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1 | INTRODUCTION

We fix an Artinian local ring R with perfect residue field k of characteristic p > 0. Let X be a
smooth proper scheme over Spec R. Under some general assumptions on X, we proved in [21]
and [11] that the crystalline cohomology H iris(X /W (R)) is equipped with the structure of a higher
display, with divided Frobenius maps arising from canonical maps on the Nygaard filtration of
the relative de Rham-Witt complex WQ( IR Moreover, if the closed fibre X, of X is an ordinary
K3 surface, we proved in [22] that the relative de Rham-Witt spectral sequence

EY = HIX,WQl )= WYX, W,

/R (1.0.1)

/R)
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2 | GREGORY AND LANGER

degenerates at E;, giving rise to a Hodge-Witt decomposition of HfriS(X /W (R)), with its display
structure, into a direct sum of displays associated to the formal Brauer group, its twisted dual and
the étale part of the extended Brauer group.

In this paper, we extend this result and produce new examples of the Hodge-Witt decomposi-
tion of relative crystalline cohomology. In the following, let X be a smooth proper scheme over
Spec R of relative dimension d satisfying the following assumption.

(A) The closed fibre X has a smooth versal deformation space S, the relative Hodge groups
RIf *le /s ofthe versal family f : X — S arelocally free for each i, j, and the relative Hodge-
de Rham spectral sequence

W o . i .
B = RJf*QiY/S => R jf*Qx/s

degenerates at E;.

Remark 1.1. We make some remarks about this condition.

(a) Theassumption (A) ensures that the relative Hodge filtration of the versal family is a filtration
by locally direct factors, and commutes with arbitrary base change S — 7 [17, Corollary 8.3].

(b) Assumption (A) is satisfied in the case of abelian schemes by [28, Theorem 2.2.1] and [7, 2.1.1],
for K3 surfaces by [8, Corollaire 1.2 and Proposition 2.2], and for smooth relative complete
intersections by [6, Theorem 1.5] and [13, Theorem 9.4].

(c) Note that assumption (A) ensures that the deformation X /Spec R admits a compatible system
of smooth liftings X, /Spec W,(R), n € N. Indeed, S = Spf A where A = W(k)[T,,...,T,]-
There is a canonical map A — W(A) mapping the T; to their Teichmiiller representatives in
W(A). Ahomomorphism A — R which produces X as the base change of X induces a homo-
morphism W(A) - W(R), hence A — R factors through the composition A - W(A) —
W(R) - W, (R) foreach n € N. Then the X, := X X ¢ Spec W, (R) form a compatible system
of smooth liftings of X = X X ¢ SpecR.

By base change, any compatible system of smooth liftings X, /Spec W, (R), n €N, of
X /Spec R satisfies the properties:
(P1) the cohomology H/(X,,, Q;(n W.R)
(P2) the Hodge-de Rham spectral sequence

) is a free W, (R)-module for each i, j;

Lj _ g i i+j . -
By = B Oy ) = W Ko Oy ) =

Hy (X, /W, (R)
degenerates at E;

(d) the assumption (A)implies a Hodge decomposition of the de Rham cohomology of the liftings
X,,, which depends on the choice of splittings of the canonical surjections from the cohomol-
ogy of the truncated de Rham complex to the Hodge cohomology groups. In Theorem 1.2 and
Theorem 1.4, we choose such a splitting and prove a Hodge-Witt decomposition depending
on this choice. In Theorem 1.6, we get a canonical Hodge-Witt decomposition since there are
canonical splittings coming from the conjugate spectral sequence.

We say that X admits a Hodge-Witt decomposition of ngis(X /W(R)) as displays if the rel-
ative Hodge-Witt spectral sequence (1.0.1) degenerates at E; and if there exists a direct sum
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decomposition

HE (X/W(R) = @ H'(X,Wwal, %) (11.1)

i+j=s

on which H . (X/W(R)) is equipped with the display structure arising from the Nygaard com-
plexes, and each H!(X, WQ; /R) is equipped with the (—j)-fold Tate twist of a multiplicative

display structure induced by the Frobenius F on WQ;'( R such that

/

WR®r wmH' (X W )~ HX W )

xXQ@m = xFm

is an isomorphism. Note that the crystalline Frobenius on H®. (X/W(R)) induces the map

Cris
p/F on H(X, Wﬂi /R). In the case R =k a perfect field, the above is the Hodge-Witt or
slope decomposition.
Recall from [4, Definition 7.2] and [16, Definition 4.12] that a complete variety X over a per-
fect field k of characteristic p > 0 is called ordinary if H X ,BQi /k) =0foralli>0and j >0,

where BQi K= d(l;(_ﬁc This coincides with the usual definition of ordinary for abelian varieties
[9, Lemma 6.2], and coincides with having height one formal Brauer group for K3 surfaces [27,
Lemma 1.3]. By [16, Théoréme 4.13], ordinary varieties admit a slope decomposition. In this article,

we consider the generalisation of this to families over R. We prove the following:

Theorem 1.2. Let p > 3. Suppose that k is algebraically closed. Let X be a smooth projective surface
over Spec R satisfying assumption (A) and such that the closed fibre X, is ordinary. Suppose moreover
that the relative Picard scheme Picg)( /R is smooth (and hence is an abelian scheme). Then X admits
a Hodge-Witt decomposition of H . (X/W(R)) forall0 < s < 4.

Remark 1.3. For s = 1, the decomposition coincides with the decomposition of the display associ-
ated to the p-divisible group Pic(X)(p) over R of the Picard scheme into connected and étale part
(see (4.4.2) and the subsequent discussion). The case s = 3 is obtained by Poincaré/Cartier dual-
ity and yields the decomposition of the display associated to the p-divisible group of the Albanese
scheme Alby. For s = 2, we get the same decomposition as for ordinary K3 surfaces.

The main new examples, apart from abelian surfaces (which are also covered in the next the-
orem), are smooth complete intersections in a projective space over R of dimension 2. They are
generically ordinary by [15, Théoréme 0.1]. It is well known that the deformations of a complete
intersection are unobstructed (see, for example, [13, Theorem 9.4]), and the other conditions in
assumption (A) follow by [6, Theorem 1.5]. Moreover for smooth complete intersections the Picard
scheme vanishes.

Note that examples where Picg( is smooth are provided by [18, Proposition 9.5.19]; if the closed

/R
fibre X satisfies in addition that H 2(X K> OXk) = 0, then the relative Picard scheme is smooth. We
also point our that under our general assumptions on X the closed fibre of the relative Picard
scheme is reduced and therefore an abelian variety. Indeed, H. (X, /W (k)) is torsion-free and

Cris
we conclude by [26, Proposition 2.1].
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Theorem 1.4. Let A be an abelian scheme over Spec R with ordinary closed fibre, such that dim A =
d < p. Then A admits a Hodge-Witt decomposition of H: . (A/W(R)) in all degrees 0 < s < 2d.

Remark 1.5. ngiS(A /W(R)) is equipped with the exterior power structure A* HclriS(A /W(R)) of
the display H ClriS(A /W(R)), which is a direct sum

Hl

cris

(A/W(R) = H'(A,W0O,) @ H'(A,WQ), )

of displays according to the connected, respectively, étale part of the p-divisible group of the Picard
scheme. So we shall derive a canonical isomorphism

i J ~ . .
NH' A Wo,)e \H(A, WQiVR) — Hi(A, WQIJL‘/R)

of multiplicative displays.

In the final section, we shall prove our most general result on Hodge-Witt decompositions
under deformation, with the restriction that k is algebraically closed. By an n-fold we mean a
smooth and proper scheme of dimension n, defined over a field. We consider a smooth and proper
family of n-folds f : X — S over a smooth base S — Spf W(k), with n < p. Suppose that the
following assumption holds.

(B) The relative Hodge sheaves R/ f, QlX /s are locally free for each i, j, and the relative Hodge-de

Rham spectral sequence

L _ pj i i+j .
E” =R f*QX/S:R f*QX/S

degenerates at E;.

Given such a family f : X — S satisfying assumption (B), we prove the following.

Theorem 1.6. Suppose that Speck — S is a k-point of S such that the fibre X; := X X Speck
over this point is ordinary. Then for any Artinian local ring R with residue field k, if Speck — S lifts
to a morphism SpecR — S

SpecR —— S

|~

Speck

the deformation X := X X Spec R of X admits a Hodge-Witt decomposition of H: . (X /W(R)) as
displays in all degrees 0 < s < 2n.
Remark 1.7.

(a) The same argument as in Remark 1.1(c) and (d) yields a compatible system of smooth liftings
X, /Spec W,(R), n € N, such that each X, satisfies properties (P1) and (P2).
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(b) Note that Theorem 1.6 implies results of the same type as Theorems 1.2 and 1.4, by applying
Theorem 1.6 in the case that f : X — S is the versal family of X . We have decided to include
the separate proofs of Theorems 1.2 and 1.4 because the techniques are different and elucidate
different aspects of the theory; for example, the connection with formal groups.

Finally, let us highlight some important examples for which the theorem is applicable,
focussing first on the case of Calabi-Yau n-folds.

- Let k be an algebraically closed field with char(k) = p > 0 and consider the Fermat Calabi-Yau
n-fold X = X ,(p) given by

X2 X0 44 X2 =0
in Pﬁ“, such that p =1 mod n + 2. In this case, X, is ordinary by [29] (see also [30]). Since
X, is a hypersurface, its deformations are unobstructed, so the deformation space S of X is
smooth and we consider the versal family f : X — S. The assumption (B) is satisfied for fami-
lies of hypersurfaces (indeed they are satisfied for smooth relative complete intersections more
generally) [6, Theorem 1.5].

- Another important example is provided by the Dwork pencil of Calabi-Yau n-folds. Let X =
[X; : X, ... X,,,] be the homogeneous coordinates of IP’I’;“. Then the Dwork pencil is the
one-parameter family V; of Calabi-Yau hypersurfaces in Pg“ overt € P}, defined by P,(X) = 0
where

PX) =X+ X0+ + X2 — (n+ 21X X, - Xy -
We can consider this family over any ring R such that n + 2 € R*. Let R be Artinian local with
algebraically closed residue field k such that char k > n + 2. When we specialise the family to
[P’ZJrl under the base change R — k, it is shown in [31, Theorem 2.2] that the Dwork family is
generically ordinary. Hence we can choose ¢ € R such that the variety PtO(X ) = 0 is ordinary,

where ¢ is the image of ¢ in k. We may argue in the same way as in first example to see that
assumption (B) is satisfied for the versal family of X,.

The final example that we point out as of particular interest is the case of varieties of K3 type.
Recall from [22, Definition 22] that a smooth and proper scheme X, over Spec k of dimension 2d
is of K3 type if the lower four rows of the Hodge diamond are of the form

h3,0 hZ,l hl,Z h0,3 0 0 0 0
hZ,U hl,l h0,2 — 1 hl,l 1
hl,O h(),l 0 0
ho0 1
i
on /k

such that 0 € HO(X,, Qf;i i) defines an isomorphism Oy, — Q)zfi

where hb/ = dim, H/(X,, ). Moreover, we require that there exists a o € HO(Xk,Q}Z(

k/k)

jandape H%(X;,0) such
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that p¢ generates H24(X,, Oy, ) and the pairing
H'(X,, Q}(k/k) le(Xk,Q}(k/k) >k, 0 Xw, /wlwzad_lpd_l

is perfect. Note that o induces an isomorphism 7y := Hom(QX K Ox,) = X ke It is clear that
K3 surfaces are Varletles of K3 type. Further examples can be constructed by considering the
Hilbert scheme X% of d points on a K3 surface X in characteristic zero. Spreading out X194/ over
a scheme S which is flat and of finite type over Spec Z and reducing modulo p gives a variety of
K3 type over the residue field for almost all primes p [22, p. 484]. In these examples, the odd Betti
numbers vanish by [10, Theorem 0.1].

Let X, be a variety of K3 type over Spec k. Since H*(Xy, Ty, ) = H*(X, Ty, ) = 0, X has a uni-
versal deformation f : X — S where S = Spf W(k)[T},...,T,] and r = h>!. Suppose moreover
that the odd rows in the Hodge diamond of X, vanish (that is, H (X}, Q;(k /k) =0 for i+ j odd).
Then f : X — S satisfies assumption (B) by [12, Proposition 7.5.4] (there is no room for non-zero
differentials due to the Hodge number condition). We may then use Theorem 1.6 to conclude that
if k is algebraically closed, X, is ordinary and dim X, < p, then the crystalline cohomology (in
all degrees) of any deformation of X over an Artinian local ring R with residue field k admits a

Hodge-Witt decomposition as displays.

2 | INTRODUCTION TO HIGHER DISPLAYS

In this section, we present the main tools developed in [20], [21], [22], [19] and [11] to impose
a display structure on relative crystalline cohomology. For a smooth scheme X over a ring R
on which p is nilpotent, we defined in [20] the relative de Rham-Witt complex W,Q: , as an

X /R
initial object in the category of F-V-procomplexes, in particular it is equipped with operators
F:w,Q: 4, cand Vi W, Q. — W,Q:  extending the Frobenius and Ver-

n X/R Wi X /R n—1%“x /R n**x/R
schiebung on the Witt vector sheaf W, Oy, and satisfying the standard relations in Cartier theory.
W,QL IR coincides with Deligne-Illusie’s de Rham-Witt complex for R = k a perfect field, and its
hypercohomology computes the crystalline cohomology of X /W, (R).
Let X be a proper and smooth scheme over SpecR and let I , = VW, _(R) and I, = "W (R).

Then we consider the following variant of W, Q;, _, denoted by N"W,Q: , , forr > O:

X /R’ X /R’
Q0 —>W Q! i---iw Q1 —d—z»WQ’
X/R|F X/R[F] X/R[F] X/R
This is a complex of W, (R)-modules, where W,_; Q! . for i <r denotes W,_,Q /g CON-

F

sidered as a W,(R)-module via restriction of scalars along W, (R) — W,_;(R). Let P, :=
m 1 m 1 n r

H™(X, WQX/R) = l(gn H™(X,W,Q x R) andP, := I(EnH X,N W”QX/R) Then there are maps
F, : P, - P,induced by correspondmg d1v1decl Frobenius maps

. , .

Bt N'W,Q5 = Wi Q
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defined as the identity in degrees < r and as p'F in degree r + i, for i > 0. The standard rela-

tions between F, V and d imply that F, is well defined. There are also maps i, : N' "W, Q5 R
N'W, Q% po @ 2 Iy @ NTW, Q0 2 — NFWQ; / given explicitly in [21] and [11] that induce

three sets of maps.

Q --—->P LA P, R NN P, a chain of W(R)-module homomorphisms.

(2) W(R)-module homomorphisms «, : I ® P, — P, ;.
(3) Frobenius-linear maps F, : P, — P,

satisfying the following.

(I) Forr>1
ar
Ir®P, —— Py
id ® [P} L
A1
R®P,_ ——P,

commutes and the diagonal map I ® P, — P, is multiplication. For r = 0, the composition
a [/
Iz ® Py —> P, — P, is multiplication.
(IT) Forr > 0,
Fr+1 OO(,,=FV :1R®Pr_)PO

VE@x e EF,x.

The above data define the structure of a predisplay P = (P;,y, a;, F;) on HY . (X/W(R)) [21,
Definition 2.2]. We note that properties (I) and (II) imply the property (III) of a predisplay:

(1) F,(t;(y)) = pF,11(»)
(see [21, pp. 155-156]), that is the diagram below is commutative

F,
P, —— P,
ty p
Fr+1

Py — P

The predisplays appearing in this paper are separated, that is, the map from P, ,; to the fibre prod-
uct induced by the above diagram is injective [21, Definition 2.3]. A predisplay is of degree d (or a
d-predisplay) if the maps a, are surjective for r > d [21, Definition 2.4]. For example, the predis-
play structure on H . (X/W(R)) given above is a predisplay of degree n. Note that a (separated)
predisplay of degree d is uniquely determined by the data

PO’ ,Pd,lo,... sld—1> %gs oo ,ocd_l,FO, ’Fd

(see [21, pp 156-157]).
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Now assume that X admits a compatible system of liftings X,, /W, (R) satisfying the properties
(P1) and (P2) in the introduction, and let F"Q: be the following filtered version of the de

X, /W,(R)
Rham complex Q WL R):
pd pd pd d
I, @Oy, — Iz, ® Ql ow @ Ik ® QL 1/W ® = Qy w®

As one of the main results in [19], used in [22] and [11], we recall

Theorem 2.1. Forr < p, the complexes F' Q.

/W, R) and N"W QX

/R are isomorphic in the derived
category of W, (R)-modules.

One might view this theorem as a filtered version of the comparison between de Rham-Witt
cohomology and the de Rham cohomology of a lifting.
Next we point out that the complexes 7" Q% w (r) POSSESS — under the assumption (A) — very

nice properties: the E;-hypercohomology spectral sequence associated to F" Q5 WLR)

ates at £, (compare [21], Proposition 3.2 and the properties following Proposition 3.1). The theorem
yields a description of the H™(X, F"Q ) in terms of de Rham cohomology:

degener-

Qy /W (R)
Pr = IR,nLO ®1R,nL1 D - ®IR,nLr—1 ®Lr D - ®Lm’

where L; := H™ (X, ), indeed we have the following lemma.

X n/WnR)”?
Lemma 2.2. Let X be a proper and smooth scheme over Spec R satisfying assumption (A). Let
X, /Spec W, (R), n € N, be a compatible system of smooth and proper liftings of X / R (which exists by
Remark 1.1(c)). Then the E;-hypercohomology spectral sequence associated to F"Q QL WL ®) degener-
ates at E|. A choice of splitting of the Hodge filtration on H (X /W, (R)) (see Remark 1.1(d)) induces
a direct sum decomposition form > r

W7 (X Py ) g @ H™(X,, Ox ) @ I, @ H™™ N(X Q) X W, (R)) D -
—(r-1) 1
DIp, ® H" VX, Q0 ()OH" (X, QL )
0
@ @H (Xyp /W (R))
Proof. Consider the complex Q;) r X
1 pd pd  r-1
Ox, = Qw7 Q;fn/WAR) Q™

By [21, Propositions 3.1 & 3.2], the hypercohomology spectral sequence of this complex
degenerates. For each j >0, we clalm that we can choose splittings of the canonical

map I]-I]’”(Xn,Q;]r X, ) » H™ (X, X /W (R)) which are compatible with the chosen split-

tings H™(X,, Q> ) » H™ (X,

/W, (R) ) of the Hodge filtration under the map

X o Wa(R)
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H™(X,, Q;)J X”) - H™(X,,, Q;(n w, (R)) induced by the morphism of complexes
pd | pd pd 1 d
Ox, = U Y waw Q;f e Y
r—1 r—2 — —
p d p d d l d = d = d
1 r—=2 r—1 r
Ox, — QX IW.® QX /W a(R) QX IWa(R) QX w.®

We leave the proof of this claim until the end of the proof. Accepting the claim, we get a direct
sum decomposition

HM(X"’Q;J,V,Xn) = @Hm j(X X /Wy (R))

j=0
We have an exact sequence of complexes
r oy .
P waw) = Yprx, = T rx
The hypercohomology spectral sequence of the complex o, 19, x =919, X, degenerates
and leads again to a direct sum decomposition
r—1
06,0100 = B0 ).
Evidently the above exact sequence remains exact after truncation:
ro>J >j 2j
Frog IWL®) Qp rx, osr_lQp’r’X .
Taking cohomology, we get a short exact sequence
0 - H"(X,, FVQ)’( W, (R)) - H (Xn,Q/ "X, ) = H"(X,0,_ 1Q ,X) - 0.

Indeed, [H]’"(Xn,Q/ ,X) is a direct sum of Hodge cohomology groups of X,,/W,(R) and
H™(X,0¢_ 19/ ,X) is a direct sum of Hodge cohomology groups of X/R. Thus the map

HI(X,,,Q ] "X, ) - Hi(X, Ogr 1(2/1 X) is surjective in each cohomological degree i since Hodge
cohomology commutes with base change [17, Corollary 8.3].
We have a canonical map

Ig H™ (X, Q )= H™(X,,Q ) = H™(X,,, Qi’rx)

X W/ Wo(R) X n/Wp(R)

induced by the splitting of H™(X,, o ) = H™ (X, ) and the compos-

prXy X n/Wp(R)
ite with H™(X,, Qi’r X)—»[H]’"(Xn,aq_lﬂ g J() is the zero map. Hence we get an
induced map I, H™ (X, )—> H™(X,, FrQ>! ) which splits the surjection

X W (R)
) = I H™ (X,

X, /W(R)
H™(X,, F’Qij ). The degeneracy of the hypercohomology

W/ Wo(R) X n/Wn(R)
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spectral sequence associated to T"QX W ®

m r
direct sum decomposition for H”(F QX W (R))

(again by [21, Propositions 3.1 & 3.2]) then yields the

To see the claim that we may choose compatlble splittings, consider the situation for the versal

family X over the versal deformation space Spf A. Consider the morphism of complexes Q;o x>
Q;”, , given by
pd pd pd o pd . d d
OXg)QX/A -—»Q;/AHQVX/AHQ;/AH'
r—1 r—=2 — —
lp d lp d d JP d l_ d l_ d
-1 -201 r=2 r—1 r
P70 = Py e o Py Uy Ay

since multiplication by p is injective, this is an isomorphism of complexes.

The hypercohomology spectral sequence of Qp

x also degenerates under our assumptions

(using [21, Propositions 3.1 and 3.2] again). Hence, using the above isomorphism of complexes,

to construct compatible splittings for H™(X, Q/

H™ (X, Q it is equivalent to construct

X/A)

) > H™ (X, QX/A) and H™(X, QiJ/A) >
o
compatlble splittings for H™(X, Qp,r,X)_»

H™=i(x, plr—i— ”in/A) and H™(X, Q?/A) > H™=i(x, QX/A) where
p[”—j—l] = p’_j_l J<r
1 j=r.
(Compatible means with respect to the map Qp " Q;(J/ " induced by the canonical inclusion.)
Since QZY/A & p[’_J_l]Qi(/A, we have
H™ (e, prlal, ) = plrIE (R0 ).
Choose a splitting s, : H™/(X, Q’ ¥ /A) - H™(X, Q?/ - Then the image of the injective map

So - plr—j—lJHm_j(X,Q )—Hm i(x, plr=i—tg

is plr=i=Uim(s,). The map H*(X, fz/

)—> H*(X, Q!

)= WX, Q7 )

m—j J
)—)H (X.Q X/A

— Q/j

2j
O X/A

) induced by X

XA is injective

because it is injective on the level of Hodge cohomology groups and the hypercohomology spectral

sequences degenerate. Observe that

)/HE (X, O

H*(x, Q) o

X/A

)~ H*

2j
/Qer

)

(93,

is killed by pl"=/=1] because the cohomology of all entries of the quotient complex is killed by
pl"=i=1, Hence the image of pl"—/—1 1m(s1) in this cohomology vanishes, so the injective map
s, factors uniquely through H™=/(X, Q’J ) and defines a splitting which is compatible with s,,
by definition.

Hence we have a compatlble pair of splittings, also denoted so and s;, for the surjections

H™(X, Q>J ) > H" (X, QX /A) and H"™(X, Q;J/A) > H™ (X, QX /A)
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Now consider a map A — W,(R) which defines X, as a base change from the versal family
X. Since Hodge and de Rham cohomology commute with base change, we get a compat-

ible pair of.splittings for I]-ﬂm(Xn,Q;ern) > Hm_j(X"’Q;(n/Wn(R)) and I]-I]m(Xn,Qii/Wn(R)) >
H"™ (X, Q)

n/Wn(R))’ as desired. ]
Remark 2.3. Note that we did not use the full strength of the hypotheses in Lemma 2.2. Rather,
the essential assumption is that the compatible system of smooth proper liftings X,, /W, (R) arises
as the base change of a smooth proper morphism of formal schemes X — S along a compati-
ble system of morphisms Spec W,(R) — S (n € N) that the Hodge and de Rham cohomology of
the X, /W, (R) are the base change of the Hodge and de Rham cohomology of X' /S along these
morphisms Spec W, (R) — S, and that multiplication by p is injective on S.

Now pass to the projective limit. One defines Frobenius-linear maps ®, : L, - P, by @, :=

e , . . .
F,|r,, where L, = H™ "X, QX/W(R)) and X = h_r)nan. It is shown in [11, Theorem 1.1 a)], [21,

Theorem 5.7], that for m < p, the map

m m m
o : P =PL-P=EPL
i=0 i=0 i=0

is a Frobenius-linear isomorphism, and hence we have

Theorem 2.4. Let m < p. The predisplay P = (P, y;, o;, F;) is a display; it is isomorphic to a display
of degree m given by standard data (see [21, p. 149] and [11, Appendix]).

Remark 2.5. In order to see that the maps ¢, and «, defined via the Nygaard complexes agree with
the maps defined on the standard data (diagrams (12) and (13) in [21, p. 158]), one may assume
that X, is a Witt-lift of X (Witt-lifts always exist locally. In the absence of a global Witt-lift, one
uses a simplicial argument as in the proof of [19, Theorem 1.2]). Then the morphism of complexes
defining the quasi-isomorphism F"Q;(n R " N" W05 /R is explicitly given in [21, Corollary

4.3]. It is then easy to write down the morphisms of complexes FV“Q;(H W@ FFQ;(H W, (R)

and Iy , ® FVQ)'(H R Fr +1Q)'(n W ®) which correspond, respectively, to i, and &,..

In our results on the Hodge-Witt decomposition, it turns out that the display defined on
H. (X/W(R)) is a direct sum of twisted multiplicative displays. We recall the definitions.

A 3n-display (P, Q, F, V1) as defined in [32, Definition 1] gives rise to a (pre-)display of degree
1 with Py =P, P, =Q, Fy = F and F; = V~. (Note that, by definition, IzP C Q, there exists a
direct sum decomposition of W(R)-modules P = L @ T with Q = L @ I;T and V! is an "-linear
isomorphism).

In the ‘degenerate’ case (P, Q,F, F;) with Q = IxP and F; bijective, we call (P,Q,F,,F;) a
multiplicative display (see [24, § 6]). A special example is the unit display P, = W(R), P; = I,
F, =T the Frobenius on W(R) and F, = viiA multiplicative display (and hence a unit display)
has degree 0. We can extend a multiplicative display to a display (P;, ;, «;, F;) by setting

P fori=0
Ixp foriz1,
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IxP < P fori=1
L=
T\ PR P foriz2,

id
[P — IxP fori =0
Ix@IxP - IxP; VEQVux = V(Ewx forix1,

and

F;=F,foralli>1.

Fori > 1, a; is called Verjlingung [21, pp 155-156]. Since the Verjlingung is surjective, an extension
of a multiplicative display as above is still of degree 0.
For a multiplicative display (P,, P, F,F,) = P, we can define the (—1)-fold Tate twist as a 1-
display by the data
P(-1) = (P,

i’

al, F)),

where for i > 1 P/ =P;_, ! =4y, &l = a;_y and F] = F;_;, Pj = Py = P}, F{ = pFy, ;= idp_
and oc(’) = I ® P, — P, is the multiplication map. The underlying data

P = (P =P,,Q =Py, pF,,F,)

form an étale display (for the definition of étale displays see also [24, § 6]). Note that by definition
the map F’ in P(—1) is bijective. We can iterate the construction to define the (—n)-fold Tate twist
P(—n) for any n > 0. It is a display of degree n.

The Hodge-Witt decomposition of H". (X/W(R)) yields an alternative description as display
given by standard data. Since the Frobenius on the de Rham-Witt complex WQ_ IR (the crystalline
Frobenius) is defined by p'F on WQ; IR IR
(H™Y(X, WQ;( /R), F) is a multiplicative display, and then consider the (—i)-fold Tate twist of it as
in the above construction of Tate twists. In order to identify the display H. (X/W(R)) as a direct
sum of displays given by the standard data H™ (X, WQ; /R), we tacitly apply the (—i)-fold Tate
twist to P, = H™ (X, WQ; / R) (adisplay of degree i). In the cases where we prove the Hodge-Witt

where F is the Frobenius on WQ;'( , we first prove that

decomposition, we will not explicitly mention this extension again, but only state the Hodge-Witt
decomposition as a direct sum decomposition of Tate-twisted multiplicative displays.

3 | ANINDUCTION ARGUMENT FOR COMPARING HODGE WITH
HODGE-WITT COHOMOLOGY

In this section, we will prepare an inductive argument used in the proofs of the main theorems
which allows — under the assumptions of those theorems — a construction of a comparison
map between Hodge and Hodge-Witt cohomology, and to derive the Hodge-Witt decompo-
sition from the Hodge decomposition. As in Lemma 2.2, consider a smooth proper scheme
X /SpecR satisfying assumption (A) (or the weaker but more complicated to state condition
in Remark 2.3), and we consider a compatible system X,, /Spec W, (R) of smooth liftings of X.

Fix splittings H'(X., Qﬁ( W, (R)) — HH(X,, Q;J W R)) of the Hodge filtration, and corresponding
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) = HH(X,, FrQ’) ) asin Section 2. For j = 0, we consider the

splittings I, H'(X., QJ X./W.(R)

composite maps

X./W.(R)

By 1 H(X,,0x) —» Hi (X, /W.(R) = H'(X,W.Q; ) - H'(X,W.Ox) (3.0.1)

X /R
and

FBo : IRHI(X.,0x ) » H(F'Q;

) 2 Hi(X, N'W.Q

o)~ HE W00, (3.02)

We will see below that V o g, is the restriction of g, to IzH'(X., Ox ), and in particular
Bo(IxH'(X., Ox)) CVH {(X,W.0Oy) (just apply the proof starting from formula (3.0.9) to the case
r = 0 where the induction hypothesis is not yet needed). In the theorems, it turns out that 5, is an
isomorphism of W, (R)-modules, ¥, is bijective and g,(IxH'(X.,Ox )) = VH'(X,W.Ox). This
property will be the start of the induction. Now we formulate the induction hypothesis:

Letr > 0. For all s < r, i > 0, we consider the composite map

)—»I]-I](X0'<SWQ )

Hi(X., Oy r) H (X./W.(R) = WX, W.Q R

X/R

where the first map is induced by the splitting of the Hodge filtration. We assume that these maps
are isomorphisms of W _(R)-modules for all s < r, i > 0. In particular, we have isomorphisms

B : H™(X,,Q )) - H™S(X, W, (3.0.3)

X JW.(R X/R)

forall s < r,i > s. Moreover, we assume that the composite maps for i > 0

H'(X., 0, FQ;

W (R)) — H* (X F'Q

H(X,N'W.Q

r) ~ H (X, 0,N'W.Q

Qy W, (R)) = X/R)

are isomorphisms for all s < r, i > 0, where the first map arises again from the splitting of the
Hodge filtration on Hi(X,, F'Q: ). In particular, the induced maps (i > s)

X, /W.(R)
PR I,H™(X,,Q S ) = HS(X, W, Q) (3.0.4)
are bijective.
From the induction hypothesis, we can construct the map S, as the composite map
B, HT'(X.,Q X w. (R)) - H! & /W(R) = H (X, W, X/R) (3.0.5)

> HX,W.Q2" ) > H"(X, W,

X /R X/R)

where the first maps come from the splitting of the Hodge filtration, and the second map is

induced by the splitting of H!(X, W QX /R) — H{(X, oW, QX /R) which exists by our induction

hypothesis. Similarly, we construct the map ', from the induction hypothesis as the composite
map

H/(X,N™'w.Q

Fp. H™T(X,,Q . w.ry) = W (X, FHo; /)

) S (3.0.6)

ﬁ) HI(X Nr+1W QZV )_) Hl V(X w,

X /R X/R)

where the first map comes from the splitting of the Hodge filtration, and the map x is induced
by the splitting of H((X,N"W.Q: ) — H{(X, oo_1N"W. Q5 ), which exists by the induction

X/R X/R
hypothesis, composed with the canonical map Hi(X,N"W.Q: ) — H/(X,N"*1W, QL /R)

/R given
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on the level of complexes by the identity in degrees < r, by F in degree r (here we use FdV = d),
and multiplication by V(1) in degrees > r (here we use that VF = V(1)).
We claim that V' o I3, is the restriction of 8, to I,H"(X,, Q; w (R)). To see this, we consider

the situation at the beginning of the proof of [19, Theorem 2.1]: assume there exists a compatible
system of closed embeddings i, : X,, < Z, such that Z, is a smooth Witt lift of Z = Z, Xy, z) R.
Let D, be the PD-envelope of the embedding i, and let .7, be the divided power ideal. By [3,
Theorem 7.2], we have quasi-isomorphisms

>r | Al [r-11 1 d
Lo w,w = (‘7” =IO = B )

Since all entries are locally free W, (R)-modules, we get, after tensoring with R, the corre-
sponding quasi-isomorphisms for X = X,. Combining both quasi-isomorphisms, we obtain a
quasi-isomorphism

I , Q77 = (I, 4L ot 4. [—r] (3.0.7)
Rn*x /w,® =~ \"Rn*x, /w,(R) Rn>%x, /W, (R) e

n

-1 d
~ (IR,nJ,EV] — IR’nerr ]an/Wn(R) 3 eee —> IR,"QVDH/W,[(R) — > .

© ©
The Witt lift comes with a canonical map O, — W, 0Oy inducing O, — W, O and likewise

©
Qan w®) WnQé( IR We have divided Frobenius maps

r. [k] Ar—k —k
Fi “ rndn QrD,,/Wn(R) - W”—l'Q;(/R

defined by (see notation in [19, p 1869])
Fi o (VEx™w) = £F, (1 w),
where F_ is given in [19, p 1869]. In particular, we have divided Frobenius maps

! . r r
F o Igny = W1 @

given by
F{("¢w) = {F(Gw).

Since the diagrams in [19, (1.6.2), (1.6.4)] commute, we get a morphism of complexes, denoted by
F;:

d -1 d d d d
Kp,/w,m ) : IpndV = InnJV ]Q;)H/Wn(R) = = Il ) Q;JJ;}Wn(R) -
[Pl |7 F| le
r+1 . . 1 d d r av r+1 d
NHW,Q5 0t WonOx —— W@l —— o =2 Wl Q< W, = o
(3.0.8)

We can now identify the map '3, as the composite map

D= WXL QY ) = WD, Kp () — WX NW.0;

i—r r
IRH™(X., Q5 X. /W.(R) /)

JW.(R

5 HOGNTTIWL.Q ) - HY (X, W0

e (3.0.9)

/R)'
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Indeed, we now check that the map (3.0.9) is the same as the map (3.0.6). Recall that the quasi-
isomorphism T”“QX w® N+w, Q  in[19, Theorem 1.2] is given by the diagram (see [19,
L.7D

+1 r+1 r+1
FrQy (R)<—F11 Q) (R)—>N W.Q5

where Fil” +1QD W.®) is the complex defined on [19, p. 1868]. Since the first map and the final

two maps in the compositions (3.0.6) and (3.0.9) are the same, to see that (3.0.6) and (3.0.9) are
the same it suffices to see that the following diagram commutes

1 r+1 ~ 1 .
Fr+ Q, (R < Fil D/W'(R) — Nt W.QX/R
‘ [ y (3.0.10)
Q)Z(r/w (R K, jw.x)(r)

where the left vertical arrow is the inclusion of complexes, and the middle vertical arrow is the
obvious map (F" +1QX W.(R) is defined as a degree-wise direct sum of terms which include those
of Kp_/w.(&)(r))- The left square of (3.0.10) clearly commutes and the right triangle commutes

r+1 r+1 i
since the construction of the morphism Fil Q) w® ™ NW. Q5 IR is in terms of the maps

F1’¢+1 used to define F; - see [19, pp. 1869-1870] (note that the maps we call F1,<+1 are called F; ; in
[19D).
From the explicit construction of £ 3, in (3.0.9), it is clear that V o £, is the restriction of g, to
IH"(X,, Q’ W (R)) Indeed, we have a commutative square

Kp jw.w(r) — Q) oy

A e

1 . .
NHW.Q o — WD,

where the lower map is given by p’~'V in degrees i < r, and by the identity in degrees > r (see
(3.0.11)). Taking cohomology and using (3.0.7) gives the middle square of the following diagram

i—r i—r
LH™ (X Oy ) — HTTX Q)
Hi(X., [RQ P Hi, (X./W.(R))
H'(X,N"™'W.Q;, /R) H. (X/W(R))
X
i 1 >r
H'XCN™W.QF )

H™ (X, W.0% ) L HX, W )
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Going from the top left to the bottom right via the left-hand side gives V o IS, whilst going via
right-hand side gives ,.

In the absence of a global Witt lift, we proceed by simplicial methods as in [19, Theorem 1.2].
We omit the details here.

In the proofs of the theorems we will carry out — in each case — the induction step and prove
that (3, is an isomorphism. We consider the following morphisms of complexes N"W, QL™

/R
W. QX R and F'Q Q W.® given as follows:

/ X.W.R) X

d ., d d L dv d b d
W.Ox — Wy g — - —— W — WO — WO — -

Jp"lV lp"zV JV l= l= (3.0.11)

W.0y Awa 4 Ly 4 W, Ao 4

'X/R X /R X/R

(it is a morphism of complexes because Vd = pdV') and

d
. i IRQ 1 d Qr i Qr+1 d

X, W.R  “UXJW.(R) x/w@®
J Xpr—l l Xpr—Z f

d d d & d J d ,Hl d
Ox. Qw0 Q;(,/W.(R) - Q;(,/W.(R) =~ ww

pd |
IROX. — IRQX/W(R) —> e

where the vertical map Xp' is the inclusion of T RQ;-(, Jw.(k) IO Q;( W.(R) multiplied by p'.

The construction of the comparison isomorphism F" QX w.®) N'W, Q5 IR via the map X :

Filer‘D' W N'wW, QX IR in [19, (1.5)] and the comparison between QX IW.®) and W, QX

show that the induced homomorphisms on hypercohomology

/R

A T HXGNTWLQG ) — B W.Q5 ) = Hiy (X/W.(R))
and
Ay WXL FTQY o) = WXL QY ) = Hip (X /W.(R))

agree. Then we shall use the following argument in various proofs by induction later on:

Assume the .maps B, : H'(X., Qi( w. (R)) — Hi(X, w.Q5 /R) are isomorphisms, the map V is
injective on H'(X, W,Qi( /R) and hence the maps ¥, are bijective for s < r. Then truncation
induces a commutative diagram

i 10>r =i 1 >r
Hi(X., Fr+ QX./W‘(R)) — H{(X,N™ W.QX/R)

restriction of 4, restriction of 4, (3.0.12)

. >r o~ . >r
HY(X., QX‘/W.(R)) — H'(X, W.QX/R)

with horizontal isomorphisms. Since the hypercohomology spectral sequences of PVHQ)'(. W

and QX W.®) degenerate, the vertical maps in (3.0.12) are injective and the cokernels are

isomorphic to H (X, Q;(/R).



HODGE-WITT DECOMPOSITION OF RELATIVE CRYSTALLINE COHOMOLOGY | 17

4 | HODGE-WITT COHOMOLOGY AS MULTIPLICATIVE DISPLAYS

In this section, we derive the proof of Theorem 1.2. It relies on the following more general
proposition which holds in all examples.

Proposition 4.1. Fix a pair (i,j), 0<i,j <d=dimX, where X is any of the schemes in
Theorems 1.2, 1.4 and 1.6.

(i) There is an exact sequence induced by the action of V on WQ;.( IR

0 H'(X, W0 ) 4 Hicx, Wal )~ H(X, Q) )= 0.
(ii) Let X be the ind-scheme over the ind-scheme Spec W, (R) arising from the compatible family
of liftings X,,. Then there exists a multiplicative display P = (P,Q = IzP,F,F,) over R and
a homomorphism P SH (X, WQ;'( /R) compatible with the action of Frobenius, where F on
the right is induced by the Frobenius on WQ' , , such that (IP) C VH'(X, WQ;( /R) and the

X/R’
induced map

¢ : P/IxP - H(X, WQ;(/R)/imV ~ H(X, Qg(/R)

is an isomorphism of free R-modules.
(iii) The map ¢ is an isomorphism.

Remark 4.2. The Frobenius-equivariant map ¢ in (ii) fits into a commutative diagram

S X .
P ——— Hi(X, WQ;(/R)

F, 1%

S X .
Q =IxPp — H(X, WQj{/R)

Indeed,

V(s(F,(VEx)) = V(5(§Fx)) = VEFS(x) = VE6(x) = ¢(V€x).

So ¢(IxP) C VH(X, WQ;'( /R) and ¢ is well defined. Note that F, is a bijection because F is — by
definition — an f'-linear isomorphism in a multiplicative display.

In many cases, P is isomorphic to H'(%, Qae /W(R)).

In this section, we will prove Proposition 4.1 for surfaces and the case i > 0, j = 0 for abelian
schemes.

Lemma 4.3. Assume that properties (i) and (ii) in Proposition 4.1 hold for a fixed pair (i, j). Then
property (iii) holds.

Proof. The proof is identical to the corresponding section in the proof of [22, Lemma 47]. For

completeness, we include the argument. The property ¢(IxP) C VH!(X, WQ;( /R) implies ¢(I,,P) C
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V'"H{(X, Wﬂi y Q) forl, 1= V"W (R). Then one has a commutative diagram

S . .
I, P — V" H(X, WQ, ®)

F, 14
9 , ;
I,P —— V"H(X,WQj ®)

where F, is bijective again.
We claim that the maps

- j
1P VIHIX, W )

(4.3.1)

. g .
I,..P Vn+lHi(X, WQ;(/R)

are surjective. For n = 0, this is property (ii). Let m € H'(X, WQ;.( /R). Find, by induction, elements
x €I, ;P and m; € H'(X, WQ?UR) such that V*"'m = ¢(x) + V"m,. We write x = F,y for y €
I,P.Then
V'm = Ve(Fy) + V"™ my = () + V" my,
which ends the induction and proves the claim.
We know that H (X, WQ;( /R) is V-adically separated [22, Lemma 39]. Therefore, the surjectivity
of 4.3.1 implies that P SH iX, WQ;‘( /R) is surjective and H(X, WQ;‘( /R) is V-adically complete [5,

§ 2.8, Théoréme 1]. Since V is injective by property (i), H'(X, WQ;'( / R) is areduced Cartier module.
Now consider (4.3.1) as a homomorphism of W, ;(R)-modules. We claim that both sides of
(4.3.1) are isomorphic as W, ;(R)-modules and are Noetherian. Since a surjective endomor-
phism of Noetherian modules is an isomorphism, this implies that (4.3.1) is an isomorphism and
therefore ¢ is an isomorphism as well. It therefore suffices to prove the claim:
Since

F, :1,P—>1, P
Viex o V' EFx
is a bijection, we get a bijection
F, : I,P/1,\P—1I, P/I,P.

Let P/I,Ppny denote the W, ;(R)-module given by restriction of scalars along F" : W, ,(R) —
R. Iterating F;, we get an isomorphism of W, ;(R)-modules

F! : 1,P/1,,P = P/IP ;.

Since R is F-finite, P/I, Pjzn) is a Noetherian W, (R)-module.
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Now for the reduced Cartier module M = H i(X , WQ; /R) we obtain, analogously, the isomor-
phism

V™D M/VMpn — VM /V"™M.
Hence properties (i) and (ii) show the claim. O

Lemma 4.4. Proposition 4.1 holds for j =0, i > 0 if X is an abelian scheme or a smooth proper
surface with geometrically connected fibres, ordinary closed fibre and k is algebraically closed.

Proof. Fori = j =0, the exact sequence in question reads
v
0->WR)—W®R) -R—-0
and there is nothing to prove. H'(X, Wy) is isomorphic to the multiplicative (unit) display.

Now let X = A be an abelian scheme. Then H'(A, W©O,) is the reduced Cartier module of the
formal p-divisible group Pic, /r with tangent space H 1(A,0,), and we have an exact sequence

v
0— H'(A,W0O,)— H'(A,WO,) - H'(A,0,) - 0.
Since the closed fibre is ordinary, the associated display is multiplicative, so
(P.Q.F.F)) = (H'(A,WO,),IzH' (A, WO,),F.F,).
The Grothendieck-Messing crystal ID(lgi\c A /R) evaluated at W(R) — R yields

where A is a lifting as ind-scheme over Spec W (R).
For i > 2, we have a commutative diagram

i
N\HY(A,WO,) — HI(A,WO,) — H(A,0,)

~

J\HY(A,0,) —— HI(4,0,)

The rightarrow H'(A, O ;) — H(A, ©,) is a surjection because de Rham cohomology and Hodge
cohomology commute with base change [17, Corollary 8.3] and we have a commutative diagram

Hi (A/W(R) — HI(A,0,)

H(iiR(A/R) ——» H(A,0,)
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Hence the exact sequence

v
0->wWo,—-W0O,,—-0,-0

induces exact sequences for all i

. |4 . .
0> H'(A,W0O,) — H'(A,W0O,) > H'(4,0,) - 0.

Now, P = /\i H'(A,W0O,) carries the exterior power structure of the multiplicative display
H(A,W0O,) and hence is again multiplicative:

P = (PrlRPstFl)’

where F is defined by /\i F on P. The above diagram shows that the F-equivariant map¢ : P —
H!(A,W0,) induces an isomorphism

T P/IP = Hi(A,WO,)/imV = Hi(A,0,).

We conclude property (iii) by Lemma 4.3. Hence the lemma holds for abelian schemes.
Now let X be smooth projective scheme over Spec R of dimension 2 satisfying assumption(A)
with ordinary closed fibre. Recall that

0 1 ~ . 0 1 0 1
HO(X,, BQY )= ker(c H (Xk, (QXk/k>d:0> ~H (Xka-QXk/k)>

= H' (X1 gppe» %p)

= Homy_gp(ap, Picy, )

by applying [14, (2.1.11)], [25, Proposition 4.14] and [25, Proposition 4.16] in turn (recall that the
Cartier dual of «, is itself). Since X is ordinary, we conclude that the above groups are trivial. In

particular, (Pic?(k )req is ordinary. The formal Picard group ﬁﬁ:xk /k of X is the formal completion
of (Picgfk)red along the zero section [1, Remark (1.9)(ii)], so we conclude that lgﬁ:xk /K is multiplica-
tive. Since k is algebraically closed, we therefore have 15i\ch Jk = GY . By rigidity of G,,, we see

that ﬁﬁ:x /R = G;’n - Inanalogy to the case of abelian schemes, the Grothendieck-Messing crystal

/
D(Picy /r) evaluated at W(R) — Ryields

where X is a lifting as ind-scheme over Spec W, (R). We have a commutative diagram

H;R(X/W(R)) I Hl(Xa(QX) I Hl(X7 OX)

Hl

cris

X/W(R)) — H'(X,W0x)
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where the map H'(X, ©,) — H'(X, Oy) is surjective because de Rham cohomology and Hodge
cohomology commute with base change. Hence the sequence

|4
0— H'(X,WOy) — H'(X,WOy) - H(X,0x) = 0

is exact. From the long exact cohomology sequence associated to

%4

we get that

14
0 - H*(X,W0Oy) — H*(X,W0Oy) - HX(X,0x) - 0

is exact as well, taking into account that H (X, WOyx) = 0 for i > 2 since X is a surface.

Under the one-to-one correspondence of formal p-divisible groups and displays in [32, Theorem
103], the display associated to 151\(:X JR = G;‘; /R ISP = ID(lgi\cX /R)w (k) €quipped with a multiplicative
display structure, so P = (P,Q = IgP, F, F;). It is obvious that the isomorphism P & H'(X, WOy)
maps IxP to VH'(X, W) and induces an isomorphism

P/IxP = H'(X,WOy)/VH (X,WOy) = H (X, Oy),

which is the tangent space of the display. Hence Proposition 4.1 holds for j =0, i =1 and X
a surface.

By [1, Corollary 3.3], the Cartier module of the formal Brauer group BAer /KIS H 2(Xy, WOXk).
Under assumption (A), the crystalline cohomology of X is torsion-free. Since X, is ordinary, the
Newton and Hodge polygons of X, coincide [4, Proposition 7.3]. Since H2(X, WOy, ) is the slope
0 part of the crystalline cohomology, its rank (that is, the height of ]§er /k) equals the dimen-
sion of H(X, Oy), and hence ]§er /k is multiplicative. Since k is algebraically closed, we see

that ]§er k= @ﬁl, and therefore ﬁl’x /R = Gi‘n R by rigidity. The Grothendieck-Messing crystal

/
D(Bry /r) evaluated at W(R) — Ryields, in analogy with ﬁi\cX JR>

with I H*(X, WOyx) = VH?*(X, WOy). Since
H*(X,W0Oy)/VH*(X,W0Oy) = HX(X, Oy)

which is the tangent space of Bry/, we see that (H>(X, WOyx), VH*(X,W0Ox),F,F, = V1)
defines a multiplicative display structure and is the display associated to the formal Brauer group.
This finishes the proof of Lemma 4.4. a

In the following, we will prove Proposition 4.1 fori = 0, j = 1 for surfaces and abelian schemes.

Using the quasi-isomorphism N?WQ; /REFZQQE W and the fact that the E;-

hypercohomology spectral sequence associated to FZQ‘x IR
cohomology of the Nygaard complex (compare [22, Remark 42]):

degenerates, we compute the

- HY(N?WQ:

S /R) ~ [ HY(X,04) = ;W (R),
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HIN2WQL ) = IRHY (X, Ox) @ [RH(X, Q% ),
- WIN?WQL ) = [RH(X, O%) @ [RH' (X, Q) © HY(Z, QX/W(RQ
- WWNWQL ) = [H (X, O) © [RHX (X, Qy ) ® HU(E. QL )
HO(X, Qae/W(R))
- WNPWQ ) = [RHY(E, Ox) @ IRHA(X, QaE/W(R))EBHZ(3€ QBE/W(R))
OH!(X,Q} ) D HUX, Q) )

Since the map d : H(X,WOy) = W(R) — I]-I]O(Wﬂi( L WQX/R) is induced by the differ-
ential d which vanishes on W(R),  is the zero map. Then we have the following commutative

diagram

HO(W Q! 4 wQ*) —— H! (X/W(R)) —» H'(X,WOy)

cris

(v, id) 1%

dv
HWQ! — WQ?) — H(N*WQ;, /R) — HY(X,WO0Oy)

We will see below that H'(X, WOy) = D(Picy /&) is a direct summand of HiriS(X /W(R)), hence
the upper right arrow is a surjection. It is easy to see that the composite map

v
)= H'(X,WOyx) — VH' (X, WOy)

IRH'(X,04) - HY(F?Q HY(N*W Q!

x/W(R)) = 'X/R
can be identified with the isomorphism IzHY(%, Ox) 5 VHY(X,W0Oy) constructed earlier.
The lower right arrow in the diagram can then be identified with the map H'(F2Q
IRHY(%, Oy).

Since V is injective on H!(X, WOy ) and VH (X, WOy) = I;H (X, Oy), the lower right arrow
is surjective too. The left vertical arrow can be identified with the map (compare (3.0.12))

ae/W(R))

0 5 o .
SRUT X/W(R) S0 xww) = RH(Z, Q)) - H(%,Q}),

which is injective and has cokernel H(X, Q! ). Then the commutative diagram

X/R
d d

HO(WQ! - WQ?) —— HOX,WQ!) — H/X,WQ?) —— H(WQ! > WQ?)
W, id) 1% = (v, id) (4.4.1)
av av

HOWQ! — WQ2) — HYX,WQ!) — H(X,WQ?) — HY(WQ! — WQ?)

together with the injectivity of the map (V,id) in [22, Lemma 44] shows that V is injective on
HO(X, WQ1 ) and the cokernel is H(X, Ql /R)

Let us now derive the Hodge-Witt decomp0s1t10n of HclriS(X /W(R)). We point out that under
our assumptions the Picard scheme Pic’ Cx /R has reduced fibres and is an abelian scheme. Let

Alby /g be its dual; it is again an abelian scheme and there is a morphism X — Alby z induced
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by the relative Poincaré bundle on X Xy Pic®

X/R (see [18, p. 289]). Consider the induced map

L (Alby /p/WR)) ~ HL, (X/W(R)).

CrlS cris

The first crystalline cohomology of an abelian scheme is the Dieudonné crystal of the p-divisible
group of the dual abelian scheme by [23, Chapter 2] (see also [2, Théoremé 2.5.6]), so we have a
direct sum decomposition

CrlS(Ale/R/W(R)) ~ ID(Pch/R(p)) = [D(Pch/R) @ D(Pic X/R(p)ét) (4.4.2)

into a direct sum of Dieudonné modules associated to the connected and étale part of the

p-divisible group associated to (Alby /z) = (Pch /R)V. The induced map

D(ﬁi?:;/R) - H' (X/W(R)) » H'(X,WOy)

cris

is a map of Dieudonné modules. The induced map
D(PiCy )/ I D(Picy ) — H'(X, WO)/imV ~ H'(X, Oy)

is a homomorphism of free R-modules of rank = dim Pch IR’

it is an isomorphism after base change along R — k since X, is ordinary and using [14, Remar—

and it is an isomorphism because

que 3.11.2]. Hence D(Pl /R) — HY(X,W0Oy) is an 1som0rph1sm by Lemma 4.3. Since [D(Pl /R)

carries the structure of a multiplicative display (because Pic is multiplicative, since X, is

X/R
ordinary), the isomorphism imposes the structure of a multiplicative display on H'(X, WOy).
It identifies H'(X, WOx) as a direct summand of H! . (X/W (R)).

Now consider the induced map

n : P% = D(Pic

X/R(p)et) - HO(X, WQ>1 o) — HX,W

X/R)

which is compatible with the Frobenius on the left and pF on H(X, WQ ) We already have a
commutative diagram

0
P —— HOX, WL )

F, F

U
Pé —— HOX, WQy ).

Since P is an étale display, F; is defined on the the whole of P¢'. On the versal deformation of
X, the diagram commutes because it commutes after multiplication by p and p is injective on the
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versal deformation. Then the diagram

o
P& —— HY(X, WQy )

F, 1%

o« 7
IP% —— HOX,WQ, )

with F,(V£x) = £F,x commutes, hence we get an induced map of free R-modules

71 P/IRPY - HOX, WQY )/imV = HOX, Q)

/R /R)

of rank = dim Pic?( IR It is enough to show that 7 is surjective to show that it is an isomor-

phism. We show this after base change along R — k. Over k it is known that D(Picgfk(p)ét)

is the slope p-part of in HclriS(X /W (K)), hence is isomorphic to H(X,, WQ; /k) because we
k

are in the ordinary case. Since the map HO(Xk,WQ}l(k/k) - HO(Xk,Q)l(k/k) is surjective, 7 is

surjective and hence an isomorphism. Applying Lemma 4.3 shows that 7 : ID(Picg’( /R(p)ét) -

d
HO(X, WQ)l( /R) is an isomorphism. One consequence of the casei = 0, j = 1is that [I-[IO(WQ}( R
WQ)Z( /R) = HY(X, WQ)1( /R) in diagram (4.4.1). Indeed, the isomorphism 7 induces a surjec-
tion HO(X, WQ2! ) > HO(X,WQ! ) so the map HO(W Q! 4 W2 ) — HX,WQL )is
W R W R p X /R X /R W R
surjective too, and hence the identity. The commutativity of the diagram

Hl

cris

X/W(R)) — H'(X,W0x)

~ ~

HY (2 /W(R)) — H'(X,0%)

) =~ HO(X, QIX/W(R)). (Note that H(%, Oy) is the tangent

—~0 .. . . —~0
space of Picy JWR) hence is isomorphic to the value of the Dieudonné crystal of Pic JwR) 3t W(R),

which is H'(X, WOy) by rigidity of Pic). The decomposition (4.4.2) then reflects the Hodge-Witt
decomposition in degree one. We have isomorphisms

implies the isomorphism H (X, WQ, IR

H! (Alby o /W(R) = H (X /W (R) ~ D(Picy, ) @ D(Pic RODY

cris cris

The display structure on HclriS(X /W(R)) arising from the Nygaard complex N 1WQ)‘( IR has been
analysed in [20, 3.4]. We have P = HclriS(X /W(R)),Q = ker(HclriS(X /W(R)) - HY(X,Oy), F is the
crystalline Frobenius, and F, is defined on the Nygaard filtration Q = H' (X, N'WQ: ). We see

X /R
then that

—~0 . &
Q = IxD(Picy /) @ D(Pich (D))
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—~0
because H'(X, Oy ) is the tangent space of Picy /R and we have an exact sequence
—~0 —~0
0 — IxD(Picy /) — D(Picy /) — HY(X,04) = 0.

On I, ID(lgi\c(;( /R) the map F; is defined by F; (Y éa) = £Fa. Since D(Pic® ,_(p)t!) is an étale display,

X/R
F, is defined on [D(Picg( /R(p)é‘) given that for a display of an étale group one has ‘P = Q’. We
conclude that the above decomposition is a direct sum of displays.

Before we can finish the proof of Theorem 1.2, we must prove Proposition 4.1 in the cases i =

1,2, j =1,dim X = 2. For i = 1, the proof is very similar as for [22, Lemma 46].
Then diagram (92) in [22] holds verbatim for general smooth projective surfaces:

H'(X,WQ?) —— H' (X, WQ! 4 wQ?) — HY(X,WQ') — HY(X,WQ?
= & v = (4.4.3)
HOX, W) —— HI(X, WQ! & WQ2) — H'(X,WQ') — H'(X,WQ2)
As in cohomological degree 1, one sees that the composite map

14
IRHX(X, O%) = W(F?Q} ) = WN'WQS, ) = HA(X, WOx) — VH(X, WOx)

agrees with the isomorphism constructed earlier. Hence H*(N*WQ; /R) - H*(X,WOy) is
surjective. Then we have a commutative diagram of isomorphisms

d ~
0 — HX(X,WQ} R waQl /R) —— H2> (X/W(R)
(vV,id)

dv o
0 — HQX, WQY , — WQ2 ) — WX, N2WQ; )

and the right vertical map can be identified under the isomorphism between crystalline and de
Rham cohomology with the injection

2 1 1 2 2 1 1 2
IRH (%, Q) ) ® H' (X, Q5 H(E, Q) ) ® H' (X, Q5

e W)

hence (V,id) is injective in the above diagram. This fact together with the injectivity of & in dia-
gram (4.4.3) imply that V is injective on H(X, WQ)I( / R) and cokerV =~ H(X, Q}( /R). To finish the
proof of Proposition 4.1 in the case i = 1, j = 1, we can apply [22, Lemma 47]. Note that we also
have (P,Q,F,F,) = ID((IJ? /R), the display of the étale part of the extended formal Brauer group

Dy /g, and [D(tbff‘ /R) = H\(X, wa /R) where the map is given by the composite map

D(®Y ) - WX, Wl ) - H'(X, WQ)

X/R X /R /R)'
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[22, Lemma 47] implies that H2(X, WQ;/(I/R) - HMX, WQ)1( /R) is surjective, hence we get a

commutative diagram

d d
HY(X, WQ?) — HA(X,WQ! > WQ2) — H2(X,WQ!) — HX X, WQ?) — H¥X, WQ! > WQ?)

.

av av
H'(X,WQ?) — H*X,WQ! — WQ?) — H*(X,WQ) — H*(X,WQ?) — H}X,WQ! — WQ?)

We have already seen that (V, id) is injective in cohomological degree 2; a similar argument shows
that (V,1id) is injective in cohomological degree 3 as well. Then the above diagram implies that V/
is injective on H*(X, WQ}(/R) and its cokernel is H>(X, Q)lf/R)'

Let Alb(p)°(1) be the (twisted) connected component of the p-divisible group associated to the
Albanese scheme. It is known that this is the Cartier dual of the étale p-divisible group Pic?( /R (p)°.
Let D(ALb(p)°)(1) be the associated display. Under the Poincaré duality pairing

H, (X/W(R) x H, (X/W(R))(2) = W(R),
the dual of the map
D(Picy (P)™) = HY, (X/W(R))
is the map

H?. (X/W(R))(2) — D(Alb(p)°)(1)

cris

hence D(AIb(p)°)(—1) is a direct summand of

H3

cris

d
X/W(R)) = HX(X, WQ)I(/R — WQf(/R).

It induces a map

D(AIb(p)")(=1) = HX (X, W ),

where the Frobenius on the right is induced by the crystalline Frobenius, hence by pF, where F
is the Frobenius map on WQ)I( /g By an analogous argument as for H(X, WQ)I( /R) (i=0,1), we
get a homomorphism

¢ : D(Alb(p)) —» H*X, WQ) ®)
where D(AIb(p)°) is the multiplicative display associated to .Alb(p)° and the Frobenius on
H*(X,WQ, /R) is the one induced by F on WQ}, /r- The induced map

D(ALb(p)°)/IxD(Alb(p)°) = H*(X,W )/imV = H*(X, Q)

1
QX/R /R)
is an isomorphism because it is so after base change along R — k, since we are in the ordinary
case. Hence ¢ is an isomorphism by Lemma 4.3.

Now we can complete the proof of Theorem 1.2:

Under the duality of H' . and H>__, we get a direct summand decomposition
Cris Cris
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H?. (X/W(R)) = H*(X,W X/R)GBID(Alb(p)et)( 1) (4.4.4)

cris

= D(AIb(p)°)(—1) ® D(ALb(p)*'(-1)) (4.4.5)

of Dieudonné modules, where Alb(p)¢'(1) is the Cartier dual of Pic?( /R (p)°. Since the cup product
of HY(X, W0y) with H*(X, WQ)l( /R) vanishes, we get an induced map

D(ALb(p)*)(—1) — H'(X, W ),

where the Frobenius on the right is induced by p?F. Itis clear that this map is an isomorphism too.
For H gris, we can follow the argument in the proof of [22, Theorem 40] to get the Hodge-Witt

decomposition

H>. (X/W(R)) = H*(X,WOy) ® H'(X,WQl YO H' X, W

cris X/R X/R)

into a direct sum of displays associated to Bry /> @

f(t/R and the twisted dual Bry ,(~1). This

finishes the proof of Theorem 1.2.

5 | HODGE-WITT DECOMPOSITION FOR ABELIAN SCHEMES
For abelian schemes, we reformulate Proposition 4.1 as follows:

Proposition 5.1. Let A be an abelian scheme over Spec R, with d = dim A < p, such that the closed
fibre is ordinary. Fix a pair (i, j) with 0 < i, j < d. Then we have:

(i) thereis an exact sequence

0 —> H(A, WQA/R)—>HI(A WQA/R) — H'(A, QA/R) -0

induced by the action of V on wo/
(ii) we have canonical isomorphisms

AJR’

/\(HO(A wol e /\(Hl(A WO,)) > Hi(A,WQ

A/R A/R)

compatible with the Frobenius action /\j F® /\i F on the left and the Frobenius induced by F
onWQ' onthe right, such that there are isomorphisms induced by the maps §3, in Section 3

A/R
~ i
Hi(A, WQA/R) H'(A, QA/W(R))
with isomorphisms
VHI(A, WQA/R) ~ [H'(A, QA/W(R))
In particular,
(P,Q,F,F,) = (H(A, WQA/R) VHI(A, WQA/R) F,v™

is a multiplicative display.
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Proof. We prove this by induction on j, the case j = 0 having already been covered. Assume that
the proposition holds for all j < r and all i. Consider the exact sequence

0 — HW(ANMWQL ) — HANMWQ, ) — H(AWO,) — 0

= x| Fg,

lH]i(Aa Fr+1Q:4/W(R)) I IRHi(A’ OA)

where the last map is surjective because the E;-hypercohomology spectral sequence associated

to F" +1Q:4 IR degenerates. The same argument applies to the previous cohomological degree

i — 1, hence the first map is injective, and we have

i—1 r+1 >1 ~ nni—1 r+1 =1
BN ANTIWOS ) = HT A ).

By induction, one proves that for all s < r, we have

i—s r+1 =S ~ Mni—S r+1 =S
HSANWQT ) 2 AT L ).

Indeed, we have an exact sequence

0 — H=6™D(A,NTWQID — HT(ANTWQT ) —— HT(AWQ), ) — 0

o~ ~|rg
- - N

i—. 10=s i—s
H=3(A, F't QA/W(R)) — IRH'™5(A, Q;/W(R))

and hence we get

i—(s+1) r+1 25+1\ ~ pgi—(s+1) r+1=s+1
H (ANTWQIED = (AP ).

We conclude under this isomorphism the map

. (V,id) .
i r+1 2r i 2r
H'(A,N WQA/R)—>[H](A,WQA/R

corresponds to

i r4+1 =" i >r
AT ) = WAQT )

and hence is injective and the cokernel is isomorphic to H(A, QZ /R) (see (3.0.12)).

Now consider the diagram

I]-I]i(WQZH'l) Hi(WQZV) Hi(WQr) Hi+1(WQ2r+1)
=|id (V,id) 14 =lid

I]-I]i(WQZH'l) lH]i(NH'IWQZr) Hi(WQr) Hi+1(WQZr+1)
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The injectivity of (V,id) in cohomological degrees i and i+ 1 implies that V is injective on
Hi(A, waQ', /R) and has cokernel H(A, Q, /R) as desired.
For the second part of the proposition, we have a commutative diagram (compare the cases

j=0andi=0,j=1)

j i
S . . . .
N\ HA, WQ, ) ® \H'(A,W0O,) — Hi(A, Wl ) — HI(4,Q] )

~

J i )
\HA QY ) ® [\ HY(A,0,) —— HI(A, Q)

where the horizontal maps are cup products in cohomology.

We define (P,Q =IxP,F,F;) to be the multiplicative display given by setting P =
N HO(A, WQ}L‘/R) R N'HY(A,W0O,). Since V o¢ o F, = §l7,p» We get the induced homomor-
phism of free R-modules of rank h/

¢ : P/IxP — H'(A, WQL/R)/imV ~ Hi(A, QL/R),

which coincides with the cup product map

J i )
N\H(A, Q;/R) ® \H'(A,0,) - H‘(A,QA/R).
Since for abelian varieties we have HSR(A/R) =N\’ HéR(A/R), the map ¢ is an isomorphism.
Therefore, ¢ is an isomorphism by Lemma 4.3.
Since the constructions of the maps 8, and I3, in Section 3 are compatible with taking ten-

sor products of complexes, the isomorphism H!(A, Qit w (R)) — Hi(A, WQf4 /R) obtained above

coincides with the canonical map ;. |

This finishes the proof of the Hodge-Witt decomposition of H griS(A /W(R)), that is, Theorem 1.4
holds. Note that the isomorphism

. i J i >j i >j i J
By HUAQ, ) = WA, ) = HAWR )~ HA W, )
splits the surjection H!(A, WQZR) - HI(A, WQIJ;‘ /R) for all j and hence induces the Hodge-Witt
decomposition on crystalline cohomology.

6 | HODGE-WITT DECOMPOSITION FOR n-FOLDS

In this section, k is an algebraically closed field of characteristic p > 0. Let S be a smooth formal
scheme over Spf W(k),and let f : X — S be asmooth and proper family of n-folds, where n < p.
Suppose that the condition (B) from the introduction is satisfied. In this section, we shall prove
the following theorem (Theorem 1.6 from the introduction):
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Theorem 6.1. Let X; := X X Speck be the fibre over an ordinary k-point Speck — S. Then for
any commutative diagram

SpecR —— S

|~

Speck

where R is an Artinian local ring with residue field k, the deformation X := X X SpecR of X,
admits a Hodge-Witt decomposition of H . (X /W (R)) as displays in all degrees 0 < s < 2n.

Remark 6.2. Since our techniques are crystalline in nature, the smoothness of S seems to
be indispensable in our approach. It would be interesting to understand relative Hodge-Witt
decompositions for varieties with obstructed deformations.

Before giving the proof of Theorem 6.1, we shall recall the theory of ordinary Hodge F-crystals
from [7]. Let A = W(k)[T,,...,T,] and A, = k[T, ...,T,], for some r > 0. A crystal over A, is
a finitely generated free A-module H together with an integrable and topologically nilpotent
connection

Vo H—>H®AQ}4/W(k).

A ring endomorphism ¢ : A — A which restricts to the Frobenius on W (k) is called a lift of
Frobenius if it reduces modulo p to the Frobenius endomorphism o : A, - A, which sends x to
xP. A crystal (H, V) over A, is called an F-crystal over A, if for every lift of Frobenius ¢ : A — A,
there is a given A-module homomorphism F(¢) : ¢*H — H which is horizontal for V, that is,
the square

3 ¢* 3 1
¢H ¢H®A QA/W(k)

F(¢) J F(p)®id

1
H H®a L, /)

commutes, and such that F(¢) ® Q,, is an isomorphism. For any two liftings of Frobenius ¢, :

A — A, we also require that F(¥) o y(¢,9) = F(¢p), where y(¢,9) : ¢*H N 1»*H is the usual
isomorphism of A-modules coming from parallel transport with respect to the connection V:

x($.¥) 1 ¢°"H > ¢*H

oo (T - @)\ "
x Hiq_j<—f ! ) YD o - 0 D ().

my,...,m, 20 j=1 p

Here the operator D; : H — H denotes (% ® 1) o V. An F-crystal (H, V, F) is said to be a unit
j

F-crystal if F(¢) is an isomorphism for some (hence any) lift of Frobenius ¢ : A — A.
Let H be an F-crystal over A (we henceforth drop the V and F from the notation), and write
H, :=H ®, A,. Given a lift of Frobenius ¢ : H — H, define a decreasing filtration Fil"H,, and



HODGE-WITT DECOMPOSITION OF RELATIVE CRYSTALLINE COHOMOLOGY 31

an increasing filtration Fil*H,, of H, by A,-submodules as follows:
FiliHO :={x € H, : 3y € Hwithy = xmod p and F(¢)¢*y € p'H}
FilLH, :={x € H, : 3y € H with y = xmod p and p'y € im F(¢)}.

These are the Hodge and conjugate filtrations of H, respectively. It is clear that they are finite,
separated and exhaustive, and that they are independent of the choice of lift of Frobenius ¢ [7,
§1.3]. Let V, :=V mod p be the connection on H,, induced by V. Then the Hodge filtration
satisfies Griffiths transversality

VoFil'Hy C Fil 7'H, ® 4, @}, I
0

and the conjugate filtration is horizontal for V,,

VFil;H, C Fil;Hy ®,, on e

An F-crystal H over A, is called ordinary if the graded Ay-module gr* H, associated to the Hodge
filtration (equivalently the graded A,-module gr, H, associated to the conjugate filtration) is free,
and the Hodge and conjugate filtrations are opposite, that is if

H, = Fil.H, & Fil'"' H,,

for every i. It is shown in [7, Proposition 1.3.2] that H is ordinary if and only there exists a (unique)
increasing filtration U, (the conjugate filtration) of H by sub-F-crystals such that

Ui ®A AO = FlllHO
for every i, and such that
gr,H :=U;/U;_; ~ V(i)

is the (—i)-fold Tate twist of a unit F-crystal.

A Hodge F-crystal over A is an F-crystal H over A, together with a finite decreasing filtration
Fil'H (the Hodge filtration) of H by free A-submodules which lifts the Hodge filtration on H,,, and
satisfies Griffiths tranvsersality:

FilH ® , A, = Fil'H,, VFil'H C Fil"'H ® , @, WO

A Hodge F-crystal (H, Fil'H) is said to be ordinary if its underlying F-crystal H is ordinary. It
is shown in [7, Proposition 1.3.6] that the conjugate and Hodge filtrations of an ordinary Hodge
F-crystal (H, Fil' H) are opposite, that is

H=U, ®Fil'"'H
for every i, and one has a Hodge decomposition [7, (1.3.6.1)]

H=@Hi
i

with H! = U, N Fil'H.
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Remark 6.3. The induced inclusions H' c U,/U,_, and H' C Fil'H/Fil'"' H must then be
isomorphisms, so

H'=U,/U,_, ~gr'H.
‘We now prove Theorem 6.1:

Proof. After possibly taking the formal completion of S at a closed point, we may and do assume
that S is S = Spf A where A = W(k)[T}, ..., T,]. Let X, := X X4 A,.

The Gauss-Manin connection of the family f : X - S

Vi Hj(X/A) > Hp (X /A) @, Q) W

gives the crystalline cohomology H? . (X,/A) ~ H}, (X /A), together with its crystalline Frobe-
nius, the structure of an F-crystal over A,. The Hodge filtration Fil'Hj, (X/A) satisfies
Griffiths transversality and thus the pair (H},(X/A), Fil'H},(X/A)) is a Hodge F-crystal
over A,. Let ey : Ay — k denote the augmentation map. Since the closed fibre X is ordi-
nary, the Newton and Hodge polygons of efH} (X /A)) ~ H . (X, /W(k)) coincide. Therefore,
(Hj, (X¥/A),Fil'H}, (X /A)) is an ordinary Hodge F-crystal by [7, Proposition 1.3.2], and hence we
have the conjugate filtration U, of H_ . (&,/A) lifting the conjugate filtration Fil. H;, (X,/A,),
and such that U;/U,_; ~ V;(—i) is the (—i)-fold Tate twist of a unit F-crystal. Moreover, the
filtration U, is opposite to the Hodge filtration Fil'H} (X /A).

Now we evaluate this filtration of F-crystals on W(A) and get a filtration of W(A)-modules

0 C Upay € Uray C - C Upppay = Hyy (Ko /W(A)).

Cris

Note that the Frobenius on W(A) is a lifting of the Frobenius on A, = W(A)/(YW(A), p). Then
Uiw(a)y/Ui—1w(a) is a free W(A)-module such that the crystalline Frobenius induces the (—i)-fold
Tate twist of the multiplicative (unit-) crystal evaluated at W(A) on which F acts as an F-linear
isomorphism. If U is a unit F-crystal over A, and we evaluate it at W(A), then F : W(A) Q, w(4)
Uw(a) = Uwa) is an isomorphism. By definition,

(Py = Upay, Py = VW(A)P,F,F, : P > Py)

withF; : V&a — {Faisthen amultiplicative display. If U is the Tate-twist of a unit F-crystal, then
U (a) is the Tate-twist of a multiplicative display. We can now take the base change of F-crystals,
respectively, of displays, with respect to the map A — R to get a filtration
0 C UOW(R) C UlW(R) C..C U”W(R) = ngls(X/W(R))
of F-crystals evaluated at W(R), such that the successive quotients are Tate-twists of multiplica-
tive displays.
We already know that (by Remark 6.3)

Uow(r) = H'(%,0y)
and we claim that the composite map

X/WR) - H'(X,WOx)

cris

¢: UOW(R) - HS
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is an isomorphism. Note that the diagram
g N
Uower — H'X, WOx)
F F
g N
Uoww — H' X, WOx)

commutes by construction. To see the claim, let X denote the ind-scheme over Spec W, (R) arising
from the compatible family of liftings X,, /Spec W, (R) constructed using the canonical map A —
W(A) - W, (R) as in Remark 1.7(a). Then for each i, we have maps

H! . (X/W(QR) = H (¥/W(R)) » H'(X,0%) » H'(X,Ox),

cris

where the final arrow is surjective because de Rham cohomology and Hodge cohomology com-
mute with base change. The composition factors through the map H/(X, W0Oy) — H{(X, Oy)
induced by WOy — Ox. Hence the cohomology sequence coming from the short exact sequence

v
0> WOy = WOy - 0Ox -0
splits into short exact sequences

. Vo .
0> H'X,W0Oy) — H(X,W0Ox) > H(X,0x) > 0
for each i. In particular, we see that the map ¢ reduces modulo I to the map
S Uy /IrUow ) = H' (X, WO)/imV ~ H'(X, 0y).

As in the previous sections, we see that ¢ is an isomorphism by reducing to the case R = k, where
H3(X,, W(DXk) is the slope O part in ngiS(Xk/W(k)). By Lemma 4.3, we conclude that ¢ is an
isomorphism, hence ¢ imposes a multiplicative display structure on H*(X, Wy). It is clear that
under the isomorphism U, = H5(X, O), the composite map

H(%,0%) — Hyp (X/W(R)) = H, (X/W(R)) - H*(X, WOx)

cris

agrees with the map ;.
Since H%(X, W0y) is a direct summand of H zris(X /W (R)), we get an induced map

d d _
§ Py =Uyiy/Upwr) = H(X,0 - WQ}UR — = WO ) - H (X, WO

X /R /R)'

The diagram

3 _
P, — HY(X, WQ)l(/R)

F F

9
P, — HY(X, WQ)l(/R)
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is commutative because it already commutes when X is replaced with the versal deformation X.
The F on the left, which is the untwist of the crystalline Frobenius, is an F-linear isomorphism
because it is defined on a multiplicative (unit-) display.
We claim that we have exact sequences
0 - HiX,WwQl )—»Hl(XW

)> HI(X,QL ) >0

‘X /R X/R X/R

induced by the action of V on WQ!

/R’ for all i. Indeed, consider the commutative diagram

0 — Hi(X,N*WQ>

) —— P X NPWQ, ) — HY' (XL WOy) — 0

X/R
= 2|78y

HH (X, F2Q% ) — IkH™ (X, 0%)

(The maps 7B, exist in this setting - see Remark 2.3 and Section 3). The last map is surjec-

tive because the E;-hypercohomology spectral sequence associated to T‘ZQx IR degenerates.

Applying the same argument in cohomological degree i, we see that the first map is injective.
Therefore,

i 2 21y o i 20>1
H'(X,N WQX/R) H'(X,F Qx/W(R))
Hence the composite map

. (V,id) .
i 2 21 i 21
HX,NWQY ) —— HX,WQL ) — W (X, W )

can be identified under the comparison between de Rham-Witt and de Rham cohomology with
the composite map (see (3.0.12))

o - .
W FWOL,, ) = WE QT ) = Hip (8/WR),

which is injective due to the degeneracy of the E;-hypercohomology spectral sequences. We
conclude that the map

. (V,id) .
i 2 >1 i 21
HOGNWQ ) —— HX, WL )

is injective and has cokernel H(X, Q; / R). Now consider the diagram
HWQ??) —— HWQ?!) —— HWQ) — HH'(WQ>?) —
=1id (V,id) 14 =lid
Hi(W Q) —— H(N?2WQ2!) —— H(WQ!) — HiH (WQ2?) ——

The injectivity of (V,id) in cohomological degrees i and i + 1 implies that V is injective on
Hi(X, waQl /R) and has cokernel H{(X, Q) /R) as desired.
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As before, we see that the induced map

¢ : P /IP, - HYX,WQL  )/imV ~ HSY(X, Q

X/R X/R)

is an isomorphism by reducing to the case R = k, where Hs_l(Xk,WQ)l( /k) is the slope 1

part in HY , (X;/W(k)). By Lemma 4.3, we conclude that ¢ is an isomorphism and that P, =

H1(%, QBE /W(R)) (see Remark 6.3). It is clear that the map ¢ agrees with the map

B, HS1(%,0! ))—>H° lx,wa

xX/W(R X/R)

and

Fg, : I HH(%, QL ) = H*” Ix,waol

xX/W(R X /R)

z — F(B1(2)

is a bijection.
Now consider the composite map

; d
§ 1 Py =Usyry/Urwry = H(X,0 > 0 > WQ3 Lwas ) o H (X, WQ

X/R X /R X/R)

The same argument as before shows that the square

P, LN H2(X,W X/R)
F F
P, — H (X, W X/R)

is commutative, where F on the left is again the untwist of the crystalline Frobenius.
We claim that we have exact sequences

0 - HiX,WQ

X/R)—>H(XW

) > HI(X,Q0%,)—>0

X /R X/R

induced by the action of V on WQ; IR’ for all i. We proceed in a similar manner as before: Consider
the commutative diagram

0 — HIX,N*WQ>

X/R) — HH(X,N3WQ

X/R) — H*'(X,WOx) — 0

= =| By
H*NE, Q) — IkHTHE, Ox).

The last map is surjective because the E;-hypercohomology spectral sequence associated to

7’303E IR degenerates, and the same argument in cohomological degree i, shows the first map
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is injective. Therefore

i 37021y ~ i 321
H'X,N WQX/R) ~H(X,F Qx/W(R))

for each i.
Considering the commutative diagram

0 — Hi(X, N3WQ§§R) — Hi*(X, N3WQ§1/R) —— H*U(X,WQ, w0
= > |Fg,
i+1 3021 i+1 1
H* X P05 ) — H™T (X Q)

then shows that

i 3 >2 ~ i 3n=>2
H OGN WO ) 2 HE QL )

for each i, as well. Finally, the diagram
H'WQ>?) —— H(WQ*?) —— H'(WQ?») — HT'(WQ>?) —
=|id (V,id) |4 =|id
Hi(WQ23) —— HI(N3WQ22) —— H(WQ?) — HH (WQ23) ——

and injectivity of (V,id) in cohomological degrees i and i + 1 (compare (3.0.12)) implies that V' is
injective on H(X, Wﬂf( /R) and has cokernel H(X, Qf( /R) as desired.
By the same argument as before, we see that the induced map

§ 1 Py/IxP, > H2(X,WQ3, )/imV ~ H (X, Q5

X /R /R)

is an isomorphism by reducing to the case R = k, where H"2(X,,WQ? ) is the slope 2
p y g k X, /k

part in Hiris(Xk /W (k)). By Lemma 4.3, we conclude that ¢ is an isomorphism and that P, =
s—2 2

H5~*(%, Qx/W(R)) (by Remark 6.3).
By an induction argument as in the case of abelian schemes, one derives an exact sequence for

alliand j

. . v A . . .
0 — H(X, WQi(/R) — H{(X, WQ;(/R) - H(X, Q;(/R) -0

and that the map

P = Upyr)/Uiswry = H (X, Q) > HT(X, WQ;{/R)
is an isomorphism, and hence imposes a multiplicative display structure on H~/(X, WQ; R) and

identifies this Hodge-Witt cohomology group as a direct summand in crystalline cohomology.
This concludes the proof of Theorem 6.1. m|
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