(M/N)
be the corresponding Galois group, which is a normal subgroup of G = G(M/Q),
and let G; = G(M/K) and Gy = G(M/L).

M

- N\

K N L
e
Q

As K and L are arithmetically equivalent, two conjugacy classes of G; and G in

N

/

G have the same size. Furthermore, since F is normal in (G, the subgroups GiNE
and GoNE, which correspond to the composites KN and LN respectively, will also
have the same number of elements in every conjugate class of GG. It now follows

by the discussion above that KN and LN are arithmetically equivalent. O]

We may now state and prove the celebrated Neukirch-Uchida Theorem. We
will be adapting the proof given by Uchida in [Uch2].

Theorem 1.3.2 (Neukirch-Uchida’s theorem). Let o : Gx — G be an iso-
morphism of profinite groups. Then, there exists a unique isomorphism of fields
7: K — L such that for all g € Gk

U(g) = Togonl.
Proof. Let K'/K be a finite Galois extension of K contained in K, let U; be the
open normal subgroup of Gk corresponding to K’, and let L’ be the subfield of
L corresponding to Uy = o(U;). Since the isomorphism gives that U, is an open
normal subgroup of G, we also have that L'/L is a Galois extension. Let us
denote by H; = G(K'/K) and Hy = G(L’/L) the respective Galois groups. Then,
the isomorphism ¢ induces an isomorphism of finite groups H; — Hs by quotients

which, by abuse of notation, we will also denote o.
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Let Ax+ be the set of isomorphisms 7 : K’ — L’ such that o(g) = 70 go 7! for
all g € Hy. The collection of sets g indexed over all the finite Galois extension
K'/K contained in K defines a projective system. Furthermore, since all the
Ay are finite (compact) and non-empty, their inverse limit over K’ is non-empty
as well ([RZ], Proposition 1.1.4), and it corresponds to the set of isomorphisms
7 : K — L satisfying the conditions of the theorem’s statement. Thus, if we can
show that for an arbitrary choice of an extension K’ finite and Galois over K, the
set A is non-empty and finite, the existence of 7 in the statement is proven.

The diagram below is a visualization of the constructions in the following part of

the proof.
K Q L

I

NI My, M; N[ M,

2T I

/ Fp[H]u; \
Ml,i M2,i

Fix then a Galois extension K’/ K and let L' be the Galois extension of L contained
in L corresponding to K’ by o. For a fixed separable closure 2 of Q, we have
embeddings of K" and L’ in . Let us fix two such embeddings, and let us also
denote the images of these embeddings in by K’ and L’. Then, let N be a
finite Galois subextension of Q/Q containing K’ and L. Let H = G(N/Q),
S = G(N/K), Sy = G(N/L), Ty = G(N/K') and T, = G(N/L'). Since H; is
finite, we may take a set {hq1,..., h1m} of generators for Hy, and for i = 1,..,m,

we set hg’i = O'(hl’i).
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Furthermore, since S;/T; = H; and Sy/Ty = H,, for all 1 < i < m we define
51, € S1 and sy; € S to be elements mapped to hy; and hg,; by the quotients
respectively. We may take a prime number p such that p = 1 (mod |H|) and
we may also take p > |H|?, and applying Proposition 1.1.15 we get a split exact
sequence

1> F,H™ - E—H—1

where, for some Galois extension M /Q containing N, we have £ = G(M/Q) and
F,[H]™"! =2 G(M/N). Since p does not divide |H|, we can find elements ug, ..., Uy,
in the group F,[H]™"! so that we may write F,[H|"" = @™ F,[H]u;. Denote
by M; be the subfield of M fixed by the subgroup of F,[H|™"! generated by
UQy +ey Uy, -y Uy This gives us that the Galois group G(M;/Q) is a split extension
of H by F,[H]u,.

For 1 < i < m, let S;,; be the subgroup of S; generated by s;; and T}, and
similarly let Sy ; be the subgroup of Sy generated by s; and T,. Let N;; be the
subfield of N contained in K’ corresponding to S;,; and Ny, be the subfield of N
contained in L' corresponding to Sy ; respectively. By construction, we have that
0(S1,:) = S2,; and so Ny; corresponds to No; by o. Let us also define Sy = T}
and Sy = Tb.

Let x; be a character Sy,;/Ty — F, of order |S;;/T1| (observe that if i = 0, this
quotient is trivial and so is the character). We may take a field M, ; so that M, ;/ K’
is the maximal abelian p-extension of K’ contained in M; where the operation of
S1:/Th on the Galois group G(M;,;/K') is given by scalar multiplication by the
values of x;. Observe also that since T} contains no elements of order p (as we
have chosen p =1 (mod |H|) and 77 is a subgroup of H), M;; and N are disjoint
as extensions of K’.

Since M ; is an abelian extension of K’, it can be identified with a subextension
of K, and so for each M, ; there exists a field M, ; contained in L, which we can
identify with a subfield of €2, corresponding to it by o. Since M, ; corresponds to
M, ; by o, they are arithmetically equivalent. Since by definition of arithmetical
equivalence they have the same Galois closure, and M; is a Galois extension of
M, ;, it follows that M;/Ms,; is a Galois extension as well and in particular M, ;
is contained in M;.

We have that y; also induces a character y;o0 ! of Sy;/Ts, which we can by abuse
of notation also denote x;. Since N;; corresponds to Ny, by o, it follows o
induces an isomorphism between G(M; ;/Ny ;) and G(Ms,;/Ny;), and it follows by
construction that M, ; is also the maximal abelian p-extension of L’ contained in
M, so that the operation of Sy;/T5 on the Galois group G(Msy;/L’) is given by
scalar multiplication by the values of x;, and M;; and N are disjoint.

From the construction it also follows that the field [], M ; can also be identified
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with an extension of K’ contained in K, and this extensions corresponds by &
to an extension of L’ contained in L which can be identified with 1, M5, which
also means [[, M;; and [[;, M,; are arithmetically equivalent. Furthermore as N,
M ; and M,; are all subfields of M, by Lemma 1.3.1 we also have N [[. M is
arithmetically equivalent to N ], Ms;.

Let By ; be the subgroup of G(M/Q) corresponding to NM; ;. Since By; C M;,
we may also see it as a subgroup of F,[H]u;.

Since
G(M,;/K") = G(NM,;/N) = G(M;/N)/G(M;/NM, ;) = F,[H|u;/ B,

they are isomorphic as S ;/7i-modules, then for any element s € S;;, we have

that (s — xi(s))F,[H]u; is contained in By ;, which means the subgroup

Cri= Y (s = xi(s))Fy[H]u;

SGSl,i

is also contained in By ; as the classes of s — x;(s) are trivial in G(M;,;/K") as by
definition the action of Sy,;/T1; on G(M;;/K') coincides with multiplication by
the values of ;.

We may also consider the quotient F,[H]u;/C} ;, and observe that by construction
Ty acts trivially on it. Thus, the extension of K’ corresponding to C} ; corresponds
to an abelian p-extension of K’ on which S;,/T; acts via x;, but by maximality
this means that this is a subextension of M, ;/K’, that is Cy; O By;. Since by
construction Cy,; C B;; we have Cy; = B;;. We obtain then that N ][, My,
corresponds to the subgroup generated by all the (s — x;(s))F,[H]u; as s varies in
S1,; which we will denote A;. Notice that

Al - Z Bl,’i'
=1

We may repeat this procedure replacing M;; with M, ;, K’ with L', construct
groups By, for all ¢ analogous to B;;, and we may finally obtain a subgroup
Ay =), By, corresponding to N [, M, and analogous to A;.

We have shown above that N [[ My, and N [] Ms; are arithmetically equivalent,
so by the definition it follows that every element of A; is conjugate to an element of
As by some element of F/, and by the split exact sequence the action by conjugation
of E of F,[H]| corresponds to the action by left multiplication of some element
h € H on Fy[H|. That is, V a € A;, there exists an element h € H (depending on
a) such that ha € As.
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Fix now the element

a= Z (t1 — Dup + Z s1 — Xi(S1,)w;

t1€T1 i=1

in A;. Then, there exists h € H such that ha € A, and in particular it follows
that hztleTl (t1 — 1)uyg is an element of Byy, and for all 1 <4 < m we also have

h(s1; — xi(s1,:))u; is an element of By ;. Expanding the first we get

Y (th—1)€ > (ta— 1)F,[H]ug

t1€Ty to€Ty

which, using the fact that

Y 6 (—1)=0€TF,[H]

to€Ty to €T

we can rewrite as

> 6h Y (ti— 1) =0 € Fy[Huo.

to€Tn t1€T1

Fix an element t; € T;. The coefficient of ht] € H in the sum must be a multiple
of p to have zero in F,[H|. Observe that the number of elements in the sum of
the form t4ht! (also elements of H) is |H|*> which is less than p, and therefore the
number of elements tHht] = ht} is also less than p. We then get that ht| must
cancel out with a term of the form —t,h for some t, € T3, that is tHh = ht}, and
so we get h='Tyh C T4, but since T} and T have the same order this is really an
equality T h~! = T5, therefore h induces an isomorphism between K’ and L'.

Now, we can expand h(sy; — xi($1:))u; € Ba,; and for each i = 1,..,m we get

h(sii = Xi(s14) € Y (s = xi(9))Fp[Hus

s5€852;

which can be rewritten as

Z sxi(s) Th(s1i — xi(s14)) = 0 € F,[H].

SESQJL

By a similar idea to the one used above for ht;, the coefficient of hs;; must be
0 and we must have that for some s’ € Sy; we have hs;; = s'x:(s" " )hyx;(s14),
and so hsy; = s'h and x;(s’) = xi(s1:). By the definition of y;, it follows hsy; =
s'Ty = s9,Ty. Since s’ = hs;;h™!, and we then get hy; and hhy;h~" define the
same action on L'. In particular, repeating this for all 1 < i < m, we get that
the action of h;, conjugated by h coincides with the action of hy; for all the

generators hy,; of Hy. Together with the fact h induces an isomorphism K’ = L/
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we obtained above, this gives h is an element of 2(x/. Observe that since with
this construction A must be an element of H and H is finite, we only have 20y is
finite. Taking the projective limit of these sets g as intended, we get that as
all of them are non-empty and compact, the projective limit is non-empty ([RZ],
Proposition 1.1.4) and the isomorphism 7 from the statement does indeed exist.
It remains now to prove that 7 is unique. Assume there is another isomorphism p.
Then, the composition 70p~! is an automorphism of K which by the construction
seen in this proof must map any extension of K to itself, and so must be in the
center of Ggx. However, by Lemma 1.2.4 the center of G is trivial, and so we

have that 7o p~! is the identity, that is 7 = p. O

As a closing remark to this chapter, while this was not initially set as a con-
dition of the theorem, the isomorphism 7 we obtain automatically restricts to an
isomorphism between K and L, as by the condition o(g) = 7¢g7~! the subfield of
K fixed by all elements of G (that is, K) is mapped by 7 to the subfield of L
fixed by all elements of G, (that is, L).
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Chapter 2
The m-step Isom-Form

In this chapter, we will be looking at Grothendieck’s birational anabelian conjec-
tures, and we will also look at a result by Saidi and Tamagawa [S-T] that proves
an m-step formulation of the Isom-Form for number fields. We will then follow
this by looking at the characterization given by Saidi and Tamagawa of particular
subgroups of the maximal m-step solvably closed quotient G of Gk that has

been used to obtain this m-step Isom-Form.

2.1 The Isom-Form and the Hom-Form

Neukirch-Uchida’s theorem inserts in the greater field of Grothendieck’s birational
anabelian conjectures. These conjectures follow roughly the idea that a finitely
generated infinite field K can be recovered group theoretically from its absolute
Galois G. We are interested in looking at two of them, the Isom-Form and the

Hom-Form.

Theorem 2.1.1 (Birational Anabelian Isom-Form). Let K and L be two finitely
generated infinite fields, and let Gk and G be their absolute Galois groups. If one

has a continuous isomorphism o : Gxg — G, there is a unique field isomorphism
7: K — L such that

K —>—
l#
K—— L
Neukirch-Uchida’s theorem proves that this statement holds in the case where
K and L are number fields. Further results by Uchida [Uchl] for function fields

of curves over finite fields and Pop [Pop] for finitely generated fields of higher

transcendence degree complete the proof of the Isom-Form.
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The second conjecture, the Hom-Form, is closely related to the first one. In the
Hom-Form, the isomorphism of the absolute Galois groups is replaced with an
open continuous homomorphism, and the isomorphism of fields is replaced with
an embedding L < K. In the case of number fields the Hom-Form conjecture

reads as follows:

Conjecture 2.1.2 (Hom-Form for Number fields). Let K and L be number fields,
and let 0 : Gg — G be a continuous homomorphism of profinite groups such
that o(Gk) is open in Gr. Then, there exists a unique homomorphism of fields

7: L — K such that Vg € Gg we have

gr =70(g)

that is, the following diagram is commutative

L -+ K
lﬂ(g) lg
L "> K
Unlike the Isom-Form, this is currently still an open conjecture. There are,

however, some partial results. In particular there are a few results by Uchida
([Uch3]):

Theorem 2.1.3 (Uchida, Uniqueness in the Hom-Form). If there ezists a T as in

2.1.2, then il is unique.

Theorem 2.1.4 (Uchida’s Theorem 1). Assume that in the statement of Conjec-
ture 2.1.2 K = Q. Then, the conjecture holds true. Furthermore, we have that

L =Q, and o is an isomorphism.
The following theorem proves a conditional version of the Hom-Form

Theorem 2.1.5 (Uchida’s Theorem 2). Let o : G — G, be a continuous homo-

na

morphism of profinite groups such that for every prime p € Primesy there ewists
a prime q € ‘Primes;* such that o(D,) C D,, and o(Dy) is open in Dy. Then,
o(Gg) is open in G, and there exists a unique homomorphism of fields 7 : L — K
such that

rolg) = g7

for all g € Gg.
To prove Theorem 2.1.5 (see [Uch3]), Uchida first puts the local conditions
on decomposition groups, and after proving that the conditions he’s asking for

are enough to establish a local correspondence between the primes of K and the

primes of L, he proceeds to construct the homomorphism following roughly the
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same idea as the proof of Theorem 1.3.2, showing successfully that 7 exists.

It is also interesting to observe that in Neukirch-Uchida’s theorem, an analogous
result can be obtained by replacing the absolute Galois groups G and G with
their maximal pro-solvable quotients without altering the proof given in Theorem
1.3.2 (see [Uch2]).

In a recent article, Saidi and Tamagawa [S-T| looked at replacing the full abso-
lute Galois groups Gx and G, with their maximal m-step solvable quotients G7
and G7' (see Section 2.2 for notation), and consequently replacing the separa-
ble closures K and L with the maximal m-step abelian extensions K, and L,,,
they obtain a result analogous to Neukirch-Uchida for maximal m-step solvable

quotients:

Theorem 2.1.6 (Saidi-Tamagawa). Let K and L be number fields, let m > 0 be

G2t — G be an isomorphism of profinite groups.

an integer and let 0,3 :
Consider the induced isomorphism of profinite groups o, : G — G''.
Then, there exists a field isomorphism 7, : K,, — L,, such that

Om(9) = Ty

for all g € G%. That is, Vg € G we have a commutative diagram

K, —— L,
l am(9)

—>L

Furthermore if m > 2 (resp. m = 1), the above isomorphism T, : K, — Ly,
(resp. T : K — L induced by 7 : Ky — Li) is uniquely determined by the
condition ,(g) = TmgT,!

In particular, T, : K, — Ly, always restricts to a unique isomorphism K = L.

The proof by Saidi and Tamagawa works by establishing a local theory for m-
step solvable quotients, showing that this local theory induces a correspondence
between primes. Then, once the Local Theory has been established, they show
the isomorphism 7,,; K,,, = L,, can be constructed following a similar idea to the
one used by Uchida in the proof of Neukirch-Uchida’s theorem given in Theorem
1.3.2.

2.2 m-step Local Theory

In this section, we aim to give a few results by Saidi and Tamagawa on the nature of
special subgroups of the maximal m-step solvable quotient of an absolute Galois

group necessary to construct a local theory. We will also include some of the
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proofs given by Saidi and Tamagawa for these results, as they are helpful in
understanding the structure of decomposition groups in G% and how the main

object introduced in this section, (%;)-subgroups, work.

Let G be a profinite group and let G[1] = [G, G| be the closed subgroup of G

generated by the commutator subgroup. We may define the derived series
G=G0]2GA]2G2]2G[3] 2 ...

by setting G[i + 1] = [G[i], G[i]], and we may also define the maximal i-step
solvable quotient of G as G* = G/G[i]. We can then define the canonical quotients
G — G', whose kernel is G[i]. We may also observe that if j > i > 0, we have
G[j] = (G]i])[j — i] and so we also have canonical quotients G — G* with kernel
GliJ~ = GI]i]

If G is the absolute Galois group G = G(K/K) of a number field K, then,
the maximal abelian quotient G% is the Galois group of the maximal abelian
extension K* /K contained in K, and similarly we define the maximal m-step
abelian extension K,,/K as the subextension of K determined by the subgroup
Gk|m] of Gk, and the quotient G is the Galois group G(K,,/K).

If we let p be a prime of K, and 8 be a prime of K above it, we can then find the
unique prime p in K, below B. Let Dy C Gk be the decomposition group of B,
and let D, C G% be the decomposition group of p. Then, the quotient Gx — G%
induces a natural surjective homomorphism Dy — D,.

We know that D, is m-step solvable as it is a subgroup of G% which is m-step
solvable itself, then it follows immediately that this surjective homomorphism
must factor through Dy, the maximal m-step solvable quotient of Dy. The first
result by Saidi and Tamagawa (see [S-T], Proposition 1.1 for the proof) gives us

a few results on the structure of D, in relation to DZ;}.

Proposition 2.2.1. Let m > 0 be an integer, let B be a prime of K, let p be
the prime of K,, below it and let p be their image in K. Let p be their common

residue characteristic. Then:
(i) The natural surjective map Dy — D, is an isomorphism.

(ii) If m > 1, then log, |D§b/tor/ngb/tor| > 2, p is the unique prime number for
which this is true, and d, = log, ]D;b/tor/pD;b/tor| — 1.
(iii) If m > 1, then fy =log,(1+ |(D§")if,|) and N(p) = p»

() If m > 1 the map Dy — Dy factors through D.

(v) If m > 2 the map Dy — D™ factors through Dy and ker(D, — Dg™) is
the maximal pro-p subgroup of D,
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(vi) For all integers i such that m > i > 2 the kernel of D, — D; S pro-p
(vii) For all integers i such that m —1 > i > 0 the kernel of D, — D; is infinite
(viii) If m > 2, D, is centre free and torsion free

We have seen in Neukirch’s local theory (Corollary 1.2.3) that two distinct
decomposition group in Gk have trivial intersection, that is in a way they are
completely separated from each other. In G7, this separatedness property is not

true in general, however we have the following result ([S-T], Proposition 1.3).

Proposition 2.2.2. Let m > 1 be an integer, and let p,p’ € Primesy® , and
consider the decomposition groups D,, D, C G. Furthermore, let p,p’ be their
images in K,,_1. Then, DyN Dy #£1 < p=yp

Proof. Assume first p = p’. Then, p and p’ are conjugate primes above p and it
follows that their decomposition groups are also conjugate in the Galois group of
the extension K,,/K,,_1. However, G(K,,/K,_1) = Gilm — 1] = Gglm — 1]**
is abelian, therefore it follows D, N G¢[m — 1] = Dy N G#[m — 1]. Furthermore,
by Proposition 2.2.1.(vii), the kernels of the projections D, — Dy and Dy — D;
are infinite, and since these kernels are subgroups of G7[m — 1] it follows that the
intersections D, NGg[m—1] = Dy NG [m—1] are non-trivial and so D,N D, # 1.
We now need to show that the converse is also true. First, let us assume m = 1.
In this case, an application of ([Gras], Corollary 4.16.7, Chapter III) gives us that
since D, N D, is non-trivial, p and p’ are conjugate in the extension K*"/K, that
is they are above the same prime p of K.

Let us now assume m > 2, and let F' = D, N D,/. Observe that D, and D,/ are
torsion-free by Proposition 2.2.1.(viii) and so F' is also torsion-free, and since it is
non-trivial by assumption it is infinite. Let M be a finite subextension of K, 1/K,
which corresponds to an open subgroup H of G} containing G[m — 1],. By ([S-
T], Lemma 1.2) we may take an open subgroup H' of H such that H O G}[m—1]
and F'N H' has a non-trivial image in H'#". We may then take an subextension
M’ of K,,/K corresponding to H’, which must be contained in K, 1, and the
subextension M/ of K,,/K corresponding to H'[1], the kernel of H' — H'#". Since
M’ C K,,_1, the field M{ is in fact the maximal abelian extension M'®> of M’
contained in K,,. The following diagram shows graphically the construction in

this proof:
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M/ ab

H'ab

Let q and q' be the images of p and p’ respectively in M’#", and consider their
decomposition groups Dy, Dy C H' ab We now have Dy N Dy contains the image
of FN H' in H'®, which is non-trivial, and applying this same proposition for
m = 1, which was proven earlier, we get the images of q and ¢ in M’ are the
same prime q of M’ and so their images in M must also coincide. Since M was
chosen as an arbitrary finite subextension of K, 1/K, it now follows immediately
that this also holds for K, 1, otherwise we would have a finite subextension of
K,,_1/K where this does not hold, and so p = p’. O

Another consequence of Corollary 1.2.3 is that the naturally defined map as-
sociating to a prime of K its decomposition group in G is invertible, that is
we have a bijection Primesis = Dec(K/K). A result analogous to this for the
m-step case was also given by Saidi and Tamagawa ([S-T|, Proposition 1.9). This

result is given without proof in the following proposition.

Proposition 2.2.3. Let K be a number field, K an infinite extension of K
such that K D Q™ and consider its maximal abelian extension [?ab/f?. Let
p,p € Primes?,, and consider the decomposition groups Dy and Dy C G([?ab/K).
Then, Dy = Dy <= p =9p', and the natural map *Primes,, — Dec(K®/K) is
bijective.

This result has the following corollaries, which expand the description of the

separatedness of decomposition groups in G given by Proposition 2.2.2

Corollary 2.2.4. Let m > 2 and let p,p’ be primes of K,,, and consider the
decomposition groups Dy, Dy C G%. Then, Dy = Dy <= p =19’

Proof. This follows immediately by taking K = K,,_; in the statement of 2.2.3.
O
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Corollary 2.2.5. Let K be an infinite Galois extension of K such that K contains
Q. Then, the centraliser of G(K™/K) in Aut(K™) is trivial, and G(K™/K) is
centre free. In particular, for m > 2, the centraliser of G in Aut(K™) is trivial,

and G is centre free.

Proof. By definition, the centraliser of G(K®/K) in Aut(K™) must act trivially
on every decomposition group in G(IN( ab /(). Then, the bijection in Proposition
2.2.3 gives us that the action of the centraliser on the primes of K is trivial. As
there is a natural injective map Aut(K?*?) — Aut(Primes?,, ) (cf. [S-T], Lemma
1.8), it follows that since its action is trivial, the centraliser it must be trivial
itself, and the first part of the statement follows.

The second part also follows immediately by taking K=Ky 1. O]

Now that we have an idea for the separatedness of primes in maximal m-step
solvable extensions, we require the following definitions, which are fundamental

in Saidi and Tamagawa’s construction of a local theory for the m-step case.

Definition 2.2.6. Let m > 2 be an integer, F' C G a closed subgroup, | a prime
number and let F be the inverse image of Fin G Then, we say that F has

property (%) if it satisfies the following:
e There exists an exact sequence 1 — Z; — F' — Z; — 1.
e The inflation map infp, : H2(F,F,) — H*(F,F,) has non-trivial image.

We will denote the image of the map infr; by H*(F,F,). We also denote the set
of all subgroups of G satisfying property (x;) by 5m,l’K (or just 5m,l if there is

no need to distinguish between two different fields).

Observe that if p is a prime of K,,, and we consider its decomposition group
D, in G%, we may take an [-Sylow subgroup D,;. We may also consider the
inertia subgroup I, C D,, and the group I,; = I, N D, ;, which isomorphic to 7Z;.

We then have a natural exact sequence
1 =1, — Dy — Zy — 1.

Definition 2.2.7. Let F,F’ be subgroups of G satisfying condition (x;). We
define an equivalence relation =~ on 5m,l,K by setting that F ~ F' if and only
if for any open subgroup H C GW such that H O GW[m — 1] we have that the
images of FN H and F' N H in H*® are commensurable. We will denote the set
of equivalence classes for this relation by Dy, 1k (or Dy, if there is no need to
distinguish between two different fields).
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These definitions are purely group-theoretic, and allow us to recover the set
D1k of all subgroups of G satisfying property (%) starting from G2t Fur-
thermore, the following propositions (Proposition 1.22 and Proposition 1.23 in
[S-T]) give us a strong connection between (%;)-subgroups and the decomposition

groups in G%.

Proposition 2.2.8. Let m > 2, FF C G} a closed subgroup and let | be a prime
number. Let p be a non-archimedean prime of K,, with residue characteristic
p # 1, and let D, C G be its decomposition group. Consider an l-Sylow subgroup
Dy of Dy. Then, if F' is an open subgroup of Dy, we have F' satisfies condition
(x).

Vice versa, if F satisfies condition (%) there exists a (not necessarily unique)
non-archimedean prime p (with the same properties as above) such that F is an
open subgroup of D,;. Furthermore, the prime p of K,,_1 below p, is uniquely

determined by F.

Proof. Let p be a prime of K,,, let D, its decomposition group in K,,/K, and let
[ be a prime number different from the residue characteristic of p. Let us take an
open subgroup F of D,;. By Proposition 2.2.1.(v), for any 8 in K above p, F is
mapped isomorphically to its image " in D™ as the kernel of D, — D™ is
pro-p. It also follows that the [-group F” is open in some [-Sylow of Dgtf;me, as by

definition of ];%ame there is an exact sequence

0 — Iy™ — D™ — Dy — 0
with ]Y%ame >~ 7#) and Dy = 7. As F' is open in D&?me, and the open subgroups

of Z; are isomorphic to Z; itself, F” fits in an exact sequence
0—=Z —F —7Z,—0

given by the exact sequence above, which means F' also does as F' = F’.

Let then Fj be a closed subgroup of Dy mapped isomorphically to F' by the sur-
jection Dy — D, which exists by 2.2.1.(v), and let F be the inverse of F with
respect to the surjection Gx — G%.

The isomorphism Fy — F naturally induces an isomorphism between coho-
mology groups H*(F,F;,) = H?*(F,,F,). Furthermore, since we have a natu-
ral injection Fj — ﬁ, we can factor this isomorphism between the cohomology
groups through the inflation map H?*(F,F;) — H Q(ﬁ ,IF;), and the restriction
map HQ(F\,E) — H*(Fy,F;). As H?(F,F;) is non-trivial, then the isomorphism
H?(F,TF,) = H?*(Fy, ;) has non-trivial image. Then, it follows the inflation map
H*(F,F,) — H*(F,F;) must also have non-trivial image.

Furthermore, this inflation map must factor through H2(F,F,) where F is the
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inverse image of F' by the quotient G — G™. It then follows that the infla-
tion map infp, : H2(F,F,) — H2(F,F,) has non-trivial image, as desired, and F
satisfies property (x;).

We now want to prove the converse statement, so assume F' satisfies condition (x;),
and let K’ be the subextension of K,,/K corresponding to F', and let F be defined
as above. First, we can show K’ is totally imaginary. Assume by contradiction
there exists a real embedding K’ < R, which must extend to an embedding
K,, — C. These embeddings determine a homomorphism G(C/R) — G, which
is injective as K (y/—1)/K is an abelian extension of K (possibly trivial), and so
K, 2 Q(v/—1). However, this implies F' contains torsion elements, which contra-
dicts the definition of property (x;) (Definition 2.2.6).

It now follows by ([S-T], Proposition 1.17) that

HA(F.F) — [ [ HX(F. F),
;

where p ranges over all non-archimedean primes of K’, is injective (see Definition
2.2.6 for the definition of H?(F,T;)). Since by definition of property (%;), the group
H?2(F,T,) is non-trivial and the map is injective, at least one of the H Q(ﬁﬁ, F) will
also be non-trivial. Fix then p for which H Z(F},, F,) is non-trivial.

Now, the image Fj of ﬁf, in G'¢ is the closed subgroup of F' corresponding to the
decomposition group of p in G(K,,/K’), and the image of the restriction map
H?*(F,F,) — H?*(F;,F)) is non-trivial. We may use ([S-T], Lemma 1.19) to show
that F; = F.

Furthermore, since H2(1/7\,3, F,) is non-trivial, by ([S-T], Corollary 1.15) Fj is l-open
in the decomposition group of p = char(p) in Gg. Let p be the prime of K below
p. It now follows that the image of ﬁﬁ in G'% is [-open in D, C G%. However we
know this image is Fj = F.

Assume now F' is contained in more than a decomposition group in G7%. By
Proposition 2.2.2, the intersection of these decomposition groups is non-trivial, as
it contains F', and so there is a unique prime p in K,,_; below all the primes of
K,, whose decomposition group contains F'. This shows F' determines the prime
p uniquely.

It only remains to show | # char(p). Let H' be an open subgroup of D, containing
D,[1]. Then, H' corresponds to a finite abelian extension L of K|, such that the

extension L/Q, is non-trivial, and "N H' is [-open in H'. The natural map
Fn H/ab ®Zl Ql N H/ab ®Z Ql

then needs to be surjective, and using again ([S-T], Lemma 1.19) there is an exact
sequence 1 — Z; — F N H' — Z; — 1, which means F' N H'? ®z, Q.
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By local class field theory, cd(H'* ®; @Q;) = 1 when [ # p, and since [L : Q,] > 1,
we get a contradiction when l =p as [L: Q,)+1>2> FNH™ ®z Q,, and so
may conclude [ # char(p). O

In particular, the above result gives us that [-Sylow subgroups of decomposition

groups satisfy property (x;).

Proposition 2.2.9. Let K be a number field, and G’ its mazimal (m+1)-step

solvable Galois group. Then, starting from G we can recover the following:

(i) There is a natural injective map ¢ - Dy — Primesy

.. . C ~ . na,(l")

(i4) Pmy restricts to a bijective map Dpy — Primesy "

(11i) The map ¢, is GR-equivariant with respect to the actions of G on Dy,
and Primesy . In particular, the action of G on Dy, factors through
G"=t. Furthermore, if we let a € Dy, and p = ¢ (a), the stabiliser of a

in G~ is the decomposition group D;.

Proof. By 2.2.8, we can construct a surjective map qgml ; ﬁml —» mtimes???’ﬂ by
mapping a subgroup F' C G satisfying property (x;) to the unique prime p it
determines in K, ;. The first thing we want to show is that this map is compatible
with the equivalence relation ~, and so we may factor the map through D,, ;.
Let F' and F’ be subgroups of G satisfying property (x;), and let p and p’ be
primes of K, such that F'is an open subgroup of D,; and F" is an open subgroup
of Dy ;. Also, let H be an open subgroup of G that contains G72[m — 1]. Let
then K’ be the subextension of K,,/K corresponding to H and finally let let p
and p’ be the primes of K,,_; below p and p’ respectively. Observe that since
by definition H contains G¢[m — 1], K’ is a subfield of K,,_1, and therefore the
maximal abelian extension K’ of K’ in K is contained in K,,.

First, we want to show that if F” also satisfies (x;) and F' ~ F’ as in Definition
2.2.7, then the image of F’ by gzgm,l is p. By definition of =, the images of F' N H
and ' N H in H*® are commensurable. Furthermore, since K’ is contained in
K,,_1, its maximal abelian extension K’ is contained in K,, and so we have
H? >~ Gab,

In particular if we let p and p’ be the primes of K’ below p and p’, and consider the
decomposition groups Dj and Dy in G2 they are [-commensurable, and therefore
their intersection is infinite. It now follows by Corollary 2.2.4 that p = p’, and
since K’ was an arbitrary finite subextension of K, ;/K, we may extend this to
K,,_1 and get p = p’. It then follows that (ﬁﬁm’l factors through D, ;.

Now, we want to show injectivity. With the same notation as before, assume that
gzNSmJ(F) = ggm,l(F’), and denote by p € Primesy  their image by ng,l- We then

want to show F' ~ F".
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Let p be the image of p in K’. The images of FN H and F' N H in H*® = G3,
are both open subgroups of the [-Sylow subgroup Dj; of the decomposition group
D; C G55, and so their intersection must be open in both of them, that is they
are commensurable and F' ~ F”, and this proves the first assertion.

We may now take for any prime q of K,,_; with residue characteristic different
from [, a prime q of K,, above it, its decomposition group D, C G%, and an
[-Sylow of Dy, which satisfies property (;). Then, by definition, the image of the
I-Sylow subgroup by ¢ must be q, and ,together with the injectivity that follows
from the first assertion, we obtain the second assertion.

Furthermore, we have that G acts by conjugation on 5,”,1, and the map ggm,l is
G'k-equivariant, and since the action of G on ‘Brimesy’  factors through Gt
the action on 5m,l7 so the action on D,,; also does, and the last assertion in the

proposition follows immediately. O]

We are now able to give a characterisation for the decomposition groups in

G by “losing” 2 abelian steps of information as follows:

Corollary 2.2.10. Let m > 2. For each prime p of K,,, starting from G%”
we can recover D, C G group theoretically. In particular, we can recover from
G2 the set Dec(K,,/K) of all decomposition groups in the extension K,,/K.

Proof. By Definition 2.2.6, starting from G'%"?, we can recover the (x;) groups in
G, Then, combining Proposition 2.2.8 and Proposition 2.2.9 we can recover
the set Dec(K,,/K) of all decomposition group in G7. O

Finally, Saidi and Tamagawa obtain the following local correspondence ([S-T],
Corollary 1.27)

Proposition 2.2.11. Let m > 2 be an integer, let K and L be number fields and
let Oy @ G2 5 G2 be an isomorphism of profinite groups. Consider the
induced isomorphism of profinite groups o,, : G = G7. Then, there exists a
unique bijection ¢,, : Primesy' — Primes)" such that the following diagram,
where the vertical arrows are the natural bijections given by Corollary 2.2.4 and
for any decomposition group D C G%, 6,,(D) = 0,(D), is commutative and is

Galois equivariant.

Dec(K,,/K) —22 Dec(Ly,/L)

I I

. ¢ .
Primesy —— Primes;”

Furthermore, ¢, induces a bijection ¢ : Primesy — Primes;* fitting in a com-

mutative diagram
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Primesy: > Primes”
Primesg)
where the maps from Primesy® and Primes,” to Primesyy' are given by taking the

residue characteristic of a prime.

With this last result, the proof of Theorem 2.1.6 can be obtained by following
the same idea of proof as in Theorem 1.3.2, where the field isomorphism is con-
structed at K, starting from G2 as losing an extra step is required to define

the extensions M;; and M,; as in the proof presented in Theorem 1.3.2.
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Chapter 3

The m-step birational anabelian

Hom-Form

In this chapter, we will be proving conditional result for the Hom-Form in the
m-step solvable case. First, we aim to establish a local correspondence, then we
will be showing that under some conditions, we have existence and uniqueness
in an m-step solvably closed variation of the Grothendieck anabelian Hom-Form

conjecture for number fields.

3.1 Local correspondence in the m-step homo-

morphism of birational anabelian geometry

In the previous chapter we have given the method determined by Saidi and Tama-
gawa to recover decomposition groups in m-step solvable extension, and observed
how they were able to use it to establish a local theory and a local correspondence
in the m-step version of the Isom-Form. In this section we will observe how we
can define a partial local correspondence between the primes of two number fields
K and L starting from a homomorphism of profinite groups o, : G% — G7' such

that the image of 0,,(G%) is an open subgroup of G7.

Let us first fix some notation. For a homomorphism o, : G — G} (not
necessarily with open image) we will denote the extension of L corresponding to
o (G™) by L, and the subfield of K,, corresponding to ker(oy,) by A. We can
immediately observe that o, induces an isomorphism G(A/K) = G(L,,/ Z) We

then have the following factorization for o,,.

m Om m
—_—
G GT

J J

G(A/K) —=— G(L,,/L)
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The following proposition gives us that the homomorphism o, naturally induces

a homomorphism o,,_1 : G’I’}*l — fol.

Proposition 3.1.1. Let m,n > 1 be integers such that m > n, and let o : G} —
G be a homomorphism of profinite groups Then, there is a naturally induced
homomorphism o, : G%% — G} such that o factors through o, as in the following
diagram, where the vertical arrows is the canonical quotient

G

n n n
Gx —— G}

In particular, if we have n = m — 1, a homomorphism of profinite groups o, :
G™ — G and consider its composition with the canonical quotient G — G,
we have there exists a naturally induced homomorphism o, : Gt — G}

such that the following diagram commutes

o

m m m
Gg —— G1

! !

Om—1

m—1 m—1
GK CTYL

Furthermore, if o(G%) is open in GT', 0 1(G71) is also open in G7' .

Proof. The kernel of the projection G — G is by definition the subgroup
G%n] C G. It follows naturally that o(G%[n]) C G[n], which is trivial. This
gives us the kernel of the quotient G — G is contained in the kernel of 0. We
are then able to induce the map o, canonically as desired.

The second assertion follows from the first, together with the observation that
om(GRIm—1]) € G'[m —1] and so the kernel of the left vertical arrow is mapped
to the kernel of the right vertical arrow.

The last assertion in the statement follows as the projection G7' — G?‘l maps
the subgroup G(Ly/L) of G to the subgroup G(Ly,—1/(Lm-1 N L) of G, and
Lypn_1NLis necessarily a finite degree extension of L. Therefore by commutativity
of the diagram if the image of o, is open in G}' the image of 0,,_; is also open
in G771 O

If we start with m < n, and a map o : G — G7, we can take the composition
of o with the canonical projection G} — G7T' to obtain a map o, : G% — G7'. It
also follows like in the proof of Proposition 3.1.1 that G%[m — 1] is mapped into
G"[m — 1] and we can induce starting from o a homomorphism o, ; : G~ ' —
Gt
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Proposition 3.1.2. Let n > 1 be an integer. Then, there is no homomorphism

of profinite groups o : G& — G with open image.

Proof. Assume such a o exists. Then, a composition of ¢ with the canonical
quotient G% — G2, gives us a homomorphism of profinite groups G% — G2,
which has open image as the quotient map is an open map. We may then restrict
ourselves to studying the case where n = 2.

The subgroup of G2 corresponding to the image of ¢ is also given as the Galois
group & = G(Ly/L), which must be abelian as G2 is. Up to replacing it with its
normal closure, we may assume G’ is a normal subgroup of G%. We may then take
the quotient H = G(L/L) = G/, and consider its maximal abelian quotient
H?_ Since the kernel of G2 — H is the abelian group G(Ls/L), and the kernel
H[1] of H — H®" is finite as H is finite, the kernel of the composite G2 — H?"
will be an extension of H[1] by a finite group Fj, and we will denote this kernel
by F. Furthermore, since H*" is the maximal abelian quotient, G2 — H®* must
factor through G%°. As we can obtain G% an extension of G3* by G%[1]. We then

get a commutative diagram

0 —— G2[1] — G2 > G2P > 0
0 y F y G2 —— H™ —— 0

where the rows are short exact sequences, and G%[1] must map injectively to F.
Let [ be a prime number. Since L is a finite extension of Q, its maximal abelian
extension has finite Z;-rank (cf. [NSW], Proposition 10.3.20), and since F' is
abelian, it corresponds to a quotient of G%b. It follows then F' also has finite
Zj-rank.

However, for every finite subextension L’ of L?" /L, the maximal abelian extension
of I in L is a subextension of Lo / L?». Let us observe that the Z,-rank s of
L'/ increases with the degree of L/, and in particular s increases with the
degree [L': QJ.

We may then see the group G%[1] = G(Ly/L*) as the inverse limit of all the
G(L'**/L'), and by the above argument G%[1] has infinite Z;-rank. Since H[1]
is finite and F' has finite Z;-rank, we get a contradiction as we can not have the
required injective map G%[1] < F.

We may then conclude as desired that there is no homomorphism of profinite

groups G2 — G2 with open image. O

Corollary 3.1.3. A homomorphism of profinite groups o : G3 — G% with open

image does not factor through G32.

Proof. The statement follows immediately from the statement of Proposition 3.1.2
O
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Corollary 3.1.4. Let m and n be positive integers, and let o : G — G7 be a
homomorphism of profinite groups with open image. Then, there exists a positive
integer m' < min(m,n) such that a homomorphism o, = G — G% can be

induced from o, and o, does not factor through Gﬁ/_l.

Proof. If m = 1, then necessarily o : G — G7 can not factor through the trivial
group as it has open image, and composing with the quotient G7 — G5 we get
a homomorphism oy : G2 — G3°. In this case, m’' = 1.

If n = 1, we can induce a homomorphism oy : G2 — G2 from o which like in
the previous case does not factor through the trivial group.In this case, m’ = 1
If m,n > 2, then we can take the induced morphism oy : G% — G2 and by
Corollary 3.1.3 this will not factor through G2°. In this case, m' = 2 (it is
possible that for some m' > 2 the statement also holds). O

We are now interested in constructing a map between sets of primes starting
from o, : G} — G7' (not necessarily open) as Saidi and Tamagawa do in Proposi-
tion 2.2.11. Our goal is to define a map 6, from a subset of Primesy’ to a subset
of Primes;” starting from o, and (x;)-subgroups at some level m. A priori, we
do not know if this map will be defined for every prime p of K,,, so we will denote
by P, the subset of Primesy® of all the primes for which 6, is defined, and we
get

O = Py — Primes)

It is useful to recall the possible continuous images of subgroups satisfying

property (x;), which we use as following:

Proposition 3.1.5. Let m > 2 be an integer. Consider the profinite group G7,
let G' be a profinite group, and let o : G — G be a homomorphism of profinite
groups. Let F' be a subgroup of GV satisfying property (x;). Recall that we have
an exact sequence

172~ F—>7,—1,

and let us denote by Uy = Z; the subgroup of F' appearing on the left in the exact
sequence, and by Uy the quotient F'/U;.

Then, exactly one of the following is true:
(i) cd(o(F) =2, and o restricts to an injection on F.
(i1) cd(o(F)) < 1. In this case either

(a) F Cker(o) and o(F) is trivial
(b) o(F) =7, and F Nker(o) = U,.

(11i) o(F) contains an l-torsion element. In this case either:
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(a) o(F) is a finite non-trivial quotient of Z;.

(b) o(F) fits in an exact sequence 1 — Fy — o(F) — Z; — 1, where F} is

a finite non-trivial quotient of Z; given by the image of U;.

(c) o(F) fits in an exact sequence 1 — F; — o(F) — Fy — 1 where Fy
and Fy are finite (non-trivial) quotients of Z;. In particular o(F) is

metabelian.

Proof. Let us denote by V' the normal closed subgroup of F' which is the kernel
of the map F' — o(F). Observe that by ([S-T], Lemma 1.19, (iv) <= (viii))
any non-trivial closed subgroup of F' is either open in F' (and of cohomological
dimension 2) or of cohomological dimension 1. Furthermore, all normal subgroups
of F' which are isomorphic to Z; are open subgroups of Uy, and it then follows that
if V' is non-trivial, then V' = V N U; must also be non-trivial and must contain an
open subgroup of U;. Observe that, furthermore, this gives that U, is the maximal
abelian quotient of F'.

From the above discussion, it also follows that if V"’ is trivial, then V is trivial
and o restricts to an injection on F', and so we get case (i).

If V = F, we naturally have o(F) is trivial, and so we are in case (ii)a.

Assume now V' is proper and non-trivial. Then, by the above discussion, it follows
that V' is also non-trivial. Let us assume first that V/ = U;. Then, the restriction
of o to F factors through the quotient F' — U,, that is o(F') is a quotient of
Z;, which must be either Z; itself, and we are in case (ii)b, or a finite non-trivial
quotient of Z;, and so we are in case (iii)a.

It remains to study what happens when V' is proper and open in U;. Trivially,
o(F) contains o(Uy) = Z;/V', which is a torsion group and so we are in case (iii).
Observe now that if ed(V) = 1, then V' = V', which gives us (iii)b as o(F) fits
in the exact sequence 1 — 7,/V’' — o(F) — Z; — 1. If, instead, cd(V') = 2 and
so V is open in F. Then, the quotient F//V is finite, and o(F") contains the finite
group o(U;p). In particular, we have an exact sequence 1 — o(U;) — F — Fy,
which we obtain pushing 1 — U; — F' — U; — 1 by o. Observe that F5 can not
be trivial, otherwise o(F") would be abelian, that is oy factors through F' — Us,

and V' = Uy, which is a contradiction. This finally gives us we get case (iii)c. [

Corollary 3.1.6. Let m > 2, and consider the canonical quotient Gt — G72.
Consider a subgroup F C G satisfying property (%), and its image F in G2
Then, F also satisfies property (%) and the quotient induces an isomorphism be-
tween F and F.

Proof. By Proposition 2.2.8, there exists a prime p in K,,,; with decomposition
group D, C Gt (such a prime p is not necessarily unique) such that F is an

open subgroup of an [-Sylow subgroup D, ; of D,. Let p be the unique prime of
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K, below p, with decomposition group D, C G%, and observe that the quotient
G — G naturally induces a surjective map D, — Ds. Then, the [-Sylow
subgroup D, ; is mapped surjectively onto an [-Sylow subgroup of Dy, which we
will denote Dj ;.

Since Dy, and Dy, both satisfy property (%), it follows the quotient induces an
isomorphism D,; — Dg;. It then follows that F' C D, the image of F' by the
quotient G%H — G7, which we will denote F as in the statement, will then be
an open subgroup of Dj,. It then follows that F' also satisfies property (%) by
Proposition 2.2.8, and the quotient G}?H — G restricts to an isomorphism on
F. O

We are interested in looking further at what happens in the first case in Propo-
sition 3.1.5.

Lemma 3.1.7. Let m > 2 be an integer, and let 0,y @ G — G771 obe a
homomorphism of profinite groups, letl be a prime number and let F' be a subgroup
of G satisfying property (x;). Assume that the induced morphism o, : GJ — G7'

restricts to an injection on F. Then, o,(F) C G also satisfies property ().

Proof. Let us denote o,,(F) by F'. As o, is injective on F', then it restricts to an
isomorphism between F' and F’, therefore we know that we can fit F’ in an exact
sequence

1 =7 —F — 7, — 1.

Denote by F the inverse image of F' in G'*™ with respect to the canonical quotient

and, similarly, let F’ be the inverse of image of F’ in G7"*!. By commutativity
of the diagram in Proposition 3.1.1, it follows that F = amﬂ(ﬁ). Then, we can

induce a commutative diagram of cohomology groups

H2(F' F)) —— H*(F,F)

ian/T ianT

H?*(F',F)) —— H?*(F, )

where the vertical arrows are the inflation maps and the horizontal arrows are
induced by 0,11 and o,,. Since 0, is an isomorphism between F and F’, the
induced arrow H?(F', ;) — H?(F, ;) is also an isomorphism.

Since F' satisfies property () the inflation map infp : H2(F,F,) — H2(F,F)) has
non-trivial image, and it follows the composition H?(F',F;) — H Q(ﬁ ,IFy) will also
have non-trivial image. By commutativity of the diagram we then conclude that
the inflation map infp : H2(F',F,) — H2(F',F,) also needs to have non-trivial

image, and so the subgroup F” of G7* also satisfies property (x;). n

Definition 3.1.8. Let [ be a prime number and m > 2 be a positive integer. Let

om : G — GT' be a homomorphism of profinite groups. We will say that a sub-
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group F' of G satisfies condition (1) if F' satisfies condition (%) and o, restricts
to an injection on F'.
We will denote by 5o—m7l the subset of ﬁml,K (see Definition 2.2.6) of all the sub-

groups of G'% satisfying property ().

The following result is just a statement of Lemma 3.1.7 using the notation

introduced above.

Corollary 3.1.9. In the same setting as Lemma 3.1.7, a map

(N Com,z — DL

1s naturally induced from o,,.

The equivalence relation ~ on 5m,z, k in Definition 2.2.7 induces naturally an
equivalence relation on the subset a,m,l. We may define the set of equivalence
classes C,,,; = (Z,mJ / ~. Since the equivalence relation on (’Z’;m,l is a restriction
of the one on ﬁm,l,Ky there is a natural injective map C,,,; < Dy, x. We will
show in Proposition 3.1.13 that @m,z also factors through C,,, ;. Finally, let P,(,"lb/_)1
denote the image of C,, ; by the map ¢,,; x defined as in 2.2.9. Observe that
by construction every prime in P,EQI has residue characteristic different from [.

Finally let
Py =P,
l

We have then the following natural diagram:

Copg = Dy

¥ ¥

CU %)Dmlf(

’nL7l "

| Pt K | Pmt K

ll . , l/
P ‘Bmmes}am(_z

~ ~

: na
Pr1 —— Primesy

Observe that an equivalence class of elements 5%“; does not necessarily contain
by construction all the elements of an equivalence class in 5m,z, k. However, the

following result gives us this statement is true.

Proposition 3.1.10. Let m > 2 be an integer, and let 0,y @ Gt — GE"“
be a homomorphism of profinite groups, and let F' be a subgroup of G satisfying
property (1;). Let p be a prime of K, such that F is l-open in the decomposition
group D, C G} (see Proposition 2.2.8). Then, for any prime p’ conjugate to p in
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K,,/K, any subgroup F' which is l-open in Dy also satisfies property ().
In particular, if F" is a subgroup of Gt satisfying property (x;) such that F' ~ F",
F" also satisfies property (1;).

Proof. Let F' and F’ be as in the statement. By Proposition 2.2.8, we know that
for some prime p of K,, with decomposition group D, C G%, F' is contained in
an [-Sylow subgroup D, ; of D.

First, we want to show o, restricts to an injection on D, ;. By assumption, o,
restricts to an injection on F' and, if we consider the inertia part I,; = I, N D, ,
we know that the kernel of o, must contain either an open subgroup of I,,;, or be
trivial (cf. Proposition 3.1.5). Then, it must contain the image of the intersection
I,; N F, which is a non-trivial open subgroup of I,; (which must be isomorphic
to Z;), where o restricts to an injection.

It follows that the image of I,; contains a subgroup isomorphic to Z;, but since
I,; = Z,, this implies that o, restricts to an injection on /,; and by Proposition
3.1.5 it also follows o, also restricts to an injection on D, ;. It then immediately
also follows that o, restricts to an injection on any open subgroup of D, ;. Fur-
thermore, since any other [-Sylow of D, is conjugate to D, , their images by o,
are also conjugate, and so they also have cohomological dimension 2.

Let now p’ be any prime conjugate to p in K,,/K. Then, there exists h € G such
that hp = p’ and hD,h™! = Dy, and their images by o, will also be conjugate
and, in particular, isomorphic. It then follows o,, also restricts to an isomorphism
on the [-Sylows of D,.

Since conjugation necessarily maps any [-Sylow of D, to an [-Sylow of D, it
follows that for any subgroup F” which is [-open in D,/, we obtain cd(o(F")) = 2,
and so F’ satisfies property ({;).

Let us now take a subgroup F” of G satisfying property (x;) such that F' =
F”. By Proposition 2.2.9 F” is an open subgroup of the decomposition group
D, C G% of a prime p” of K,, such that p and p” have the same restriction in
K,,—1. Tt follows that p and p” are conjugate in K,,/K and by the above argument

we obtain that o, restricts to an injection on F”, and so [ satisfies property

(f2)- ]

The above result also shows that, for a prime p of K, it is sufficient to check if
a single prime p of K, satisfies condition (f;) to find if all the primes of K,

above p satisfy condition ({;) or not.

Proposition 3.1.11. Let m > 2 be an integer, and let opyq @ Gttt — G7H
be a homomorphism of profinite groups. Consider the induced homomorphism
of profinite groups o : G — G, consider the map 1/~)m,l induced by o, (as in
Corollary 3.1.9) and let Fy, Fy € 5%,[ such that Fy ~ F5 under the equivalence
relation ~ of Definition 2.2.7. Let F! = Up (F)) and Fy = 1, (Fy) be their
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images in Dy, . Then, F| ~ Fj.

In particular, the map T;m,z induces a map Y : Copt — DL

Om,

Proof. Let H' be an open subgroup of G' containing G'[m, m — 1], and let H be
its inverse image by o,,. Since o,,(Gk[m,m — 1]) is contained in Gp[m,m — 1]
then H O Gg[m,m — 1] and is open, since H' is. Let ]:;1 and ﬁg be the images of
FiNH and F, N H in H*. By definition of ~, we have Fy, N F, is open in both
ﬁl and fg, that is }*N] and ﬁg are commensurable.

Let FY and F} be the images of F{ N H' and F}, N H' in H'*". Since F! = 0,,(F})
and H' O 0,,(H), we can see that F{ N H' D 0,,(F; N H) and similarly we can also
get Fs N H' O 0,(F> N H). Furthermore, since o, restricts to an isomorphism
between Fy and F| (resp. Fy and F}), we can also see that F; N H is isomorphic
to its image by oy, (resp. the image of F;, N H is isomorphic to its image by o,,).
However, since o,,,(H) C H' and o, is an isomorphism between F; and F| and
between F, and Fy, it now follows that Fi1NH = F{NH and FobNH = F,NH',
and the isomorphisms are given by o,,.

From this, we get that the induced homomorphism o also induces an isomorphism
between F; and }7’1’ and, likewise, between F, and ]*NE’ However, this also means
that FY N F} = Fy N Fy. Thus, we get that FJ N F} is an open subgroup of both FY
and E’, which are then commensurable. Since this does not depend on the choice
of H', we have proven F] ~ F}.

We can now conclude by defining a map C,,, ; — D,,; . by mapping the class in
Dy ik of an element F' of 5%,[ to the congruence class of 0,,(F) in D,,, 1, and
the above argument gives us this map is well-defined with respect to equivalence

classes. O]

After this proposition we may construct the following diagram:

> wml ~
Caml S DmlL

| }

Ym
Copnil — DL

l(ﬁm 1K 2l¢m,z,L

) . N
P( ‘BmmesnKZ(_z

Since the bottom vertical arrows are bijections, we can construct naturally a

(@) a,(I")

map P,,’; — Primes,” "’ and get the following corollary:

Corollary 3.1.12. ¢,,; induces a map O,y : p! RO Primes; " )

We now have maps 0,,_;; for all the prime numbers [, and we want to see
if they are compatible and in which way, so that they can be glued together to

obtain a map 6, : P, — Primes}" L, for some integer m' < m.
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Proposition 3.1.13. Let m > 3 be an integer, and let 0,41 : G — G be a
homomorphism of profinite groups. Consider the homomorphism o, : Gj = GT'
nduced by o,y1.

Let p be a prime of K,,, l1,ly two distinct prime numbers, and let Fy and Fy be
subgroups of the decomposition group Dy, C G satisfying conditions (t;,) and (1,)
respectively. Then, o, (F1) and 0,,(F») are contained in decomposition groups in
G7' that define the same prime in L,,_o.

In particular, a mapping 0o : Pn_o — ‘Primes]”  is defined by taking the
prime p of K,,—s below p and mapping it to the unique prime q of Ly,_o such that
O-m_Q(Dﬁ) - Da.

Proof. First, observe that the stabilisers of the equivalence classes of F} and Fj
in D, x with respect to the action of GF*™ (see Proposition 2.2.9) coincide, and
correspond to the decomposition group Dy C G ! where p is the prime of K, ;
below p by Proposition 2.2.9

Also, by Proposition 2.2.8 we have that F| and F are open subgroups of Sylows
subgroups for some primes, so let q; and gs be primes (not necessarily uniquely
determined) of L,, such that F} is l;-open in Dy, and Fj is l-open in Dy,. Then,
the stabilisers of the classes of F| and F} are the decomposition groups in G’
of the primes q; and ¢ of L,,_1, below q; and g, respectively.

We then get that both Dy, and Dg, need to contain o,,_1(Dj). Observe that the
image I, of F} by the quotient G —» G'2~! satisfies property (%) by Proposition
3.1.6 and similarly the image F’ in G7'~' of F| also satisfies property (). By
commutativity in Proposition 3.1.1 F is mapped surjectively by o,,_1 to Fy and
this map must be an isomorphism by Proposition 3.1.5. However, since F; C
D,, we obtain F; C Dj, which means o, 1(Dj) is non-trivial and in particular
Dg, N Dy, # 1.

It then follows q; and g must be above the same prime q of L,, o by Proposition
2.2.2, and the images of Dy, and Dy, in G}?_Z by the canonical quotient coincide
with Dﬁ.

If we denote by p the prime of K,,_» below p we may now able to say that
the decomposition group Dj C Gﬁ_z is mapped to a non-trivial subgroup of
the decomposition group D C GZ‘_Q, and the prime q is uniquely determined.
We are then able to define the mapping 0, : P2 — Brimes;” by setting
O 2(p) = . =

With this result, we have now obtained that starting from (%;)-subgroups that
are mapped injectively gives us a map between sets of primes as desired. Specifi-

cally, we have the following diagram:
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7

wm,l
Dy 2 Copy ——— DL
¢m LK d)m,l,L
: a e a
Primesy, = D Py Primesy |

¥ ¥

Om—2

M na M na
Primesy D Ppo — Primesy' |

In this situation, we will say that the homomorphism of profinite groups o,,_» :
G7~? — G77? induces the map 6,,_5 : Py_o — Primes)® .

The two following results show us that subgroups satisfying property (f;) in G *

can in some way be lifted to G%.

Proposition 3.1.14. Let m > 3 be an integer, let oy @ G — G771 be
a homomorphism of profinite groups, let | be a prime number and consider the
induced homomorphism of profinite groups o,,_1 : G ' — G7~'. Then, let F be
a subgroup of G satisfying property ().

Then, for any subgroup F of G satisfying property (x;) such that F' is mapped
surjectively onto F by the canonical quotient we have F satisfies condition (t;).
Proof. As 0,,_1(F) is the image of F' by 0,,_; by the commutativity in Proposition
3.1.1, then o,,(F) must map surjectively onto o, 1(F'), which has cohomological
[-dimension > 2. However, by Proposition 3.1.5, this means that the composition
of 7,, and the canonical quotient G — G’"~! restricts to an injective map on F,

which also implies o, restricts to an injection on F', and so F satisfies condition

(f2)- ]

Corollary 3.1.15. Let m > 3 be a positive integer and let 0,41 : Gt — G
be a homomorphism of profinite groups with open image, and consider the induced
homomorphisms o, : G% — G7' and 0,1 : G%_l — Gzl_l.

Let p be a prime of K,,—1 and consider the decomposition group Dy C Gt
and let | # char(p) be a prime number. Assume that there exists a prime
q € Primes;"  with decomposition group Dy C G771 (not necessarily uniquely
determined) such that 0,—1(Dp) is l-open in Dy. Then, there exists a subgroup
F of G satisfying condition (1) such that the image of F by the canonical map
ﬁm,l,K — Primesg | is p.

Proof. Since 0,,-1(Dj) is l-open in Dy, by definition of l-open the image of an
[-Sylow subgroup Dj; of Dj by 0,,—1 is open in an [-Sylow Dg; of Dg, and so
satisfies condition (x;), which implies by Proposition 3.1.5 that Dy, is isomorphic

to its image, and it satisfies condition (f;). It follows immediately that any open
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subgroup of Dj; also satisfies (1;).

Let p be any prime of K,, above p, and let F' be an open subgroup of an [-Sylow
subgroup D,; of D, C G%. Then, the image of F in G'%! by the canonical
quotient is an open subgroup of an [-Sylow subgroup Dj; satisfying (%;) which we
will denote F', which we have shown needs then to satisfy (f;). It now follows by
Proposition 3.1.14 that F' also satisfies (;). O

The following proposition is the last result for this section, and shows that the
definition of the map 6,, o in Proposition 3.1.13 induces a mapping between the
primes of the base fields K and L.

Proposition 3.1.16. Let m > 1 be a positive integer, opmis @ G — G773 q
homomorphism of profinite groups, and consider the map 0y, : P, — Primes;”
induced from o, : G — G7T' as in Proposition 3.1.185.

Then, considering the natural actions of G on Py, and of GT' on Brimes;” , we
have 0,,(gp) = 01m(9)0m(p) for all in g € G and p € P, (i.e. the map 0, is
equivariant with respect to the natural actions of G% on P, and 0,,(G%) C G}
on Primes;" ).

It follows that for all 0 <1 < m —1, if we let P; be the subset of all primes of K;
which are below some prime of Py, there is a map 0; : P; — Primes}" naturally
induced from 0,,.

In particular, we may induce a well-defined map 6 : P — Primes|", where P is

the set of all primes of K below a prime of P,,. We will then say that o, induces
6.

Proof. Let p € P, and let D, C G% be its decomposition group. By defini-
tion, for all ¢ € G%, we have gD,g~' = D,, (observe that by Proposition 3.1.10
gp € Py,), and let q = 0,,(p).

Let p be a prime of K,,,,1 above p. Recall that, by the definition of 6,,, in Proposi-
tion 3.1.13 for some prime number [, the (¥;)-subgroups contained in the decom-
position group Dy C Gﬁ“ are mapped by o, to a subgroup of a decomposition
group Dj for some (not necessarily unique) prime q of L,,4; above q. Then,
for any lift § € G"'* of g, the (x;)-subgroups contained in the decomposition
group Dj, are mapped by 0,41 (injectively, by Proposition 3.1.14) to subgroups
of 0,,11(9)Dgom+1(g) ™", which coincides with Dy, ., 5)q-
AS 0,,41(3)Diom+1(g)"" is mapped by the natural quotient G — G7 sur-
jectively t0 0,,,(9)Dq0m(9)™" = Do, (g)q, it then follows that indeed 6,,(gp) =
0m(9)0m(p), as desired.

For 0 <17 < m—1, we may now take primes pi, po € P, conjugate in the extension
K,,/K;. Then, there exists ¢’ € G'%[i] such that ¢'p; = ps. Then, if we let q;
and g9 be primes of L,, such that q; = 6,,(p1) and qa = 0,,(p2), it follows that
om(9')q1 = q2. However (cf. the proof of Proposition 3.1.1) 0,,(¢") € GT'[i], and
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so q1 and g are conjugate in the extension L,,/L;. It then follows we have a map
0; : P; — Primes], induced naturally from 6,,.

The last assertion also follows from the above argument, as it gives us that if p;
and py are conjugate in K, /K, then q; and g are conjugate in L,,/L, and so we

also have the map 6 : P — Primes]" as desired. O

3.2 Conditional Existence in the Hom-Form

In this section we are interested in showing that, if some particular conditions on
(%7)-subgroups and the mapping of primes 6,, we defined in the previous section
hold, we can construct an injection of fields inducing our homomorphism of profi-

nite groups as in the Hom-Form, which will be our main result for this section.

We have seen in Proposition 3.1.13 that if a subgroup satisfying property (x;)
in G is mapped injectively to a subgroup satisfying property (x;) in G7, then

the prime it determines in K,,_s is mapped to a unique prime of L,,_s.

Proposition 3.2.1. Let m > 2 be an integer, and let o, : G — G7T' be a ho-
momorphism of profinite groups induced by a homomorphism of profinite groups
Omat * G%H — GZLH.

Assume that for every prime numberl, o,, restricts to an injection on every closed
subgroup F of G satisfying property (x;) (that is for every F C G%, F satisfies
(%) if and only if F satisfies (1;)).

Then the mapping of primes Op,_y : Py — Primes;”  (obtained as in Proposi-
tion 3.1.13) is defined for every finite prime of K, o, that is P,,_o = Primes}

m—2"

Proof. This follows immediately from as starting with G7*" by Proposition 2.2.10
we can recover all the decomposition groups in G2 from the subgroups satisfying
(%) in G, and by 3.1.13 since all the (x;)-subgroups in G’ satisfy condition (;),

the prime they determine in K™~ 2 is mapped to a unique prime in L™ 2. O

In the above proposition, we are not requiring a priori that o,,, has open image,
however we will show that if the condition of Proposition 3.2.1 is satisfied, the

image will automatically be an open subgroup of G7.

Definition 3.2.2. Let m > 1, and 0,43 : G — G be a homomorphism of
profinite groups such that the homomorphism 0,19 @ G — G induced by 0,43
restricts to an injection on every element of 5m+2,vi, so that the homomorphism
of profinite groups o, : G — GT' induced by 0,43 induces a mapping between
primes O, : Primesy® — Primes}" according to Propositions 3.1.13 and 3.2.1.

We will say that o,,13 satisfies condition (1).
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An immediate consequence of 6, being defined at every prime of K, (that
is P, = Primesy ) gives us (cf. Proposition 3.1.16) P,_; = Primesy’  and
P = Primesy. In particular, the induced maps 6,,_; and 6 are also defined at
every prime of K, and K respectively.

We now want to study the induced mapping 6 : Primesy — Primes;” between

the primes of the number fields.

Proposition 3.2.3. Let m > 1 be an integer and opys @ GR™ — G772 be a
homomorphism of profinite groups satisfying condition (1). Let o, : G — G
be the homomorphism of profinite groups induced by o3

Let 0 : Primes}d — Primes,” be the map of primes induced by o, (see Proposition
3.1.16). Let p be a prime of K, and let ¢ = 0(p). Then, p and q have the same
residue characteristic p, f; > f3 and Np > Nq.

Furthermore, the same inequalities replacing q with a prime q above it in a finite
subextension L' of Z/L, where L denotes the subfield of L,, corresponding to the

image of a,,.

Proof. By the definition of 6 (Proposition 3.1.16) we have that there exists a prime
p of K, above p which is mapped by 6,, to a prime q of L,, above q.

We then get that for every prime number [ different from p = char(p), o, maps
an [-Sylow subgroup of D, isomorphically to a subgroup of D, satisfying condition
(%1). It follows that [ is different from char(q), and repeating this argument for all
prime numbers [ # char(p) = p, we get that q and § must also necessarily have
residue characteristic p.

Consider the decomposition group D, C G%, and recall that by proposition
2.2.1.(iil), we can recover the inertia degree f; and the norm Np from the prime-
to-p torsion of D2V,

Furthermore, since o0,,(D,) is contained in Dy C G7', it is an m-step solvable
group, but this does not necessarily mean o,,(D,) = D,. However, we may con-
sider an extension q’ of q in some separable closure L of L containing L,, such
that o,,(D,) is a quotient of the m-step solvably closed quotient Dy of the de-
composition group Dy C G, of ¢q'.

Let [ be a prime number different from p, and consider the [-Sylow subgroup D,
of Dy, which has cohomological [-dimension 2. The image of Dy, in H with
respect to the quotient must then be an [-Sylow subgroup H; of H, which by
Proposition 3.1.5 has cohomological dimension < 2.

However, since o, maps D, surjectively to H, every [-Sylow of D, is mapped sur-
jectively to an [-Sylow subgroup of H. Furthermore, since every [-Sylow subgroup
of D, satisfies condition (f;), it maps isomorphically to its image in H, and so it
follows cd;(H) = 2.

By 3.1.5 it now follows that there is an isomorphism D, = H,. Tt now follows
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the [-part of the kernel of the quotient D — H is trivial. We may repeat this for
all the primes [ # p, so we get that the kernel of this quotient is a pro-p subgroup
V of Dy'. We then get the following diagram

1 s V > Dg’,‘ s H > 1
1 y |ab S D;‘,b s Hab s 1
1 ) b

q

where the vertical arrows are given by passing to the abelianization and to the
prime-to-p quotient respectively. In particular, we get the prime-to-p torsion of
H is isomorphic to the prime-to-p torsion of Dg,b. However, we also know that
since D;‘b — H®_ the prime-to-p torsion of H" is determined by the image of the
prime-to-p torsion of ng.

If we denote by q’ the restriction of ¢’ to L, from the above argument we then get
fs > fy and Np > Ngq'. However, since q' was an extension of q, it follows g’ = g,
and this also gives us f; > f; and Np > Nq as desired.

Let L’ be as in the statement, and let q be a prime in L’ above g, which we
may assume below the prime q of L,, as defined above without loss of generality.
Then, we may observe that q and ¢ have the same residue characteristic. Since
H C G(L,,/L'") and the decomposition group of q (over q) in G(L,,/L’) is the
quotient of the decomposition group Dy C G, of an extension g’ of q in L, and
we may repeat the same argument above and obtain the inequalities f; > f; and

Np > Nq as desired. m

Let us recall that for a homomorphism of profinite groups o, : G — G7', we
say that a subextension L’ of L,,/L corresponds to a subextension K’ of K,,/K if
o, (G(Ln/L") = G(K,,/K'). Observe that ker(c,,) is contained in G(K,,/K’),
and if L' /L is Galois, then K'/K also is. Furthermore, if we let L be the subfield
of L,, corresponding to the image of ,, and consider the composite LL' we have

the following diagram:

G(Kp/K') —2"% G(Lyn/LL')

[ [

m Om m
%
G G1

I }

G(K'/K) — G(LL'/L)

and we will say that the injective map G(K'/K) < G(LL'/L) is induced by

om by quotients. We may also observe that since the image of G by o, is
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G(L/ E), then the image of the injective map in the diagram is the subgroup
corresponding to G(LL'/L) of G(LL'/L). Then, we will say that an isomorphism
G(K'/K) = G(LL'/L) is also induced by o,, by taking quotients.

Proposition 3.2.4. Let m > 1 be a positive integer, and 0,43 : G — GT'F3
be a homomorphism of profinite groups satisfying condition (1), consider the in-
duced homomorphism of profinite groups o, : G — G7' and let 0 : Primes): —
Primes;” be the map of primes induced by o,,. Then, there are only finitely many
primes of L that are not image of a prime of K by 6.

Furthermore, sz is the subextension of Ly, /L corresponding to o,,(G%), we have
L/L is finite, and [K : Q] > [L: Q] > [L : Q|. In particular, o,, has open image.

Proof. Assume by contradiction there are infinitely many primes of L that are not
in the image of #. Since L has a finite number of ideal classes, there must be an
ideal class of L containing infinitely many of these primes, so let us denote them
by qo, q1, g2, -... Furthermore, for all i« > 1 the ideal qo/q; is principal, and so is
generated by some element «;.

Consider the infinite extension L' = L(,/aq, /a2, ...) of L contained in L** (and
so also contained in L,,). Also, consider the extension K’ of K corresponding to
L' by o,,.

The only primes of L that may ramify in L'/L are primes with residue charac-
teristic 2 or the q;, and since all primes of K have an image in L, a prime of K
can only be ramified in K'/K if its image in L ramifies in L'/L. Furthermore,
by Proposition 3.2.3 every prime of K has the same residue characteristic as its
image in L, and as we know that the g; are not in the image of 6, the only primes
that may ramify in K’/K are primes with residue characteristic 2.

It follows that since by construction G(K’/K) = G(L'L/L), K'/K is abelian, and
by Class Field Theory as the abelian extension K’/K is only ramified over the
prime number 2 it must be finite. This then gives us that the composite extension
L'L / L is finite as well. However, since L’ L is an infinite extensions of L this implies
L is also an infinite extension of L. Furthermore, since G(L'L/L) = G(L'/LN L)
we get L' = L'N L corresponds to a finite subgroup of G(L'/L), and we may then
consider the abelian extension L”/L, which will then also be infinite over L.

Let p be a prime of K with odd residue characteristic and of degree 1. Then, its
image q = 6(p) must be unramified in L'/L, and by Proposition 3.2.3 it follows
p = Np = Ngq. Furthermore, by Proposition 3.2.3 we may also replace L with
a finite abelian extension Lg/L contained in L” C L, and for any extension ¢’ of
q to Ly we get Np = N¢', and as q does not ramify in Lg/L, this gives us q’ is
of degree 1 over L, that is it splits completely in Ly. As this holds for any finite
extension of L contained in L”, we get that q splits completely in L”/L.

Now, the set A of the primes of K of degree 1 and of odd residue characteristic
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has positive Dirichlet density which is given by

DY
O(A) = lim T 2 TR

Consider now the image 0(A) of A in L, and recall again that p = Np = Nq when
q = 6(p). Observe that there are only up to [K : Q] primes of K with residue
characteristic p, and as only primes with the same residue characteristic may map

to the same prime q of L, we get that

o ey VO Gk (A)
OL0A) = i 1) 2 K. Q

By the above argument all the primes of L contained in 6(A) split completely in
the infinite extension L”/L. If we take a finite Galois subextension L; of L”/L,
the primes of 0(A) will also split completely in L;/L. Let us take then an L,
such that [L; : L]™' < §.,(6(A)). Then, we obtain a contradiction of Chebotarev’s
density theorem (Corollary 1.1.12) as the set of primes of L that splits completely
in L has density > 0.,(0(A)) > [L; : L)™' Tt then follows that L” may not be an
infinite extension of L, which gives us our initial assumption that infinitely many
primes are not in the image of # is a contradiction.

We want now to show L /L is finite. Since only finitely many primes of 6 are not
in the image, we may take a prime number p unramified in L/Q so that all primes
q1, -, qn of L above p are in the image of §. Then, we may take some primes
P1, ..., pp of K such that q; = 0(p;). Then, by Proposition 3.2.3 all the p; are also
above p, and it follows f,, > f,,, for all = 1,...,n and since by construction

eq; = 1 we get

[L : Q] = quieqi < meem < [K : Q]

Observe that if we replace L with a finite extension L contained in Z, the above

inequality still holds by Proposition 3.2.3 and it follows that [L : Q] < [K : Q]. O

With this result, if a homomorphism of profinite groups o,,.3 : G — G7+3
satisfying condition (1) gives us a correspondence between inertia degrees of primes
of L and K, and we may now start working towards the construction of the

injective homomorphism of fields 7.

Proposition 3.2.5. Let m > 1 be a positive integer, and 0,43 : Gt — GT'F3
be a homomorphism of profinite groups satisfying condition (1), consider the ho-
momorphism of profinite groups o, : G% — G7T' induced by 0,43 and let 0 :
Primes,” — Primes;” be the map of primes induced by o, .

Let M be a Galois extension of Q containing both K and L. Let H = G(M/Q),
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and consider the subgroups Hy = G(M/K) and Hy = G(M/L) of H. Then, every

element of Hy is conjugate to an element of Hy in H.

Proof. An element h € H; defines a Frobenius automorphism for a prime B in
M above a prime number p unramified in K/Q. It then follows that the prime
p below P in K is of degree 1, and its image ¢ = 0(p) in L is also of degree 1
by 3.2.3. We may then take a prime Q above q in M. Since 9 must also have
residue characteristic p, it follows that 8 and £ are conjugate primes, so let ¢ be
an element of H such that Q = #J3¢~!. It follows then that tht~! € H, , and so

every element of H; is conjugate to an element of H, as desired. O]

Proposition 3.2.6. Assume that the number fields L and K are contained in the
same separable closure ) of Q, and consider their m-step solvably closed Galois
extension Ly,13/L and K13/ K contained in Q.

Let m > 1 be a positive integer, and let 0,43 : G%JFS — G7L”+3 be a homomorphism
of profinite groups satisfying condition (1), consider the induced homomorphism
of profinite groups o,, : G — G7'.

Let L' be a finite Galois extension of L contained in L,, and let K' be the finite
Galois extension of K contained in K,, corresponding to L' by o,,,. Let M C ) be

a finite Galois extension of Q containing L' and K. Then M also contains K'.

Proof. By Proposition 3.1.16, we have a map 6 : Primesy — Primes;" induced
by o,,. Let p be a prime number that splits completely in M, Then, the primes
of L' above p are of degree 1 over Q, and are in particular of degree 1 over L.
Assume then that the map 6 restricts to a surjection over the primes of L of
residue characteristic p, and observe that by Proposition 3.2.4 this condition is
satisfied by all but finitely many prime numbers p as only finitely many primes of
L are not in the image of 6.

Then, since every prime of L above p is in the image of #, we can take the inverse
with respect to # and o, and get that any prime of K’ above p has degree 1 over
K. However since p splits completely in M, any prime above p in K has degree 1
over Q, and taking the composite of the degrees this shows that the primes above
p in K’ have degree 1.

Now, since p splits completely in M, every prime of K above p also splits com-
pletely in M. Since, we know that every prime of K that splits completely in M
also splits completely in K’, except for the finite number of prime number where
0 does not induce a surjection, it follows that by Bauer’s Theorem (see Theorem
1.1.13) M O K. O

We are now able to apply Uchida’s method for the proof of Neukirch-Uchida’s
Theorem (see 1.3.2) to our situation, and obtain an injective homomorphism of

fields. This is the main result in this section.
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Theorem 3.2.7. Let m > 1 be a positive integer, and let 0, 4 : GTI?H — GE”H
be a homomorphism of profinite groups satisfying condition (), consider the ho-
momorphism of profinite groups o, : G — G7' induced by 0pyy4.

Then, there exists an injection of fields 7, : L,, — K,, that induces o,, by

for all g € G

Furthermore, if m > 1 the restriction of 7, to L,,_1 gives an injective homomor-
phism Tp—1 : L1 — K,,_1 tnducing the homomorphism o,,_1 : G’[@_l — Gg”_l
induced by 0,13 by

Tin-10m-1(9") = ¢'Tm—1
forall ¢ € G,

In particular, an injective homomorphism 17 : L — K is defined.

Proof. The below diagram gives a visualization of the construction in the following

part of the proof. This can be compared with the diagram in the proof of Theorem
1.3.2

K / M \ Lt
NI M, M; NI M,
TN TN
HMLZ' NML'L' FP[H]m-‘—INMQ’Z‘ HMQ,i

/ Mg
K 1,i Sa3 I
S1 Sa
Hi Nl,i H NQ,i Hoy

Q

Consider a finite Galois subextension L'/L of L,,, and let K’ be the finite Galois
extension of K corresponding to it by o,,,. Let Hy = G(K'/K) and Hy, = G(L'/L).
Since by definition G(K,,/K’) = 0,,'[G(L,,/L’)], the kernel of o, is contained in
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G(K,,/K'), and so the map o : Hy < H, induced from o,, by quotients is
injective.

Let N be a finite Galois extension of (Q contained in some separable closure {2 of
Q such that we have embeddings K’ < N and L' < N, and let us consider the
images of these embeddings canonically identified with K’ and L'.

Let us then define the Galois groups H = G(N/Q), S; = G(N/K), S = G(N/L),
Ty = G(N/K') and T, = G(N/L'). Consider a set of generators hy 1, ..., hy, for
Hy, and set hy; = o(hy;). Since Hy = S1 /Ty, for all i = 1,...,n we may define an
element s;; € Sy such that s; ;77 = hy;, and similarly we may define an element
59 € S such that sy ;75 = hg;. For each s;; we also define a subgroup 5 ;
generated by s;; and T}, and similarly we define S;; as the subgroup generated
by sq; and T5. Let us also set S19 =T and Sy = Tb.

We may take a subfield N;; of N corresponding to S;; and a subfield Ny; of
N corresponding to Ss,;. By these definitions, Sy ;/T7 = G(K'/Ny;) is a cyclic
subgroup of H; generated by hy;, and Sy ; /T is a cyclic subgroup of Hy generated
by he; = o(hi;). Then, we have that o restricts to a surjective homomorphism
S1:/Th — S2:/T>. However, since o is injective, this is an isomorphism, and
furthermore Ny ; must correspond to Ny ; by 0,,.

We may now take a prime number p such that p = 1 (mod |H|) and p > |H|?,

and consider the split group extension
1> F,H"" - E—H—1.

Then, by Proposition 1.1.15 there exists a Galois extension M of Q containing N
such that G(M/N) = F,[H|"*" and G(M/Q) = E. We may also take a set of

n+1

elements ug, ..., u, of Fy[H|""" so that we may write

By [H]™ = D, [Hu

and for every ¢ = 0, ..., n, we may consider the subfield M; of M determined by the
subgroup @;.;F,[H|u; of F,[H]""'. Then, taking the quotient of F,[H]""! with
respect to this subgroup (which is a normal subgroup as F,[H]"™! is abelian) we
get that M; is a Galois extension of Q and G(M;/Q) is determined by the split
group extension

1 —-F,[Hu - G(M;/Q) - H— 1.

Let x; be a character of Sy ;/T; of order |S;;/T;| (observe that when i = 0, Sy /71
is trivial and so is xp), which we may consider as valued in [F,. Since o induces
an isomorphism S ;/T = S ;/Ts, we may induce by y;o ' a character of Ss;/T5,

which we will denote /.
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We may then consider a p-extension M, ;/L’, which is the maximal subfield of M;
where the operation of Sy;/Ty on G(Ms,;/L’) coincides with the scalar multipli-
cation of the values of y/.

Observe that since this is an abelian extension of L' C L,,, this may be identified
with a subfield of L,,,;. Thus, we may consider it as a subfield of L,,,;, and
consider the subextension of K,,.;/K corresponding to Ms; by 0,41, which we
will denote by M; ;. Since Ms; is an extension of L, it follows that M;; is an
extension of K’. We are then able to obtain by Proposition 3.2.6 that as M; con-
tains My, and K’ it also contains M ;.

Furthermore, the map ¢ induced by o0,,11 by quotients on the Galois group
G(M,,;/Ny;) is injective by definition, and we also have o(G(M;,;/Ny;)) is con-
tained in G(Ms; /Ny ;). But since Ny ; corresponds to Ny ; by o,,, this is an isomor-
phism. Then the operation of Sy ;/T7 on G(M;,;/Ny,;) must coincide with scalar
multiplication by the values of ;.

We may then consider the composite N M, ;, contained in M; and corresponding
to a subgroup By ; of F,[H|u; = G(M;/N). Similarly, we define the subgroup By ;
corresponding to N M, ;.

By the construction, we get G(M;/K’) and G(NM,;/N) = Fy[H|u;/B,; are
isomorphic as Sy ;/T1-modules and therefore if we take an element by ; € By ;, we
can construct a subgroup (b1; — xi(b1,))Fp[H]u; contained in B;,;. We are then
able to construct a subgroup Cy; generated by all the (b1; — xi(b1:))Fp[H]u; as
by; varies in By ;. Furthermore, we may repeat the same construction over L’ to
construct a subgroup Cs ;.

The action of T5 on F,[H]u;/Csy; is trivial, so Cy; must correspond to a subfield of
M; containing N M, ;, which must be also an abelian p-extension of L’ where the
operation of Sy ;/T5 coincides with the multiplication by the values of x;. However,
M, ; is by definition the maximal abelian p-extension of L’ where this happens,
thus By; = Cs;.

Let us then take the composite [[ My, of all the M, ;, which is still a subfield of
K1, and likewise [[ My, which is a subfield of L,,.;. We can see that by the
definition these two fields correspond to each other as composites of corresponding
fields, and by Proposition 3.2.5 any element of the Galois group G(M/ ][] Mi,)
is conjugate to an element of G(M/ ][] Ms,) by an element of E. Furthermore,
we know that F,[H]""! is a normal subgroup of E, therefore if we consider the
subgroups A; and Ay of F,[H]"™ corresponding to fields N [ M;; and N [] Mo,
respectively, we also get that any element of A; is conjugate to an element of
Ay by an element of E. Finally, since Cy; corresponds to NMs;, we know that
Ay =) . Cy;, and by the correspondence A; DO Y. Cy ;. Furthermore, by the split

exact sequence, this conjugation corresponds to the action on F,[H]"™! given by
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left multiplication by an element of H . Therefore, fix an element

a= Z (t1 — Duo + Z(Sl,i — Xi(81.0) )i

t1€T1 1=

in A. Then, for some h € H, we get ha € Ay which we may rewrite as

h Z (tl — 1)UO S B270

t1€Ty

and
h(s1; — Xi(51:))u; € Ba.

Now, expanding the first one, we get

Y (th—1)€ > (ta— 1)F,[H]ug

t1€Ty to€Ty

and since

d ) (—1)=0€F,[H]

to€Ty  t2€Th

we can rewrite this as

> 6h Y (t—1) =0 € F,[H]u.

t2€Ty €T
We then fix an element t| € T}. The coefficient of ht| € H in the left side of the
sum must be a multiple of p so that the sum is zero in F,[H]u. Observe that the
number of elements in the sum which are of the form tJht] for some ¢/ € T} and
th € Ty is less than |H|? which is itself less than p as we have taken p > |H|?.
Therefore the number of elements of the form ¢ht] = ht] (which are all elements
of H) is also less than p.
We then get that ht] must cancel out with a term of the form —t,h for some
t, € Ty, that is thh = ht}, and so we get h~'Tyh C Tj, therefore h~! induces an
injective homomorphism L' — K.
By the same idea as above, we then observe h(s1; — xi(s1,))u; € Ba; can be

rewritten as

Z sxi(8) " h(sis — xi(s14)) = 0 € Fp[H]u,.

s€S2,;
Then, using the same argument used before for ht}, we then have the coefficient
of hsy; in the sum must be 0, and so for some s' € Sy; we must have hs;; = s'h
and X;(s') = xi(s1:). Then, hy; = 59,75 = s'Ty by definition of ;. Also, as
h~'s' = s;;h7' the actions defined by h~'o(hy;) and hy ;A" on L' coincide.

Since the h; generate H;, it follows that h~! determines an injection L' — K’
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which induces o. Since L’ was a Galois subextension of L,,/L chosen arbitrarily,
we may construct the set 2y, of all the injections L' — K’ constructed with the
above method for every finite Galois extension L’ of L contained in L,,, and since
it is non-empty and finite (as h € H, and H is finite).

We can observe that the 27, define a projective system of non-empty finite sets (as
do the A in the proof of Theorem 1.3.2), so we may take their inverse limit over
L' and obtain that the set of injections 7,, : L,, — K, inducing o,, is non-empty,
as desired.

For the last statement, observe that we may take the projective limit over all
finite Galois extensions of L contained in L,, ; and construct an injective homo-
morphism 7,1 : L1 — K,,_1 coinciding with the restriction of 7,, to L,,_ .
We may also observe that 7(L,,_1) is fixed by all ¢ € Gg[m,m — 1], and as
om(g') also fixes L,, 1, and therefore we may pass to the quotient g of g in G *
in 7,,0m(9) = g7m, thus we get 7, 10m-1(9) = §Tm_y for all g € G as de-
sired. O

We see that this proof requires us to lose an additional abelian step from where
we can define the mapping of primes 6,, before as we need to construct M;; and

M, ; and have them correspond by o,,, while being able to apply Proposition 3.2.6.

3.3 Uniqueness

In the previous section, we showed that if certain conditions hold then, up to losing
one step, we can construct an injection of fields that induces the homomorphism
of profinite groups we were starting with. The main results in this section are

conditions for which this injection of fields is unique.

We start this section by adapting a few results of Uchida [Uch3], which he uses

to prove uniqueness for the absolute Galois group to the m-step case.

Proposition 3.3.1. Let K and L be number fields and assume that K and L
are contained in the same separable closure 2 of Q. Let m > 1 be an integer,
and consider their m-step solvably closed extensions K,, and L,, contained in €.
Then, we have that if K,,_1 is not contained in L,,, the composite K,,L,, is an

infinite extension of L,,.

Proof. Assume K,,_1 is not contained in L,,. Then, there must be a finite exten-
sion K’ of K contained in K,,_; such that K’ is not contained in L,,. We may
take a finite Galois extension M/Q such that M contains both K’ and L, and let
us denote H = G(M/Q) and H; = G(M/K'). By Proposition 1.1.15, if we let p
be a prime number such that p does not divide |H|, and consider the split group

extension
l1—>F,H —-E—H—1
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there exists a Galois extension M’ of Q such that G(M'/Q) = E and G(M'/M) =
F,[H].

Let N be the maximal abelian p-extension of K contained in M’ and observe
N and M are linearly disjoint extension of K’ as p does not divide |H|. Then,
consider the composite M N C M’'. Then, the composite M N is the maximal
abelian p-extension of M contained in M’ (and so, a quotient of F,[H]) such that
the action of H; = G(M/K) on G(MN/M) is trivial. We may observe that M N
corresponds to the subgroup A of F,[H] determined by all the elements where the
action of Hj is not trivial, that is G(M'/MN) = A =37, _, (hh — 1)F,[H].

Let us then consider the field L' = K'L N L,,. Since K’ is not contained in L,,,
it follows that it is also not contained in L. If we consider the subgroup Hy of H
corresponding to L', it is not contained in Hy, and if we construct the subgroup
A" =% e, (ha—1)F,[H] we have that A’ is not contained in A and so the action
of Hy on F,[H]/A is not trivial, and so there is no abelian extension N’ of L’ such
that N'M = NM.

Consider the Galois group G(K'L,,/K'L), which is canonically isomorphic to
G(Ly,/L"). Since N is an abelian extension of K’ C K,, 1, we have N C K,,,
and immediately we have NL,, is an extension of L,, contained in K,,L,,. If
we assume that NL,, is contained in K’'L,,, then NL is a subfield of NL,,, and
since N/K’ is abelian the extension NL/K'L is also abelian. Therefore, by the
isomorphism of Galois groups above we can find an abelian extension N’ of L’
such that NL = N'K’. However, this means that M N coincides with M N’,

which is a composition of N’, an abelian extension of L', and M. We then get a
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contradiction, and so N L,, is a non-trivial abelian p-extension of K'L,, contained
in K,,L,,.

It now follows that K,,L,, contains an extension of L,, whose degree is a multiple
of p, and repeating this argument for the infinitely many primes p not dividing

|H| we get that K, L, must necessarily be an infinite extension of L,,. O

Corollary 3.3.2. Let m > 1 be a positive integer, and let K and L be number
fields contained in a same separable closure 2 of Q, and consider their maximal
m-step solvable extension K,, and L,, contained in . Assume that there exists

a number field M such that MK,, = ML,,. Then, K,,_1 is contained in L,,. In
particular, K C L,,.

Proof. Since MK,, = ML,, 2O K,,, we get that K,,,L,, is contained in M L,,, and
is therefore a finite extension of L,,. By 3.3.1, we get that this must necessarily
mean K,,_; is contained in L,,.

The second assertion follows immediately as K C K, O

We now want to find conditions for which an injective homomorphism 7 :
L., — K,, inducing a homomorphism of profinite groups o, : Gjf — G7* (as in

Theorem 3.2.7) is unique.

Proposition 3.3.3. Let m > 1 be a positive integer, and let o, : G — GT' be a
homomorphism of profinite groups with open image and let T and p be homomor-
phisms of fields T,p : Ly, — K, such that To,,(9) = g7 and po,,(g) = gp for all
g€ G}. Let L be the field corresponding to the image of o,,. Then:

(i) V1 < i < m, we have 7(L;_1) C p(L;). In particular (L) C p(L*) and
T(Lm-1) C p(Ln)

(ii) (L) € p(L)
(1i1) V1 <1 < j <m we have p(L;) is a Galois extension of T(L;).

Proof. Let A denote be the subfield of K, corresponding to the kernel of o,,,
and observe that since p(L,,) and 7(L,,) are contained in K,, we may apply
Proposition 3.3.1 and Corollary 3.3.2. Furthermore, for every 1 < i < m we may
consider the homomorphism o; : G% — G% induced from o,,, and we will denote
by Ag) the kernel of of o, not to be confused with the maximal i-step solvable

extension of A.

(i) By construction, we have that K7(L;) = Ay = Kp(L;). Then, by Corollary
332, we get T(Lz‘_l) Q p(Lz>

(ii) From the definition, it follows that we have p(L) = p(L,) N K. As a

consequence of (i) we get 7(L) is contained in p(L,,). Furthermore, by
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construction 7(L) C K, as it is fixed by every element of G%. It then

follows p(L) = p(L,,) N K 2O 7(L) as desired.

(ili) By (i), we get p(L) C 7(L;) C p(L;). The assertion now follows immediately

as rho(L;)/rho(L) is a Galois extension, as it is isomorphic to L;/L.
m
We will use these properties to show some conditions for uniqueness as follows:

Corollary 3.3.4. Let m > 1 be a positive integer, and let o, : G — GT' be a
homomorphism of profinite groups with open image, and let L be the subfield of
L,, corresponding to the image of o,.

Assume that L C Ly1. Then, if 7 and p are homomorphisms 7,p : L, — K,

such that 70,(g9) = g7 and po,(g) = gp, we have (L) = p(L).

Proof. Observe that since L C Ly,_1, we have 7(Ly_1) N K = 7(L). Furthermore,

since p(L,,) N K = p(L) and by Proposition 3.3.3.(1) we have 7(L,,—1) C p(Ly,),

we get p(L) O 7(L). However, since p and 7 restrict to an isomorphism of fields

to their image, p(L) and 7(L) must have the same degree over Q. It then follows

7(L) = p(L). O
We then may apply this to

Proposition 3.3.5. Let m > 2 be a positive integer, and let o, : Gj — GT' be
a homomorphism of profinite groups with open image, and let L be the subfield of
L,, corresponding to the image of o,y,.

Assume that L C L,,_1 and that there exists an injective homomorphism of fields
T : Ly, — K, inducing o, by g7 = 170,,(g) for all g € G. Then, T is uniquely
determined by this property.

Proof. Let p: L, — K, an injective homomorphism such that gp = po,,(g) for
all g € G%. Then, we may apply Corollary 3.3.4 and show T(Z) = p(Z)

By construction the fields Kp(L,,—1) and K7(L,,_1) must both coincide with the

subfield A" corresponding to the kernel of o,,_;. Also, since K N p(L,,) = 7(L),
of p(z), then p(L,,—1) is an extension of p(Z) linearly disjoint with K, and from
the isomorphism G(A/K) = G(p(Lw)/p(L)), it follows that K p(Ly—1) N p(Ly) =
p(Ln—1).

Observe that since Kp(Ly,—1) = K7(L,—1), as both fields need to correspond to
the kernel A of

sigma,,, we also get that Kp(L,,_1) 2 7(Lmy_1). Thus, since from Proposition
3.3.3 7(Ly,—1) is also contained in p(L,,), it follows 7(L,,—1) € Kp(Ly-1) N
p(Ly,) = p(Lym—1). Reversing the argument gives us p(L,,—1) = 7(Ly—1), and

since p(L,,) and 7(L,,) are maximal abelian extensions of the same field 7(L,,_1)
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contained in the same field K, they coincide as well.

By definition, we now get that 7 o p~! is an automorphism of A, and if for all
g € G% we consider the induced action on G(A/K) = G(7(Ly)/7(L)) we get
o9 = Ton(g)pt = grp~t, and so Tpt centralises G(7(Ly)/7(L)). We are
now able to conclude by using Proposition 2.2.5, where we set K = 7(widetildelL),
K = 7(Lp_1) and K* = 7(L,,), that as the centraliser of G(7(Ly,)/7(L)) in
Aut(7(L,,)) must be trivial, 7p~! is the identity and so p = 7, as desired. O

Observe that the condition in the above proposition is satisfied whenever o,

is surjective. The condition g7 = 70,,(¢g) gives us that 7(L) C K. We then have

the following corollary:

Corollary 3.3.6. Let m > 1 be a positive integer, and let o, : Gj — G7' be a
homomorphism of profinite groups with open image, and assume that there exists
an injective homomorphism T : L,, — K, inducing o, by g7 = To,(g9), and
assume that 7(Ly,—1) contains K. Then, T is the unique morphism inducing o,,.

Proof. By construction 7(L) is contained in K. It then follows immediately that
since 7(L) is contained in 7(Ly,_;) and 7 is an isomorphism, we get L is contained

in L,,_1. Proposition 3.3.5 then gives us the uniqueness of 7. [

We now give a way to have this condition on K be independent of L and 7. In
the following, we will denote by Q,,, the maximal m-step solvably closed extension
of Q contained in K,,. Note that m is in general not a prime, and so this should

not be confused with the m-adic completion of Q.

Corollary 3.3.7. Let m > 1 be a positive integer and let o,, : G — G7T' be a
homomorphism of profinite groups with open image, and assume that K C Q,,_1
contained in K,,. Then, if there exists a homomorphism 1 : L,, — K,, inducing

Om by Tom(g) = g7 for all g € G, it is uniquely determined.

Proof. Since 7(L)y—1 = 7(Ly,—1), we have Q™! is contained in 7(L,,_1) necessar-
ily, as the composite extension Q,,_;7(L)/7(L) is an m— 1-step solvable extension.

Therefore, K is contained 7(L,,_1) and we may conclude by Corollary 3.3.6. [

Combining Theorem 3.2.7 with the conditions on uniqueness we described
above, we get the two following statements, which are the main results in this

section and this chapter:

Theorem 3.3.8. Let K and L be number fields, let m > 1 be an integer and let
Omia @ G — GT™ be a homomorphism of profinite groups with open image
such that the induced homomorphism of profinite groups o,z @ Gt — G
restricts to an injection on every subgroup of G%H satisfying property (%) for

some prime number . Furthermore, assume that the field corresponding to the
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image of 0,14 18 contained in L, 1.
Then, there exists a unique injective homomorphism of fields 7, : L,, — K,, such

that Tpmom(g) = g7 for all g € G

Proof. Observe that we are in the conditions of Theorem 3.2.7, that is o,,.4
satisfies condition () (Definition 3.2.2) and therefore we have an injective homo-
morphism of fields 7 : L,, — K,, inducing o, exists.

Let L be the field corresponding to the image of o,,.4. Observe that since
7(L) = 7(Lmia) N K = 7(Ly_1) N K, the field L corresponds to the image of
all of the homomorphism o3, o/n12, Omi1, o induced by o,,44 as well.
Uniqueness of 7 now follows by Theorem 3.3.5, as the field corresponding to the

image of o, is L which is contained in L_1. ]

As with Corollary 3.3.7, we are able to say that if K contained in the m—1-step
solvably closed extension Q™! of Q, the condition on L must be automatically

satisfied when 7 exists so we obtain the following:

Theorem 3.3.9. Let K and L be number fields, let m > 1 be an integer and
assume K contained in the (m—1)-step solvably closed extension Q,,—1 C K, of Q.
Let 0,44 : G}?H — Gan+4 be a homomorphism of profinite groups with open image
such that the induced homomorphism of profinite groups o4z @ Gt — GP+?
restricts to an injection on every subgroup of G'wt® satisfying property (%) for
some prime number [.

Then, there exists a unique injective homomorphism of fields 7, : L,, — K,, such

that 7,0, (9) = gTm for all g € G.

Proof. We are in the conditions of Theorem 3.2.7, namely o,,.4 satisfies condition
(t). Then, there exists an injective homomorphism 7, : L,, < K,, inducing o,

as desired. The uniqueness now follows immediately from Corollary 3.3.7. m

This concludes the construction of conditional results for an m-step solvably

closed Hom-Form.
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Chapter 4
The m-step Hom-Form over Q

In the previous chapter, we obtained conditional result on existence and unique-
ness. In this chapter we will be investigating what happens if we are working with
a homomorphism of m-step solvably closed Galois groups G — G7' with open
image when K = Q, and show that we are able to obtain a conditional version of
the m-step solvable Hom-Form, where the conditions we ask for are weaker than

the conditions required in Theorem 3.3.5.

Proposition 4.1. Let K = Q, m > 0 be an integer, and let 0,49 : Gt? — G7'F2
be a homomorphism of profinite groups such that o(G'%*?) is open in G7'2.

Then, the induced homomorphism o, : G% — G7' is surjective and L = Q.

Proof. By 3.1.1, we have that since 0,12 has open image then the induced mor-
phism o, also has open image. Then, let L C L,, be the finite extension of L
corresponding to 0,,(G%). Let E’ be a totally imaginary quadratic extension of
L. Since E’ is an abelian extension of a subextension of L,,, E' is contained in
L,,+1 and so we have a subgroup of G’L”Jrl corresponding to it. By taking the
inverse image of this subgroup with respect to o,,.1, we obtain a corresponding
extension F of K, which must also be a quadratic extension of K.

Let s be a positive integer. For any prime number p, as Z; is an abelian group
any Zp-extension of E (resp. of E’) must be abelian, and since E is a subfield
of Kyq1 (resp. E' is a subfield of L,,,1) this Z?-extension must be a subfield of
Ko (resp. Lm+2)'

Furthermore, since G(L,,42/E") has to be the homomorphic image of G(K,,12/F),
the Z,-rank of E is > than the Z,-rank of £’ and as we set that E'/L is totally
imaginary, the Z,-rank of E’ will be > than [Z Q] + 1.

However, since K = Q, E is a quadratic field and so the Z, rank of £/ will be < 2,
so from the inequalities above we get 2 > [Z : Q] + 1, that is [E : Q] = 1, which

gives o, is surjective and L=L=Q m

We are then able to reduce our investigation to studying the surjective homo-

morphism of profinite groups o, : Gy — Gg'. Since the two separable closures
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of Q we are considering do not necessarily coincide, we will still refer to them as
K and L, and accordingly we will refer to the copies of Q corresponding to each
closure as K and L.

While the above result holds in general, we will now assume that the image of any
subgroup of G} satisfying property (x;) contains no torsion elements, that is case
(iii) in Proposition 3.1.5 does not happen. Under this assumption, if the inertia
part of a decomposition group in G is mapped non-trivially by o,,, then we are
necessarily in case (i) of 3.1.5.

Recall again that for a homomorphism of profinite groups o, : G — G7', we
say that a subextension L’ of L,,/L corresponds to a subextension K’ of K,,/K
if o Y(G(L,,/L)) = G(K,,/]K").

If K = Q and o, is surjective, as is the case in the proposition above, let L’
be a Galois subextension of L,,/L. Then K'/K is Galois as well, and by taking
quotients from o, we obtain an isomorphism G(K'/K) = G(L'/L).

The following statements are a transposition of results by Uchida (cf. Lemma 1
in [Uch3]) where we set conditions to be able to use them in the m-step solvably

closed case, as the original proof still works after a few minor changes.

Proposition 4.2. Let m > 2, and let 0, : G% — GT7' be a surjective homo-
morphism of profinite groups induced by a homomorphism of profinite groups
Omai2 - G%’L? — GT+2 with open image, where K = L = Q. Assume that the
image by o, of any subgroup of G satisfying property (x;) contains no torsion

elements. Then:

o Let M be the unique Zs-extension of Q. Then, M corresponds to itself by
Om (that is, o (G(Kn/M)) = G(Ln/M)).

o Letn > 3 and let (on denote a primitive 2"-th roots of unity of Q. Then,
the field L((an) corresponds to K((on) by 0.

e Forn >3, let s be the Z,-rank of L((an). Then the unique Z;-extension of

L(Can) (which is contained in L,,) corresponds to the unique Z;-extension of
K(CQ”) by Om-

Proof. All the extensions of K and L we will be considering in this proof are

contained in either K5 or Lo, and therefore are contained in K,, and L,,.

e Consider the subgroup H' C G7T' corresponding to G(L,,/M). Then, if
let M’ be the subfield of K,, determined by o '(H’), if follows from the
discussion above G(M’/K) must be isomorphic to G(M/L) = Z,. It then
follows that M’ = M.

e Consider the abelian extension L(y/—1,v/2) = L({y3)/L, which has Galois
group Z /27 x Z/2Z, and observe that the only prime number that ramifies
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in L(()/L is 2. Let N be the extension of K corresponding to L(nys) by
om, and observe that o, induces an isomorphism G(N/K) = G(L((s)/L)
by quotients. Since the Zs-extension of L corresponds to the Zs-extension of
K by 0, it follows that L(y/—1) (which is contained in L(({ys) corresponds
to K(v/—1) by o, and therefore the prime 2 is ramified in N/K.

Assume then any odd prime p ramifies in N/K, let p be any prime of K,
above p, D, C G% its decomposition group, and let I, be the inertia sub-
group. Then, the image of I, in G(N/K) is non-trivial. Since o, induces an
isomorphism G(N/K) = G(L(n)/L), this means that a 2-Sylow I, has
non-trivial image by o,,. By Proposition 3.1.5 and Lemma 3.1.7, this means
a 2-Sylow subgroup of D, is mapped injectively to a 2-Sylow subgroup of
some prime q of L,, with residue characteristic # 2, which ramifies in the
extension L((s3)/L, where we have already seen only 2 ramifies. We then
get a contradiction and the only prime that ramifies in N/K is 2, which
means N = K(v/—1,v2) = K((s3).

Furthermore, it now follows immediately that for every n > 3, we can apply
the same idea of proof to L((sn), as it is only ramified at 2, and show that
the extension corresponding to it by o, is also only ramified at 2, which by

equality of degrees over Q means L((n) corresponds to K ((an) by oyy.

From the above point, we know L((s») corresponds to K ((sn) by ,,, which
as o, is surjective by 4.1 means o, induces a surjective homomorphism
G(Km/K(@?’)) - G(Lm/L(C23))‘

Let us then consider the unique Zs-extension of L((z), which we will denote
by L’. Let us also denote by K’ the extension of K that corresponds to
L' by o0,,. By taking quotients, this means o,, induces an isomorphism
G(K'/K(Gr)) = G(L'/L((en)) and K’ is a Z3-extension of K((s).

We may now conclude by observing that K((s) = L((s3), they have the

same Z,-rank s, which gives us K’ is uniquely determined.

Our goal is now to recover the local conditions for our o, as Uchida does.

Proposition 4.3. Assume m > 2, and let 0, : G — GT' be a surjective ho-

momorphism of profinite groups induced by a homomorphism of profinite groups
Omia @ G2 — G2 with open image such that K = L = Q. Assume that the

image by o, of any subgroup of G satisfying property (%) contains no torsion

elements.

Let P the set of odd prime numbers. Then, a mapping of primes 6 : P — Primes;”
(obtained as in 3.1.16) is defined, and for p € P we have 6(p) = p.

Furthermore, if we let P,_1 be the set of all primes of K,,_1 with odd residue
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characteristic, a mapping of primes 0p,_1 : P,y — Primes)  is also defined,

and this map preserves the residue characteristic (that is, it is compatible with ).

Proof. Let ¢ be an odd prime, and consider the field L(,/q), where g ramifies. As
this is an abelian extension of L it is contained in L;. By Proposition 4.2 since
L(,/q) is not contained in L(nys) the field K’ corresponding to L(,/q) by o, is
not a subfield of K ((a3) as well. Then, it follows that there must be an odd prime
number p ramifying in K.

Let then p be a prime of K,, above p, and consider a 2-Sylow subgroupD, 5 of the
decomposition subgroup D, C G%. Since p is odd char(p) # 2, which means D, o
satisfies property (x;). Since p ramifies in the quadratic extension K'/K, we also
have that the image of the inertia group I, » C D, 5 in the Galois group G(K'/K)
is non-trivial, and since G(L(v/2)/L) = G(K'/K), we have that o(I,2) must be
non-trivial as well. By Proposition 3.1.5 it now follows that o, restricts to an
isomorphism on D, 5, which then satisfies property (t2).

Since Dj o satisfies property (f2) (and so it satisfies (x3)), it follows by Proposition
3.1.14 there is a subgroup of G't! satisfying property (f2) which is mapped to
D, 5 by the quotient, and in particular we get that the image of D, in G%‘l
is mapped by 0,1 to a subgroup of the decomposition group Dz C GT‘l of a
uniquely determined prime ¢ of L,,_; by Proposition 3.1.13. We can then define
Om—1 at the image p € Primesy  of p.

We may also define the induced map 6 at p, and let us denote r = 6(p). It
now follows that » must necessarily be ramified in the extension L(,/q)/L, which
implies r = ¢. Since our starting assumption was that ¢ was an odd prime number,
it follows every odd prime is in the image of 6.

Now, we want to show ¢ = p. We may choose an integer n large enough so that
p does not split completely in K ((on), and let s be the Z,-rank of K((sn). Since
p does not split completely, we get that there are at most [K((on) : K|/2 primes
in K((n) dividing p. Furthermore, since it is an abelian extension of K = Q,
the Leopoldt conjecture holds in K ((an), and so it follows s is greater than the
number of prime divisors of p.

Let us denote by E' the Z;-extension of K (Can). If the inertia subgroup associated
to a prime divisor of p in F is of rank 1, then there is a quotient of rank at least
1 of the decomposition group D, where the inertia subgroup maps trivially, it
follows that K ((on) has an unramified Z,-extension, which is impossible.

Then, at least one of these inertia groups needs to contain a subgroup isomorphic
to Z?m and let us fix a prime p’ of K((on) above p such that this is true for the
inertia subgroup I, of p’.

Then, considering its image 0., (), we may observe that the inertia group of some
prime q" above ¢ in the Z;-extension of L(n,») will contain a subgroup isomorphic

to ZIQ), but since q' was above ¢ this implies ¢ = p. It then follows that 6, which
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we had already shown has every odd prime number in its image, is defined for all

odd prime numbers of K = QQ and coincides with the identity. O

From all these results, we get that if we start with a homomorphism o,,,3 :
G&““g — G with open image, L = Q, the induced homomorphism ¢,,;; :
Gg™ — G is surjective and induces a map of primes 6p, : P, — Primes;®
where P, is the set of all primes of K, with odd residue characteristic p, and this

map preserves the residue characteristic.

Proposition 4.4. Let m > 1 be an integer, K = Q, and let 0,43 : G — G773
be a homomorphism of profinite groups with open image. Assume that the image
by the homomorphism 41 : G — G of any subgroup of G satisfying
property (x;) contains no torsion elements. Then the induced map o, : G% — G'

s an isomorphism.

Proof. By Proposition 4.1, it follows that L = Q, the induced maps 0,11 :
Gptt — G771 and o, 1 G — G are surjective. Furthermore, we also have the
map 6 as defined in Proposition 4.3.

Let A be the subfield of K,, corresponding to the kernel of o,,. Let L’ be an
arbitrary finite Galois extension of QQ, and let K’ be the finite Galois extension of
Q corresponding to it by a,,.

Since o, induces an isomorphism o : G(A/Q) = G(L,,/Q), we may take K’ as a
subfield of A, and we have an induced homomorphism ¢’ : G(K'/Q) = G(L'/Q).
Let p be an odd prime number splitting completely in L’/L, and observe that by
Proposition 4.3 6(p) = p. Let p be a prime of L’ above p. Then, the decomposi-
tion group D, C G(K'/K) is mapped (isomorphically) by ¢’ to a decomposition
group of a prime q" of L’ above p. Then, it follows from this isomorphism that p
also splits completely in K’/K. An application of Theorem 1.1.13 then gives us
an embedding of K’ in L,, is contained in L', but since they have the same degree
over Q this is an isomorphism K’ = L'.

Now, we may take the projective limit over the L' contained in L,, of the sets of
isomorphisms K’ — L', which are finite and non-empty, and we obtain that there
exists an isomorphism 7 : A = L,, by ([RZ], Proposition 1.1.4).

Assume there exists a A’ be a non-trivial finite extension of A Galois over Q con-
tained in K,,. Then, we can by 7 construct an extension L” of L,, such that
G(L"/L,,) = G(A'/A). However, since A’ C K,,, then G(A’/Q) is m-step solv-
able, and so must be G(L”/Q) but this contradicts the maximality of L,,, and so
A = K,,, which in turn implies he kernel of o, is trivial and o, is an isomor-

phism. O]

Under the assumptions of Proposition 4.4, when m > 3 we are now able to
prove immediately that the induced isomorphism o, 3 has a unique field isomor-

phism 7,,_3 inducing it using Saidi and Tamagawa’s result (see Theorem 2.1.6).
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However, since we have shown o, is an isomorphism, the map 6,, is naturally
defined at every prime of K,,, as every subgroup of G is mapped isomorphically
by o,, to its image, and we obtain the map of primes 6,, is defined for every
non-archimedean prime of K,,, similarly to Corollary 2.2.11. We may then use
the construction of Theorem 3.2.7 we can get the following, which requires us to

lose fewer steps:

Theorem 4.5. Let m > 0 and let 0,1y @ G — G be a homomorphism
of profinite groups with open image and assume K = Q and the image by the
homomorphism 0,y : Gt — G772 induced by 0,44 of any subgroup of Git?
satisfying property (%) contains no torsion elements. Then L = Q, and the in-
duced homomorphism o,,1 : G%H — G?H 18 an isomorphism. Furthermore,
if m > 2 there exists a unique isomorphism of fields 7, : K,, — L,, such that

Om(9) = TmgTt for all g € G

Proof. We have that L = Q and 0,1 is an isomorphism from Proposition 4.1
and Proposition 4.4.

Assume then m > 2. Proposition 4.3 gives us that the mapping of primes 6,1 :
P — Primesy” | is defined at the set of all primes of K, 41 above an odd prime
number. However, since o,,,1 is an isomorphism, it follows that for any odd prime
number [, any [-Sylow subgroup of the decomposition group of a prime of K,
above 2 is mapped injectively by the isomorphism o,,1, that is P, = Primesy’
and we are in the conditions of Proposition 3.2.1.

We are then able to use Theorem 3.2.7 to get the existence of our 7,,, and since
Q = L is contained in L,,_1, and the uniqueness also follows from Theorem
3.3.5 m
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