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Abstract

In this thesis, we present a simple proof of Selberg’s Central Limit Theorem for
appropriate families of L-functions. As conjectured by Selberg, his central limit
theorem can only be proven for the L-functions belonging to the Selberg Class.

First, we prove Selberg’s central limit theorem for classical automorphic L-
functions of degree 2 associated with holomorphic cusp forms. We prove this
result in the ¢ aspect.

In Chapter 4, we prove Selberg’s central limit theorem for Dirichlet L-functions
and quadratic Dirichlet L-functions associated with primitive Dirichlet characters
and twisted Hecke-Maass cusp forms respectively. We prove these results in the
g-aspect, i.e., instead of integrating we average over Dirichlet characters.

Finally, in Chapter 5, we prove that a sequence of degree 2 automorphic L-
functions attached to a sequence of primitive holomorphic cusp forms form a
Gaussian process. Also, any two elements from this sequence of L-functions are
pair-wise independent. Additionally, we construct a random matrix that general-
izes the notion of independence of the families of automorphic L-functions.



Dedication
to
my mentor Dr Kyle Pratt
without him, this dissertation would not have been possible.

Thank you for all your guidance and support.



Acknowledgements

| would like to thank my supervisor, Dr Kyle Pratt, for the patient guidance, en-
couragement and advice he has provided throughout my time as his student. |
have been extremely lucky to have a supervisor who cared so much about my
work, and who responded to my questions and queries so promptly. This thesis
would not have been possible without his valuable ideas, contribution and encour-
agement. | would also like to thank my other supervisor Dr Gihan Marasingha.

| am grateful to my examiners Prof. Nigel Byott and Prof. Adam Harper, for
suggesting a number of major and minor corrections and improvements.

| would like to express my gratitude to Dr Dirk Zeindler and to Dr Nicolas Rob-
les for their support encouragement and proof readings. | would like to thank
Prof. Julio C Andrade for his advice and valuable feedback on the thesis. | wish
to extend my special thanks to my good friends Dr Winston Heap and Dr Ofir
Gorodetsky for their help and support during the project.

My time as a member of the number theory group at Exeter has been very

enjoyable. Finally, | would like to thank my parents, for all their support over the
years.



Contents

[Abstract
Dedication

|[Acknowledgements|

2 N ion and Preliminari

2.2.6 Miscellaneous| . .. . ... . . . .. ... ... ...

2. hit

nvolution Problem| . . . .. .. . . ... ... ... ...

[2.4 Random Variables and their properties| . . . . . . .. ... .. ...

2.4.1

ianrandomvariablel. . . . .. ... ... .. ... ..

2.4.2 Meth fmoments| .. ... ... ... ... . ... ...

3 SCLT for automorphic L-functions in the ¢i-aspect |

3.2 eoSetup|. . . . . . e

3.3 Proof for GL(2) L-functions| . . . .. ... ..............

3.3.1

roof of Proposition3.2.1| . . . . ... ... ... ......

B.3.2

Proof of Proposition|3.2.3 . . . . .. .. .. ... ......

[3.3.3 Proof of Proposition[3.2.4/ . . ... ... ...........

[3.3.4 Prooft of Proposition|3.2.9) . . . .. .. .. ..

{4 SCLT for Dirichlet L-functions in the ¢-aspect|

4.2 Setup for Dirichlet L-functions|. . . . . .. .. ... ... ......

4.3 Proofof Theoreml4.2.1l . . . . . . . . . . . . ... ... .....

.31

Proof of Proposition|4.2.2 . . . . .. .. ... ... .....

3.2

Proof of Proposition4.2.4f . . . . ... ... ... ......

433

Proof of Proposition|4.2.5( . . . . . .. .. ... ... ....

434

Proof of Proposition|4.2.6( . . . . ... .. ... ... ....

iv



{4.4.1 Proof of Proposition|4.4.2 . . ... ... ........... 81

4.4.2 Proof of Propositioni4.4.3 . . . . ... ... ... ...... 84

[4.4.3 Proof of Proposition|4.4.4| . . . .. ... ... ........ 90

{4.4.4 Proof of Proposition|4.4.9) . . . .. ... ... ........ 95

(5 Independence of automorphic L-functions| 101
b.1_Overview ofthe Problem|. . . . . . .. ... ... ... ....... 101
(5.2 Gaussian Process for automorphic L-functions| . . . . . . ... .. 102
2.1 Proof of Theoremi5. 1.1 . . ... ... .. ... .. ..... 102

b.2.2 Proofof Theoremb.1.2l . ... ... ... ... ....... 107

[0.3 Extension to a generalized notion|. . . . .. .. ... ... ..... 112
6__Conclusion| 115



1. Introduction

The Riemann zeta function (denoted by ((s)) encodes information about prime
numbers. The study of the behaviour of the Riemann zeta function is an inter-
esting topic in analytic number theory. In 1859, Riemann proposed that every
non-trivial zero of ((s) is located at the critical line with R(s) = 1. This problem is
known as the Riemann Hypothesis. It has been open for more than a hundred
and fifty years and is one of the most difficult problems in mathematics. There
are many applications of the Riemann Hypothesis. In particular, the error term
in the prime number theorem is closely related to the position of the zeros. H.
V. Koch [Koc01] proved that the Riemann hypothesis implies the “best possible”
bound for the error of the prime number theorem. Also, the Riemann hypothesis

implies strong bounds on the growth of many other arithmetic functions. For ex-
ample, the Mdbius function . has Dirichlet series ﬁ =y, "TS’;). This relation
is valid for every s with real part greater than % It is known (see Theorem 14.25
of [Tit86]) that a necessary and sufficient condition for the truth of the Riemann
1

hypothesis is that M (z) = O(227°), for all € > 0, where M(z) = 3, _, u(z). The
condition would be true if the Mdbius sequence {u(n)} were a random sequence,
taking the values —1, 0, and 1, with specified probabilities, those of —1 and 1 being
equal.

Hardy and Littlewood [HL16] studied the moments of the Riemann zeta func-
tion

T
Mk(T):/O 1C(1/2 + it)|?Fdt

for k = 1. The Lindeléf Hypothesig|tells us about the growth rate of the Riemann
zeta function, also, it implies that M (T) = O(T'*°) for all natural number k.
Even though the last decades have seen tremendous progress on this topic, the
asymptotic behaviour of My (T') still remains unknown. The moment conjecture

of the Riemann zeta function states that My (T") ~ CyT(log T)k2, for all positive
real numbers k. Keating and Snaith [KS00a] conjectured a formula for C}. using
random matrix theory.

Suppose X = X(T') < logT is a parameter tending slowly to infinity with T (to
fix ideas one can think of X (T") = /(log T)). Then for typical ¢ € [T, 2T (by which

'Lindel6f hypothesis, which is implied by the Riemann hypothesis, states that for any € > 0,
¢(L +it) = O(t°) as t tends to infinity.



we mean t lying outside a set of measure o(7")) one has

1
Clo+it) ~ ] (1 - pglﬂ.t> (for o > 1),

p<X

In other words, ((¢ + it) has an almost periodic structure and its value can be
usually extracted from knowledge of p* for small primes p.

The value distribution of ((s) on the critical line (for R(s) = %) is different
because ((s) does not behave like an almost periodic function and it is hard to
determine these values only with the knowledge of p** at small primes. In 1946,
Selberg studied the statistical behaviour of the Riemann zeta function. He man-
aged to estimate some integrals involving log ((s). In the 1940s Selberg made a
major contribution on estimating the argument of the Riemann zeta function on
the critical line [Sel46bj; |Sel44]. Selberg [Sel92;|Sel46b] established a fundamen-

tal theorem that as ¢ € [T, 277, the quantity log {(3 +it)/,/ 5 log log t behaves like a

standard complex random variable which means its real and imaginary parts are
distributed like independent normal random variables with mean 0 and variance
1. This result is known as Selberg’s central limit theorem (SCLT).

Forany o > 1 and ¢t € R, we have

10g|§(a+it)|222%%iogp). (1.1)

P k=1 p

For the proof of (1.1) see Lemma 13.1 of [Har15a]. Considering the Euler product
expression for the Riemann zeta function, we have

log((o +it) = Zlog(l— U+Zt>,a>1,t€R

Inserting the Taylor series expression of log (1 — ﬁ) and taking the real

parts of R(p~ ') = cos (—ktlogp) = cos (ktlogp), we conclude (T.7). Consider
the imaginary part t € [T, 2T, the almost independence arises because of the
values log p are linearly independent over QQ (which is basically a restatement of
the uniqueness of prime factorization). So, the terms cos (ktlogp) vary “almost

independently” for distinct primes p. We can conS|der{Z Sore f%} .
pe

as the sequence of “almost independent” random variable with suitable mean
and variance. Then as T — oo for t € [T,2T] the almost random variables-

{Z Sorey 1Ml°gp)} , converge in distribution to normal N(0, 3 loglogT).
pe

Hence, we call log (o + it)| has “approximate normal” distribution with mean
0 and variance %log log Tﬂ Now we write the precise definition.

Definition. If X (t) is approximately normally distributed with mean m and vari-
ance 12, if, for any fixed positive real number V', as T — oo, we have
1 X(t) - 1 [ _a?
—meas {t e [T,27T]: X(t) —m > v} ~— ezl (1.2)
T 14 \Y 27T )

2Similar argument works for classical automorphic L-functions. In this case we have
L(foo+it) =Y, 30, + %(Af(p>>;%(mogp>




uniformly forv € |-V, V.

Now we write the precise statement of Selberg’s central limit theorem for the
real part of the logarithm of the Riemann zeta function.

Theorem (Selberg). Let V' be a fixed positive real number. Then as T — oo,
uniformly for all v € [V, V],

1 1 1 1 e 2
—meas{ T <t<2T:1lo — 4+ 1t)| > v/ =loglogT N—/ e U2,
T { g1C(5 +it)] = vy /5 loglog } 7,

Let N(T') denote the number of non-trivial zeros p of ((s) inside the critical
strip up to height 7. Then one can write

N(T)=#{p=p+iv:0<y<T}
T T 7
— " log— 4~ T 7!
5 log o —+ o +5(I) +0(T),
where S(T) = L arg ¢(3 +it).
To study the statistical behaviour of log [¢(3 + it)| Selberg observed the be-
haviour of S1(T") on the critical line, where S;(T) is the integrated function given

by

T
S\(T) = /0 S(t)dt.

It is known that

S1(T) :%/1 10g|C(U+z’t)|da—%/1 log |¢ (o) do

2 2

To study the behaviour of S;(T'), Selberg needed a delicate estimate for the
non-trivial zeros of the Riemann zeta function. We give an informal overview of
Selberg’s argument by using T. Tao’s [Tao09] survey on Selberg’s proof. Selberg’s
proof has three main steps. In the first step, he established a formula for log |{(s)].
From the Euler product formula and the zeros of the Riemann zeta function, one
can write

log|C(s)| = Y 3%(1/p8)+0( Yoo ‘log ljlong) +o (1.3)

p<T€ p=s+0(1/logT)

where p denotes the zeros of the Riemann zeta function for s = 3 + it and t =
O(T), for e > 0. Notice that is a localization of the prime sum to the primes
p of size O(T°M)), and the sum of zeros at a distance of O(1/logT) from s. Note
that all the expression in can be controlled. The error term (denoted by - - -)
has the size O(1) for most values of ¢, so are a lower order term. The main term
contribution is coming from the primes. Let X, := R(1/p®) = 1/,/pcos (t1log p) for
t € [T,2T], is a random variable with mean 0 and variance approximately 1/2p (if
p < T€fore > 0).



Let us assume that X, behaves as if they were independent then by the central
limit theorem, the sum > . X, behaves like a normal distribution with mean 0
and variance > _re 1/2p. Then by Merten’s theorem, one has

1
Z — =loglog X + O(1).
p<X

To establish a formula for (1.3), Selberg started with

/ log
R

where ¢ is a bump function with total mass 1. The formula is averaged out for
log |¢(s)| in the vertical direction at scale O(1/logT¢) = O(1/logT), where the
implied constant depends on e.

One can express in two different ways. For the first case consider

—log|§(s)|:10g|s—1|—210g|5—p|+---. (1.5)
P

iy
s+ oo )| wtas (1.4

If one modifies s by O(1/1ogT) then the fluctuation of the quantity log|s — p|
is not much unless p is within O(1/logT") of s. In that case it will move by about

O (1 + log =2 ) As a result, one has

1/logT
/ log
R

where |p —s| > 1/log T, and

/ log
R

Assuming the imaginary part of s to be large, the quantity log |s — 1| does not
move very much by this shift. Inserting these facts to (1.5)), once sees that (1.4)
(heuristically) equals to

s+

iy
— dy ~ 1 —
o — | vl ogls —

1y

ot log T

B s — pl
p‘ o)y =togls ol +0 (14 1og {72

ERd
log[¢(s)|+ > O(l—l—log ioaT) T (1.6)
p=s+0(1/logT)
Now we compute (1.4), using
1
loglg(s)\:Z%E—i—---. (1.7)
p

Write s = 1/2 + it, one can express (1.4) as

SR [ T gy
p

4



Let w = Jpe ~ W) (y)dy be the Fourier transformation of ¢, then one can
write the above equation as >, %(1/p°) I Y(logp/log T€) +

Since v is a bump function, its Fourier transformation is also a bump function
(or a Schwartz function). As a first approximation one can think 1> as a smoothed
truncation to the region {¢ : ¢ = O(1)}, thus the ¢ (log p/ log T¢) weight is restrict-
ing primes to the region p < T¢. Thus one can express as

>R/ +

p<T*

Comparing this with (1.6), that we have for (1.4), one can obtain (1.3) (for-
mally).

The next step is about the controlling of zeros to take care of the error term
of (1.3). Precisely, in this step Selberg showed that Zp s+0(1/10gT) 11 |l0g 1/10g|T‘
is O(1) on the average, for s = 1/2 + it and t € [T, 277]. In this step, he has used

the first moment method. Let I, = 1+ |log 1/10"| ‘ be the random variable for each
zero p = s+ O(1/logT) and zero otherwise. Thus the target here is to control
the expectation of > I,. The only relevant zeros are those which have the size
of O(T") and we know that there are O(7'logT') zeros of this kind. On the other
hand, if one chooses s randomly then, it has a probability O(1/T"logT') of falling
within O(1/logT') of p. So, one can expect that each I, have an expected value
of O(1/T logT). By the linearity of expectation one can conclude that 3_ I, has
expectation O(T'logT') x O(1/T'logT) = O(1), and the claim follows.

In the last step, Selberg showed that ;e X, has normal distribution by
showing that X, behaves as if they are jointly independent. To show that X, has
mean 0, one can show that the product X, --- X, have a negligible expectation
as long as at least one of the primes occurs at most once. After having this (a
similar formula can be computed for the case when all primes occurred twice) one
can compute the k-th moment of (3, e X,)¥ and can verify that it matches with
the answer as predicted in the central limit theorem, which by standard arguments
is enough to establish the distribution law 3|

By expanding the product, one can get

1
Xp, -+ Xp, = ———cos(tlogpi)---cos (tlogpx).

Using the product formula for cosines, the product here can be expressed as
a linear combination of cosines cos (t£) where the frequency ¢ takes from

& ==+logps = logps--- £ logp.

Observe that if each of the p;’s is at most 7 then the numerator and the de-
nominator are at most T%¢. Also, ¢ is the logarithm of a rational number. By the
Fundamental theorem of Arithmetic if one of the primes py, ..., p; appears only
once then the numerator and the denominator do not cancel. Then £ can not be

3Note that to get close to the normal distribution by a fixed amount of accuracy, it suffices to
control a bounded number of moments, which ultimately means that one can treat k as being
bounded, k = O(1).



0. Since we know that the denominator is at most 1/7%, the ¢ must stay away
from 0 at a distant of 1/7%¢ or more. So, cos (t£) have a wavelength of at most
O(T*), for t € [T,2T). If k is fixed and e is smaller than 1/k then one can see
that the average values of cos (t€) is close to 0 for ¢t € [T,2T]. Then the product
Xp, -+~ Xp, have negligible expectation. Similarly, Selberg computed the expec-
tation of X, --- X, for all primes appear twice at least.

In 2017, Radziwitt and Soundararajan [RS17] gave a new proof of Selberg’s
central limit theorem. As the first step of the proof, they have taken away the
problem from the critical Iineﬂ Selberg’s original proof is more complicated com-
pared to Radziwitt and Soundararajan’s method because of the interference of the
non-trivial zeros of the Riemann zeta function. We have given a simplified version
of log |((s)|. There is a “tail” in coming from the zeros of the Riemann zeta
function that are more distant from s than O(1/log T'). Also, one has to smooth out
the sum in primes p a little bit and allow the implied constant depends on ¢ inside
the big-O term. Controlling these zeros (coming from the tail) is making Selberg’s
argument more complicated. While Radziwitt and Soundararajan’s method is not
studying the actual problem on the critical line, just to take away the problem,
only a standard zero estimate is needed, not a crucial one like Selberg needed to
study the problem on the critical line. This reason makes their proof easier and
more elegant.

The rest of the method developed by Radziwitt and Soundararajan only needs
very basic facts about the Riemann zeta function. In the second step, they have
introduced an auxiliary series involving the logarithmic derivative of the Riemann
zeta function. By restricting the auxiliary series to primes, they have proved that
it has approximate Gaussian distribution with mean 0 and variance 3 loglog [¢.
Finally, they have taken the help of mollifiers to connect the zeta function with the
auxiliary series.

Although Selberg’s method is more complicated compared to Radziwitt and
Soundararajan’s method to prove SCLT for log |¢(5 + it)|, but for arg (3 +it) Sel-
berg’s technique is better. In fact, Radziwitt and Soundararajan’s method can only
be used to prove the result for the real part of the logarithm of the Riemann zeta
function because the mollification technique can not be applied for arg((% + it).

Selberg’s work provides a good understanding of zeta and L-functions on the
critical line. It shows that typical values of [((3 + it)| are either very small (say
4 for any A with log A = o(y/Ioglog 7)) or large (> A with A as before), and that
intermediate values appear only on a set of measure o(7). It has contrast with
the fact that |((o + it)| (with o > 1) is typically of constant size. Some similar
results are known for (o + it) with £ < o < 1 but Selberg’s result indicates why

the problem for o = % has an entirely different flavour.

*The tail of the Riemann zeta function is defined as (,(s) = >;—, 7, for R(s) > 1. Since
Radziwitt and Soundararajan have proved the result for the real part of log |((s)|, during the calcu-
lations, they have obtained the sums involving W If R(s) = 1, because of the tail distribution
of the Riemann zeta function, the sums involving these terms will not be controllable. So, for the
sake of the calculations, it is necessary to take away the problem from the critical line.

6



We know that the (-function can be considered as an archetype of all L-
functions. It is believed that for each L-function there exists a Riemann Hypoth-
esis. So, the behaviour of L-functions in the critical strip encodes valuable in-
formation like ((s). The Grand Riemann Hypothesis is a much stronger version
of the Riemann Hypothesis. From these facts, we can say that log L(s) has its
own arithmetical significance. Further results were obtained by Selberg on this
subject [Sel92; Sel46a]. In these papers, Selberg introduced the properties of a
general class of the Dirichlet series, now referred to as the Selberg class. Selberg
showed that his theory, originally devised for the Riemann zeta-function, carries
over to the Selberg class with remarkably few changes.

Keating and Snaith [KS00b] conjectured that the logarithm of the central val-
ues of L-functions in families have a normal distribution with suitable mean and
variance. In this thesis we prove Selberg’s central limit theorem for classical au-
tomorphic L-functions and Dirichlet L-functions in ¢t-aspect and g-aspect respec-
tively. In the third chapter, we prove Selberg’s theorem for the classical automor-
phic L-functions (attached with primitive holomorphic cusp form f) given by the
Dirichlet series

L(f,s) = Z Aj;l(?)
n=1

We prove this result in ¢t-aspect. In the fourth chapter, we prove Selberg’s
theorem for GL(3) Dirichlet L-functions attached to the Hecke-Maass cusp form
f and twisted by the primitive Dirichlet character x, which is given by the Dirichlet
series

L(f@x,s)zzw.
n=1

We give a conjectural proof of this result in the g-aspect using the asymptotic
Large Sieve. Further, using a similar method we prove Selberg’s theorem for
GL(1) Dirichlet L-function attached to primitive Dirichlet character X]ﬂ

We use the proof technique established by Radziwitt and Soundararajan [RS17].
But we need a few modifications in their method since we will be working with the
L-functions. As we have discussed earlier in the proof given in [RS17], the au-
thors have used the mollification technique to connect the zeta function with the
auxiliary series. To establish that connection they evaluated the mean square es-
timate of the zeta function. We also need such an estimate for our proof but we
do not use their method. Since we have the Hecke-eigenvalues of the cusp form
(or Maass form) attached to the L-series we require the shifted convolution sum
while we are evaluating the integral mean value estimate of the L-function. While
working with the ¢g-aspect we need to consider the shifted convolution problem in
order to treat the approximate functional equation of the L-function, otherwise, for
the mean square estimate, we use a different technique.

Our work is limited to GL(2) and GL(3) L-functions because we don’'t have
much information on the shifted convolution problem for higher degree L-functions.

SA detailed information on these families of L-functions has given in the next chapter.

7



In fact, for GL(3) L-functions, only some hybrid results are possible.

Selberg also introduced the concept of independence of automorphic L-functi-
ons attached to distinct cusp forms or Maass forms (for Dirichlet L-function it is as-
sociated with distinct Dirichlet characters). Although it was not well defined in Sel-
berg’s paper, we get a generalized idea from it. In 2019, Hsu and Wong [HW20]
proved this result for families of Dirichlet L-functions associated with the set of
distinct primitive Dirichlet characters. We prove this result for families of auto-
morphic L-functions of degree 2 associated with the set of distinct primitive cusp
forms. Further, we consider a generalized notion on the independence of the
automorphic L-function with the help of the work of Hughes et al [HNYO7].



2. Notation and Preliminaries

2.1 Notation

Most of the following notation is standard in Analytic Number Theory.

« For the given functions f(z) and g(x) we write f(z) = O(g(x)) or, f(z) <
g(x) if there exists a constant ¢ > 0 such that

[f(@)] < eglx)

for all z, where c is the implied constant. The notation f(z) > ¢(z) means
9(x) < f(x).
* For the given functions f(x) and g(z), f(x) = o(g(x)) as © — xq if
f(z)
g

A ) =

* For the given functions f(x) and g(z) we denote f(z) ~ g(z) which means

f (=)

— —wlasx — oo.
g()

* We write f(z) =< g(x) to mean that there exist constants 0 < ¢ < C such that

cg(z) < f(z) < Cg(x)

for all = of interest. This notation roughly means that the functions f(z) and
g(x) have the same size.

» The Von Mangoldt function is the function defined by

An) logp if n = p” for prime p and integer k > 1
n)=
0 otherwise.

» The Mobbius function is denoted as . given by

(—1)" if nis the product of r distinct primes
0 otherwise.

9



Euler phi function denoted as ¢(n) is the number of non-negative integers
less than n that are relatively prime to n. The Euler product formula for the
¢(n) is given by

o1}

where the product is over the distinct prime numbers dividing n. Note that
¢*(q) denotes the number of primitive Dirichlet characters modulo ¢ and

¢*(q) = 0 if 2[|q.

The prime-omega function is denoted as €2(n) which denote the number of
prime divisors of n counted with multiplicity.

For s = o + it with ¢t #£ 0 we have the Stirling estimate (see 5.113 of [IKO4])
asserting that for any fixed o,

T(o + it) = /2 (it)" 2~ 27M (@)n (1 +0 (%)) .

As an application of the Stirling’s approximation [ET51] it can be shown that
for fixed § > 0 (which is sufficiently small)

- (o(nt)

where « and S are arbitrary constants and | arg(3)| < 7 — 4.

The exponential function is a mathematical function denoted by f(z) =
exp(z) = €%, with exp(0) = 1.lt has the Taylor expansion,
1’2 1’3
exp(a:):1+x+§+§+~-- :

It satisfies the following identity
exp (z +y) = exp(z) - exp(y) for z,y € C.

Moreover, this function is equal to its own derivative. Note that e(z) = *7®
for all .

2.2 Basic notion of the L-functions

The main topic of this dissertation is to prove Selberg’s central limit theorem for
some particular families of L-functions. First, we give a brief overview about the
Selberg Class then we recall some basic properties of the families of L-functions
we will be working on. All the families of L-functions we have considered in the
later chapters of this thesis belong to the Selberg Class. Note that for a primi-
tive L-function in the Selberg class (or for a cuspidal automorphic L-function for
GL,(Q)),one expects that log L(f, 5 + it) with 7" < t < 27 is distributed like a
complex Gaussian with mean 0 and variance %log logT.

10



2.2.1 Selberg Class

In this section, we define the Selberg Class and discuss some of its properties.

Definition 2.2.1 (Selberg Class). The Selberg class S consists of meromorphic
functions L(s) satisfying the following properties.

« Dirichlet Series: It can be expressed as a Dirichlet series

> a
L(s) = n—z
n=1

which is absolutely convergent in the region R(s) > 1. One can normalize
the leading coefficient as a,, (1) = 1.

» Analytic continuation: There exists a non-negative integer k, such that
(s — 1)*L(s) is an entire function of finite order.

* Functional equation: There is a number ¢ with |¢| = 1, and a function ~r,(s)
of the form
w
vi(s) = P(s)Q° T] Tlw;s + )
7=1

where @ > 0, w; > 0, ®(u;) > 0 and P is a polynomial whose only zeros in
o > 0 are at the poles of L(s), such that

€r(s) = vL(s)L(s)
is entire, and
En(s) =e€r(1—s)

where £1,(s) = £1,(5) and 5 denotes the complex conjugate of s. The number
2 Z}":l w; Is called the degree of the L-function, and this is conjectured to
be an integer. The asymmetric form of the functional equation can be written
as

L(s) =eXp(s)L(1 — s)
7r(1-s)

Where XL(S) = W

* Euler product: There is an Euler product of the form

L(s) =[] Ly(s)

where the product is over primes and
oo a k o0 b L
1) =3 e (322 )
k=0

where b, < n with6 < 1.



* Ramanujan-Petersson Conjecture: Foranye > 0

lan| = O(n°). (2.1)

The Euler product implies that the coefficients a,, are multiplicative, i.e., ay,, =
aman, When (m,n) = 1.

Generalized Riemann hypothesis (GRH): Let L(s) € S. If L(s) = 0 for
0 < R(s) < 1, then R(s) = 1.

The families of L-functions we have considered in the thesis belong to the Sel-
berg class. So, we study some standard results on it.

Selberg’s Conjectures: In [Sel92], Selberg made the following conjectures.
Conjecture A (Regularity of distribution). Let L(s) € S. There exists a constant
cr, > 0, such that as X — oo,

|ap|”
Z —— = loglog X + O(1).

p<X

Conjecture B (Orthonormality). Let Li(s), La(s) € S be primitive elements (it
means L;(s) cannot be factored into the product of two or more non-trivial mem-
bers of S). Then

oz {loglogX +0(1) if Li(s) = La(s)

s<x P 0(1) otherwise

Hypothesis H (Rudnick-Sarnak). For any fixed & > 2

< Q.

5 |(log p)a .|

2
» p

From (2.24) of [RS96] we know that

5~ (ogmAMlan?  log’ X

n 2
n<X

By partial summation, we get

2
Z M ~ loglog X. (2.2)

nlogn
n<X &

If Hypothesis H holds, the contribution on powers of primes can be neglected.
This further implies Conjecture A, for any fixed GL(n) L-function.

As we have discussed in the introduction, we will be using very basic results
of L-functions to prove our main theorems. We work with Dirichlet L-functions
and automorphic L-functions of degrees 2 and 3.

12



2.2.2 Dirichlet L-functions

In this section we study about the Dirichlet L-functions attached to primitive Dirich-
let characters y.
We start with the definition of Dirichlet characters.

Definition 2.2.2 (Dirichlet Characters). Let ¢ be a positive integer. A Dirichlet
character modulo q is an arithmetic function x with the following properties:

* x is periodic modulo q i.e., x(n + q) = x(n) for alln € N.
* x is completely multiplicative, i.e., x(mn) = x(m)x(n) for all m,n € N and
x(1) =1.
* x(n) # 0 ifandonly if (n,q) = 1.
Associated with each character y, in addition to its modulus ¢, is a natural
number ¢*, its conductor. The conductor is the smallest divisor of ¢ such that y
may be written as x = xox* where xq is the principal charactelﬂ modulo ¢ and

x* is a character modulo ¢*. For some characters the conductor is equal to the
modulus. Such characters are called primitive.

Definition 2.2.3 (Dirichlet L-function). The Dirichlet L-function L(s, ) is an L-
function of degree 1 given by the Dirichlet series

x(n)

L(s,x) =

n

for ®(s) > 1 with conductor q, gamma factor

~(s) = 75T (5 g a) (2.3)
where a = 0 if x(—1) = 1 anda = 1 if x(—1) = —1. They are called even

characters and odd characters respectively.

Then &(f, s) has analytic continuation to the entire complex plane and satisfies
the functional equation

6(1 -5 X) = E(X)f(é‘, X) (24)

where &(s,x) denotes the complete L-function followed by the formula given
above, and ¢( f) is the complex number of absolute value 1 called the root number
of L(s, x).

Since we need to deal with the Dirichlet L-functions it is good to recall a few
properties of the Dirichlet characters.

We begin with the orthogonality relations of the Dirichlet characters which say
that

The arithmetic function xo = xo,, defined by xo(n) = 1if (n,q) = 1 and xo(n) = 0 otherwise

(i.e., the characteristic function of the integers co-prime with ¢) is called the principal character
modulo gq.

13



Z x(a) = {gb(q) if a = 1(modq) (2.5)

(mod ) 0 otherwise.

We apply this result in later chapters to average some particular sums over
the Dirichlet characters.
The root number of L(s, x) is given by ¢(x) = 7(x)//¢, where

b( mod q)

is the Gauss sum associated with characters on residue classes modulo ¢. If x
is non-trivial, then L(s, x) is entire, otherwise it has a simple pole at s = 1 with
residue 1. The approximation of the Gauss sum is given by the next Lemma.

Lemma 2.2.4. If x(modq) is primitive, then

00l = V.

For the proof of this lemma see Lemma 3.1 of [IK04].
We prove next following lemmas, which we will use in the later chapter.

Lemma 2.2.5 (Euler product expression for L(s, x)). If R(s) > 1, then

L) =] (1 B X(p))17

s
» p

where (for the primitive Dirichlet characters x) the finite product is defined to be

X))\
lim (1 — —) .
P—oo ps
p<P
Proof. For any prime p,
k

k=0 p

The above series is absolutely convergent for ®(s) > 0. If we restrict the Euler
product of L(s, y) upto P and rearrange the term, then we have

! - k > cp(n
H (1_XI§2;>) - Hzngis) :Z 1:7)1(5)’

p<P p<P k=0 n=1

where

ep(n) = x(n) if all prime factors of n are < P,
PP 0 otherwise.

14



Note that each Dirichlet character are multiplicative and for n = p‘flp;? Ry
each pair (p;,pj) = 1 for i # j. Then we write

—1 [e%e) [e’e]
s~ I (1-42) zﬁ\ s bl
P= " an(i)ZO

Since by definition c¢p(n) = x(n) for n < P, the right hand side of the above
equation is

If ®(s) > 1, the above expression tends to 0 as P — oo, concluding the lemma.
0

Lemma 2.2.6. Forany o > 1 and any t € R and primitive Dirichlet characters ¥,
we have

oo
log L(o +it, x) = Z Z % J—l—zt

p k=1
and

1 cosktlo
log (o + it )| = 3050 X 2p)
p k=1

The double series on the right are absolutely convergent.
Proof. From Lemma[2.2.5] we have

log L(o +it, x) = Zlog(l— U—H)t) o>1,teR.

Inserting the Taylor series expansion of log (1 — U(j’w and taking the real
parts and noting that (p~%*) = cos(kt log p), we conclude the lemma. O

Remark 2.2.7. Note that the proof of Lemma and Lemma follows the
proof of Lemma 10.2 of [Har15b] and Lemma 13.1 of [Har15a] respectively.

2.2.3 Classical automorphic L-functions

In a few books classical automorphic L-functions usually refers to the GL(2) L-
functions associated with holomorphic or eigenfunctions of the Laplace operator.
In this thesis, we deal with the L-functions attached to primitive holomorphic cusp
forms and Hecke-Maass cusp forms.

Let H = {z +iy: 2 € R,y > 0}. A modular form of weight £ and level ¢ for the
congruence subgroup

To(q) = { <Z 2) € SL(2,Z)|c = 0 mod q}

is @ complex valued function f : H — C such that:

15



» fis holomorphic;

* (fler(2)) = (cz +d)~F f(v2) = f(2) for each v € To(q);

* [ is holomorphic at all cusps of I'y(¢) which means that the Fourier series
at those cusps is a Taylor series (or g-series) in q = ¢>™*. The cusps are

given by v(co) = ¢ where
_f(a b
T=\e d

Furthermore, f is a cusp form if it is a modular form and if it vanishes at all
cusps of I'g(¢q). Let Sk(q) denote the vector space of weight & cusp forms on I'y(q)
with trivial character. For the cusp form f € Si(q) is not “primitive” if one of the
following holds (see 145-146, 173-174, 176-184, 213, 216, 238 of [Kob84]).

is an element of I'g(q)\SL(2, Z).

* f € Sk(q/d) for some divisor d > 1 of g.
* f(z) = g(dz) and g € Si(q/d) for some divisor d > 1 of q.

Definition 2.2.8 (Classical automorphic L-functions). Let f be primitive holomor-
phic cusp form of weight k > 1 and level q, with nebentypusﬂ . Then f has the
Fourier expansion

Then an L-series attached to f is defined as

-1
L(f,s) = ZAfH_W T (1 _Mlp) w(zzz))

~ ; P’ p

where \(n) is the n'" Hecke eigenva/udﬂ of f, with conductor ¢ and gamma factor

ko1 kil _
V(fys) =mT <S+2 2 ) r <5+2 2 ) = cx(2m)°T (s+ %)

where ¢;, = 2B3-K)/2, /1 by Legendre duplication formula.

2let ¢ > 1 be an integer, and ¢ a Dirichlet character modulo ¢ (not necessarily primitive).
Clearly ¢ induces a character of the modular group I'g(q) by ¥(g) = ¥(d) for g = (CFL Z) A
modular form of weight &, level ¢ and nebentypus (or character) v is a holomorphic function f on
the upper-half plane H which satisfies f|y = ¥(v)f, for all v € T'y(q).

SForeach n € N, T0,f(2) == = 3,0 " Y gcpea f (5F2) = As(n)f(2), where T, is the n-th

Hecke operator and A¢(n) is the n-th Hecke eigenvalue.
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Definition is taken from section 5.11 of [IK04].
A(f, s) has analytic continuation to the entire complex plane and satisfies the
functional equation

A(fos) = @y (f.5)L(f.s) = e(f)A(fi 1 = s) (2.6)

where A(f,s) denotes the complete L-function followed by the formula given
above and f is an object associated with f (the dual of f) for which Af(n) = Af(n)
and <(f) is the complex number of absolute value 1 called the root number of
L(f,s). The dual form f satisfies

Xf(n) = x(n)Af(n)if (n,q) = 1.

Now we recall some standard results on the Hecke-eigenvalues of L(f,s). It
is known that L(f, s) satisfies the Ramanujan-Petersson Conjecture by work of
Deligne [Del74] for k£ > 2 and Deligne-Serre [DS74] for k = 1.

Ramanujan-Petersson Conjecture: For a modular form f(z) in SL(2,Z) with
the weight & > 2 if its Dirichlet series converges in R(s) > 1 then the coefficient
At(n) = O(nc).

Recall that A\¢(n) is a real multiplicative function. Then we have [Li10]

A(mhpm) = Y A (%) for m,n > 1. (2.7)
5
and
Ap(mn) = 7 p(d)As (%) Y (g) for m,n > 1. (2.8)
)

2.2.4 Dirichlet L-functions attached to twisted form

In this section, we define the Dirichlet L-functions associated with a twisted Maass
form.

Letn = 3 and let v = (v1,10) € C2. A Maass form for SL(3,7) of type v is
smooth function f € £2(SL(3,7)\h*) which satisfied’
e f(v2) = f(2), forally € SL(3,7Z), > € b3.
« Df(2) = Apf(2), forall D € ®3 with DI, (2) = A\p - I,,(2) and
L i if i +j <3;
IV 2) = bZ,]VJ, bl ;= Y ! -
( ) Z‘J‘lj[l’gy ! {(Q_i)<2_j) |f2+]23,

and z =z -y, where z,y € R+.

“We define a Maass form as a smooth complex valued cuspidal function on h3 =
GL(3,R)/(O(n,R)) - R* which is invariant under the discrete subgroup SL(3,Z) and which is
also an eigen-function of every invariant differential operator in ©3. Let gl(n,R) is the additive
vector space (over R) of all n x n matrices with coefficient in R. The differential operator D, with
a € gl(n,R) generate an associative algebra D™ over R. Then ©" is the center of D™. Recall that
Ap is the Harish-Chandra character.
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. f(SL( U \Uf uz)du = 0, for all upper triangular groups U of the form
Iy

, with 1 +7r9 +--- +r, = 3. Here I, denotes the

rxr identity matrlx nd denotes arbitrary real entries (see Definition 5.1.3
of [Gol06]).

Definition 2.2.9 (Twisted Dirichlet L-functions). Let f be a primitive Hecke-Maass
cusp form of type v = (v1,v9) for SL(3,7Z) with nebentypueﬂ Y. Let \(my, mg) (with
A(1,1) = 1) be the normalized Fourier coefficients of f. Then f has the Fourier
expansion

= \/gzAf(l,n)Kir(2W|n|y)e(nx) (2.9)
n#0

where K, () is the K-Bessel function [FLO5].
Let x be a primitive Dirichlet character modulo q. Then the L-function associ-
ated with the twisted form f ® x is given by the Dirichlet series

L(f®x,s) = ZW
n=1

in domain R(s) > 1.

The gamma factor is given by
3
s) =] Tr (s — ) (2.10)
=1

where I'(s) = 7%/2'(s/2).

Since f is a Hecke-Maass cusp form of type (v1,12). Then the Langlands
parameters (a1, ag, a3) associated with f are defined as

o] = —vp — 219+ 1
Qg = —U1 + 12
a3 =2v1 +1v9 —1 (211)

Then the functional equation of L(f ® x, s) is given by
Af@x,s) = A(f@ Y, 1—5) (2.12)
where

Af@x,s) = @*y(f,s)L(f @ x, 5)

Swhich is an eigenfunction of all the Hecke operators with eigenvalue A = 1 + r2, where
0<r< %

18



is the complete L-function. The sign of the L-function ¢, is given by

ey = 9%/,

where g(x) is the Gauss sum.

The Ramanujan-Selberg conjecture predicts that R(«;) = 0. The bound of the
Ramanujan conjecture on G'L(3) gives (recently proved by Huang and Zu [HX21]),

A(m,n) < (mn)’. (2.13)

where § = k + ¢ and k < 5/14. Note that Hypothesis H was proved by Rudnick-
Sarnak (see Proposition 2.4 of [RS96]) for GL(3) L-functions. We can conclude
Conjecture A holds for GL(3) L-functions. From the Rankin-Selberg theory the
following average holds.

Z|Af(1,n)|2 L . (2.14)

n<x

2.2.5 Approximate functional equation

In the proof of the main result, we use approximate functional equation for L-
functions.

Lemma 2.2.10. Let L(f,s) be an L-function belonging to the Selberg Class. Let
G(u) be any function which is holomorphic and bounded in the strip —4 < R(u) <
4, even, and normalized by G(0) = 1. Let X > 0. Then for s inthe strip0 < o <1
we have

B Ar(n) n Xf(n) nX
L(f78) _; ns ‘/8 (X\/a> +6(f78); nl_s Vl—s % +R (215)
where the function Vi(y) is a smooth function given by

1 a8+ ) du

and
— ¢ l787(.][‘7]-_8)
E(f’ S) - (f)q(f)2 ’Y(f; S)

The last term R = 0 if A(f, s) is entire, otherwise

Alf,s+u) Gu) 4,
7 X

¢*/?y(f.s) u

For small y we can shift the contour to the left up to —1/10 + ¢. We get the
asymptotic expansion

R = (resy—1—s + resy——_s)

Vi(y) = 1+ O(y"/107°).

For large y we use the bound V (y) = O;(y~7) which holds for any j > 1. For the
proof of this lemma, see Theorem 5.3 of [IKO4].
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2.2.6 Miscellaneous

In this section, we state few standard results of L-functions that apply to all de-
grees of automorphic L-functions.

Lemma 2.2.11. Let L(f, s) be an L-function. There exist constants a = a(f) and
b =b(f) such that

- A = IT (12 eh,

where p ranges over all zeros of A(f, s) different from 0,1.
For the proof of Lemma|2.2.11|see Theorem 5.6 of [IKO4].

We denote

L B Ay(s)
__j?<f78)_‘j£: )

the expansion of the logarithmic derivative of an L-function in Dirichlet series
supported on prime powers. In terms of the local roots «;(p) of the Euler product
we have

d

Ar() =" aj(p)*logp.
j=1

We remark that for Dirichlet characters A, (n) = x(n)A(n), where A(n) denotes
the Von Mangoldt function. For GL(2) L-functions in the case £ = 1 we have
Af(p) = A(p)logp and in the case m = 2 we have A¢(p?) = (As(p?) — ¥(p))logp
for prime p. Otherwise |Af(n)| < 2A(n) holds for every positive integer n where
A(n) denotes von Mangoldt’s function. In general A¢(p) = A¢(p)logp. Note that

Af(n) = Ay¢(n).
We require the following estimates [RS17]. For any m,n € N, one has

/2T (m)itd T if m = n; (2.16)
=) at = , . :
T \n @) <m1n{T, m}) if m # n.
For m # n one further has
) 1 if m > 2n, orm <n/2;
< ‘mTfM if n/2 <m < 2n; (2.17)
| log(m,/n)]

vmn  forall m # n.

Rankin-Selberg L-function: Recall the Rankin-Selberg L-function L(f x f, s)
is defined as

[0.9] 0o 9
L(fx f5)=>_ Afxn_f(”) — sy qui?j)
n=1 n—1

for ®(s) > 1.
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2.3 Shifted Convolution Problem

Let f be a primitive modular form of level ¢ and nebentypus . Let A;(n) be the
Hecke-eigenvalues of f. Then the shifted convolution problem (SCP) consist to
estimate the non-trivial bound of the following sum:

S (flla k)= Y Ap()Ap(m)V(m,n) (2.18)

lym—lon=h

where l1,1> > 1 and V' is a compactly supported nice function in [M,2M]x[N,2N].
The trivial bound of the sum is

Z(f? lla l?a h) <e (MN)EmaX(M, N)
Find 0 > 0 s.t.
> (f,11,12, h) = Main term(h) + O(M'~?)

when M and N has almost same size. The Main term(h) is the main term and
the remaining term is the error term. We can only have a non-zero main term if f
is an Eisenstein series [MicO7].

Remark 2.3.1. If h = 0 then the sum is a Rankin-Selberg type partial sum which
can be evaluated by shifting the contour. The problem is interesting when h # 0.

The non-trivial bound of this type of problem is often used in the sub-convexity
problem. In fact, in analytic number theory, the most useful application of SCP is
to obtain the sub-convexity bound for the Riemann zeta function and L-functions.
But we don’t need any deeper knowledge of these types of problems. We only
use the non-trivial upper bound of the sum given in (2.18).

From the approximate functional equation of the L-function (see (2.15)), we
can obtain the sum

ENTE

Sv(fih, i) = Z Ap(n)Ag(m)

T
lym—lgn=h (mn)2

The sum is like a partial sum of Rankin-Selberg type but with an additive shift
given by h. As we have stated before that for h = 0 the sum is trivial. For h # 0
the additive shift is non-trivial and one expects some cancellation during the time
of averaging the Hecke-eigenvalues A\;(n), A\¢(m). Due to Ramanujan-Petersson
conjecture we know that A\;(n) < ¢° (where n ~ ¢) the non-trivial bound for
Zv(f; h,ly, 12) is

Sy (f;h b1, b)) <o g (qL) L3474, (2.19)

where [, 1> < L.
For the proof of (2.19) see section 4.3.1 and section 4.4 of [MicQ7]
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2.4 Random Variables and their properties

The main topic of this thesis is to prove Selberg’s central limit theorem for L-
functions in families for both ¢-aspect and ¢-aspect. From the statement of the
result stated in the introduction, it is obvious that we need to deal with some basic
probabilistic results. Since we are proving the central limit theorem we have to
deal with random variables. We prove the main results of this thesis using the
method of moments. In this chapter, we recall some standard results on it.

2.4.1 Gaussian random variable

In this section, we go through some basic facts about the Gaussian random vari-
able.

Definition 2.4.1 (Normal random variable). A continuous random variable 7 is
said to be a standard normal (standard Gaussian) random variable, denoted as
Z ~ N(0,1), if its probability density function (or PDF) is given by

2
fz(z) = \/12_7Texp {—%} . forall z € R.

If Z is a standard normal random variable and Z = 2, then X is a normal
random variable with mean p and variance o2 and we write X ~ N (i, 02).

Definition 2.4.2 (Normal distribution). A normal (or Gaussian) distribution is a
type of continuous probability distribution for a real-valued random variable. The
probability density function is given by

o) = — ()

o\ 2w

We recall some facts regarding normal random variables. Let X be a normal
random variable with mean 0 and variance 2. The n-th moment of X satisfies

Elx"] = {" nis odd, (2.20)
(1-3---(n—1))c™ ifniseven,

where E[X"| denotes the mean of X" for positive integer n.
Let X; and X5 be two random variables. Then X; and X5 are independent if
their probability distribution

P(Xl < l‘l,XQ < 132) = P(X1 < xl)P(XQ < xz),
for all x1, x5. The co-variance of X; and X5 in terms of expectation is given by
COV(Xl,XQ) = E[XlXQ} — E[XﬂE[XQ}

Recall that X7, X5 is said to be uncorrelated if their co-variance is 0. That
means

COV(Xl,XQ) =0<«= E[XlXQ} = ]E[Xl]]E[XQ]
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The co-variance coefficient defined by

_ Cov(Xy,X»)
X Xa) = e

If X1 and X are uncorrelated then the co-variance coefficient p( X1, X2) is 0. Note
that two independent random variables are always uncorrelated, but the converse
is not necessarily true. That is, if X; and X, are uncorrelated, then X; and X5
may or may not be independent.

From the variance of a sum we know that for random variables X7, X5 and for
real numbers a,b € R we write
Var(aX1 + bX3) = a*Var(X1) + b*Var(Xs) 4 2abCov(X1, X2)
From this equation it is clear that if X; and X5 are uncorrelated then
Var(X +Y) = Var(X) + Var(Y) (2.21)
Until now we have only looked at the uni-variate (or one-variable) normal dis-
tribution. Now let us recall n-variate (or multivariate) normal distribution.

Let X = (X1, Xy,..., X,) be arandom vector (or multivariate random variable)
in R". Let E(X;) = m; and Var(X;) = o? foralli = 1,...,n. Then X is called an
n-variate normal distribution with probability density function given by

1 1
fx(lﬂ) = n e—é(x—m)
(2m)2 \/det(R)

Tl (z—m)

where m = (mq,...,m,), (x — m)” denotes the transpose vector (z — m) and
R = (oy;) is an n x n symmetric positive definitive matrix of real numbers with
Oii = O’iz and Oij = p(XZ',Xj)O'Z‘O'j.

We have the following properties for an n-variate normal distribution.
» Let Y be a random variable given by
Y=X1+Xo+...+ X,
then the linearity of expectation tells us that

E[Y] = E[X1] + E[Xo] + ... + E[X,]

» The variance of Y is given as
Var(Y) = Var (Z XZ-> = Var(X;)+2)  Cov(X;, X))
=1 =1 1<J

+ If the X;’s are independent then the Cov(X;, X;) = 0 for i # j. In this case
one has

Var (Zl Xz) = ;Var(Xl)
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Lemma 2.4.3. Let (X;)!' , be a sequence of normal distributions. Then (X;)?_, is
an n-variate normal distribution if and only if any linear combination of X;’s is a
normal distribution.

Suppose, further, that (X;, X;) is a bi-variate normal distribution. Then X; and
X; are independent if and only if they are uncorrelated.

For the proof of Lemma2.4.3| see Theorem 5.5.33 of [DM88].
Lemma 2.4.4 (Cramér-Wold Theorem). Let
Xn = (ananQ) and X = (Xl,XQ)

be random vectors. Then X,, converges to X in distribution if and only if

2

2
D
E a; X — E a; X;
v n—oo
=1 =1

for each (a1, a2) € R?, that is, if every linear combination of the coordinates of X,
converges in distribution to the correspondent linear combination of coordinates
of X.

For the proof of this lemma see p.383 of [BIl93].
Corollary 2.4.5. Let

Kty w) = (X, (£, w), Xy (t,w)) and X (t,w) = (X1(t,w), Xa(t,w))

be random vectors, where w is a random parameter and t is the time parameter.
Then X,,(t,w) parameter wise converges to X (t,w) in distribution if and only if

2 2 2 2
D aiXy,(t) — ) aiXi(t) and Y aiXp(w) —— > aiXi(w)
1=1 1=1 1=1

t—00 n—00
) ) i=1
for each (ay,az) € R2, that is, if every linear combination of the coordinates of
Xn(t,w) parameter wise convergesﬁ in distribution to the correspondent linear

combination of coordinates of X (t,w).

Remark 2.4.6. Let (X, X2) are approximate bi-variate normal distribution and
converges to (Y1,Y3) in distribution, where (Y1,Y2) is a bi-variate normal distribu-
tion. Then as an application of Lemma and Corollary|2.4.5, we can deduce
that X, and Xy are asymptotically independent if and only if Y1 and Y, are inde-
pendent.

In a later chapter, we prove that a finite sequence of L-functions associated
with distinct cusp forms (or Maass forms) forms a Gaussian process [Lif12].

Definition 2.4.7 (Gaussian process). A stochastic process (X;) is called a Gaus-
sian process if every finite sub-sequence of (X;),c; has a multivariate normal
distribution.

6“parameter wise converges” indicates that we fix one parameter (either ¢ or w) and X, (t,w)
converges in distribution as the other parameter varies.
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2.4.2 Method of moments

We prove our main results by studying the moments of the auxiliary series (which
we define in later chapters). We need very basic results on the method of mo-
ments.

For some distributions, one can not trace the characteristic function but the
moments can be calculated for those distributions. In these cases, one can prove
the weak convergence of the distribution by establishing the moment convergence
under the condition in which the moments are uniquely determined.

Lemma 2.4.8. Let (S,5§,R) be a complete probability space. We say that (X,,)
converges to X in distribution if lim, . B(s € & : X,(s) < z) = P(s € & :
X(s) < x) for every x such that’B(s € & : X(s) =xz) =0.

Suppose that the distribution of X is determined by its moments of all orders,
and that lim,,_,. E[X]] = E[X"| forr = 1,2,.... Then X,, = X which means X,
converges to X in distribution.

For the proof of Lemma see Theorem 30.2 of [Bil95]. The method of
moments plays an important role to determine the central limit theorems and it
has several applications in Number Theory as well. For example, see Theorem
30.3 of [Bil95].
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3. SCLT for automorphic
L-functions in the t-aspect

3.1 Introduction

In this chapter, we present a simple proof of Selberg’s central limit theorem for
automorphic L-functions of degree 2 associated with primitive holomorphic cusp
formgd| under the assumption of GRH. As we have discussed in the introduction,
we follow the method established in [RS17].

As discussed in the introduction, Radziwitt and Soundararajan’s [RS17] method
can be extended for higher degree L-functions, but the computations do not fol-
low immediately. To prove SCLT for the families of L-functions with degree d > 3,
one needs to follow the mollification technique, which requires one to prove the
second mollified moment of the L-functions. Note that one needs information on
the shifted convolution problem to compute the second mollified moment of the
L-functions. Due to the limited information on the shifted convolution problem
for higher degree L-functions (for degree d > 3), Radziwitt and Soundararajan’s
proof (in ¢t-aspect) can not be extended at the moment. Selberg mentioned that
his central limit theorem can be proved for all L-functions belonging to the Selberg
class [Sel46a]f]

In this chapter, we have proved SCLT in the t-aspect, for which we have in-
tegrated over ¢ € [T,2T] for sufficiently large 7. Since we are dealing with the
L-functions, some modifications are needed in our proof.

Our main result has stated below.

Theorem 3.1.1. Let V' be a fixed positive real number and f is a primitive holo-
morphic cusp form of weight k > 1, level q. Then as T — oo, uniformly for all
ve[-V,V],

1 1 1 1 > 2
—meas T <t <2T :log |L(f,= +it)| > vy/=loglogT N—/ e /Qdu,
T { g|L(f. 5 +at)l \/Qgg} NI

'Throughout this chapter, we have considered L-functions as defined in Definition
2Selberg has proved his central limit theorem for the Riemann zeta function and Dirichlet L-
functions [Sel46bj |Sel46a].
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3.2 The Setup

In this section, we write the sketch of the proof of Theorem for GL(2) L-
functions.

Our proof can be broken into four main steps. In the first step, we take away
the problem from the critical line. In the next step, we introduce an auxiliary series
involving the Hecke-eigenvalues of f. We prove that it has normal distribution by
studying its moments. Finally, we use the mollification technique to connect the
L-functions with the introduced auxiliary series.

The following proposition proves that log | L(f, 3 + it)| is typically close to
log |L(o + it)| for suitable o near 1.

Proposition 3.2.1. Let T be large and supposeT <t < 2T. Then foranyc > 1/2
we have

t+1
/tl

Remark 3.2.2. In the first step, we take away the problem from the critical line.
If we choose to move 1/logT distance from the % line (as T — oo the density
of zeros of L(f,s) increases), then we might stay very close to % line for large
enough T'. We wish to stay away from the critical line but not too far away. So, we
can not choose a large parameter W. That is why we choose W = o(y/loglogT).
Further, we want to approximate L(f,s) by an Euler product, where the product
is going up to X. In order to approximate, we need to consider that X would be
going up to a small power of T'.

1 , 1
log |L(f, 3 +iy)| — log |L(f, 0 + iy)|| dy < (o — 5)10gT-

We fix the parameters

W = (log 10g10gT)47 X — Tl/(logloglogT)Q’ Y — T(l/loglogT)Q’ oo = % + 1 WT’
og

where T > 0 is sufficiently large so that W > 3.

From Proposition we can see that the difference between log |L(f, 3 +it)|
and log |L(f, o0 + it)]| is negligibleﬂ So from now on we need to study the be-
haviour of log | L( f, o9 + it)| which is @ much easier problem since the zeros of the
L-functions won’t interfere anymore.

As the second step, consider the auxiliary series

As(n)
n®logn

P(f.5)=P(f.s:X)=

2<n<X

By computing moments we determine the distribution of P(f, s).

8Using Proposition we can say that log | L(f, 3 +it)| and log | L( f, oo +it)| differ by at most
AW except on a set of measure O(T'/A), where log A = o(v/loglog T). If AW is small compared to
Vloglog T, the difference is negligible and log | L( f, s)| has almost same distribution at s = o + @t
and s = % + at.
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Proposition 3.2.3. Ast varies inT <t < 2T, the distribution of R(P(f, oo + it))
is approximately normaﬁ with mean 0 and variance ~ % loglogT. Precisely, letV
be a fixed positive real number then as T' — oo, uniformly for allv € [V, V],

1 1 1 o2
—meas{T <t < 2T : R(P(f,00+it)) > vy/=loglogT N—/ e U 2.
Fmeas{T < ¢ <27 s R(P(f o0 + i) = vy loglog T} ~ —= [

By the definition of the Fourier coefficient of the cusp form A((1) # 0. Then
we can define the convolution inverse (y¢(n)) of the sequence (A¢(n)). This is an
arithmetic multiplicative function, which satisfies for a prime number p

1 ifptg

pr() =1, pp(p) = =Xp(0), 1p (%) = Ap(p)* = Ap (%) = {o otherwise

and if j > 3, pup(p?) = 0.

Now it remains to connect R(P(f, oo + it)) with log | L(f, o9 + it)| for most val-
ues of ¢ to prove Theorem (3.1.1] For this, we use the mollification technique.
Introducing the Dirichlet polynomial M ( f, s) given by

Mg, = 3 e
where a(n) is defined by

1 if n is composed only by primes below X and has at most 100 log log T,
a(n) = primes below Y, and at most 100 log log log T" primes between Y and X.
0 otherwise .

By the definition of a(n) it takes the value 0 except when
n < Y100loglogT x100logloglog™ ¢ |t js now evident that M(f,s) is a short

Dirichlet polynomial. Our target is to show that M (f, s) can be approximated by
e_P(f7s)_

Proposition 3.2.4. ForT <t <2T
M(f, 00+ it) = (1+ o(1)) exp(=P(f, 00 + it))
except perhaps on a subset of measure o(T).

Now it remains to connect the L-functions with the Dirichlet polynomial M (£, s)
to prove the theorem. Roughly speaking from the definition of M(f, s) we can see
that L(f,s) and M(f, s) are inverse to each other, which we are going to prove as
our final step.

Proposition 3.2.5. ForT <t < 2T,

1 2T
f/ 11— L(f, 00 + it)M(f, o0 +it)|* dt = o(1).
T

4see (1.2), introduction.

28



So that for T <t < 2T we have
L(f, 00 + it)M(f, 00 +it) = 1 + o(1),
except perhaps on a set of measure o(T).

Now we are ready to prove Theorem 3.1.1]
Proof of Theorem |3.1.1 Recalling Proposition [3.2.5] it says that for all ¢ €
[T, 2T (outside of a set of measure o(7")) we have

L(f, 00 +it) = (1 + o(1))M(f, 00 +it) .

By Proposition|3.2.4} for all t € [T, 2T (outside of a set of measure o(7")) we know
that

|L(f,00+it)| = (1 + o(1)) exp(RP(f, o0 + it))

and by Proposition we can conclude that log |L(f, oo + it)| is normally dis-
tributed with mean 0 and variance %log logT. Finally with the help of Proposi-
tion 3.2.7] we deduce that

2T
A

So outside of a set of measure O(T'/W) = o(T") we have

1 1
10g|L(f,§ +it)| —log |L(f, 00 +it)|| dt < T (o9 — E)logT: WT,

1
log |L(f, 5 +it)] =log |L(f, 00 + it)| + O(W?).

Since W? = o(v/loglog T)) it follows that similarly like log |L(f, oo + it)],
log |L(f, 5 + it)| has the normal distribution with mean 0 and variance 3 loglog 7,
which completes the proof of Theorem O

3.3 Proof for GL(2) L-functions

In this section, we give the detail of the proof of Theorem by proving the
Propositions.

3.3.1 Proof of Proposition

Let f be a primitive holomorphic cusp form (as defined in Definition [2.2.8)) of
weight &£ > 1 and level q.

Set A
G119 = 1"2(5.9) = et r (5455 8.1)

where 7(f, s) is the gamma factor of L(f, s) with ¢;, = 263=%)/2,/x_If t is sufficiently
large and y € [t — 1, ¢ + 1], then by Stirling’s formula we will show that

G(f, o0+ 1y) 1
8 G 12 i) ‘ < (" B 5) log .
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Note that

G(f,o+iy) \ o)) — ar ;
g (T g (G7o + i) = arg (7. 1/2 + ).

Now, applying the formula for the argument of the gamma function we have

arg (G(f, 0 +1y)) = arg <q("+iy)/20k(27r)‘(””y)r (0 by =L S 1))

= arg(q\ " 1?) + arg ey (2m)77FY)) + arg (F (a Fiy+ L 5 1)>
1\ 7w 1
u/2log + yogs + wlosy =)+ (7 3) 540 (55).

Similarly,
. 1
arg (G(f,1/2 +1iy)) = y/2logq + ylog 2 + (ylogy — y) + O <‘ ’)

Expanding the complex logarithm and putting Stirling’s approximatiorE]for Gamma
function in (3.1) we have,

o G(f,0+1y)
EG(f 172+ 1iy)
B G(f, o0+ 1y) _ G(f, o0+ 1y)
=le |G 2 1 iy ‘ e (G<f, 1/2+ m)

q%ck@wmr(aww ko)

+i(arg (G(f, 0 +iy)) —arg (G(f,1/2 + iy)))
S m) D12 1 iy + 1)

q
g— 1 2 0— 1/2 |y‘ e e
_ ( / —(o—1/2) V.2TY Jre 2 ) L0 (|y|a—§’[e—§|yl> L0 <|y|—1e—g|y|>

2me g\y\
1\ 7 1
il (o=t —+o( ))
((o=3) 5+ (5
o—1/2 —Zlyl
=log (q2/(27r)_(”_1/2)y(0_%)) +0 ¢ +1 ((0 — 1) T4+0 (i)> :
Y| 2) 2 Y|

Since, t is large enough and y € [t — 1,¢ + 1], and ¢ is fixed (which means the
implicit constant will depend on ¢), we writeﬁ

G(f,o +iy)
G(f,1/2 +1iy)

SConsider the Stirling formula given in notation. We can separate the real and the argument
part. For the real part we can write |['(c + it)| = v2x|t|]" "2~ 2l (1 +0 (M))' The argument

log

1
‘<<‘logtg 2 ‘<< (0—§)logt

can be written as arg(I'(c + it)) = tlogt —t+ (0 — ) 2 + O (‘ﬂ)

8Note that the error term coming from the logarithm of the Gamma function is very small. Since
we only need the upper-bound, the error will be subsumed by the main term.
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Recall the functional equation of the complete L-function (as given in (2.6))

To prove Proposition[3.2.1]it is enough to prove that

t4+1

I,
Recalling Hadamard’s factorization formula (see e.g. Lemma2.2.11), there exist
constants a = a(f) and b = b(f) (where b(f) = —>_,%(1/p)) such that

A(f,1/2 4 iy) 1
1 — 77 — — ) logT.
Og‘/\(f,oﬂy) dy<(o-g)ls

(s(1 = $)A(f.5) = e T (1 . f) es/P.

where p ranges over all zeros of A(f, s) different from 0,1. The product on the left
hand side of the above equation is over all non-trivial zeros of L(f, s), all of which
lie in the region 0 < R(p) < 1.

Assuming that y is not the ordinate of a zero of L(f, s) we can write

12
1ng Zl (1/2 +1y) — p"
A(f, 0 +iy) (c+iy)—p

Suppose p = 3 + iy is a non-trivial zero of L(f, s). Integrating over
y e [t—1,t+ 1] we get

/t+1 %‘{'Zy_p
t—1 o+iy—p
(B—3)2+ (y—n)?
(B=0)?+(y—n)?

A(f, 5+ iy)

]
A(f, o0+ 1y) o8

log

t+1
chEZA;

p

1 t+1
53

p

log

If |t —~| > 2thenforany y € [t — 1,¢ + 1] we have

1 1 1 132
tog | 2V 21 Iog [1- —7—2 )| =|p—T—2 | 4o (lT=2)
o+iy—p o+iy—p o+iy—p (y—")
-0 (U_%> '
(y —7)?
So we can write
i (1/2-%iy)—-p“ (0 —1/2)
1o : dy < ~— 120
/t_l ot —p ||V =2
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Then contribution of these zeros give

1
Z <( 2>)2<<(0—%)10gT.

[t—y|>2

Now consider the range |t — v| < 2 (which is basically the zeros near t) w

have
141 . t+1 1\2 2
1/2 - 1 -3+ (y—
-1 o+iy—p 2 Ji (B—0)+(y—")
1 o0 _ l 2 2
g—/ log (8 2)2+x2 dz
2 -0 (ﬁ - U) +z
B 1
=T |0 5 .
So in this case the contribution of zeros is < (o — %) log 7.
Thus in either case
t+1 . 1
1/2 + iy — — 3
/ log | L2EW =Pl gy o 772
-1 o+iy—p 1+ (t—7)

Inserting this in (3.2) and noting that there are log(t + k') zeros with &’ < |t — 4| <
k' + 1 (from Theorem 5.38 of [IK04]), we can conclude

t+1
/t—l

L(f,1/2 4 1iy) e A(f,1/2 4 dy) 1
log‘ L(f,0 + iy) de_/t_l log‘ A(f,o +iy) dem("_?) et

1
< (0— —) log T,

which completes the proof. H

3.3.2 Proof of Proposition

To prove this proposition we restrict the sum P(f, s) to primes and compute mo-
ments. We know that Gaussian distribution can uniquely be determined by its
moments.

For the terms involving higher power of primes i.e. p* (with k& > 3) we have|Z]

As(ph) 1
I < = O(1).
Z pks(k logp) — Z 3pkgo ( )
2<pl<x 2<phf<x
k>3 >3

"Note that A;(p*) = (a1(p)* + aa(p)*) log p with |ay ()], | (p)| = 1, if (p, ¢) = 1 (see Theorem
8.2 of [Del74]).
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where R(s) = o9 > % As argued in Section 3 of [MN14] (recall that v is the
nebentypus of L(f, s), see Definition [2.2.8),

Ay (p?®)
log p

T2

=4.
log p

- ‘2/\(192)

Ar?) ~ )P = | -

By expanding out and using (2.16) and (2.17) contribution of the terms involv-
ing prime squares give

2

o M) = 9B, " ! g (33
T Z pQ(UO—Ht) 2 S Z T 2(og+it) 2(og—it) : ( ) )
2<p 2<)( pl,p2§\/y Dy Dy
1
ST Y gt 2 VPR T
pvx o<V 1 P2

P17#P2

AN
Let A(LX) = A(t) = Yopepex % from (3:3) and Chebyshev’s in-

equality we have
1 2T ) )
meas{T <t <2T:|A(t)| > L} < 73 |A(t)|“dt < T/L
T
In other words, we can say that the square of primes in P(f, s) contribute mea-
sure at most O(7/L?). With a similar explanation of Remark|(3.2.2, L can goes up
to a small power of T. Then we choose L = o(logloglogT).
Now we restrict P(f, s) to primes. Since we know that A¢(p) = A¢(p) log p for

all prime p, we can write

Polf.00+it) = Polfro0 +it, X) = 3 L2

oo+t
p<X p

Let us begin by computing the moments of Py(f, o¢ + it) (see Lemma [2.4.8).

Lemma 3.3.1. Suppose that k and ¢ are non-negative integers with X*+! <« T.
Thenifk # ¢

2T

Po(f, 00+ it)*Po(f, 00 + z't)édt <T.
T

Ifk = ¢, fore > 0 we have

2T
/ 1Po(f, 00 + it)|* dt = KT (loglog T)* + O (T (loglog T)F~1+€).
T

Proof. Write Py(f,s)* =3, & \here

n

ag(n) = (3.4)

ﬁ ifn= H;lejaj,pl <. .<pr < XaZ§:104j = k.
0 otherwise.
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Therefore (using (2.16)),

2T )
/ Poloo + it Py (o9 + it) dt
T

:/2TZ ak(n);\f(”) 3 ae(m)/\gf(m)dt
T n n m

m

e [y

T

n2°0 (mn)@0 log |m/n|

_py @A) (Z ar(macmAp(m)Ap(m) 1 ) |

m#£n

Notice that if £ # ¢ then ai(n)ae(n) is O by definition. So we don’t have to
worry about the diagonal term contribution. For the off-diagonal term from
we can see that the contribution of the denominator is negligible since o is close
to % (see Lemma 1 of [Sel46b]). Applying Ramanujan-Petersson conjecture, with
m # n we have the off-diagonal term contribution given by

> ar(n)ag(m)Ap(n)Ag(m) < XFHC < T,
m#n
mng

nSXZ

We conclude the first part of the Lemma.

For the second part of the lemma (which is the case for k£ = ¢) the diagonal
ag ()27 (n)2

term contributes 7'} -, ———5——. By the definition for the given positive inte-
n

gers aq,...,a, with 3°7_, a; = k, the contribution of n of the form pi*, ... por is

given by

T
< TH Z 2900 < T(loglogT)" .
i=1\ p<X

(p,q)=1

The terms with n not being square free contributes (where r < k—1) Oy((loglog T)¥~1+¢).
The square free terms n give (see section 3, of [Lu14] and (63) of [MN14]),

k
by - 2 A 2
“x (p1 -+ pi)>70 — P
P1s--5PE> P>
all p;’s are distinct, (p;,q)=1 (p,q)=1
=k! (log log T)k + O ((log log T)k_1+€) .
Recalling the definition of X, we conclude the proof. O]
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Proof of Proposition(3.2.3: Using Lemma for any odd ,

2T 2T
/T(ﬁR(Po(f,aoJrit)))kdt:/T Qik(Po(f,o—om)+P0<f,ao+¢t>)kdt

k 2T
:2%2@) / (Po(f, 00+ it))" (Po(f, o0 +it))* "t
(=0

- T
< T,

as it is impossible to have ¢ = k — ¢ for any odd k. If k is even, then we apply
Lemma[3.3.1|with ¢ = k — ¢ = k/2 to obtain,

1 27 o ok k k E_qye
= (R(Po(f,00+it)))" dt =2 — |!(loglogT)2 + Oy | (loglogT)2 .
T Jr k/2) \2
The above equation matches with the distribution of the Gaussian random
variable (see (2.20)) with mean 0 and variance ~ %log log T', completing the proof.
L]

3.3.3 Proof of Proposition

To prove this proposition let us first decompose P(f,s) as Pi(f,s) and Pa(f,s)
where

Pl(fas): Z Af—(n)

nslogn’
2<n<Y

Pa(f,s) = Z Arn)

nslogn
Y<n<X

Set

(=1)* k
Ml(f,S): Z k! P1<f78) )

0<k<100loglogT

(=1)* k
M(f)= ) o Palf )

0<k<100logloglogT

Now we state the next lemma.

Lemma 3.3.2. ForT <t < 2T we have

|P1(f, 00 +it)| < loglogT, (3.5)
|Pa(f, 00 +it)| < logloglogT.

except perhaps for a set of measure m. We also have

M (f, 00 + it) = exp(=Pi(f, 00 +it))(1 + O(log T) %), (3.6)
Ma(f, 00 + it) = exp(—=Pa(f, o0 + it))(1 + O(loglog T)~9%).
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Proof. Starting with the integration, from (2.16) and (2.17) we write,

2T
/T |771(f, o +it)|2dt
<r Y Af(n1)Ay(na) . Ay(n1)Ag(na) s,

n1n9)°0 log ny logn n1n9)%0 log nq logn
2§n1:n2§Y( 1n2)70 log ny log ny 2§n1¢n2gy( 112)70 log ny log no

Recall that Af( n) is supported only on prime powers. For the higher order of
prime powers p” (for k > 3) the contribution is negligible as argued in the proof of
Proposition [3.2.3F] The terms involving prime squares contribute

«r 3 IAr(p1) — ¥ (p)|2|Af(p2) — (p)|? log p1 log pa

2 (p1p2)?°04 log p1 log po
2§P1—p2<Y
+ Y IAr(p1) — ¥ ()P s (p2) — ¥ (p)|* log p1 log ps
2<p #p2<Y (p1p2)2(00_1/2)410gp1 10gp2
1
1 1
g (p1p)290 T
> 2P0 2 (pip2)Ze0-17D S ) p*7

P1=pa<VY 2<pP#p3<y p<v¥

p1=p2=p

(3.7)

Note that the denominator in the second term of (3.7) is negligible because
oo is close to % (see Lemma 1 of [Sel46b]). With a similar argument the terms
involving primes contribute

A log p1A ] by by ] ]
<T Z 7(p1) log p1As(p2)log po N Z #(p1)A¢(p2) log p1 log po

701 1 o0—1/2
sep Sy (P12)0logpilogpy L (pips) log p1 log pa

<T Y Ap)dspe) D M)A s(p2)

2<p1=po <Y 2<p1#pa <Y

<T Z )\f(p)Q

20’0
o<p<y P
pP1=pP2=pP

< TloglogT. (3.8)

Combining (3.7) and (3.8) we can write

2T
/ |PL(f, 00 + it)|2dt < T'loglogT.
T

8Recall that A;(n) is the coefficient of the logarithmic derivative of the L-function in Dirichlet
series supported on prime powers. Since the argument we have given in the proof of Proposi-
tion |3.2 3[, we know that the primes with higher power (i.e. p* with k& > 2) contribute negligible

2 2
amount so we can write £ [ [P1(f, 00 +it)|> & e ey rmtimz & Y pey Sha- < loglog T

290 (log n)2

Similarly 1 fT |Pa(f, 00 +it)]? ~ ~ Yy opex A2 o log (logX) < logloglog T.

o0
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Similarly, we have

2T 2
A log X
/ |Po(f, 00 +it)2dt < T Z fQ(fo) + 7T < Tlog (&) < TlogloglogT.
T

Yipex logY

and the first assertion follows.

Suppose K > 1 is a real number. If |z| < K then, using that k! > (k/e)¥, we

write
k k k
A K*\ eK
> G0 ¥ ) o ¥ (F))
0<k<K k>100K k>100K
:ez_i_O(eflOOK).

Since |z| < K, we may also write the right side above is e*(1 + O(e9K)).
Take z = —P1(f, 00 + it) and K = loglog T and (3.6) holds. O

As we have decomposed P(f, s) similarly, we decompose M (f,s) as Mi(f,s)
and Ma(f, s). By the definition of M (f, s) we need to decompose a(n) first.
Set

1 if n has at most 100 log log T" prime factors with all p <Y,
0 otherwise .

(n) 1 if n has at most 100 log log log T' prime factors with all Y < p < X,
as\n) =
? 0 otherwise .

Therefore,
M<f7 S) = Ml(f7 S)MZ(f7 S):
Mi(f,s) = Z /if(nr);h_(n),

_— Hp(n)az(n)
M2(f7 S) - Zn: ns .
Lemma 3.3.3. We have
2T
/ IMy(f, 00 +it) — My(f, o0 +it)]2dt < T(logT)~%,
T
and
2T
/ \Ma(f, 00 +it) — Ma(f, 00 + it)|*dt < T(loglogT)~%.
T

Proof. Expanding M(f,s) into Dirichlet series we write

My(f,s) = 37 )

nS
n

where b(n) satisfies the following properties.
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1. |b(n)| < 1 for all n.

2. b(n) = 0 unless n < Y10logloeT hag only prime factors below Y.

3. b(n) = pg(n)ar(n) unless Q(n) > 100loglog T or, p < Y s.t p¥|n with p¥ > V.
Set c¢(n) = b(n)A¢(n) — pr(n)ai(n), then by and we have

2T
/ |IM(f, 00 + it) —Ml(f700+it)|2dt
T

le(n1)e(nz)|
<7 3 ldmcn)] — ¢ Y el o

" el n1n2)
< T(logT)~%

We note that our ai(n),az(n) are exactly the same as given in Radziwitt and
Soundarajan’s paper [RS17]. The only difference is that instead of Mdbius func-
tion we have the convolution inverse |ur(n)| < d(n) < nf, where d(n) is the divi-
sor function. Since we know that o is close to % the off-diagonal terms (hence
the denominator is negligible due to Lemma 1 of [Sel46b]) with n; # no (by the
Ramanujan-Petersson Conjecture) contribute

< > (ning)¢ < T¢.
”17’5"2§Yl00 loglog T

By recalling property (3) we can say that the diagonal terms (with n; = ng) con-
tributes

1 1 1
T —+T — - 1.
S DEE-S i I D ( 2. n)
pln = p<Y p<Y pln = p<Y
Q(n)>1001loglog T p>Y

A small calculation shows that the second term above contribute < T'(log Y)/VY <
T(logT)~%. For the first term above, note that for 1 < r < 2 the quantity
pHn)=100loglog T" 5 glways non-negative, in fact it is > 1 for those n with Q(n) >
1001oglog T'. Therefore,

1 —1001loglog T r 7,2
T > —<Tr 11 e A

pln = p<Y’ p<Y P
Q(n)>1001loglog T

< T(log T)~ 100187 (Jog T,

Choosing r = ¢2/3, the above estimate becomes < T'(log 7)~%°, completing the
proof of this lemma. O

Remark 3.3.4. From the definition of M(f,s) (for j = 1,2) the properties of b(n)
can be proved by adopting the argument of Hsu and Wong (see page 696-697
of [HWZ20]).
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Proof of Proposition|[3.2.4; It follows from that we have
Mi(f. o0 + it) = exp(=Pi(f, 00 + it)) (1 + O((log T)~*))
and by we have
(logT)~t < |M1(f, 00 +it)| < logT,
except on a set of measure o(7'), so, we can conclude that
My(f,00 +it) =My (f, 00 +it) + O((log T) %)
=exp(—P1(f,00 +it)) (1 + O((log T)~2%)).
Similarly, except on a set of measure o(T"), we have
Mys(f, 00 +it) = exp(—Pa(f, 00 + it))(1 + O((loglog T) ).

Recalling the decomposition of M (f, s) and P(f, s), by multiplying these estimates
we obtain

M(f, o0 +it) = exp(=P(f, 00 + it))(1 + O((log log T)_ZO)),

which completes the proof. O]

3.3.4 Proof of Proposition

In this section, we prove that the mollifier M (f,s) and the L-function are inverse
to each other. As we have followed the method established in [RS17] to prove the
other propositions of this chapter, this one is an exception. We need to calculate
the second mollified moment of L(f,s). For that, we use the method established
by Bernard [Ber15] and Hughes-Young [HY10]. First, we explain why the fourth
moment of the Riemann zeta function roughly corresponds to the second moment
of the GL(2) L-functions, then we set our parameter to complete the proof. We
give brief details of the error term calculations since it is already given in [Ber15|;
KRZ19].

Expanding the integration as given in Proposition [3.2.5, we get

2T
/ 1= L(f, 00 + i) M(F, 00 + it) 2dt
T

2T 2T
:/ L(f, 00 + i) M(f,00 +it)2dt —2 | R(L(f, 00 + it)M(f, 00 + it))dt + T
T T

=57 — 259 + S3.

First we compute S,. From the approximate functional equation of L(f, s) we

write (see (2.15)).

. Ar(n n , Ae(n
L(f, 00 +it) = Z n(J;O—(_H)tVUO-i-it (5) +e(f, 00 + it) Z nl_fTi)_)itVl—ao—it(”Q)
n n

(3.9)
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where V5 +it(y) is a smooth function defined by

1 s v(f, 00 + it + s)ds
27rz'/()y G(s) v(f, o0 +it) s’

Vao-l—it(y) -

e(f) is the root number and
7(]071—00—“)
v(f, 00 +it)

For small y we can shift the contour to the left up to R(s) + o9 = —d + € (for
small § > ¢ > 0), to get an asymptotic expansion

Vogit(y) = 1+ O(y° 7).

Then implied constant depends on e. For large y, we use the bound V(y) =
O;(y~7), which holds for any j > 1. We have

e(f, o0+ it) = (f)

cx (2m) =0T (1 — (09 + it) + £7L)

e(f, o0 + it) =e(f) cr(27) @0+ (00 it %)

. t
:E(f)<2ﬂ_>20071‘t’1720061(7T/2(17k)72t10g %)(1 + O(wfl))

is obtained by Stirling’s formula. Since o9 = 5 + ¥ and k is fixed, for ¢ € [T, 2T]
e(f,o0+it)tendsto 0 as T' — .

Therefore,

2T

So = R(L(f,00 + it)M(f, 00 +it))dt
T

-y %ﬁ? 3 W / R (Vgoﬂ-t (g) (mn)—“) dt

n m<T¢ T

alm m 2T .
+Z 1 i Z <m>1MJ;E) )/ R (Vieog+it (ng) e(f, 00 + it)(mn) ") dt

m<Te T

=T + O(T1 9.

The main term of the above equation is coming from mn = 1. For mn # 1,
note that by the definition of a(m) if m > T°¢ the terms in the above equation
vanishes. Then we can write

m 2T n .
SO AR [T (Vg (%) ) )
n<T,m<T¢ r

mnyél

Due the oscillation the integral on the first term of S, is bounded by

£ [ Jaes

n<Tm<T*
mn;ﬁl

40



Then for mn # 1, the first term of Sy is bounded by

<Xy X ( . <22

1
n<T, m<T*¢ 8 |mn| n<T, m<T*¢ (

mn#1 7mn7é1
First we bound the following integral using integration by parts. Then we bound

< TV/*re,

)%

n)pg(m)
%

the second term of S, for mn # 1. Let

f(t) = —2itlog 2|L|, then f'(t) = —2it log
(mn)™" Vl—a()—kzt(nq)

e
anddv = /(e  and u=
v e 70

Using integration by parts we can bound the following integral by

—2it log

2T
/ Vi g 4t (ng) (mn) 7

T
I

i , t
T Vi—og+it(ng)(mn)~*(—2it log %>@—2"“ngdt

_/T —2itlog 5 I
Viog i it o[
< 1—og+it (nQ) <|mn> —2itlog or=
—2ilog 5 T
+/"_mmy<2m%m</WM“+wmmW% (V% 1 log(mn)/(mn)") |
T (mn)?i(—2ilog 5 | |)
1 1 ng\ —4
~ gz *loamn (14 73)
Slog2T logT &M\ T T2
(3.10)

g\—A
< logmn (1 + 772) ,
- j ol )~
where recalling that ¢ %VU—&—it(y) =(1+ —) for any real number A > 0, and
taking j = 1, we bound the integral by

JiL (= 2it log 2L (V' /(mn)it + V' [ (mn)2it)) + (Vzi—i-log(mn)/(mn)”)dt

27
/ 2ztlog

T (mn)2it(—2ilog )2
_/ﬂemﬂ L =2it10g BV g ig(na)(mn) + Vi) (mn

T (mn)2it(—2ilog |t‘)

N /” sittog J1L Vieoptit(ng)§ + log(mn)/(mn)")
T (mn)?it(—2ilog 5 1 |)
g\—A

< logmn (1 + 172> )

Therefore, for mn # 1, the integral of the second term of S5 is

=V in @10).

8Note that for the sake of simplicity of the notation we have written V;_,_ i (nq)
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2T
R V1 oo+t (ng)(mn)~ Ztes(f, 00 —i—it)) dt
T

2T |t‘
/ 8%<Vv1 J()Jrzt(nq) (f)(mn) zt<2ﬂ.>200 lwl 200 i(m/2(1-k)—2tlog

)

!

(L O )

2T It]
<<TE// R (V1—00+it(n(J><mn) =208 ame ) dt
T

q

_A ,
T2> <K T7° logmn.

< ¢ log mn (1 +

Note that the term R((27)20~1|¢|!~200¢7/2(1-k)) in the above integral is bounded
by 7~ because (1 — 20y = —¢ (for some ¢’ > 0) and R(e™/2(1-F))) « 1.

From the approximation of (3.10), and with a similar argument (like the error
term of the first term of S3) the error term of second sum of .S, is bounded by

pf(m) = - —it
Z Z 1 UO R (Vi—og+it (ng) e(f, 00 + it)(mn)~") dt
n<T,m<T*¢ r
mn;él
_ pp(m)
<71 Z Z 1 UO log mn
n<T,m<T*¢
mn;ﬁl

1-
a0 <T 5

crd Yy PG o 3y

n<T,m<T¢ n<T m<T
mn;él mn;él

Emnlaoe

completing the computation of Ss.

In order to prove Proposition [3.2.5] we need the mean value estimate of the
L-function. Recall the functional equation of L-function (see (2.6)),

A(fa S) = 5(.f)A(]E7 I S),

where f is an object associated with f (the dual of f) for which Az(n) = A(n) and
e(f) is the complex number of absolute value 1 called the root number of L(f, s).
Now we explain that how are the fourth moments of the Riemann zeta function
and the second moment of the GL(2) L-functions correspond to each other.
We know that ¢¥(s) = >7°° | dk( ") and A 7(n) < d(n) where d(n) is the divisor
function. As argued in [Hea79] we can see that to study the fourth moments of
((s) one needs to study the problem

Zd d(n + h)

n<X
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for suitable ranges of h. Similarly, to study the second moment of L(f, s) we need
to study the problem

> Ap(n)Ap(n+ h)
n<X

for suitable ranges of h.

In order to prove this proposition we need compute,

2T
/ |L(f, 00 +it)M(f, o0 + it)|*. (3.11)

T

As mentioned in Section 2 of [You10], to simplify the upcoming arguments, we
smooth the integral in (3.11).
Let w(t) be a smooth function satisfy the following properties:

1.0<w<1foralltelR.
2. w has compact support in [T'/4,2T].
3. w\) «; T, 7 foreach j = 0,1,2... where Ty = T/ log T.

Then we reduce to study the following problem

h k o) h —it 1 1
Z b h1/2—|—ak1/2—|—)ﬁ( ) /_OO (E) w(t)L(§ +a+ it)L(§ + 3 —it)dt

where o, 3 = %.

Lemma 3.3.5. Let G be any entire function which decays rapidly in vertical strips,
even and normalized by G(0) = 1. Then for a, 3 equals to 1,7, we have

(f, +a+it)L (f7 + [ —it) = Z Ar(m)As(n) <%>_itVaﬁ(mn,t)

o ml/2+tapl/2+p
(n) /mo—it
+tXapt z; m1/2 an1/2 ﬁ( > Vog,—a(mn,t)

where

g sls t)_v(f,%+a+s+z‘t>v(f,%+ﬁ+s—it)

e V(5 +a+ity(f, T +8—it)

1 G(s) s

Vo, 1) = ZM%Q ) g (s s

and

Y, 5 —a—it)y(f, 5 — B+it)

Xapt= , -
ST (B atity(f, L+ B —it)
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The proof of this lemma is the same as Lemma 1 of [Ber15] or see Theorem
5.3 of [IKO4].

We start with the approximation of X, 3. By Stirling’s approximation, we can
write

N VO 2O D (k)2 — a— it)D(k/2 — B+ it)
Bt = (zﬁ) D(k/2+ a+it)D(k/2+ 8 —it)

-(3) (20 (7)),

and

o (YT TR/2+ ot s +it)T(k/2+ 8+ s — i)
1) = (5) T(k/2 + a+it)D(k/2+ 5 —it)

)~ P
== 1+0 :
(37) (ol
Additionally, for each integer j > 0 and for all real number A > 0, we have
Y 2]\~
t]%vaﬂ(x, t) < Aj (1 + t_2>
where G(s) be an even entire function with rapid decay as |s| — oc.

Note that the Fourier transformation of w we have w(0) = 7'/2 + O(Tp). Sup-
pose that w(t) satisfies the conditions (1),(2) and (3). By Lemma|3.3.5we have

I(h, k) —/OO w(t) <%)” (f’%+o‘+it)L(fa%+5 _it)dt 3.12)
_hz_:kn 1/2+an1/2425 /Z w(t)Va,g(mn,t)dt
+hm: . njlf/ng/(f—)ﬁ / Z w(t)V_g,—o(mn, t) Xo,g,dt
+hn;m 21%@2}25 /Z (%) _itw(t)Vaﬁ(mn,t)dt

(n) [ (hm\ "
+ > ml /2 anl T / ) w(tVop —a(mn. )Xo gt

hm#£kn
=11 (h, k) + 15 (h k) + 15 (b k) + 15 (. ).

First, we show the diagonal term calculation then we give a brief overview of
the off-diagonal term calculations.

% (h)a(k)
Z ! hl/zm,gl/%)g( I (k) + IS (hK)] (3.13)
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In order to simplify, we set

s= Y Ap(m)Ap(n)pg(h)pg(k)a(h)a(k)
o 1/24anl/2+Bp1/2+a1/2+8
m n
hm=kn

Choose h = hiho, where hy is composed only on primes below Y and hs is
composed only on primes between Y and X. Then a(h) = a1 (h1)az(h2) with the
same notation of Section 3.3.3] Similarly we can write a(k) = aj(k1)az(k2) In a
similar manner we set m = mims9 and n = nino.

We start by dividing the summation

s= Y Ap(ma)Ap(na)pp(ha)pp(kr)a(hi)a(kr)
o S mql/2tan,1/2+8p, /2ty 1/248
" Z Ap(ma)Ap(ng)pg(ho) g (ke)a(ha)a(ks)
mol/2+ap 1/2+8 )1/ 2+, 1/2+8
homo=kong 2 2 2 2

Consider the first factor of the above equation. If we ignore the fact that h;
and k; must have 100 loglog T' prime factors, then the resulting sum is simply

Z Ap(ma)Ap(na)pg(ha)pg (k)
o S mq1/2+an1/2+8p, V2tag 1/2+6
plh1kyminy = p<Y

:HLp(fo71+@+ﬁ

p<Y

()2 AP As(p)?
)(1+p1+a+6 T plt2a T pIe2p + ok

Let us assume the above relation for now and we will establish this later]
Moving on to approximating the first factor by the product above, we incur an
error term which is at most

< 3 (Ap(ma)Xp(ny)pp(hy)pp (k)|
mq /2 tan, /248, 1/ 2t 1/248

himy=kiny
p‘hlklmlnl = p<Y
Q(h1)>100loglog T
where we used symmetry to assume that h; has many prime factors. For Q(h;) >
1001loglog T' the factor ¢f2(h1)—100loglog T > 1 and non-negative. Then the above
sum may be bounded by

<<6_100 loglogT Z |)\f<m1))\f(n1)“’f(h1)'uf(k1)’ eQ(hl)

1/24ay, 1/248p 1/2+a. 1/248
hymy—kin mql/2tan 1/2+68p, k1
plh1kyminy = p<Y

Q(h1)>100loglog T

o~ 100loglog T Z d(mq)d(n1)d(h1)d(k1) oUh1)
m11/2+an11/2—|—ﬂh11/2+ak11/2+ﬁ !

<
himi=kinq
plhikyming = p<Y
Q(h1)>100loglog T

®We have defined E,, later.

45



where d(n) is the divisor function. Observe that ki|him; and ni|hym;. Then
d(/ﬁ) < d(hlml) and d(nl) < d(hlml). Let ¢ = mihq, then ml\ﬁ and hl‘g- There-
fore, d(m1)d(n1)d(h1)d(k1) < d°(¢). Note that (") < 0, Then for a = f the
above equation is bounded by

_ do(¢
<(log T)~1%0 Z —€2J£4i 20

{ = p<Y
Q(h1)>100loglog T

32
<(log T)~1%0 H (1 + _e) < (logT)~13.
p<Y b

Similarly, one can obtain that the error term contribution of second factor of S
is bounded by

<<(loglogT)’100 Z |)\f(mz)kf(ng)uf(hg),uf(k‘g)| eQ(hQ)

—13
gL/ 2t e L/2 4 By, /2t a 17248 < (loglog )™

hgmg=kgng
plhokomong = Y <p<X
Q(hg)>1001logloglog T

Then we can write S as

Ap(ma)Ap(na)pg(ha)pg (ki)

S =
mql/2+an,1/2+8p, 1/2+ak1 1/248

+ 0 ((log T)’l?’)
h1m1:k1n1
plhymiking

)\f(m2>>\f<n2)luf(h2>uf<k2) .
" Z m21/2+an21/2+/3h21/2+ak21/2+ﬁ +0 ((10g log T )

homo=Fkono
plhomaokono

Using (2.8), for any prime p such that p 1 ¢, we have (see (22), (23) of [Ber15])

( ~1
S D i (1) MR e

>0 p p >0 P

A (O (pE+2 1 -1 1 A (p0)2
5 (") 2Z;(p ) _ <1+1¥) (Mpz)__)z f(Z) . (3.15)

S
>0 p p >0 p

Writing the Euler product for the first term of S, we get

I 3 pr (P )y (p°2) A p (p%3) Mg (p'4)

P 7250) B (1/245) 3 (12 ats) ,f4 (1/2+5+3)

p<Y | {1.9,l3,6420
L1 +Lls=Llo+Ly
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By (2.8) the above equation becomes

Ap(
I ( (225 ) X i,
p<Y >0 p

plg

1 1 1 Ar(pO)A (P
_)‘f(p) ( 1+8+s + 1+a+s) (1 + _> Z {(1+a+pB+2s)
p p P/ P

1 1 A 14 A (42
+ ( 2(1+3+s) + 2(1+a+s)> Z fﬁ(g—za—{é]—i)—%))
p p >0 p

2

<] <1 LA A (3.16)

1fats 1+ﬁ+5) K 1—|—o¢+ﬁ+2$
psY b b >0 P

plq

For the second summation of S, we get a similar equation like (3.16) for Y <
p < X.

By (3.14), (3.15) and (3.16) we write

A 2 A 2 A 2
wrprace s [T (1485 - e - ) )

plg

#(p)? 1 1 5 1
X H ( ( 1+a+,8 T p2(1+oz+ﬁ) 1- p2(1+a+5+25) - Af(p) 1- p1+a+ﬁ+25
1 1 X 1 X 1 o 1
pl+2B+s + plt2ats + pltats +{1- pltatht2s 7(°) — pltatBt2s

1 1
<p2(1+2ﬂ+s) T p2(1+2a+s)> >

MP)? M) M)
:L<f xfltat+f+ 25) H <1 - p1+a+ﬁ o p1—|—2a—|—s o p1+2,3+s + wOEp

p
-1
BV / M) ) M)
H ((1 - p1+oe+ﬂ+25 + Q/JO(p)Ep 1+ pl-}—a—i—ﬁ o p1+2a+s o p1+25+8 + Ql)oEp .

p>X

where 1) is the trivial character modulo ¢ and

EpziQ( L F A L Y
P p2(a—|—ﬁ) p2(a+6—|—2s) ps p2a p2ﬁ pa—|—ﬂ poz+5—|—2s
M0 <L+L))+ Ar(p)” ( ! (L+L>_L(L+L)_;>
p28 p4a p4ﬁ p3+a+,6+3s pa—i—ﬁ p2a pQﬂ ps p4a p4,8 p2a—|—2ﬂ+s

1 1 1 1
+ pht2(at5+2s) (p2(2a+s) + p2(2B+5) o pz(a+5)>

and
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P_p2(1+a+ﬂ+2s) p3(1+a+ﬁ+25) p4(1+a+,8+2s)‘

o 2N 0) s (p)? 1
The Rankin-Selberg L-function L(f x f,s) has the Euler product
L(f x f,5) H Ly(f % f,9)

where

2 5 )
L,(f x f,s)= (1—%_#%@) (2"‘)‘2];(17) _>‘f<£) +%))7

p p

for R(s) > 1

Lemma 3.3.6. Fora = = W and R(s) = 1517,

-1
M) / M) A)? M)
H ((1 - p1+a+5+23 + w0<p)Ep 14 p1+a+5 - p1+2a+5 - p1+2/3+3 + w()Ep =1+ 0(1>.

p>X

Proof. Note that

—1
P4 )Y ) Vi) G W Vi () YA ) Y4 ) S 5
+p1+a+ﬂ plt2ats — pl25+s 0Lp - plratB T plf2ats T 1425+ 0

cof3)

\e(p)? A (p)? A (p)? 1
=1- 1552& + 1{r(2];)+s + lf—(;?—i—s +0 <_2) :
P p P P

The Sato-Tate conjecture [Bar+11] implies that (see (1.18), (1.19) of [Ran85])

4T (o + 4
> "I\ (p)* ~ b, —where@ —L
= logx Val(p +2)
Putting ¢ = 1, we get 6, = 1.

Ap(p)? ,
We have to compute the contribution of exp (Zp> X pfl(TpL) For the dyadic

interval [P, 2P] we write

Z p1+a p1+a Z )\f p1+a Z )\f (p) p1+a log(2P) Pa log P’
P<p<2P P<p<2P p<2P
P>X P>X P>X

Adding the dyadic intervals we obtain the bound

Z /\f(p)2 < 1
1+ )
S e T Xa(log X)
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Recall that o = 5 = 27 and X = T/ (logloglos ) and 11 = (log log log T')*. By

definition, o > 0 because W is a small power of TIE Therefore, the above series
converges for the choice of the parameter «, but the above relation does not hold
for general cases, such as a = 0.

Then

X%(log X) =log X - exp(alog X)

logTe W
= X
& P (logloglog T)2

(logloglog T')*
(logloglog T)?

=log T exp (

=1log T exp((logloglog T)?).

A 2
Hence, exp (Zp>X ;fl(f—l) < exp (W) =14o(l)asT — oc.

For the terms involving p?, if, R(s) = logT’ then plogT = exp (fgg;) Recall

1
that p ~ X and X = 7°(1). Hence, ploeT = exp(o(1)), completing the proof of the

lemma. O
We write
M) A A(p)? B Ly(f x f,a+ )
<1+ poth  phtads - pli2its +w0Ep) C Ly(f < f, 1+2a+s) p(f % f, 1+2ﬁ+8)

x(1+Lp(f><f,1+2a—|—s) (fxf,1+23+szz T+ZC:’;€ ))

r=2 /

where the sum over ¢ is finite, Z, ; are linear forms in «, 3, s and a, ¢(p) are com-
plex numbers with |a, ,(p)| < 1. Then we set

1
Aap(s)=]] 1+ZO< r+zﬁmm,&es)>

p

Then A, s(s) is an absolutely convergent Euler product in {f(a + s) > —1} N
{R(5 +5) > ~1} N { Zrp(R(0), R(5), R(s)) > 1~ 1}

Therefore,

L(f < f,1+a+B+25)L(f x f,1+a+p) (s
L(f x f1+20+s)L(f x f,1+28+s) *°

S ~

Lemma 3.3.7. For o = 3, we have

Anp(0) =1.

19The choice of the parameter o comes from the choice of 0. As described in Remark [3.2.2]
to take away the problem from the critical line, « must be greater than 0 and not equal to 0.
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Proof. Recall the definition of S. For a = 3, we write

R)pp(k)Ap(m)Ar(n R)A¢(m
st = 3 s = 3 (re ey 2 A At

Since (pr(n)) is the convolution inverse of (Af(n)), we have

> up(n/d)Ap(n) = 5(d).

n|d

Thus

Aaﬂ(S) = ,uf(1>>‘f<1) =1.

To conclude, we extend this relation to s = 0 by continuity in the half plane R(s) >
0.

O

The diagonal term Calculations: From Lemma and the first term of (3.13)
we can write

(1) _ Apm)Ag(n)pp(h)pg(k)a(h)a(k) [
Ip'(a, B) —hZ:k ml/2tan /2Bl /2 a1 246 | w(t)Va,s(mn, t)dt

- 1 G(s) Ap(m)Np(n)py(h)p(k)a(h)a(k)
/Rw(t)%/(l) S ga,ﬁ(sat) hn;m m1/2+a+sn1/2+ﬂ+sh1/2+ak1/2+ﬁdet'

We have —LL/((J{C:J{’SS)) =D 1 AQ—@ with A¢(n) > 0, we deduce (see part 5.3
of [IK04])

1
In [¢].
LG < fovin <™

By the standard zero-free region of L(f x f, s), we move the line of integration

from R(s) = 1to R(s) = —(a+ ) + @ crossing a pole at s = 0 and a pole at
s = —#. By the choice of our parameter a = 5 and the simplification of S and
t € [T,2T] and g, g < T, we can bound
1 G(s) Ap(m)Ap(n)pp(h)pp(k)a(h)a(k)
w(t)=— Ga,3(5,1) dsdt
/]R 271 1/(,(a+5)+ﬁ) S A hmz::kn ml/2tapl/2+Bp1/24+al1/2+p
1 G(s
~ [ w5 S s
R ™ 1/(—(0&+ﬂ)+m) S

L(f x f,1+a+B+2s)L(f x f,1+a+f)
L(f x f,14+2a+s)L(f x f,1+28+s)

< / |w(t)|dtT2(—(a+F)+1/logT) o pl=o(l),
R

Aq p(s)dsdt
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By our choice of parameters a + 5 # 0. We specialize

2la+pP— (25

Cle) = (a+B)?

to ensure that G(—2+2) = 0.
Our next step is to check the pole contribution at s = 0. Since G(0) = 1, by
Lemma[3.3.7lwe have

G(s) L(fx f,l1+a+842s)L(f x f,1+a+p)
.@w“mﬁ*“{s 95 ) F T+ 20+ 9)L(f x 1420+ 5)
+Oo(T o)

Aaﬂ(s) dt

L x fltat BLf x fil+etf), 1-0(1)
B L(f x f,14+2a)L(f x f,1+2p) w(0) + O(T ).

We have the diagonal term contribution given by

L(fx f,1+a+B)L(f x f,1+a+B)
L(f x f,142a)L(f x f,1+2p)

The pole s = 0 is called the simple pole case which contributes in the main
term. For s = — 2 we have the double pole case. The pole at s = — 2 gives

1D(a, B) = w(0) +Oo(T' W)

) G(s) L(fx fil+a+8+2s)L(f x f,14+a+p)
Fofp=Res__ats L x filt2a 1)L x flt251s) “epl®)

ga,ﬁ<$7 t)

By our choice of G and the fact that o« = g, PO(}% does not contribute to

15, ).
A similar calculation gives

1§ (0, 8) = = T2 D 1) (0, ) + O(T' o)

s L X L L+ a+ BL(f X fil+a+B) o
- L(f x f,14+2a)L(f x f,1+28) w(0) +O(T ).

With a similar argument Po(ng' does not contribute in the main term. So the
diagonal term contribution gives

L(f x f,1+a+B)L(f x f,1+a+p)

_ 7—2(a+p) —o(1)
L(f x f,14+2a)L(f x f,1+2p) (1— T2y 4 o7y,

[D(a7 ﬁ) = UA)(O)

Recall that by the choice of our parameter a = 3, hence the fraction involving
Rankin-Selberg L-functions cancel out. As T" — oo, we conclude

Ip(a, B) ~ @(0) + O(T W),

In the next step we use the smoothing argument (see section 2 of [You10]) to
complete the proof of the proposition. By choosing the smooth function w which
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satisfies (1),(2),(3), and additionally to be an upper bound for the characteristic
function of the interval [317/2, 2T, with support in [37'/2 — Ty, 2T + Tp], we get

2T
/ |L(f, 00 + it)M(f, 00 + it)]> < ©(0) + O(T*—°W),
3T/2

Note that w(0) = T'/2 + O(Ty). Similarly, we get a lower bound. By summing over
the dyadic segments we conclude

1 27
T/ [L(f,00 +it)M(f,00 +it)]> = 1+ o(1).
T
Next we briefly explain the off-diagonal term computation.

The off-diagonal term Calculations: In this paragraph we give an overview
of the off-diagonal term calculations, since it is already given in [Ber15; KRZ19].

Lemma 3.38. Lete > 0,0 <~y < 1, a,3 = % and h,k < T" be positive

integers. Then for all real number A > 0 we have
00 —it
(1) _ Ap(m)As(n) him A
Iy (hk)y= > vl w(t) () Vag(mn, )t +O(T™),
hm#kn m2 n2 o0

mn<<T2+€
’%—1‘<<T'Y

For the proof of this lemma see Lemma 3 of [Ber13)].

Remark 3.3.9. Note that the choice of parameters o, 5 < 1/log T in [Ber15]. The
proof still holds for our choice of parameters «, 5 because the properties used in
the proof of Lemma 3 and Lemma 4 of [Ber15] is 0 < |R(a)|, |R(8)| < 5, which is
satisfied by the choice of our parameters.

Let us fix an arbitrary smooth function p :]0, co[— R which is compactly sup-
ported in [1,2] and satisfies

io: p <2_£/2x> =1

{=—00
To build such a function see section 5 of [Har03]. For each integer ¢ we define
pe(x) =p (i) with 4, = 2¢217.
Ay

Then by Lemma 4 of [Ber15], one has

19 (h, k) = 3 3 ST A (m)A g () Frigy gy (hm, kn) + O(T~4)

2+e — hm—kn=r
A£1A£1<<hkT 0<|h|<T /AglAgz
Aél XA€2

Ag Agy>TT
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where

1 1 ;
h§+ak§+6 o0 —ut ,y
F.. Y= — 1+ - % (—,t)dt pe, (2)p

with positive integers h,k < 7" and 0 < v < 1. The key ingredient of the proof
of this lemma depends on a strong result of shifted convolution sums on average
due to Blomer (see Theorem 2 of [Blo05]). A straightforward adaption of Blomer’s
result and the argument given by Bernard prove the following lemma.

Lemma 3.3.10 (Bernard). Let ¢y, (5, H and hy be positive integers. Let My, My, Py, P>
be real numbers greater than 1. Let {g,} be a family of smooth functions, sup-

ported on [My,2M,] x [My, 2My) such that |¢\"7 | < (p1/My)'(Pa/My)? for all
i,j > 0. Let (a(r)) be sequence of complex numbers such that

a(r) 20 = r < H, hilr and (hl,hﬁ) = 1.
1

If (1 M7 < (o My < A and if there exists e > 0 such that

A 1

H
< maX{Pl, PQ} (€1€2M1M2P1P2)67

then, for all real numbers ¢ > 0, we have

H
Sar) S ApmO)As(me)gi(mi,ma) < AZH[alla(Py + Py)?

r=1 mimo>1
L1mq—Lomo=r

0
A (hl,flﬁg)H
P, P _ 1 -~ = b10o M1 Mo Py Po)E.
L 2+(maX{P1,P2}> < N han )| ((eMARRR)

where 0 is the exponent in the Ramanujan-Petersson conjecture.

X

The next step is to determined the required bound for the test function. Let
@, = par and let o > 0 be any positive real number. For all non-negative
integers i, j one has

w Lt Rato T4 RB+o
‘ ‘a’H-jF e, a 2 b 2 )
O " L) [ — — TH20(In T 3.17
Ty DziOyd (xa y) <i,j (Agl AZQ ( n ) ( )

where the implicit constant does not depend on r. The trivial bound for shifted
convolution sums can yield

Z )\f(ml))\f(mQ) < min{M]_,MQ}(MlMQ)E.
l1—mqilomo=r

This trivial bound together with (3.17) proves the following:

15 (h, k) < min{h, K}T'H
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which is not very useful for us. As argued in [Ber15] using Theorem 6.3 of [Ric0O6]|
we get

19 (h, k) < min(hk)?/4+0/23/2+2

Instead of using the trivial bound if we use Theorem 1.3 of [Blo04] along with (3.17))
then we have

15 (h, k) < min(hk)3/ 0271/ 242

1 ifr<H

By Lemma 3.3.10\with H = T~ /A, A, hy = 1 and a(r) = {0 otherwise

Therefore, from Lemma we get

I(Ol)(h, k) <. (hk)(AFO/271 /204
With a similar argument and from Corollary 5 of [Ber15] one has
[(02)(}% k) <. (hk,)(l-&-@)/QTl/Q-&-@-&-e.

Then we can trivially bound the off-diagonal term by

Z pr(h)pp(k)a(h)a(k) I(()l)(h,k)+l(02)(h,k) < T /2430+¢ Z (hk) (1+0)/2-1/2
hk<T€ Vhk hk<T€

<T17¢ = o(T).
We can use Kim and Sarnak’s (see Appendix 2 of [KRS03]) bound, where 6 = 614.

The calculation of the diagonal and the off-diagonal term, which completes
the proof of this proposition. O
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4. SCLT for Dirichlet L-functions in
the ¢-aspect

4.1 Introduction

In this chapter, we prove Selberg’s central limit theorem for Dirichlet L-functions
in the ¢g-aspect. First, we prove this result for the Dirichlet L-function associated
with the primitive Dirichlet characters y modulo ¢. Later, we conditionally extend
this result for twisted Dirichlet L-functions associated with SL(3,Z) Hecke-Maass
cusp form and twisted by the primitive Dirichlet characters x. Although the key
idea of the proof of main theorems of this chapter has been taken from [RS17],
since we are proving this result for g-aspect we need the help of asymptotic Large
Sieve to compute the mollified second moment for GL(3) L-functions. We give a
brief overview of how can one prove the second mollified moment of L(f ® ¥, s)
using asymptotic Large Sieve. We prove Theorem conditionally, under the
assumption of the moment conjecture for L(f ® y, s

Before going into the more details of the proof we describe the notion of “al-
most normal” distribution for g-aspect (particularly for our setup). For primitive
Dirichlet characters y modulo ¢, any ¢ > 1 and t € R, we have

1 cosktlo
log (o + it ) = 3050 X 2p)
p k=1

Consider the imaginary part ¢t € [—1, 1], the almost independence arises be-
cause of the values x(p*) are linearly independent (orthogonality relation of the
primitive Dirichlet characters) over the unit circle for sufficiently large ¢. So, the
terms |x(p*)| cos (ktlog p) varies “almost independently” for distinct primes p. We

can consider {Z SN (ot Cfék“(’gp) as the sequence of “almost inde-
P pelP
pendent” random variable with suitable mean and variance Then as ¢ — oo

for t € [~1,1] the almost random variables {Z pyad 1"( ;f(fk“ogp)} con-
peP

verge in distribution to normal A/ (0, 4 loglog q). Hence we call log |L(o +it, x)| has
“approximate normal” distribution with mean 0 and variance %log logq. Now we
write the precise definition.

Throughout this chapter E ’ (mod @ denotes the summation over primitive Dirichlet charac-
x( mod q
ters.
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Definition. If X, , is approximately normally distributed with mean m and vari-
ance 12, then for any fixed positive real number V', as ¢ — oo, we have

Xyp—m L[> a2y
T Z meas{te 1,1]:—ZU}~— e 2
2¢ (mod q) v 21 Ju

uniformly forv € [V, V].

We prove the main result of this chapter into four steps. We give a brief
overview of the proof of second mollified moment for GL(3) L-functions under the
assumption of moment conjecture. Since we will be working with the ¢-aspect,
we average over the Dirichlet characters and the modulf] Furthermore, notice
that we are not proving this result for the hybrid aspect so we fix our t in the range
[—1,1].

4.2 Setup for Dirichlet L-functions

In this section, we prove Selberg’s central limit theorem for Dirichlet L-functions
as defined in Definition We need to keep in mind that we will be handling
the character sums so the orthogonality relations of the Dirichlet character is a
very useful tool here.

Theorem 4.2.1. Let ¢*(q) denotes the total number of primitive Dirichlet charac-
ters modulo q. Let V' be a fixed positive real number. Then as ¢ — oo, uniformly
forallv € [V, V]

1 * 1 1
meas 1<t<1:log|L(<+1t,x —loglog q
5070, 2 { Hy iy

1
~ V21T Jy

We start with the setup of the proof then we will get into the details. In the
first step, let us take away the problem from the critical line by proving that for a
suitable choice of o > 2, L( +it,x) and L(o + it, x) are typically close to each
other.

o0 2
e~ 2y,

Proposition 4.2.2. Let x be the primitive Dirichlet character modulo q. Then for
any o > 5 we have

/1
Remark 4.2.3. Similarly like the t-aspect in the first step, we take away the prob-

lem from the critical line. If we choose to move 1/ log q distance from the % line (as
q — oo the density of zeros of L(s, x) increases), then we might stay very close

1 1
10g|L( +it, x)| — log|L(o + it, X)|‘dt<< (0— —) log q.

2Note that we have only considered the primitive Dirichlet characters throughout the chapter.
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to % line for large enough q. We wish to stay away from the critical line but not too
far away. So, we can not choose a large parameter W . That is why we choose
W = o(y/loglog q). Further, we want to approximate L(s, x) by an Euler product,
where the product is going up to X . In order to approximate, we need to consider
that X would be going up to a small power of q.

Fix the parameters

2

Y

W = (logloglogq)*, X = ¢!/(logloglogq) Y = q(l/loglong)27 o0 = -

where q is sufficiently large so W > 3.

In the next step we consider the auxiliary series given by

A(n)x(n)
nslogn

Pls,x) =Pls,:X) = Y

2<n<X

where A(n) is the Von-Mangoldt function. We determine the distribution of the
auxiliary series P(s, x) by computing its moments.

Proposition 4.2.4. For the primitive Dirichlet characters x(modq), the distribu-
tion of R(P (oo +1it)) is approximately normal with mean 0 and variance % log log q.
Precisely, let V' be a fixed positive real number then as q — oo, uniformly for all
ve |[-V.V]

1 * 1
meas<{ —1 <t <1:R(P(og+ it, > vt/ =loglo
D > { (P00 +it,x)) = vy/ 5 log gq}

x(mod q)

It is now obvious that if we can connect the L-function with the auxiliary series
P(s, x) that will prove Theorem 4.2.1]

To establish this connection we use the mollification technique. Consider the
Dirichlet polynomial M (s, x) given by

M) =Y u(n)a(z)x(n)

n
where a(n) is given by

1 if nis composed only of primes below X and has at most 100 loglog ¢
a(n) = primes below Y and at most 100 log log log ¢ primes between Y and X.
0 otherwise .

By the definition of a(n) it takes the value 0 except when n < Y'100loglogg x100logloglogq

q°. Itis now evident that M (s, x) is a short Dirichlet polynomial. In the next step,
we establish the connection between M (s, x) and P(s, x).
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Proposition 4.2.5. Givene > 0 and § > 0, there is some () so that for all ¢ > Q
we have

M(Uo —I—it,X) ‘ }
: —1l<dy <
exp(—=P (oo +it, x)) ‘

It remains to prove that the mollifier and the L-function are inverse to each
other.

Proposition 4.2.6. Let —1 <t <1,

.ol
3 /_1 1= Lioo + it, )M (0o + it, )2 dt = o(1).  (4.19)

mod ¢

¢*(Q)X(

Givene > 0 and ) > 0, there is some () so that for all ¢ > () we have

Z meas{—1 <t <1:|L(og+it,x)M(oo+it,x) — 1| <0} <e.
dg)

Now we prove our main theorem. We prove the propositions in later sections.

2¢*

Proof of Theorem |4.2.1: Recalling Proposition |4.2.6} it means that for all ¢
[—1, 1] and primitive Dirichlet characters y(modq), (for most x and ¢) we have

L(oo +it, x) = (1+o(1)) M (o0 +it, x) .
By Proposition (for most y and t) we know that
| L(o0 + it, x)| = (1 + o(1)) exp(RP (00 + it, X))

and by Proposition 4.2.4| we can conclude that log|L(o¢ + it, x)| is normally dis-
tributed with mean 0 and variance %log logq. Finally with the help of Proposi-
tion we deduce that

>

x( mod q)

1oglL( +it, x)| — log|L(o0 + it, x)|| dt < ¢*(q)(00 — —)logq—¢ (Q)W.

So for most y and ¢, we have
1
log |L( +it, x)| = log |L(og + it, x)| + O(W?).
Since W2 = o(y/log log q) it follows that similarly like log | L(ao+it, x)|, log | L(3+
it, x)| has the normal distribution with mean 0 and variance % log log ¢, which com-

pletes the proof of Theorem4.2.1]
O

4.3 Proof of Theorem

In this section, we prove the propositions to complete the proof of Theorem
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4.3.1 Proof of Proposition

Let x be primitive Dirichlet characters modulo gq.

Set

G(s,x) = (Z) e (S + ”) , (4.2)

where

We will show that

G(o +it, )
G(% +it, )

1
< (O’ — 5) logq.

Consider the Taylor expansion of the Gamma function we get

log

2

[(s+6) =I(s) + oT'(2) + %F”(z) + -
=I'(s) + O(9)

where s = 3 +it and § = %, with |¢| < 1.

Note that

(G(U +it,X)
arg | —————=

G(% n it,x)> = arg (G(o +it, x) —arg (G(1/2 +it, x)) .

Now, applying the Taylor expansion for the argument of the gamma function

we have
arg (G(o +it, x)) =arg ((g) S r (HZTM)>
=t/2log q + arg <F (W)) + O(9).
Similarly,

arg (G(1/2 +it,x)) = t/2logq + arg (F <w>) :

Expanding the complex logarithm and putting Taylor expansion for Gamma
function in (4.2) we have,

59



G(o +it, x)
log —5—
G(Q +Zt,x)
log G(clfﬂt,x) +iarg G(Tﬂtx)
G(g +Zt,X> G(§ +Zt,X)
—(o+a)/2 :
(2 T (=) 1/2+it +a
=lo q> +1i|t/2logq+ ar (F(—>>+O(5
& (E)(1/2+a)/2 ‘F (1/2+it+a> ( /2log g & 2 (9)
q 2

s (1 (L2552

(0—1/2)/2 1/2 + it 1/2 4t

Since, ¢ is large enougiﬁ and |t| < 1, we write

log

G(o +it, x)
G(3 +it, x)

1 1
< ‘logq(a_?)‘ < (a - 5) log q.
Recall the functional equation of the complete L-function

(s, x) = G(s,x)L(s, x).
To prove Proposition it is enough to prove that
1/2 +1it, x)

" oe | €€ L
el (o3 e

Recalling Hadamard’s factorization formula (see e.g. Lemma [2.2.11)), there
exist constants a = a(x) and b = b(x) (where b(x) = — >, %(1/p)) such that

o0 = IT (1-3) e

pGZX P

where p = 3 +iv, € Z,, where Z, denotes the set of all non-trivial zeros of
L(s, x) for Dirichlet characters x modulo q.

Assuming that ¢ is not the ordinate of a zero of L(s, x) we can write

(/2 +1dt,x)|
sl v~ 2

Tt+it—p
o+t —p

pEZX

Suppose p = 5 + iv, € Z,, where Z, denotes the set of all non-trivial zeros
of L(s, x) for Dirichlet characters x modulo q. Integrating over ¢ € [—1, 1] we get

3Notice thatas ¢ — 00, § = 0
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51/2+ztx dt < —H't—p
E(o +it, x) 0+it—p
5 +<t_7x)2
=3 log dt (4.3)
(B = 0)? + (t —7)?
pGZ X

If |t —~y| > 2, then we have

1, 1 12
L= _1 _1 1
louz%log 1—0.—2 :%0.2 Q
o+it—p o+it—p o+it—p (t — 7y )?

_1
O (J 2)2
(t =)
So for |t| < 1, we can write
/1 o T+it—p (0 —1/2)
S| |otit—p (1£%)?

Then contribution of these zeros give

1

(0 —35)
%m < (0 —1/2)logq.

Now consider the range |t — v, | < 2 (which is basically the zeros near the real
axis) we have

1 1, 1 142 2
it — 1 -1 t—
/ logw dt:—/ log(ﬁ 22+( VX)Q dt
1 og+it—p 2/ 4 (B=0)*+(t— %)
00 _ 1h2 2
31/ log (8 2)2 xQ dx
2 —00 (6_0->

So in this case the contribution of zeros is < (o — ) log g.
Thus in either case

1
[,
Remark 4.3.1. Note that the sum (o 2) va m is convergent hence it

is finite. In the t-aspect, we have studied the contribution of the non-trivial zeros
of the L-functions in two cases (for zeros near t and the zeros far fromt). In the
g-aspect, we study the problem for the contribution of the zeros near the real axis

T4it—p

o+it—p

1
dt < (0-3)

o _ 973
& 1+ (172
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and far from the real axis. Note that the number of zeros in a window of length
2 around a given point t is given by < logq + log(2 + |t|) (see Proposition 5.7
of [IK04]). Similarly, like the t-aspect, we compute the contribution of the zeros for
each of these small windows, which will lead us to the total contribution, ultimately
the desired bound. Also, note that as q gets bigger the corresponding L-function
has more zeros.

Inserting this in (4.3), from Theorem 5.24 of [IK04] we can conclude
1 - 1
L(L/2 + it, ) / ( < 1)
log | ——=2| | dt = log |[=—F==||dt+ O —— 1
[l eyl oo (o= 3) s
< 1 1
g 5 0gq,

L(o +it, x)
which completes the proof. O

1/2 +it, x)

4.3.2 Proof of Proposition

Before going into the detail of the proof of Proposition [4.2.4, we prove a general
lemma. We use this lemma in later sections as well.

Let ¢*(¢) and ¢*(¢q) be the number of primitive and even primitive Dirichlet

characters modulo ¢ respectively. Recall that ¢ (q) = @ + O(1) (see section 1
of [CIS12]).

Lemma 4.3.2. Let ¢*(q) be the number of primitive Dirichlet characters modulo q.

Recall that X = ¢(1/loglog 9°. Then fore > 0 and complex numbers {a,}nen, We
have
2
* |an’2
=¢"(q) Y +0(¢). (4.4)

20,
n~“°0
n<X

anx(n)
>

n<X

x(mod g)
Proof. Expanding (4.4), we have

* anx(n)
S

x(mod q) [n<X

2

SO Al ST xm)x(n). (4.5)

m,n<X x( mod q)

Let ¢7(¢q) be the number of even primitive Dirichlet characters modulo ¢. Note

JF
that Z denote the summation over the even primitive characters modulo g.
Then we have (see section 3 of [IS12]),

S =5 3 () + x(-m)). 46)
x( mod q) x( mod q)

From Lemma 4.1 of [BM11] for (mn, q) = 1, we can write

S X =5 3 )

x( mod q) dr=q
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In order to prove the lemma, we compute equation for even and odd
primitive Dirichlet characters. We show the computation for even primitive Dirich-
let characters, and a similar computation for odd primitive Dirichlet characters
follows similarly.

For even primitive Dirichlet characters x(—1) = 1, inserting the above equation
to (4.5), we have

> &fﬁﬁo' S xmx(n)

m,n<X ( mod q)
ama
- T s
m,n< X
d|min
1 Ay, Gy
_5 Z M(r)gb(d) Z (mn)go
dr=q m=+n( mod d)
m,n<X

We have two cases for the above equation. For the first case, if d > X, then
= +n(modd), which implies m = n. Therefore, the second case arises for
d < X. Then the above equation equals to

DMICIUD S-S SITCLTIND SR

dr=q n<X dr:q m==n( mod d)
d>X d<X m,n<X

Observe that in the second term of the above summation, for d < X, and
m # n is very small. Then the error term can be bounded by

% Z pu(r)o(d) Z (jnm )n < X « q-.

dr=q m=+n( mod d)
d<X mn<X

Thus, the main term for m = n equals to

ap, * CLTLQ €
>l (22 +0(Zu )) 3970 3 iy 0

n<X dr=q d<X

recalling the definition of X we conclude the above bound.

Note that a similar computation can be done for odd primitive characters
x(—1) = —1. In that case, instead of (4.6), we have

S xm)y =5 37 (xlm) — x(-m). (4.7)
x(mod g) x(mod q)

Combining for the cases of even and odd primitive Dirichlet characters and
recalling the definition of X', we conclude the proof.
O
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We prove this proposition by restricting the sum to primes and then compute
moments. For primes p* with & > 3, contributes

(log p)x (p*) 1
oA ) < — O(1).
Z pks(k‘ 1ng) — Z 3p‘70 ( )
2<ph<x 2<ph<x
k>3 k>3

where R(s) = o¢. For the prime square contribution we have

2

X < [ X)X (p3)
Z / ao—l—zt) ) dt = Z / Z (00+zt)p2(00+it) dt
X

—1
( mod q) x( mod q) p1’p2<\/> 1
(p1p2.9)=1

(4.8)

First we will show the off-diagonal term treatment for (4.8), then we show the
main term computation. As shown in the proof of Lemma4.3.2, for d < v/X and
p? # p3, for the even primitive Dirichlet characters, applying and (2:17), the
off-diagonal term of is bounded by

1 + _ 1
< Z 1 Z X(P)x(p )<<2 Z p(r)o(d) Z I
pi#pe (P1P2)7797 2 y(mod ) dr=g PR=tpd o (p1p2)®7072
p1.p2<VX d<vX P2 p2<X
(p1p2,9)=1 1:05<

< (VX)) « ¢,

Applying Lemma and by (2.16) and (2.17), for even primitive Dirichlet
characters (4.8) is bounded by

1
<OM(a) Y e+ < ON(0).
pS\/Yp

Note that a similar computation can be done for odd primitive Dirichlet char-
acters. Adding their contributions and by the definition of X we conclude

.l
> / > Lp?) dt < ¢*(q). (4.9)

p2(00+zt) .9

Let A(q) = A(g; X) = Yocpex g%) from (4.9) and Chebyshev’s inequality
we have
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Z meas{—1<t<1:|A(q)| > L}

mod q)

Iz Z / (q)2dt < ¢*(q)/L?,

( mod q)

2¢*( )

for any positive real number L > 1. In other words we can say that the square
of primes in P(s, x) contribute a measure at most O(¢*(q)/L?). With the Same
argument given in Remark we choose L = o(logloglog q).

Now it is evident that we can restrict the auxiliary series P(s, x) to primes.
Consider the auxiliary series

. . X\P
Po(oo +it, x) = Po(oo +it, x; X) = a(()—l—)it'
pSXp

We study the moments by obtaining a mean value estimate to prove Proposi-

tion4.2.4

Lemma 4.3.3. Suppose that k and ¢ are non-negative integers with X"+t <« q.
Thenifk # ¢,

1

Z* / Po(00 + it, x)"Po(oo + it, x) dt < ¢ (q)-
-1

x(mod g)

Ifk=1¢, fore > 0,

S
S [ Potou+ it dt = K@) 1oglog Q) + Ox(e (@) loglog Q)F 1)

X(mod )7 1

Proof. Write Py(s)* =", (X \here

nsS

ag(n) =

! . @5
W Ifnzngzlpjj,pl<...<pr<X,Z§:1aj:k.
0 otherwise .

Therefore,

/ 'P() oo + 1t X) Po(Uo-l—Zt X) dt
x( mod q)

v | / | {Z ax(rx(n) 5 ar(m) ) } dt

x( mod ¢ n m

-5 3 i [ (5)"
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First we compute the sum for even Dirichlet characters. From (4.6)), we write

> ) 5= o [ (2
m,n x(mod q) a
1

X i3 3 wosn [ ()

dr=q

S Yo Y e | 11 (%) ar

dr=q m=+n( mod d) ™,n

Similarly, like the proof of Lemma and applying (2.16) and (2.17), we
have

D SITCTTINS SR NG I S A PPN S W UL

20, 1
n“°0 oL
dr=q n<xhktt dr=q m=+n(mod d) (mn)’0”2
d>xk+t = d< xk+t m<XF n<x?
m#n

For the diagonal term ay(n)as(n) is O by definition for & # ¢. We compute
the off-diagonal term of the above equation for d < X* ¢ with m # n. Then the
off-diagonal term is bounded by

< Z p(r)o(d) Z M < (Xk+€)(o(1)) < ¢ .

dr=q m=+n( mod d) (mn)goij
d<xk+l m<x¥ n<x?
m#£n

A similar computation can be done for the odd primitive Dirichlet characters.
Then we have the off-diagonal term contribution given by

< Z* Z ak(m)aﬁ(n) < (Xk+€)(o(1)) < q€<<¢*(Q)
x(modgq)  m#n (mn)70~
mSXk,nng

For the off-diagonal term from (2.17) we can see that the contribution of the
denominator is negligible since o is close to % (see Lemma 1 of [Sel46b]).
We conclude the first part of the lemma.

D=

2
For k = ¢ the diagonal term contributes ), % By the definition for the

given positive integers aq, ..., a, with >°;_, a; = k the contribution of the term of
n of the form p{! - .. po is given by

r

1
<o@][| Do o | < 0" (@(loglog )™,

i=1 \ p<X
(p,g)=1
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The terms with n not being square free contributes (with r < k—1) O ((loglog ¢)*~1%¢).
The square free n terms contribute

1 1 _
k! Z e =k! Z 5= + O ((log log q)k L+e)
P1se-Pr <X (pl o 'pk) 0 p<X p=0
(pj.0)=1 (pa)=1

=k!(loglog )" + O ((loglog ¢)" 7).
Recalling the definition of X we conclude the proof. O
Proof of Proposition[4.2.4: By Lemma for any odd & we have
1

Z* / (R(Po(oo +it, x)))* dt

x(mod g) 7 1

N
Z / ok Po(ao—l—zt X) + Poloo + it, X)) dt

x( mod q)

1 k —L
=— (Po(oo +it, X)) (Po(oo + it, ) dt
2,{;() Z /_ 0(00 X 0(90 X

x( mod q)

< 9*(q).

Observe that it is impossible to have ¢ = k — ¢ for any odd k. For all even k,
¢ =k — ¢ = k/2 and again with the help of Lemma |4.3.3| we obtain,

¢* Z / R(Po(oo + it, x)))* dt

( mod q)

21k: (kl;2) (k) (log log q)% + O ((bg log Q)g_He) :

The above equation matches with the Gaussian distribution (see (2.20)) with
mean 0 and variance 3 log log q. O

4.3.3 Proof of Proposition

As we have decomposed P(s, x) in previous chapter, we are going to use the
same technique here as well. So we have

Pi(sy) = 3 ()

nslogn
2<n<Y

Pa(s, x) = Z M

Vinex n®logn
We further set
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(-1*

Mi(s,x) = > k! Pu(s )",
0<k<100loglogq
(—1)F k
Moa(s, x) = Z Ll Pals,x)"
0<k<100logloglog q .

Lemma 4.3.4. For the primitive Dirichlet character y modulo q,

[P1(oo + it, x)| < loglogg,
|Pa(00 +it, x)| < logloglogg. (4.10)

holds for most x and t. Moreover,

Mi(og +it, x) = exp(—Pi(o0 +it, x)) (1 + O(log ) ~*),
Mo (og + it, x) = exp(—=Pa(oo + it, x))(1 + O(loglog q)*gg). (4.11)

Proof. For the first assertion of the lemmd?}, with a similar argument of Sec-
tion [4.3.2) (that the auxiliary series P; and P, supports only on prime powers)

and Lemma4.3.2] we haveff|

“As argued in the proof of (3.5), any% ~ Y <y g < loglogg. Similarly,

A 2
Zygngx 7270 E]Z)g )z Zygpgx ﬁ < log (llgi)xf) < logloglog g.

5The off-diagonal term treatment is same as (4.8). Note that if we add the contribution of even
and odd primitive Dirichlet characters, it will only change the implicit constant which will not make
any difference for our result because we are only interested in the upper bound.

6We know that A(n) supported only on prime powers. In the proof of Proposition we
have already showed that the terms of P(s, x) involving higher power of primes p* (with & > 3),
contributes negligible amount.
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Z / |P1 oo + it, X)| dt

x( mod q)
2
Z / ao—l—zt)(l(n) dt
x( mod q) 1 2<n<Y ogm
» 1 it 1 * 1
_ P -
= o > X)X )/ (—) dt+ > —— ) x(p2)x(r2)/ (

(pr> -1 \T (pr)=°0 1
pr<Y x( mod g) p2rl<y x(mod q)
(=1 s

2070 Y g O Lulel) Y ——

1
p<Y dr=q p==+r( mod d) (pT)UO 2
(p,g)=1 d<Y p,r<Y
+20%(q) > g 7O PINIGLICIEE -
P<VY p dr=q p==+r( mod d) (pr) 0
(p.)=1 d<vY pr<vVY
* 1 *
<20°(q) Y 2y T207(0)
p<Y
(p.g)=1
<2¢"(q)loglogg.

Similarly, we have

Z / |Pa(00 + it, x)[2dt < 2¢*(q) logloglog q.

x( mod q)

and the first part of the lemma follows.
Suppose K > 1is a real number. If |z| < K then, using that k! > (k/e)",

k k k
28 K\ eK
> o X ) o 2 ()
0<k<K k>100K k>100K

—e? + 0(6_100K).

Since |z| < K, we may also write the right side above is *(1 + O(e~9K)).
Taking z = —P1 (0o + it, x) and K = loglogq, (4.11) holds. O

Now it remains to establish the connection between M (s, x) and P(s, x). To
do so in a similar way we decompose M (s, y) as well. But if we observe the
definition of M (s, x) we see that we need to decompose a(n) first.
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1 if n has at most 100 log log ¢ prime factors with all p <Y
0 otherwise .

(n) 1 if n has at most 100 log log log ¢ prime factors with all Y < p < X
as\n) =
2 0 otherwise .

Therefore we have
M(S7 X) - M1<57 X)M2<57 X)u

= 3 ),
_ 3 lnaalm)(o)

Lemma 4.3.5. For the primitive Dirichlet character xy modulo q, we have

S / (M (o9 +it, x) — Mi(oo + it, x)[*dt < ¢*(q)(logq) %,

x( mod q)

S / Moo +it,x) — Ma(og + it, x) dt < ¢* (g) (log log q) ™.
x(mod gq) "~

Proof. First we write

i) — 3 U

where b(n) satisfies the following properties.
1. |b(n)| < 1 for all n.

2. b(n) = 0 unless n < Y'100loglogd hag only prime factors below Y.

b(n) = u(n)ai(n) unless Q(n) > 100loglogg or, p <Y s.t pk|n with p* > Y.

Set ¢(n) = (b(n) — p(n)ai(n)), applying Lemma(4.3.2, we have

S
Z / M (oo +it,x) — My (og +it, x)|*dt

2
_ 3 / oy dodl,
- B nootit
x( mod q) 1 n<y100loglogq

:2¢*(Q) Z C(nl)C(ng)

n1n9)%0
”1:n2§Yl00 loglog @ ( )

ol X we@ Y —C(’“)C(”Qi

dr=q n1==£ng( mod d) (nan)UO

dgyloo log log ¢ n17n2§Y10010g10gq

<¢*(q)(logq) ™.
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Note that our a;(n),a2(n),b(n) are exactly the same as given in Radziwitt and
Soundarajan’s paper [RS17]. The only difference is that now we have a further
twisting by primitive Dirichlet characters |x(n)| < 1.

The off-diagonal term with n; # ny contributes

< Y e Yy dmkdn)

on— L
dr=q nq==£ng( mod d) <n1n2) 072
dgyloo loglog q nl,n2§Y100 loglog q
/
< > 1< g,

nl#nzgyloo log log ¢

for ¢ > 0. The diagonal terms n; = ng contribute (recall the property (3)
above),

« L 1 1
¢"(q) >, ) o |+ > — -
pln = p<Y p<Y p pln = p<Y
Q(n)>1001og log g pk’>y

A small calculation can show that the second term above is < ¢*(¢) log Y/VY <
¢*(q)(log ¢)~%°. Note that for any 1 < r < 2 the quantity r(")—100loglogq j5 glways
non-negative and is > 1 with Q(n) > 100loglog g. Therefore the first term above
become

2
@) Y %<<¢*(Q)r‘1001°glogq 11 <1+f+;—2+--->.

pln = p<Y p<Y p
Q(n)>1001og log g

Choose r = ¢2/3 (say), the above estimate is < ¢*(¢)(log q)~%°, completing
our proof.
Similarly, the second assertion of the lemma follows. ]

Proof of Proposition[4.2.5: It follows from that
M (oo +it, x) = exp(=P1(00 +it, x)) (1 + O(log q)~*)
and by we can write
(logq) ™" < [ Mo + it, x)| < logg.
for most y and t. Combining these two equations we get
M (o9 + it, x) =M (o9 +it, x) + O((log q) )
= exp(—=P1(00 +it, X)) (1 + O(log ) *°)
Similarly for most y and ¢, we have
My (og + it, x) =Ma(og + it, x) + O((loglog ) ~*)
— exp(—Pa(00 +it, X)) (1 + O(loglog ¢)~*°).

Recall the decomposition of M(s,x) and P(s, x), by multiplying these esti-
mates we obtain

M (oo + it, x) = exp(=P (o0 + it, X)) (1 + O(loglog ¢) =),
completing the proof of the proposition. O
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4.3.4 Proof of Proposition

We prove this proposition using Radziwitt and Soundararajan’s [RS17] method.
Expanding (4.1) we get

" 1
3 / 1= Lo + it, x)M (o0 + it, x)| *dt
x( mod q) -1

Z / L(og + it, x) M (oo + it, X)|2dt—2/ R(L(og + it, x) M (oo + it, x))dt + 2¢™(q)
x(mod q) ©

(4.12)
=57 — 259 + S5.

We compute S; and S» for even primitive Dirichlet characters, a similar com-
putation can be done for odd primitive Dirichlet characters.
The Dirichlet L-function at s = og + it is given by

x(n)

Lioo +it.x) = ) 5 7w
n>1

converges conditionally. We want to truncate the Dirichlet series for n < ¢'*?,
where § > 0 is a small constant. Using partial summation we can write that

x(n) _anxX(n) > n<y X(n) ot t/ > n<u X(

nootit —  yootit  yoqtit ao+zt

Y<n<X
Using Polya-Vinogradov [Pol18; Vin18] inequality we have

an)( x(n) q1/2 log g
Yootit Jx

The right hand side of the above equation tends to 0 as X — oc. Similarly, we
have

Lnsyx(n) _g'logq _logq _ /A
y00+lt \/y q6/2

If Y = ¢'+9, ther(’|
/ Zn<u /X q1/2 log q q1/2 log q —4/4

oo+zt v udl? u i/ <4q

Then we have the approximation,

. n _
L{og+it,x) = nfgjit +O(q~ ).

néql—&-&

"Note that o + it = O(1)
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Now for the summation Sy, we write

1
+
> L(oo +it)M (o + it)dt

_1(modq)
DS S S
n<q1+5 m<X x( mod q)

(n,q)=1 (m,q)=1

From (3.2) of [IS12], for even primitive Dirichlet characters and (mn,q) = 1,
we have

Therefore,

S o) LY

m<X ’n<q1+6
(mn,q)=1
mn=1( mod q)

To compute S5, we have two following cases. For the first case we have
w < ¢/3,

Z P(w Z Z 1/2 < q5/6+6/2+6 = o(¢"(q)),

vw=q 1+5
m<X,n<
w<ql/3 >4

which is our desired estimate. For the second case we have w > ¢*/3

>, o) DY,

vw=q 1+5
m<X,n<
w>q1/3 >q

We have the main term contribution ¢*(¢q) + O(q'/3) for mn = 1. For the
off-diagonal term contribution we have mn # 1. Since we have the condition
mn = 1(modw), we can write mn = 1 + kw for £ > 1. Note that kw < 1+ kw =

1+0+ . .
mn < ¢' X < ¢t Then k < L ‘. Then the off-diagonal term contributes

é(w |
> o) D m Z 1/2 2. 12

vw=q 1+6+¢ 1+6+¢
q q
w>q1/3 1<k< w w>q1/3 1<k< w
o(w
gtz 3 (w)
vw=q w
w>q1/3
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Note that ) vw= / Ej]“) < d(q) < ¢, where d(q) is the divisor function. Hence the
1/3
w>q

off-diagonal term contributes ¢'/2+9/2+¢,
A similar computation shows that for odd primitive characters we have the
main term contribution ¢*(q) for mn = 1. Therefore,

SZ _ 2¢*(Q) + <q1/2+5/2+e).

To prove Proposition [4.2.6| we have to show that S; ~ 2¢*(q). We start with
the approximate functional equation of the L-functions. Recall the complete func-
tional equation of L-functions (see (2.4))

§(1 —s,%) = €00E(s, x)
Applying (2.15) we write

1 G
'=om / (o0 + it + 5, )E(o0 — it + 5,0 2 ds
2w Sy S

where G(s) is even and G(0) = 1. We move the line integration to R(s) = —1,
picking up the contribution of the simple pole at s = d§| The contribution of the
pole is given by

é(ou+ it (o0 —it.0) = (£)”

™

t
F(UO—H )‘ |L(oo +it, x)|*.

Since G(s) is an even function, on the new line of integration we change the
variable from s — —s and use the functional equation twice to get

G(s)ds

/ E(og + it + s, x)&(0g — it + s, X)
2m

G(s)

- 2m/§0'o+zt—s><)£(00—t—8><> ds

= / (1 —og+it—s,x)&(1 —og + it + s, X)G<S)d5
o S

Let the above equation be 7; without the negative sign. Then we can write

)"
™

We can expand I and I;, as Dirichlet series, since we are in the region of
absolute convergence for the L-functions.

t
P(UOH )‘ L(oo +it, )2 = I + 1.

8Note that I'(s/2) also has a pole at s = 0 but that will cancel by the trivial zero of L(s, x) at
s =0.
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-E e ()

m,n>1
1 g\o0ts _ oo+ it +s oo —it+ s\ G(s)
— = T'f——— | T .
2mi J) <7r> (mn) ( 2 ) ( 2 ) s o

Similarly, we expand I; to get

/ E(oo + it + s, x)E(00g — it + s, X)G(S)ds

G(s)

I / E(og + it + s, x)E(00 — it + s, X) ds
" 2mi
X(m
Sy M
Y mn 0 <n>
1 g\ 1-o0+s _ l—o0g—it+s 1 —op+it+s\ G(s)
— = °T r .
2mi Jy (71') (mn) ( 2 ) ( 2 ) 5 0

It follows that

Z / |L(og + it, x)|dt = Z (mﬁ Z+ X(m)i(n)/ll (%)n dtVy (Z}—Z)
- ( od q) -

(mod q) n>1
1

Y i 3 x| () v (2
mon >1 x( mod q) -1 w13) q
where
T ogtil+s T og—il+s
b e
2
1—opg—it+s 1—og+it+s
e [ A g
RO

The V; functions are smooth and has rapid decay as x — oo. Moving the con-
tour to —1/4+¢, applying Lemma4.3.2} for the even primitive Dirichlet characters,
for the first term of (4.13), the pole at s = 0 contributes

* ) N T (oo+it+s> r (Uof’étJrs) a(s)
Res;—o [¢ (q) m;l (mn)°0 < q ) ’21“ (a%ﬂtﬂ; , ds]
=¢"(q) ;0 ) <ﬂ2ﬂ> F(@;_Zt> G(0) + O(q"**)
s ‘F("O;’tﬂ
=" ()¢ (200) + O(¢"*). (4.14)
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. (%—00)2—52 1 .
With G(s) = ~1————, the pole at s = 5 — oy contributes
0

(3-00)
ResS:%_UO[ Z (mi)ao (m;m)—s r (%) r (W) GiS)dS] < gl/2+e,

mmn>1

r(=)]
(4.15)

A similar computation can be done for the odd primitive Dirichlet characters.
Similarly, for the second term of (4.13), we shift the contour to —1/4+¢ crossing
apoleats =0andapole ats = —1/2— g, we get 2¢*(¢)C(2(1 — ag)) + O(q"/>).

Now we compute the mollified second moments using Radziwitt and Soundarara-
jan’s mehhod. Using (4.13)) we get

1
+
S1= 3" [ oo+ it 00M(oo + it ) P
-1

. . 1 it
5 ) () o

h,k>1 (mod q)
p(h)p(k)a(h)a(k) —~+ _ Y (hm x(m mn
- o (h)x(k) — X(mx(n) (i
h,kZZ1 (hk)70 x(mzodq)x ' /_1(lm) m%l +(Q/7T>
p(h)p(k)a(h)a(k) —+ _ hm x(m mn
+ Y oo > x(h)x(k)/_l (km) Z (o) 1 UO <q/ﬂ>
hk>1 x(mod q)
_ p(h)p(k)a(h)a(k) 1 T ek him mn
_h%;l (770 m%l (m">03<(mzmq)X(h )X (k )/1 (kn) dtV, (q/ﬂ)
p(h)p(k)a(h)a(k) 1 ek b hm\" mn
+h,kzz1 (hk)!=0 m;zl (m">10(§<(mzmq)><(h Xk )/_1 (kn) V- (q/w)'
Changing the variable with m = Nk/(h,k) and n = Nh/(h, k), we obtain
2\ 0
5o M fonyn (L)
m,n>1
Then by (4.14) and (4.15), the sum S; becomes
200 Z :u h) (k) (h, k,)ZUO
hk>1
oot - o) 3 BN g o1
h,k>1

Let h = hihs, where h; is composed only of primes below Y, and A9 is com-
posed of primes between Y and X, and then a(h) = a(hi)a(hz2), as given in
Section Similarly we write a(k) = a(k1)a(kz), we get
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2¢*(Q)C(200) Z :u(h):u(k)a(h‘)a(k) (h, k,‘)200 (416)

=2¢"(¢)¢(200) (Z M(hl)lzg?lc)f;(zz;)a(kl)( 200) (Z S hzkg 2&2) e

ho ko
(4.17)

Consider the first factor in (4.16)), ignoring the condition that A, k1 must have
at most 100 log log ¢ prime factors, the resulting sum gives

plha) (k) 2 1
> e ko =TT (1= 55 )
hy,k1 171 p<Y
p|h1/€1 = p<Y

Approximating the first factor by the product above, we incur an error term
which is at most

< Z M(m,kl)%q

hik 20
e (h1k1)
plh1ky = p<Y
Q(h1)>1001loglog g

where we used symmetry to assume that ~2; has many prime factors. Since
ef2(h1)~100loglogq 5 always non-negative, and is > 1 for those h; with Q(hy) >
1001og log ¢, the above may be bounded by

—1001loglog g |M(h1)ﬂ(k1)| 200 ,2(h1)
Le hzk —(hlk'l)an (hl, kl) e
1.7

p|h1k1 — p<Y

logq —100 H (

p<Y

) < (logq) ™.

Thus the first factor in (4.16) is

11 (1 - ﬁ) +0((loga)™™) ~ ] (1 - ]%) .

p<Y p<Y

With a similar computation we can obtain that the second term in (4.16) is

11 ( pzl(fo)+0((10glogq)‘9°)~ 11 <1—p2100>.

Y<p<X Y<p<X

Using these above estimates (4.16) becomes
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~ 20 I (1- ) ~200@ I (1- pi,o)_l ~2°(q).

p<X p>X

Recalling the definition of X, W and og, and using the prime number theorem
and partial summation we write

1 * 1 dt X120 )
;»ZXP%O < /X 290 log t < (200 — 1)log X o(1).

In the same way the second term of (4.13) is

26%(q)C(2 — 200) (Z M(h)ﬂ(kfzz(h)a(k) h k)gga())
h,k

- (2¢*<q><<2 2o [T (1-2+ pﬁgo))

p<X
* 1 *
<o@ ] (1-1) =o',
p<X b
Hence, we complete the proof of this proposition. O

4.4 Dirichlet L-function attached to twisted form

In this section, we extend the result of the previous section (under the assump-
tion of GRH) by considering the twisted Dirichlet L-function associated with the
G'L(3) Hecke-Maass cusp form twisted by the primitive Dirichlet characters x, as
defined in Definition [2.2.9] We prove the following theorem conditionally, under
the assumption of the moment conjecture. Note that by the end of this chapter we
give a brief overview of how to compute second mollified moment of L(f ® ¥, s)
under the assumption of the moment conjecture.

We prove our next theorem conditionally for a special choice of the parameter
Q. Let ¢ == q1¢q2 such that ¢;, g2 are prime numbers. For ¢ < @ and ¢; < @
and ¢» = Q, we may write Q = Q1Q2 where Q1 = Q%% and Q, = QY/419 for
d = 1/100. Since y is a primitive Dirichlet character x modulo all ¢ < @, it can be
split as x = x1x2 with primitive y; modulo all ¢; < Q; fori = 1,2. We set

N(Q) = #{x modulo all ¢ < @ : x primitive}.

Theorem 4.4.1. Let f is a Hecke-Maass cusp form of type v = (v1,v2) and N(Q)
denote the total number of primitive Dirichlet characters modulo all ¢ < Q, for the
special choice of parameter () as defined above. LetV be a fixed positive real
number. Then as () — oo, uniformly for all v € [V, V]
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1 1
{—1 <t< 1:10g|L(f®X,§+it)| Zm/aloglogQ}

1
- V21 Jo

First, we give the idea of the proof of Theorem [4.4.1] Then we prove Theo-
rem[4.4.1]in four steps. First, we take away the problem from the critical line. Then
we introduce an auxiliary series and prove that it has approximate normal distri-
bution with mean 0 and variance %log log Q). Finally, we connect the L-function
with the auxiliary series by adapting the mollification technique.

qAQ x( mod q)

o0 2
e~ 2y,

In the first step, we take away the problem from the critical line by counting the
zeros of L-functions.

Proposition 4.4.2. Let y be primitive Dirichlet characters modulo all ¢ < (Q, where
the choice of parameters q and () holds the conditions stated above. Then for any
o > 3 we have

/,

where t ranges over [—1,1].

log |L(f @ x,

1
§+it)| —log|L(f®x,a+it)|‘dt < (a— —) log @,

We fix the parameters (with a similar reason given in Remark [4.2.3)

W = (loglog log Q)‘l7 X — Ql/(logloglogQ)Q’ Yy — Q(l/loglogQ)27 oo =

where (@ is sufficiently large so that W > 3.
Next we introduce the auxiliary series given by

P(fox,s)=Pfox.sX) = ) A

nslogn
2<n<X

We compute the moments to determine the distribution of the auxiliary series.

Proposition 4.4.3. Let us assume Ramanujan-Petersson conjecture. Let xy be
primitive Dirichlet characters modulo all ¢ < @, then the distribution of R(P(f @
X, s)) is approximately normal with mean 0 and variance ~ %log log Q). Precisely,
let V' be a fixed positive real number then as (Q — oo, uniformly for all v € |-V, V]

{—1 <t<1:R(P(f®x,00+1it)) > m/%loglog@}

¢=Q x( mod q)

79



By the definition of the Fourier coefficient of the Hecke-maass cusp form
Ar(1,1) # 0. Then we define the convolution inverse (1.7(1,7)) of the sequence
(Af(1,n)). This is an arithmetic multiplicative function, for a prime number p which
satisfies

pp(1,1) =1, pp(1,p) = =Ap(L,p), ur(1,p%) = Ap(p, 1),

pr(Lp%) = Ap(1,0%) + Ap(p,p?) = {_1 tpta

and if j > 4, 1,p/) =0.
0 otherwise )= Hy(1p’)

In the next step, we introduce the mollifier to connect the L-function with the
auxiliary series. Let M (f ® x, s) be a Dirichlet polynomial defined as

M(f &y, s) Zufln ()7

where a(n) is given by

1 if n is composed only of primes below X and has at most 100 log log @
a(n) = primes below Y and at most 100 log log log @ primes between Y and X.
0 otherwise .

Notice that a(n) takes the value 0 except when n, < Y'100loglog @ x100logloglog @
Q°. So, it can be easily seen that M (f, s) is a short Dirichlet polynomial.

Proposition 4.4.4. Let x be primitive Dirichlet characters modulo all ¢ < ). Given
e > 0andd > 0, there is some R so that for all ¢ > R, under the assumption of
Ramanujan-Petersson conjecture we have

{—1§t§1:

M(f ® X, 00 % it) —1‘<5}<e
)

qAQX mod q) exp(=P(f @ x, 00 +it

As the final step, we connect the mollifier with the L-function in order to com-
plete the proof of Theorem

Proposition 4.4.5. Let y be primitive Dirichlet characters modulo all ¢ < Q). Given
e > 0andd > 0, there is some R so that for all ¢ > R, under the assumption of
Ramanujan-Petersson conjecture we have

Z Z /_|1— (f @ x,00 + )M (f @ x, 00+ it)|* dt = o(1). (4.18)

qXQx (mod q)
So that fort € [—1, 1],

1
2N(Q)

> Z* meas {—1 <t <1:|L(f®x,00+ i) M(fQ x,00+it) — 1| < 6} <.
¢=Q x( mod q)
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We prove these propositions in the later sections. Let us connect them to write
the complete proof for Theorem

Proof of Theorem (4.4.1;: Recalling Proposition |4.4.5, it typically says that for
the primitive Dirichlet characters x modulo all ¢ < @ (for most y and t), we have

L(f ®x,00+it) = (1 +o(1))M(f ® x,00 +it) "
By Proposition [4.4.4] (for most y and ¢) we know that
IL(f @ x, 00 +it)] = (1 + o(1)) exp(RP(f @ x, 00 + it))

and by Proposition 4.4.3| we can conclude that log |L(f ® x, oo + it)| is normally
distributed with mean 0 and variance %log log Q). Finally, with the help of Proposi-
tion4.4.2l we deduce that

1
10g|L f®x,2

> X

¢=<Q x( mod q)

< N(Q)(o0 - %) log @ = N(Q)W.

+it)| — log |L(f ® x, 00 + it)|| dt

So for most y and ¢, we have

1

3 +it)| = log |L(f @ x, 00 + it)| + O(W?).
Since W? = o(y/loglog Q) it follows that similarly like log |L(f ® x, 00 + it)|,

log | L(f®y, 3+it)| has the normal distribution with mean 0 and variance § log log @,

which completes the proof of Theorem O

log |L(f ®x,

4.4.1 Proof of Proposition

In this section, we give the proof of Proposition and this proof is similar as
the prove given in Proposition |4.2.2] Let «;’s are the Langlands parameter as

defined in (2.11).
Let x be primitive Dirichlet characters modulo ¢ for all ¢ < Q.

Set

3
G(f®x.5) =y (f@x.s) = ¢ [[ Tr(s — i)
=1

where the «;’s are the Langlands parameter as defined in (2.11).

We show that

G(f ® x,0 +1it) 1
G(f®X71/2+it)) < (o_ 5) o8
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Consider the Taylor expansion of the Gamma function we get

2
[(s+6) =I(s)+ dI'(z) + %F”(z) +
=I'(s) + O(0)
where s = 3 +it and § = 10 , with |¢] < 1.

gq

Note that

( G(f ® x,0 +it)
M\G(Fo . 1/2+it)

) =arg (G(f®x,0+1it)) —arg (G(f @ x,1/2 +1it)) .

Since f is a Hecke-Maass cusp form of type (v1,r2) then by Ramanujan-
Selberg conjecture we know that $(«;) = 0.
Now, applying the Taylor expansion we have

arg (G(f @ x 0+ it) =ang (T2 (f @ x, (0 +it))

— arg <q3(a+it)/2 H Ir(o + it — O&J)

i=1
’ 1
=3t/2log q + Z arg (FR<§ + it — ai)) + O(0).
i=1

Similarly,

3
arg (G(f ® x,1/2 +1it))) = 3t/2log ¢ + Zarg (FR(% + it — ai)) :

i=1

Expanding the complex logarithm and putting Taylor expansion for Gamma
function we have,

G(f ® x,0 +it)
G(f®x,1/2+it)

G(f ®x,0 +it) . G(f @ x,0 +it)
‘GU®xﬁm+wﬂ+”@( U®xﬂm+w0

3
=log (%) o Zlog — Zlog
i=1

3
1 1
+1 (3t/210gq + E arg (I‘R(§ + it — ai)) +O(d) — 3t/2logq + E arg (FR(§ + it — ai))> :
i=1

log

=log

1
FR 2+Zt—OéZ

1

+ O(9)

1=1

Since, q is large enough and [t| < 1, we write

G(f ® x,0 +it)
G(fex,1/2+1it

o 1
’<< ‘logq 2 ‘<< (0—5) log q.
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Recall the functional equation of the complete L-function
Afex,s)=G(fex,s)L(f®X,s).

To prove Proposition it is enough to prove that
A(f®x,1/2 +it)

1

Recalling Hadamard’s factorization formula (see e.g. Lemma [2.2.11)), there
exist constants a = a(f ® x) and b = b(f ® x) (where b(f ® x) = —>_,R(1/p))
such that

log

Hdt<< (a—%) log Q).

(s = A o) =ttt T (1-2) e

p
PEZF2X

where p = 3 + iy € Zyq,, Where Zyg, denotes the set of all non-trivial zeros
of L(f ® ¥, s) for Dirichlet characters x modulo all ¢ < Q%

Assuming that ¢ is not the ordinate of a zero of L(f ® x, s) we can write

%+it—p
o+t —p

A(f@x,l/Q—i—it) B
log' AF® X0 +it) ‘_ 2.

pEZf®X

Suppose p = 3 + iy € Zqy, Where Zyg, denotes the set of all non-trivial
zeros of L(f ® x, s) for Dirichlet characters y modulo all ¢ < Q. Integrating over
lt] <1 we get

! A(f®x,1/2+it) ! Lrit—0p
] ’ dt < log [2——F 4.1
/_1 og‘ A(f ® x,0 +it) H - Z /_1 8 o+it—p dt (4.19)
pGZf®X
1 ! (B—3)%+ (t—n)?
- 1 dt.
s 3 e
PEZ foy

If |t —~| > 2 then with |t| < 1, we have

log —%—H’t—p = |Rlog 1——0_% = J_% O (U_%)Q
o+it—p o+it—p o+it—p (t—7)?
(t—7)?
So we can write
/1 log’(l/Q—l—it)—pHdt (0 —1/2)
1 (0 +it) —p (t —7)?

°For simplicity we denote g, - as 7.
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Then contribution of these zeros give

3 =0 1050
(=2 =

Now consider the range |t — v| < 2 (which is basically the zeros near t) we
have

1 1 - t+1 112 2
2 gt — 1 -1 —
/ log 2+l, P dt :—/ log (B 2)2+( 7)2 dt
-1 o+it—p 2 Ji1 (B—0)+({—7)
L] |(B=g) +a?
<= 1 d
<3 |8 |Gm o |

So in this case the contribution of zeros is <« (o — %) log Q).
Thus in either case

1
/ log
-1

Inserting this in (4.19), from Theorem 5.8 of [IKO4] we can conclude

1/2+it—p
o+it—p

|ar<

1 L(f ®x,1/2+it) 1 Af®x,1/2+it)
1 d dt = 1 d : dt + O — =1
/_1 Og' L(f&x,0+it) H /_1 Og‘ M@0 +it) H <" )Og@
1
< (0——) log )
which completes the proof. O]

4.4.2 Proof of Proposition

In this section, we study the moments of the auxiliary series P(f ® x, s) to prove
that it has normal distribution with mean 0 and variance %log log Q.

Similarly like Lemma [4.3.2, we prove the following lemma by averaging over
the Dirichlet characters and moduli.

Lemma 4.4.6. Let N(Q)) be the number of primitive Dirichlet characters for all

modulo ¢ =< Q. Recall that X = Q/ loglog @)’ Then for ¢ > 0 and complex
numbers {a, } nen, We have

> Y vy 4o e

qXQ X( mod q) n<X n<X
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Proof. Expanding (4.20), we have
2

SOy e s > S xmsn). @2

¢=Q x(mod q) [n<X m,nﬁX ¢=Q x( mod q)

Let ¢™(¢q) be the number of even primitive Dirichlet characters modulo ¢. Note

Jr
that Z denote the summation over the even primitive characters modulo g.
From Lemma 4.1 of [BM11] for (mn, q) = 1, we can write

S xmxm =5 3 o)
x(moda) dmin

In order to prove the lemma, we compute equation for even and odd
primitive Dirichlet characters. We show the computation for even primitive Dirich-
let characters, and a similar computation for odd primitive Dirichlet characters
follows similarly.

For even primitive Dirichlet characters x(—1) = 1, inserting the above equation

to (4.21), we have

> (jj;(;zo. S xmx(n)

m,n<X ( mod gq)
Z 1(r)o(d)
mn< X dr:q
dlm=En
1 AmOn
—3 ;q u(r)e(d) m;i%md )
mn<X

We have two cases for the above equation. For the first case, if d > X, then
m = +n(modd), which implies m = n. Therefore, the second case arises for
d < X. Then the above equation equals to

LY ol Z'agg'o DIVCLUNED S

dr=q drzq m==n( mod d)
d>X d<X m,n<X

Observe that in the second term of the above summation, for d < X, and
m # n is very small. Then the error term can be bounded by

S ursd) Y X OO <

(mn)?0
dr=gq m==4n( mod d)
d<X mn<X

Thus, the main term for m = n equals to

a an|?
Z | 52'0 ( S” u(r)e(d) + O (Z u2(7“)¢(d))) Z s o),

dr=q d<X
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recalling the definition of X we conclude the above bound.

Note that a similar computation can be done for odd primitive characters
x(—1) = —1. Now averaging over the moduli we get

Z( Z"‘;J )

=Q

The summation > _, ¢*(¢) is the number of primitive Dirichlet characters
modulo all ¢ < @, which is N(Q) by definition. Hence,

2

a an2
> Y| - v X S o).

qXQ X( mod q) n<X n<X

Note that a similar computation can be done for odd primitive characters
x(—1) = —1. In that case instead of (4.6), we have (4.7).
Adding the cases of even and odd primitive Dirichlet characters and recalling
the definition of X, we conclude the proof.
0

We prove this proposition by restricting the sum to primes and then compute
moments. For primes p* with k£ > 3 contributes

As(p*)x (") 1
— - K —— = 0(1).
Z,; pFs(klog p) 2 3phoo 1)
2<p"<X 2<p™<X
k>3 k>3

where R(s) = o¢. For the prime square contribution we have

e Ar(p*)x(p?)
Z Z 1 Z pQ(UO—I—it) ) dt
¢=Qx( mod q) p2 <X
(p,g)=1
1 o [ Ar (P A3 ()X (P3)
_Z Z Z 1 Z 2(og+it) Q(UO—Ht)l 1 dt.
(p 9)=1

Note that A;(p?) = 327, vi(p)?log p where ~;(p) are the complex roots of the
quadratic equation X — A¢(1,p)X? + A ¢(p,1)X — 1 = 0. By assuming Ramanujan-
Petersson (see (2.1)) conjecture we can say that | 37_ ~i(p)2? < p*.

First we will show the off-diagonal term treatment, then we show the main
term computation. As shown in the proof of Lemma 4.4.6[, for d < vX, p; =
+p3(modd) implies that p? # p3. Then for the even primitive Dirichlet characters,
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applying (2.16) and (2.17), the off-diagonal term of the above equation is bounded
by

—+

< > - X)X (p

1
pi#py (P102)7972 4=Q y(mod q)

p1.p2<VX
(p1p2:9)=1
1 1 1+
7=Q dr=q =t (p1p2) :
d<VX 21

1 pQSX

Applying Lemma and by (2.16) and (2.17), the above integration is
bounded by

<NQ Y pjao + QM < N(Q). (4.22)

p<v'X

3 )2
Let A(Q; X) = AQ) = Zg<p<ﬁ %, from (4.22) and Chebyshev’s
=r= p
inequality we have

Y S meas{-1<t<1:]AQ) > L}

¢=Q x( mod q)
1

<mY ¥ [ M@pa <Ny

for any positive real number L > 1. In other words we can say that the square of
primes in P(f ® x, s) contribute a measure at most O(N(Q)/L?). With the same
argument given in Remark(4.2.3, we choose L = o(logloglog Q).

Now we restrict the sum P(f ® x, s) to primes and define

Po(f @x,5) =Po(f@x, X)) = M

oo+t
p<X p

Next we study the moments of Py(f ® ¥, $).

Lemma 4.4.7. Suppose k and ¢ are non-negative integers with X*t¢ < Q. If

k0

Z Z / Po(f ® x,00 + it)*Po(f ® x, 00 + it) ‘at < N(Q).

¢=Q x(mod q)

Ifk = ¢, fore > 0, we have

> X / [Po(f ® x, 00 +it)[*dt = k12N (Q)(loglog Q)" + Ok(N(Q)(loglog Q)*~'*°).

g=Q x(mod q) ”
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Proof. Write

k! . o
ap(n) = apl-ar! if n = H;lejJJﬂ <...<p <X, Z§:1 a; = k.
0 otherwise .

Let m, n are positive integers, then we write

=3 3 x(m)x

7= x(mod q)

Therefore,

Z Z / f®X,Uo+Zt) Po(f ® x,00 +it) dt

¢=<Q x( mod q)

Yoy / { (A0l )_Zaé(m)j‘fg;m)i(m)}dt_

¢=Q x(mod q) m

> el 0y, [ ()
-1

(mn)°0 n

m,n

ar(n)ag(n)Xr(1,n)A (1, n) ar(n)as(m)As(1,n)\r(1,m)
_22 J;Uo ! A(n,n +Z : ];00_% ! A(m,n)
mn

First we compute the sum for even Dirichlet characters. From (4.6) and apply-

ing (2.16) and (2.17) we write

ap(n)ag(m)XA (1, n)A (1, m) + LNt
> mf A ZZX /_1<E> dt

Lt ( ¢=<Qx( mod q)
ag(n agm))\f(ln)\flm 1 LNt
¢=Q dr=q
dlm+n
_l + ’ ak(n)ag(m))\f(l,n)j\f(l,m) 1 m it
_Qq% d;q i )¢<d>§ oo /_ 1(n> .
dlm=£n

Similarly, like the proof of Lemma and applying (2.16) and (2.17), we
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have

ar(n)ag(n n)|?
DI INTEITED SR

=Q dr:k(ii n<Xk+l
d>X"T*

ag(n)ag(m)As(1,n)Ap(1,m)

DI

on— L

q=Q dr=gq m=n( mod d) (mn) 072
d<x e m<xF
n<x?t

For the diagonal term ax(n)ay(m) is 0 by definition for k£ # ¢. The off-diagonal
term of the above equation is is bounded by

LYY ey eI L) e o ),

on_1

¢=Q dr=q m=+n( mod d) (mn)?072
d< xh+ mexF
ngXZ

A similar computation can be done for the odd primitive Dirichlet characters.
Then the off-diagonal term is bounded by

* (1, n)A (1,
<Y > ¥ ar(n)ag(m) fi _nl) s(1,m) < NQ).
¢=Q x(mod q) m#n (mn) 072
mSXk
nSXK

We conclude the first part of the lemma.

For the second part, for k£ = ¢ the diagonal term contributes

an(n)? )2 [x(n)|? ay.(n)? ,n2 .
@) Mf(;;ﬂ” Xl Zn%. By the definition for the given pos-

itive integers a1, ..., a, with >°7_, a; = k the contribution of the term of n of the
form p{!---p2r is given by

r 2
<N > PALPIE Y o n(Q)(oglog @)

20’00%’
i=1 p<X p
(p,9)=1

The terms with n not being square free contributes (with r < k—1) Oy ((loglog Q)¥~17¢).
The square-free n terms give (by Proposition 2.4 of [RS96] and noting that n = p”
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(for k > 2) contributes O(1) in (2.2))

Me(1.pg - - 2
1l Z Ap(L,p1---pi)l

(p1- - pr)20

P1y-PE <X
all p;’s are distinct, (pj,q) =1

k

Ar(1,p)P e

=k! Z % +O;€((loglogQ)l€ 1Jr)
p<X
(p,g)=1

=k!(loglog Q)* + O ((loglog Q)*~1%).
Recalling the definition of X completes the proof. O
Proof of Proposition[4.4.3: By Lemma for any odd £ we have

Z Z / R(Po(f @ x, 00 +it)) dt

¢=Q x( mod q)
k

—Z Z / (730f®X,00+Zt)+730(f®x,00—|—zt)> dt
7=Q x(mod q) ©

1 k —
ZQTZQ)Z Z / (Po(f ® X, 00 + it) (Po(f @ x, 00 + i) dt

£=0 ¢=<Q x(mod q) "~

< N(Q).

Observe that it is impossible to have ¢ = k — ¢ for any odd k, for all even k, we
have ¢ = k — ¢ = k/2 and again with the help of Lemma4.4.7| we obtain,

2N Z Z / R(Po(f @ x, 00 +it)))* dt

¢=Q x( mod ¢

21k <kl;2) (k> (loglog Q)2 ((bg log Q)2 ”E)-

The above equation matches with the Gaussian distribution (see (2.20)) with
mean 0 and variance 3 loglog Q. O

4.4.3 Proof of Proposition

Similarly like Proposition [3.2.4| and [4.2.5| we decompose P(f ® x,s) and M(f ®
X, $). Starting with the decomposition of P(f ® x, s) into P1(f ® x, s) and Pa(f ®
X, s) we have

Puf oy = Y )

nslogn
2<n<Y

Pof@x.8)= Y. M

n®logn
Y<n<X
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Set

—1)k
MmiGers= Y Elmgexet
0<k<100loglog Q '
B (—1)* k
Ms(f@xs)= ). T Paf @ 8)",
0<k<100logloglog @ '

In the next lemma we establish the connection between P;(f ® x,s) and
M;(f®x,s)forj=1,2.

Lemma 4.4.8. Let x be a primitive Dirichlet character modulo q with ¢ < Q, we
have

[P1(f ®x,s)| < loglog Q, (4.23)
[P2(f ® x, )| < logloglog @,

is true for most x andt. Moreover,

Mi(f®x,s)=exp(Pi(f®x,5))(1+O(logQ)~"), (4.24)
Ma(f @ x,8) = exp(Pa(f @ x,5))(1 + O(loglog Q)~%).

Proof. With a similar argument of Section 4.4.2| (that the auxiliary series P; and
P> supports only on prime powers) and from Lemma 4.4.6|, we havem (by Propo-
sition 2.4 of [RS96] and noting that n = p* (for k > 2) contributes O(1) in (2.2))

1°Recall that A;(n) is the coefficient of the logarithmic derivative of the L-function in Dirich-
let series supported on prime powers. Since the argument we have given in the proof of
Proposition [4.4.3] we know that the primes with higher power (i.e. p* with & > 2) contribute

2
O N S Ar(Le)? o oglog Q. Similarly

o0 Tt P20

negligible amount so we can write > _,
2

As(n)
nooTit

2
~ Zangx 7A;(21;§) < log Ggii) < logloglog Q.

Zygngx

91



Z Z /|731f®x,00+zt)| dt

¢=Q x( mod q)

=3 ¥

¢=<Q x( mod q)

(1, p)Ap(1,r 1 it (L, p2 )N e (1,72
= Z i ﬁ?“ (fo )A(p,r)/l (g) dt + Z il 592)23705 )A(pQ,TQ)/

2

Z Af(”)X(”) dt
—llocn<y n?0** logn

p,r<Y 2,2
(p,g)=1 p(qu)g
[Ar(L,p) Ap(Lp)Ag(1,7)
—aN(Q) Y —fp PIDINIG >
p<Y q=Q dr=q p==r( mod d) (pT) 072
(p,g)=1 d<y p,r<Y

+2N(@Q) Y Mflp +0 >3 3 Af(l’p)Af(i’Q

p<VY p a=Q dr=q p==+r( mod d) (pT) (00_7
(p,g)=1 df\/)7 p,rg\/?
Ar(1
<) Y MU p) +2N(Q)
p<Y p
(p,a)=1
<N (Q)loglog Q.

Similarly, we have

> Z /|732 F®x, 00 +it)|2dt < N(Q)logloglogQ,

¢=Q x(mod q)

completing the proof of (4.23).
Suppose K > 1is a real number. If |z| < K then, using that k! > (k/e)*, we

write
2k B Kk . e\ "
0<k<K k>100K k>100K

—e? + 0(6_100K).

Since |z| < K, we may also write the right side above is ¢*(1 + O(e~9K)).
Take z = —P1(f ® x,00 +it) and K = loglog @, (4.24) holds. O

In order to complete the proof of Proposition next we establish the con-
nection between M;(f ® x,s) and M;(f ® x, s) for j =1, 2.

We establish this connection by decomposing M (f ® x;, s).
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M(f®x,s)=M(f®x, )Mz(f®x, s),
Mi(f®x,s Zuflnal x(n )

Malf © x.9) z“f“”? X

where

(n) 1 if n has at most 100 log log @ prime factors with all p <Y
aj\n) =
! 0 otherwise .

(n) 1 if n has at most 100 log log log @ prime factors with all Y <p < X
as{n) =
? 0 otherwise .

Lemma 4.4.9. Let x be a primitive Dirichlet character modulo q with ¢ < @) then
under the assumption of Ramanujan-Petersson conjecture we have

> /|M1f®x,ao+zt> My(f @ x, 00+ it)]* dt < N(Q)(log @)~
¢=Q x(mod q) ¥

>y |M2f®x,ao+us> My(f ® x, 00 +it)|* dt < N(Q)(loglog Q)™
¢=Q x(mod q)

60

Proof. We write

T b(n)As(1,)x(n)

nS

Mi(f®x,s) =

n

where b(n) satisfies the following properties:

1. |b(n)| < 1 for all n.

2. b(n) = 0 unless n < Y'100loglog@ hag only prime factors below Y.

3. b(n) = pp(1l,n)ai(n) unless Q(n) > 100loglog@ or, p < Y s.t p*n with
2
p" >Y.

Set c(n) = b(n)A¢(1,n) — ps(1,n)ar(n), we have

Z Z /\le@@x,aoﬂt) M(f ® x,00 + it)|*dt

¢=Q x( mod q)
2
S [ s AR
noo+i
¢=Qx(mod q) ” nSYIOOIOglogQ
<N(Q)(log Q)%
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We note that our a;(n), az(n) are exactly the same as Radziwitt and Soundara-
jan’s method. Instead of MoObius function we have the convolution inverse of
A¢(1,n). We have a further twist by |A;(1,n)| and the primitive Dirichlet char-
acter |x(n)| < 1. The Ramanujan-Petersson conjecture (see (2.1)) asserts that
|IAr(1,n)] < dg(n) < nffor e > 0, where d,,,(n) denotes the number of represen-
tations of n as the product of m natural numbers. Then by definition |;¢(1,n)| <
d3(n) < n.

Under the assumption of The Ramanujan-Petersson conjecture (see (2.1)) the
off-diagonal terms with n; # ny contribute

< Y e Y )

on— i
7=Q dr=q n1=+no( mod d) (n1n2) 072
dgyloo loglog Q nl,n2§Y100 loglog @
/
< Z YlOOloglogQ Z (nan)e < Ql—i—(—: )
7=Q nq#ng<y100loglogQ

As argued in the proof of Lemma and under the assumption of The Ramanujan-
Petersson conjecture (see (2.1)) the diagonal terms n; = ny contribute < N(Q)(log Q) =%,
which completes the proof of the lemma. O

Proof of Proposition[4.4.4; It follows from that for most x and ¢,
Mu(f @ x, 00 +it) = exp(=P1(f © x, 00 +it))(1 + O(log Q) ™)
and by (for most y and t) we can write
(logQ)™! <« IMi(f @ x, 00 +it)] < log Q.
Combining these two equations we get

Mi(f ® x,00 + it) =M1 (f @ x, 00 + it) + O((log Q) %)
=exp(—P1(f ® X, 00 +it))(1 + O(log Q) =)

Similarly, for most x and ¢, we have

My (f @ x, 00 +it) =Ma(f ® x,00 + it) + O((log log Q)*%)
= exp(—Pa(f ® x, 00 + it)) (1 + O(log log Q) ).

Recall the decomposition of M(f ® x,s) and P(f ® x, s), by multiplying these
estimates we obtain

M(f ® x,00+it) = exp(=P(f ® x, 00 + it))(1 + O(log log Q)_QO),
completing the proof of the proposition. O
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4.4.4 Proof of Proposition

In this chapter, we have used the method established in [RS17] to prove Theo-
rem [4.4.1] But to prove the last step of Proposition we do not follow the
same method. Since we are working with the g-aspect we give a proof strategy
of this proposition using the argument given in [CIS13; CIS12).

Expanding (4.18) we get

Z Z /‘1_ (f ®x,00 +it)M (f®x,oo+it)]2dt

7=Q x(mod q) ”
_Z Z /\Lf®x7oo+zt) (f @ x, 00 +it)|* dt
7=Q x(mod q) ”
_QZ Z /3[E (f ®x,00 +it)M(f ® x,00 +it))dt + 2N(Q)
¢<Q x(mod q) ©

We compute S; and Ss for even primitive Dirichlet characters, a similar com-
putation can be done for odd primitive Dirichlet characters.
The Dirichlet L-function at s = o + it,

A n)x(n
L(f®x,ag+z't):2%

n>1

converges conditionally. From the approximate functional equation of L-functions

(see (2.15)) we write

S L @ x.00)M(f @ x.00)

x( mod q)
Ar(dn)x pg(L,m)a(m)x(m)
¥y ( 3/2) > Hm
(mod q)n m<q¢
+ g(x Ar(1, n fig (1, m)a(m)x(m)
+ Z 3/2 Z 1 00 (q3/2> Z mi—o0 (426)
x( mod q) n>1 m<q¢

For the first summation of the above equation we have

Ar(1,n)x (1I,m)a m
Z Zf (3/2)ZW )U(O)x()

x( mod q) §q3/2 m<q¢
A(Lmg(Lma(m) [0\ o~
> eV ) 2 xmxom)
n§q3/2,m§q€ x( mod q)

Ar(1,n 1,m)a(m n
-y My () S Y )

3/9 vw=gq
n<q / m=q© mn=x1( mod w)

Ar(l,n 1,m)a(m n
X, et $y LTIy ()

mn=+1( mod w)
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Assuming The Ramanujan-Petersson conjecture (see (2.1)), let k£ = mn which
means k < ¢*/?T¢ and k = +1 + (w. Therefore the above equation is approxi-
mately

372\ /2
~ 33 2w)gw) Y 61/%1/2 SO 1/2 (qT)

vw=gq o d3? /2 vw=q

="w
< e Z Z << Plare

VW=q
By averaging over Q we get the main term of size N(Q) and error term of size

1
Q* 1t¢ = Q7/*+<. A similar computation can be done for odd primitive Dirichlet
characters.

Now we study the following

ST g0 xm)x(m)

¢=Q x(mod q)

Assume that ¢ = q1q2 where g1, g2 are primes. As ¢ < @, we set ¢; < Q; (for
i = 1,2), where Q = Q1Q2. Since x is a primitive Dirichlet character modulo ¢
then it splits as x = x1x2 with x; primitive modulo ¢; (for i = 1, 2).

We consider the Gauss sum of the product y;x2 i.e., (for detailed computation
see Section 3 of [MS15])

g(x1x2) = Z Xl(a>X2(a)eq1QQ (a)
a( mod q149)

Each a in the above sum can be written uniquely as a = a1¢2¢2 + asq1q1 with
a;(modg;) (for i = 1,2). Consequently we get

gbxax) = Y > xalan)xa(az)eq (a12)eq (a2d)

a1(mod ¢1) ag( mod g9)
=x1(22)x2(q1)g9(x1)9(x2)-
with the above equation we consider the sum
> gd xexa(mn),
X;( mod ¢;)

where (r,¢;) = 1 for i = 1, 2. Opening the Gauss sum we get

3
E:* ( >, Xﬂ@%ﬂ@)/mﬁwdmwm)
( )

x;(mod g;) \a;( mod g;

=¢"(@) Y. eqlatb+mnrab) — (1),
a,b( mod g;)
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Here c,, (1) stands for the Ramanujan sum modulo ¢;, and since we are taking
q; prime we have ¢, (1) = —1. We set

Ky, (u) = Z* eq;(a+b+ uab).
a,b( mod g;)

The above sum is a hyper-Kloosterman sum. Square-root cancellation in such
sums was proved by Deligne [Del77]:

qu‘ (u) < g,
for any integer w.

Then by Lemma 1 of [MS15] for ¢; prime and ¢; 1 rmn, we have

S gt xa(r)Xilmn) = 6% (q) Ky, (mnr) + 1
x;( mod g;)

Following the computation of Section 5 of [MS15] and using the error term esti-
mate for the first term of (4.26), we conclude that the error term of the second
sum of (4.26) is bounded by

(1) Ar(1,m)a(m)
<<(Q1 + Q2) Z Z nl—o0 Z ml=o0
g=Qn=1 m<q©
<<Q1/2+7/4—1/2+6 < Q7/4+6

mn
e ()
opte q3/2

This term is satisfactory for our purpose because of our choice of parameter
(Q14Q2) < Q2. Similarly like the first summation, the main term for the second

sum of (4.26) contributes N (Q).

Sincet € [—1, 1], by (2.16) and (2.17) we can say that integrating over ¢ will not
have any significant contribution in the error term. For the main term with mn = 1,

f_ll (%)it dt = 2. Then,

S = 2N(Q) + (Q7/*T).

To prove Proposition we need to show that the first term of (4.25) is
~ 2N(Q). The second mollified moment of GL(3) L-functions is an interest-
ing problem in Analytic Number Theory. We give a brief overview of the proof

technique of the following conjecture, using the methods established in [CIS13;
cis12jM]

""Note that we only give a brief overview of how can one prove Conjecture [4.4.10l The proof
technique of the conjectures of this section is similar to the given references but do not follow
immediately, that's why we state them as conjectures not theorems.
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Conjecture 4.4.10. Let f be a Hecke-Maass cusp form of type v = (v1,12) and
N(Q) denote the total number of primitive Dirichlet character modulo all ¢ < Q.

> Y / L(f & x, 00 + i) M(f ® x, 00 + it)[2dt ~ 2N (Q).

7=Q x(mod q)

Leta=p4= logQ Then we consider the mollified integral
o - 1
Tey (o, B) = / Lf@x 12+ a+i)L(f @x,1/2+ 5 =) M(f @ x, 5 + it)[Pw(t)dt

(4.27)

We assume that w(t) is smooth, w(t) > 0 with

o0

(1) :/ w(t)dt > 0

—00

and
1+ Yl () < (14 J¢) =

forany 7 > 0 and any A > 0, the implied constant depending on j and A. Since
t € [—1,1] the smoothing factor in can be easily replaced by the sharp cut
|t| < 1 by exploiting the positivity features. In this case w(t) = 2, while in general
w(t) < 1.

Opening up the mollifier we write

pr(L )i (L k)a(hyak) (R T
|M(f®x, +it)| th<:T€ SV TTeRYoIY: x(h)x(k) { ©

Applying (4.27) we get

s pr(L,h)pg(1, k)a(h)a(k)

Trex(a Bl/2+af1/2+8 Iy (a, B b, k)

h,k<T€

where

00 h -1t B
Trgy (v, B by k) zx(h))z(k)/_ w(t) (E) Lifex,1)24+a+it)L(f®@x,1/2+ [ —it)dt

Using the proof technique of [CIS13];|CIS12] we will reach to a similar version
of Corollary 1 of [CIS12] but we have an extra twist by the mollifer so the expres-
sion would be similar like Theorem 2 of [CIS13]. Also we have to take care of the
terms a(h)a(k) coming from the mollifier.

Conjecture 4.4.11. Let f be a Hecke-Maass cusp form of type v = (v1,12) and
N(Q) denote the total number of primitive Dirichlet character modulo all ¢ < Q.

S Y Lyl B)dt ~ d(1)N(Q) = 2N(Q).

¢=Q x(mod q)
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Now we give a brief overview of how to prove Conjecture 4.4.11[to complete
the explanation of the proof of Proposition |4.4.5,

Lemma 4.4.12 (Soundararajan [SouQ9]). Let h > 0 and A > 0 be given. Let
X[-h,n) denote the characteristic function of the interval [—h, h]. There exist even
analytic functions F_(u), and F(u) satisfying the following properties.

1. F_(u) < X[—p,n)(w) < Fy(u) for real u.

2. We have
o0 1
| 1R~ e < 5
3. Fi(x) = 0 for |v| > A where Fi(z) = [° Fy(u)e™2™*Udy denotes the

Fourier transform. Also,

Fi(z) = W +0 (%) .

Such functions were constructed by Selberg (see [Sel89]), using Beurling’s ap-
proximation to the signum function. We use Beurling-Selberg function to change
the integral. Set

(@) 1 if—-1<z<1
_ xT) =
X1 0 otherwise .

Then by the second condition of Lemma |4.4.12| we can write

/°° (Xe11y(@) = Fe(z)) do < %

—00

Note that F.4(y) is supported in [~A, A]. In order to prove Conjecture |4.4.11
one can choose w(t) to be the Beurling-Selberg function in (4.27). In that case

TA
Fa(y) is supported in [~1,1] and | (s)| < )

Conjecture 4.4.13. Let F (t) be a Beurling-Selberg function. Then

Lh)pr(l,k)a(h)a(k ~
3 s ( hzﬁzﬁ;klz}fﬂ) ( )X(h)x(k)x

h,k<T¢

> E: / wpcﬁbgGD)LU®XJﬂ+a+dﬂU®xﬂﬂ+ﬁ—ﬁMbvN@)

7=Q x(mod g)

Remark 4.4.14. One can start with
/ﬁ L(O|L(f @ x, 00 + i) M(f @ x, 00 + it)[2dt

(L,h)as(1, k)a(h)a(k
- 3 M

h,k<T¢

00 —it
/ Fi(t) (%) LUF@x,1/2+a+it)L(f @ x,1/2 + B — it)dt

—00
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Then one may have the Fourier transform

00 —it
/_ Fi(t) (%) LF@x,1/2+a+it)L(f ® v, 1/2 + B — it)dt

:/OO Fy(t)exp (—itlog (%)) Lifex,1)24+a+it)L(f®x,1/2+ [ —it)dt.

—0o0

Note that we do not want h and k to be far away from each other. So we set

h h
lOg (E)' SA =54 e_A < (E) S@A,

where A = o(log T)'/2.
From Conjecture [4.4.13, one can deduce Conjecture 4.4.11|
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5. Independence of automorphic
L-functions

5.1 Overview of the Problem

After the derivation of the central limit theorem, Selberg [Sel92] mentioned his
orthogonality conjecture, following from which he further remarked that the prim-
itive L-functions belonging to the Selberg class are statistically independent. Al-
though, Selberg did not give any precise description of independence. In the pa-
per [HW20], P. Hsu and P. Wong, proved the same result for the multiple Dirichlet
L-functions associated with the primitive Dirichlet characters. In this chapter by
following the method established in Chapter 3, we prove the following theorems.

Theorem 5.1.1. Let f; and f» be two distinct primitive holomorphic cusp forms.
For sufficiently large T and t € [T, 2T, the random vector

(log L (fl, % + it> L <f2, % + it)

is approximately a bi-variate normal distribution with mean vector 0y and co-
variance matrix 3(loglog T') I.

More precisely, let V be a fixed real number. Then as T — oo, uniformly for all
v1,V2 € [—V, V]

1 log |L(fi, 5 + it
Tmeas{tE[T,QT]: 08 |L{fi: 5 Z>>vi:i1,2}

,/%loglogT

, log

1 > —x2/2 > —x2/2
~— e “1/°dxq e "2/%dxs.
v

Consequently, log |L (f1,5 +it)| and log|L (f2, 3 +it)| are asymptotically inde-
pendent.

As a more generalized version of this theorem, we further prove that the real
part of logarithm of the automorphic L-functions form a Gaussian process. Since
we intend to prove Theorem by the method established in Chapter 3, we
need to prove our next theorem by studying the joint distribution of these L-
functions.

Theorem 5.1.2. Let (f;)}_, be a sequence of distinct primitive holomorphic cusp
forms. Then for all large T and t € [T, 2T the random vector

(10g L(fl,%+it> L(fj,%-i-it)D

,...,log
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is approximately n-variate normal distribution with mean vector 0,, and co-variance
matrix %(log log T')I,,, where 0,, is the zero vector and I,, is the n x n identity matrix.
More precisely, let V be a fixed real number. Then as T — oo, uniformly for all
Vi, .oy € [V V]

1 log |L(f;, 5 + it
—meas{t e [T,2T]: g1 L{fir2 >|2
\/%loglogT
1 e 2 e 2
e "1 /del---/ e /den.
un

T
V2T vy

Consequently, the random variables log |L( fj,% + it)|’s (for j = 1,...,n) are
asymptotically independent and log | L( f;, % + it)| fjed forms a Gaussian process
(see Definition|2.4.7) for any totally ordered set J of distinct primitive holomorphic
cusp forms.

Let X1, Xo,..., X, be a n-variate normal distribution with mean vector 0,, and
co-variance matrix approximately »?I,. Each term X; = 10g|L(fj,% + at)| (for
j =1,...,n). As argued in the Definition (see introduction), with a similar argu-
ment each entry X; (for j = 1,...,n) of the random vector varies “almost inde-
pendently” for distinct primes p. We also know that each X; (for j = 1,...,n)
is “approximately normally” distributed. Every linear combination of X; (for j =
1,...,n), of its component is “approximately normally” distributed.

Definition. If X1, Xo, ..., X,, is an approximately n-variate normal distribution with
mean 0,, and variance v*1,, for any fixed positive real numberV, as T — oo, we
have

1 X;

—meas{te [T,2T): == >w; i = 1,2,...,n}
T v

1 > 7$12/2d /OO 71‘n2/2d
~— e AREE e T,
\/27T U] n, "

uniformly for all v; € [V, V], wherei=1,2,... n.

We prove these theorems in the next section. Moreover, we propose a more
generalized problem on the statistical independence of the families of L-functions.

5.2 Gaussian Process for automorphic L-functions

In this section, we prove Theorem(5.1.1jand|5.1.2, For the sake of the calculations
we start with the proof of Theorem [5.1.1] the computation for the next theorem is
rather complicated.

5.2.1 Proof of Theorem5.1.1]

Theorem 5.2.1. Let f; and fy be distinct primitive holomorphic cusp forms. Let
V' be a fixed real number. As'T — oo, for aj,a2 € R, (with a1,a2 # 0) for all
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ve[-V,V],

1 1 2 2
Tmeas {t € [T,2T] : log |Lay a9 (5 + it> | > v\/% log logT}

1 [ _ﬁd
~N — e 2dx
\/ZW/U ’

where

Layay(s) = LUf1, f2, 8701, a2) = [L(f1, 5)|" [ L(f2, )2

The proof of this theorem is similar to the proof of Theorem[3.1.1] As in that
proof we define the auxiliary serieq]

al)\fl (p) + a2)\f2 (p)
ps

Pal,az,o(s) =Po(f1, f2,5X) = Z

p<X

Y

where Ay, A, are the Fourier coefficients of the primitive holomorphic cusp forms
f1, fo respectively. Similarly to the proof of Theorem [3.1.1, we need moment
calculation for Py, a,,0(5)-

Lemma 5.2.2. Let f1, fo be distinct primitive holomorphic cusp forms. Suppose,
k., ¢ are non-negative integers with X*+* < T. Then for any real numbers a1, a;
(with a1, a2 # 0), we have,

2T
/ Paya9,0(00 + i) Pay 0y, 0(00 + it)0dt <oy jay| T
T

for k # ¢, and
2T
Pay.a0.0(00 + it kit = KT a% + a% loglog T ko Oy(T(loglog T k‘—1+€).
T 1,92,

Proof. Set

V(P) = Vay a9 (P) = a1 g, (p) + a2z, (p)

and

r

U(n) = [ [ (py)™

=1
where n = p{! - p2 with a; + - - + o, = k, we can write

ok ap(n)¥(n)
Payap,0(00 +it)" = Z T pootit
n

where ai(n) is same as defined in (3.4). Therefore using (2.16) and (2.17) we
write,

'For the convenience of the reader we write P,, ,.0(s) instead of P,, a,.0(f1, f2, 5)-
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2T
/T Paya00(00 + t)*Pay ay.0(00 + it)ldt (5.1)

_ /2T T ag(n)Vg(n) T ae(m)‘?e(m) gt
T ns ms

m

Ty ag(n)ae(n)Pi(n)Te(n) . 3 ar(n)ag(m)[ Uy (n)W(m)|

nZUO

1
nm (rim)?072

Using Lemma 1 of [Sel46b] since oy is close to % we can see the the de-
nominator in the error term of (5.1) is negligible. From the definition of W (n), for

n = H;le?j, by the Ramanujan-Petersson conjecture (due to Deligne [Del74])
we know that Az, (n) < n“for e > 0 (and j = 1,2). Then we writeﬁ

[e(n)] = [T 1e)I® < T](ars (o)l + laz gy (9))*7 < X*(Jar| + |az])*.
j=1 j=1

Thus, the big-O term is at most

XEO(ay| + ag))*H D" ap(m)ap(m) <oy pagl XFOHO) oo T-

n#m
mng
nSXE

By the definition ax(n)as(n) = 0 if & # ¢, we conclude the first assertion of
Lemma It remains to prove the lemma for k& = /.
p
Forn =[;_, pj], we write

r

Ui(n)WUk(n) = [T (@fhr, (0)* + a3l gy (0)* + ara2hs(p)) + araghs(p))) ™
j=1

where \; == Ay As,. From the above equation and the fact that )~ a; = , for the
second part of the lemma we have

Z ak(n)ak(n)qjk(n)\pk(n) < TE(|(11| + |a2’)2k Z ak(n)Q)‘f(n)z'

200 n200
n non square free n non square free

Therefore as argued in the proof of Lemma the non-square free term
contributes a quantity of order O((loglog T)*~1*¢). For n square free we can

express V(n)W(n) as

®Note that each p; < X from which we can write n < X*andm < X*. Then [[}_, (a1 A, (p;)|+
laoAy, (ps)]) < H;zl(\a1|+|aQ|)o‘f(|)\f1 P)+IAp()])*. Thenforeachj =1,...,7, (| Ay, (pj)|+
A ra (@))% < IAp ()1 (Ao (93)1%9. Then TT5_y [Ap (23)1%7 - [Apa (p)]7 < X P, for e > 0.
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B
. (Z ar®a® Py, (o1 po) Pl gy (b - -mn?) (a102)* =\ s (m)As ()

1=0

where the sum is over g + Q(m) + Q(m’) = k such that 0 < g < k and
n = n’mm’ where n has the prime composition of p1, ..., pi.

For i =0 and i = 3, the above equation can be written as
> ar® g () P(arag) " PAp(m)Ap(m!) + ) a2®® | Ap, (n)*(ara2)* P A (m) A (m)

1

+> (Zal a® P\ (o1 p) P gy (o1 pp- )P | (a1a2)* P2 s (m)A s (m)

We can express the first term of (5.2) as

Z al &1&2 ﬁzak |)‘f1 )| )\f( )S\f(m’)

n2°0
0<B<k

where the inner sum runs over n = n’mm’ (with n/, m, m’ pair-wise co-prime)
and g+ Q(m) + Q(m') = k. Since Ay, (n) is real multiplicative function we have

Zﬁ'kﬁv)

0<~y<k—p
3 gy (01 pa)PAr (01 -+ P )N p (Pt -+ D)
PLoep <X (p1 -+ pi)*0
all p,’s are distinct
(pja)=1
which is
g v k—B—7

IAp, ()2 As(p) Ar(p)
Z BN (k — 5 7! Z 2712—00 Z prUO Z pfzao

0<y<k—p p<X p<X p<X
(p,g=1) (p,g=1) (p,g=1)
(5.3)
Similarly, for the second term of (5.2) gives
B v k—B—

A, (p)[? As(p) As(p)

Z Z 20, Z 20, Z 20,

0<<kﬁ6' (k— ﬂ ! = P = P = P
(p,q=1) (p,g=1) (p.g=1)

(5.4)
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With a similar computation we get contributions from the third term of (5.2).
Note that the sumin has its main contribution for 5 = k. Taking 3 = k in
and and adding up the contribution coming from the third term of (5.2), from
section 3 of [Lu14] and (63) of [MN14] we conclude

-1
k—1\ . (k—1)—i
k! ((a% log log T)* + (a3 loglogT)k> + k! ( ( . )aﬁagk 2 Z(loglogT)k_l>
i=1

+ Op((loglog T)F~17)

k—1
=k! ((al + a3)log logT ( ( ) i )—Z(log log T)/f—1>

=1

k—1
< i ) atal ™ (log log T)F~ >+ok<<loglogT>’“‘”f>
=1

=k! ((a? + a3) loglog T) + O((loglog T)k—1+€)

completing the proof. O

Let X; = log|L(fj,o0 + it)| for j = 1,2. We are now ready to prove Theo-
remB.2.11

Proof of Theorem [5.2.1 h Observe that log L, ()] = a1X1 + a2 X2 (where

X; =log|L(fj, & +it)| for j = 1,2). Like a similar argument of Proposition [3.2.1]
we have

lo g| ap,a9( 2+Zy | - |£a1,a2(00+iy)|

t+1

s
However, we can study the function log |£4, 4, (00 + it)| away from the critical line
R(s) = 3.

1
dy < ( ol —) log T. (5.5)

Define Py ay(s) = a1P(f1,5) + a2P(f2,s) where P(f;,s)’s (for j = 1,2) are
defined as the auxiliary series P(f,s). Similarly, the contribution of the higher
order terms of the primes is at most O(1). For the terms involving p? as shown in
the proof of Proposition m it contributes O(T'/L?), for any real number L > 1.
Now by Lemma5.2.2)for X* < T and odd &,

2T
/T (R(Paya9.0(00 + it)))"dt

k 2T
1 k . :
:2_k Z (6) / Pal,ag,O(UO + Zt)gpal,aQ,O(O-O + @t)k—fdt < T.
(=0 T

Also, by Lemma 5.2.2} for even £,
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2T
/T (R(Pa; g0 + it)))dt
k
2

2, 2 i
=2_k(kl;2) (g)v (“1 ; % 1oglog T) + Oy ((log log T) 3717,

By (2.20) we conclude that (P, a2(00 +it)) has an approximately normal distri-

2
bution with mean 0 and variance ooy loglog T.

Now it remains to connect E az(ao + it) with Py, 4, (00 + it). From the sim-

ilar argument of Proposition [3.2.4] and Proposmon “ |L( f],ao +iat)| = (1 +

0(1)) exp(R(Pay ay (00 + it))), except for a possible set of measure o(T'), for each
j. Since, L ay(8) = [L(f1, 8)|"1L(f2,5)|*2 and Pay a9 (5) = a1P(f1,5)+a2P(f2,5),
we have

Loy as(00 +it) = (14 0(1)) exp(R(Pay aq (00 + it))).

It shows log | L
o2+
ance aytap loglog T', combining with (5.5) we conclude the proof. O

ay.a5 (00 + it)| has Gaussian distribution with mean 0 and vari-

Finally, we are ready to prove Theorem

Proof of Theorem[5.1.1} Let X := (X;)3_; = log|L(f;, 5 + it)|?_,. By Theo-
rem [3.1.1] we have X and X, both are approximately normaIIy dlstrlbuted with
mean 0 and variance 3 loglog 7. By applying Theorem [5.2.1]and Lemma [2.4.5
we have that the Ilnear combination of X; and X» an apprOX|mate bi-variate nor-
mal distribution.

Putting a; = a2 = 1 in Theorem[5.2.1|, we get p(X1, X3) — 0as T' — oo and

1
Var(X; + X») = loglog T = Var(X;) 4+ Var(Xa).

Let Y7 and Y5 be normally distributed with mean 0 and variance %log log T and
X1 and X» converges to Y7 and Y5> respectively, in distribution. Therefore, Y; and
Y, are independent. Hence, by Remark [2.4.6] we conclude that X; and X, are
asymptotically independent. O

5.2.2 Proof of Theorem5.1.2

In this section, we prove Theorem|5.1.2, The proof follows similarly to the proof
of Theorem Since we are proving a more generalized version of it we need
to face more complicated computations.
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For (a;).; c RY we consider,

a1Af (p) + -+ anAfy (p)
Pal,ag,...,aN,O(S) = Z ! N .

S
p<X p

Following the tradition to prove Theorem[5.1.2) we need the next lemma.

Lemma 5.2.3. Let ( fj)j.vzl be a sequence of distinct primitive holomorphic cusp

forms. Assume that k., ¢ are non-negative integers with X**¢ < T. Then for any
real numbers ((Ij)é\[:l (witha; #0, forj =1,...,N), we have for k # {

2T

,Pal,ag,...,aN,O(O'O + Zt) Pal,LLQ,.,.,aN,O(UO + Zt) <<(|aj|)j:1 L

Fork =/¢ande > 0,

k
2T N
/ |Pa1,a2,...,aN,()(0'() + Zt)‘zlcdt =kIT ( (Z a?) IOg log T) —+ Ok(TOOg 10g T)k_1+€>_
T

J=1

Proof. Similarly like the proof of Lemma we start the proof by setting
N
V()= ajr(p)
j=1

and

r

Wp(n) = [ ¢(py)™

j=1
where n = p{!---ptr and a; + - - + o, = k. Then we define
,Pal,a%...,aN,O(UO + Zt) = Z W
n
where ai(n) is defined in (3.4). Therefore,

2T

- Pal,aQ,...,aN,()(O-() + it)kpal,aQ,...,aN,O(UO + Zt>€dt (56)
_ /2T > ag(n)¥(n) 3 ag(m)(¥(m))
T ~ ns — m§

nQGO

Ly e TG (Z ak<n>ae<m>wn>—w<m>) |

1
n#Em (nm)ao 2

From the definition of Wy (n) for n = H§:1 we have (with a similar argument
given for the proof of Lemma[5.2.2)

Wr(n)| = [ [ 10 < [(asdp @)l + - + lanv gy ()D < X*(Jas| + - + |an])".
j=1 j=1
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Thus the big-O term in (5.6) contributes

(k+0)e k+4 (k+0)(1+e€)
Xx( (]a1| + -+ |an)) Z ag(n)ag(m) <<(‘a |)N X ‘ <<(|a |)N T
n#m
mng
n<xt

As we know that by the definition a(n)as(n) is 0 if k& # ¢, we conclude the first
assertion of the lemma.

Now we need to prove the next part of the lemma which is the case for k& = /.
iy
Forn =][’_;p,” we write

r N N i
Ui (n)U(n) = [ [ ( (Z a?lAfj (pj)2) +Y > aiay (A r, (05) + A, A, (pj))) :

Jj=1 J=1 i=1 A4/

(5.7)

We set A\¢(n) = Zf,vi/:l D ikl Afi/_\fi,. By (5.7) and the fact that >, a; = k we
have

Z ak(n)ak(il)i(l)c( n)Wx(n)

2k
CLTLZ n2
|er (Sm) g eer

n non square free

n non square free

As argued in the proof of Lemma the non square free n terms in (5.7)
give Oy ((loglog T)*~1+¢). Similarly like (5.2) for square free n we write

N
SIS (o)) et
it tin=5 t=1
115ty 21

)Q(m1)+Q(m/1) o Q(m(N—1)N/2)+Q(m/(N—1)N/2)

o (av-an) i
“Af AR (mu)Ag A (mi) - AN N1 <m/(N—l)N/?))

- (aras

where the sum runs over § + Z )N/2(Q(mj) + Q(m})) = k such that
0 <p<kandn = n'HN 1N/Qmjm
Ofpl,... Pk-

;» Where n has the prime composition

For the terms involving a;%® (for j = 1,2,..., N) the above expression can be
written as
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N
Q(m Q(m’
> (Zajw/\fj(nlm) (a1a) Xm0 - (an_jay) (v —1) N/ (1) vy2)
j=1

A Ap (M)A g (my) - )\fNS\fN—1<m/(N—1)N/2))

g e e

53 I ]
1 )

i1ty =B—
i1yt 21

Qmp)+Qm) | .

- (ara2) (an—1anN)

Af A S (MO Ay (M) - A gy Ay (M

(5.8)
For each j, we can express j-th term of the first sum of (5.8) as

3 0,2 (a1a9) 0N (g ) N -DN2 v y2)
0<B<k
g () PAf A gy (M)A gy Agy (M) = Ay Mgy (M1 n /o))

Z n200

n

(5.9)

1)N/2 :
where the second sum is over n = n’ H ) / m;m’; and n',m;, m; are pair-

wise co-prime forall j =1,..., N. Also,

(N—-1) N/2

B+ Z Q(m;) +Q(m})) = k.

Since each /\fj (n’) is a real multiplicative function and by the change of vari-
ables Q(m;) — 721, (m’;) = y2; we can write the inner sum of (5.9) as

k!

S
Iy lees Wk —7!—-— !
OS’Yla-nﬁ(N,l)NSk*ﬂ B YN-DN ( m fy(N_l)N)

|/\f] (pl e pﬂ)|2 e AfNj‘fN_l (p/8+71+"'+7(N71)+1 o 'pﬁ+71+“-+7N(N,1

Qm (1) N2) UM 1) N /2)

1)N/2))-

)

Z (p1 -+~ pg)?°0

P15-oPE <X
p;’s are distinct

k!

= k! >
0§vp~4ww>4ﬁv£k—ﬁtﬂ7ﬂ"’VUV—U“”(k_'7ﬂ'_"'_’W““JVVM

p < 71 < YN-1)N
A, (o) A A s (p) Arodro (D))
' (Z 27200 ) (Z flpzf)p ) (Z prJ;]a\rro : ) .
p<X

p<X p<X
(5.10)




For each j = 1,..., N we get a term like (5.10). Similarly, we can compute
the contribution of the second sum of (5.8). Adding up forall j =1,..., N and the
similar argument of the proof of Lemma [5.2.2, the first sum of in is mainly
contributed by £ = 5 which is

N k
k—1
k! 21 loglogT | — k!
((;%) 08108 ) k Z (il ...,z'N)

11+ i =k—1
11,0121

a;'t (loglog T)*!

=5

N
+ k! Z ( ) H t(loglog T)*~! | + O ((loglog T)*~17¢)

Zl+ tiy= k—1
115050121

where (21 "’ZN) = 21'—11\7' The terms involving (loglog 7)*~! will be subsumed
by the error term. We conclude that the above sum equals

k
N
k! ( (Z a?) log log T) + Og((loglog T)k_HE),
j=1

completing the proof of the lemma. O

In Lemma|5.2.3, we have computed the moments of the auxiliary series
Pay....an0(s), with this calculation in hand in the next theorem we study the joint
distribution of the automorphic L-functions.

Theorem 5.2.4. Let ( fj) ', be a sequence of distinct primitive holomorphic cusp
forms. LetV be a fixed posmve real number. As T — oo, for any non-zero real

numbers (a])] 1, forallv e |-V, V]

1 1 CL2 + P + a2
?meas{t € [T,2T) : log ]ﬁal,m,aN(é +it)| > v\/% loglogT}
1 [ 2
- V2T Sy

where

Lay,ay(s)=L(~f1,..., [n,a1,...,an, s) = [L(f1,s)["t - [L(fn,s)[*N.

Proof. The proof of this theorem is the same as the proof of Theorem (5.2.1]
instead of Lemma we have to consider Lemma [5.2.3, that's why we can
omit it without repeating the same steps. O]

Now we are ready to prove Theorem[5.1.2
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Proof of Theorem|[5.1.2; Let J denotes a totally ordered set of distinct primi-
tive holomorphic cusp forms. For any finite ordered subset { fi,..., fxy} of J we
consider X := (log|L(f;, 5 + it)|)}_,. From Theorem and Lemma it
follows that X is an approximate N-variate normal distribution. Thus, we see that
any finite linear combination of elements in (log |L(f, % + it)|) tes is @ multivariate
normal distribution. Hence, (log |L(f, % +1it)|) e forms a Gaussian process.

Let Y7, Y5,... Yy be normally distributed with mean 0 and variance 3 log log T
and X1, Xo,..., Xy converges to Y7, Yo, ... Yy respectively, in distribution. There-
fore, Y1,Ys,... Yy are independent. Hence, by Remark [2.4.6], we conclude that
X1, Xo, ..., X are asymptotically independent.

Moreover, the components in X are mutually asymptotically independent since
they are pair-wise independent by Theorem5.1.1] O

5.3 Extension to a generalized notion

In this section, we generalize the notion of the independence of the families of
L-functions. This chapter focuses on the independence of the automorphic L-
functions. In the previous section, we have seen that distinct primitive holomor-
phic cusp forms associated with the L-functions form the Gaussian process and
they are jointly independent. The notion we are going to study in this chapter is
slightly different from the previous one. By the end of this section, we combine
both of them and remark on their statistical behaviour.

Recall the concept introduced by Selberg, the purpose of studying the be-
haviour of logarithm of the Riemann zeta function in the critical strip. Since L-
function is a generalized concept of ¢-function and the main focus of this thesis
is to study the behaviour of the logarithm of the L-function but we first look at the
independence of the Riemann zeta function.

We know that if we take the L-functions associated with two (or more) prim-
itive cusp forms (or Maass forms) is statistically independent at % + it fort € R.
Then the question arises that how do we study the independence of the Riemann
zeta function because the Fourier coefficient of the Riemann zeta function in the
Dirichlet series is 1. Well, we study the independence of ((s) on the critical line
when ¢ varies which means we study the behaviour of ((% +it1) and C(% + ito) for
t1 # ty and tq, to are real numbers. Selberg’s central limit theorem provides a lot
of information in this context.

In other terms, Selberg central limit theorem can be written as

or [ 1 2,2
1/ p st dtzi/e_m 2" dady,
r

T \/%loglogT 2

where I' is a regular Borel measurable subset of C and I is the indicator function,
and regular means that the boundary of I' has zero Lebesgue measure.

112



In 2007, C. P. Hughes et al. [HNYQ7] convert the “static” concept of Selberg’s
central limit theorem into a more “dynamic” probabilistic result. This concept can
be generalized for the families of L-functions belonging to the Selberg class.

If one let

B logC(% + iueNM)

Viog N

then Selberg’s central limit theorem?|implies that

Lu(N,u) :

2
lim H{L€u(N,u) € I'fdu =P{&, € T'}
1

N—oo

where [ is the indicator functionand &, = Qﬁf})ﬂ'@f) is complex valued Gaussian

random variable with mean 0 and variance p/2 which means Q5,(}) and Qi,(f) are

independent, centered and E[(6',”)2] = E[(6))?] = £. The next theorem studies
the asymptotic behaviour of £,(V, w) for different 1.

Theorem 5.3.1 (Hughes-Nikeghbali-Yor). For piy > puo > -+ > ug > 0, for every
('y,1 < k) regular

2 k
lim [ I{€,(N,u) €T1,..., L4 (N,u) € Iy} du=[[P{&,, €T},
1

N—

Now we generalize Theorem for the families of L-functions belonging to
the Selberg class.

Let f be a primitive holomorphic cusp form. Then

log L(f, § + iueN")

,g,{(f;N,U) = \/log—N

Then Theorem implies that

2
lim I{Lx(f; N,u) e '} du =P{®, €T’}
1

N—oo

where &, = Qﬁff) + @'6,(3) is complex valued Gaussian random variable with mean

0 and variance /2 which means s\ and ¥ are independent, centered and

E[(6P)?] = 6, = . So Theorem [5.3.1|becomes

Theorem 5.3.2. Forx; > ko > --- >k > 0, for every (I';,i < k) regular

2 k
lim [ T{€ (f;N,u) €T1,..., L (f; N,u) €Ty} du= HP{@W e Ty}
1

N—oo .
Jj=1

3If we take N = log T and u has uniform distribution then £, (N, u) gives {log“%”t) }

Vloglog T

113



As remarked in [HNYQ7] the result of this theorem can be obtained with the
help of the proof given in [HNYOQ7].

Now let us think of the concept introduced in the previous section of this chap-
terin Theorem|[5.1.2| Let (fj)L’;?:1 be sequence of distinct holomorphic cusp forms.
Consider the matrix

Sl‘ql(fISNaZO Sl‘élk(fl;Nau)
5 : (5.11)
'Snkl(fk;N?u) e £Hkk(fk7N7u)

with ij-th entry sﬂij(fi;N, u). From the definition of £,(f1; NV, u) the matrix
given in is a random matrix. If we look at the row vectors of it led us
to Theorem and if we look at the column vector then it is similar to Theo-
rem Observe that the ij-th entry is not equal to ji-th entry for i £ j. So this
is not a symmetric matrix.

The interesting thing about this matrix is if we choose two-elements from the
same row (or from the same column) they are pair-wise independent. But if we
choose two elements of the matrix randomly such that they do not lie in the same
row (or in the same column) then we can study their joint distribution. Also, we can
study the eigenvalues of this matrix and their connection with the pair correlation
conjecture.
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6. Conclusion

In chapter 3, we have estimated the mean square L-function using Hughes and
Young’s method. Also, we have taken the help of P. Kiihn et al result. It is possi-
ble to obtain a better error term that we have obtained. But the main focus of this
thesis concerns the proof of Selberg’s central limit theorem for L-functions. Any
improvement on the error term for the mean square estimate of L-function will not
effect our result. The most important fact we have relied on is the Ramanujan-
Peterson conjecture and the upper bound of the shifted convolution sum.

We have proved the main result for ¢ and g-aspect. For the proof in ¢t-aspect,
we fix the cusp form f attached to the L-function and integrate over the interval
[T,2T]. In the g-aspect we fix the range of ¢ € [—1, 1] and average over the Dirich-
let characters. One can prove Selberg’s central limit theorem on weight aspect.
For such calculations Lau’s [Lau05] work might be helpful.

As we have mentioned earlier that due to the lack of information on the shifted
convolution problem we can not prove the result for higher degree L-functions.
A recent work by G. Hu and G. Lt [HL20] might be applicable to obtain a mean
value estimate for the higher degree L-functions. If one obtains such an estimate
then it not only prove Selberg’s central limit theorem for all L-functions belonging
to Selberg class but also it will help to calculate the upper and lower bound of the
moments of the L-functions.

Note that we have proved Selberg’s central limit theorem for the real part of
the L-functions not for the imaginary part. As mentioned in [RS17] the method
we have used in this thesis can not be used to prove the result for the imaginary
part. We have used the mollification technique here, for the imaginary part, the
L-function and the mollifier is not inverse to each other. In fact, they differ with a
substantial integer multiple of 2.

Additionally, we have proved the independence of the automorphic L-functions
associated with the sequence of primitive holomorphic cusp forms. Such a result
can be proved for g-aspect as well by fixing the range of ¢. But hybrid aspect is
not possible for the same reason we have mentioned earlier. Further, we have
described a generalized notion of independence with the help of C. P. Hughes et
al’'s work. They have explored the independence of the Riemann zeta function on
the critical line for the different values of ¢t. Such an idea can also be extended
for the families of L-function as well. But when we combine these two ideas
we get the random matrix (5.11). The study of the joint distribution of any two
random elements (not chosen from the same row or column) of this matrix will be
interesting.
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