RANDOM MATRIX THEORY AND MOMENTS OF MOMENTS OF
L-FUNCTIONS

J. C. ANDRADE AND C. G. BEST

ABSTRACT. We give an analytic proof of the asymptotic behaviour of the moments of moments of
the characteristic polynomials of random symplectic and orthogonal matrices. We therefore obtain
alternate, integral expressions for the leading order coefficients previously found by Assiotis, Bailey
and Keating. We also discuss the conjectures of Bailey and Keating for the corresponding moments of
moments of L-functions with symplectic and orthogonal symmetry. Specifically, we show that these
conjectures follow from the shifted moments conjecture of Conrey, Farmer, Keating, Rubinstein and
Snaith.

1. INTRODUCTION

Let G(N) € {U(N),Sp(2N),SO(2N)}, where U(N) is the group of N x N unitary matrices,
Sp(2N) is the the group of 2N x 2N unitary symplectic matrices and SO(2N) is the group of
2N x 2N orthogonal matrices with determinant +1. Also, let

Pan (6 A) = det (1 - Ae_ie) , (1.1)

be the characteristic polynomial of a matrix A € G(N) on the unit circle. Recently, the moments
of moments of these characteristic polynomials have been the object of much study. The moments
of moments consist of an average over the unit circle first and then an average through the group,
hence the name. Specifically, they are defined as

2m k

MoMan (ks 8) = [ (5 [ o 6 )Pa0) d (12)
G(N) \ 4T Jo

where dA is the Haar measure on G(N). The moments of moments are also known as the moments
of the partition function of the field § + log Pg(n)(0; A), most notably in the field of statistical
mechanics.

One particular motivation for the study of the moments of moments is their link to the maximum
value of the characteristic polynomials on the unit circle. For example, in the case of the unitary
group U(N), Fyodorov, Hiary and Keating [14] and Fyodorov and Keating [15], using heuristics
involving the moments of moments, made conjectures for the maximum value of log | Py (ny(6; A)|
for 0 < 6 < 27. For an in depth discussion of the conjectures of [14], [15] and work in their direction,
see [8].

Concerning the moments of moments, one of the conjectures of [I5] is that as N — oo,

G(1+8)? k .
MoMy () (k, B) ~ (W) T(1—kp%)NK it k< 1/,

1.3
c(k, B) N B =k+1 if k> 1/82 (13)

where G(s) is the Barnes G-function and c(k, 8) is some unspecified function of k and . At the
transition point k& = 1/32, the moments of moments are conjectured to grow like N log V.
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The above asymptotics were confirmed in the case that k = 2 and § > —1/4 is real by Claeys and
Krasovsky [10] by proving asymptotics for Toeplitz determinants using Riemann-Hilbert problem
techniques. Their approach also established a link between the leading order coefficient ¢(2, 5) and
the Painlevé V equation. Fahs [I3] then extended these results to general k¥ € N and non-negative,
real $ but without an explicit expression for c(k, ).

The case of k = 2 and 5 € N was established in [I§] via two alternate methods. The first is complex
analytic and the second is combinatorial, leading to two different expressions for the leading order
coefficient ¢(2, #). It was then shown in [9] how the combinatorial expression for ¢(2, §) can also be
linked to Painlevé V equation.

Bailey and Keating [6] have obtained an asymptotic formula for MoMy(ny(k, ) when k, 3 € N
by generalising the analytic argument deployed in [18] with the following result.

Theorem 1.1 (Bailey-Keating [6]). For k,8 € N,

252
MoMy(wy(k, B) = c(k, B)N* 7" ~F1(1+ 0(%)), (1.4)
where c(k, B) can be written explicitly in the form of an integral. Furthermore, MoMy ny(k, B) is a
polynomial in N of degree k*B% — k + 1.

The proof of Theorem uses the fact that for k € N, one can change the order of integration
to obtain

2 2
MOMU( )( 27‘( / / Ikﬁ 917'--79k) d@l...dek, (15)

where

LsUN).0) = [ H Py (053 A)PPdA. (1.6)
U(N) 5=

The function Iy g(U(N), 8) is an autocorrelation functlon of the characteristic polynomials and was
computed by Conrey et al. [I1]. Two equivalent expressions for I, 3(U(N), ) are given in [I1]; one
takes the form of a combinatorial sum and the other is as a multiple contour integral. The first
of these was used in [6] to prove that MoMy () (k, B) is a polynomial in N and then an intricate
analysis of the contour integral representation was used to determine the asymptotic behaviour.

Assiotis and Keating [4] gave an alternate proof of the asymptotic formula in Theorem using
a combinatorial approach involving constrained Gelfand-Tsetlin patterns. They therefore obtained
a different expression for the leading order coefficient ¢(k, 3) as the volume of a certain region. It
is remarked in [4] that their expression for c(k, ) appears to be very difficult to obtain from the
expression obtained in [6].

The approach used in [4] was then applied by Assiotis, Bailey and Keating [3] to the symplectic
and special orthogonal groups to determine the asymptotic behaviour of the moments of moments
for k, 8 € N. Their results are stated below.

Theorem 1.2 (Assiotis et al. [3]). Let k, 3 € N. Then, MoMg,on(k, 8) is a polynomial function
in N. Moreover,

MoMsg,on) (k, B) = esp(k, HNEHHI=R (140 (1)), (1.7)
where the leading order term coefficient cg,(k,B) is the volume of a certain convex region and is
strictly positive.

Theorem 1.3 (Assiotis et al. [3]). Let k, 3 € N. Then, MoMgo@n)(k, 3) is a polynomial function
m N. Moreover,

MoMgoany(1,1) = 2(N + 1) (1.8)
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otherwise,

MoMgoany (K, B) = cso(k, B)NFAERE=D=k (1 L O (L)), (1.9)
where the leading order term coefficient cso(k, 3) is given as a sum of volumes of certain convex
regions and is strictly positive.

Our goal here is to apply the complex analytic method used in [6] to give an alternate proof of
the asymptotic formulae in Theorems [I.2] and In particular, we obtain integral expressions for
the leading order coefficients. Our main results are the following.

Theorem 1.4. For k,5 € N,

MOMSp(2N)(k7 ﬁ) = ’}/Sp(k’ 5)Nk5(2k6+1)7k (1 +0 (%)) s (1.10)
where vsp(k, B) is given explicitly in the form of an integral, see (2.43).
Theorem 1.5. For k, 3 € N with (k,) # (1,1),

MoMgo(an) (k. ) = s (k, HN*EF=D=, (110 (§)) , (1.11)
where vso(k, B) is given explicitly in the form of an integral, see (3.14)).

In general, when computing asymptotics for moments of moments, the combinatorial approach
still seems to be the simpler method, especially when k& > 2. For example, the alternate proof of
Theorem given in [4] is much shorter than that given in [6]. We note that our analytic proofs
of Theorems and are significantly shorter than that of Theorem [1.1] However, this is due
to that fact that we are able to infer that the leading order coefficients vg,(k, 8) and vso(k, B) are
non-zero by comparing our asymptotic formulae to Theorems and In [6], this comparison
was not available and the integral expression for ¢(k, ) had to be explicitly calculated to prove that
it is non-zero. We are able to avoid this difficulty and hence keep our proofs relatively short.

The combinatorial approach has also been successfully used by Assiotis [5] to prove an asymptotic
formula for the corresponding moments of moments of the Circular 5 Ensemble (CSE) for general
6 >0 H In this setting an analytic approach is not applicable since there are no known multiple
contour integral expressions available.

Lastly, we mention the recent work of Keating and Wong [19] who, through the perspective
of Gaussian multiplicative chaos, have obtained an asymptotic formula for MoM;p;( N)(k, B) at the
critical point k% = 1 for k > 2 an integer. Their result confirms that the moments of moments are
of the order Nlog N as N — oo and they conjecture that this asymptotic result holds for all £ > 1
and provide a heuristic argument in support of this.

1.1. Moments of moments of L-functions. Also considered in [14, [I5] were the moments of
moments of the Riemann zeta function. Analogously to the moments of moments of the characteristic
polynomials, these consist of an average first over a short piece of the critical line and then an
average over these intervals. Specifically, the moments of moments of ((s) are defined for 7" > 0 and

Re(f) > —1/2 by [
k

T 1
Moy, (k, ) ::;/ (/t+ |g(;+ih)|25dh> dt. (1.12)
0 t

These moments of moments are also linked to the extreme values taken by the Riemann zeta function
and in [I5], a conjecture for the local maximum on short intervals was put forward. There has been
significant progress on this conjecture, see for example, [1, 2] [16] 20].

INot to be confused with the parameter § in the moments of moments
2In [14} [15], the intervals being averaged over were of length 2 rather than 1. However, in [7], the intervals were
taken to be of length 1 for convenience. The analysis of [7] holds for any interval that is O(1) as T — oo.
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Bailey and Keating [7], using the philosophy that the Riemann zeta function on the critical line
can be modelled by the characteristic polynomial of random unitary matrices and Theorem
made the following conjecture.

Conjecture 1.1 (Bailey-Keating [7]). For k, 5 € N,

k282 —k+1 _
MoMc, (k, 8) = a(k, B)c(k, 5) (log 277) P (14 Opp (10g 71 T)) (1.13)
where c(k, 8) is the same coefficient appearing in (1.4), and a(k, 8) contains the arithmetic infor-
mation in the form of an Fuler product.

It was then proven in [7] that Conjecture follows from the conjecture of Conrey et al. [12] for
the shifted moments of the zeta function. Explicitly, they prove that a function which, according
to the conjecture of [12] approximates MoMc, (k, ) up to a power saving in 7', does indeed behave
asymptotically as Conjecture predicts MoM¢,. (k, §) does. The proof is similar to that in [6] due
to the similarity of the integral expressions for the shifted moments of the unitary characteristic
polynomials and the Riemann zeta function.

Finally, Bailey and Keating [7] also considered the moments of moments of families of L-functions
with symplectic or orthogonal symmetry. For each of the symmetry types, the moments of moments
consist of an average over a short interval near the symmetry point and then an average through
the family. Using Theorems [I.2] and [I.3] Bailey and Keating made conjectures for the asymptotic
growth of the moments of moments of these families in the same spirit as that of Conjecture
Following the proof of both Theorems[I.4 and in Sections 2 and 3, we will look at the examples of
a symplectic and orthogonal family of L-functions considered in [7] and show that the corresponding
conjectures of Bailey and Keating also follow from the shifted moments conjecture of [12].

2. THE SYMPLECTIC GROUP Sp(2N)

In this section we will prove Theorem The argument follows that used in [6] and makes use
of the complex analytic techniques deployed in [I7] and [I§]. The eigenvalues of matrices in Sp(2N)
lie on the unit circle and come in complex conjugate pairs e'®1,e~i01 ¢i®2 =i02  oiON oiON,
Hence,

PSp(QN)(G;A) = PSp(ZN)(_H;A)' (21)
For k, 8 € N, we can change the order of integration by Fubini’s theorem and use (2.1)) to see that

1 2 2
MOMSP(QN)(]C,,B) = W/O /0 Ikﬂ(Sp(QN),@l,...,@k) d91~-'d9k, (2.2)

where

Ik Ig(Sp 2N /S 2N H PS'p(QN (0]714) PSP(QN)(—HJ';A)’BCZA. (23)
p(

The autocorrelation function Ij, g(Sp(2N), Q) was also calculated by Conrey et al. [11]. In particular,
it can written in the form of a multiple contour integral as

1)kB92k8 )
Tip(Sp2N), 9) = (27rz 2k5 (2kP)! 7{ % H (1 —e7mn) '

1<m<n<2kfS
2k
A(Zla-- Z%k,@) IL. Bﬂn

X N ndzy - dzokg (2.4)
[T T (2 = 10m)2 (2 + i) |




RANDOM MATRIX THEORY AND MOMENTS OF MOMENTS OF L-FUNCTIONS 5

where A(z1,...,2,) = [[;« j(zj — z;) is the Vandermonde determinant and the contours encircle the
poles at +i6,, for 1 <m < k.

Each of the 2k3 contours in can be deformed into 2k small circles around each of the poles
+i6,, with connecting straight lines whose contributions will cancel out. The multiple integral
I 5(Sp(2N),8) can therefore be written as a sum of (2k)?* integrals. For ¢; € {%1,..., 4k}, let
C¢; denote a small circular contour around if,; if ; > 0 and a small circular contour around —if_;
if £; < 0. Then we have that

Ik’B(Sp(QN),Q) = W Z Jk,B(Q§517- . -a52kﬂ)a (2'5)
e€{=£1,...,£k}2k6
where the vector € = (e1,...,€2;3) determines the pole around which each contour is centred and

Ji 5 9 5 / (1 — e_zm_zn)_l
C

Cm/a <1 1<m<n<2k/3
2k
L AGE BT
T8 TTE 1 (20 = i00)28 (20 + i0,)28

n=1

eV U “rdzy - - dzokg. (2.6)

Many of the summands in (2.5 are in fact zero as the following lemma demonstrates.

Lemma 2.1. For a choice of contours € = (e1,...,e9,3) in (2.5)) and for j € {1,...,k}, let m; and
n; be the number of occurrences of j and —j respectively in €. Then, if m; +n; > 23 for some j,
we have that Jy, g(0;€) is identically zero.

Proof. The proof is similar to that of Lemma 3.2 in [6] and Lemma 4.11 in [I8] but we include it
for the sake of completeness. Suppose without loss of generality that m; +n; = 26 + 1 and that

e=(1,...,1,-1,...,-1,2,...,2,—-2,...,—2,3,...,3,-3,...,=3,.... k, ..., k,—k,...,—k). (2.7)
——— e — e e e e ——— ——— e ——
my 204+1—mq B-1 B B B B B

All other cases can be proven in the same way. For simplicity, we assume that m; = 0. If this is
not the case, then to Jj g(0;¢), we would make the change of variables z; — —z; for 1 < j < my
and the same argument applies.

Making the change of variables z; +— z; — 6, the integrand of Ji g(6;¢) is then

G(Zl, . ,2’25+1)A ((Z1 — i91)2, ey (ngg — i91)2) le e dZng
H2B+1 ZQB )

n=1 ~n

where

G(z1,...,20841) =
0.\ — . . KB, .
[Ti<m<n<ors (1 — eI 2 ‘A ((z1 —i01)%, ..., (2ans — 61)%) TI2X2 (2 — i61)e N E0Z (zn=ih)
[T TTm (2o = 0+ 0))> (20 4 (0 — 00)* T (20 — 20002 T D0 20

(2.9)
is analytic around the origin. The idea now is to show that the coefficient of Hi’B ng 21 in the
integrand of Ji g(6;€) is zero and hence by the residue theorem, so is the integral. We have seen
that G(z1,...,22841) is analytic around zero and we can write the Vandermonde as
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A ((Zl — i91)2, ey (ngﬁ — ’i€91)2) =A ((Z% — 2’i9121), ceey (z%k,ﬁ — 2i9122k5))

2k
= Y sen(o) [[ (22 — 2i612,)7 ™ (2.10)
UESzkg n=1

For each permutation o € Sy, we must have o(n) —1 > 2 for at least one n € {1,2,...,28 + 1}.
28+1 _a(n)

n=1 Zn

with a(n) < 28 — 1. Thus, as G(z1, ..., 22541) is analytic around zero, the coefficient of Hiﬁil 2!

in the integrand of Ji, g(0;¢) is zero which completes the proof. O

It follows that there are no terms in the expansion of the Vandermonde of the form []

We have that Lemma implies that the non-zero summands in (2.5)) are given by those £ for
which m; +n; = 2§ for all j. This and the fact that the integrand of Jj g(f;¢) is a symmetric
function of z1, ..., 2913, means we can rewrite ([2.5)) as

_1\kBo2kB 2P 28
(ziri)lz)wé;@ Yo > alk,B) s, ), (2.11)

Ik s(Sp(2N),0) = ,
"I1=0  1=0

where Jj, 3(6;1) is defined to be Jj, 5(6;¢) with € given by

e=(1,...,1,—1,...,=1,2,...,2,=2, ... =2, .. k... k,—k, ... —k), (2.12)
——— ——— —— Y— ———— —— ———
1 26—14 Iy 2615 Iy 2813,
and
2B\ (2kB — 11\ [(2k —2)B) [(2k — 2)B — I 283
k = 2.13

counts the number of ways in which € can be permuted. The next lemma determines the asymptotic
behaviour of Iy, g(Sp(2N), §).

Lemma 2.2. As N — oo, we have

28 VB g (e
Ies(speny o~ 3 Y (k. 5)

. 2k
N Ak g1l N 2

L =0 (27i)2kB (2K 3)!
( -1 2kp
X / / H (1 — e—%“")—i(umﬂm)) F(v:1) H don, (2.14)
Co Co 1<m<n<2kf e
Hm+pn#0

where Cy denotes a small circular contour around the origin. The set Ay g, and the function f(v;1)
are defined in the proof, see (2.19) and (2.26)) respectively. Also, the u, are defined in terms of the

b in (210).
Proof. In view of (2.11]), we focus on Ji, g(6#;1). For a given [, we make the change of variables

Un

=y + ifin, (2.15)

where
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0., ifl<n<h

0y, ifli+1<n<28B

05, if28+1<n<2B8+1Is

fp = 4 —0o, 2841 +1<n<48 (2.16)

Op, H2k—2)+1<n<(2k—-2)8+I
—0r, if 2k —2)B4 1 +1<n <2kB.

The contours of integration are then all small circles around the origin. Now, since the Laurent
expansion of (1 —e~*)~! about its pole at s = 0 is

(1—e )= L o(1), (2.17)

S

the integrand of Ji g(6;1) as N — oo is then

Um+vn . ?
[T (e ) DA (5 +im)” o (50 +ia)”)

1<m<n<2kpB

2k 2k8

% - Hn 1 ( + 7’“”) 25 eZik:ﬁ UneiN Zikﬂ1 Hn dﬁ

T T (% + i — 0))™ (% + i1 + Om)) a1 IV

v V. . -1 .
- (1 +0 (%)) N—2kB H (1 _ Q—W—Z(umﬂm)) eZik:Bl Un iN DT
1<m<n<2kp

2% [Ti<men<ors(ittm + ipin)? [Ti<m<n<ors (ipm — ipn)?

« H(Wn) P +pn 70 Hem — i 70
2
[Ti<m<n<ons (ﬁ) [Ti<m<n<ons (Unj,vvm>
lLLmJ’_lLLn:O Hm_,ufn:O
2kB (v, )28 2k
>< Hn 1 (UW) H dv
n
T2 TTF G — 160)2PTT2%0 TTE i, + 1628
pn—0m#0 ,Um"!‘@m?éo
v U . _1
= (1+0 () (1PN [T (1 e ) R S
1<m<n<2kp3

2k [T men (2ipn)* TT men, (7, — 47)?

% H " Him =1, B
n 2
H1<m<n<2kﬁ L H1<m<n<2k,8 N
Un—Um
m+pn=0 tm —pn =0

2B

dv
Qi 23 2kﬂ 02 125 H TZ
Hn:21 92m 1 2’“9 ) ]._[ ¢02m 1 Mn m) n=1 Un

ﬂn: m /’Ln

k
1) m=tlm (vim+vn) -1 2k . 2k
= (150 () S N [T (1 e ) R N
1<m<n<2kp3
Hm+pn 70
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Up + v Vp — U\ 2 2ho dv
n m n - Um n
1<m<n<2kp3 1<m<n<2kp n=1 """

Nm+ﬂn:0 ,U«m*,U‘n:O

The power of N coming from the products in the second line of (2.18)) is determined by the size
of the following sets:

Ag,gg = {(m,n) : 1 <m <n < 2kB, pum + pn = 0}, (2.19)
Bigy = {(m,n) : 1 <m <m < 2kB, py, — pin, = 0}. (2.20)
Using the definition of 1, ..., uorg, we have that
k
Ak gl = D n(28 = Im), (2.21)
m=1
and
k
By gl = kB28 = 1)+ D ln(lm — 28). (2.22)
m=1
In particular,
|Ap gl + |Brgal = #{(m,n) : 1 <m <n < 2kB, pp, = o} = kB(2B — 1), (2.23)

and the power of N in the second line of (2.18)) is

= [Ak,pal = 2IBgpal = |Ar,pal = 2kB(26 = 1). (2.24)
Therefore the integrand of Jj, 5(6;1) as N — oo is

" (—I)Zﬁmzllm \Ar 5] Cmden) o\ T IN Y28 T
(1+0() —m— N ] (1_e v il Pm) !N Znzrbn f(u; 1) T don,
1<m<n<2kp n=1
(2.25)
where
[Ti<men<2ks(Vn + vm) [T1<men<ors(vn — vm)? -
e p— 110 =0 T (2.26)
Hilfl v
does not depend on 61, ...,60,. Hence, as N — oo,
28 kB+F Ll
(—1) m=1‘m¢;(k, 3) A ) 2k
I 5(Sp(2N),0) ~ s N AR gl N 2ni
ka(SPRN)E) ~ 3 (2mi)2FB (2K 3)! ‘
1yl =0
(vm+vn) _ . -1 il
x/ / 11 (1—6*T*’(“m+“”)) f@ D[] don. (2:27)
Co Co 1<m<n<2kp n=1

o+ pn 70
where Cj denotes a small circular contour around the origin.

We can now obtain an asymptotic formula for MoMg,on) (K, 3).
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Lemma 2.3. As N — oo, we have

MoMgy(an) (k. 8) ~ sp(k, H)NMPEHHUE, (2.28)
where ysp(k, B) is given in the form of an integral and is defined on the proof, see (2.43)).

Proof. By Lemma we have

1 2w 2
MoMgy2n,) (K, B) =w/0 / I, 5(Sp(2N), 61, . .., 0)d0 - - - db),
28

k _1lm 2

(2m)* (2mi)2P (2kﬂ)
11,0lg=0
(vm+vn) 255
/ / l—e_ I (“m+“") ledvanH
Co Co 1<m<n<2k5
(2.29)
Changing the order of integration, we have that
28 kB+3 K lm
(-1) m=t'mey(k, B) 4
MoMi o (k. ) ~ el [ [ g
v Zl o (2m)F(2mi)?3 (2k0)! c Joy
2m 2T (omton) - _ 2kp3
/ / H (1 - e*T*Z(“mﬂin)) N 0 H db,, H dvp,
1<m<n<2kf
Hom+pn 70
(2.30)
and we now seek to determine the N dependence of the inner integrals over 61,...,0;. The first
step is to write the integrand explicitly in terms of 61,..., 0, using the definition of pu1,..., porg.

The exponential term is
2kB
exp (zNZun> = exp <2zN Z ) : (2.31)
For the product of (1 — e *m~*n)~! terms, we define the set

Tepy = {(m,n) : 1 <m <n < 2kB, oy + pin # 0} = {(m,n) : 1 <m <n <26} \ Ap g, (2.32)
and the following disjoint subsets of Tj g for 1 <o <7 < k:

Uy = {(m,n) € Trpy: pim + pin = 05 + 0-}, (2.33)
Uy g = {(mn) € Trpg : pm + pn = — (05 + 0-)}, (2.34)
and
Vi =A{(m,n) € Tapy : pim + pin = 6, — 07}, (2.35)
V= 1mn) € Tepy : fim + pn = —(05 — 07)}. (2.36)

Note that VT

ord = Vyry =0 for o = 7. The product of (1 — e~ ")~ ! terms can then be written
as
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[T (1)

1<m<n<2kp3
o+ pn 70

- H H <1 - ef(vmizyn)*i(efraf)) - H (1 — ewaﬂ(BﬁOT))

-1

1<o<7<k (m, n)GL{G - (mmn)eU,
7(’Um+’0n)7' _ -1 7('Um+’U’n> ; _ -1
< 11 (1—e L) —i(0, 97>) I1 <1—e Ll +i(0 97>) . (237)
(mvn)GV;T;L (mvn)GV;T;L

Now, we make the change of variables t,, = N#,. As N — oo, by the Laurent expansion of
(1 —e=*)~! about s = 0, the above product is then

[T (1)

1<m<n<2kpB
Hm“l‘#n?éo
~ 11 11 v+v4]-vz'(t+t) 11 v+vivi(t+t)
1<U<T<k(mn€lj{:7_l m n o T (mn)eu;” m n o T
N N
X - - . 2.38
H Um + Up +i(te — tr) H_ Um + Up — i(te — t7) ( )
(m,n)EV;:_ri (mn)eV,
The power of N coming from this product is
| Tl = kB(2KB + 1) — A gul- (2.39)
We therefore have that as N — oo, the integrals over 61,..., 0 are

2 2 _ k
/ " / § H (1 — e_w%n)_i(ﬂmﬁ‘ﬂn)) ! eiNZiIf1 Hn H dam

1<m<n<2k3 m=1
/2N7r 2N Nk:ﬁ(?kﬂ-i—l) k— ‘Ak B; l‘ 2i Zm 1(lm B)tm
0 H1<O—<T<k H (m,n) ez,ﬁ (Um +vp +i(te +1r)) H(m n)eU- (Um +vp —i(to +t7))
N dty -« - dty,
Hmmevr ,@m +vn+ilte =) [ myev: (0m + o —i(te — 7))
~ NFB@REH) == Akl gy o (03 1), (2.40)
where
Wy 5(vs1)

0203k 1 (lm=B)tm
/ / Hl<o’<7’<k H (m,n) gz,ﬁr ) (Um +vp +i(ts +t7)) H(mm)eugﬂ(vm +vp —i(te +1t7))

x dh - diy (2.41)
H(m’n)ev;TL(vm + Un + ’L(to- — tT)) H(m’n)ev— (Um + Un — ’I,(to, — tT)) . .

o,7il

Returning now to (2.30) and using (2.40), we have that




RANDOM MATRIX THEORY AND MOMENTS OF MOMENTS OF L-FUNCTIONS 11

MoMsg,2n)(k, B) ~ vsp(k, B)NFBERB+1) =k (2.42)

where

28 (— )kﬁ+zm 1lmcl k, 3) 2kB

k. B) = DU (0 0) TT don, 9.43
VSP( 75) l Zl . (27_(_) (271_1 QkB 2]{;5 CO o f U, ) kﬁ v; 111 (% ( )
1yt = n

and this completes the proof.
O

Proof of theorem[1.4} To complete the proof of Theorem we compare the asymptotic formula
in Lemma [2.3| to that of Theorem to show that vg,(k, 8) # 0. We see that as MoMg,on) (k, 3)
is a polynomial in N, we must have s, (k, 5) = c¢sp(k, ) > 0 which concludes the proof.

O

2.1. A symplectic family of L-functions. For an example of a family of L-functions with sym-
plectic symmetry, Bailey and Keating [7] considered the family of quadratic Dirichlet L-functions.
For d a fundamental discriminant, let x4(n) = (%) be the quadratic character defined by the Kro-
necker symbol. The associated L-function is defined for Re(s) > 1 by

o~ Xa(n)
L(s.xa) = Y X0, (2.44)
n
n=1
and has an analytic continuation to C. The L-function satisfies the functional equation
L(s,xa) = Xa(s)L(1 — s, Xa), (2.45)
where X4(s) = |d|'/?>7*X (s,a) with a = 0if d > 0 and a = 1 if d < 0, and
P l1+a-s s+a) "
X(s,a) = 2 5 r 5 . (2.46)
The moments of moments of the family of quadratic Dirichlet L-functions are defined as
MMy (. 8) = = 5™ (1 (7 10 1 i, 0P8 2.47
oM, (k.8) = 52 > (37 | LG +i0xa)dd ) (247)

ld|<D
where the sum is only over fundamental discriminants and D* is the number of terms in the sum.
The conjecture of [7] in this case is the following.

Conjecture 2.1 (Bailey-Keating [7]). For k,8 € N, as D — o,

MoMy, (k, B) = n(k, B)esp(k, B)(log D)FFERHHI=, (1 4+ O 5(log™" D)), (2.48)

where ¢gp(k, B) corresponds to the leading order coefficient in (1.7) and n(k,B) contains the arith-
metic information.

By adapting the proof of Theorem we can relatively easily prove that Conjecture follows
from the shifted moment conjecture of [I2]. Changing the order of integration and summation gives

2 2 1
MOMLxd (k B) = 271' / / Z H L 5 T 10m, Xd) Bd(gl . dby, (2.49)

\d\<D m=1

and the relevant shifted moment conjecture is the following.
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Conjecture 2.2 (Conrey et al. [12]). Let k,3 € N and let § = (61, ...,0;) € RE. Then,

Om, xa)>’ 3 +10m) Qrp(log|d|,0) + O(D™°),  (2.50)
|d\<D m=1 |d|<Dm 1
for some § > 0, where
k,822k6 zl, .. 22k5)A(2%, ceey ZQk ) H%Bl Zn Qkﬂ
Qrp(@,0) = Qk,B f f 2].;;5 2k D3 Xns vindzy .. daaggs,
( (2k5)! _1(2n —10)%B (2, + i60,,)28
(2.51)
in which the path of integration encloses the poles at +i6,, for 1 <m < k. Also,
2k
1
Gzt 2omp) = Ap(zt, o 2amg) [[ X G+ zma) ™2 [ ¢+ 2m + 20), (2.52)
n=1 1<m<n<2kfS
where Ayg ts the Euler product, absolutely convergent for |Re(z,)| < 1/2, defined by
1
Ak/@(Zl,...,ZQk/j):H H 1—Im
P 1<m<n<2kg
2k -1 2kB -1 -1
(I i) I () ) 3) ()
< (ST (1- 55 +H +=(1+=) .
1/242n 1 2+zn
(2 <n1 pl/2+z / +z P P
(2.53)

We therefore define

27 27 1
MoMg, ,(D) = 5 / / 3 de - i0,)° Qs (log |d], 0) dbs . .. 6y, (2.54)
|d|<Dm 1

which should approximate MoMy, (k,8) up to a power saving in D.

Comparing the integral @y g(x,f) with the integral expression for I;3(Sp(2N),6) in , we
immediately see the similarity on identifying N with z/2. In particular, the product of {(1 +
Zm + 2zn) terms replaces the product of (1 — e *»~*7)~1 terms with both having the same analytic
structure with simple poles at z, + 2z, = 0. This means that the same analysis we applied to
I;5(Sp(2N), ) can be applied to Q s(,0) to yield an asymptotic formula for MoMg, ,(D). The
function G(z1,...,223) also contains arithmetic information in the Euler product Az and the
X (s, a) factors. However, these factors do not present any additional difficulties. Using the fact that
Apg is analytic in a neighbourhood of zero and X (s, a) is analytic around s = 1/2 and X(3,a) = 1,
one can show that

MoMg, (D) ~Axs (0, ..., 0)ysp(k. B) > ( : )
|d|<D

loo D kB(2kp+1)—k

where s, (k, 3) is as defined in (2.43)). Thus, MoMg, ,(D) satisfies the asymptotic formula conjec-
tured for MoMy, (k, 8) in Conjecture

(1+0(log™' D)), (2.55)
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3. THE SPECIAL ORTHOGONAL GROUP SO(2N)

In this section we turn to the orthogonal case and prove Theorem From now on we assume
that k, 5 € N with k, 5 not both 1. As in the symplectic case, the eigenvalues of matrices in SO(2N)
lie on the unit circle and come in complex conjugate pairs so

Pso@n)(0; A) = Pso@n)(—0; A). (3.1)

Then, as usual, we change the order of integration to write

1 21 27
MOMSO(QN)(k},ﬁ) = (27‘(‘)k/ / Ikﬁ(SO(QN),Ql,...,Qk) dﬂl---dek, (3.2)
0 0
where
k

I s(SO(2N),0) :== /SO(QN) HPSO ony (053 A)P Psogony (—0;; A)PdA. (3.3)

From [I1], we have the following contour mtegral expression for Iy, g, (SO(2N), 0)

kﬁ22k6 1
I, s(SO(2N), 0 1 —e #m™#)~
LASOEN).0) =g e T e
1<m<n<2kp
2k
o A(Zp - Z%kﬁ) IL. 51 “n
T T (o = 0) (20 + )27
where again the contours enclose the poles at +if,, for 1 <m < k. We note the similarity between
the above expression for Iy 5(SO(2N), ) and that for I 3(Sp(2N),0) in (2.4). Specifically, the only
difference is in the product of (1 — e *»~#n)~! terms; in the symplectlc case, the product is over
m < n rather than m < n. The proof of Theorem will therefore mirror that of Theorem but
with this slight difference.
First, by using Lemma [2.1] and then following the proof of Lemma we get that

N ) Dt dzy ... dzopg, (3.4)

28 (kB by (k,
Iis(SO2N),0) ~ ) ( 1)(2m)2’f/3(2k51)<! .

11,0l =0
1<m<n<2k6

where the pi,, the set Ay g, and the function f(v;l) are as defined in , and (| -
respectively. We then proceed as in the proof of Lemma [2.3] with the Change belng that we will

replace the set T g by

. 2k
N Ml iN 3 i

(vm+vn) _; -1 s
1 B e_%ﬂwmwn)) Flul) H dv,, (3.5)
n=1

%kyﬁi ={(m,n):1<m<n <2kB, pim + pin # 0} = {(m,n) : 1 <m <n <2k} \ A g, (3.6)
and for 1 < o < 7 <k, define the subsets

U r = {(m,n) € Thpu: m + pin = 0 + 67} (3.7)

Us g :={(m,n) € Trpu: tm + pn = — (05 +67)}, (3.8)
and
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~+ ~
Va,T;l = {(m7n) S Tkﬁ?l * Hm + Hn = 00 - HT} (39)
VJ,T;L = {(m,n) € Tkpu: tum + pin = — (05 — 07)}. (3.10)

After making the same change of variables t,, = N6,,, the product of (1 —e~?m~*»)~! terms will be

A

1<m<n<2kp
~ I I - I1 -
<ol L. um top ti(te +tr) L Um tun —i(te )
(m n)euo' ,T5L (mvn)euv,f;l
N N
< 1 : 11 : . (3.11)
L, Um + Op + 1(te — tr) L UmtUn — ity — tr)
(m,n)EVUYT;A (m,n)EVU’.,.;L

The power of N coming from this product is

Tk,pal = kB(2kB — 1) — | Ak gyl (3.12)
Taking into account this difference, we see that in this case, we will obtain
MoMgo ) (k, B) ~ vso(k, B)NFF =Dk (3.13)
where
28 1VkB+E U 2kp
(-1) m=1mc)(k, B)
k = H 1) dvy, 14
vso(k, 3) Z 2R P 2k3) .. . J(@; D) p(v; H v (3.14)
l1,...,lx=0 0 0 n=1
and
Q503 1)

/oo /oo 20y 1 Im—B)tm
B 0 0 ngagrgk H(m ) ~t (vm top +i(ts + 1)) 1 ~—  (Um + v —i(ts + 7))

n)e o,7;l (m7n)eud,T;L

dty - - - dty
X - - . (3.15)
~ Um + Un +2(te — t7 o= (U FUp — (s —
(mvn)GV:,T;L( ( )) H(m’n)evaﬂ'i( ( ))

Finally, comparing the asymptotic formula (3.13)) to the result of Theorem shows that
vso(k, B) = cso(k, B) > 0 which completes the proof of Theorem

3.1. An orthogonal family of L-functions. An example of a family of L-functions with orthog-
onal symmetry is the family of quadratic twists of an elliptic curve L-function. Let E be an elliptic
curve defined over Q with conductor M. The L-function attached to E is defined for Re(s) > 1 by

— an —Ss—5 -1 —28\— —s
LE(S):ZW:HG—%P ) 1H (I—ap 2 4p ) =[] L"), (3.16)
n=1 p|M p

where the a, are related to the number of pomts on the reduction of F mod p. Lg(s) can be
analytically continued to C and satisfies the functional equation
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Li(s) =wgY(s)Lg(1 —s), (3.17)

where wg = +1 is the sign of the functional equation and

1-2s
VM 3 1\
Y(s)=| — I'f=—s)I'( = . 1
(s) (27r (2 s) (2—1-5) (3.18)
For d a fundamental discriminant with (d, M) = 1, the twist of Lg(s) by the quadratic character
Xa(n) = (&) is

Le(s,Xa) =Y W (3.19)

n=1
These twisted L-functions can also be analytically continued to C and they satisfy the functional
equation

Lp(s,xa) = wexa(—M)Y4(s)Le(l — 5,Xd), (3:20)
where Yy(s) = |d|'*”2°Y(s). The set of Lg(s,xq) for which the sign wgxq(—M) of the functional
equation equals +1 forms a family with even orthogonal symmetry and so we use the special or-
thogonal group SO(2N) for comparison.

The moments of moments of this family are defined as

1 « 1 27 . k
MoMy, (k. 6) = 5 Y (/0 LE(;HG,Xd)?ﬁde) , (3.21)

2
|d|<D
wpexd(—M)=1

where the sum is only over fundamental discriminants and D* is the number of terms in the sum.
The conjecture made in [7] for this family, based on Theorem is

Conjecture 3.1 (Bailey-Keating [7]). For k,5 € N and k, 8 not both 1, as D — oo,

MoM_ (k, 8) = &(k, B)eso (k, ) (log D)**CH =Dk (1 4 Oy 5(log™" D)), (3.22)
where cso(k, B) corresponds to the leading order coefficient in (1.9) and £(k,B) contains the arith-

metic information.

Once again, we can change the order of integration and summation to write

1 21 21 1 N k . )
- | .. 1y Ba, ...
MoM_, (k, B) @) /O D d§<D EILE(Z—I—ZGm,Xd) doy---db,  (3.23)
wrxa(—M)=1

and we have the following conjecture of [I2] for the shifted moments in the integrand.

Conjecture 3.2 (Conrey et al. [12]). Let k,3 € N and let § = (01,...,0;) € R*. Then,

k k
1 * ) 1 * . _
Y Tl ie+ it = XTI Valh + 0., Tesloz dl.0) + O(D),
ldj<D  m=1 ld<D  m=1
wrxd(—M)=1 wexa(—M)=1
(3.24)
for some 6 > 0, where
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1)kB92ks (21, ..., 20k8) A (23, .. ., 22 2k6
Ty s(z,0) = %ﬁ j{ j{ 21k5 2k3) A( 1. ka’) 112 2n xz%ﬁ Vndz . doeg,
(2m (2kP)! v r o (zn = i0m) 28 (2 + 160,,)28
(3.25)
in which the path of integration encloses the poles at +i6,, for 1 <m < k. Also,
2k
1
H(z1,...,218) = Brg(z1,. .., 2218) HY(%Jan) 2 H C(1+ zm + 2n), (3.26)
n=1 1<m<n<2kp

where Byg is the Euler product, absolutely convergent for |Re(z,)| < 1/2, defined by

Bkﬁ(zl,...,22k5):H H (1_p1—i-2:];n—i-zn>

P 1<m<n<2kp

( (ﬁﬁ ( 1/z}+zn>+2kl_f£ (M))*;) <1+;>1. (3.27)

Naturally, we define

1 2 27 1 % k
MoM D)= —+ — Ya( 0m)° Yk s(log|d|,0) db; - - - dO
My D)= g [ [} e X LTV 0 Tostog a0y -

wexa(—M)=1
(3.28)
which should approximate MoMp,, (k, 5) up to a power saving in D. Similarly to the symplectic case
considered earlier, we can clearly see the similarity between the integral expressions for Yy s(x, 6)
above and I, 3(SO(2N),0) in (3.4). Hence, by following the proof of Theorem and taking into
account the arithmetic factors just as in the case of the quadratic Dirichlet L-functions, one can
show that

1 *
MoMr, (D) ~Bs(0,...,00ys0(k. )7y Y (log|d])#EHo D=k
|d|<D
wpxa(—M)=1
=By5(0, ..., 0)ys0(k, B)(log D)FPE=D=k (1 4 O(log™ D)), (3.29)

where vs0(k, 5) is as defined in (3.14]). Therefore, Conjecture also follows from the shifted
moment conjecture of [12].
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